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Abstract

Although Nesterov’s accelerated gradient method
(AGM) has been studied from various perspec-
tives, it remains unclear why the most popular
forms of AGMs must handle convex and strongly
convex objective functions separately. To address
this inconsistency, we propose a novel unified
framework for Lagrangians, ordinary differential
equation (ODE) models, and algorithms. As a
special case, our new simple momentum algo-
rithm, which we call the unified AGM, seamlessly
bridges the gap between the two most popular
forms of Nesterov’s AGM and has a superior con-
vergence guarantee compared to existing algo-
rithms for non-strongly convex objective func-
tions. This property is beneficial in practice when
considering ill-conditioned p-strongly convex ob-
jective functions (with small y). Furthermore, we
generalize this algorithm and the corresponding
ODE model to the higher-order non-Euclidean
setting. Last but not least, our unified framework
is used to construct the unified AGM-G ODE, a
novel ODE model for minimizing the gradient
norm of strongly convex functions.

1. Introduction

We consider the optimization problem

min f(z

reX f( )’

where XY C R"isaconvex setand f : X — Risa
continuously differentiable function whose gradient is L-
Lipschitz continuous. For the sake of simplicity, we assume
X = R"™ and the objective function f has a minimizer z*.
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Nesterov acceleration. Combining gradient descent with
momentum, Nesterov (1983) proposed the accelerated gradi-
ent method (AGM). In particular, the following two specific
schemes are the most popular versions of AGM: If f is
convex, then the scheme

yk:$k+k+1 (21 — xk)
Trpt1 =Yk — sV f (yr) (AGM-C)
s(k—+1
Zk+1 = 2k — 7( )Vf (yx)

2

with s < 1/L achieves an O (1/k?) convergence rate
(Tseng, 2008). If f is p-strongly convex, then the scheme

N
Yp = Tp + ——— (2 — k)

1+ /s
Try1 =Yk — sV f (yr)

1
Zhy1 = 2k + \//E<yk —zg — va(yk-))

(AGM-50)

with s < 1/L exhibits an O((1 — \/us)¥) convergence rate
(Nesterov, 2018). Here, we observe that

AGM-SC does not recover AGM-C as . — 0,

which indicates the inconsistency between AGM-SC and
AGM-C. Furthermore, when p is very small, the conver-
gence rate of AGM-SC is slower than AGM-C in the early
stage because (1 — \//E)k tends to zero very slowly. This
is unexpected, as AGM-SC exploits the strong convexity of
f, while AGM-C only relies on the convexity of f.

Recent studies on Nesterov acceleration, particularly in
the development of ODE models and Lagrangian formu-
lations, have primarily focused on the algorithms AGM-C
and AGM-SC due to their simplicity. As a result, the in-
consistency between these two algorithms is inherited in
the corresponding ODEs and Lagrangians (and this is fur-
ther discussed in Appendix A.1). The main goal of this
paper is to address such inconsistencies in the discrete-time
algorithms, continuous-time dynamics and Lagrangians.

Practical perspective. We now explain the importance
of designing efficient algorithms for minimizing p-strongly
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convex functions which are ill-conditioned (i.e., having a
small strong convexity parameter 1). Many optimization
problems in machine learning can be formulated as

min f(x)=;<§:1fi(x)+m(x)>. )

rER™

Consider the problem (1) with L-smooth convex loss func-
tions f; and {5-regularization term R(x) = ||x||?. Then, f
is L-smooth and %-strongly convex. Since the strong con-
vexity parameter  decreases as the sample size m increases
or the regularization parameter A\ decreases, improving the
convergence rate for ill-conditioned strongly convex objec-
tive functions is significant, as emphasized in (Bubeck et al.,
2015, Section 3.6).

1.1. Contributions

In this paper, we propose a novel Lagrangian, continuous-
time models and discrete-time algorithms that handle convex
and strongly convex objective functions in a unified way.
The main contributions of this work can be summarized as
follows:

* We propose a novel Lagrangian, called the unified Breg-
man Lagrangian (4), that handles convex and strongly
convex cases simultaneously. By solving the Euler—
Lagrange equation, we obtain a family of momentum
dynamics for minimizing both convex and strongly
convex objective functions.

As a special case of the unified Bregman Lagrangian
flow, we derive an ODE model that minimizes both
convex and strongly convex functions, called the uni-
fied AGM ODE (8). As a rate-matching discretization
of this ODE model, we devise a novel algorithm, called
the unified AGM (Algorithm 1). The proposed algo-
rithm always has a better convergence guarantee than
AGM-C and reduces to AGM-C when p = 0.

We extend the unified AGM ODE to the higher-order
non-Euclidean setting, resulting in a novel continuous-
time model called the unified ATM ODE (12). As a
rate-matching discretization of this ODE model, we
propose a novel higher-order method for minimizing
both convex and uniformly convex functions, called
the unified ATM (Algorithm 2).

We strengthen the connection between our proposed
unified dynamics/methods and existing ones by analyz-
ing two limit cases: As yu — 0, our unified methods
directly reduce to the ones for the non-strongly convex
case. When p > 0, our unified methods recover the
time-invariant methods for the strongly convex case as
the asymptotic limits.

The following byproducts and observations are not directly
related to our main goal but may be of independent interest:

* We develop a novel tool, called the differential kernel,
which allows us to derive the limiting ODEs of fixed-
step first-order methods (2). Our result recovers the
limiting ODE:s of the three-sequence scheme and two-
sequence scheme, which are commonly found in the
literature.

* Taking inspiration from the anti-transpose relationship
between OGM ODE and OGM-G ODE, we propose
the unified AGM-G ODE (17), a novel ODE model
for minimizing the gradient norm of strongly convex
functions.

1.2. Related Work

Nesterov’s accelerated gradient methods are first proposed
in (1983; 2018). Su et al. (2014; 2016) derived the limit-
ing ODE of AGM-C, which has further been generalized
and investigated in (Krichene et al., 2015; Attouch et al.,
2018). Wibisono et al. (2016) developed the first Breg-
man Lagrangian, which systematically generates a family
of continuous-time flows including the limiting ODE of
AGM-C and its higher-order extensions. In the strongly con-
vex case, Wilson et al. (2021) developed the second Breg-
man Lagrangian, which generates a family of continuous-
time flows including the limiting ODE of AGM-SC. How-
ever, as discussed in Appendix A.1.2, their work is not
consistent with (Wibisono et al., 2016). Based on the La-
grangian and Hamiltonian formulations, Betancourt et al.
(2018); Franca et al. (2021); Muehlebach & Jordan (2021)
studied a symplectic integrator to achieve acceleration
in discrete-time settings. Shi et al. (2021) derived high-
resolution ODEs for AGM-C and AGM-SC, from which Shi
et al. (2019); Zhang et al. (2021) obtained accelerated meth-
ods by applying Euler methods. Diakonikolas & Orecchia
(2019) proposed the approximate duality gap technique to
understand AGM in both continuous-time and discrete-time
settings. Notably, the constant step scheme I presented in
(Nesterov, 2018, Equation 2.2.19) and the NAG flow pre-
sented in (Luo & Chen, 2021) are closely related to our
work, as they handle the convex case and the strongly con-
vex case simultaneously. In Appendices A.3 and D.8, we
show that the algorithm and ODE model can be recovered
from our unified framework.

Accelerated methods with higher-order tensor update step
have been studied in (Nesterov, 2008; Baes, 2009; Wibisono
et al., 2016; Gasnikov et al., 2019). Accelerated methods
for reducing the gradient norm of objective functions have
also been explored in several works (Nesterov, 2012; Ito
& Fukuda, 2021). In particular, Kim & Fessler (2021) pro-
posed the OGM-G, an optimal method for minimizing the
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gradient norm of convex objective functions, which is fur-
ther analyzed using Lyapunov arguments (Diakonikolas &
Wang, 2022; Lee et al., 2021), and ODE models (Suh et al.,
2022).

2. Preliminaries

In this section, we provide basic concepts and some novel
tools that will be used throughout the paper.

2.1. Higher-Order Hyperbolic Functions

In this subsection, we introduce a family of higher-order
hyperbolic functions, which are parametrized by the order
p = 2,3,.... The definitions of these functions with p > 3
are developed for the purpose of designing the unified ATM
ODE presented in Section 5.1. We define the sinh,, function
as the solution to the problem

sinh/ (¢) = coshy,(t) := (1 + sinh?(¢))*/?, sinh,(0) = 0.

We define the tanh,,, coth,, sech,,, and csch,, functions as

sinh,, () coshy,(t)

tanh,,(t) := —2—= thy(t) == —2=

anhy (¢) cosh,(t)’ cothy (t) sinh,(¢)’
1 1

SeChp(t) = M, CSChp(t) = m
D P

When p = 2, these functions reduce to the standard hy-
perbolic functions, in which case we omit the subscript p.
Following ten Thije Boonkkamp et al. (2012), we define the
sinhc,, tanhc,, cothc,, and cschc, functions as

. sinh,, () t
sinhc, (t) := %, csche,(t) = S @)
P
sinhc, (t) cosh,, (1)
tanhc, (t) .= ——2= the,(t) := ——%.
anhe (¢) coshy, (t) cothe (t) sinhc, (t)

The graphs of these functions are shown in Figures 4 and 5.

2.2. Differential Kernel

In this subsection, we propose a novel tool, called the dif-
ferential kernel, for deriving limiting ODEs of general first-
order methods. For brevity, we only present the key results
here and refer the readers to Appendix B.2.3 for detailed
calculations. Most of the first-order momentum algorithms
can be formulated as the following fixed-step first-order
scheme (see Drori & Teboulle, 2014):

i1 =i —s Y hi V() 2
j=0

To derive the limiting ODE of (2), we introduce the ansatzes
yr ~ X (ky/s) and h;; ~ H(i\/s, jy/s) for some smooth

curve X (t) and some smooth function H (¢, 7). Then, taking
the limit s — 0 in (2) yields

X(t) = - / HtLOVF(X(@)dr, ()

where H(t,7) = lims0 by /5. -/ 5- We call H(t,7) the
differential kernel (or H-kernel) for the integro-differential
equation (3). Note that the form of (3) clearly shows the
momentum effect as it shows that the gradient V f (X (7))
at time 7 influences the velocity X (¢) at all future times
t>T.

Equivalence with second-order ODE. The equation (3)
may seem different from the typical ODE models found in
the literature, such as AGM-C ODE presented in (Su et al.,
2016). However, it is possible to convert the equation (3)
into a second-order ODE under certain conditions. If there
exists a function b(¢) such that

OH(t,7)
——= = —-b(t)H(t

- (OH (E,7),
then the equation (3) can be rewritten as the following
second-order ODE (see Appendix B.2.3):

X)) +bt)X + H(t,)Vf(X(t)) = 0.

As concrete examples, we can readily verify that (3) with
the differential kernel HC(t,7) = 73/t> is equivalent
to AGM-C ODE and that (3) with the differential kernel
HSC(t, 1) = 2VF(T—1) is equivalent to AGM-SC ODE.

3. Unified Lagrangian Formulation

In this section, we propose a novel Lagrangian framework
that can handle both non-strongly convex (¢4 = 0) and
strongly convex (i > 0) cases, unlike the existing frame-
works in (Wibisono et al., 2016; Wilson et al., 2021), which
are limited to either © = 0 or i > 0. In Section 3.2, we
discuss that our novel framework is closely related to the
aforementioned existing frameworks.

3.1. Unified Bregman Lagrangian

For a differentiable, convex, and essentially smooth func-
tion h : R™ — R and continuously differentiable functions
a, B,y : [0,00) — R satisfying the ideal scaling condi-
tions #(t) = e*®) and B(t) < e, we define the unified
Bregman Lagrangian as'

L(X, X, t) = e OO (1 4 pePD)
X Dh(X + eia(t)XvX) - eﬂ(t)f(X))a 4

'This Lagrangian recovers the first Bregman Lagrangian (22)
when 1 = 0 unlike the second Bregman Lagrangian (26).
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where D;, is the Bregman divergence of h defined as
Dy(y,z) = h(y)—h(x)—(Vh(z),y—=). In Appendix C.1,
we show that the Euler—Lagrange equation % STL'( = % for
the unified Bregman Lagrangian (4) reduces to the follow-
ing system of ODEs, which we call the unified Bregman
Lagrangian flow:

X =e"(Z - X)

d uﬂeﬂ
—Vh(Z) =
dtv (2) 1+ pef

ea+b’

(VA(X) = VI(Z) )

The convergence rate of this ODE model is addressed in the
following theorem.

Theorem 3.1. Let f be a p-uniformly (possibly with i = 0)
convex function with respect to h.> Then, any solution to the
system of ODEs (5) satisfies

FX (@) = f(z*) < e PO (1 + peP®)
x Dy (a*, Z(0)) + e?O(£(X(0)) — f(z¥))). (6)

The proof of Theorem 3.1 can be found in Appendix C.3.

3.2. Limit Cases of Unified Bregman Lagrangian Flow

In this subsection, we analyze two limit cases of the unified
Bregman Lagrangian flow.? First, when p = 0, the flow (5)
reduces to the first Bregman Lagrangian flow (25), a known
ODE model for the non-strongly convex case. Second, when
1 > 0 and the limits o(00) and 3(c0) > 0 exist, we argue
that the flow (5) is closely related to the following system
of ODEs:

X =e¥(®) (7 - X)

d . e(0)

—Vh(Z) = B(c0) (Vh(X) — VI(Z)) -

Vi(X),
@)

which is the second Bregman Lagrangian flow (27), a known
ODE model for the strongly convex case, with the param-
eters agng(t) := a(o0) and fona(t) := B(oo)t. Consider
the dynamics (5) and (7) as systems whose inputs are the
initial point zo = X (t9) = Z(to) at the initial time ¢, and
outputs are X (tg + T') at the final time to + 7. Then, for
fixed x¢, it can be shown that the output of the system (5)
converges to the output of the system (7) as ty — oo (with
a formal statement and its proof found in Appendix C.4).
In light of this, the system (7) is regarded as the asymprotic

2We say that f is g-uniformly convex with respect to h if the
inequality uDp(x,y) < Dy(x,y) holds for all z,y € R".

3This analysis is inspired by the two limit cases of ITEM (a
discrete-time algorithm) in (Taylor & Drori, 2022, Section 2.2).
However, our analysis is more rigorous and detailed.

limit of the system (5). Furthermore, in Appendix C.5, we
show that the convergence rate of (7) can be recovered from
the convergence analysis of (5) via a limiting argument. The
system (7) is time-invariant.

4. Unified ODE Model and Algorithm

In this section, using the unified Lagrangian framework,
we propose a novel algorithm that unifies AGM-C and
AGM-SC, for minimizing both convex and strongly con-
vex functions. Throughout this section, we assume that the
objective function f is L-smooth and p-strongly (possibly
with © = 0) convex.

4.1. Proposed Dynamics: Unified AGM ODE

We consider the unified Bregman Lagrangian flow (5) with
h(z) = L|lz]|, a(t) = log (2 cothe(*41)), and B(t) =
log ( % sinhcz(%t)),4 which can be equivalently written
as the following second-order ODE (see Appendix D.2):

X + (\éﬁ tanh (gt)

+2 cothe (\é‘@))x LVAX) =0, ()

which we call the unified AGM ODE. This ODE has a unique
solution as shown in Appendix D.3. The following theorem
describes the convergence rate of the dynamics (5).

Theorem 4.1. The solution to the unified AGM ODE (8)
with the initial conditions X (0) = xo and X (0) = 0 satis-

fies

FXW) = @) < 2 esehe? (Y1) fap — a7 P

= O(min{1/t? e”VF}).

©))

The proof of Theorem 4.1 can be found in Appendix D.4.

4.2. Proposed Algorithm: Unified AGM

We present the unified AGM, which is a rate-matching dis-
cretization of the unified AGM ODE (8), in Algorithm 1.
This algorithm achieves an accelerated convergence rate as
shown in the following theorem.

Theorem 4.2. The iterates of the unified AGM (Algorithm 1)
with s < 1/L satisfy

Flan) = £a") < g esec® (V2K o = 0”2
=O(min{1/k% (1 — /s)*}).

“These functions are chosen constructively as described in
Appendix D.1.
>Note that the parameter ¢ is continuous in g, as lim,, 0 ¢ = 1.

(10)
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Algorithm 1 Unified AGM
Input: Initial point ¢ € R”, stepsize s
Initialize zg = z¢; ¢ = ps
if = 0then.=1else. = —%5
for k=0,1,2,...do
Y = T+ 1%4 (ﬁ cothe(EL 1, /q) — q) (21, — 2k)
Tpp1 = Yk — sV f(yr)
Zht1 = 2k + % tanhe(5H ., /q)
x(pye — pze — Vf ()

end for

The proof of Theroem 4.2 can be found in Appendix D.5.
The unified AGM exhibits the best of both polynomial
O(1/k?) and exponential O((1—,/us)*) convergence rates,
while each of AGM-C and AGM-SC achieves only one of
these rates.

Unified AGM converges to unified AGM ODE. In Ap-
pendix D.6, we show that the iterates of the unified AGM
converge to the solution to the unified AGM ODE under
the identifications ¢ <> ty, X (ty) <> zk, and Z(tx) < 2k,
where t;, := 1\/sk and Z(t) = X (¢t) + %X(t) Because
the convergence rates (9) and (10) are equivalent under
these identifications, the unified AGM is a rate-matching
discretization of the unified AGM ODE.

4.3. Limit Cases of Unified AGM ODE and Unified
AGM

We now examine the two limit cases of the proposed ODE
and algorithm. When p = 0, the unified AGM ODE (8) is
simplified to
. 3.

X + {X +Vf(X)=0, (AGM-C ODE)
which is the limiting ODE of AGM-C (see Su et al., 2016).
When > 0, the asymptotic limit of the unified AGM ODE
is the system (7) with a(00) = log /i and 3(00) = /1,
which can be equivalently written as

X +2y/uX +VF(X) =0. (AGM-sC ODE)

Note that this is the limiting ODE of AGM-SC (see Wilson
etal., 2021). The coefficient of X in the unified AGM ODE
converges pointwise to % as u — 0 and converges to 2,/
as t — oo (see Figure 1). This observation is aligned with

the limiting arguments above.

When p = 0, the unified AGM simply reduces to AGM-C.
When g > 0, viewing the unified AGM and AGM-SC as
systems whose inputs are the initial point zy, = 2, at the
initial iteration ko and the outputs are x4 at the final
iteration ko + K, we can show that AGM-SC is the asymp-
totic limit of the unified AGM. This means that the output

—— AGM-C ODE
—— AGM-sC ODE
—— Unified AGM ODE

Copfﬁcicn‘[ of X

t

Figure 1. Plots for the coefficient of X.

of the unified AGM converges to the output of AGM-SC as
ko — oo (with a formal statement and its proof found in
Appendix D.7).

Unified AGM is always better than AGM-C. The conver-
gence rate (10) of the unified AGM improves as 4 increases
and exactly recovers the convergence rate of AGM-C when
1 = 0. Thus, the unified AGM always has a better conver-
gence guarantee than AGM-C. In contrast, the convergence
guarantee of AGM-SC is no better than that of AGM-C
when g is small.

Differential kernel of the unified AGM ODE. The differ-
ential kernel of the unified AGM ODE (8) can be computed
as (see Appendix D.2)

73 sinhc® (g7> cosh (@T)
#3 sinhc? (%t) cosh (%t) .

