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Abstract

While deep neural networks have demonstrated
groundbreaking performance in various settings,
these models often suffer from catastrophic for-
getting when trained on new tasks in sequence.
Several works have empirically demonstrated that
increasing the width of a neural network leads to a
decrease in catastrophic forgetting but have yet to
characterize the exact relationship between width
and continual learning. We designed one of the
first frameworks to analyze continuous learning
theory and prove that width is directly related to
forgetting in feed-forward networks (FFN). In par-
ticular, we demonstrate that increasing network
widths to reduce forgetting yields diminishing re-
turns. We empirically verify our claims at widths
hitherto unexplored in prior studies where the
diminishing returns are clearly observed as pre-
dicted by our theory.

1. Introduction

Deep Neural Networks (DNNs) have achieved breakthrough
performance in numerous challenging computational tasks
that serve as a proxy for intelligence (LeCun et al., 2015).
An essential and practical question is whether the same neu-
ral network can continuously learn over a series of tasks
while maintaining performance. Practically, using a well-
trained neural network to achieve similar quality over a
series of tasks is essential for reducing expensive retrain-
ing and computational costs (Diethe et al., 2019) and for
mimicking the human-like ability to continually update its
knowledge (Hadsell et al., 2020; Kudithipudi et al., 2022;
Parisi et al., 2019). In practice, DNNs exhibit catastrophic
forgetting when trained over a series of tasks, experiencing
a sharp drop in performance on the previously learned tasks.
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However, preventing catastrophic forgetting is theoretically
and empirically tricky in many situations (Knoblauch et al.,
2020; Kim et al., 2022). Many empirical studies of Con-
tinual Learning (CL) have observed that a model’s hidden
dimension or width is positively correlated with the ability
to continually learn (Mirzadeh et al., 2022b;a; Ramasesh
et al., 2021). Moreover, catastrophic forgetting is more
easily mitigated in the infinite-width or Neural Tangent Ker-
nel regime (Bennani & Sugiyama, 2020; Doan et al., 2021;
Chizat et al., 2019; Geiger et al., 2020). However, the ex-
act relationship between width and continual learning still
needs to be clarified in the more practical finite-width set-
ting. Theoretically, explaining this relationship requires
understanding the effects of training and retraining a model
on different datasets, which is a complex and difficult-to-
analyze process. Through pure experimentation, most works
observe a roughly linear relationship between width and
continual learning, such as in small FFNs (Mirzadeh et al.,
2022a) or in large CNNs and ResNets (Ramasesh et al.,
2021; Mirzadeh et al., 2022b), suggesting that increasing
the scale of models is a simple method for improving con-
tinual learning.

In this paper, we explicitly investigate the relationship be-
tween width and continual learning. We have observed em-
pirically and theoretically that simply increasing a model’s
width suffers diminishing returns in improving continual
learning. To rigorously analyze these phenomena, we estab-
lish one of the first theoretical frameworks for analyzing the
continual learning error of Feed-Forward Networks, con-
necting fundamental properties like depth, number of tasks,
sparsity, activation smoothness, and width to continual learn-
ing error. We use this framework to prove the connection
between width and continual learning in Feed-Forward Net-
works of arbitrary depth and nonlinear activations more
tightly. To circumvent the typical analytical difficulties of
continual learning, we use the well-observed empirical ob-
servation that wider models move less from initialization
during training. For completeness, we empirically verify
this relationship on Feed-Forward Networks trained with ei-
ther Stochastic Gradient Descent (SGD) or Adam (Kingma
& Ba, 2015) optimizers'. This lazy training phenomenon
has often been observed empirically in the literature (Zou
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et al., 2020; Nagarajan & Kolter, 2019; Li & Liang, 2018;
Neyshabur et al., 2018b; Chizat et al., 2019; Ghorbani et al.,
2019). Using this observation, we demonstrate that width
acts as a functional regularizer, preventing models trained on
subsequent tasks from being too functionally distant from
previous models. Specifically, our new guarantees formalize
this relationship between width and continual learning for
finite-width models with nonlinear activations and variable
depth, which do not exist in the literature for wide mod-
els. To our knowledge, this theoretical framework is one
of the first to provide provable guarantees on the continual
learning error of models.

Moreover, we empirically observe these diminishing returns.
Some existing works have tested hidden dimensions up to
2048 (Mirzadeh et al., 2020) where the diminishing returns
are not apparent. In particular, we measure the continual
learning capabilities of FFNs as the hidden dimension is
increased to 2'®, much larger than previously explored in
the literature to our knowledge. With these new expansive
experiments on standard CL benchmarks, we see this re-
lationship between width and continual learning predicted
by our theory. We also test the other correlations predicted
by our framework, such as the connections between model
depth, model sparsity, and the number of tasks on contin-
ual learning error. Our framework predicts that increasing
model depth or the number of tasks will also increase con-
tinual learning error, matching the empirical observations
in (Mirzadeh et al., 2022b). Moreover, our model predicts
increasing the row-wise sparsity in a model decreases the
continual learning error, such as used in (Serra et al., 2018).
Our experiments roughly corroborate all of these relation-
ships over several real datasets and model shapes. To our
knowledge, this is the first work to provably demonstrate
the effects of the number of tasks and row-wise sparsity on
continual learning error.

Our results contribute to the literature examining the rela-
tionship between neural network architectures and continual
learning performance. We provide one of the first theoretical
frameworks for analyzing catastrophic forgetting in Feed-
Forward Networks. While our theoretical framework does
not perfectly capture all information about continual forget-
ting empirically, it is a valuable step in analyzing continual
learning from a theoretical framework. As predicted by
our theoretical framework, we demonstrate empirically that
scaling width alone is insufficient for mitigating the effects
of catastrophic forgetting, providing a more nuanced un-
derstanding of finite-width forgetting dynamics than results
achieved in prior studies (Mirzadeh et al., 2022a; Ramasesh
et al., 2021). We also prove that our theoretical framework
predicts several other connections between model architec-
ture and catastrophic forgetting.

Contributions In summary, we make the following con-
tributions in our work.

1. We develop one of the first theoretical frameworks to
analyze catastrophic forgetting in Feed-Forward Net-
works. Our theoretical framework corroborates several
empirical findings, such as the connection between
depth, sparsity, and forgetting. Our theoretical frame-
work also predicts that models incur diminishing re-
turns in terms of continual learning capability as width
is increased.

2. Under this framework, we provably demonstrate that
the training of nonlinear, variable depth feed-forward
networks incurs continual learning error on the order
of O (tW—Fa "%
the model has been trained on, W is the width, «
is the sparsity percentage, and [ is a data-dependent
positive value. To our knowledge, this is the first work
formalizing the connection between width, sparsity,
number of tasks, and continual learning for nonlinear
models of variable depth.

) where ¢ is the number of tasks

3. By testing at hidden dimensions not seen previously,
we empirically see the diminishing returns of continual
learning when increasing width. These experiments
hold across many different width Feed Forward Net-
works on datasets such as Rotated MNIST and Fashion
MNIST, Rotated SVHN, and the Rotated German Traf-
fic Signs Benchmark (GTSRB).

4. We empirically confirm the predictions of our theoret-
ical frameworks on the impact of depth, number of
tasks, and row-wise sparsity on the continual learning
error over the same host of datasets, demonstrating the
power of our theoretical framework.

2. Related Works

2.1. Continual Learning

We review several relevant works in the Continual Learn-
ing literature. The original works discussing Continual
Learning and Catastrophic Forgetting phenomenon are Ring
(1997), McCloskey & Cohen (1989) and Thrun & Mitchell
(1995). Perhaps most relevant to this work are Mirzadeh
et al. (2022b) and Mirzadeh et al. (2022a), which note the
positive correlation between the width of models and con-
tinual learning. However, their experiments are limited to
small widths, at a maximum of 2048 hidden dimension,
which is small relative to the current deep learning state of
the art. Moreover, their analysis is limited, only proving the
continual learning in the setting of two-layer linear networks
without nonlinear activation. Ramasesh et al. (2021) and
Yoon et al. (2018) discuss how scale broadly empirically af-
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fects continual learning but does not provide any theoretical
analysis nor focus specifically on width.

