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Abstract

Offline reinforcement learning (RL) leverages previously collected data for policy optimiza-
tion without any further active exploration. Despite the recent interest in this problem, its
theoretical results in neural network function approximation settings remain elusive. In this
paper, we study the statistical theory of offline RL with deep ReLLU network function approx-
imation. In particular, we establish the sample complexity of n = O(H 4+ag K}L+g€_2_2g)
for offline RL with deep ReLU networks, where x, is a measure of distributional shift,
H = (1—+)~!is the effective horizon length, d is the dimension of the state-action space, o
is a (possibly fractional) smoothness parameter of the underlying Markov decision process
(MDP), and € is a user-specified error. Notably, our sample complexity holds under two
novel considerations: the Besov dynamic closure and the correlated structure. While the
Besov dynamic closure subsumes the dynamic conditions for offline RL in the prior works,
the correlated structure renders the prior works of offline RL with general/neural network
function approximation improper or inefficient in long (effective) horizon problems. To the
best of our knowledge, this is the first theoretical characterization of the sample complexity
of offline RL with deep neural network function approximation under the general Besov
regularity condition that goes beyond the linearity regime in the traditional Reproducing
Hilbert kernel spaces and Neural Tangent Kernels.

1 Introduction

Offline reinforcement learning (Lange et al.,|2012;|Levine et al., [2020) is a practical paradigm of reinforcement
learning (RL) where logged experiences are abundant but a new interaction with the environment is limited or
even prohibited. The fundamental offline RL problems concern with how well previous experiences could be
used to evaluate a new target policy, known as off-policy evaluation (OPE) problem, or to learn the optimal
policy, known as off-policy learning (OPL) problem. We study these offline RL problems with infinitely
large state spaces, where the agent must rely on function approximation such as deep neural networks to
generalize across states from an offline dataset. Such problems form the core of modern RL in practical
settings (Levine et al., |2020; Kumar et al. 2020} [Singh et al., |2020; [Zhang et al., [2022).

Prior sample-efficient results in offline RL mostly focus on tabular environments with small finite state spaces
(Yin & Wang] 2020; [Yin et al.l 2021} [Yin & Wang, [2021a)), but as these methods scale with the number of
states, they are infeasible for the settings with infinitely large state spaces. While this tabular setting has been
extended to large state spaces via linear environments (Duan & Wangj, 2020; lJin et all 2020b} Xiong et al.)
2022; |Yin et al. [2022; Nguyen-Tang et al.,|2022b)), the linearity assumption often does not hold for many RL
problems in practice. Theoretical guarantees for offline RL with general and deep neural network function
approximations have also been derived, but these results are either inadequate or relatively disconnected
from the regularity structure of the underlying MDP. In particular, while the finite-sample results for offline
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RL with general function approximation (Munos & Szepesvari, 2008; [Le et al., |2019) depend on an inherent
Bellman error which could be uncontrollable in practice, the other analysis in the neural network function
approximation in |Yang et al.[(2019) relies on a data splitting technique to deal with the correlated structures
arisen in value regression for offline RL and use a relatively strong dynamic assumption. Recent works have
studied offline RL with function approximations in Reproducing Hilbert kernel spaces (RHKS) (Jin et al.
2020b) and Neural Tangent Kernels (NTK) (Nguyen-Tang et al., 2022a)). However, these function classes
also have (approximately) linear structures (in terms of the underlying features) which make their analysis
similar to the linear case. Moreover, the smoothness assumption imposed by the RKHS is often strong for
several practical cases while the NTK analysis requires a extremely wide neural net (the network width scales
with n'0 for the NTK case in [Nguyen-Tang et al.[ (2022a) versus only n?/> (Proposition in the current
work). Recent works (Xie et all |2021a; |Zhan et al., |2022; |Chen & Jiang), 2022 [Uehara & Sun, 2021) have
considered offline RL with general function approximation with weaker data coverage assumption. However,
they assumed the function class is finite and did not consider the (Besov) regularity of the underlying MDP.
Thus, to our knowledge, no prior work has dedicated to study a comprehensive and adequate analysis of the
statistical efficiency for offline RL with neural network function approximation in Besov spaces. Thus, it is
natural to ask:

Is offline RL sample-efficient with deep ReLU network function approximation beyond the (approzimate-)
linear regime imposed by RKHS and NTK?