HY(t,7) = (11)

When 1 = 0, HY(¢,7) reduces to the differential ker-
nel of AGM-C ODE, H(t,7) = 73/t>. When pu > 0,
HY(t,7) is asymptotically equivalent to HSC(t,7) =
e2VE(T=1) the differential kernel of AGM-SC ODE, that is,
HY(t,7)/HSC(t,7) — 1 as t,7 — oc. This is consistent
with the fact that AGM-SC ODE is the asymptotic limit of
the unified AGM ODE.

5. Unified Higher-Order Method

Using the first Bregman Lagrangian (an existing Lagrangian
framework for the non-strongly convex case), Wibisono et al.
(2016) proposed the accelerated tensor method (ATM-C)
and its limiting ODE (ATM-C ODE) for convex objec-
tive functions, achieving O(1/kP) and O(1/t?) conver-
gence rates, respectively. The authors also attempted to
extend their results to the uniformly convex case within the
first Bregman Lagrangian framework, where the goal is to
achieve an exponential convergence rate. However, only an
ODE model was proposed, and its rate-matching discretiza-
tion was not identified. Instead, they showed that ATM-C
with a restart scheme achieves an accelerated exponential
convergence rate. Despite this progress, as they mentioned,
making the connection between discrete-time algorithms
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and continuous-time flows in the uniformly convex case
remains an open problem.

In this section, our unified Lagrangian framework is used
to seamlessly extend ATM-C and ATM-C ODE to the uni-
formly convex case. Our novel ODE model and algorithm
achieve exponential convergence rates without relying on
a restart scheme. Throughout this section, we assume that
the distance-generating function h is 1-uniformly convex
of order p,° the objective function f is p-times continu-
ously differentiable and L-smooth of order p — 1,7 and that
f is p-uniformly convex with respect to i (possibly with
u = 0).8 These assumptions are standard in the litera-
ture about higher-order optimization in the mirror descent
setup (see Wibisono et al., 2016; Wilson et al., 2021) and re-
cover the setting in Section 4 when p = 2 and h(z) = ||z||%.

5.1. Proposed Dynamics: Unified ATM ODE
We consider the unified Bregman Lagrangian flow (5) with
the parameters «(t) = log(¥ cothc,({/Cut)) and 5(t) =
log(C1? sinhcy (¢/Cpt)):

X = ]g cothe, ({/Cut)(Z — X)
d
&Vh(Z) = Cptr~* tanhcg_l( {/Cut)

% (HVh(X) = pVh(Z) = VF(X)),

(12)

where C' is a positive constant. We refer to this system of
ODEs as the unified ATM ODE. Note that this system is
equivalent to the unified AGM ODE (8) whenp = 2, C' =
1/4, and h(x) = ||z||*. This system has a unique solution
as shown in Appendix E.1. We address the convergence rate
of this system in the following theorem.

Theorem 5.1. The solution to the unified ATM ODE (12)
with the initial conditions X (0) = Z(0) = x satisfies

£ ) - o) < SETEED b e 1)

= O(min{1/t",e”? mt})
The proof of Theorem 5.1 can be found in Appendix E.2

5.2. Proposed Algorithm: Unified ATM

Recall that AGM is a combination of the gradient update
step Zx+1 = Yr — sV f(yx) and the momentum steps. In
order to extend AGM to the higher-order setting, we replace
the gradient update step with its higher-order generalization,
the tensor update step. Forp > 2, s > 0, and N > 0, the

Sh(y) > h(a:)-l—(Vh(x),y—x)-i—%Hy—Jchforallx,y e R™
IV f(y) = VP (@)l < Lily — | forall 2,y € R™.
8Dy (x,y) < Dy(x,y) forall z,y € R™.

Algorithm 2 Unified ATM
Input: Initial point y € R", stepsize s, positive con-
stants IV and M satisfying (14)
Initialize 2o = x¢ and 49 = 0; C = %(p—l\fl)p_l
for k=0,1,2,...do
if k =0then Ay, = CpPs
else Arir = Ap +p{/CsAL 1+ pAy)

— Akt1—Ak
yk_xk+ Api1

i1 = Gp,s,n (Yk)
Zri1 = argmin, { HEZEE (Vf(241), 2)
+uDy(z, 2k 41)) + D2, 21) }

(2 — o)

end for

tensor update operator G, ¢ v is defined on R™ as
. N »
Gps.n(y) = argmin 4 fp—a(@iy) + - Clle —yl” o,
x

where f,1(iy) = Y07 1V f(y) (@ — y)'. As an casy
consequence of (Wibisono et al., 2016, Lemma 2.2), we
have the following lemma.

Lemma 5.2. For any p > 2 and N > 1, there exists a
positive constant M such that the inequality

1 P

(Vf(x),y—a) = Msv=1 [V f (z)[[>7  (14)

holds for all x,y € R with x = Gp s n(y). In particular,
forany p > 2 and N = /2, (14) holds with M = 1/3.

We now present the unified ATM, a rate-matching discretiza-
tion of the unified ATM ODE (12), in Algorithm 2. The
convergence rate of this algorithm is shown in the following
theorem.

Theorem 5.3. The iterates of the unified ATM (Algorithm 2)
with s < (p — 1)!/L satisfy

flay) - f(a7) < Aithw,xo)

= O(min{1/k", (1 +p{/Cus)~*}). (15

The proof of Theorem 5.3 can be found in Appendix E.3. In
particular, we can show that the unified ATM with N = V2,
M =1/3,and s = @ has an O({/L/plog(1/e)) iter-
ation complexity to find an e-approximate solution,” which
is equivalent to the iteration complexity of the restarted
ATM-C (Wibisono et al., 2016, Appendix H), a known
accelerated tensor method for uniformly convex objective
functions.

This follows from the fact that the inequality (1 +

p{/Cus)™® < exp(—% ¢/msk) holds when N = /2 and
M = 1/3 (see Remark E.1).
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Algorithm 3 ATM-sSC
Input: Initial point y € R", stepsize s, positive con-
stants IV and M satisfying (14)
Initialize 2o = 20; ¢ = pus, C = %(%)p_l
for k=0,1,2,...do

el
yr = + 7= (e — k)

Tyl = Gp,s,N(yk)
241 = argmin, {me«vf(x’f“)’ z)

+uDp (2, 2k 41)) + Di(z, 21) }

end for

Unified ATM converges to the unified ATM ODE. In
Appendix E.4, we show that the iterates of the unified
ATM converge to the solution to the unified ATM ODE
under the identifications ¢t <> ty, X(tx) < xx, and
Z(ty) < zi, where t, = {/A;/C if p = 0 and
ty = sinhgl({yuAk)/{/C’iuifu > 0. Because the conver-
gence rates (13) and (15) are equivalent under these identifi-
cations, the unified ATM is a rate-matching discretization
of the unified ATM ODE.

5.3. Limit Cases of Unified ATM ODE and Unified ATM

We now examine two limit cases of the proposed dynamics
and algorithm. First, when p = 0, the unified ATM ODE
and the (modified) unified ATM reduce to ATM-C ODE
and ATM-C in (Wibisono et al., 2016), respectively (see
Ramerk E.2). Second, when p > 0, by taking the limits
to — oo and ky — oo, we obtain novel dynamics and
algorithm for minimizing uniformly convex functions. In
Appendix E.5, we show that the asymptotic limit of the
unified ATM ODE is given by

X =p{/Cu(Z - X)
SVH2) = p{/Ci(VHX) = TH(Z) - 29 5(x) )

and that the solution to this system achieves an O(e~? VCrt)
convergence rate. In Appendix E.6, we derive the asymp-
totic limit of the unified ATM, resulting in ATM-SC (Al-
gorithm 3), a time invariant method achieving an O((1 +
pY/Cus)~F) convergence rate. As expected, these dynam-
ics and algorithm are only applicable to the uniformly con-
vex case (u > 0).

6. ODE Model for Minimizing the Gradient
Norm of Strongly Convex Functions

Until now, we have focused on the dynamics that minimize
the objective function value f(X (t)). In certain cases, the
squared gradient norm ||V f(X (¢))||? is also a reasonable
performance measure for both theoretical and practical pur-
poses (see Nesterov, 2012; Diakonikolas & Wang, 2022). In

this section, we propose a novel ODE model which reduces
the squared gradient norm of strongly convex functions with
an O(min{1/7?, e~ vV#T}) convergence rate.

6.1. Motivation: Anti-Transpose Relationship Between
OGM ODE and OGM-G ODE

To guide the design of our novel ODE model, we first inves-
tigate a symmetric relationship between

X + %X +2Vf(X) =0, (OGM ODE)

an ODE that reduces the objective function value accuracy
of convex functions, and

X+iX+2Vf(X

T —1t ) =0,

(OGM-G ODE)

an ODE that reduces the squared gradient norm of convex
functions (see Appendix F.1 for details about these dynam-
ics).

Based on the observation of a symmetric relationship be-
tween the coefficients of X in the two ODEs, one might
guess that “OGM-G ODE is the time-reversed dynamics of
OGM ODE.” However, this interpretation is misleading as
the solution to the two ODEs do not have a time-reversed
relationship. Instead, using the differential kernel (see Sec-
tion 2.2), we reveal a conceivably more accurate symmetric
relationship between these ODEs.

The differential kernels HY(¢,7) of OGM ODE and
HS(t,7) of OGM-G ODE can be computed as follows:
HY(t,7) =273/t3,and HE(t,7) = 2(T — )3 /(T — 7)3,
respectively. Here, we can observe the following anti-
transpose relationship between the two differential ker-
nels:!?

HY (t,7) = HS(T — 7,7 — t). (16)

6.2. Proposed Dynamics: Unified AGM-G ODE

Suh et al. (2022) showed that OGM-G ODE reduces the
squared gradient norm ||V f(X (T'))||? at the terminal time
T, with an O(1/T?) convergence rate. However, as OGM-G
ODE exploits only the non-strong convexity of f, it cannot
attain an exponential convergence rate. To overcome this
limitation, we propose a novel ODE model that fully exploits
the strong convexity of f. Inspired by the anti-transpose
relationship between OGM ODE and OGM-G ODE, we

"°In Appendix F.2, we show that this relationship can also be
derived from the anti-transpose relationship (111) between the
discrete-time algorithms OGM and OGM-G.
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Figure 2. Results for the />-regularized logistic regression problem.
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Figure 3. Results for the cubic-regularized linear regression problem.

propose the unified AGM-G ODE as

X+ (\/Qﬁ tanh (@(T - t)) 2

T—t
x cothe (%(T — t)))X +Vf(X)=0, (17)

which is the anti-transposed dynamics of the unified AGM
ODE (see Appendix F.3). The following theorem shows
that this ODE model reduces the gradient norm of strongly
convex functions at both polynomial and exponential rates.

Theorem 6.1. The solution to the unified AGM-G ODE
(17) with the initial conditions X (0) = xg and X(0) = 0
satisfies'!

,_ 8 N
IVFCX@)IP < 5 esche? (-T)

X sup {f(xo) — fl@)+ gl\xo - 33||2}

= O(min{1/T? e VF}).

The proof of Theorem 6.1 can be found in Appendix F4. In
Remark F.1, we discuss that our unified framework is crucial
for designing ODE models that reduces the gradient norm

"'Here, we assume that sup, { f(z0) — f(z) + £|lz0 — z||*}
is finite. This assumption is quite mild because the function x —
f(@o) — f(z) + £[|zo — z[|* is concave when f is p-strongly
convex.

of strongly convex functions, as the proof of Theorem 6.1
relies on the property X (7') = 0, which does not hold for
the anti-transposed dynamics of AGM-SC ODE.

7. Numerical Experiments

In this section, we empirically test the performances of
our unified algorithms (the unified AGM and unified ATM)
against the specialized algorithms for non-strongly convex
objective functions (AGM-C and ATM-C) and the special-
ized algorithms for strongly convex objective functions
(AGM-SC and ATM-SC).

{5-regularized logistic regression. Consider the problem
(1) with the convex functions f;(z) = —y;al x + log(1 +
€% *) and the (y-regularization term R(z) = ||z||°, that is,

) = (L CualwHog(+e ) 1ol ).

i=1

min
T€ER™
where a; € R™ and y; € {0, 1}. Then, the function f is %-
strongly convex. We set the parameters as s = 10~ 2 (step-
size), m = 100, and n = 20. The vectors a; and y; were
synthetically generated.'> As shown in Figure 2, AGM-SC
outperforms AGM-C when p is large, but underperforms

"2The entries of a; were sampled from A/(0, 1), the labels y; €
{0,1} were generated using the logistic model P(y; = 1) =
1/(1+ G ), and the entries of z° € R™ were sampled from

N(0,1/100).
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AGM-C when p is small. In both cases, the performance of
the unified AGM (Algorithm 1) is comparable to the better
method among AGM-C and AGM-SC.

Cubic-regularized linear regression. To validate the per-
formance of higher-order methods, we consider the problem

) 1/1 9 3

iy o) = & (GllAz = o2+ AlelP),

where A € R"*" and b € R™. Then, because x — ||z is
6-smooth of order 2 and %-uniformly convex of order 3 (see
Nesterov, 2008), the function f is %-smooth of order 2 and
32 _strongly convex with respect to h, where h(z) = 2| )f?,
which is an 1-uniformly convex function of order 3. We
set the parameters as s = 1074 (stepsize), p = 2 (order),
N=+2, M= 1/3 (input constants), and n = 50. The
matrix A and the vector b were synthetically generated.'?
Figure 3 shows that the performance of the unified ATM
(Algorithm 2) is comparable to the better method among
ATM-C (Wibisono et al., 2016) and ATM-SC (Algorithm 3).

8. Concluding Remarks

We have developed a unified framework for designing ac-
celerated continuous-time dynamics and discrete-time al-
gorithms that handle convex and strongly convex functions
simultaneously. Our unified framework has strong potential
for future research since it resolves the inconsistencies that
are commonly observed in the literature. On a different note,
the newly proposed differential kernel may be improved in
the future; for instance, it could be adapted to the mirror
descent setup. Moreover, a rate-matching discretization of
the unified AGM-G ODE could be further investigated.
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A. Related Work

A.1. Inconsistencies Between ODE Models and Lagrangian Formulations

In this section, we discuss the inconsistencies inherent in ODE models and Lagrangian formulations for the two algorithms
AGM-C and AGM-SC.

A.1.1. INCONSISTENCY BETWEEN ODE MODELS

Limiting ODE of AGM-C. Recall that AGM-C is the three-sequence scheme (41) with 7, = =5 and 05, = k+1) . With
the sequence t;, = k+/s, we have
( ) I Tk(t — 2 2
7(t) = lim im = -
s—0 \[ s—0 \/E(t/\/§+ ].) t
5 t 1 t
o(t) = lim KO Jim Vs (Vs + ):f.
s—0 \/E s—0 2 2

Thus, as s — 0, AGM-C converges to the following ODE system, which we call AGM-C system:

. 2
X==-(Z-X)
Y a8)
with X (0) = Z(0) = x¢. This system can be written in the following second-order ODE, which we call AGM-C ODE:

. 3.
X+¥X+Vf(X):0 (19)

with X (0) = z¢ and X (0) = 0. Su et al. (2014) first derived this ODE and showed that the solution to AGM-C ODE
satisfies an O(||zg — x*||? /%) convergence rate.

Limiting ODE of AGM-SC. Recall that AGM-SC is the three-sequence scheme (41) with 7, = 7 VIS and O = \/% .

+\/us
klog(l VE3) 4
NG

With the sequence t;, = we have

B Tk(t) . Vi
T(t) = lim 2 = slaolJr,/* Vi
6k(t . 1 1
e N A

Thus, as s — 0, AGM-SC converges to the following ODE system, which we call AGM-SC system:

X = VA(Z - X)

. 1 (20)
Z=—(uX—-—pZ-Vf(X
NG ( (X))
with X (0) = Z(0) = =, or equivalently, the following AGM-SC ODE:
X +2y/pX +VF(X)=0 (21)

with X (0) = 2 and X (0) = 0. Wilson et al. (2021) showed that the solution to this ODE satisfies an O(e™ V7 ( f(zq) —
f(x*) 4+ §]lxo — 2*||*)) convergence rate. Just like in the discrete-time case, AGM-C ODE and AGM-SC ODE should be
handled as separate cases because AGM-SC ODE does not recover AGM-C ODE as ;1 — 0.

AGM-5C ODE does not recover AGM-C ODE as jn — 0.

' Although the sequence ti = k+/s leads to the same limiting dynamics, this particular sequence makes a clear connection between the
convergence rates of AGM-SC and its limiting ODE, as both rates are equivalent if we identify ¢ <> t, X (t;) <> xx, and Z(ti) < 2.

11
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A.1.2. INCONSISTENCY BETWEEN LAGRANGIAN FORMULATIONS

To systematically study the acceleration phenomenon of momentum methods, Wibisono et al. (2016) introduced the
following first Bregman Lagrangian:

Lig (X, X, t) — ot (Dh (X e oX, X) — P f(X)) : (22)

where «, 3,7 : [0,00) — R are continuously differentiable functions,  is a continuously differentiable strictly convex
function, and Dy, is the Bregman divergence. In order to obtain accelerated convergence rates, the following ideal scaling
conditions are introduced:

y=e® (23a)
B<e (23b)

Under the ideal scaling condition (23a), the Euler—Lagrange equation

% {gf.( (XXt)} — g—f( (X,X,t) (24)

for the first Bregman Lagrangian (22) reduces to the following system of first-order equations:

X =e*(Z - X) (25a)

%Vh(Z) = —e* PPV F(X). (25b)

When f is convex, any solution to the system of ODEs (25) reduces the objective function value accuracy at an O(e‘ﬁ(t))

convergence rate. In particular, setting a(t) = log % and (t) = log %, we recover AGM-C system (18) and its convergence
rate.

Although the first Bregman Lagrangian (22) generates a large family of momentum dynamics, it does not include AGM-SC
system (20). To handle strongly convex cases, Wilson et al. (2021) introduced the second Bregman Lagrangian, defined as

Lona (X,X,t) — oty (uDh (X n e*aX,X) — f(X)) . (26)

Under the ideal scaling condition (23a), the Euler—Lagrange equation (24) for the second Bregman Lagrangian (26) reduces
to the following system of first-order equations:

X=e(Z-X) (27a)
d )

7 Vh(Z) = B (Vh(X) ~ Vh(Z)) - ;Vf(X). (27b)

When f is g-uniformly convex with respect to h, any solution to the system of ODEs (27) satisfies an O(e~?®)) convergence
rate. In particular, letting o(t) = log /i and 3(t) = /put, we recover AGM-SC system (20) and its convergence rate. Here,
we observe an inconsistency between the two Bregman Lagrangians.

The second Bregman Lagrangian does not recover the first Bregman Lagrangian as (1 — 0.

A.2. Lyapunov Arguments for Convergence Analyses

A popular method for proving the convergence rates of momentum dynamics and algorithms is constructing an energy
function non-increasing over time, called the Lyapunov function (Lyapunov, 1992). The particular analyses presented in this
section handle discrete-time algorithms and the corresponding continuous-time dynamics using a single Lyapunov function,
as in (Krichene et al., 2015). To prove the convergence rates of the given algorithm and associated dynamics, we take the
following steps:

1. Define a time-dependent Lyapunov function V : R™ x R™ x [0, 00) — [0, 00).

12



Unified Nesterov’s Accelerated Gradient Methods

2. Show that the continuous-time energy functional £(t) = V(X (t), Z(t), t) is monotonically non-increasing along the
solution trajectory (X, Z) : [0,00) — R™ x R™ of the ODE system.

