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ABSTRACT

Adpversarial reinforcement learning has been shown promising in solving games
in adversarial environments, while the theoretical understanding is still premature.
This paper theoretically analyses the convergence and generalization of adversar-
ial reinforcement learning under the mean-field optimal control framework. A new
mean-field Pontryagin’s maximum principle is proposed for reinforcement learn-
ing with implicit terminal constraints. Applying Hamilton-Jacobi-Issacs equation
and mean-field two-sided extremism principle (TSEP), adversarial reinforcement
learning is modeled as a mean-field quantitative differential game between two
constrained dynamical systems. These results provide the necessary conditions
for the convergence of the global solution to the mean-field TSEP. The global
solution is also unique when the terminal time is sufficiently small. Moreover,
two generalization bounds are delivered via Hoeffding’s inequality and algorith-
mic stability. Both bounds do not explicitly depend on the dimensions, norms,
or other capacity measures of the parameter, which are usually prohibitively large
in deep learning. The bounds help characterize how the algorithm randomness
facilitates the generalization of adversarial reinforcement learning. Moreover, the
techniques may be helpful in modeling other adversarial learning algorithms.

INTRODUCTION

Adpversarial reinforcement learning (Uther and Velosol |1997) has been successfully deployed in
many application areas, including autonomous driving (Behzadan and Munir, [2019; |Pan et al.|[2019)
and Al gaming (Mandlekar et al., 2017} |Pinto et al., [2017; |Zhang et al., | 2020). Adversarial neural
networks are employed for solving the games in the adversarial environments (Mandlekar et al.,
2017). Moreover, the adversarial neural networks can also improve feature robustness and sam-
ple efficiency (Ma et al. [2018). However, the theoretical understanding of the convergence and
generalization in adversarial reinforcement learning is still premature.

In this paper, we establish the theoretical foundations of adversarial reinforcement learning under the
mean-field optimal control framework (Bensoussan et al.,|2013). Our contributions are summarized
as follows.

®

(ii)

Reinforcement learning is modeled from the view of the dynamical system. A new mean-field
Pontryagin’s maximum principle (PMP) (Pontryagin, [1987) is proposed to give the necessary
condition for optimality of this dynamical system. This PMP is extended fromE et al. (2019)) to
cover the dynamical systems with constraints on the terminal time. This extension helps gen-
eralize the applicable domains to cover control problems with constraints, such as controlling
target (e.g., a vehicle) to reach a certain area.

Adpversarial reinforcement learning is modeled as a mean-field quantitative differential game
(Pontryagin| [1985); and thus, its corresponding training process is regarded as how to achieve
the optimal control of this game. The mean-field two-sided extremism principle (TSEP) (Guo
et al.| 2005)) is then presented, which relies on the loss function and terminal constraints. This
mean-field TSEP serves as the necessary conditions of the convergence (or equivalently, the
optimality) of the mean-field quantitative differential game; when the terminal time is small
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enough, this mean-field TSEP is also a unique solution, and thus serves as the sufficient con-
ditions of the convergence.

(iii)) The learned model of adversarial reinforcement learning is characterized by the viscosity solu-
tion (E et al.l 2019) of a mean-field Hamilton-Jacobi-Issacs (HJI) equation (Guo et al.,[2005).
We then prove that this viscosity solution is unique. The HIJI equation gives a global charac-
terization of adversarial reinforcement learning, while the previously given mean-field TSEP
is a local special case.

(iv) Two generalization error bounds are proved, which characterize the gap between the expected
mean-field solution and the learned model. The two bounds are obtained from Hoeffding’s
inequality (Pinelis and Sakhanenkol |1986) and algorithmic stability (Mou et al.| [2018). The
bounds are of order O (e~"') and O(1/N), respectively, where IV is the number of samples.
They do not explicitly rely on the dimensions, norms, or other capacity measures of the net-
work parameter, which are usually prohibitively large in deep learning. Moreover, the latter
bound helps characterize how the randomness in the training algorithms and the aggregated
step sizes influence the generalization.

Some previous works have been devoted to establish the theoretical foundations of deep learning by
dynamical system viewpoint, since [E[(2017). Based on the PMP and the method of successive ap-
proximation (Kantorovitch, |1939), new optimization methods are developed by |Li et al.| (2018)); [Li
and Haol (2018). |Sonoda and Muratal (2017) study the continuum limit of training neural networks,
and |Chang et al.| (2018bfa)); Haber and Ruthotto| (2017) contribute to the design of network archi-
tecture based on dynamical systems and differential equations. |E et al.| (2019) propose to employ
mean-field optimal control formulation for explaining deep learning. They prove the mean-field op-
timality conditions of both the Hamilton-Jacobi-Bellman type and the Pontryagin type (Pontryagin,
1987). Similar results are given by |Persio and Garbelli|(2021) through associating deep learning with
stochastic optimal control (Guo et al., 2005) from the perspective of mean-field games (Lasry and
Lions, 2007). These mean-field results reflect the probabilistic nature of the reinforcement learning.

To the best of our knowledge, this is the first work on developing theoretical foundations for ad-
versarial reinforcement learning. Compared with the existing studies on deep learning theory from
the mean-field optimal control view, this work models a machine learning algorithm as a mean-field
quantitative differential game between two dynamical systems, rather than a single dynamical sys-
tem. Our work may inspire novel designs of optimization methods for adversarial reinforcement
learning. Moreover, the techniques may be of independent interest in modeling other adversarial
learning algorithms, including generative adversarial networks (Goodfellow et al., |2020; [Liu and
Tuzell, 2016} Mao et al.,|2017), and solving partial differential equations (Zang et al., 2020)).