Bennani & Sugiyama (2020) and Doan et al. (2021) discuss
theoretical frameworks for continually learning models in
the infinitely wide or NTK regime. Several works have used
explicit functional regularization as a way to mitigate catas-
trophic forgetting (Lopez-Paz & Ranzato, 2017; Chaudhry
et al., 2018; Farajtabar et al., 2020; Khan & Swaroop, 2021;
Dhawan et al., 2023). Peng et al. (2023) provides a ro-
bust theoretical framework, their Ideal Continual Learner
framework, which attempts to develop a solid theoretical
framework for understanding different continual learning
methods. Mirzadeh et al. (2020) discuss the geometric simi-
larities between the different minima found in a continual
learning regime

2.2. Wide Networks

Here, we review essential works relevant to understanding
wide networks in the literature and different architectures.
Nguyen et al. (2020) discusses the effects of width and
depth on the learned representation of the model. Arora
et al. (2019) discusses the empirical benefits of using the
infinite-width Neural Tangent Kernel on different classi-
fication tasks. Novak et al. (2022) provides a method to
compute the infinite-width model with less memory and bet-
ter efficiency. Lee et al. (2019) discuss the training dynamics
of wide neural networks under gradient descent. Lu et al.
(2017) discuss the expressiveness of wide neural networks
and how wide neural networks can express certain functions
better than deep ones. Jacot et al. (2018), Allen-Zhu et al.
(2019), and Du et al. (2019) capture the training dynamics
of infinitely-wide neural networks under the Neural Tangent
Kernel Regime

3. Preliminary
3.1. Notation

Let our model M, yielded after training on the ¢th task be
denoted as

M(z) = Ap0dr—1(At r—100—2(. .. Ar 201 (A 12))).

Here, x is an input of dimensionality d;. ¢; is the activa-
tion function for the ¢th layer of L; Lipschitz-Smoothness.
Moreover let W be the width of M such that the input layer
Ay € RW>d Jastlayer A,z € RE*W and all the mid-
dle layers A, € RW>W Here, K, is the dimensionality
of the output of the ¢th task. We will often index a matrix
by a set of rows. For example, if S is a set of row indeces,
A, ,[S] denotes a matrix in RISI*"W that contains the ith
row from A; ; if 1 € S. Moreover, let L be the model depth.

3.2. Problem Setup

Here, we will formalize the problem setup of Contin-
ual Learning. Formally, say we have T’ training datasets
Di,...,Dr. The goal of continual learning is to design
a model M such that it performs well on all datasets Dy
for ¢ € [T]. We will describe the tth task as a supervised
learning classification task where the dataset for the ¢th task
is Dy = (A4, Vi). Here, X; contains n, datapoints of dimen-
sion d; and ); contains n; labels of dimension K;. We wish
to form M by sequentially training it on each dataset in
increasing order from D; to D,. We will call M, the model
outputted after training on the ¢th dataset. After retraining
a model on the new dataset, we want the new model to re-
member its behavior on the previous dataset. Namely, we
wish to reduce the continual learning error €; ;» where ¢ < ¢/
and max M (z) — My ()|, < €. Here, after training
x t

a model for ¢ — ¢ new datasets, we hope to ensure that the
outputs between the original model on the ¢th dataset and
the new model on the ¢'th dataset are similar. Given M is
trained to completion on dataset D; and achieves low error,
if our new model My is close to M, on all inputs from D,
it will also perform well on D;. Therefore, the main ques-
tion is the correlation between W, the width of the model
M, and the continual learning error €; ;.

3.3. Training Setup

We will examine the setup where our model M is a Feed
Forward Network with some nonlinear activation. We ran-
domly initialize every layer in the entire model to train the
model on the first task M ;. Before training, as is often done
in Continual Learning, we will choose a subset of rows to
be active. For every row with probability «, we will select
that row to be active. Otherwise, it will be inactive. Only
the active rows will be used for computation during training
and inference. Inactive rows will not change during training.
We will denote A, ; as the set of rows active for task ¢ at
layer [. We use this setup to capture the connections be-
tween row-wise sparsity and continual learning empirically
observed in continual learning literature (Serra et al., 2018).
Setting o to 1 will recover fully dense training. We then
train using Adam or SGD till convergence. To train on a
subsequent task, we replace the input and output layers to
match the dimensionality of the new tasks. Moreover, we
choose which rows will be active for this new task for the
intermediate layers. We then retrain till convergence with
Adam or SGD. We repeat this training procedure iteratively
for every task. For inference on the tth task, we take the
intermediate layers learned at the final task and replace the
input and output layers with the input and output layers
trained for the fth task to match the dimensionality of the
data from the tth task. We only use the active rows during
training for the tth task.
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4. Theoretical Analysis

We develop the theoretical connection between the width
of the intermediate layers W and the error of continual
learning ¢, ;s for different task indices ¢ and t’. We begin
by stating our final theorem and then provide a brief proof
sketch. We mention a complete proof in Appendix C.1.

4.1. Main Theorem

Here, we present our full theorem, Theorem 4.1

Theorem 4.1. (Informal) Say we generate a series of

models My, ..., My by training sequentially on datasets
D1, ...,Dr according to Section 3.3. Let )\é)j =
1AL 5 [Asi]ll2

TACTAS denote the ratio of the spectral norms of the
weights of different row indices for different tasks. More-

over, let \ = max )\é ;- For all input vectors from the
le[L)i.je[T]

tth dataset Vx € Dy, the Uy norm of the difference of the
outputs from models My and My such that t' > t are upper
bounded ? by

B [IM() - Mol =

L
_ _ 1-2p8
o <(t’ —t)L25 Xy <HL1||A,5J||2> AW Pa )

=1

Here, x denotes the maximum norm of the input in Dy, i.e.
X = m%XHng. Here, v, B are data-dependent positive real
xeDy

values.

As the width of the layers increases, we see that the error
€t,¢ 1s decreased on the order of W —F. This formalization
furthermore formalizes the connection between the width
and the continual learning error ¢; ;. This theorem demon-
strates that the continual learning error will decrease slowly
as the width increases. As side effects of our analysis, we
also make explicit how this error scales over tasks. As the
number of datasets trained between D;, and D; increases,
the continual learning error increases linearly. To our knowl-
edge, this linear increase in error over tasks is unique to this
analysis. Moreover, we have an exponential dependence on
L, denoting that increasing depth decreases continual learn-
ing ability. Mirzadeh et al. (2022b) also found that forgetting
increased as depth increased. We reproduce these experi-
ments on our datasets. Moreover, as the sparsity coefficient
is decreased, meaning the chance of a row being active is
decreased, the continual learning ability is increased as long
as % is positive, which is often the case, in practice.
Thus, this suggests a tradeoff between continual learning
ability and accuracy, as increasing sparsity will increase
continual learning ability but decrease the capacity of the

2We can reduce the dependence on weight norms by using
noise stability properties. For more details, please see Section 4.3.

model to learn on a given task. We note some dependence
on the layers’ matrix norms, which may correlate with the
layers’ width, but this is usually initialization dependent
(Nagarajan & Kolter, 2019). We can change the dependence
on the weight norms using the noise stability property of
neural networks as observed in Arora et al. (2018) (for more
details, please see Section 4.3). Overall, this theorem makes
the relationship between several model parameters, such
as width and continual learning, concrete and makes the
diminishing returns more explicit.

4.2. Proof Sketch

Here, we present a brief proof sketch of Theorem 4.1 and
the intuition behind it. We will begin this proof by finding
the continual learning error between subsequentially trained
models M; and M, 1, i.e. € +41, and then scale the analy-
sis to work over more tasks ¢’ > ¢+ 1. To analyze €; 1, we
split the proof into three parts: (1) finding how many active
rows are shared between layers in subsequential models at
the same position, (2) finding how far these active rows can
change during training, and (3) combining the two parts
using perturbation analysis.