3. Show that the discrete-time energy functional & = V (xg, 2, tx) is monotonically non-increasing along the iterates
(zk, 2zx) : {0,1,2,...} = R™ x R™ of the algorithm.

The remainder of this subsection shows how we can apply this strategy to known algorithms.

AGM-C and AGM-C ODE. We define a time-dependent Lyapunov function as

2
VX Z0) = 12 -2 P T ()~ ). a8)
Then, the continuous-time energy functional
1 2
E(t) =V(X(1), 2(t),t) = 5 12(¢) - 2|* + % (f(X(8) = f (7))

is monotonically non-increasing along the solution trajectory of AGM-C ODE (18) (see Su et al., 2016). Writing £(t) < £(0)
explicitly, we obtain an O(1/t?) convergence rate as

N 4 4 2 N
FX®) - F") < (1) < 5E(0) = 5 llwo — 27
For the iterates of AGM-C, the discrete-time energy function
1 %112 Skz %
& =V (xp, 2k, te) = B 2k — 2| + v (f(xx) — f (7)), (29)

where t;, = k./s, is monotonically non-increasing (see Ryu & Yin, 2022, Chapter 12). Hence, we obtain an O(1/k?)
convergence rate.

AGM-sC and AGM-sc ODE. We define a time-dependent Lyapunov function as
V(X.Z,8) = o™ (D112 = + £(X) ~ £ (). (30)
Then we can show that AGM-SC ODE (20) achieves an O (e~ V#!) convergence rate by showing that the energy functional
E(t) = VXD, 2(),1) = e (5112(0) =" > + F(X (1) =  (a"))

is monotonically non-increasing along the solution trajectory of AGM-SC ODE (see Wilson et al., 2021). Similarly, we can
show that AGM-SC achieves an O((1 — /zi5)*) convergence rate by showing that the energy functional

€ = Vw2 te) = (L= v/is) ™ (& llzw = o*1* + Fa) = £ ().

_klog(l—m)

where t;, = ——— Y=/ is non-increasing along the iterates of AGM-SC (see d’ Aspremont et al., 2021, Section 4.5).
Ji g g p

Bregman Lagrangians. We can show that the first Bregman Lagrangian flow (25) and the second Bregman Lagrangian
flow (27) achieve an O(e=%®)) convergence rate by showing that the energy functional £(t) = V(X (t), Z(t),t) is
monotonically non-increasing. For the first Bregman Lagrangian flow, the Lyapunov function V' is defined as

Vis(X, Z,1) = Dy, (2%, Z) + *O (f(X) = f (+7)). (31)
Thus, we have the energy function
Eist(t) := Di (", Z(1)) + "V (F(X(1) — f (7). (32)
For the second Bregman Lagrangian flow, the Lyapunov function V' is defined as
Vana(X, Z, 1) = " (uDy (%, Z) + F(X) = f (). (33)
Thus, we have the energy function
Ezna(t) = ® (uDy (%, Z(1)) + F(X (1) = f (7)) (34)

See (Wibisono et al., 2016; Wilson et al., 2021) for the proofs.

13
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A.3. Original NAG Flow

Luo & Chen (2021) designed the following ODE model for the constant step scheme I (Nesterov, 2018, Equation 2.2.19),
which we call the original NAG system:

-
-X (35)

N
Il
QL= N =

(nX —pZ — Vf(X))

with X (0) = Z(0) = x¢ and v(0) = 79 > 0. Luo & Chen (2021, Section 6.2) showed that the constant step scheme I
(Nesterov, 2018, Equation 2.2.19) can be viewed as a discretization of this ODE system with the timestep «;, which is
inductively defined in (94).

Using time rescaling technique, Luo & Chen (2021) also proposed the following system of ODEs (although most of their
results directly deal with Equation (35)):

X(t) = a(t)(Z(t) - X(t))
b(t)Z(t) = a(t)(uX (t) — pZ(t) — V(X (1)),

where a : [0,00) — [0, 00) is an arbitrary function and

b(t):fy(/ota(s)ds>.

In Appendix A.3.1, we show that the original NAG flow (35) is a special case of the unified Bregman Lagrnagian flow (5).
In Appendix A.3.2, we show that the rescaled original NAG flow (36) can be expressed as the unified Bregman Lagrangian
flow. Conversely, the unified Bregman Lagrangian flow can be expressed as the rescaled original NAG flow if the ideal
scaling condition (23b) holds with equality and the distance-generating function / is Euclidean (h(x) = 3 ||z||%). Therefore,
our unified Bregman Lagrangian generates a strictly larger family compared to (36). To emphasize, only our family can deal
with the non-Euclidean setup (mirror descent setup). In addition, the derivation of our unified family (5) is more constructive
because it comes from a Lagrangian formulation, whereas Luo & Chen (2021) designed the family (36) through a heuristic
speculation. In Appendix A.3.3, we observe that the rescaled original NAG flow with specific parameters is closely related
to the unified AGM ODE (8).

(36)

A.3.1. ORIGINAL NAG FLOW IS A SPECIAL CASE OF UNIFIED BREGMAN LAGRANGIAN FLOW
Solving 4 = p — «y gives ¥(t) = p + (0 — p)e~*. Thus, the original NAG system (35) can be written as
X=Z-X

et—log(vo—n)

= 1+ pet—1os(o—n) (nX — pZ - Vf(X)).

This ODE system is equivalent to the unified Bregman Lagrangian flow (5) with a(t) = 0, 5(t) = ¢t — log (yo — ), and

h(z) = 3| z|*. Therefore, the original NAG flow (35) is a special case of the unified Bregman Lagrangian flow.

A.3.2. TIME RESCALING APPLIED TO ORIGINAL NAG FLOW GIVES A SUBFAMILY OF UNIFIED BREGMAN
LAGRANGIAN FLOW

Because the uified Bregman Lagrangian flow is closed under time-dilation (see Appendix C.2), the rescaled original NAG
flow (36) is a subfamily of the unified Bregman Lagrangian flow, by construction. In this subsubsection, we confirm this
fact again. In addition, we show that the rescaled original NAG flow corresponds to the unified Bregman Lagrangian flow
with the condition ﬂ = e“ (ideal scaling condition (23b) with equality) and the Euclidean distance-genrerating function

h(z) = 3ll=|*.

First, we show that the rescaled original NAG flow (36) can be expressed as the unified Bregman Lagrangian flow (5). Given
the parameter function a(t) and the constant +y, of the rescaled original NAG flow, we can write the functions +(¢) and b(t)
involved in (35) and (36) as

) =p+ (o —pe

14
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b(t) =+ (yo — p) e~ Jo o) ds,
We define the functions «(t) and §(t) as
a(t) =loga(t)

o) = tog () + [ ats)as @7

Yo — M

Then, we have

1 + IU/GB - 1 + Meﬁ - 1% =+ 8_’8 o 7 _|_ (’YO — ,u) e~ fot a(s) ds b(t)

Thus, the rescaled original NAG flow is equivalent to the unified Bregman Lagrangian flow with the parameter functions
(37) and the Euclidean distance-generating function h(z) = 3| z||>.

Be? eath e a(t) a(t)

Conversely, we show that if the ideal scaling conditon (23b) holds with equality and the distance-generating function A is
Euclidean, then the unified Bregman Lagrangian flow can be written as the rescaled original NAG flow. Given the parameter
functions «/(t) and 5(t) of the unified Bregman Lagrangian flow, we define the function a(¢) and the constant vy as

a(t) = e*®
o = p+e PO,
Then, because
b(t) = pi+ (o — ) e~ Jo @) =y 4 =),
we can write the rescaled original NAG flow as
X(t) = e*®(2(t) - X (1))
(1 e0) 2(t) = O (uX (1) ~ p2(t) = V(X(1))),

which is equivalent to the unified Bregman Lagrangian flow if the ideal scaling conditon (23b) holds with equality and
h(z) = 3]

A.3.3. RELATIONSHIP BETWEEN ORIGINAL NAG FLOW WITH SPECIFIC PARAMETERS AND UNIFIED AGM ODE
As Luo & Chen (2021, Equation 70) mentioned, given o > 0, one can choose the function a(t) in the rescaled original

NAG flow as
2%

(t) JAot+2’ if p =0,
a(t) = eV _VESVT (38)
\/ﬁ . ﬁ’ lf/,t > 0.
VATV
In this case, we have b(t) = (a(t))?. Thus, the rescaled original flow with these functions can be written as
. 2
X(t) = Wﬁ? 2(t) - X (1))
. Aot + 2
Z(t) = ————-Vf(X(
() = 3 — V()
when p = 0, and
- T
X(t) = V- W(Z(t) — X(t))
ViV
e
Z(t) = i \/ﬁt—\/;_\/z—z(ﬂX(t) —pZ(t) = Vf(X(1)))
T VR
when p > 0. Because % — —1asyy — oo and Zﬁ:ﬂ = coth(%t), the rescaled original NAG flow with (38)

converges to the unified AGM system (69) as vy — o0.
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B. Preliminaries

B.1. Higher-Order Hyperbolic Functions

3.0 3.0 6
—— f(x) = sinhe(z
251 25 54 —— f(x) = tanhc(z)
—— f(z) = cothe(x)
20 201 14 —— f(x) = csche(z)
= = =
101 101 21
05 0.5 14
0.04 0.0 04
00 05 10 15 20 25 3.0 00 05 10 15 20 25 3.0 0 1 2 3 1 5 6
(a) sinh, cosh, tanh (b) coth, sech, csch (c) sinhc, tanhc, cothc, csche
Figure 4. Hyperbolic functions and their variants.
3.0 3.0 6
—— f(x) = tanhy(z)
25 25 5 —— f(z) = tanhy(z)
— f(x) = tanhg(z)
204 204 1
= = =

—— f(x) = sinhy(z)
— f(x) = sinhy(x)

— [f(x) = sinhy(x)

——  f(x) = coshy(x)
—— f(x) = coshs(z)
—— f(x) = coshgy(x)

0.0

0.04

15
x

(b) cosh,

0.0 0.5 2.0 2..’» 3.0 0.5 10 3.0

(a) sinh,
Figure 5. Higher-order hyperbolic functions.

The following proposition indicates that the sinh,, function grows exponentially.

Proposition B.1. There exists a constant Cp, > 0 such that sinh,,(t) ~
forp=2.

Cpe' as t — oc. In particular, we have Cp, = 1/2

The proof of Proposition B.1 can be found in Appendix B.1.1. Using the definition of the sinh,, function and Proposition B.1,
it is straightforward to check the following asymptotic properties:

sinh, x ~ x asx — 0,
coshpz ~lasx — 0,

tanh, z ~ x asz — 0,

B.1.1. PROOF OF PROPOSITION B.1

Fix T > 0. We will show that

sinh, x ~ Cpe® as & — oo
cosh, x ~ Cpe” as & — 00

tanh, z ~ 1 asx — oo.

log (sinh, (T +t)) — (39)

16
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converges to some constant as t — co. We can bound the derivative of (39) as

d ) sinhy, (T + )

% {log (Slnhp(T + t)) — t} = m ].
_coshy(T'+t) ]
 sinh, (T +1)

1 1/17
14 - _
( +smhg(T+t))

1
€10, ==+ 1>
[ sinh,, (T + t)]

where the last line follows from the fact that 1 < (1 + m)l/ P < 1+ 21/P holds for z > 0.!° Thus, if the integral

e 1
—dt 40
/0 sinh,, (T + ¢) “0)

is finite, then (39) converges to some constant because it is monotonically increasing and bounded above, and thus this
completes the proof. To show that the integral (40) is finite, it is enough to show that the inequality

sinh, (T +t) > sinh,,(T)e

holds for all £ > 0. This can be shown by the following calculation:

log (sinh, (T + t)) = log (sinh,(T")) + /0 % {log (sinh,(T'+s))} ds

t sinh! (T + )
=1 inh. (T R A
og (sinh, (T')) +/o sinhy, (T + s) ds

t (14 sinh®(T + 5)) '/
=1 sinh,, (T P
og (sinh, (7)) + /0 sinb, (T + 5) ds

t
/1ds
0

)

> log (sinh,,(T')

)+
= log (sinh,(T)) +
= log (sinhy,(T)e"

B.1.2. THE FUNCTION sinhc, IS NON-DECREASING

It is easy to see that sinh,, and cosh,, are increasing. Since

d [ sinh,(¢)
b (t) = - 4 e
tanh, (t) dt {coshp(t) }
sinhy, (£) coshy, (£) — coshy, (¢) sinhy, ()
coshf,(t)
- sinhy, (£) Zoshp(t)
coshy,(t)

=1

9

we have tanh,(t) < ¢ for all £ > 0. Now, we deduce that

oy d [ sinhy(t)
sinhc,, (t) = o { ;

15To check this basic inequality, one can consider the p-th power of each side.

17
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~ tsinhy, (1) — sinh, (1)

12
t coshy, (t) — sinh,, (¢)
cosh, (1)
= tizp (t — tanh,(t))
>0,

and thus sinhc is non-decreasing.

B.2. Limiting Arguments

In this subsection, we investigate the limiting ODE of two-sequence scheme and the limiting ODE of the fixed-step first-order
scheme (2). The first approach is to write the algorithm as a two-sequence scheme and then derive the limiting ODE via
the second-order Taylor series expansion. This argument frequently appears in the literature (see Su et al., 2016; Shi et al.,
2021). The second approach, which is novel, is to express the algorithm using the difference matrix H = (h;;) and then
derive the differential kernel H (¢, T) corresponding to the matrix (h;;).

Furthermore, we show that the limiting ODE of two-sequence scheme recovers the limiting ODE of three-sequence scheme
and that the limiting ODE of the fixed-step first-order scheme recovers the limiting ODE of the two-sequence scheme.

B.2.1. LIMITING ARGUMENT FOR THREE-SEQUENCE SCHEME

We informally derive the limiting ODE of the following three-sequence scheme:

Yk = Tk + 7 (21 — Xk) (41a)
Trr1 =Yk — sV f (yr) (41b)
21 = 2k + O (yr — pze — Vf (yr)) - (41¢0)

To identify a discrete-time sequence (xy)72 , with a continuous-time curve X : [0, c0) — R™, given the algorithmic stepsize
s, we introduce a strictly increasing sequence (tj)7° , (depending on s) in [0, co) and make the identification X (t;) = xy.
We denote the inverse of the sequence t : {0,1,2,...} — Rask, thatis, k(t;) = k for all k& > 0. For convenience, we
extend the function k to a piecewise linear function defined on [0, 00).

‘We assume that
limty =0 42)

s—0

and that the timesteps are asymptotically equivalent to /s as s — 0 in the sense that

()41 —

t
lim =1 Vte (0,00). (43)

s—0 \/E

Note that the popular choice ti = 5 := k+/s (we will use the notation ¢, for this specific sequence throughout the paper)
used in (Su et al., 2014; Wibisono et al., 2016; Shi et al., 2021) satisfies these conditions.

For the iterates of three-sequence scheme (41), we have

Tpp1 — T Tk
NG NG
2yl — 2k O

NIRRT (hyr — 2k — Vf () -

(zx — x1) = VsV f (yr)

We introduce two sufficiently smooth curves X, Z : [0, 00) — R (possibly depending on s now) such that X () = ()
and Z(t) = z@)- Since ||zx+1 — yxl| = o(y/s) and V f is Lipschitz continuous, we have

- . Tk(t)+1 — Tk(t) . Tk +1 — Tk(t) . Tk(t)
X(t)=lim ———~* =lim ———~ =1 —= > (Z(t) — X (¢t
(t) = lim bt —t s NG lﬂ%{\/g}( () = X(e)
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. 4 Rk(D+1 T Rk(Y) . Ak(t)+1 T Rk(t) . 5k(t) _ _
() =l HOL20 _ gy SO0 20— i {0 (1) — (1)~ 71 (X0)

for all t > 0. Thus, if the limits

o Tk(e)
T (44)

. Ok

ot) = lim =72

exist for all ¢ € (0, 00), then as s — 0, the iterates generated by the three-sequence scheme (41) converge to a solution to
the following system of ODEs:
X(t) =7()(Z(t) — X (1))

) (45)
Z(t) = 0(t)(uX(t) — pZ(t) — V(X(t)))
with the initial conditions X (0) = Z(0) = . We can equivalently write this as the following second-order ODE:
. 0 )
X+ (7)) — =) +ud(t) )| X+ 7)) Vf(X)=0. (46)
Furthermore, when the collinearity condition'®
17[1,5]67 (1/s—u)7k6k :O. (47)
holds, we have
0 1 1
§(t) = lim —= = lim = lim Vs - (48)
s20/s 520 s (ut (1/s —p)m) 520 ps+ (L—ps)me 7(t)
B.2.2. LIMITING ARGUMENT FOR TWO-SEQUENCE SCHEME
We consider the following two-sequence scheme:
T =y — sV
k1 = Yk I (uw) 49)
Ykt1 = Thr1 + B (Thg1 — k) + % (Trpr — Ur) -
If we have 1- 3
: “Pts . _
Sh_I}I}J N b(t) and ll_l)% Yeyys =ct) V>0 (50)

for some smooth functions b, ¢ : (0,00) — R, then we will see that under the identification X (¢) = xy, with tx = k+/s,
the two-sequence scheme (49) converges to the ODE

X(t) + ()X () + (1 +c(t)VF(X(t) =0 (51)

as s — 0. For the iterates of the two-sequence scheme (49), we have

BT (= 5V () — 1)
= = Ghe (o =01 2 (o = ) = 597 ()
= 2 (B (a1 = 1s) = 55 (r) =55 ()
= 5k—1L\/§’H ~ VsV (Yr—1) = VsV f (yr) -

!5This condition ensures that the points &, Tx+1, zk41 are collinear. Thus, one can write the updating rule for yy as yp11 =
Zi+1 + Br(zk41 — i) for some B € R. This property provides a clear momentum effect: The point yx41 is defined by adding
a momentum term Sy (zx4+1 — x) to the previous point 2x+1. This property is useful when generalizing AGM methods to handle
non-smooth terms (see d’Aspremont et al., 2021, Algorithm 20).
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Using the Taylor expansions

% = X(t) + %X(tk)\/g +0(v/s)
Th =Tl _J?“‘l = X(t) - %X(tk)\/ﬂ o(Vs),

we obtain
X(tr) + %X(tk)\/g+ 0(Vs) =Pr ( (te) — lX(tk)\[JrO(\[)) — VsV (Ye-1) — VsV f (yk) -

It follows from ||z, — yr_1]| = o(y/s) and the Lipschitz continuity of V f that

VsV (yk-1) = VsV (X () + 0 (V5)
VsV (k) = VsV (ye—1) +0(Vs) = VsV (X () + o0 (Vs)

Substituting these into the ODE yields

1+ G- L

5 XtV + (1= Brn) X(t) + (1 + ) VA(X(8))V5 + 0 (Vs) =0.

Dividing both sides by +/s, substituting £k = ¢/+/s and the limits (50), and then letting s — 0, we obtain (note that
Bi/s—1 — 1 by Equation (50))

X () + b)) X (t) + (14 (1) VF(X(t) = 0.