Our contributions. In this paper, we provide a statistical theory of both OPE and OPL with neural net-
work function approximation in a broad generality that is beyond the (approximate-) linear regime imposed
by RKHS and NTK. In particular, our contributions, which are summarized in Table [I]and will be discussed
in details in Section [5} are:

o First, we achieve a generality for the guarantees of offline RL with neural network function approx-
imation via two novel considerations: (i) We introduce a new structural condition namely Besov
dynamic closure which subsumes the existing dynamic conditions for offline RL with neural network
function approximation and even includes MDPs that need not be continuous, differentiable or spa-
tially homogeneous in smoothness; (ii) We take into account the correlated structure of the value
estimate produced by a regression-based algorithm from the offline data. This correlated structure
plays a central role in the statistical efficiency of an offline algorithm; yet the prior works improperly
ignore this structure (Le et al} [2019) or avoid it using an data splitting approach (Yang et al.,|2019).

o Second, we prove that an offline RL algorithm based on fitted-Q iteration (FQI) can achieve the

sample complexity of n = @(H 448 KL+§€,2,25) where x measures the distributional shift in the
offline data, H = (1—+)~! is the effective horizon length, d is the input dimension, « is a smoothness
parameter of the underlying MDP, and ¢ is a user-specified error. Notably, our guarantee holds under
our two novel considerations above that generalize the condition in [Yang et al.| (2019) and do not
require data splitting in|Yang et al.| (2019)). Moreover, our analysis also corrects the technical mistake
in|Le et al.| (2019) that ignores the correlated structure of offline value estimate.

Problem scope. We emphasize that the present work focuses on statistical theory of offline RL with
neural network function approximation in Besov spaces where we analyze a relatively standard algorithm,
FQI. Regarding the empirical effectiveness of FQI with neural network function approximation for offline
RL, we refer the readers to the empirical study in [Voloshin et al|(2019). Finally, this work is an extension
of our workshop paper (Nguyen-Tang et al.| [2021)).

1/p
Notations. Denote |||, . = (/ |f|pdp) , and for simplicity, we write | - ||, for || - ||5,,, when p =2

and write || - ||, for || - ||p,. if & is the Lebesgue measure. Let LP(X) be the space of measurable functions
for which the p-th power of the absolute value is Lebesgue integrable, i.e. LP(X) = {f : X — R|||f|l, < oo}
Denote by || - |lo the O-norm, i.e., the number of non-zero elements, and a V b = max{a,b}. For any two
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Table 1: Comparison among existing representative works of FQI estimators for offline RL with function
approximation under a uniform data coverage assumption. Here S and A are the cardinalities of the state
and action space when they are finite, k is a measure of distribution shift (which can be defined slightly
different in different works), € is the user-specified precision, d is the dimension of the input space, « is the
smoothness parameter of the underlying MDP, and H := (1 — v)~! is the effective horizon length.

‘Work Function Regularity Tasks Sample complexity Remark
Yin & Wang| (2020 Tabular Tabular OPE 1) (k- H* €72 (SA)?) -
Duan & Wang| (2020 Linear Linear OPE 1) (H CHY 2. d) -
Le et al.| (2019 General General OPE/OPL N/A improper analysis
Yang et al.|(2019)  ReLU nets  Holder OPL O (n2+% CHO2E 2% og(H? /5)) data splitting
This work ReLU nets Besov OPE/OPL 1) (HH'% C A 5_2_25> data reuse

real-valued functions f and g, we write f(-) < g(-) if there is an absolute constant ¢ independent of the
function parameters (-) such that f(-) < c-g(-). We write f(-) < g(-) if f(:) S g(-) and g(-) < f(-). We write
f(-) = g(-) if there exists an absolute constant ¢ such that f(-) = c- g(-). We denote H := (1 —v)~! which
is the effective horizon length in the discounted MDP and is equivalent to the horizon (episode) length in
finite-horizon MDPs.

2 Related Work

Offline RL with tabular representation. The majority of the theoretical results for offline RL focus
on tabular MDP where the state space is finite and an importance sampling -related approach is possible
(Precup et al., 2000; Dudik et all 2011;|Jiang & Li, 2015; Thomas & Brunskill, 2016; [Farajtabar et al., 2018;
[Kallus & Uehara), 2019)). The main drawback of the importance sampling-based approach is that it suffers
high variance in long horizon problems. The high variance problem can be mitigated by direct methods
where we employ models to estimate the value functions or the transition kernels. We focus on direct
methods in this work. For tabular MDPs with some uniform data-visitation measure d,, > 0, a near-optimal
sample complexity bound of O(H?3d,,/e?) and O(H?d,,/e?) were obtained for time-inhomogeneous tabular
MDP and for time-homogeneous tabular MDP (Yin & Wang} 2021b} Ren et al.| 2021)),
respectively. With the single-concentrability assumption, a tight bound of O(H?SC*/e?) was achieved (Xie
let al., 2021b} Rashidinejad et al. [2021)), where H =~ 1/(1 — ~) is the episode length. [Yin & Wang (2021c
introduced intrinsic offline bound that further incorporates instance-dependent quantities. [Shi et al. @
obtained the minimax rate with model-free methods. Wang et al|(2022)) derived gap-dependent bounds for
offline RL in tabular MDPs.