2 PRELIMINARIES

In this section, we bridge reinforcement learning with mean-field optimal control problems. We first
present the optimal control formulation of deep learning as introduced in (Li et al. 2018} |Li and
Hao, 2018} [E,[2017). A deep residual network with K layers can be represented by

z(k+1) =z(k) + f(x(k),0(k)), k=0,---,K—-1, z(0)==z9, 6(k)€0, (D

where we get rid of explicit & dependence in f via the usual trick, g € R" is the input data, and
6(k) is the collection of the parameters in the k-th layer of the deep residual network. In deep
reinforcement learning, the action a(k) is actually a function of the state (k) and parameters 0(k),
thatis a(z(k), 6(k)). The state and action of each time step will affect the state of the next time step
simultaneously, and will bring a reward function L(z(k), a(x(k), 8(k))). By absorbing a(-) in L, the
reward can be expressed as L(z(k), 6(k)). The final output 2 (K) of the network may be constrained
by condition g(z(K)) = 0 in some practical problems, and there might be a terminal cost function
®(x(K),yo), where yo represents some known variables corresponding to z¢. In deep learning, the
pair (z, yo) is usually a data point sampled from a distribution pi. Hence, the reinforcement learning
problem seeks the solution of the following problem

inf
(60, O(K—1))€OK

K-1
B () 30) + Y Lla(),00) o
k=0

st.x(k+1)=x(k)+ f(z(k),0(k)), k=0,--- ,K—1, z(0)==x, g(z(K))=0.
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To avoid the repeated compositional structure in the difference equation in equation 2] we introduce
the dynamical systems viewpoint and replace the discrete dynamics equation [l| by a continuous
dynamical system in the following. Consider the dynamical system with terminal constraint, the
state equation and target set are

z = f(z,0), z(0)=z0€R", §:= {a:|g(a:(tf)) =0}, 3)

where @ € © C R" is a vector. Then we can define the continuous case of the objective function in
equation 2] as follows

J(0) = Equy oy [cbu:(tf), w+ [ Lt e(t))dt} , @

where f : R" X R" = R, 0:[0,tf/] = R", g :R* > R, p<n,yo € R", &: R” x R™ = R,
L :R™ x R" — R and ty is the terminal time. We say ¢ is admissable if §(¢) € © forall ¢ € [0,].
The optimal control problem is

and the optimal strategy is 0* = arginf,;,J(6), where

U :={6:0,t;] — ©|f is bounded and piecewise continuous, z(ts;0) € S}.

3 MEAN-FIELD OPTIMAL CONTROL VIEW OF REINFORCEMENT LEARNING

In this section, we prove the mean-field Pontryagin’s maximum principle with terminal constraints,
which is the necessary condition for the optimality of dynamical systems. Define the Hamilton
function as H(z,0,v) := —L(x,0) +¢T f(z,0), where H : R" x © x R™ and 1) € R", then we
have the following theorem.

Theorem 3.1 Under the assumption

e f is bounded, and f and L are continuous w.r.t. 0;

e f, L and ® are continuously differentiable w.r.t x, and p has bounded support.

Let 0* be the optimal strategy, and x*(t) is the corresponding optimal trajectory, then there exists
P* 1 [0,tf] = R™ and § € RP such that

i*(t) = f(z,0°(t),  27(0) ==
§*(t) = =V H (2" (t),0°(t), v* (¢ )) “(tr) = =Va®(z*(tg), yo) — & Vag(z™(tf)),  (6)
E(zo,yo)~opH (7 (1), 07(t), " (t)) = upE(mo vo)~opH (27(1),0,97(t)) a.e.t €[0,ty].

Theorem [4.1] provide the necessary condition for optimality, which relies on the loss function and
terminal constraints. There is a feedforward ODE, describing the state dynamics under optimal
controls (6%, 0%). The evolution of the co-state variable ¥ is defined, characterizing the evolution of
an adjoint variational condition backward in time.

Comparison with existing works. This theorem is a more practical form of Theorem 3 in (E et al.,
2019), which contains implicit terminal constraints. The optimal strategy must globally maximize
the Hamiltonian function for a.e. ¢t € [0,¢¢]. In fact, here a.e. ¢t € [0, t¢] represents the set of ¢ that
makes the optimal strategy continuous with respect to ¢.

Proof sketch. The proof has two parts: (1) transform the problem into an unconstrained problem
by the Lagrange multiplier method; (2) apply Theorem 3 in (E et all |2019) to the transformed
problem. A detailed proof is omitted here and is given in Appendix A.1.
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4 MEAN-FIELD QUANTITATIVE DIFFERENTIAL GAME OF ADVERSARIAL
REINFORCEMENT LEARNING

In this section, we model adversarial reinforcement learning as a mean-field quantitative differential
game. In addition to the original deep neural network NNV, (-; éz) : R™ — R™, an adversarial
neural network N Ny(+;04) : R — R" is usually added in adversarial learning, where ., € 6,
and éd S @d are parameters of NN, and NN, respectively. Assume that both NN, and NNy
are deep residual networks with K layers, thus 6, = (0.(0),--- ,0.(K — 1)) € ©, = 6K and
04 = (04(0),--- ,04(K — 1)) € 64 = OK. Similar to Section define the penalty function
Lz (k), xq(k),0.(k),04(k)) and the terminal cost function ®(N N (z.,; 6. ), NNa(za,: 04), y0),
where yg € R™ represents some known variable corresponding to =, and x4, .