Recovering the limiting ODE of three-sequence scheme. We can write the three-sequence scheme (41) as the two-
sequence scheme (49) with the following parameters (see Lee et al., 2021, Appendix B):

(1 —7%) Toyr (1 — pdy)
Th
Tt ((1/s — )07 — 1+ pdy,)

Tk

B =

(52)

Ve =

Assume that the limits (44) with ty = k+/s exist. Then, it follows from the Taylor expansion that

T =7 (tr) Vs
Thor1 =T (tk) Vs + 7 (tk) s + V/s0 (Vs)
Or = 0 (tr) V/s.
Thus, for the sequences (5) and (7x) in (52), we have
e - -7 — Tk+1
NG \/5(1 1-7)(1 ﬂé)m)
% (1 (1= /57 () (1 — p/6 (tr)) (1+ T(tk):(;)\(jg(\/g)>>
1 7 (tk)
= = (Var )+ s ) - 20 o (v5))
7(tr)  0(V5)
=7 (tg) + po (tg) — (tZ)—'_ o

and

,
Yo = ’;:1 ((1/s = p)dpmie — 1+ péy)
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7 (tk) \f+0(f)
o

- ) (1= 1s)0 () 7 (te) — 1+ /38 (1))

T(t )—1+0(1)

Thus, we have

. 1=Bys 7(t)
tim % = (0) 4 ua(t) — 25

lim v,/ 5 = 7(1)d(t) — 1.

s—0

Therefore, we recover the limiting ODE (46) of the three-sequence scheme. In particular, if the algorithmic parameters (7%)
and (dy,) satisfy the collinearity condition (47), then we have v = 0 for all k& > 0, and thus ¢(¢) = 0.

Two-sequence form of AGM-C. Because AGM-C is the three-sequence scheme (41) with 7, = O = @
= 0, we can rewrite it as the two-sequence scheme (49) with

2
) , and

1— -2 ). 2
B+l k+2_k‘—1

2 s(k+D) 2
v = k+2 2 % = 0.
s ant
Thus, AGM-C converges to the ODE (51) with
1 /sl
_ t/vsr2 3
b(#) = limy Vst
c(t) =0,

which recovers AGM-C ODE.

Two-sequence form of AGM-SC. Because AGM-SC is the three-sequence scheme (41) with 7, = 1;\? and 6 = \/;

it can be written as the two-sequence scheme (49) with

(W) W 0-nE) s

By = -
VS 1+ ./
1+ /s s
1&\/§
+ s W/
Yk = VEs\/ p _ (1 + p—r S) =0.
s 1+ ./
Thus, AGM-SC converges to the ODE (51) with
_ 1-ps
. T+ /s
= 1 _— =
b(t) = lim s 2\/p

c(t) =0,
which recovers AGM-sC ODE.

B.2.3. DIFFERENCE MATRIX AND DIFFERENTIAL KERNEL

The fixed-step first-order scheme (2) with the number of iterations N can be written equivalently as

Y1 — Yo ho,o 0 e 0 V£ (o)
Y2 — Y1 hio hi e 0 Vf(y1)
. = —S . . . . .
YN — YN—1 hn-10 hn-12 -+ hy-1n—1 Vf(yn-1)
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Here, we call the lower triangular matrix H = (h;;) the difference matrix for the algorithm (2).

To derive the limiting ODE of the algorithm (2), we introduce a smooth curve X : [0, 7] — R™ with the identifications
X(ky/s) = yr and T = N/s. As a continuous-time analog of the difference matrix (h;;), we intoduce a continuously
differentiable function H (possibly depending on s now) defined on {(t,7) € R? : 0 < 7 < t < T'} with the identification
H(t;,7j) = hi;, where t; = i\/s and 7; = j+/s. Substituting X (¢;) = y; in (2) yields

X (tiv1) — X (1)
Nz

= —(rj41—75) > H (ti, ;) VI (X (7)) (53)

Jj=0

Then, we can observe that the right-hand side of (53) is a Riemann sum of the function 7 — —H (¢;, 7)V f(X (7)) over
[0, t;1+1]. Thus, taking the limit s — 0 yields

t
X(t) = - /0 H(1, )V f(X (7)) dr, where H(t,7) = lim h_:_ (54)
as the limiting ODE of the fixed-step first-order scheme (2). Therefore, we obtain the ODE (3). Inspired by the observation
that the function H (¢, 7) plays a role similar to the kernel function in the integral transform, we call it the differential kernel
(or the H-kernel) corresponding to the difference matrix (h;;).

From differential kernels to second-order ODEs. Differentiating both sides of (3) and applying the Leibniz integral
rule, we obtain

%0 = -9 ~ [ PTG 507y 0 55)

0 ot
If there exists a function b(¢) such that
OH(t,7)
ot
then it follows from (3) that the equation (55) is expressed as the following second-order ODE:

= —b(t)H(t,7),

X(t) 4+ b(t)X + H(t,t)V(X(t)) = 0. (56)

From second-order ODE:s to differential kernels. For the second-order ODE
X(8) + 00X () + (1+ () VA(X(1) =0,
define the differential kernel H (¢, 7) as
H(t,7) = (1+¢(r)) e~ JrP6)ds, (57)

Then, because we have % = —b(t)H(t,7) and H(t,t) = 1 + ¢(t), the ODE (3) with the differential kernel (57)
recovers the given second-order ODE.

Recovering the limiting ODE of two-sequence scheme. We first write the two-sequence scheme (49) as the fixed-step
first-order scheme. The iterates of the two-sequence scheme (49) satisfy

Yk+1 — Yk = Tha1 — Yk + B (Thg1 — 2x) — sV f (Yr)

=B (Wr — yr—1) + BV S (Yr—1) — s (1 + B + ) Vf (yr) - ©8)

Substituting
k
Y1 =Yk = =5 )iV (yi),
i=0
k—1
Uk — Y1 =—5 Y hi1:Vf (i)
i=0
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into (58) and comparing the coefficients of each V f(y;), we obtain

1+ Bk + ks ifj =k
hij=1q Bk (hg—1p—1—1), ifj=k—1
Brhr—1.4, ifj<k-—2.

Using mathematical induction, it is straightforward to show that
i
hi; = (B; + ;) H By + dij,
v=j+1
where 0;; is the Kronecker delta funciton. For ¢ > j 17 we have
hiv15—hij = (Bix1 — 1) hij.
Under the identification H (t;, 7;) = h;j, we have

oOH ti, T5
hiv1j = hij=H (tiy1,75) — H (i, 7;) = #\/ﬂo (Vs) -
Thus, when the limits (50) exist, taking the limit s — 0 yields
OH (t
752’7) = b H (7). (59)

Also, because hy11,; = Br+1+ 7k and lims 0 3,/ 5 = 1 by (50), we have H(t,t) = 1+4¢(t) forallt € (0,T). Therefore,
the ODE (56) recovers the limiting ODE (51) of the two-sequence scheme. Moreover, we show that we can explicitly write
the differential kernel H as

H(t,7) = (1+c(r)) e Jrb(s)ds (60)
By (59), we have
0 _OH(s,7) 1
55 log(H(s,t)) = TH(S,T) = —b(s).

Integrating over s, we obtain
t

log (H(t,7)) — log (H(7,7T)) = —/ b(s) ds.

Thus, we have . .

H(t,T) — H(T, 7_)6— Jrb(s)ds _ (1 + C(T)) e J! b(s) ds_
Difference matrix for AGM-C. Because we can write AGM-C as the two-sequence scheme (49) with £, = Z—;; and
vx = 0, we can rewrite it as the fixed-step first-order scheme (2) with

T[22t s, = G DI+

hij = ij = .
I 1/+2+ TG+ D)+ 2)

+ 945
v=j
By definition, the differential kernel corresponding to this matrix (h;;) is
(G- 7 () -
H(t,r) = lim ~° Vs AVs - ©61)
B ()
This can be also obtained by substituting b(¢) = 3/t and ¢(t) = 0 into (60):

H(t, 1) = e Jr 2 ds = g=8(loa(t)-log(r)) — T

Because we have DH(t.7) .
H(t, 7 37 3
— = — = ——H(t
the ODE (55) with the differential kernel (61) recovers AGM-C ODE.

"We exclude the case i = j because the difference matrix h;; has singularities at these points due to the Kronecker delta function.
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Difference matrix for AGM-SC. Because we can write AGM-SC as the two-sequence scheme (49) with 3, = 1;\/‘/?:
and ~; = 0, we can rewrite it as the fixed-step first-order scheme (2) with
U s 1—/us it
= [TV s, (LY,
U:jl—&—./,us 1+ /us
By definition, the differential kernel corresponding to this matrix (h;;) is
1—./us vt 2vuT
H(t,7) = lim | -—Y** - (62)
s=0 \ 14+ /115 e2vnt

This can be also obtained by substituting b(t) = 2,/x and ¢(t) = 0 into (60):

2./pT
_ —[t2ymds _ _—2yut—7) _ €
H(t,7) = e~ J-2Vids — =2Vl )_W'
It follows from -
t
) — g eVie) = —a /(1 7)

that the ODE (55) with the differential kernel (62) recovers (AGM-SC ODE).

C. Unified Lagrangian Formulation for Convex and Strongly Convex Objective Functions

C.1. Computing Euler-Lagrange Equation
For the unified Bregman Lagrangian (4), the partial derivatives % (X X, t) and g—f( (X X, t) are given by

g—f.( <X,X,t) =e" (l—i—ueﬁ) (Vh (X—i—e_o‘X) —Vh(X))

g—f( (X,X,t) = (1 —l—ueﬁ) (Vh (X—&-e_“X) - Vh(X))

— e (1 + pe’) %Vh(X) — TPV F(X).

The time derivative of (,%é can be computed as
% {gf'( (XXt)} = (“’Ye7 +u (B + ﬁ) e‘”’*) (Vh (X + e*O‘X) - Vh(x)>

d . d
CAYN il - _ =
+e7 (14 pe?) (dch (X +exX) dch(X)) .
Thus, the Euler-Lagrange equation (24) can be written as
e’ (1 + ueﬁ) th (X + efaX)
dt
_ (eaﬂ (14 pef) — 7e — (5 + ﬁ) eBJ“’) (Vh (X + e*aX) - Vh(X)) — eIV f(X).

Substituting the ideal scaling condition ¥ = e® (23a) into the equation above and then dividing both sides by e (1 + pef ) >
0, we obtain

e tB

ppe” (Vh (X + e*aX) - Vh(X)) e V).

1 pef

d )
ZVh (X *QX) -
dt e

Letting Z = X + e X yields the system of ODEs (5).
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C.2. Time Dilation Property of Unified Bregman Lagrangian Flow

We show that the unified Bregman Lagrangian flow (5) is closed under time-dilation, similarly to the first Bregman
Lagrangian flow (25) and the second Bregman Lagrangian flow (27) (see Wibisono et al., 2016; Wilson et al., 2021).

Theorem C.1. Let T : Is — I be a strictly increasing twice-continuously differentiable function, where Iy and I
are intervals in [0,00). If (X1, Z1) is a solution to the unified Bregman Lagrangian flow (5) on Iy with the parameters
a1, 12 11 = R, then the reparametrized curves X5 (t) := X1 (T (t)) and Zy(t) := Z1(T(t)) form a solution to the unified
Bregman Lagrangian flow on I5 with the parameters s, B2 : I — R defined as

as(t) = ay (T(t)) + log T(¢)

Pa(t) = B1(T ().

Proof. Let (X1, Z;) be a solution to the system of ODE (5) on I; with the parameters a, 81 : [; — R. Then, the time
derivatives of the curves Xo(t) = X1 (T(t)) and Vh(Z2(t)) = Vh(Z1(T(t))) can be computed as

Xa(t) = T(H)X1(T(t)
=T(t)e ‘“(T(”)(Zl( () — X1(T(2))

= T(t)e™ (T (Zy(t) — Xa(t))
= @M(t)(zﬂ t) — Xo(t))

and
L on(z(1)) = T 2 (0t

dt
, ; oB1(T()
_ iy (“511 o (VA (T(0) ~ Vh(Z (T(0)

1 (T(2))+B1(T(t))
1+ jicPi(T0) Vf(X1(T()))
p1Ba(t)e2®) 02(8)+B2(1)
= T Vh(Xa(t)) — Vh(Z2(t))) — Ww(xg(m.

Thus, (X2, Z) is a solution to the system of ODE (5) on I» with the parameters as, 2 : Is — R. This completes the
proof. O

C.3. Proof of Theorem 3.1
Define the time-dependent Lyapunov function V' : R™ x R™ x [0,00) — R as
V(X,Z,t) = (1 + ueﬁ“)) Dy, (¢%,Z) + 2O (F(X) — f (z)). (63)
We show that the continuous-time energy function
E() = V(X(8), 2(t),t) = (14 pe”D) Dy (%, Z(0)) + O (F(X (1)) = f (2)) (64)

is monotonically non-increasing on [0, o0). Note that

d d .
SDy (@, Z) = 5 {h () = h(Z) — (Vh(Z),2" - Z)}
d

_ <Vh(Z), Z> _ <dtw(2),x* _ Z> + <Vh(Z),Z'>
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Thus, we have
%5@) = — (1+ peP) <C‘;twl(2), z* — Z> + uBe? Dy (z*, Z)
+ 36 (£(X) = f (@%)) + €7 (VF(X), X))
- <uBeﬂ (Vh(Z) — VR(X)) + BV f(X), 2" — Z> + uBeP Dy, (2, Z)
+ 36 (F(X) = £ (@) + ¢ (VF(X), X)

It follows from the Bregman three-point identity,'® the non-negativity of Bregman divergence, and the y-uniform convexity
of f with respect to h that

(VI(Z) — VI(X),2* — Z) + Dy, (z*, Z) = Dy, (z*, X) — Dn(Z, X)
S Dh (f*vX)

1
< —Dys (2", X).
D

Thus, we have
%5@) < BeP Dy (x*, X) + TP (VF(X), 2" — Z)
+ 8 (£(0) = f (@) + ¢ (VF(X), X))
= Be Dy (a*, X) + e* P (Vf(X),a" = X) + B’ (f(X) = [ (z7))
= ("= 8) ¢ (V)2 = X)

where the last two inequalities follows from the ideal scaling condition 3 (t) < e*(®) (23b), the convexity of f, and the fact
that 2* is a minimizer of f. Writing £(¢) < £(0) explicitly completes the proof.

C.4. Second Bregman Lagrangian Flow is Asymptotic Limit of Unified Bregman Lagrangian Flow

For simplicity, we assume that the distance-generating function h is Lj-smooth and p,-strongly convex. The p,-strong
convexity of h implies the Ly~-Lipschitz continuity of VA*, where Ly« = 1/up > 0 (see Rockafellar & Wets, 2009,
Proposition 12.60). The following proposition rigorously states that the system (7) is the asymptotic limit of the system (5).

Proposition C.2. Let xo € R™ and T > 0. Then, for every real number € > 0, there exists a real number r > 0 such that

HXl(tO +T) — Xg(t() +T)H <e Vto >,

where
* (X1, Z) is the solution to the system (5) with the initial conditions X1(tg) = Z1(to) = xo.
* (Xa, Zs) is the solution to the system (7) with the initial conditions X2 (to) = Za(tg) = xo.

Proof. Introducing W (t) = Vh(Z(t)), the systems (5) and (7) can be equivalently written as

X = e*(Vh* (W) — X)

Lfeb a8 (65)
e (VA(X) =) = 15 5 (X)

W =
BDy(x,y) — Dp(z,2) = — (Vh(y) — Vh(2),2 —y) — Di(y, z) withae = o*, y = Z, 2 = X (see Wilson et al., 2021).
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and i
X = N (VRH (W) — X)

o (%) (66)
W = B(00) (VA(X) = W) — V(X))

respectively. Let W1 (t) = Vh(Z1(t)) and Wa(t) = Vh(Z3(t)). Then, (X1, W1) and (X5, Wa) are the solutions to (65)
and (66) respectively. Let Ax () = X3 (t) — X2(t) and Ay = Wy (t) — Wa(t). Then, we have

|Ax)| = [|le (Th* (W (1) = T (Wat) = Ax(0) + (20 = e2C)) (VA" (W (1)) = X1 ()|
< L™ [ Aw (O] + e Ax (O] + e = | (X2 (@) + VA (0)] + L [Wa (1))
and
eoz(oo)

4w = | toe) (Fn610) = THCxate) - Buwt) = S (9 5060) - V1 06a)

3(H) e . e +B(t)  pa(oo)
+ (% - ﬁ(oo>> ) - i) - (F o — S ) V)|

, pal(o) .
< (Lhmoo) n qu) 1Ax(0)] + B(oc) [ Aw ()]

3(0eBO
+ [ - 6<oo>‘ (VRO + Lu X O] + W2 (0

X DHB(E)  pa(oo)

+ 1 +,u€ﬁ(t) - W

‘ UV FO) + Ly [ X (D) -

We can show that || X (¢)| and || Z;(t)|| are bounded above by a constant which is independent of the initial time #o.!” Let
Ut) = (Ax(t),Aw(t)) € R* and u(t) = [|U(t)]|. Let 6 = % where

. L e®(0) .
C = Lp+e™™ 4 ¢*() 4 [, B(c0) + fT + B(c0).
Then, because et ea(‘x’), % — B(oo), and 61:(2:5((;) e2(*) as s — 0, we can easily show that:

There exists 7 € R such thatt > tg > r = u/(t) < Cu(t) + 4.
Let v(t) = u(t) + 6/C. Then, 0(t) < Cv(t) and v(to) = §/C. By Gronwall’s inequality, we have

)
||X1(to +T) — XQ(tO -|—T)|| S 'LL(tO +T) = ’U(to +T) — 6

to+T
< w(tg) exp (/t C) -

for all £y > r. This completes the proof. O

Ql =

C.5. Lyapunov Analysis of Unified Bregman Lagrangian Flow Recovers Lyapunov Analysis of Second Bregman
Lagrangian Flow

Because the system (7) is the second Bregman Lagrangian flow (27) with aiang(t) := a(00) and fang(t) := B(0c0)t, its
convergence rate can be proven by showing that the following energy function (34) is decreasing:

Eama(t) 1= PN (D), (2%, Z(8) + F(X (1)) — f (27)). (67)

"This can be proven by bounding || X (t) — z*|| and || Z(¢) — ™| using the strong convexity of f and the fact that the energy function
(83) is non-increasing on [to, 00). We omit the details.
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The time derivative of the energy function (64) for the unified Bregman Lagrangian flow can be written as

d d d
Lepy= & ] * gy 4 .
2 E(t) = 21+ pe” Dy (27, Z) + (1+ pe )dt {Dy, (z*,2)}

+ % {e"} (F(X) = f(a) +€ﬂ%{f(X) — f)}.

Because %S(t) < 0, we have

0> e*ﬁ(%“)% {E(to + 1)}

. . 14+ ‘ueﬁ(toﬂ) d .
= uB(to + ) Dn (27, Z(to + 1)) + — grogy— 5 {Dn (27, Z(to + 1))}

+ Bt +1) (F(X(to +1) = £ (7)) + 2 Af(X(to +1)) = f(27)}
for all ¢ > 0, where ¢y > 0 is the initial time of the system. Fix xo = X (t9) = Z(to) in R™. Proposition C.2 shows that as
tg — 00, the flow t — (X (tg + t), Z(to + t)) converges to the flow ¢ — (Xona(t), Zond(t)) corresponding to the system

(7) with X5,4(0) = Z2,4(0) = ¢ starting at ¢ = 0 (because this system is time-invariant, we can shift the initial time).
Now, taking the limit {5 — oo in the inequality above yields

02 (o) Di (%, Z(0) + 'y (D (2*, 2(1))
+Bloe) (FX(0) = £ () + 5 LFCX(E) — £ (27))
= eiﬁ%d(t)igmld(t%

dt

where Eo,,4 is defined in (67). This completes the proof.