Offline RL with linear function approximation. Offline RL with function approximation often follow
two algorithmic approaches: Fitted Q-iteration (FQI) (Bertsekas & Tsitsiklis, [1995; [Jong & Stone, 2007
Lagoudakis & Parr Griinewalder et all, 2012} [Munos|, 2003} [Munos & Szepesvari, 2008} [Antos et al.
2008; [Tosatto et al., 2017} [Le et all [2019)), and pessimism principle (Buckman et all,[2020), where the former
requires a uniform data coverage and the latter only needs a sufficient coverage over the target policy.
studied fitted-Q iteration algorithm in linear MDPs. Wang et al.| (2020) highlighted the
necessity of strong structural assumptions (e.g., on low distributional shift or strong dynamic condition
beyond realizability) for sample-efficient offline RL with linear function approximation suggesting that only
realizability and strong uniform data coverage are not sufficient for sample-efficient offline RL.
brought pessimism principle into offline linear MDPs. [Nguyen-Tang et al.|(2022b) derived a minimax
rate of 1/4/n for offline linear MDPs under a partial data coverage assumption and obtained the instance-
dependent rate of 1/n when the gap information is available. Xiong et al| (2022)); Yin et al. (2022) used
variance reduction and data splitting to tighten the bound of [Jin et al. (2020b)). Xie et al.| (2021a) proposed
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Bellman-consistent condition with general function approximation which improves the bound of [Jin et al.
(2020b) by a factor of v/d when realized to finite action space and linear MDPs. (Chen et al.| (2021) studied
sample complexity of FQI in linear MDPs and derive a lower bound for this setting.

Offline RL with non-linear function approximation. Beyond linearity, some works study offline RL
in general or nonparametric function approximation, either with FQI estimators (Munos & Szepesvari, |2008;
Le et al., 2019; [Duan et al., [2021ajb; Hu et al.| [2021)), pessimistic estimators (Uehara & Sun| [2021; Nguyen-
Tang et al., [2022a; |Jin et al., [2020b)), or minimax estimators (Uehara et al |2021)), where [Uehara et al.[(2021)
also realized their minimax estimators to the neural network function approximation, [Nguyen-Tang et al.
(2022a)) considered offline contextual bandits with Neural Tangent Kernels (NTK), and [Jin et al.| (2020Db])
considered the pessimistic value iteration algorithm with Reproducing Kernel Hilbert Space (RKHS) in their
extended version. Our work is different from these aforementioned works in that we analyze the fundamental
FQI estimators with neural network function approximation under the Besov regularity condition that is
much more general than RKHS and NTK. We also further emphasize that even that RKHS and NTK spaces
are non-linear function approximation, the functions in those spaces are linear in terms of an underlying
feature space, making the analysis for these spaces akin to the case of linear function approximation. [Yang
et al.|(2019)) also considered deep neural network approximation. In particular, |[Yang et al.| (2019)) focused on
analyzing deep Q-learning using a disjoint fold of offline data for each iteration. Such approach is considerably
sample-inefficient for offline RL with long (effective) horizon. In addition, they rely on a relatively restricted
smoothness assumption of the underlying MDPs that hinders their results from being widely applicable in
more general settings. Recently, other works (Xie et al.|[2021a;|Zhan et al.| 2022 |Chen & Jiang} 2022} Uehara,
& Sun, 2021)) considered offline RL with general function approximation and imposed weaker data coverage
assumption by using pessimistic algorithms. Their algorithms are more involved than FQI but did not study
the effect of the regularity of the underlying MDP on the sample complexity of offline RL. They also assume
that the function class is finite which is not applicable to neural network function approximation. Since the
first version of our paper appeared online, there have been several other works establishing sample complexity
of reinforcement learning in Besov spaces for various problem settings, including e-greedy exploration for
online setting with Markovian data (Liu et al.| [2022)) and off-policy evaluation on low-dimensional manifolds
(Ji et al., 2022)).