4.1 MEAN-FIELD TWO-SIDED EXTREMISM PRINCIPLE

In adversarial reinforcement learning, N N, is trained to maximize the loss, while N Ny is trained
to minimize the loss. Assume that both NN, and N N, are deep residual networks with the same
number of layers, thus we can formulate the adversarial learning problem as
K-1
Ainf: sup E(sz,Ido,yo)N,u (I)(xz(K)azd(K)ayO) + L(xz(k)7xd(k)aaz(k)79d(k))
0.€0, édEQd k=0
subject to
xz(k+1):xz(k)‘i’fz(xz(k)aez(k))a k=0,---,K—1, CL’Z(O):$Z0, gz(xz(K))ZOa
za(k +1) = zq(k) + fa(za(k),0a(k)), k=0,--- K -1, 24(0) =zq,, ga(za(K))=0.
(N
Now we consider the dynamical systems viewpoint and translate problem equation[7]into a contin-
uous form. Let the objective function is

ty
J(02,04) = Eo. wag.90)~n @(xz(tf)vxd(tf)»y0)+/ L(x-(t), wa(t),0=(), 0a(t))dt |, (8)
0

where 8, €¢ ©, C R, 05 €¢ O, C R, z, : [O,ﬁf] — R™, x4 : [O,tf] — R"2,
0. :00,t;] = R™, 64:100,t;] = R™, g, : R"™ — RP, gg: R" — RP?, ®, L and f are all func-
tions of appropriate input and output dimensions. Let z = (27, 21)7, 2(0) = (21(0),2%(0))%,

F(@,0:,00) = (fF(x,0:), £ (.00)"). g(x(ty)) = (97 (z:(ts)), g7 (zalty)))". Then the state
equation, target set and objective functionals of quantitative differential game are

i:f(IaGZ;ed)v I(O):ZL’Q, S = {1‘|g(1’(tf))20}7
J(0-,02) =E(zg,y0)~n [Cb(x(tf%m) +/0 ' L(x(t),0,(t),04(t))dt|,

where z : [0,¢7] > R”, g : R” — RP, n = ny + ng and p = py + p. Define U, (Uy) as the set
of all admissable 6, (64) that satisfy the terminal constraint g, (x,(ts)) = 0 (ga(za(ty)) = 0). Our
goal is to find the optimal strategy (67, 0%) of equation E] and the corresponding optimal trajectory
x*(t) satisfies

©))

J(0%,0q) < J(0%,05) < J(6.,03), VY(0.,04) €U, x Uy, (10)
where equation [T0]is called the saddle point condition. Now define the Hamilton function of equa-
tion [0 as H (2(£), 0. (1), 8a(t), (1)) = —L(x(t), 0 (1), 0a(t)) + 07 (£) f(x(t), 0-(t), a(t)), then
we have the following mean-field TSEP.

Theorem 4.1 Under the assumption,
* fis bounded and f, L are continuous w.r.t. 0,,0,;

e f, L and ® are continuously differentiable w.r.t x, and p has bounded support.

Let (0%,05) € U, x Uy is the optimal strategy of problem equation E] x*(t) is the corresponding
optimal trajectory, then there exists 0* : [0,t;] — R™ and £ € R? such that
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T (t) = f(z,0%,07), x*(0) = xo,

G () = =V H (2" (2),05(1), 05(t), " (1)), ¥* () = = Va®(z"(t),90) — & Vag(a(t)

)
(11

)
ii)
E(mo,yo)NuH(x* (t)7 0: (t)a 92 (t)v ¢* (t))
= inf By yo)opnH(@*(8),0,,04, 0" (t
Sup 0L Bieo g0 (@7 (1), 0, 00, 47(1)) 12)

= inf sup E(gyyo)mpH (2(1),0.,0a,0%(t)), a.e.t€l0,ty].
04€Oa 9, co,

Theorem . T]introduces the necessary conditions for the convergence of the unique global solution to
the mean-field TSEP, relying on the loss loss function and terminal constraints. Comparing Theorem
to Theorem 3.1} we can see the main difference is that the maximization condition is turned into
the saddle point condition.

Comparison with existing works. This theorem is a mean-field form of Theorem 7.4.1 in (Guo
et al.| 2005) gives general necessary conditions for optimality for our problem.

Proof sketch. The proof has two parts: (1) Fix the optimal strategy 67 and 0; respectively, and
transform the problem into two optimal control problems; (2) apply Theorem [3.1]to these two trans-
formed problems and use max-min inequality. A detailed proof is omitted here and is given in
Appendix A.2.

4.2 SMALL-TIME UNIQUENESS

Since the necessary condition for optimality has been provided by the TSEP, a natural question is
to understand when the sufficient conditions for optimality can be also provided. In this subsection,
we will establish assumptions which are required for a unique solution of the mean-field TSEP
equations.

Theorem 4.2 Suppose that

* f is bounded, g is continuously differentiable w.r.t x with bounded and Lipschitz partial
derivatives, | has bounded support in R™ x R™;

e f, L and ® are twice continuously differentiable w.r.t x, 6, and 64 with bounded and
Lipschitz partial derivatives, and 9 f /00,004,0L/06,00, = 0;

o H(z,0.,04,%) is strongly concave in 0, strongly convex in 84 and uniformly in x € R™,
P € R™

Then for sufficiently small ty, if (0%,0}) and (0%,0%) are solutions of the mean-field TSEP derived
in Theoremand are continuously w.r.t time t, then (0%, 0}) = (62,62).

Theorem shows that the small ¢ ; roughly corresponds to the regime where the reachable set of the
forward dynamics is small, hence the solution is unique. We assume the continuity of 6, 6}, 6%, 62
with respect to ¢ in Theorem In fact, when 01, 6}, 62, 6% are discontinuous on at most a set with
zero measure, we can also conclude that (6% (t), 0%(¢)) = (0%(t), 65(t)) fora.e. t € [0,t].