D. Unified ODE Model and Algorithm for Minimizing Convex and Strongly Convex Functions

For convenience, we define the unified AGM family as

2
tk\ﬁ cothc (%t;ﬁrl) — us

Yk = Tk + (21 — 1)

1—pus
Tre1 =Yk — sVf (yr) (©8)

st m
Zh1 = 2k + \[;H tanhc (\gtkH) (wyr — pze — V f (yr))

where (t,) is a strictly increasing sequence in [0, 0o). In particular, it is easy to check that the unified AGM (Algorithm 1) is
equivalent to the unified AGM family with the sequence ty := t1/sk. This general family will be useful when studying
variants of the unified AGM in Appendix D.8.

D.1. Choosing Parameters «: and [ of Unified Bregman Lagrangian Flow

We first note some properties of the functions « and /3 that recover AGM-C ODE (or AGM-SC ODE) from the first Bregman
Lagrangian flow (or the second Bregman Lagrangian flow, respectively).

The first Bregman Lagrangian flow (25) with h(z) = ||#||* can be written as the following ODE:

X 4 (—a+e*) X 4 2PV f(X) = 0.

The choices a(t) = log 2 and 3(t) = log %, which recover AGM-C ODE, satisfy the ideal scaling condition (23b) with
equality and make the coefficient of V f(X) equal to the coefficient of X.
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The second Bregman Lagrangian flow (27) with h(z) = 1 |]|* can be written as

.. . . e2a

X4 (—d+eo‘+ﬁ)X+7Vf(X) _
The choices «(t) = log \/p and 3(t) = log (1/t), which recover AGM-SC ODE, satisfy the ideal scaling condition (23b)
with equality and make the coefficient of V f(X) equal to the coefficient of X.

Inspired by these facts, in the unified Bregman Lagrangian, we construct functions «(t) and () so that the ideal scaling
condition (23b) holds with equality and that the coefficient of V f (X)) is equal to the coefficient of X. The unified Bregman
Lagrangian flow (5) with h(z) = ||#||* can be equivalently written as

Mﬁleﬁ % e20+p
1+ pef 1+ pef

X+<a+e“+ VF(X)=0.

Now, the conditions aforementioned can be written as the following system of ODEs:
joer
e2tB =1 4 peP.
We solve this system. Let A(t) = e’® > 0. Then, we have A = Be? = ™% > 0. Because (4)? = e20+Fef =
A(1 4+ pA), we have A = /A(1 + pA). Solving this differential equation with the initial condition A(0) = 0 yields
A(t) = & sinhe®(¥t). In this case, we have 3(t) = log(% sinhc?(¥¢)) and a(t) = log((t)) = log(2 cothe(¥:t)).
D.2. Equivalent Forms of Unified AGM ODE

In this section, we provide the three equivalent forms of the unified AGM ODE (8). We assume p > 0 for the sake
of simplicity. The unified Bregman Lagrangian flow (5) with h(z) = 1||z|?, a(t) = log(2 cothc(ft)) and §(t) =
1og(% sinhc%@t)) can be written as the following system of ODEs, which we call the unified AGM system:

X = %cothc (‘é’%) (Z - X)

Z = %tanhc (\gﬁt) (uX —pZ - VI(X)).

(69)

In what follows, we show that this system is equivalent to the unified AGM ODE (8).

Second-order ODE form of the unified AGM system. When p > 0, we can write the unified AGM system (69) as
= \/pcoth <\/2'Et> (Z-X)

Z = \}ﬁtanh (?t) (X —pZ - Vf(X)).

Substituting Z = X + = tanh(%) X into Z = = tanh() (X — pZ — V (X)), we obtain

\}ﬁtanh <\/2'Et> X+ (1 + %sechQ <\éﬁt)>

= \}ﬁ tanh (éﬁt) (uX — pZ =V f(X))

_ _ /fitanh ( ) _ \;ﬁtanh (éﬁt) V(X)
= — tanh? (f > ~ L tanh <\éﬁt> V(X).
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Multiplying by /z coth (5~ iy t) and rearranging the terms, we have

+ (\/ﬁtanh (\/2'Et> + /i coth (?t) + % sech (?t) csch (\éﬁt> )X +Vf(X)=
Using the identity tanh(z) — coth(x) + sech(x) csch(x) = 0, we can equivalently write this ODE as

X+ <\éﬁ tanh <\gﬁt) + 3\2/’7 coth (?t)) X +Vf(X)=0,

which is the unified AGM ODE (8).

Differential kernel of the unified AGM ODE. Substituting b(t) = ‘f tanh (5~ vy t) + 3\2/’7 coth(@t) and ¢(t) = 0 into
(60), we yield the differential kernel of the unified AGM ODE as

H(t 7_) o e—f:<ﬂtanh(‘ﬁs)+sﬁ coth(\r )) ds
,T) =

e {3 log (sinh(%s) ) +log (cosh( {e))} i
sinh® (@T) cosh <§T>
N sinh® (%t) cosh (%t) .

D.3. Existence and Uniqueness of Solution to Unified AGM ODE

In order to prove the existence and uniqueness of a solution to the unified AGM system (69) (which is equivalent to the unified
AGM ODE), we prove a stronger result, that the unified Bregman Lagrangian flow (5) with a(t) = log(2 cothc( ft)) and

B(t) = log(L smhc(‘éﬁt)):

.2 Vi
X = gcothc (2t> (Z - X) .
%Vh( ) = %tanhc (éﬁt) (UVh(X) = uVh(Z) - V(X))

with the initial conditions X (0) = Z(0) = x¢ has a unique global solution (X, Z) in C*([0, 00), R™ x R™). Following
Krichene et al. (2015), we assume that V f is L-Lipschitz continuous, Vh is Ly-Lipschitz continuous, and that % is
wr-strongly convex. The piy,-strong convexity of h implies the Ly «-Lipschitz continuity of VA*, where Ly~ = ﬁ > 0 (see
Rockafellar & Wets, 2009, Proposition 12.60).

D.3.1. PROOF OF EXISTENCE

Fix t; > 0. We show the existence of solution to the system (70) on [0, ¢1]. To remove the singularity of the system (70) at
t =0, fix § > 0, and consider the following system of ODEs:

X = ﬁ cothe (\/Qﬁ max{0, t}> (Z-X)

%Vh(Z) - %tanhc (éﬁt) (UVh(X) — uVh(Z) — V(X))

(71)

with X (0) = Z(0) = (. Denote the image of Z under the mirror map Vh as W (t) = Vh(Z(t)). Denote the convex
conjugate of h by h* : R™ — R. Then, Vh and VA" are inverses of each other (see Rockafellar & Wets, 2009, Section 11).
Now, we can equivalently write the system (71) as

X = m cothe <\/2'E max{0, t}) (VA (W) - X) (723)

30



Unified Nesterov’s Accelerated Gradient Methods

W = %tanhc (éﬁt) (uVh(X) — pW — V(X)) (72b)

with the X (0) = 29 and W(0) = wg := Vh(zo). By the Cauchy-Lipschitz theorem (Teschl, 2012, Theorem 25), the
system of ODEs (72) has a unique solution (X5, W) in C1([0,¢1],R™ x R™). If we prove the following lemma, then one
can prove the existence of solution to the ODE system (71) following the argument in (Krichene et al., 2015, Section 3.2).

21/ 1
T = mi -, =
mln{\/;,2 KQK;;}’

where Ky and K3 are constants defined in (74). Then, the family of solutions ((Xs, Zs)|j0,1])se (0,1 is equi-Lipschitz-
continuous and uniformly bounded.

Lemma D.1. Define a constant T as

We now prove this lemma. We follow the argument of Krichene et al. (2015) and omit the detailed calculations that can be
found in (Krichene et al., 2015, Appendix 2). Fix §. For ¢ > 0, define

|75t
As(t) := sup
w€|[0,t] u
X _
Bat) e sy 160 =
w€|[0,t] U
Cs(t) := sup Xg(u)H
u€|0,t]

Then, these quantities are finite. We first prove the following inequalities, which correspond to (Krichene et al., 2015,
Lemma 3):

As(t) < pllwoll + p VR (@o)| + [V F (o)l + (nLn + Ly) tBs(t) (73a)
B;s(t) < % cothe (?T) As(t) (73b)
Cs(t) < cothe <\gﬁT> (Lp=TAs(t) +2Bs(t)) . (73¢)

Proof of (73a). Using As and By, we can bound ||Ws(t) — wpl| and || Xs(t) — xo]| as
2
W5 (t) — woll < 5 As(t)
1 X5(t) — woll < Bs(t).
From (72b), we have

’W6(t)H

Q‘t = tanhc <\/2'Et> |[WVh(Xs) — pWs = V f(X5)]

< |uVh(Xs) — uWs — Vf(Xs)]|
< plWsll + p [[VR(Xs)[ + IV (X))

< pljwoll + %QAa(t) + VR (zo)|| + pLntBs(t) + [V f (o)l + Lyt Bs(1).
Thus,
245(t) < pllwoll + p IVA (o)l + IV £ (o)l
+ %tzA(s(t) + (uLp, + Ly) tBs(t).
Because T' < \/7 , we obtain the inequality (73a).
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Proof of (73b).  To bound the function Bj(t) = sup,,co,q] M, we first compute an upper bound of | Xs(¢) — z||

in the case 0 < ¢t < § and the case t > ¢ separately. First, consider the case ¢ € [0, d]. By (72a), we have

i+ % ot (Y16 (X5~ an) = 3 corhe (5 ) (9035 — V0 (un).

2 Vi
Multiplying e® cotho( % 6)t, we obtain

b COthC(g‘s)t {X(; + %cothc (?5) (X5 — xo)} = %cothc <\gﬁ6> e%wthc(g‘s)t (Vh*(Ws) — VR* (wp)) .

This equality can be written as

" ((Xau) ~ ) <5>) = § cothe (@) et e () (g (Wy(1) — VA* (w))

Integrating both sides yields

2 VE t
(Xs(t) — o) €3C0thc(76)t = %cothc (éﬁé) /
0

|:€§ Cothc(@zi

)* (VB (Ws(s)) — VA" (o)) ds.

Taking norms, we have

1X5(t) — @oll < %cothc (\g’ja) /Ot IVR* (Ws(s)) = VAT (wo)|| ds
< 21(/;’* cothe (;6) Ot [Ws(s) —wol ds
< 21(;’1* cothe (;5) /Ot ?Aé(t) ds
= 25 ot (2”5) Ag(t)tg
< 21:“ cothc (;6) As(t) t63
L e (2"5) A5(t)

So far, we provide an upper bound of || X5(t) — ]| in the case 0 < ¢ < §. We now consider the case ¢ > . By (72a), we
have

. 2 2
X5+ n cothc (\/;jt> (X5 —x0) = n cothe (éﬁt) (Vh*(Ws) = Vh* (wp)) .
Multiplying % sinhcz(gt) to both sides, we obtain

t2 : t
1 sinhc? <\/2'Et> X5+ 3 sinhc (\/Zﬁt> cosh (?t) (X5 — o)

oI

t
= 5 sinhe (\/2’7%> cosh <t> (Vh*(Ws) — VR* (wp)) .
This equality can be written as

& (Gsmne (A7) (xtt) — ) ) = Sstme (4 cost (4 (9" W) — T ).

Integrating both sides, we obtain

gsinhCQ (‘éﬁt) (X5(t) — o) = /Ot (; sinhc (‘2’1) cosh (é’@) (VR* (Ws(s)) — Vh* (wo))> ds.
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Taking norms, we have the following upper bound on || X;5(¢) — xo||:

Xit0) ol < 2 cothe (L4 [* 19 (s(5) — O ()] s

0
2L,
< " cothe —Mt
t 2

2L},
< h” cothe <Mt)
t 2

/ Ws(s) — wol| ds.

Combining both cases 0 <t < § and ¢t > 4, we have

Ly-t? ]
1X5(8) = woll < <5 cothe ({T) As(1)

for all ¢ > 0. Dividing by ¢ and taking the supremum, we obtain

By(t) < L’;)"t cothe <‘/2ET> As(b).

Proof of (73c). By (72a), we have
HXH 2 othe [V —ma (6,8} ) [Vh* (Ws(t)) — Xs(t)]|
~ max{d,t} * st ’
2
< Y cothe ( max{d,t}

)
¢ 2o (Fmantsn) (St + 510
oot (1) 2 (U0 )

< cothc (éﬁT) (Lh*TA(;(t) + QBg(t)) .

Complete the proof of Lemma D.1. Define five positive constants K, ..., K5 as

Ky = plwoll + p VA (o) | + IV £ (o)l
Ky = ;LLh+Lf

2L
Kg = 3h
Ky := 2L«
K5 =4.

Because T' < 7’ we have cothc(‘/zﬁT) < cothe(1) < 2. Thus, the inequalities (73) imply

Ag(t) < Ki + KQTB(S(t)
Bs(t) < K3T As(t)
C(s(t) < K4TA5(t) + K5B§(t).
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Combining (75a) and (75b), we have

1
— KoT | Bs(t) < Kj;.
(g~ 7)) Bolt) < £

1 /1 1 /1
Because T’ = o — KT is a positive non-increasing funtion on [0, CRVA KS] and T' < 2\ TR Ve have

IN

-1
1 1 1 2 K3
Bs(T — Ky =/ —— K= -Ki/—. 76
s(T) o -lF 2 2\/K2K3) =3l (76)
32\ KyK;

The inequalities (75a), (76), and T' < 3/ g% imply

1 1 2 K3
As;(T) < K1 + KoTBs(T) < Ky + K. K/ —|. 77
s(T) < Ky + KT Bs(T) 1+ 2( K2K3> <3 1 K2> an

The inequalities (75a), (76), (77),and T < 1,/ ﬁK? imply

Cs(T) < K4TAs(T) + K5 Bs(T)

1 [ 1 1 [ 1 2 [Ks 2 [K; (78)
< — —
< #4 (2 K2K3> <K1 + K ( K2K3> <3K K2>> +Hs <3K K2>

Therefore, ||| and || X || are bounded uniformly in § because

st < Taser)
Hth(t)H < Cs(T)

forallt € [0, T]. This implies that the family of solutions ((Xs, Z5)|0,77)se (0,7 is equi-Lipschitz-continuous and uniformly
bounded.

D.3.2. PROOF OF UNIQUENESS

We follow the argument in (Krichene et al., 2015, Appendix 3) and omit the detailed calculations that can be found in
(Krichene et al., 2015, Appendix 3). Because we only need to prove the uniqueness of solution near ¢ = 0, we assume ¢ < T’
for some 7" > 0. Let (X, W) and (X , W) be solutions to the following system of ODEs, which is equivalent to (70):

X = %cothc (?t) (VR*(W) — X)
W= %tanhe (\/Qﬁt> (uWVh(X) — uW — Vf(X)).
Let Ayw = W — W and Ax = X — X. Then, we have
AW:%tanh (\f> puVh(X) = pW = Vf(X) = uVh (X) + uW + Vf (X))
Ax = %cothc ( ) (Vh*(W) — Vh* (W) — Ax)
with Ax(0) = Ay (0) = 0. Define
I L
(0
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B(t) = sup [ Ax] .

,t

Then, B(t) and C(t) are finite because A x and Ay are continuous. First, we compute an upper bound of A(¢). We have

|Aw )| = %tanhc <V2’7t> |LVA(X) = yW = VF(X) = uVh (X) + pW + V£ (X

IN

! tanhe <\gﬁt) (1 [VR(X) = T (X)|| + | W — W] + [VFX) — VF (X))

(79)

IN

t
! tanhe (“ft) (il + L) | Axl 4+ 1| Aw )

%tanhc (éﬁt) ((MLh +Ly) B(t) + LtQA( )) )

IN

2 2

where we used || Ay (1) < || fot Aw(s)ds| < fot sA(s)ds < fg sA(t)ds = %A(t) for the last inequality. Dividing both
sides of (79) by ¢ and then taking the supremum, we obtain

At) < %tanhc (*é@) ((uLh + L) B(t) + MQA(t)) . (80)

Nest, we compute an upper bound of B(t). We have
2 2 -
Ax + zcothc ({ ) Ax = Ecothc (?t) (VR*(W) = Vh* (W)).
Multiplying both sides by % sinhc? (@t), we have
2 - t
~ sinhc? @t Ax + —sinhc @t cosh @t Ax
4 2 2 2 2
t -
=3 sinhc <\/2ﬁt) cosh (éﬁt) (VR*(W) = Vh* (W)).
This equality can be written as
(e (VA oV VI o .
% (4 sinhc (2t) AX) = ismhc <2t) cosh (Qt) (Vh (W) —Vh (W)) .
Integrating both sides, we obtain

%sinth (?t) Ax = /Ot Bsinhc <\fs> cosh (éﬁs) (Vh*(W(s)) — VA" (W(s)))| ds.

Taking norms, we have
2 M * * T
[Ax )| < — cothe ( / |[VR*(W(s)) — VR* (W(s))| ds.

2L,
< =2 cothe (2’% /||AW )| ds.

IN
[\
~
3

—+

=

3)

7N
\G]
E
~
D P N

3
= L2 ihe (“t AL
2 6
2
= tht the (\éﬁt> A(t)
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Taking the supremum yields
< Ly-t?

B(t) < == cothe (‘/ft> A1), 81)
Now, combining the inequalities (80) and (81), we have

A(t) %tanhc (\/ﬁt> ((uLh+Lf)B(t) + ”;QA(t))

IN

2
1 Lp+t? 2
< 3 tanhc (?t) ((uLh + Ly) hTt cothc (?t) + M;) A(t).

Using continuity, it is easy to see that there exists a constant Tsmay > 0 such that the following inequality holds whenever

te (OaTsmall): ) )
5 tanhc <\gﬁt) ((uLh + Ly) hT cothc <\gﬁt) + M2> <1

Thus, for ¢ € (0, Tyman ), we have A(t) < 1- A(¢), which implies A(t) = 0 because A(t) is nonnegative by its definition.
Finally, B(t) = 0 follows from (81). This completes the proof.
D.4. Proof of Theorem 4.1

Substituting h(z) = 1[|z[|2, a(t) = log(2 cothe(¥Et)), and B(t) = log(Y sinhc?(¥£1)) in the Lyapunov function (63)
gives

V(X,Z,t) = %coshQ (‘é@) 1Z — a*||> + gsinh@ (f‘t) (f(X) = f(z*)). (82)

Also, the energy function (64) can be written as

2
E(t)=V(X(t), Z(t),t) = %cosh2 <\/2ﬁt> 1Z(t) — =*||* + tzsinhCQ (éﬁt) (F(X() = f(z%)). (83)

Beccuase £(t) is monotonically non-increasing (see Appendix C.3), we have £(t) < £(0). Writing this inequality explicitly,
we obtain
Vi

FX(0) - F(a) < 5 esche? (Qt) o — 2|12

Since cschc? is decreasing on [0, co), this implies that the unified AGM ODE (8) achieves an O(1/t?) convergence rate
regardless of the value of > 0. When p > 0, since t% csche? (%t) ~ pe~ VPt as t — oo, the unified AGM ODE

achieves an O(e~VF!) convergence rate. Combining these bounds, we conclude that the unified AGM ODE achieves an
0 (min {1/152, e*m})
convergence rate.