4.2.1. NUMBER OF SHARED ACTIVE ROWS

From Section 3.3, each row in a layer A, is active with
probability o and inactive with probability 1 — «. More-
over, the activity of the rows are independent and identical
random variables. Therefore, over the randomness of row se-
lection, the expected number of shared active rows between
two consecutive models is shown in Lemma 4.2.

Lemma 4.2. For any two sequential task indices t and t + 1

and layer |, the expected size of the intersection between the

sets of active rows Ay and A1, is E(| Ay N Agyay]) =
2

a*W.

4.2.2. DISTANCE BETWEEN ACTIVE ROWS AFTER
TRAINING

For rows in weight matrices in M; and M, ; that are ac-
tive for both datasets D; and D1, we need to bound their
distance. Here, we use a critical empirical observation. As
observed in Zou et al. (2020); Nagarajan & Kolter (2019);
Li & Liang (2018); Neyshabur et al. (2018b); Chizat et al.
(2019), as the width of the neural network was increased, the
distance from initialization was observed to decrease. Sim-
ilar intuition on a "lazy training regime” was presented in
Mirzadeh et al. (2022a). Still, they did not offer any formal
analysis based on this observation. Intuitively, as the width
of the neural network increases, the implicit regularization
of standard gradient-based learning methods finds models
closer to the initialization. While it is challenging to pro-
vide theoretical analyses of the connection between width,
implicit regularization, and the distance from initialization
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Figure 1. We plot the distance from initialization for both Rotated MNIST and Rotated Fashion MNIST experiments. We see that distance
from initialization decreases slowly as the width is increased for both datasets. For the constants discussed in Assumption 4.3, the best
fitting constants are v = 0.013, 8 = 0.311 for Rotated MNIST and v = 2.5, 8 = 0.12 for Fashion MNIST. We plot the predicted

relationship with such parameters from Assumption 4.3.

save for restricted settings (Li & Liang, 2018), empirically,
this is a well-observed phenomenon. For the sake of our
analysis, we take this as an assumption in Assumption 4.3
and build our analysis on top of it.

Assumption 4.3. Let ¢ be any task index t € [T]. After
training on dataset D, with initialization M via gradient-
based learning methods to generate M1, for all layers [,
we have that

AL +1[ALer1] — Al ALea]llF
AL [AL1]ll2

< V\Al,t+1|_ﬂ

where W is the width of the layers of M where v, 5 > 0.
Here, A; ;[ A;++1] and A; ;1 1[A;+41] denote matrices that
only contain the active rows from the weights at the Ith layer
for the tasks ¢ and ¢ + 1 respectively.

This assumption states that after training when indexed by
the active rows, the matrix norm of the difference between
the Ith layer of M and the Ith layer of M, normalized by
the initial matrix norm is bounded by some function which
is inversely proportional to the width. This relative distance
from initialization is well analyzed in the literature. For
more details on these values in practice, see Section 6. We
reiterate that this phenomenon has been observed across
the literature, and we reproduce this property empirically as
seen in Figure 1. Using this assumption, we can demonstrate
an upper bound in the matrix norm of the difference of the
weights at a layer for two sequentially trained models.

Lemma 4.4. Let X, ; = M denote the ratio of the

spectral norms of the weights of different row indices for

different tasks. For any task t and layer l, we have

A4 [Ara] = A [ Al 1-25

E <\ WPa =z
1AL A2 = 1Y

The matrix norm of the difference between two layers mea-
sures the functional distance of the two layers. Given this
upper bound on the matrix norm, we can use simple per-
turbation analysis to calculate how much the difference
between the two outputs of the two sequentially trained
models accumulates throughout the layers during inference.

4.2.3. WIDTH AS A FUNCTIONAL REGURALIZER

We now use simple perturbation analysis to see how far M,
and M, will be on input from D,. Given the Lipschitz-
smoothness of the activation functions and a bound on
the matrix norm of the weights of different layers from
Lemma 4.4, we can use Lemma 2 from Neyshabur et al.
(2018b), to bound the continual learning error. This analysis
gives us a simple guarantee on the error €, ;1. Moreover,
using simple triangle inequality, we expand this claim to
general €; ;» where ¢t > t. We state the continual learning
error between subsequent tasks using this analysis technique.

Lemmad4.5. Let \ = max
le[L],i,j€[T]

from the dataset for the tth task x € Dy, the {5 norm of the
difference of the outputs from models My and My, are

)\lL ;- For any input vector
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upper bounded by Vx € Dy,

B[ IM: () - Mo (@] <

L
_ _ 1-28
L25x A (HL”AMQ) AW Ba= .

=1

Here, x denotes the maximum norm of the input in Dy, i.e.
= max||z||o.
x = max]lz]|

This bound states that the difference between outputs in two
models can be tracked as the input flows through the models.
If the two models have close weights at each layer, they will
also have close outputs. Here, we see how width and sparsity
cause the layers to be similar, resulting in low continual
learning error between two sequential models. Using such a
bound, we can prove that the difference between the original
and the new model differs only so much. Moreover, we can
extend the above to compare models more than one task
apart, i.e., comparing M, and M. Doing so yields our
final theorem. The implicit regularization of training large-
width networks to find minima close to initialization acts as
a functional regularization in the continual learning setting
on the order of W7,

4.3. Extension to Noise Stability

The dependence on the weight norm is pessimistic in our
bounds since neural networks tend to be stable to noise in
the input (Arora et al., 2018). To remove such dependence,
we can rely on two terms: layer cushion and activation
contraction.

Definition 4.6. Let =, ;_; be defined as the output of the
first [ — 1 layers of M, for some input x € D;. The
layer cushion of layer ! of the model M, on the task ¢
is defined to be the smallest number 1, ; such that for all
inputs in z € Dy, we have that || Ay |l2||¢i(zei—1)|l2 <
Ml At,l¢l($t,l—1)\|2-

Intuitively, the layer cushion constant p;; is a data-
dependent constant that tightens the pessimistic analysis
of using the weight norms. Moreover, we will define the
activation contraction similarly as the following.

Definition 4.7. Let x;;_; be defined as the output of the
first | —1 layers of M, for some input x € D;. The activation
contraction ¢; for layer [ and model M, is defined as the
smallest number such that for any layer / and any x € D;
such that [[z4,1-1(|2 < cil|dr(@e,1-1) [|2-

This connection tightens the pessimistic analysis surround-
ing the activation layers. Combining these two definitions,
we can remove the dependence on the weight norm in our
bounds.

Theorem 4.8. Denote I';, = maDXHMt(x)HQ. Then, we
rxeDy

can characterize the continual learning error between two
subsequently trained models as

1-28

E[|[My(2) — My (@)]]s] < Tu(t' — 7AW 2o’ 37,

where 1 = (Hézl ki + Rri(t — t)’y;\ut,i> <Ei:1 /@i) and
Ri = LiCiuz‘,t~

Empirically, such constants can improve upon the pes-
simistic analysis using weight norms. For more details
on the empirical value of these constants, please see Arora
et al. (2018).

5. Experiments

To empirically validate the theoretical results in this work,
we conducted a series of experiments across multiple estab-
lished continual learning benchmarks following prior work
Mirzadeh et al. (2022a;b). We find that while our theoretical
framework does not contain all information about catas-
trophic forgetting, it is roughly accurate in its predictions.
We conduct all experiments on a single AWS g5g.8xlarge
instance equipped with an NVIDIA A10 GPU.

5.1. Datasets and Metrics

Following the literature, we train models on four datasets:
Rotated MNIST, Rotated SVHN, Rotated Fashion MNIST,
and Rotated GTSRB. To construct each rotated dataset, we
construct five tasks comprising of the original images from
the dataset rotated by 0, 22.5, 45, 67.5, and 90 degrees. We
then train on each of these tasks in sequence. Following the
work of Mirzadeh et al. (2022a) we evaluate the efficacy of
a continual learning model via four metrics: Average Ac-
curacy (AA), Average Forgetting (AF), Learning Accuracy
(LA), and Joint Accuracy (JA). For more discussion on the
meaning of these metrics, please see Appendix A.