Comparison with existing works. To the best of our knowledge, there is no existing method to
prove the uniqueness of TSEP’s solution.

Proof sketch. The proof has two parts: (1) bound the difference of flow-maps driven by two
different controls; (2) apply the first-order optimality condition for (61 (t),64(¢)) and (02(t), 63(t)).
A detailed proof is omitted here and is given in Appendix B.
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4.3 DERIVATIVE IN WASSERSTEIN SPACE

Now we propose the mean-field Hamilton-Jacobi-Issacs equation, whose solution is a real value
function satisfying the saddle point condition. To begin with, we first introduce the Wasserstein
space and its derivation rules. Let D represent the Fréchet derivative on Banach spaces. Namely, if
F : U — V is a mapping between two Banach spaces (U, || - ||v) and (V, || - ||v), then DF(z) :
U — V is a linear operator satisfies

[F(z+y) = F(z) - DF(x)(y)llv

lyllv

Denote X € R™"™ as a random variable, we use the shorthand L?(Q2, R"*™) for L?((Q, F,P),
R™™™) to represent the set of R™*™-valued square integrable random variables with respect to a
probability measure P. Then we equip this Hilbert space with the norm || X || ;> := (E|| X[|?)'/2. As
we assumed in the previous section, xo € R", yo € R™ are random variables and (¢, y9) ~ p €
Po(R™™), where P2 (R™+™) denotes the integrable probability measure defined on the Euclidean
space R™"*" . The space Po(R™*™) can be equipped with a metric by 2-Wasserstein distance

=0, as|lyllu —0. (13)

Wa(p,v) == inf{HX Y2

X,Y € L*(Q,R"™) with Py = 1, Py = V}'

For € Pa(R™™), define [|pllr2 = (Jgnim |w]|>u(dw))?/?. Now the variable X €
L2(Q,R™™) if and only if its law Py € P2(R™™™). For any function u : Po(R"T™) — R, we
can lift it into its “extension” U € L?(Q, R"*™) (Cardaliaguet, 2012) by U(X) = u(Px),VX €
L?(Q,R™*™). In particular, we have that u is C1(Po(R"T™)), if the lifted function U is Fréchet
differentiable with continuous derivatives. Since L?({2, R"™™) can be identified with its dual, if

the Fréchet derivative DU (X)) exists, by Riesz’ theorem, it can be identified with an element of
L2 (Q,R™T™),

DU(X)(Y) = E[DU(X)-Y], VY € L*(Q,R""™).
One may check that the law of DU (X) does not depend on X but only on the law of X, thus the
derivative of v at u = Px is defined as DU(X) = 0,u(Px)(X), for some function 0, u(Px) :
RT™ — RE™,

4.4 MEAN-FIELD HJI EQUATION

Without losing generality, we consider the quantitative differential game (equation[9) with S = R™.
Motivated by the mean field dynamic programming principle (E et al., [2019) that any last part of
an optimal control is optimal, we consider the quantitative different game with any ¢, € [0,%] as
initial time
z(t) = f(x(t),0,(t),04(t), x(to) =z €R®, S=R",
bs (14
JH(927 9(1, to, M) = E(wto,yo)wu |:(I)(:C(tf)v yO) + / L(:C(t), ez(t)v od(t))dt .

to
Our goal is to find the optimal strategy (07,0%) € U, x Uq of equation satisfies
T (0,04, 1) < Ju(05,05,t, 1) < Ju(0,,05,t,u), Vte [O,tf], (0:,04) €U, x Ug. (15)
Define v*(t, ) := Ju (0%, 0}, t, 1), we have the following theorem.

Theorem 4.3 Under the assumption
 f, L and ® are bounded, and the distribution ji € Py(R"T™);

e f,L and ® are Lipschitz continuous w.r.t x and the Lipschitz constant of f and L are
independent of 0, 0.

Suppose the optimal value function v*(t, u) of equation |14 exists, then it is the unique viscosity
solution (see definition in appendix|C)) to the following mean-field HJI equation

&Mtw+mfsm){/ Ww@wﬂawfﬁwﬁm%%m+L@ﬂm%MM%w}—Q
0.€0., 0,604 Rn+m

wtr = [ @ )dutey).
(16)
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Theorem[4.3]establishes the uniqueness, in the viscosity sense, of the HJI equation and identifies the
value function for the mean-field optimal control problem as the unique solution of the HJI equation.

Comparison with existing works. This theorem is analogous to Theorem 7.4.2 in (Guo et al.,
2003)), the state variables we are dealing with are probability measures rather than Euclidean vectors.

Proof sketch. The proof has two parts: (1) Fix the optimal strategy 67 and 6 respectively, and
transform the problem into two optimal control problems; (2) apply Theorem 1 and 2 in (E et al.
2019) to these two transformed problems. A detailed proof is given in Appendix A.2.