D.5. Proof of Theorem 4.2

Note that the unified AGM is equivalent to the unified AGM family (68) with t; := ¢1/sk. For this sequence (tx), we can
check that the following conditions hold (see Appendix D.5.1):

2
25 othe (Y24, ) <1 fork > 2 (84)
tr 2
and ) )
2 t t
- 25 othe (Y400 ) ) B inne? (0 ) < B sinne? () fork > 0. (85)
k+1 2 4 2 4 2
Now, we claim that the following discrete-time energy function is non-increasing:
1 t7
Er =V (xg, 2k, tr) = 3 cosh? <\éﬁtk> 2 — 2*|* + Z’“sinhc2 (\/Qﬁtk> (f (x) = f (7)), (86)
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where the Lyapunov function V' is defined in (82).

Note that when p > 0, the inequality (85) can be written as

1 1
0>|1—/pscoth —\/ﬁtkﬂ = sinh? —\/ﬁtk+1 — = sinh? —\/ﬁtk
2 n 2 n 2
1 . 1 s . [ 1 1. [T
= ; sinh? ({tk.}rl) — \/;smh <\/2>tk+1> cosh ({tk.ﬂrl) - ; sinh? <\/2>tk>
1 7 s . w H 1
= ; cosh? ({tk_ﬂ) — \/;smh ({tk+1> cosh (\thk-i-l) — ; cosh? ({tk)
1 1
= (1 — /s tanh (\/Q'Etk_H)) ;cosh2 (éﬁtkH) — ; cosh? (\éﬁtk> .

=

Thus, the following inequality holds for all ;z > 0 (it clearly holds for ;. = 0):

t
(1 — @ tanhc (\éﬁtkH)) cosh? (éﬁtkH) < cosh? (éﬁtk) . &7)
Using (85) and (87), we have
Ery1 — &
1 1
= = cosh? @tk+1 2641 — 2*]|* — = cosh? @tk |2 — 2%
2 2 2 2
t2 . 1% * t2 . 14 *
# B s () (7 ) = £ @) Fsiune? (o) (7 o) - £ 7))
1 1 t
< = cosh? ﬂtk+1 llzk+1 — ;v*H2 ——=(1- Mtanhc @tk_lrl cosh? ﬂtk.},.l llzx — :C*||2
2 2 2 2 2 2
t2
+ et sinne (e ) (f (onn) = £ )
2 t2
— 1= 2vs cothe ﬂtkﬂ “F+L inhce? @tk_l,_l (f (z) = f (29)).
trit 2 4 2
Substituting
st 1 st 1)
Zk+1 = Yk + (1 - % tanhc ({t;ﬁl)) (zk — yr) — \[2“1 tanhc ({tkﬂ) Vf (yk)
into the inequality above, we have
Ery1 — &
1
< 3 cosh? <\/2ﬁtk+1)
2
t t
X (1 — @ tanhc (\/Q/jthrl)) (26 — yk) — \/g;ﬂ tanhc (\/ftkH) Viyr)— (" —yr)

=

-3 (1 e (Lt ) ) eom? (Lt ) o) = )P
S (Vft,m) (f (2x11) — (&)
_ (1 . 3*5 cothe (éﬁtkﬂ)) t%TH sinhc? (;‘tkﬂ) (f (z1) — f (&)

k+1

2
1 t t
=3 cosh? (\/QEtk+1) ( (1 — @tanhc (éﬁtkH)) — (1 — @tanhc (éﬁtkﬂ)) ) lzr — ka2

37




Unified Nesterov’s Accelerated Gradient Methods

t
+ \/g;H sinhc (\éﬁtkH) cosh (éﬁtkH) (Vf(yr), =™ — yi)
t
+ @ sinhc (\éﬁtkH) cosh (‘éﬁtkH) lz* =yl

— @ sinhc (\éﬁtkH) cosh (éﬁtkH) (1 — % tanhc <\/2ﬁtk+1>> (Vflyr), 2k — Yk)

2 2
* Stgiﬂsinth (éﬁtk+1> IV £ (y)||” + L iue? (ﬁtk“) (f (@r41) = f(27))

1 Y 2
— (1 — fﬁ cothc <\gﬁtk+1)> tiil sinhc? <\gﬁtk+1) (f () — f(z7)).
Since
0<1—-\us<1- %tamhc (éﬁtkH) <1,
we have

2
1 t
3 cosh? (\éﬁtkﬂ) < (1 - @ tanhc <\/2ﬁtk+1>>

t
— (1 _ @tanhc (\gﬂtk+1)> > 2 — yk”Q <0.

Therefore, we deduce that
Err1 — &
st . *
< % sinhc (‘éﬁtkH) cosh (éﬁtkﬂ) (Vfyg),z" —yg)

st . *
+ % sinhc (éﬁtkH) cosh <\/ﬁtk+1> lx* — yk||2

2
t
_ ‘/g;ﬂ sinhc (\éﬁtkH) cosh <éﬁtk+1>

X (1 — @ tanhc (‘éﬁtkH)) (Vf(yr), 2k — yr)

sty 0
# Esiun? (Pe ) 197 ()1

2
+ t%l sinhc? (\éﬂtk+1) (f (@k+1) = f (7))

— (1 — fﬁ cothe (éﬁtkﬂ)) t%T“ sinhc? <\éﬁtk+1) (f (xx) — f (z¥)).

k+1

Now, in order to show that &, is non-increasing, it suffices to show that the right-hand side (RHS) of the inequality above is
non-positive. By the p-strong convexity of f, we have

* * l’[’ *
0> f(yr) = f(z") +(Vf(y),x —yk>+§||$ —yel?.
Moreover, it follows from the convexity and the %-smoothness of f that

0= f(ye) = f (z) +(Vf(yr), Tk — yr)
and
0> flanst) = Fy) + 5 IV,
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respectively. Note that

2V5 cothe (4%“) — i

T (2k —yx) = — e (26 — Yk)
11— 1-— Q—\f cothc (@tkH)

T — Yk = —
tr

Taking a weighted sum of the inequalities above yields (the condition (84) ensures that these weights are non-negative for
k > 1, and the case k = 0 is trivial because yo = z¢)

0> 2vs cothc (\/'Ethrl) ti“ sinhc? (\/ﬁtk+1)
trt1 2 4 2
< [£ ) = £ @)+ (95 ) = )+ 5 o = )]

2 t2
+ (11— Vs cothc ﬂtk+1 R+ inhc? ﬂthrl
trt1 2 4 2

x [f (yr) = f (xx) + (Vf(yr), T — yx)]

t2 >
+ L e ({‘tkﬂ) [Fae) = Fw) + 2 IV I?]

— fikS]nhc (ftk ]) COS (ftk ) <C ’ (yk);x yk?>
7{[\/7 S.nhc <\/ﬁtk ]> COS (ftk ) ||x yk”

4
2\/s th .
— < Vs cothe <\éﬁtk+1) - ,us> % sinhc? (\éﬁtk+1> (Vf(yr), 2k — Yk)

trt1

st?
+ St sinne? (Ve ) VS ()

+ t2\/§ cothe (\éﬁtk+1> t24+1 sinhc? (\gﬁthrl) (f (yr) — f (7))
k+1

(1 2 cotme (reunn ) ) et s (Lt ) (7 ) - )

2
+ s () (o) ~ f)

st . I %
= % sinhc (\éﬁtkH) cosh (\th/wrl) (Vfyg),z* — yr)
t
+ @ sinhc (éﬁtk+1) cosh (ﬁtkH) lx* — yk||2

2
t
_ \/E;H sinhe <\/2ﬁtk+1) cosh (\éﬁtk+1>

X (1 - @tanhc (\éﬁt,m» (Vf(r), 2 — y)

2
# 2 e (Pt ) 97 )
2
+ tIiTHsinth <\éﬁtk+1> (f (@ht1) = £ (27))

- <1 - fk\f cothe (\éﬁml)) t%‘f sinhc? (éﬁtw) (f (z) — f (x¥)).
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Thus, the energy function (86) is non-increasing. Writing &, < & explicitly, we obtain

o) = ) < g s () (Goos® (G700 o7l + 6 sinne? (Gto) (7 o) = 1)

2 (LV;sk> lzo — 2.

Because csche? is decreasing on [0, 0o), we have

IN

\
Q
n
&
=
a

csche?

L/ 18 2
——Fk| < .
2 sk? ( 2 ) ~ 12sk?
This implies that the convergence guarantee of the unified AGM is always better than that of AGM-C and that the unified
AGM achieves an O(1/k?) convergence rate, regardless of the value of 2. When i > 0, since

4
o) csche? (\éﬁtk> ~ dpe V= 4y (1 — \/us)k as k — oo,
k

the unified AGM achieves an O((1 — ,/i5)¥) convergence rate. Combining these two guarantees, we conclude that the

unified AGM achieves an
0 (min{l/kQ, (1- \/;E)k})

convergence rate. This completes the proof.

D.5.1. CHECKING CONDITIONS ON TIME SEQUENCE

We show that the sequence t; := t/sk satisfies the conditions (84) and (85). For convenience, we assume p > 0 (the case
1 = 0 can be handled easily). The condition (84) follows from

2t—\/§ cothe <\gjtk> = \/us coth (\/ftk>

k
< /uscoth (\/;jt2>

= /pscoth (—log (1 — \/us))
1+6210g(17\/ﬁ)

- ‘/'lﬁl . e2log(1—\/ﬁ)
(- yms)”

V0 vy
<1

— )

where the last inequality holds because ,/us € (0, 1). To prove (85), it suffices to show that the inequality
1
sinh? (?t) — /pssinh (?t) cosh <\gﬁt> — sinh? (éﬁt + 3 log (1 — «/MS)> <0
holds for all ¢ € R. Letting r = e%t, this inequality can be expressed as

24 -2 2 _ -2 1 24 (11— 29
e A At | \/ATS)T+(4 VEs) 2o

Letting ¢ = r2 and multiplying both sides by 4¢, the inequality can be rewritten as

0>¢*+1-2¢— s (> —1) — (1 - us) > — (1 — /s) " +2q

1
=14+ s - ———
TV 1—/us
_ __THS
11— us’

which clearly holds.
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D.6. Unified AGM Converges to Unified AGM ODE
Note that the unified AGM family (68) is the three-sequence scheme (41) with

2V5 cothe (%tk_}rl) — us

trt+a

Tk =

L= ps (88)
= @tamhc (éﬁtkH) .

If the sequence (tj)72 , in [0, c0) satisfies the conditions (42) and (43), then we have

lim The(t) = gcothc @t
s—0 \/5 t 2

1)
lim k() _ lim E tanhc @t = E tanhc @t
s—0 \/E s—0 2 2 2 2

for all t > 0, where k is the inverse function of the sequence t. In this case, the result in Appendix B.2.1 implies that the
unified AGM family (68) converges to the unified AGM system (69) as s — 0.

N>

Because the sequence ty = t+/sk clearly satisfies the conditions (42) and (43) and the unified AGM is equivalent to the
unified AGM family (68) with t; = ¢1/sk, the unified AGM converges to the unified AGM system (69), which is equivalent
to the unified AGM ODE.

D.7. AGM-SC is Asymptotic Limit of Unified AGM

The following proposition rigorously states that AGM-SC is the asymptotic limit of the unified AGM.
Proposition D.2. Let xo € R™ and K € N. Then, for every real number ¢ > 0, there exists a positive integer R such that

k41 — Thos i || < € for every integer ko > R,
where

e The iterates (x', z') are generated by the unified AGM with the initial point m,lm = z,io at the initial iteration kg (that

is, we run Algorithm 1 where the for loop is started at k = kg instead of k = 0).

e The iterates (2, 2%) are generated by AGM-SC with the initial point xio = zio at the initial iteration ky.

Proof. Let T, = ﬁlq (ﬁ cothe (k—;rla\/(j) — q), T = 1;((1/5, 0 = % tanhc (%L\/@), and § = \/% Then, it is

easy to check that 7, — 7 and 6, — J as k — oo. In addition, we can write the unified AGM and AGM-SC as

Yk = T + TRz — T)
Try1 =y — sV f(yx)
Zh1 = 2k + O (pyr — pzi — VI (k)

and

Yk = T + T(2K — T1)
Try1 =Yk — sV (yr)
Zer1 = 2k + 0(uyr — pzr — Vi (yr)),

respectively. Now, a straightforward calculation yields

Verr — Yoy = (L= 7) (s — vk = sVF () +sVFWR) + 7 (241 — 2i41)
— (=) yp+ (e —7) V() + (6 = 7) 211
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and

Zhi1 — 2 = (L= p6) (22 — 22) + 1 (yi — i) — 0 (Vi) — VI (02)
— (6 —8) 2+ p (8 — )y — (6 — 6) V f(yp).

We can show that ||y || and ||2z|| are bounded above by a constant which is independent of the initial iteration ko.?° Define
Ap = (yp — i, 2} — 2) € R? and uy, = ||Agl|. Let C = 1+ (s — s7 + &)Ly, where Ly is a Lipschitz continuity
parameter of Vf. Let d = C—1_¢. Then, because 7, — 7 and 8 — & as k — oo, we can show that

CK—-1
There exists R € Nsuchthat k > kg > R = ugy1 < Cug +d.

Note that ug, = 0. Now, it is easy to show that

Uk < CFupy + (1+C+---+CK 1) d

cK -1
= CKuko + 1 d
cK -1
= d
c—-1
=€
for all kg > R. This completes the proof. O

D.8. Nesterov’s Constant Step Scheme as Rate-Matching Discretization of Unified AGM ODE

In Appendix D.8.1, we provide a rate-matching discretization of the unified AGM system (69) with an adaptive timestep. In
Appendix D.8.3, we show that this algorithm is equivalent to the constant step scheme I (Nesterov, 2018, Equation 2.2.19).

D.8.1. A RATE-MATCHING DISCRETIZATION OF UNIFIED AGM ODE WITH ADAPTIVE TIMESTEP

Define the sequence (tx)%2 , as

Given constant tg > 0 (possibly depending on s), k+1=0
tiyr = (89)

The largest real number satisfying (85), k+1>1.

Then, it is easy to check that the sequence (tx)7, is well-defined and strictly increasing. We refer to the unified AGM
family (68) with this time sequence as the adaptive timestep scheme. Note that the conditions (84) and (85) hold by
construction.?! Therefore, the discrete-time energy function (86) is non-increasing for the iterates of the adaptive timestep
scheme. We will show that for the sequence (t) defined by (89),

* The sequence (ty) is well-defined.

¢ The conditions (42) and (43) hold when lim,_,g tg = 0.

Then, these results imply that if lim_,o to = 0, then the adaptive timestep scheme converges to the unified AGM system
(69) as s — 0 by the result in Appendix A.1. Because the discrete-time energy function (86) for the adaptive timestep
scheme and the continuous-time energy function (83) for the unified AGM system are equivalent under the identifications
t < tg, X (tg) <> a2, and Z(ty) < 2x, we conclude that the adaptive timestep scheme is a rate-matching discretization of
the unified AGM ODE.

This can be proven by bounding ||z — x*|| and ||z, — x*|| using the strong convexity of f and the fact that the energy function (86)
is non-increasing after k = ko. We omit the details.

2I'The first condition follows from the facts that (84) holds for the sequence t;, = k¢, and that we have t,, > 26 for k > 2, for the
sequence (t) defined in (89).
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The sequence (t,) is well-defined. Because

4 4
5 csche? <\gﬁtk+1) +pu= Q—mthc2 <\éﬁtk+1) ,

k+1 k+1

the updating rule (89) is equivalent to

4 2 4
o cothc? (\éﬁtkH) = (1 — t£ cothc (\éﬁtk_i'_l)) — cothc? (‘éﬁtk>

k+1 k+1 ti
2
s cothc <\/ﬁtk+1> , tee1 > 0. (90)
tit1 2

+

Introduce a sequence (ak)z’;_l such that o, = i‘f cothe (@tlﬁ_l). Ast+— Q\t/g cothe (@t) is a bijective map from

(0, 00) to (, /LS, oo), the sequences (tx) and (o) have a one-to-one relationship. Thus, the updating rule (90) is equivalent
to

ai = (1 — Oék) O‘i—l + usog, o > \/[E, ©On
which admits a unique solution in (,/i1S, 00) when a1 > /ps. Thus, the sequence (ty) is well-defined.

The sequence () satisfies the conditions (42) and (43). Define a function A(t) as

2
A(t) == tzsinhc2 (?t) : (92)

For ¢ € (0, 00), it follows from (89) that

A (t ) _ A (tk(t)+1) - A (t) - A (tk(t)+1) — A (t) tk(t)+1 —t
k(t)+1) = NG = - N

Because ty ()41 — ¢ as s — 0, taking the limit s — 0 in the equation above yields

t —t
1= lipp —X®O+H 7%
s—0 S

Thus, the condition (85) holds.

D.8.2. NESTEROV’S CONSTANT STEP SCHEME

For p-strongly (possibly with . = 0) convex objective functions, Nesterov considered the following algorithm: Given an
initial point xg = 2y € R™ and g > 0, the constant step scheme I (Nesterov, 2018, Equation 2.2.19) (we will also refer to
this algorithm as the original NAG) updates the iterates as

Yer1 = (1 — o) v + pag

1
Y = ———— (QVe2k + Ve+17k)
Tk t+ pog " 93)
Tiy1 =Y — sV (yr)
1
Zipr = — (1 — ar) w2k + porye — oV f (Yk))
Vk+1
where the sequence (ay)72, in (0, 1) is inductively defined by the equation
1
S0k = (1= o) 3k + pay. (94)

Using the estimate sequence technique, Nesterov (2018, Theorem 2.2.1) showed that the iterates of the original NAG (93)
satisfy the inequality

k—1

f ) = f @) < (H (- cm) (£ @o) = £ @) + 1o ") )

i=0
when s <1/L.
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D.8.3. EQUIVALENCE BETWEEN ADAPTIVE TIMESTEP SCHEME AND ORIGINAL NAG

Surprisingly, the adaptive timestep scheme in Appendix D.8.1, which is purely obtained from the unified Lagrangian
framework, is equivalent to the original NAG (93).