3 Preliminaries

We consider a discounted Markov decision process (MDP) with possibly infinitely large state space S,
continuous action space A, initial state distribution p € P(S), transition operator P : S x A — P(S), reward
distribution R : S x A — P([0,1]), and a discount factor v € [0,1). For notational simplicity, we assume
that X :=S x A C [0,1]%.

A policy 7 : § — P(A) induces a distribution over the action space conditioned on states. The @Q-value
function for policy 7 at state-action pair (s,a), denoted by Q™ (s, a) € [0,1], is the expected discounted total
reward the policy collects if it initially starts in the state-action pair, i.e.,

oo

Q"(s,a) :=Eq | Y 4'relso = s,a0 = a| ,
t=0

where 7, ~ R(sy,ai),ar ~ 7(-|st), and s, ~ P(:|st—1,at—1). The value of policy = is V™ =
Esnpamn(-|s) [Q7(s,a)], and the optimal value is V* = max, V"™ where the maximization is taken over
all stationary policies. Alternatively, the optimal value V* can be obtained via the optimal @Q-function
Q* = max, Q" as V* = E,., [max, Q*(s,a)]. Denote by T™ and T™ the Bellman operator and the optimal-
ity Bellman operator, respectively, i.e., for any f: S x A — R

[Tﬂ—f](& a) = ErwR(s,a) [7"] + ’YES’NP(-|s,a),a’~7r(-|s’) [f(8/7 a/)]
[T*f](s7 a) = ]ETNR(S,G) [T] + ’V]ES’NPHS,(I) rn;}xf(sl7 a/) )

we have T7Q™ = Q™ and T*Q* = Q*.
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Offline regime. We consider the offline RL setting where a learner cannot explore the environment but
has access to a fixed logged data D = {(s;, a;, s}, ;) }1, collected a priori by certain behaviour policy 7.
For simplicity, we assume that {s;}? ; are independent and 7 is stationary. Equivalently, {(s;,a;)}? , are

i.i.d. samples from the normalized discounted stationary distribution over state-actions with respect to
. ii.d.

7, 1.€., (Siaai) ~ ,U(,) = (1 - ,7) Z;t)io ’ytﬂp(st = et = |p7 77) where S{L ~ P("Siva‘i) and Qg ~ 77(|31)

This assumption is relatively standard in the offline RL setting (Munos & Szepesvari| [2008; |Chen & Jiang),

2019a; [Yang et al.l [2019). The goals of Off-Policy Evaluation (OPE) and Off-Policy Learning (OPL) are to

estimate V™ and V*, respectively from D. The performance of OPE and OPL estimates are measured via

sub-optimality gaps defined as follows.

For OPE Task. Given a fixed target policy m, for any value estimate V computed from the offline data
D, the sub-optimality of OPE is defined as

SubOpt(V;7) = |[V™ — V.

For OPL Task. For any estimate 7 of the optimal policy «* that is learned from the offline data D, we
define the sup-optimality of OPL as

SubOpt(#) 1= Ey, [V*(s) — V7 (s)].

3.1 Deep ReLU Networks as Function Approximation

In practice, the state space is often very large and complex, and thus function approximation is required
to ensure generalization across different states. Deep neural networks with the ReLU activation offer a rich
class of parameterized functions with differentiable parameters. Deep ReLU networks are state-of-the-art in
many applications, e.g., Krizhevsky et al.|(2012); |[Mnih et al| (2015), including offline RL with deep ReLLU
networks that can yield superior empirical performance (Voloshin et all 2019)). In this section, we describe
the architecture of deep ReLLU networks and the associated function space which we use throughout this
paper. Specifically, a L-height, m-width ReLU network on R? takes the form of

fng(f) =wg (W(Lfl)a ( ..o (W(l)a(gj) + b(l)) . > + b(Lfl)) +bE),

where W) ¢ R pL) ¢ R WM e Rm*d p() ¢ R, Wl e Rmxm p) ¢ R™ V1 < | < L, § =
{WW 1} <11, and o(z) = max{z,0} is the (element-wise) ReLU activation. We define ®(L,m, S, B) as
the space of L-height, m-width ReLU functions fGL " (x) with sparsity constraint S, and norm constraint
B, ie., ZZL:1(HW(Z)||O +6D)0) < Symaxi<j<r, [WW | V||| < B. Finally, for some L,m € N and
S, B € (0,00), we define the unit ball of ReLU network function space Fyn as

Fnn(L,m, S, B) = {f € ®(L,m,S,B) : ||flloc < 1}.