5.2. Modeling Setup

We utilize the same model architecture for all of the exper-
iments: a Feed Forward Network consisting of an input,
hidden, and output layer. Between each layer, we use ReLU
activations. We vary the width of the hidden layer in all
experiments while keeping all other hyperparameters fixed.
We train these models using the SGD optimizer as well as
Adam (Kingma & Ba, 2015), the latter of which we report
in the appendix. We train these models as classifiers on each
task using CrossEntropy Loss for 5 epochs. This training
paradigm is a standard modeling choice in the Continual
Learning literature (Mirzadeh et al., 2020). 3. To note, while

3These MLP models perform well short of state-of-the-art con-
volutional neural networks (LeCun et al., 1995) and vision trans-
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WIDTH AA AF LA JA

WIDTH AA AF LA JA

32 56.3 37.7 93.0 91.8 32 37.7 46.0 82.1 77.8
64 58.7 36.0 93.5 93.5 64 37.9 46.0 82.4 80.0
128 59.8 35.0 93.8 94.3 128 38.2 46.0 82.5 794
256 60.9 342 94.0 94.8 256 38.4 459 82.7 79.8
512 61.9 332 94.1 95.0 512 38.8 45.6 829 79.9
1024 62.7 326 94.2 953 1024 39.3 453 83.1 79.9
2048 64.1 31.2 943 955 2048 39.9 448 83.3 79.1
4096 65.3 30.2 945 957 4096 40.1 449 83.7 80.9
8192 66.7 28.9 94.7 95.7 8192 40.8 44.5 839 80.2
16384 68.0 27.9 949 959 16384 41.4 443 84.5 78.8
32768 69.4 26.6 95.6 96.1 32768 41.9 443 849 799
65536 69.6 26.7 95.6 96.2 65536 42.0 44.6 85.5 80.9
(a) Rotated MNIST (b) Rotated Fashion MNIST

Table 1. Our Continual Learning experiments on varying width FFNs on Rotated MNIST and Rotated Fashion MNIST. We see that the

Average Forgetting slowly stops decreasing after a width of 2*°.

45 N
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Figure 3. We visualize the diminishing returns of increasing width across networks of varying depth. This corroborates our theoretical

analysis.

swapping out the input and output layers for each task is
standard, we found that doing so did not impact the results
significantly since each task has the same input and output
dimensionality, so we do not swap the input and output lay-
ers for each task to better align with the theoretical analysis.

6. Results

Distance From Initialization In Figure 1a and Figure 1b,
we note that a model’s distance from initialization tends to
decrease as a function of width, which provides empirical
evidence of Assumption 4.3. The numerator of our relative
distance metric is the Frobenius norm of the difference
between the hidden layers of the intermediate models trained
on the first task and second tasks. In the denominator of our
metric, we have the ¢5 norm of the hidden layer of the model

former (Dosovitskiy et al., 2020) architectures. Nevertheless, our
work focuses on developing a rigorous and principled understand-
ing of the effect of width on the training dynamics of continual
learning.

trained on the first task. We see a slowly decreasing distance
as the width increases exponentially. To better understand
the constants in Assumption 4.3, we find what values of v
and 3 best explain the curves seen in Figure 1a and Figure 1a.
We see values of v = 2.5, 8 = 0.12 for Fashion MNIST
and v = 0.013, 8 = 0.311 for MNIST. This finding also
validates the existing literature on the relationship between
width and distance from initialization (Nagarajan & Kolter,
2019; Mirzadeh et al., 2020). We plot the predicted line
denoting the predicted relationship from Assumption 4.3
using the best fitting parameters.

Dense Model Results Furthermore, in Table 1 and Fig-
ure 3, we see that increasing width helps with improving
forgetting early on but receives diminishing returns eventu-
ally. Looking specifically at Figure 3, we see a similar trend
for datasets MNIST, Fashion MNIST, and GTSRB. Namely,
we see that the increasing width decreases forgetting as
width increases, but the forgetting plateaus at larger widths.
This holds across one-layer, two-layer, and three-layer Feed
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Figure 4. We visualize the relationship between depth and task index on forgetting over several datasets. Figure 4b is only for Rotated

MNIST.

Forward Networks. However, for SVHN, we see for the first
layer that width does not affect the forgetting much and even
increases the forgetting as width increases in two and three
layer networks. All four of these datasets demonstrate a find-
ing beyond the existing literature: increasing width does not
always decrease forgetting. In Table 1, we provide specific
numbers for one-layer networks on MNIST and Fashion
MNIST. For other datasets and depths, we relegate these
tables to the appendix for space purposes; see Figure 10
and Figure 11. We see specifically in both cases as width
approaches 216, the Average Forgetting begins to plateau,
as predicted by our theory. Despite the initial forgetting for
width 2° on both datasets beginning at different levels of
forgetting, they both exhibit a similar shape curve in the
forgetting, changing much less after a width of 211

Forgetting over Time We briefly explore the error over
tasks: how much the final model forgets as the number of
tasks seen increases. We take the model trained on the final
task and compute its forgetting on each of the previous tasks.
For example, the forgetting on task index 5 is 0, and the
forgetting on task index 1 is the largest since that is the
oldest dataset the model has seen. For space, we include the
majority of the figures in the appendix. We plot the error
over the task indices in Figure 4b and Appendix B.3 for
FFNs of differing widths on all datasets. We see a roughly
linear increase in forgetting as the task index decreases, as
is expected. This relationship is seemingly independent of
width and dataset. This linear relationship independent of
width corroborates the theoretical analysis in Theorem 4.1,
which predicts a linear relationship. We include further
details in the appendix.

Connection between Forgetting and Depth  Our model
roughly predicts an increase in forgetting as the depth of the
neural network is increased. This matches several empirical
results such as the results from Mirzadeh et al. (2022b) that
see an increase in forgetting as depth increases. We repro-
duce these experiments and report them in Figure 4a. Up to
a depth of 3, We see empirically that depth and forgetting
are positively correlated, roughly corroborating our theory.
Specifically, on Fashion MNIST and GTSRB, increasing the
number of layers from 1 to 3 roughly increases the forget-
ting. On datasets MNIST and SVHN, the impact of depth on
forgetting is too small to make any meaningful connection.
However, for all datasets besides MNIST, we see forgetting
decreases as depth is increased after 4 hidden layers. We
attribute this to the lower overall accuracy at these higher
depths due to vanishing gradients. At these high depths, van-
ishing gradients cause the overall accuracy to decrease. As
accuracy decreases in the high-depth regime, the forgetting
artificially decreases.

Connection between Forgetting and Sparsity We briefly
note that our theory predicts that inducing sparsity will
improve forgetting. In Table 5, when setting the sparsity
coefficient o = 0.1, forgetting decreases significantly. For
example, on MNIST, at width 2'4, the Average Forgetting
decreases to 0.2, compared to 27.9 in the dense setting.
This corroborates our analysis’s prediction of the connection
between sparsity and forgetting.