Proposition D.3. The adaptive timestep scheme is equivalent to the original NAG (93) with vy = g% cothc? (@to) >
0

. Moreover, the sequence i and ay in the original NAG can be written as vy, = —t42 cothc? (—‘éﬁtk) and o =
k
2.5

tht1

cothc (@tk_’.l). Conversely, the original NAG (93) with o > p is equivalent to the adaptive timestep scheme, where

to is a nonnegative constant satisfying vo = {% cothc? (4%).
9

Proof. We first show that the sequences (a)p—, and (7x),., generated in the original NAG (93) with vy =

% cothc? (4’50) > u can be written as o = fk\f cothc (4’%“) and v, = % cothc? (@tk), where the sequence

(tk) e is defined as (89). Note that the updating rules of (a) and () in the original NAG implies

aj,
Yot = (1= aw) e + pog = ==

Thus, the updating rule for a;, (94) can be equivalently written as

1 az_
gai:(l—ak) bl

+,u/ak7
S

where we define a_; := /57 = 2t\f cothe (@to) > ,/ps. This implies that the sequence (v )r_; in the original

NAG and the sequence (ak)?;_l defined in Section D.8.1 are identical. Thus, we have o = Qk—\f cothc (@tlﬁ—l) and

t
2
S S % cothc? (4%)

S

Now, we show that the parameters 75, and Jj, for the original NAG are equal to those for our adaptive timestep scheme. In
the original NAG, we have

(ar — ps) (Y + pou) = apyi + pog — psye — p2say,
= USVhy1 + Ve — PSTE — 1 SOk
= ps (1 — ap) Yk + pok) + apye — psyr — p2say
= (1 — ps)ow Vi

Therefore, we have

2./5 Vi
EYE O — 1S tkf; cothe (Ttk‘—i-l) — s

k:'yk—l—,uak 1—pus 1—pus

and

t
G Ok _ 5 _ %mhc <*§’7tk+l) ,

Vk+1 ap

which are the momentum coefficients in (68). Thus, the ogirinal NAG with vy = % cothc? (%to) > 1 is equivalent to
0

the adaptive timestep scheme. O

The following remark shows that under the identification in Proposition D.3, the convergence rate of the adaptive timestep
scheme is equivalent to the convergence rate (95) of the original NAG obtained by Nesterov (2018).
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Remark D.4. Because the discrete-time energy function (86) is non-increasing, the iterates of the adaptive timestep scheme

satisfy
flaer) = f (")

< 1_%cschcz (\gﬁtk)
k
2
: (3 cost? (éﬁt> oo | + 2 sinhe’ (*ft) (f (w0) - f (x*>>)
= %cschc2 <\gﬁtk) %sinhc2 <\/2'Et0> (96)
k
X <t2% cothc® (éﬁto) lzo — 2*||° + (f (z0) — f (x )))
k—1
=TT (135 come (50 )) (ot (35740 o =1+ (7 20) =717 ).

where the last equality follows from our updating rule (89) of the sequence (tj). Therefore, we recover the convergence

rate (95) of the original NAG with 9%, = ¢ cothe? (¥t ) and ax, = 2% cothe (Y tyy1 ).

E. Unified Higher-Order Method for Minimizing Convex and Uniformly Convex Functions
E.1. Existence and Uniqueness of Solution to Unified ATM ODE

In this subsection, we prove the existence and uniqueness of a solution to the unified ATM ODE, by using the existence and
uniqueness of a solution to the system of ODEs (70) and the time-dilation property (Theorem C.1) of the unified Bregman
Lagrangian flow. We first note that

¢ The system of ODEs (70) is the unified Bregman Lagrangian flow (5) with 5; = log (% sinhc? (%t)) and
o] = log Bl'

* The unified ATM ODE (12) is the unified Bregman Lagrangian flow (5) with 85 = plogt + logC +
plog (sinhc, (CV/Pp'/?t)) and az = log Bs.

Define a function T : [0, 00) — [0,00) as T = ;! o B2. Then, we have
as(t) = a1 (T()) + log Tt
Ba(t) = Br(T(2)).

Thus, by Theorem C.1, if (X7, Z;) is a solution to the ODE system (70), then X»(¢) = X1 (T(¢)) and Z5(t) = Z1(T(t))
forms a solution to the unified ATM ODE. Thus, the existence of solution to the system (70) implies the existence of solution
to the unified ATM ODE.

A similar argument shows that if (X5, Z3) is a solution to the unified ATM ODE, then X;(t) = Xo(T~*(¢)) and
Z1(t) = Zo(T~1(t)) forms a solution to the system (70). It is easy to show that this correspondence is one-to-one. Thus,
the uniqueness of solution to the system (70) implies the uniqueness of solution to the unified ATM ODE.

E.2. Proof of Theorem 5.1
For the unified ATM ODE (12), the Lyapunov function (63) can be written as

V(X, Z,t) = cosh? (cl/ml/pt) Dy, (%, Z) + Ct” sinhc? (cl/pul/z’t) (F(X) = f(z*)). 97)
Thus, the proof of Theorem 3.1 (Appendix C.3) implies that the continuous-time energy function
E(t) = V(X(t), Z(t),t) = cosh? (Cl/”ul/”t> Dy (2%, Z(t)) + C1? sinhc?, (Cl/”ul/”t) (F(X®) = f(z*)  (98)
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is monotonically non-increasing on [0, co). Writing £(¢) < £(0) explicitly, we have

1

FXO) =) < Ctr sinhcy (CV/ppt/rt)

Dy, (%, x0) .

Since sinhc,,(0) = 1 and sinhc,, is increasing on [0, co) (see Appendix B.1.2), this inequality implies that the unified ATM
ODE (12) achieves an O (1/t?) convergence rate regardless of the value of © > 0. On the other hand, when p > 0, it
follows from Proposition B.1 that

1 1/p,1/p
=0 ( —pC P t) ast — oo.
Ctr sinhch (C1/ppt/rt) ¢ >

Therefore, the unified ATM ODE achieves an O(e‘pcl/p“l/pt) convergence rate. Combining these bounds, we conclude
that the unified ATM ODE achieves an
0 (min {1/tp, e_pcl/pul/pt})

convergence rate.

E.3. Proof of Theorem 5.3
We show that the discrete-time energy function

& = V(@r, 2k, te) = (14 pAi) D (27, 21) + Ag (f (z) — [ (27)) (99)
is non-increasing, where the Lyapunov function V' is defined in (97) and t;, := {/A;/C if p = 0 and t; :=
sinhgl({’/,uAk)/{’/Cu if p>0.

By the Bregman three-point identity?> and the non-negativity of Bregman divergence, we have

Dy (2%, zg41) = Dp (2%, 2541) — (VR (2141) — VR (Tr41) , 2" — 2k41) — Dp (2141, Thp1)
< Dp (2", g 41) — (VA (2541) = VR (Tp41) , 75 — 2541) -

Thus, we can bound the difference of the discrete-time energy function (99) as follows:

Ekr1 — &k
= (1 + pAgy1) Dp (27, 2141) — (1 + pAg) Dy (27, 21)
+ Apy1 (f (@r41) — f(27)) — A (f (1) — [ (27))
= p(App1 — Ak) Dy, (2%, zp41)
+ (Ag+1 — Ag) (f (@r41) — f(@7) + Ak (f (@r41) — f (1))
(1 + pAg) (=h (ze41) = (VR (zp41) 27 = 2641) + b (2) + (VA (21) 27 — 2x))

+

< p (At — Ak) Dy (2%, 21) — p (Apr1 — Ak) (VR (2141) = VA (Tk41) , 27 — 2k41)
+ (Agr1 — Ag) (f (Tr41) = (7)) + A (f (Bp41) — [ (78))

+ (1 + /LAk) ( (Zk+1) — <Vh (Zk+1) ,LL'* — Zk+1> +h (Zk) + <Vh (Zk) 7.%'* — Zk>) .

By the (u-uniform) convexity of f with respect to h, the p-th order 1-uniform convexity of h, and the inequality (14), the
following inequalities hold:

0> f(xgr1) = f () +(Vf(@hs1), 2" — 2pq1) + pDp (27, Tp41)
0> f(wpr1) = f(zr) +(Vf(2rs1) 2k — Thgr)

0> Ms7 ||V f (2er) |77 — (Vf (1) s Y — Ths1)

1
0> h(zk) = h(2r41) + (VA (2k), 2ke1 — 21) + ’ k41 — 2" -
2Dy (x,y) — Din(z,2) = — (Vh(y) — Vh(2),z — y) — Du(y, 2) (see Wilson et al., 2021), with © = *, y = 2x41, 2 = Tht1.

46



Unified Nesterov’s Accelerated Gradient Methods

Taking a weighted sum of these inequalities yields
02 (Ap+1 — Aw) [f (r41) — f (@) +(Vf (@k41) 2" — @ig1) + pDp (27, Tp41)]
+ Ak [f (@rg1) = f (@r) + (VS (The1) 26 — Thga)]
+ A [ M7 VS @) |77 = (9 (201) 0 — wis)]

1
(4 A [h(zw ~ (ak) + (T a1) 21 = 2 + s - |]

> Epy1 — &
— p (Agy1 — A) Dp (27, 2p1) + o (A1 — Ak) (VR (2k41) = VR (Tk1) , 25 — 2k41)
— (Akr1 — Ap) (f (@r41) — f(@7)) — Ak (f (241) — [ (21))
= (1 + pAgs1) (=h (z41) = (VA (2h41) 27 = 2e41) + h(z) + (VR (21) , 27 — 2)
+ (Akt1 — Ap) [f (@r1) = f (@) +(Vf (@41) 2" — pg1) + pDp (27, 2p41)]
+ A [f (we41) = f (@) +(Vf (@rt1) s 26 — Tagr))]

+ A [ M7 VS @) |77 = (9 (@01) 0 — 2t

1
# ) [ ) = ) + Tk () s = 20) 4 3 o = 5l

= &1 — &
+ (VI (@rt1), (Appr — Ag) (@7 — 2pq1) + Ap (06 — Trp1) + Agrr (Trpr — Y))

. 1+ pA
+ (14 pAR) (VR (2k1) = VA (2) 8% = 241) + — ||z — 2P

1 (Appr — Ar) (VA (2k41) — VI (2p41) , 25 — 2ip1) + MAgyprs7T [V F (2p41) ]| 77 .
Substituting (105), we have

02> &1 — &k
H(Vf (@rt1) s (Aprr — Ag) (7 — 2pq1) + Ag (06 — Trr1) + Agrr (Trpr — Yr))
+ (Akt1 — A) (VR (T41) — pVh (2641) = VI (@k41) 27 = 2541)

+1—|-,UA]€

l2kt1 — 2ll”

10 (A — Ap) (VA (z141) = VR (@h41) 25 = 21) + MApp1s77 |V f (@0) |77

= Ep+1 — &k
+(Vf (xry1), (Aprr — Ag) (2er1 — Thg1) + Ap (08 — Tg1) + Apy1 (Ter1 — yr))
1+ uA 1 _p_
gy — 2P+ M A s7 ||V S ()77

‘We also notice that

(A1 — Ag) (ra1 — Trg1) + Ak (T — Trg1) + Argr (T — Yr)
= (Agt1 — Ak) k41 + Apzr — Ag1Yk

= (Akt1 — Ak) (ze1 — 21) + (Akt1 — Ax) 2 + Aprp — Agp1yk
= (Akt1 — Ak) (Zog1 — 21)

Apt1—Ag

where the last equality follows from y;, = zj, + yy

(zx — zk). Therefore,

02> &1 — &

+ (Apr1 — Ar) (Vf (Tr41) 5 241 — 21)
1+ pAy

1 _p_
+ 241 = z&ll” + M Agyas77 [V f (@g2) 777
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Now, we use the Fenchel-Young inequality (s, u) + % lull? > —% Hs||P%1 (Nesterov, 2008, Lemma 2) with u =

(1+ uAk)% (zk+1 — 2k) and s = (Agy1 — Ag) (1 + uAk)_% V f (zk+1) to obtain that

1+ pAg

(A1 — Ar) (Vf (Trg1)  Zhg1 — 20) + lzrs1 — z&l”

-1 _p_ 1 b
> —pT (Apr — Ap)? T (1 + pAg) P IV S (zpga) ]| P77

Hence, we have

0> &1 — &k
1 -1 _p_ _ 1 _p_
+ (MAk--i-lSpl - pT (A1 — Ap)? T (1 + pAy) ”_1> IVf (zry1)]|7T
=&Ery1— &

IR 1 -1 p_ 1 p
4 (<p - PO Ay P (s — AT (14 ) ) IV F (@ren)|72

where C' = %(%)P_l. It is easy to see that the sequence (Ay) satisfies

(A1 — Ar)P — CpPsAY L (14 pAg) < 0. (100)
Thus, the term

TR 1 -1 p_ 1 p
(<p 0P 07T Ay = L (s — 4077 (14 i) ) 19F ()| 72

is non-negative. Thus, we have 0 > &1 — & and we conclude that the energy function (99) is non-increasing. Writing
Er < & explicitly, we obtain

fan) — f (=) < Aik (1 + 1Ao) Dy (2 20) + Ao (f (z0) — £ (z)).

Now, we show that the unified ATM achieves an O(1/kP) convergence rate. Let By, = {/ Aj. Then, the updating rule of A
implies

p=1\ 1/P 1/
Byy1 — By = A,lcipl — A,le/p > <Ak + Ol/ppsl/pAkp > — Allc/p = (Bz + Cl/ppsl/pBg_l) . By.

Because limg_ o, Br = oo and we have limx_, {(Xp—kanp’l)l/p —X} = « for all a > 0, we have

liminfg oo {Bk+1 — Br} > 0. Thus, we hve Ay, = Q(kP), which implies that the unified ATM achieves an O(1/k?)
convergence rate. Next, it is easy to show that the unified ATM achieves an O((1 + p¢/Cus)~*) convergence rate because

Apy1 = Ap —s—pf/C'sAi_l(l +pAy) > Ay +p{/CsAY - pAy = (1 —I—p{/C,us) Ag.

This completes the proof of Theorem 5.3.
Remark E.1. We show that (1 4+ p{¢/Cus) ™% < exp(—3 ¢/zsk) holds when N = /2 and M = 1/3. Because C =

1

—1 1—1
1 (ﬁ)p , we have C'/Pp = (M> ">

p \p—1 p—1

S

1-3 > M = 1/3. Thus, we have

—k
1 1
1+ Cl/ppﬂl/psl/p)fk < (1 + 3(#3)1/’)) = exp <—klog <1 + 3(/15)1/1))) )
Using the fact that the inequality log(1 + §) > 2/9 holds for all x € [0, 1], we obtain
(1 + Cl/pplul/psl/p)—k < e_éﬂl/psl/pk.
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Remark E.2. When p = 0, the unified ATM ODE (12) recovers the ATM-C ODE given in (Wibisono et al., 2016):

X = %(Z ~X)
d (101)
£Vh(2) = —Cpt’ 'V f(X).
Moreover, the updating rules for unified ATM can be written as
Agy1 — A
yk:$k+%(zk*xk)
k+1

(102)

ZTr+1 = Gp.s,N (Yk)
2yl = argmzin{(AkH — Ap)(Vf (Try41),2) + Dn (2, 21) } -

To exactly recover ATM-C, we modify the sequence (Ag) as Ay := Csk(k +1)---(k+ p — 1), which is simpler and also
satisfies A, = Q(kP). Then, this sequence satisfies (100) because

CriprtTsiT Ay = Cripiiisit - Cs(k+1)--- (k +p)
> Criprisit - Cs(k+1)7 1 - (k+p—1)7T
= (Apyr — A) 7T

Thus, this modification does not affect the validity of the convergence rate (15). In this case, Algorithm 2 and its convergence
rate recover ATM-C and its convergence rate (Wibisono et al., 2016, Equation 20).

E.4. Unified ATM Converges to Unified ATM ODE

Let ty, := {/A/Cif p = 0 and t;, := sinhgl({/’ wAg)/ ¥/ Cu if p > 0. We first that the timesteps are asymptotically
equivalent to s'/? as s — 0 in the sense that

.tk -t

where k is the inverse of t. It is easy to check that the function A(¢) defined in (104) satisfies
A(t) = Cl/pp,ul_Tp sinh§71 (C’l/p,ul/pt> cosh,, (Cl/pul/pt) = C’l/ppA(t)ijl(l + uA(t))%

and that the sequence (tj) satisfies

At — A (t; p=1 1
rt) A _ 1/ (100)"F (14 A (80))F =0

Now, substituting k = k(t) into the above equality and taking the limit s — 0, we have lim,_,o % =1.

Now, using (103), we show that the unified ATM converges to the unified ATM ODE (12) under the identifications
xp <> X (t) and z, <> Z(t). For convenience, we assume that i > 0 (the case ¢ = 0 can be handled easily). Define a
function A : [0,00) — R as

A(t) = CtP sinhc? (C’l/pul/?’t> - %smhg (cl/ml/?t) , (104)

so that Ay, = A(ty). Then, we have

X (t) = lim “XOF1 7 )
s—0 tk(t)-i—l —t
— lim Tr(t)+1 — Tk(t)
s—0 sl/p
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— lim Yx(t) l—ffk(t)
s—0 sl/p
— im Axt)+1 — Ak
s=0  sYP Ak
Aty 1) — Alt)

=l =y (20 - X )

(2k(r) — Tx(r))

= pCY /PP coth,, (cl/pﬂl/Pt) (Z(t) — X (1)),

where we used ||z,41 — y&|| = o(s'/P) (see Wibisono et al., 2016, Lemma 2.2) for the third equality.

By the first-order optimality condition, the updating rule for 2, in the unified ATM is equivalent to

Apg1 — Ay

Vh (Zk+1) —Vh (zk) = 1+ MAk

(UVh (211) = pVh (241) = VI (@41)) - (105)

Thus, we have

th(Z(t)) — fim (50+1) = VA (3n)
dt s=0 bi(t)+1 —t
— lim (Zk(”“)l — Vh (2
s—0 sl/p

. Ak — Ax
= lim sup(t()f - ; Ak((:))) (VD (2t 1) = VR (o)1) = VI (@) 41))

- A (tiy+1) — A(t)
S (15 1A QD)

(VA (X()) = pVh (X (1) = VI (X(2)))

A

= 5 A BV (X®) = 1VR(X(0) = T (X(1)

= Dt (O ) (O CX(6) — B (X(0) — 1 (X(0).
u'pP p

Thus, we conclude that the unified ATM converges to the unified ATM ODE (12).

E.5. ATM-SC ODE: Asymptotic Limit of Unified ATM ODE

In this subsection, we investigate the asymptotic limit of the unified ATM ODE (12) with 1 > 0. Because the unified ATM
ODE is the unified Bregman Lagrangian flow (5) with a(t) = log(% cothc, ({/Cpt)) and 3(t) = log(CtP sinhcy (¥/Cut)),
its asymptotic limit is the system (7) with a(00) = log(C/Ppul/?) and B(c0) = CL/Pput/r:

X =CYrpul/n(Z - X)

4 Vh(z) = Ve (Vh(X) —Vh(Z) - ;me)

which we call ATM-SC ODE. Because this system is the second Bregman Lagrangian flow (27) with ana () := a(o0) =
log(CY/Pput/P) and Bang(t) := B(c0)t = CY/Ppul/Pt, it achieves the following convergence rate (see also Appendix C.5):

f(X(t) = fz*) <O (e—ﬁznd(t)) -0 (e—Cl/”pul/Pt> .
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E.6. ATM-SC: Asymptotic Limit of Unified ATM

In this subsection, we investigate the asymptotic limit of the unified ATM (Algorithm 2) with ;4 > 0. Because we have
limg_yo0o Ax = 00 and

A+ p{/CsAP (1 + pAy
lim Akt = lim </ e ) =1+ pi/Cus,

k—o0 Ak k—o0 Ak

we can compute the momentum coefficients in the unified ATM (Algorithm 2) as

Apt1 — A pYCus

lim =
k—oo  Api1 14+ p¥/Cus
i A1 — Ag _ p¥/Cus
k—oo 14 pAg poo
Replacing the momentum coefficients A’“X;;A’“ and Afj_;;f"’ with their limits in the unified ATM algorithm, we yield the
following time-invariant algorithm, which we call ATM-SC:

pY/Cus
— (2 — k)
1+pyCus
Thi1 = Gpo.N (Yr)

e

Yk =T +

(VF(2een). 2) + pDn(erpsn)) + Da( zk>} .

Zk4+1 = argmin
z

Following the argument in Appendix D.7, we can show that ATM-SC (Algorithm 3) is the asymptotic limit of the unified
ATM, in the sense that the output of the unified ATM converges to the one of ATM-SC as kg — oo (the proof is similar, so
we omit it). The convergence rate of this algorithm is addressed in the following theorem.