4.5 CONNECTION BETWEEN HJI AND TSEP

In what follows, we provide the connection between the HJI equation and TSEP. We will show that

the TSEP can be understood as a local result compared to the global characterization of the HJI

equation. For the value function v(¢, ) in deduced HJI (equation , consider the lifted function

V(t,X), where X = (z,y) ~ p. We define the Hamiltonian for the lifted HJI equation as
H(X,DxV(t,X)) == inf sup E,[DxV(t. X)"[f(2,0:.00),0] + L(2,0-.00].  (17)

2&920,€04
Suppose 01 (X, DxV (¢, X)) and GL(X, DxV(t, X)) are the corresponding optimal strategies and
define P = DxV(t, X), we have

H(X, P) =E,[PT[f(x,05(X, P),0}(X, P)),0] + L(z,0} (X, P),0}(X, P))],
EM [V&ﬁd[f(m’el(X’ P)vezg(Xv P))vO]P-i-Vez,Bd (.1‘ QT(X P) HT(X P))] O

where the last equation follows from the first order optimality condition. Define X; = (zt,y),
P, = DxV(t, X;), we can apply the characteristic evolution equations (Subbotinal 2006)

X; = DpH (X, P)), Pr=—DxH(X:, P). (19)

Plugging equationinto equation and let 0% (t) = 01(X,, ), 0(t) = o} u(X¢, P;) and py is the
first n components of P;, we have

iy = [, 02(1),05(1),  Pr = —Vaf (@, 02(1),05())pr — Vo L(we, 07(1), 64(t)). (20)
If we let 1) = —p, the first two equalities of equation|[IT]in Theorem[4.1]is converted to equation
The Hamilton equation in TSEP can be regarded as the characteristic equations for the HJI equa-
tion originating from p, which justifies the claim that the TSEP constitutes a local condition as
compared to the HJI equation.

(18)

5 ESTIMATION OF GENERALIZATION BOUNDS

So far, we have focused on the mean-field quantitative differential game and mean-field TSEP. How-
ever, the solution of the mean-field TSEP requires a saddle point with respect to an underlying sam-
ple distribution. In this section, we will establish generalization bounds from two aspects, global
minimum of the loss function and algorithmic stability. We define the loss function of each training
sample X; := (x,,,2%4,,yi), 1 =1,--- ,N as

tr
P0usb X0 = ¥t ) + [ L0, 24(0,0.00, 6a(0)
0
where 2, (0) = z.,,74(0) = z4,. Now J (6., Hd) = Ex,uJ?(0s,04; Xo), and we define

J 9279d ZJO ezvedv

We first estimate the generalization bounds based on the global minimum of the loss function. The
necessary condition of Hamiltonian of sampled version is expressed as

4i(n))

9N

NZH SRR ONAONAORES
2n

= inf sup — HxZ’ed” ,0.,0 ‘L)zﬂti’lt7 ae.t €0t
inf s NZ 00,00 (1) 0.t
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where 0 and 0} are the solution of sampled TSEP. Note that if ©, and O are sufficiently large,
e.g. O, =R™, 04 = R", the solution 07, §’; of TSEP satisfies

F(02,05)(t) =By Vo g, H(z % =% 07(1),05(6) =0, ae.tel0ty], (22)

while the solution 6%, 02 of sampled TSEP satisfies

N
]_ . .
(02, 05)(0) =~ D Voo, H(ay™ 00 00" 00 05 (1), 03 (1) =0, ae.t € [0,t].
=1

(23)
Now, Fy is a random approximation of F'and EF (0., 04)(t) = F(0,,04)(t) forall §,,0, and a.e.
t € [0,tf]. Let (U,] - llv), (V.| - |lv) be Banach spaces and F' : U — V. We first provide the
definition of stability, which is the primary condition that ensures the approximation of Fiy to F.

Definition 5.1 Forp > 0andx € U, S,(z) :=={y € U : ||z —y|lv < p}. The mapping F is stable
on S,(x) if there exists a constant K, > 0 such that,

ly —2llv < Kpl[F(y) = F(2)llv, Vy,z € S,(x).

Notice that here not consider 6} and 6 correspond to maximum and minimum, we only care
that they both follow the first-order optimality condition. We define 6 = (67,67)7 and redefine
F(07,05)(-) and Fn(0Y,00)(-) as F(0)(-), F(6™V)(-), respectively. We follow the proof idea of
Theorem 6 in (E et al.l [2019) and get similar results stated in which describes the convergence
of sampled solution to mean-field solution as the number of samples increases.

Theorem 5.1 Assuming that f, L, and ® are bounded and Lipschitz continuous with respect to
x and the Lipschitz constant of f and L are independent of 0.,04. Let 03,07 be a solution of
F = 0 (equation , which is stable on S,(((03)T, (05)")T) for some p > 0. Then there ex-
ists positive constants so,C, K1, Ka, p1 < p and a random variable 6N = ((6M)T, (65)1)T €
S,(((62)7,(03)7)T), such that

Ns?
P[0 — 6N ||~ > Cs] <4 S & 0
[Il z z ||L - S] = exp{ Ffl KQS}’ s € ( aso]a

Ns?
* N
]P’[Hﬁd —0g ||~ > CS] < 4exp{ - Kl—i—Kgs}’ s € (0, so],

Ns?
19062.65) — 763,00 > 5] < dep { - 57— se 0l
Ns?
P[Fyn (6N <4 -0 1
[Fw6%) £0] < tep { - 201

The loss function is uniformly bounded under the given assumptions, then we can apply the Ho-
effding’s inequality (Corollary 2 in (Pinelis and Sakhanenkol [1986))). Using Theorem 6 in (E et al.,
2019) and rewriting 0 as (§7,67)7, this theorem can be proved. Theorem [5.1|basically shows that
the difference between the optimizer over the whole distribution and the optimizer over finite sam-
ples is bounded, and is exponential decay with the total number of samples N. This bound is not
rely on the training algorithms.