6.1. Experiments with Wide ResNet Models

In this section, we present the results from replacing the
FFN used in our primary experimental analysis with a Wide
Resnet model (Zagoruyko & Komodakis, 2016). While our
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WIDTH AA AF LA JA

WIDTH AA AF LA JA

1x 48.8 43.8 92.6 92.7 1x 438 45.6 89.4 89.0

5X 49.0 43.3 923 936 5X 50.7 427 934 91.1

10x 47.9 42.1 90.0 94.2 10x 52.1 415 93.6 924

15x 49.6 43.1 92.7 94.0 15x 55.0 39.1 94.1 93.1

20x 50.6 40.1 90.7 94.6 20x 53.1 409 94.0 89.1
(a) Rotated SVHN (b) Rotated GTSRB

Table 2. We report the numbers from our continual learning experiments using a Wide ResNet model (Zagoruyko & Komodakis, 2016) on
the SVHN and GTSRB datasets. The width reported in the first column corresponds to the multiplicative amount applied to the width
factor parameter of the Wide ResNet model. We again see a similar trend of diminishing returns as we did in the MLP setting.

theoretical results focus solely on MLP models, we also
investigate whether our findings of dimishing returns of
width in continual learning also hold in the case of more
sophisticated convolutional networks, which achieve higher
accuracy and are much more commonly used in practice
for vision tasks (Krizhevsky et al., 2012). Following prior
work from (Mirzadeh et al., 2022a), we focus on the Wide
Resnet architecture due to the model’s strong empirical per-
formance and the ability to easily scale the model’s width
through a predefined multiplicative factor. In our experi-
ments, we focus on the same rotated SVHN and GTSRB
tasks considered earlier and maintain all other settings other
than the model architecture. Our findings are documented
in Table 2. For both datasets, we see that as the width is
increased greatly, the forgetting slowly decreases to 40.1
and 40.9 for SVHN and GTSRB respetively. From these
results, we do indeed see a similar diminishing returns phe-
nomenon in forgetting as we scale the width factor of the
ResNet model. These preliminary findings also suggest that
extending our theoretical results to other model architec-
tures more commonly found in practice might be a fruitful
direction for future work.

7. Discussion

‘We examine both empirically and theoretically the connec-
tion between continual learning and the width of a Feed
Forward Network. While our theoretical framework doesn’t
completely capture all information about catastrophic forget-
ting, it is a valuable first step to analyzing continual learning
theoretically. Increasing width receives diminishing returns
at some point. We empirically see these diminishing returns
at larger hidden dimensions than tested in previous literature.
A possible extension would be whether similar increases in
scale receive diminishing returns such as depth, number of
channels in CNNs, hidden dimension in LLMs, etc. Addi-
tionally, an important work could be to examine if width, in
conjunction with other functional regularization methods,
can reduce the effect of diminishing returns.

Limitations Our analysis relies on an assumption about
the distance from initialization seen during training, which
we have yet to prove rigorously. Moreover, our analysis
is restricted to FFNs and has yet to be extended to more
complex architectures such as Residual Networks or Atten-
tion networks. Furthermore, our analysis does not perfectly
predict the exact continual learning error.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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Figure 6. We plot the distance from initialization for both GTSRB and SVHN experiments. We see that distance from initialization
decreases slowly as the width is increased for both datasets.

A. Metrics

Average accuracy is defined as the mean test accuracy of the final model over all the tasks after training on all tasks
in sequence. Average forgetting is calculated as the mean difference over tasks between the accuracies obtained by the
intermediate model trained on that task and the final model. The learning accuracy of a given task measures the accuracy
that the model achieves immediately after training on that task. We also report learning accuracy as an average over all tasks.
Finally, we report Joint Accuracy, which is the accuracy of training a model on all of the combined datasets.

B. Additional Continual Learning Experiments

Here, we report several additional experiments to investigate the relationship between width and the ability to learn
continually. We demonstrate the relationship between SGD and this diminishing returns phenomenon by repeating the
experiments with Adam in Appendix B.1. Moreover, we test how inducing row-wise sparsity affects the relationship between
Continual Learning ability. Increasing the sparsity can significantly decrease the average forgetting, as predicted by our
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theoretical analysis. We demonstrate this in Appendix B.2.

Furthermore, we study the relationship between forgetting and the number of tasks trained. We report on this in Appendix B.3.

B.1. Adam and Diminishing Returns

To further investigate the connection between width and continual learning, we wish to see whether the phenomenon
of diminishing returns is visible in other optimization algorithms. In our theoretical analysis, we argue that the implicit
regularization of gradient-based optimizers finds minima closer to previous tasks, improving continual learning ability. In
our experiments in the main section, we conduct all experiments with SGD and empirically observe these diminishing
returns. We wish to examine if this implicit regularization and diminishing returns are unique to SGD or generalizes to
other optimization algorithms. To do so, we repeat the continual learning experiments in the main text with Adam as the
optimizer. We report our results in Table 4. Indeed, we see very similar results to SGD as in Table 4. We again observe
the diminishing returns for both datasets with Adam as the optimizer. This observation suggests that our analysis and this
phenomenon are not unique to SGD and extend to different optimizers.

WIDTH AA AF LA JA

32 51.3 439 94.6 O9l1.1
64 51.5 439 947 925
128 52.2 432 948 94.1
256 51.4 440 94.6 94.0
512 563 393 949 937
1024 529 425 949 9338
2048 52.4 434 95.1 93.7
4096 54.1 415 949 943
8192 53.6 42.0 95.1 94.1
16384 51.0 447 95.0 93.7
32768 55.2 40.7 952 94.0
65536 549 41.0 954 93.1

(a) Rotated MNIST
WIDTH AA AF LA JA

32 33.95 52.01 84.57 77.8
64 33.66 53.04 8548 79.7
128 35.64 51.73 86.18 794
256 33.3  54.19 86.32 79.8
512 34.27 5339 86.52 79.9
1024  36.31 51.33 86.62 79.1
2048  35.73 51.77 86.53 80.9
4096 37.47 50.2 86.66 80.2
8192  33.25 54.32 86.37 78.8
16384 33.98 53.71 86.57 79.9
32768 33.95 53.65 86.49 80.9
65536 36.91 50.69 86.53 79.0

(b) Rotated Fashion MNIST

Table 4. Continual Learning Results with Adam optimizer training. We see that despite changing the optimizer to Adam, we see very
similar results, including the diminishing returns trend. This suggests that the diminishing returns phenomenon is not optimizer-dependent.

B.2. Sparsity and Width

In Table 5, we report the results of our investigation into the power of row-wise sparsity to mitigate the effects of catastrophic
forgetting, as predicted by our theory. For these experiments, we utilize the BOLT deep learning library (Meisburger et al.

13



On the Diminishing Returns of Width for Continual Learning

(2023)) which allows for explicitly setting row-wise activatins. To summarize our earlier discussion, we define row-wise
sparsity as activated only a subset of the hidden layer neurons in our feedforward model architecture. We select a fraction «
of the hidden layer neurons for each task to be active uniformly at random. Note that some neurons may be shared across
multiple tasks, which leads to some amount of forgetting, but at a significantly reduced rate to what we observed in the
dense case. Moreover, the overall learning accuracy is not decreased despite fewer neurons being used during training. In
these experiments, we also apply sparsity to the output layer such that each task has a distinct set of output classes. As
predicted by our theory, we observe that sparsity can counterweight the diminishing returns on reducing forgetting purely
through width alone. However, some effects of diminishing returns can still be seen in both datasets.

WIDTH AA AF LA JA WIDTH AA AF LA JA

32 68.5 54 739 938 32 557 6.0 61.7 778
64 75.6 13.3 889 958 64 58.7 13.9 72.6 79.7
128 82.0 9.8 91.8 096.7 128 74.6 6.0 80.6 794
256 86.2 6.8 83.1 97.3 256 69.9 12.7 82.6 79.8
512 91.2 33 945 97.7 512 76.5 7.5 84.1 799
1024 946 1.3 959 979 1024 79.1 5.7 84.8 79.1
2048 955 1.3 96.7 98.1 2048 777 7.6 85.4 80.9
4096 964 1.0 97.3 98.0 4096 82.3 3.7 859 80.2
8192 97.1 0.5 97.6 98.1 8192 79.6 69 86.5 78.8

16384 97.7 0.2 979 98.0 16384 78.4 85 86.8 79.9
32768 97.6 0.3 98.0 98.2 32678 78.4 85 86.8 80.9

(a) Rotated MNIST (b) Rotated Fashion MNIST

Table 5. Continual Learning experiments with Row-Wise Sparsity with o = 0.1. We see that increasing row-wise sparsity can significantly
decrease forgetting while not decreasing overall learning accuracy. This corroborates our theoretical results. We still do see diminishing
returns in terms of increasing width and continual learning.