In nonparametric regressions, |Suzukil (2018]) showed that deep ReLU networks outperform any non-adaptive
linear estimator due to their higher adaptivity to spatial inhomogeneity.

3.2 Besov spaces

Our new dynamic condition relies on the regularity of Besov spaces. There are several ways to characterize
the smoothness in Besov spaces. Here, we pursue a characterization via multivariate moduli of smoothness
as it is more intuitive, following |Giné & Nickl (2016)).

Definition 3.1 (Multivariate moduli of smoothness). For anyt > 0 and r € N, the r-th multivariate modulus
of smoothness of any function f € LP(X),p € [1,00] is defined as

WP (f) = sup ALy,
0<|nl<t
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where A} (f) is the r-th order translation-difference operator defined as

T

8100 =3 () ) tse s kem.

k=0

Remark 3.1. The quantity A (f) captures the local oscillation of f which is not necessarily differentiable.
In the case the r-th order weak derivative D" f exists and is locally integrable, we have

AL (=)
lim =222 — pr
h—0  ||h||”

f(x).
It also follows from Minkowski’s inequality that

W, (f) < ||ID"f|l, and M

t,
< 2L < (D)),

Definition 3.2 (Besov space By (X)). For 1 < p,q < oo and a > 0, we define the norm || - | ps  of the
Besov space By ((X) as || flBs, = Ifllp + [flBs, where

1/a
/ wmﬂ(f) q o 1<g< oo
flag, = e\ o)) TR

wim ()
t(l

is the Besov seminorm. Then, By, :={f € LP(X) : | f||pa, < oo}

SuP¢>o ) q = o0,

Intuitively, the Besov seminorm | f Bg, roughly describes the L?-norm of the {P-norm of the a-order smooth-
ness of f. Besov spaces are considerably general that subsume Holder spaces and Sobolev spaces as
well as functions with spatially inhomogeneous smoothness (Triebel, 1983} [Sawanol [2018; |Suzukil, [2018;
Cohenl [2009; [Nickl & Potscher, [2007). In particular, the Besov space By, reduces into the Holder
space C“ when p = ¢ = o and « is positive and non-integer while it reduces into the Sobolev space
Ws* when p = ¢ = 2 and « is a positive integer. We further consider the unit ball of By (X) as

Bg‘,q(.}() ={g € By, l9llzs, <1and [|gfloc <1}. When the context is clear, we drop & from Bg,q(X).

4 Fitted Q-lteration for Offline Reinforcement Learning

Algorithm 1 Fitted Q-Iteration with Neural Network Function Approximation

1: Input: Offline data D = {(s;, a;, s, 7:) }7—;, number of iterations K, function family Fnn, target policy
7 (for OPE Task only)

2: Initialize Q¢ € Fnn
3: fork=1,...,K do
4: Compute the estimated state-action value Qj as
2
Qr e argmingcr 2 S0 (f(s6,0) = i = 1Barn iy [Q-1(s@)] ) if OPE Task
Qk < argminge r % St (f(sivai) — i — ymaxgea Qr—1(s}, a))? if OPL Task
5: end for

=2}

: Output: Return the following estimates

Vi QK |lp= == \/Ep<s>ﬂ<a|s> [Qx(s,a)?] if OPE Task
7wk (-|s) < argmax, Qx(als) it OPL Task
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In this work, we study a variant of fitted Q-iteration (FQI) algorithm for offline RL, presented in Algorithm
This algorithm is appealingly simple as it iteratively constructs @-estimate from the offline data and the
previous @Q-estimate, as in Algorithm This FQI-style algorithm has been largely studied for offline RL,
such as [Munos & Szepesvari (2008); (Chen & Jiang| (2019a); |Duan et al. (2021a) to name a few; yet there
has been no work studying this algorithm in offline RL with neural network function approximation except
Yang et al.| (2019). However, [Yang et al. (2019) use data splitting and rely on a more limited dynamic
condition than ours. Thus, the notable difference in Algorithm [I}is the use of neural network to approximate
Q-functions and we estimate each @ using the entire offline data set, instead of splitting the data into
disjoint sets as in [Yang et al. (2019)). In particular, Yang et al.| (2019) split the offline data into K disjoint
sets, resulting in the sample complexity linearly scaled with K, which is highly inefficient in long (effective)
horizon problems where the effective horizon length H = 1/(1 — «) is large.