Theorem E.3. The iterates of ATM-SC (Algorithm 3) with s < (p — 1)!/L satisfy
flag) = f(@) O((L+pj/Cus)™").

Proof. For convenience, we define a sequence (Ay) as

Ay = (1+Pm)k-

Then, the updating rules in ATM-SC can be written as

Ay — Ag
Y = Tk + 721 (zx — k)
k+1
Tpt1 = Gps,n (Yk)

App1 — Ay

L (o), + uDn(z i) + Dae )}

Zk+1 = argmin {
z
Define a discrete-time energy function & as
&k = A (f (xr) = f(27) + pDp (27, 21)) -
By the Bregman three-point identity>* and the non-negativity of Bregman divergence, we have

Dy (2%, z41) = Dp (2%, 2k41) — (VR (2k41) — VR (Tr41) , 25 — 2k41) — Dp (2141, Thp1)
< Dy (z%, 28 41) — (VA (2k41) = VR (Tp41) , 2" = 2141) -

BDy(x,y) — Din(z,2) = — (Vh(y) — Vh(2),z — y) — Du(y, 2) (see Wilson et al., 2021), with © = 2*, y = 2x41, 2 = Tht1.
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Thus, we can bound the difference of the discrete-time energy function as follows:

Ery1 — &
= pAk11Dp (%, 2p11) — A Dy, (27, 21)
+ A1 (f @r41) = f (@) = Ak (f (z) — f(27))
= 1t (A1 — Ag) D (27, 2p41)
+ (Ak+1 — A) (f (@r41) — £ (@7) + A (f (@p41) — [ (78))
+ pA (=h (2k41) = (VA (2k41) 2% = 2e41) + B (2) + (VR (2) 27 — 21)
< p(Ap1 — Ag) D (27, 241) — p (Apr — Ak) (VI (z541) = VR (@k41) 25 — 2641)
+ (Ag+1 — Ax) (f (@r41) — f (7)) + Ak (f (@p41) — [ (78))
+ pAg (=h (zk+1) — (VR (zg41) , 2" — zg41) + h(z) + (VR (2x) , 2" — 2)) .

By the p-uniform convexity of f with respect to h, the p-th order 1-uniform convexity of h, and the property (14) of the
higher-order gradient update operator G, as, the following inequalities hold:

0> f(xrr1) = f (") +(Vf(@ps1), 2" — 2pq1) + pDp (27, Tpp1)
0> f(aps1) — f () +(Vf (@r41) , Tk — Tpg1)
0> Mso T |V ()|[77 = (VF (ks1) , 9 — 2rp1)

1
02> h(zx) = h(2k41) + (VR (2k), 2641 — 2k) + » l2e1 — 2P

Taking a weighted sum of these inequalities yields
0> (Agsr — Ap) [f (xrr1) = £ (%) +(Vf (2h11) , 2" — Tpeq1) + pDp (27, 2x41)]
+ Ap [f (@e41) = f (@r) + (Vf (@k41) 2 — Tt1)]
+ At | M7V (@ )77 = (VF (@is1) 9 — w01

1
+ pAg {h (26) = h (zk41) + (VR (21) , 2611 — 2x) + » 241 — Zk|p]

> Erp1 — &
— p (A1 — Ag) D (27, @pq1) + 11 (Apgr — Ai) (VA (z2k11) = VA (Tp11) 25 = 2041)
— (Ak1 — Ap) (f (@r41) = f(@7)) — Ak (f (241) — [ (21))
= A1 (=h (zrg1) = (VA (2k41) , 27 = 2p1) + 0 (z) + (VR (26) , 27 = 21)
+ (Ags1 — Ap) [f (@r41) — f (@) +(Vf (2r41) , 2" — @pp1) + pDp (27, Tp41)]
+ Ap [f (@r41) = [ (2r) +(Vf (@k41) s 26 — Tat1)]

+ Apir [ MTT VS (@) |77 = (Vf (@) 9 = wi)|
1
+ Ay {h (2k) = B (2e+1) + (Vh (2k) , 2011 — 26) + » 2541 — Zk|p]

= Eky1 — &k
+ (Vf(wpg1), (A — Ag) (0" — 2pg1) + Ap (2% — Zrp1) + Ak (Trr — Yr))

. A
A (Th (ohn) = Vh (a1), 2 = 2} + 0 opgn = 2l
+ p (Apt1 — Ak) (VR (zp41) = VR (@k41) 27 = 2641) + MAgpas?= [V f (@) [[777
By the first-order optimality condition, the updating rule for z;, is equivalent to

A - A
Vh (2k41) = Vh(2) = ;Tk (uVh (2111) = pVh (2141) — Vo (2811)) (106)
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Substituting this, we have

0> &1 — &
(VI (@rt1), (Apr1 — Ag) (@7 — Tpy1) + A (26 — Thr1) + Agrr (Trr — Y))
+ (A1 — Ag) (WA (p41) — VR (2e41) = VI (Tp41) s 25 — 241)
+ 22 s -l
+ 1 (A — Ag) (VA (241) = VA (2r41) 2" = 2501) + MAg1577 [V (2i40)|| 77
= Eky1 — &
+ (VI (@r41) s (Ap1r — Ak) (1 — Tr1) + A (25 — T1) + A1 (@1 — yn))
HAg

1 _p_
+ 2kt — 2kl[” + M Api157= |V f (2p40) 77T

‘We also notice that

(Apy1 — Ax) (21 — Tgr) + Ap (T — Tpg1) + Appr (T — vr)
= (Apy1 — Ag) zp1 + Apzr — Ap1yk

= (Ak+1 — Ak) (2kt1 — 2) + (Akr1 — Ag) 2k + Apzr — Agr1Yk
= (Art+1 — Ak) (k41 — 28)

Ap+1—Ag

where the last equality follows from y;, = zf, + Ao

(zx — k). Therefore,

0> &1 — &k
+ (A1 — Ap) (Vf (Tk41) 5 2141 — 21)

Ay 1 T
+ /JT l2k1 — zkll” + MAg1s77 [V (e |77

Now, we use the Fenchel-Young inequality (s, u) + % lull” > —ijl ||s||ﬁ with u = Ml/PAllc/p (2k+1 — 2) and s =
(Apg1 — Ag) ,ufl/pA,:l/pr (1) to obtain that

A
(ks = A) (VF (ro) 21 = 2]+ 5 lonn = il

1 B =
> _pT (Aps1 — Ap) 7T = 7T AL P [V f (@) 777

Hence, we have
0> &1 — &
(M7 = 22 (s = A7 ()7 ) 197 (a7
= Eky1 — &
+ <(p —V)pr T C7T A7 T — ]%1 (Apy1 — Ag)7 T (MAk)_”il> IVf () |77

where C' = %(%)p’l. It is easy to see that the sequence (Ay) satisfies

(Aps1 — Ap)f — CpPusARAYL L < 0. (107)

Thus, the term
11 1 -1 p_ 1 p
(<p DO A = L (A - 407 (uA) ) IV £ (@) 7
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is non-negative. Thus, we conclude that the energy function (99) is non-increasing. Writing &, < & explicitly, we obtain

fler) = f(27) < % (f (wo) = f (&) + puDn (7, 30)) ,

k

which implies an O((1 + p¥/Cus)~*) convergence rate. O

F. ODE Model for Minimizing the Gradient Norm of Strongly Convex Functions
F.1. Review: OGM, OGM-G, and Their Limiting ODEs

We review OGM (Kim & Fessler, 2016), an algorithm for reducing the function value accuracy f(x ) — f(x*), and OGM-G
(Kim & Fessler, 2021), an algorithm for reducing the squared gradient norm ||V f (zx)||?. Given the number N of total
iterations, define a sequence (6x)n_ as

1 ik =0
VAR HL e k< N1 (108)

2
14+,/802 +1 .
—V—Elifk = N.

Or =

Then, OGM is equivalent to the fixed-step first-order scheme (2) with (hfj), and OGM-G is equivalent to the fixed-step
first-order scheme (2) with (hg) where the entries of (hfj) and (hg) are defined as

Gorhic1 ifj=0,...,0i—2,
hij = %:11 (hic1,i—1—1) ifj=i—1,
260;,—1 e
o e ™
g hij+1 ifj=0,...,i—2,
WG = Qe (1) i =i 1,
14 2noimid ifj =i

Suh et al. (2022) showed that OGM-G converges to OGM-G ODE as s — 0, under the identifications z;, +> X (k+/s) and
N + T//s. Next, we provide a simple argument to show that OGM converges to OGM ODE. For the sequence 6y, defined
in (108), Su et al. (2016) showed that the algorithm

1 1
Yp = (1—0k>3§k+9kzk
Tr+1 = Yk — sV (yx)
21 = 2k — sV f (yr)

(110)

converges to AGM-C ODE as s — 0 (see Su et al., 2016, Section 2). Because ||zx+1 — yx || = o(1/$), we can ignore the
gradient descent step ;11 = yr — sV f (yx) in both the algorithm (110) and OGM when dealing with their limiting ODEs.
Thus, ignoring the gradient descent step, we can see that applying OGM to the objective function f is equivalent to applying
the algorithm (110) to the objective function 2 f. Thus, the limiting ODE of OGM is given by

. 3.
X+ ¥X+2Vf(X) =0,
which is OGM ODE.

The differential kernel for OGM ODE can be obtained by substituting b(t) = 3/t and ¢(¢t) = 1 into (60):

273
7
The differential kernel for OGM-G ODE can be obtained by substituting b(¢) = 3/(T — t) and ¢(¢) = 1 into (60):

—[ts —
H(t,T):2€ frsds:2e 3logt+3logT _

t s g, 2T —t)3
H(t,T) — 2€_f7' %75 ds _ 26310g(T—t)—3log(T—7‘) _ (C(r — 7_))3 )
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F.2. Anti-Transpose Relationship Between OGM and OGM-G

Kim & Fessler (2021, Proposition 6.2) observed the following relationship between the matrices (h};) and (h%) in (109):
hiy =hS_ 1 ;N1 Viandj. (111)

When the condition (111) holds, we say there is an anti-transpose relationship between (h;;) and (hg) because the matrix

(hf]) can be obtained by reflecting (h%) about its anti-diagonal and vice versa. Now, it is straightforward to see that the

anti-transpose relationship (111) between the two matrices is transferred to the anti-transpose relationship (16) between the

differential kernels of OGM ODE and OGM-G ODE as s — 0:

. . =HS(T —7,T —1),
-2 (N-1) - ( T )

where we identify T = N/s. To summarize, the relationships between OGM, OGM-G, and their limiting ODEs are
illustrated in Figure 6.

Yipr =y — 535 hEV S (y;) Mg X (1) = — [V HE(t, 1)V (X (7)) dr

(OGM) (OGM ODE)
hi :hglj,NliI IHF(@T) =HS(T —7,T —t)
Yit1 = Yi — SZ;:O hoV f (y5) -, X(t) = — fot HE(t, 1)V (X (7)) dr
(OGM-G) limiting (OGM-G ODE)

Figure 6. Relationships between OGM (reducing f(z) — f(z")), OGM-G (reducing ||V f(z)]|), and their limiting ODEs.
F.3. Anti-Transpose Relationship Between Unified AGM ODE and Unified AGM-G ODE

For convenience, assume g > 0. Substituting b(t) = 4 tanh(@(T —1))+ % coth(@(T —1t)) and ¢(t) = 0 into (60),
we yield the following differential kernel corresponding to the unified AGM-G ODE (17):

HG (t, 7_) — It (@ tanh(%(T—s))+¥ coth(%(T—s))) ds

— {3 log (sinh(%(T—s)))+log (cosh(%(T—s)))} i

5

sinh® (g(T — t)) cosh ( 5 (T — t))
sinh® (@(T - 7')) cosh ( (T - 7')) .

4S

Note that the differential kernel of the unified AGM ODE is (see Appendix D.2)
sinh® (47) cosh (@T)

HF(t’T) B sinh® (@t) cosh (@t) .

Now, we can observe that there is an anti-transpose relationship (16) between these ODEs.

F.4. Proof of Theorem 6.1

Clearly, the unified AGM-G ODE (17) has a unique solution X (¢) in C1([0, 7)), R™).** We can continuously extend this

solution to ¢ = T with X(T) = 0 and X (T) = lim,_,;— 8 = 1V f(X(T)) (see Appendix F.5). Denote this extended

=T
solution by X : [0,7] — R™.

#Sketch of the proof: For any € € (0,7/2), the existence and uniqueness of solution on [0, 7' — €] follows from Cauchy-Lipschitz
theorem (Teschl, 2012, Theorem 25). Paste these solutions on [0,7T") = Uee(o,7/2)[0, T — €).
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For convenience, we assume p > 0 (the case p = 0 can be handled easily). Define a continuous-time energy function & (¢)
as

T f i esche? < |

8 2
+ T—0° csche <

£10) = e sche? (T =) ) (£ - SO ()
t
2

0)1Ix(0) - X(
t)) cothc? <\/E(T - t)) e

2

VE
2

VE
2

tanhc (\/Z’E(T — t)) X(t) — X(T)

X

X(t) +

For simplicity, we denote X (t) by X, and X (T) by 7. We also omit the input % (T —t) of each hyperbolic function. For
example, we write the unified AGM-G ODE (17) as

.. 3 .
X+ (\f tanh +T‘/ﬁ coth) X + V(X)) =0
and the continuous-time energy function (112) as

sinh? cosh?

2

tanh _ T

X —x
NG

£(t) = 12 esch ( (f(X) —f (xT)) _ % HX —xTHQ 4 HX+

2)
Then, we have

sinh? .
2 E(t)

= sinh* % {csch4} (

sinh?

I

(100 =7 7))~ 1 =T+ 25 o B

)

)

. 2 2
Jrjt{smh (f(X)*f(.’tT))*%HX*xTHerCOSh "thtanhXxT

Iz 2 Vi
1.2 2 2
= 2,/ficoth (Smh (F(X) = f (27)) - % X — 7" + Cozh HX + ti‘/I;lX s )
. a2
7 sml\l/(;josh (F(X)— f (xT)) n sinh <Vf(X),X> 7 <X 7 xT,X>
/ftsinh cosh tanh T 2 9 tanh T < tanh
- 5 HX—&-\/ﬁX—x + cosh <X+\/HX—m,—X— \/ﬁVf(X)>,

where we used

d tanh . tanh .. 1 .
{X+ an X—:ET}_ an X+<1—sech2)X

dt VI Vi 2
1 1 1 . tanh
= (—=tanh? —= — —sech? | X — X
( 5 tan 5 ~ 5 5eC ) NG V(X)
. tanh
=-X - V(X
Vi )
for the last equality. We further simplify as
sinh? . 2 sinh cosh 2
E(t) = "— (f(X) = f (7)) = Vucoth || X — 2T
tanh?® || . |2 2tanh .
+ \/ﬁCOthCOShQ (HX — CL’TH2 + an HXH + an <X — mT,X>>
% VI
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_simheosh ey ) 4 Sith <Vf(X),X> - <X e X>

Vi
sinh cosh h? || .2 2tanh .
PR (xR () )

I T

. tanh || - [|2
— cosh? (<X — xT,X> + an ‘XH
Vi

4 fanh (X — 2T V(X)) + taih <X Vf(X)>>

N
2sinh cosh  sinh cosh
- (PR T (100 - (7))
inh cosh
+ (—\/ﬁcoth—&—\/ﬁcothcoshz—\/ﬁsu;m) HX —xTH2

(sinh cosh sinh? tanh _ sinh cosh> HXH2
NG 27 N
+ (2 cosh? —1 — sinh? — cosh2) <X —z7, X>
sinh?  sinh? .
+ ( T ) (VF(x),X)
sinh cosh
- (x—-T V(X
Lo x)

_ Sin}\l/%()sh (f(X) _f (CCT))
n \/,Esir;hcosh HX 3 xT||2 B

It follows from the y-strong convexity of f that f(X) — f (z7) < (X — 27, Vf(X)) - & || X — :cTH2. Thus, we have

sl tanly g ®_ sinheosh v gpxy).
2,/ Vi

.14 .
sinh &t <smhcosh (<X—xT,Vf(X)>—g”X—wTW)

w? )= Vi
y/asimheosh gy slCtanh g2 stubeosh e r G
2 2\ Vi |
sinh? tanh H 2
N
2/
<0.

Therefore, the energy function £(t) is non-increasing. By L’Hopital’s rule, we have

FX®) = FXT) _ 0 1<X<f> w<x>> — Lyvrax ey
? 4

tl—if%l* (T —1¢)? ToT-2\t—T
XM -X(T) . X@®) 1
JAm =g = s = VA,

It follows from csche(0) = cothe(0) = 1 that

L €0
i <4,f(X(t))—f(X(T))8HX(t)—X(T) FglX-xm X )
5T~ (T —t)2 (T —t)2 (T —t)? 2t —T)
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= VXTI = 5 IV +0
= S IVAX @),

Writing lim,_,- £(t) < £(0) explicitly, we obtain

VDI < 5 e (YT ) (#la0) = £ XD + 5 oo = XDIP)

IN

% esche? (\/QET> st;p {f(;vo) — f(z) + ngO — x||2}

Since csche? is decreasing on [0, 00), this implies that the unified AGM-G ODE (69) reduces the squared gradient norm
with an O (1 / T2) convergence rate regardless of the value of 4 > 0. When p > 0, since % csche? (@T) ~ pe VHT a5

T — o0, the unified AGM-G ODE reduces the squared gradient norm with an O (e*\/ﬁT) convergence rate. Combining
these bounds, we conclude that the unified AGM-G ODE reduces the squared gradient norm with the following convergence

rate:
IVA(X(T))? <O (min{uT?,e—ﬁT}) .

This completes the proof.

Remark F.1. One might expect that the anti-transposed dynamics of AGM-SC ODE reduce the gradient norm with an
O(e~VHt) convergence rate. However, the argument in this subsection cannot be seamlessly applied to this dynamics. The
differential kernel of AGM-SC ODE is H5€(t, 1) = ¢*>V#(7=1) (see Appendix B.2.3). Because H5C(t, 7) is anti-symmetric,
the anti-transposed dynamics of AGM-SC ODE is itself:

X +2y/uX +VF(X) =0, (113)

In the proof of Theorem 6.1, the property X (T') = 0 is essentially used. However, the solution to (113) does not satisfy this
property.

F.5. Computing X (T') and X (T')
For simplicity, we assume that the limits lim,_,,— X (7) and lim,_,,— X (T') exist.>> Consider the energy function
il |2 .
&) =z ||X0| + rx@) - @)
t
3
+/O [{tanh(f( 8)>+T

cothe <\/2’E(T— s))] HX(S)Hst. (114)

L2
Then, it is easy to show that £(t) = £(0) for all t € [0,T). Because the terms 3 HX(t)H and f(X(t)) — f (z*) are

non-negtive, we have
) 2
[ tanh ( ) 5 cothc (éﬁ(T — s))] HX(S)H ds < oo.
-5

This implies lim, ,p- X (t) = 0. By L’Hopital’s rule, we obtain that

Jim_ [2 tanh <( - t)> + T3_ - cothe <\/2ﬁ(T - t))} X(t) = —-3X(T).

3

Now, we have

0= lim {X(t) + [\gﬁ tanh <\gﬁ(Tt)> + T?’_ - cothe (

SE

-1)] %0+ vrexa}
= —2X(T) + Vf(X(T)).
Thus, we have X (T) = 1V (X (T)).

P The proof to prove the existence of these limits is similar to that in (Suh et al., 2022, Appendix D.3), so we omit it.
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