B.3. Accuracy over number of tasks

‘We measure the accuracies of the final learned model over all tasks and plot how the accuracy decreases. We do this over
GTSRB and Fashion MNIST. We conducted this experiment over several different width networks. Our analysis predicts
that there should be a roughly linear relationship between the accuracy and the number of tasks. With more intermediate
tasks between an initial task and the final task, the model will decrease roughly linearly in accuracy.

Moreover, our analysis predicts that this error should be independent of the width. We report the results of our experiments in
Appendix B.3. We see in both experiments that the accuracy roughly decreases as the number of tasks increases. Moreover,
this relationship holds across all the widths tested. This observation corroborates our theory.

B.4. Continual Learning Experiments on Additional Datasets and Depth

We report the numbers from all remaining experiments. In Figure 10, we report all additional experiments on Fashion
MNIST and MNIST. We also report numbers for two and three layer networks. We also report the numbers for one, two, and
three layer networks on datasets SVHN and GTRSB in Figure 11. We see that the trend of diminishing returns in terms of
width across many of the datasets. We also see that this trend remains apparent among different layer networks. Moreover,
we see that as depth increasing, the forgetting numbers tend to increase across many of the datasets.

B.5. Effect of Dropout on Distance from Initialization

We explore how Dropout affects the distance from initialization. Dropout is also a common technique employed to enforce
sparsity in a trained network. To test the connection between Dropout values and distance from initialization, we train
networks of varying widths with Dropout probabilities in 0.1, 0.2 and 0.3. We plot the results of these experiments in
Figure 12. We see that across different Dropout probabilities, the connection between Distance from Initialization and
network width holds. We also add the predicted curve formed from Assumption 4.3.
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WIDTH AA AF LA JA WIDTH AA AF LA JA

32 54.8 40.1 93.7 93.1 32 32.1 51.9 824 8l1.1

64 57.5 37.8 94.3 947 64 32.8 51.8 829 822

128 61.0 349 949 095.6 128 35.2 494 83.1 834

256 61.3 349 95.1 96.1 256 33.9 51.1 83.5 84.5

512 62.9 335 954 96.5 512 35.6 49.8 83.8 84.5

1024 64.0 32.5 955 96.7 1024 36.2 49.3 83.6 84.6

2048 64.5 32.1 95.6 96.6 2048 36.5 49.0 84.3 85.0
4096 65.7 31.0 95.8 96.8 4096  36.2 49.7 84.6 85.1
8192 66.9 30.0 958 97.0 8192 38.0 48.5 85.1 86.0
16384 68.4 28.6 96.2 97.1 16384 38.9 47.6 853 86.1
32768 67.2 30.2 96.5 97.1 32768 39.2 47.8 85.8 85.9

(a) Rotated MNIST (2 Layers) (b) Rotated Fashion MNIST (2 Layers)

WIDTH AA AF LA JA WIDTH AA  AF LA JA
32 56.5 39.0 91.8 93.1 32 31.0 53.2 82.1 81.3
64 60.6 353 92.6 95.2 64 31.7 52.8 82.5 82.9
128 61.2 354 938 959 128 327 524 83.1 83.8
256 64.9 31.9 944 96.3 256 33.6 51.9 83.5 84.5
512 63.7 33.2 955 96.5 512 33.8 52.0 83.8 84.3
1024 65.8 314 959 97.1 1024 35.2 509 84.5 853

2048 66.0 31.3 96.2 97.2 2048 36.6 49.7 84.6 85.5
4096 68.2 29.2 965 974 4096 37.6 489 85.1 859
8192 69.2 284 96.7 97.3 8192 38.3 48.6 85.6 85.8
16384 68.8 28.9 969 97.4 16384 394 479 859 859

(c) Rotated MNIST (3 Layers) (d) Rotated Fashion MNIST (3 Layers)

Figure 10. We report the numbers from our experiments on more layers on Fashion MNIST and MNIST. We see that the trend of
diminishing returns holds. We also see that increasing depth often leads to an increase in forgetting.

B.6. Results at larger depths

As an extension to the experiments in the main body of this paper, we run our experiments at larger depths. Specifically,
we train networks of depths 4, 5, and 6. We plot our results in Figure 13. Across most datasets and widths, we see that
diminishing returns in terms of forgetting occurs as width increases. We highlight that at 6 hidden layers, we see that the
results are relatively noisy. This may be explained by the vanishing gradients that occurs at this depth.
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WIDTH AA AF LA JA WIDTH AA AF LA JA

32 28.8 448 69.8 622 32 46.3 31.2 724 67.1
64 31.5 444 726 66.5 64 49.9 284 728 72.1
128 327 453 73,7 7T1.1 128 50.6 26.8 72.8 684
256 34.8 435 749 73.0 256 5.1 26.8 733 67.1
512 33.6 452 739 72.0 512 51.4 262 734 715
1024 347 439 742 73.0 1024 499 272 73.0 69.2

2048 34.4 446 747 727 2048 51.7 256 72.8 684
4096 347 448 75.0 735 4096 504 264 726 71.0
8192 347 443 742 732 8192 5198 26.0 73.8 71.3
16384 33.5 44.8 73.5 70.1 16384 522 25.6 74.4 708
32768 303 484 738 729 32768 545 24.0 749 725
65536 35.6 437 734 73.6 65536  54.5 23.8 743 74.1

(a) Rotated SVHN (b) Rotated GTSRB

WIDTH AA AF LA JA WIDTH AA AF LA JA
32 30.6 424 699 61.0 32 41.1 35.8 70.6 66.9
64 32.5 442 72.1 704 64 43.0 33.6 70.2 65.6
128 349 438 744 72.9 128 46.4 31.6 72.6 66.3
256 33.4 457 75.7 75.7 256 455 324 72.1 1705
512 36.5 435 76.7 77.2 512 429 340 71.4 685
1024 37.2 442 76.7 78.7 1024 47.0 32.1 73.8 65.9
2048 36.5 443 779 77.8 2048 46.2 32.7 72.2 73.8
4096 38.3 43.1 77.5 79.1 4096 48.0 298 72.6 73.0

8192 36.8 449 789 78.4 8192 48.6 30.3 739 72.4
16384 36.0 46.2 80.0 79.6 16384 48.9 30.1 74.4 70.0
32768 37.7 45.1 80.5 80.4 32768 49.4 30.8 759 74.4

(c) Rotated SVHN (2 Layers) (d) Rotated GTSRB (2 Layers)

WIDTH AA AF LA JA WIDTH AA AF LA JA
32 29.7 425 683 634 32 399 338 66.6 674
64 32.1 445 72.0 70.5 64 40.6 34.5 68.2 67.5
128 34.1 443 75.7 749 128 43.0 32.8 69.5 68.9
256 359 439 755 77.6 256 44.1 31.8 69.6 69.3
512 36.9 442 76.3 77.5 512 43.0 339 694 733
1024 37.0 445 77.1 79.8 1024 41.3 369 714 72.0

2048  37.1 447 779 79.8 2048 45.2 32.0 70.7 73.0
4096 37.8 43.1 77.8 80.0 4096 443 337 725 714
8192 38.5 444 783 80.3 8192 447 346 729 723
16384 38.7 44.0 79.7 80.5 16384 43.1 356 73.5 74.8
32768 39.7 43.0 80.0 81.7 32768 46.6 33.9 758 72.8

(e) Rotated SVHN (3 Layers) (f) Rotated GTSRB (3 Layers)

Figure 11. We report the numbers from our experiments on more layers on SVHN and GTRSB. We see that the trend of diminishing
returns holds. We also see that increasing depth often leads to an increase in forgetting.

C. Theoretical Analysis

We will first prove the main claim connecting width and continual learning Theorem 4.1 in Appendix C.1. We then extend
this analysis to noise stability in Appendix C.2.
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Figure 12. Distance from Initialization for different Dropout probabilities.
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Figure 14. Average Forgetting as Depth is increased. We see that as depth is increased, forgetting increases. However, as depth is increased
further, the accuracy goes down due to vanishing gradients. This artificially causes the forgetting to decrease.