Now we estimate the generalization bounds from the view of algorithmic stability. In the rest of this
section, we redefine the integral form in J, Jy, J 0 as the discrete sum form equation and redefine
71,72 as the total dimension of 6, 6,;. We consider the error by taking expectation with respect to
randomized algorithm and define

67”(03,901) = E_A [J(Gz,ad) - JN(Hmed)]'

We update 6, and 6, alternately, i.e. from the initial value (0, 0,64,0), update 6, by M, 1 steps
to get (02,1, 1, 04,0), then update 6, by Mg steps to get (0.,as. ,,0a,01, ). Keep going until the
algorithm converges, we can get (0. nr, ,,0a,01,5)s (0201, 55 0a,014 )
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Consider Stochastic Gradient Langevin Dynamics (SGLD), which is a popular variant of stochastic
gradient methods which adds isotropic Gaussian noise in each iteration, e.g.

2
Oz 041 =00 — Vo, IN(0: 1, 040) + %N(Q I.,).
We follow the proof idea of Theorem 8 in (Mou et al., 2018)) and get the following generalization
bound in expectation of random draw of training data.

Theorem 5.2 Supposes J°(0.,04; X) is uniformly bounded by C, and ||[Vq_ J°(0,,04;X) —
Vo J%0.,00; X)|| < Ls, Vo, J(0,,0a; X) — Vo, J%(0,,04; X')|| < Lg VX, X', then we have
the following generalization bound

. M, ;=M. i1
2 L.C & ’ '
Eler(0zn. s 0a,010,,)] < 5 > min(ky, M. — M. ;1) + \/BNZ (> g
P i=1  j=ki+1
, Mg,i—Ma,i—1
2 &L LyC & ' '
+szm(k2’Mdvi —Mgi—1)+ \/BTCI ( Z Wj)l/Za
i—1 i=1  j=ko+1

(24)
where M, o = Mqo = 0, k1 and ko are chosen to satisfy ng, <In2/BL% ny, <In2/BLA

Theorem obtains a bound of O(1/N), which matches the generalization bounds of stochastic
gradient descent ascent (SGDA) for minimax problems in (Lei et al., 2021). This bound relies on
the aggregated step sizes and do not explicitly depend on the dimensions, norms, or other capacity
measures of the parameter.

Comparison with existing works. Unlike the existing methods to analyze the algorithms with
M,;—M,;1=1, Mg;—Mg;—1 =1,e.g. SGDA, we analyzed the case of taking any M, ;, My ;.
As {n;} is usually monotonically non-increasing, we find that set M, 1 — M, o = M., M, ; —
M,; 1=0,7>1and Mg — Mgo = Mg, Mg; — Mg;—1 = 0, i > 1 will lead to the smallest
bound for fixed M, ,, = M., My, = Mgy in equation @} This finding gives an inspiration to the
training method, training one network to make it converge before training the other one.

Proof sketch. The proof is based on the uniform stability of the loss function and standard sym-
metrization argument (Hardt et al.| 2016)). Using Theorem 8 in (Mou et al., |2018) alternately in the
training process of the two networks, this theorem can be proved. See details in Appendix D.

6 CONCLUSION

In this paper, adversarial reinforcement learning was considered as the mean-field quantitative dif-
ferential game and the convergence and generalization were analyzed under this framework. We first
proposed a new mean-field PMP for reinforcement learning with terminal constraints in Theorem
Then we bridged adversarial reinforcement learning to the mean-field quantitative differential
game and proved a mean-field TSEP in Theorem[4.1] which provides the necessary condition for the
convergence to the global optimality. Moreover, the uniqueness of the solution to mean-field TSEP
is shown in Theorem where a sufficient small terminal time is required. After that, the mean-
field HJI equation for calculating the optimal loss function is derived in Theorem 4.3 Furthermore,
we have shown that the TSEP is actually a local special case compared to the global characteriza-
tion of the HJI equation. Lastly, we proved two generalization error bounds of order O(e~") and
O(1/N), which characterize the gap between the expected solution and the learned model. The two
bounds are obtained from Hoeffding’s inequality (Theorem [5.1)) and algorithmic stability (Theorem
[5.2). Both bounds do not explicitly rely on the dimensions, norms, or other capacity measures of
the network parameter. Moreover, the latter bound characterizes the influence of randomness in the
training algorithms and aggregated step sizes on generalization. Our results allow the possibility
to develop a learning algorithm without referring to the classical methods of deep learning such as
the SGD. A further direction of our ongoing research is based on the study of the TSEP and HJI
equation from a discrete-time perspective in order to relate the theoretical framework directly to the
applications.
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A APPENDIX

Proof A.1 (Proof of Theorem[3.1) As the ordinary differential equation equation [3|is subject to
terminal constraint g(x(ty),ts) = 0, we transform it into an unconstrained problem by introducing
Lagrangian multiplier vectors & € RP, thus the objective functionals equationd] transforms into

T2(8) = Eu guyon | ®((t5), 50) + ETg((ty)) + / " L((t),0.(1). ba(t)dt| . @5)

Then by Mean-field Pontryagin’s maximum principle (Theorem 3 in (E et al.||2019)), the conclusion
can be proved.

Proof A.2 (Proof of Theoremd.1) When (0%, 63) exists, we can split problem equation @] into the
following two optimal control problems.
Problem 1:
&= f(z,0,,0)), z(0) =z,
S :={z|g(x(ty)) = 0},

1009 =By [0 000 + [ 2Gat0.0.000, 05001

(26)

11
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find 0% = arginfy_ iy, J(6.,05).
The Hamilton function of Problem 1 is
Hi(2(t), 0.(6),03(8), 61 (1)) := —L(x(t), 0.(2), 63(8)) + w7 (0)F ((2), 0.(1), 63(1)).
Problem 2:
&= f(z,0%,04), z(0) =z,
S = {x.|g(x(ty)) = 0},

J@ﬁw=&mmwdwumww+éfuum@mﬁamw

find 0% = argsupg, <y, J (05, 0a).
The Hamilton function of Problem 2 is

Hy((t), 02 (1), 0a(t), 2 (t)) == —L(x(t), 02(1), 0a(t)) + 03 (£) f (x(1), 02(1), 0a(1))-

(0%,6%) is the optimal strategy of Problem 1 and Problem 2.  From the definition of
Hi(x,0,05,11,t) and Ho(x,0%,04,19,t), by Theorem there exists Lagrangian multiplier
&1, & € RP such that

27)

D1(t) = Vo H (@ (1), 0.(8),03(0), 11 (1),

dalt) =~V Hae™ (0, 03(1).0 <> () o8)
Uiltr) = ~ V(e (1), 90) — € Vagla' (1),
Usltr) = Va0 (t1). o) - vﬁm%ﬂ»

Here both & and & are determined by g(x*(ty),tf) = 0, so & = &. Then it can be obtained from
the uniqueness of linear differential terminal value problem’s solution that

1(t) = a(t), vt € [0,¢y].
Now let (t) = 1 (t), Vt € [0,tr] we have
H(a" (1), 02(1), 05(t),(t)) = Hi(x™(t),02(t), 04(t),¥(1)),
. . . it v (29)
H(z"(t),0:,04(t),v(t)) =Ha(z™(
H (2" (1), 0%(t), 0a, ¥(t)) =Ha (" (
By Theorem[3.]
E(a:o,yo)NMH(x* (t)r 0: (t)’ 92 (t)7 W (t))

zgsggz E(wg,yo)~onH (27(t), 02, 05(1), " (1)) (30)

= inf E(gyyo)mpnH (27(1),05(t), 04,97 (1)), a.e.t € [0,tf]

04€04

f E ~uH(x"(1),0,,04,0"(t
o, 528, Breomrn & (0,0 00:4°(0)
SE(IU yo)NMH( *(> 9:<t)702(t)71/}*(t)) 3D
<

sup inf E(gg yo)opnH (27(1), 02,04, (t)). a.e.t €[0,ty]
0.€0, 0a€0a

On the other hand, from the well known max-min inequality,
f E ~uH (2" (1),0,, 04, 0" (t
Sup InE B yo)nH (@7 (), 6, 04,97 (1))

< inf  sup E(ggyo)opnH (27(1), 02,04, (t)). a.e.t €0,y]
04€9a g, co,

Thus

(32)

Consequently,
E (w0 ,yo)~nH (27(1), 07(2), 65(1), 9" (1))

= inf E .o ) H (2 (£), 02, 00, 4" (¢
o 8L, 500 Eiwo gy (@7 (1), 0, 00, 47 (1)) (33)

= sup inf Ky yo)onH (27 (1),02,04,07(t)), a.e.te]0,ty]
6.0, 0a€0a

we have finished the proof.

12
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B APPENDIX

Before proving Theorem[.2} we write the express in Theorem#.1| more compactly. For each control
process 0, € L>([0,t;],0.) and 6 € L>([0, 4], ©4), we denote by 004 .= {299 . 0 < ¢ <
tr}and =04 .= {yf= . 0 <t < t;} the solutions of Hamilton’s Equation equation ie.

0.0 9. (t),04(t) 0..0
Ty” ‘= f(xt 79279d)a zy” ‘= = Zo,

Y0 = =V H (%%, 0.(t),00(t), 47%), )% = =V, @)%, yo) — EVag(afz ).

. . . . . 1 pl
We have the following lemma, which provides an estimate of the difference between 2020 1)0=-04
2 pn2 2 pn2
and 2%=:% %=,

Lemma B.1 Let 61,02 € L*>([0,tf],0.) and 0},0% € L>([0,t],0q4). Then there exists a con-

zr7z

stant Ty such that for all ty € (0, Ty), it holds that:
129508 — @020 || o (|05 00 — 050 e < Ct) (162 — 62| e + 104 — 62| 1),

where C(ty) > 0 satisfies C(ty) — 0asty — 0.

Proof B.1 (Proof of Lemma[B.1) Denote 60, := 01 — 62, 604 := 0} — 02, 5z := 2202 — 29203
and 5 := 1/)9;901! — 1/)03’93. The first two assumptions of Theorem leads to

t 1 1
1624 < / 1/ (227,01 (s), 05(s)) — F (2274, 0%(5), 03(s)) | ds
0
ty ty ty
<& [Mhosas+ & [ so.ollas + & [ jooas)las,
0 0 0

and so
||51‘||Loc < th”(SiEHLoo +th\|502||Loo +th”60d||Loo.

Ifty <Ty:=1/K, we have

e € T2 (130 + 180 G4
Similarly,
6041 < Koz, |+ K | 7 ol + 160l 4 1002 ()] + 80u(s) s,
166l < (K + Kt )60l + Ktp(160] 1 + [186:] o + [66alli),
hence
Jouile < Tt el + 2 (108 e + 1864l

which combined with equation 34 proves the lemma.