C.1. Proof of Theorem 4.1

We formalize the proof of Theorem 4.1 given the intuition from proof sketch of from the main body. To do the analysis for
€¢,¢+1, we split the proof into three parts: (1) finding how many active rows are shared between anything two layers, (2)
finding how far these active rows can change during training, and (3) combining the two parts together using perturbation
analysis.

Lemma C.1. For any two sequential task indices t and t + 1 and layer |, the expected size of the intersection between the
sets of active rows Ay and Apy1 1 is E(J A N Aeyr]) = o®W.

Proof. Let I; be the indicator random variable of whether a row ¢ is active in both models M; and M, 1, i.e. I; if
i€ Ay Ni € Ay and O otherwise. Therefore, the expected value of the size of the intersection of the two sets A; ; and

.At/ is

E( AN A ) =E | Y T;

i€[W]

= > E[

i€[W]

Now, given that the probability that each row ¢ is in a given active set with probability «, the probability a row is randomly

in both active sets is o, i.e. E(I;) = . Given there are W total rows this yields E(|A;; N Ay |) = o*W. O
Lemma C.2. Let )\i i= M denote the ratio of the spectral norms of the weights of different row indices for

different tasks. For any task t and layer [, we have

AL [ Al = Avgri[Acdll,
At [Ari]

1-28

1 _
< >‘t,t+17W Pa™2

E

2
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Proof. Now, in expectation, the size of A, ; is oWV, i.e.

E(|A¢1

) =aW.

Only a?W of the oW active rows A will intersect A¢ 1, in expectation, from Lemma 4.2. Therefore, when training
M, 1 only o2W of the oWV rows in expectation will change from its initialization. The rest of the rows will stay unchanged
during training for task ¢ + 1. Now, Ay ;[ A 1](z) — Ayy1,1[As] is a matrix in RA1*W  Moreover, this matrix will have
a(l — a)W rows of all 0’s in expectation. For the other rows, we know from Assumption 4.3, the difference of the two
layers indexed by A;4 1 ; is bounded by

A1 [ A1) — A Al F

< ~laW]™5
TAL Al < 7leW]

By the definition of Frobenius Norm

> AL lil = A3 = A [Avia] — Av Al F
1€EA 111

< YV[aW] 2P| Ay [Area]ll3

Since the expectation of sum is the sum of expectation, we have that

El > lAwnll=Aufdls | = Y E(lAumal] - Alil).

iGAL)1,+1 ’L‘GAl71,+1
Since all rows are exchangeable under training, we have that the expected /2 norm of a row is upper bounded by
E [ Avesili] = ArelilllZ] < 2 [aW] ™27 A [Arera] 5.

Therefore, for rows in both active sets A; ;11 U A; 4, the expected ¢» norm of the difference of the rows in M, and M, is
v?[aW] =271, For notational ease, let Z = Ay ; N.A;11, denote the intersection of the active rows while O = A; ;N AY, | |
denote the active rows not in the active task. Therefore,

E[l|A¢[Ati] — Apr1a[A

1]
< E [[|[AZ] = Avp1a[Z]]l, + | AL [O] — Arg1,[O]],] (1
=E[|AL[Z] — A 1a(Z]]l,) @
< E[[|AlZ] — A1) 5]
< [ B[l Awdi] = Avealill] 3

< \/a2W 2 laW] =281 Ay [ Ap 413
_g 1=28

<AW a2 || AL [Ari] 2

= 7W7BQ%||Al,t[Al,t]

2A% 111

Here, Equation (1) comes from splitting the matrix-multiply by different rows, Equation (2) comes from seeing that all rows
in O will remain unchanged after training, and Equation (3) comes from E(v/X) < \/E(X) by Jensen’s Inequality for a
random variable X.

From here, we have that
A [A] — A1 Acil

| Aze[ A2

1-28

2 < AW Fa 2 Aft,t-&-l

E
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Lemma C.3. Say we generate a series of models My, ..., My by training sequentially on datasets D1, ..., Dy. Let
)\§7 i= M denote the ratio of the spectral norms of the weights of different row indeces for different tasks. Moreover,
let \= max AL .. For any input vector from the ith dataset x € D;, the ly norm of the difference of the outputs from

telLigerr])
models M, and My, are upper bounded by

Yo €Dy, E[|Mi(w) — My ()]2) < L25Ax (H L1|Atz|2> WP
=1

Proof. We will begin by proving the perturbation analysis The first part of this proof mainly follows from Neyshabur et al.
(2018a). We restate it here with the differing notation for clarity and completeness. We will prove the induction hypothesis
that for any = € D,

M (2) = Miesra(@)]2 < 222 (HL 1A [Arill2

i=1

| A [ Ag] — At+1l[~f4tlm2
) 2 Al

Here, M, ; and M, ; denote the models M, and M/ respectively with only the first [ layers. The base case of
induction trivially holds, given that || M, ¢(z) — M;11(x)|]2 = 0 by definition. Now, we prove the induction step.
Assume that the induction hypothesis holds for [ — 1. We will prove that it holds for [. For notational ease, denote
U= Al A] — Apra[ A, 2 = My (), and 2441 ; = Myq1 (). We have that

||35t,l - $t+1,l||2
< (Ae[Aet] +Urp) dr(@er1,0-1) — Al Aei]di(@ei—1) |2
< (A Aet] +Usy) (dr(wig10-1) — dr(rei-1)) + Uadi(zei-1) |2
< ([A[Aelll2 + 10ell2) 1du(ze41,-1) — @i(@ea—1)ll2 + 1Uell2lldr(@ea-1) |2
< Li(|Aea[Aealll2 + 10ll2) 1 2e1,0-1 — lze,0-1]l2 4
< 2L (| A [Aclll2) |zeg1,0-1 — 2ea—1ll2 + Lol Ugall2l|zei-1 ]2

-1
1 U
< 2L (| Al A 2) (1 + L) latolle (l [ LillAilAL] ||2) > A" “”2
t’L

+ Lil|Ugll2f|lzt -1l 5)
[U¢ill2
<2y (HL 1A si[Ari] ”2> > A i4t Tl [P
-1
+ Lillzeoll2|Unallz [ ] Lill AvilAvilll2
i=1

[0l
<2 (HLHA“AmIIz)Z”At ;‘t i, el

| !
[ AL [ A2 11;[1 [ Al Ari]ll2

< 2L (HL ||Atz At’b ||2> Z ||Atz Atz || ||£Ct O||2

Here, Equation (4) comes from the fact that ¢; is L;-Lipschitz smooth and that ¢;(0) = 0. Moreover, Equation (5) comes
from applying the induction hypothesis. Therefore, we have proven the induction hypothesis for all layers. We have

+ [[ze0ll2

U
Ve €Dy, [IMi() — Moo ()]s < 2% (HLIHAH Ac] ||2> ZM
=1 ) ’
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Denoting x = maxzep, ||z||2 and using Lemma 4.4

L L
_g 1=28
Vo € Dy, E[|[Me(z) — Mg ()]l2] < 2"x (H LzIAt,z[At,z]Hz) Y MW la

=1 =1

Here, we reminded the reader that ! = M denotes the ratio of the spectral norms of the weights of different
; AL

row indeces for different tasks. Moreover, for any matrix, removing rows cannot increase the matrix norm, we have that

lALll2 > ||A¢i[Atill2. Therefore, we have
L L
TT1A A < TT 1AL
=1 =1
Given A = max A i
le[L]i,j€lT] 7
- L 1-283
Vo € Dy, E[[|Me(z) — Meyi(@)]2] < L28Ax (H Lif Al 2) YW Faz
=1
O
Theorem 4.1. (Informal) Say we generate a series of models My, . .., Mr by training sequentially on datasets D1, ..., Dr
according to Section 3.3. Let )\ﬁd» = M denote the ratio of the spectral norms of the weights of different row
indices for different tasks. Moreover, let \ = max Al .. For all input vectors from the tth dataset Yz € D;, the (o

leL]ijelr]
norm of the difference of the outputs from models M, and My such that t' > t are upper bounded * by

IE{IlMt(x) - M,y(x)z} -

L
o ((t’ — ) L2" Xy <H Ll||At,l||2> 'yWBal_;ﬁ) .

=1

Here, x denotes the maximum norm of the input in Dy, i.e. x = m%xHxHQ. Here, 7y, B are data-dependent positive real
x€Dy

values.

Proof. We need only repeat the proof above but with a different perturbation to account for the number of tasks. We repeat
it for clarity. We will prove the induction hypothesis that for any x € Dy,

l l
A i[Ac] — Av [ Ac]ll2
M, (z) — My, <2 Lif|A¢i[A [Bule T
M a(2) = Mg (@)l < 2]l ([[ Al w“'?)ﬁ TA LAl

1=

Here, M, ; and My ; denote the models M, and M respectively with only the first [ layers. The base case of induction
trivially holds, given that M, o(z) — My o(x)|]2 = 0 by definition. Now, we prove the induction step. Assume
that the induction hypothesis holds for [ — 1. We will prove that it holds for /. For notational ease, denote U;; =

*We can reduce the dependence on weight norms by using noise stability properties. For more details, please see Section 4.3.
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Ay [A] — Ay A, z = My (2), and 2 ; = My ;(x). We have that

2t — 2 1ll2
< (A[Aet] +Urp) i 1) — Ai[Aci]dr(@ei-1) |2
< (A Aet] +Uey) (di(werg-1) — di(we1-1)) + Uadi(wei-1) |2
< (A [Acdllz + 1U0ll2) [[1(zei-1) = @i(@ea—1)ll2 + 1Ueall2l@e(@e-1) |2

< Li([[Aci[Acdllz + [10ll2) lee - (6)
< 2L ([[Ae[Acll2) |20 1-1 — T 1||2+Ll||UtlH llzei—1ll2
<on (Iauledl) (14 1) Jacol HL Al Au Z Bl
> l t, 0[] ]]12 T t,01][2 tz t,3]112 ||Af1
+Ll||Utl|| 20112 (7)
<2lL HL||At7,Atz||2 Z [Ueilz llz¢0l2
||A ,z -Atz |
-1
+ Lillweoll2|Uealla [ | Lill AcilArilll2
=1

1Uw
<2'Ly (HLIIAmAHIIz>ZHAt o, 7, ez

| !
[ A [ A2 E [Azi[ A2

< 2L <HL ”Atz Atz ||2> Z ||A [-At ]” ”xt 0||2

Here, Equation (6) comes from the fact that ¢; is L;-Lipschitz smooth and that ¢;(0) = 0. Moreover, Equation (7) comes
from applying the induction hypothesis. Therefore, we have proven the induction hypothesis for all layers. We have

+[[ze0ll2

U
Vo €Dy, [IMi(x) — My(a)2 < 2 jo]l2 (HLIA”AHHQ)ZH Bl

1 A A
Now,
[Oeallz _ [[Awl Al = Ava[Acilll2
[ A i[Azi]ll2 ”Atl[At il
HZt SUAGAL) - Ai+1,z[«4i+1,z]H2
[ A i[Asi]ll2
< S A AL — Al Al
- ||At,l[«4t,l}

Therefore, in expectation,

2(1

U2 ]
El—————| < AW B
{uAt?l[At,lub ("=

Denoting x = maxyep, ||z||2 and using Lemma 4.4

L
Vo e Dy, E[|M(z) — My (2)]2] < L2y (H Ll||At,l[At,l]||2> (' — )MW Ba 2"

=1
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Here, we reminded the reader that A} = M denotes the ratio of the spectral norms of the weights of different
; il[AL

row indeces for different tasks. Moreover, for any matrix, removing rows cannot increase the matrix norm, we have that
lALll2 > ||Ati[ Az ill2. Therefore, we have

H | AL [Aelll2 < H | AL |2

=1 =1

~

Given \ = max /\l
le[L],i,j€[T]

Vo€ Dy, E[[Mi(z) - My ()]2] < (¢ - )L2L)‘X<HLI||AH||2>7W

=1

O
C.2. Noise Stability
Theorem 4.8. Denote Iy = m%xHMt(x)Hg. Then, we can characterize the continual learning error between two

x€Dy
subsequently trained models as
- 1-28
E[|[M, () = My (2)]l2] S To(t' = )y AW Pa= ",
where 1 = (Hé:l ki + Ri(t — t)VS\/Jt,z) (Zé:l f*iz‘) and Kk; = Licipig g
Proof. We will prove the induction hypothesis that
M (2) — My i(7)[]2 < €[|Me(2)]]2,

where ¢; = Hi a; (Zﬁzl bi) where a; = c;p;+Li + %fﬁ“f’;’ and b; = %ﬁﬁ”ﬁ;l The base case trivially holds

given ||M; o(z) — My o(z)||2 = 0. Here, M, ; and My ; denote the models M, and M respectively with only the first [
layers. We now perform our induction.

My i(x) = My i(z)|l2 = ||(Aei[Aei] — Ue)di(zei-1) — Agi[Aeildi(zei-1)])2
<A [ Al (e 1—1) — di(xei-1)) — Ugidi(ay 1-1)]|2
<A [Aclll2ll (e 1-1) — i@ i-1)ll2 + [[Ueill2llfr(@e i-1)]l2

< LillAca[Asalllollze i-1 — zea—1ll2 + Lol|Ugpll2llze -1 |2 3)
< Lig || A [A]ll2|zei—1ll2 + (1 + 1) L[| Ugll2)|zei 1|2 9
< cLie_1||Aei[Aclll2lld(zei—1)ll2 + (1 + €-1) (10

AT i-1) ]2 + (1 +€-1) lzei—1]l2 (11)

< apealiei—r|lze g2 + (14 e—1)Lil| U gl2 || i-1]|2

Here, Equation (8) comes from the Lipschitz-Smoothness of the activation layers, Equation (9) comes from applying
our induction hypothesis from the previous layer, Equation (10) comes from applying the activation contraction from
Definition 4.7, Equation (11) comes from applying the layer cushion from Definition 4.6. We also note that the ratio outputs
of two subsequential layers is bounded as in the following.

|zei-1llz _ clldi(@ei-1)ll2

< (12)
2¢.1ll2 e.1ll2
Clie
T (13)
| A [ A i]ll2
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Here, Equation (12) come from applying the activation contraction from Definition 4.7 and Equation (13) comes from
applying the layer cushion from Definition 4.6. Therefore, we have that

< apeiLie—||zells + (1 4+ €-1) L]

(1 + e—1)Li||Uall2llzei—1]l2
(e
(14 e—1)pe 1 Li]| Uil 2c
[ AL [ A2

<capueilieg_1 +

<apeilie_1 +

. _ Lips,1]|Ugi]l2c Lipe,1]|Usill2¢1
For mathematical ease, denote a; = ¢y, Ly + A A and b, = A Al Thus, we have

a < ae-_1+0b

l -1

< H a; Z bi + b
i =1
l -1

<] (Zbi +bl>
i i=1
l l

e (z bi)
i i=1

We have thus proved our hypothesis. We will now simplify the bound. We have that

Ll,utl|Utl||ZCl}
Elag)l =E |c L+ ——
lad {“ AL A

—28

< evpa i+ Lip g (' = )YAW Fa™ (14)
< apeaLly + Licype (8 — t)yA
Here, Equation (14) comes from Theorem 4.1. Similarly, we can bound b; such that
EYy =E|—————
=2 S
< Licyug (' — ) AW Pa' =
Therefore, putting it all together yields
l l i
E[e (H CittriLi + Licipei(t' — 1) wA) <Z Lici(t' = t)yAW Pa= um)
=1 =1
<(t' - t)yj\W_ﬁ (H cipe,iLi + Ly ' —1t) fy/\ut Z) (Z L 1)
=1
‘We now have that Vz € Dy,
E | M (2) — My (2)]l2] < max|My(a) - (¢~ 7AW ~Pa (Hu L+ Lici(t' = )7, ) (Z Licup, ) -
O
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