We can now prove Theorem4.2]

Proof B.2 (Proof of Theorem[d.2) By uniform strong concavity and the second assumption of The-
orem[d.2) there exists a Ao > 0 such that

Aollfz(t) — 02 (8)]1* S[IEMOV9ZH(JC;’ T 02(t), 03(t), v+ ")

By Vo H ()", 61(8), 03(t), ")) - (01(t) - 62(1)),
NollB3(8) = O3(8) | <[Eyy Vi, H "4, 02(0). 03(0). 0"

— By Vo, H (=%, 01(2), 05(8), (= ")] - (63() — 04()).
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Note that 1,V o, H (a{" ", 01(1), 03(0), " ") = E,,, V. o, H(x}"",02(0), 63(2), v %) =
0, V¢ € [0,tf] due to the optimality and contmuzty, then combining the two inequalities above we

have
Mo([162() = 2(0)]1* + [16a(t) — 93( )||2)

<[E,, Vo, H(x)"",02(2), 63(t), >
—E,,, Vo, H(z{"",62(1),6 <t> S0 (01(1) - 62(1))
+[Byy Vo, H ("1, 62(1), 63(0). >
— B,,, Vo, H(a{"",02(t),0 <t> O] - (03(r) - 03(1)
<E,,||Va. H(x;’ a L02(t),05(t), )
— Vo, H(a{",02(t), 03(t), v "d>||||91<> 02(1)|
+E,.o [ Vo, H (a1, 0%(1), 03

(
02,03 02(1) 92 2
— Vo, H (e, 02(1),63(t), v "Dl 6k(t) — 63|
<SK([[0x]|zoe + [[0¢]| Lo ) (106 Lo + [|06al| o).
Combining the above with Lemma[B.1} we have
KC(ty) 2KC(ty)
1663~ + ool < K50 < 2K0Uy)
0 0
C(ty) — Oasty — 0, by taking t; sufficiently small, so that 2KC(t;) < Xo, which implies
60| Loe = 11084]| L~ = 0.

ORTAR)
|

(11662l Lo + (1664l z)? (160:17 + ll66allZoe)-

C APPENDIX

Now we introduce the definition of viscosity solution. Consider a function v(¢,Px) : [0,tf] X
Py (R™™) — R, the Hamiltonian H (X, dp, v(t, Px)(X)) : L2(Q, R"™) x L2(Q,R"*+™) 5 R
and ¥ : L?(Q,R"*™) — R, where v satisfies

dv
— + H(X, t,Px)(X)) =0 0,t L2 (Q,R™T™
8t+ ( 6[P (a X)( )) ) O?’l[, f)X ( ; )a (35)
v(ty,Px) = ¥(X), on L*(Q,R™™).
Then the lifted function V' (¢, X) = v(t, Px) satisfies
oV
— +H(X,DxV(t,X ts) x L*(Q,R™T™
5 THX DxV(t, X)) =0, on [0,t7) x L7(L, ), 36)
V(T,X) = ¥(X), on L2(Q,R™™),

We say that a bounded, uniformly continuous function w : [0,¢f] x Po(R™ ™) — R is a viscosity
solution to equationif its lifted function U : [0,¢f] x L?(2,R"™™) — R defined by

U(t,X) =u(t,Px),

is a viscosity solution to the lifted equation equation [36] namely:

i) U(ts, X) < ¥(X) and for any test function v € CH1([0,¢¢] x L*(Q,R™T™)) such that the
map U — v has a local maximum at (to, Xo) € [0,¢f) x L*(Q,R"T™), one has

0y (to, Xo) + H(Xo, Dy(to, Xo)) > 0.

ii) U(ty, X) > ¥(X) and for any test function v € C11([0,¢5] x L*(£2, R"*™)) such that the
map U — v has a local minimum at (tg, Xo) € [0,¢) x L?(£2, R"*™), one has

0y (to, Xo) + H(Xo, Dy(to, Xo)) < 0.

For further details we refer the interested readers to (E et al., 2019)).

14



Under review as a conference paper at ICLR 2022

Proof C.1 (Proof of Theorem[d.3) Suppose v'(t,u) is a viscosity solution to equation and
(0., 0),) is the corresponding optimal strategy.

We first fix 0, consider

atvl(tvﬂ) + sup { / [8Mv(t,u)(x,y)]T[f(gc, 9/2’ 9(1)70] + L(CL’, 9;’ ed)dﬂ(xa y)} =0,
0a€BO, Rn+m

vi(ty, p) = /Wn D(z, y)du(z,y).

(37)
By Theorem 1 and Theorem 2 in (E et al., |2019), v'(t, 1) is the unique viscosity solution to equa-

tion[37] satisfies

ty
vl(ta :u) = sup E(m,y)wu |:/ (I)(:E(tf)7 y) + L(x(t)a le (t)a ad(t))dt] : (38)
04Uy t
Then fix 0!, similarly we have
ty
V' (t, 1) = eing/’{ E(z,y)~u {/ O(z(ty),y) + L(x(t),0.(t), Gé(t))dt]. (39)
z z t

Now for (0.,,0)), equation[13|is satisfied, thus v'(t, ) = v* (¢, ).

D APPENDIX
Proof D.1 (Proof of Theorem[5.2) We first give a lemma, then use it alternatively in the training
process of the two networks to prove the theorem.

Define the generalization bound taking expectation with respect to randomized algorithm
er(w) := E4(Bl(w; z) — Enl(w; 2)),
where ~l(w; 2) is the average loss at N sample points.

Lemma D.1 (Theorem 8 in (Mou et al.| 2018)) Consider n rounds of SGLD with parameters 3 and
{ni}. Suppose the loss function l(w; z) is uniformly bounded by C, and 'z, ', there is ||VI(w; z) —
Vi(w; 2")|| < L. By setting kg such that n, < In2/BL?, then we have the following generalization
bound in expectation

?

%_’_ \/BLO( Z 77)1/2.

Eler(wy,)] < N N ;

i=ko+1

Now let [(w; z) = J°(0.,04; X). During the training process, 0, and 04 are updated alternately,
and the generalization error is accumulating. Using Lemma D.1 alternatively, we can finish the

proof.
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