As we do not split the data into disjoint sets, a correlated structure is induced. Specifically, at each iteration
k in Algorithm |1} Qx_1 also depends on (s;, a;) which makes E [r; + v max, Qr—1(s;, a)] # [T*Qr-1](si, a;)
in OPL Task (and E [ri + YEamn(|sh) [Qk_l(s;,a)]} # [T™Qk-1](ss,a;) in OPE Task, respectively). This
correlated structure hinders a direct use of the standard concentration inequalities such as Bernstein’s in-

equality that require a sequence of random variables to adapt to certain filtration. We overcome this technical
difficulty using uniform convergence argument.

In our analysis, we assume access to the minimizer of the optimization in Algorithm [I] In practice, we can
use (stochastic) gradient descent to effectively solve this optimization with Lo regularization (Louizos et al.
2017). If the Ly constraint is relaxed in practice, (stochastic) gradient descent is guaranteed to converge to
a global minimum under certain structural assumptions (Du et al. 2019aib; |Allen-Zhu et al., 2019; Nguyen,
2021).

5 Main Result

To obtain a non-trivial guarantee, certain assumptions on the distribution shift and the MDP regularity are
necessary. We introduce the assumptions about the data generation in Assumption and the regularity of
the underlying MDP [5.2

Assumption 5.1 (Uniform concentrability coefficient (Munos & Szepesvari, |2008)). 3k, < oo such that
d

H & < Ky for any admissible distribution v.
dp

The finite x, in Assumption asserts that the sampling distribution p is not too far away from any
admissible distribution, which holds for a reasonably large class of MDPs, e.g., for any finite MDP, any
MDP with bounded transition kernel density, and equivalently any MDP whose top-Lyapunov exponent is
negative. We present a simple (though stronger than necessary) example for which Assumption holds.

oo

Example 5.1. If there exist absolute constants cy1,ca > 0 such that for any s,s’ € S, there exists an action
a € A such that P(s'|s,a) > 1/c1 and n(als) > 1/c2,Vs, a, then we can choose K, = cics.

Chen & Jiang| (2019a)) further provided natural problems with rich observations generated from hidden states
that has a low concentrability coefficient. These suggest that low concentrability coefficients can be found
in fairly many interesting problems in practice.

We now state the assumption about the regularity of the underlying MDP.

Assumption 5.2 (Besov dynamic closure). Consider some fized p,q € [1,00] and o > m.

o For OPE Task: For a target policy m, and for some (L,m,S,B) € Nx N x N x Ry (which will be
specified later) we assume that: Vf € Fxn(L,m, S, B) = T"f € By .

o For OPL Task: For some (L,m,S,B) € Nx N x N xRy (which will be specified later) we assume
that: Vf € Fxn(L,m, S,B) = T*f € By ,.

1y is said to be admissible if there exist ¢ > 0 and policy 7 such that v(s,a) = P(s; = s,at = als1 ~ p, 7), Vs, a.
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Assumption signifies that for OPL task (for OPE task with target policy 7, respectively) the Bellman
operator T* (T™, respectively) applied on any ReLU network function in Fxn(L,m, S, B) results in a new
function that sits in Bqu(X ). The smoothness constraint o > m is necessary to guarantee the compact-
ness and the finite (local) Rademacher complexity of the Besov space, and « — d/p is called the differential
dimension of the Besov space. Note that when p < 2 (thus the condition above becomes « > d/p), a func-
tion in the corresponding Besov space contains both spiky parts and smooth parts, i.e., the Besov space has

inhomogeneous smoothness (Suzuki, [2018)).

Our Besov dynamic closure is sufficiently general that subsumes almost all the previous completeness
assumptions in the literature. For example, a simple (yet considerably stronger than necessary) suffi-
cient condition for Assumption is that the expected reward function 7(s,a) and the transition density
P(s'|s,a) for each fixed s’ are functions in Bﬁq, regardless of any input function f and any target policy
. E| Such a condition on the transition dynamic is common in the RL literature; for example, linear
MDPs (Jin et al., |2020al) posit a linear structure on the expected reward and the transition density as
r(s,a) = (¢(s,a),0) and P(s'|s,a) = (¢(s,a), \(s')) for some feature map ¢ : X — R9% and signed mea-
sures A(s') = (A(s)1,...,A(s')a,)- To make it even more concrete, we present the following examples for
Assumption [5.2]

Example 5.2 (Reproducing kernel Hilbert space (RKHS)). Define ki the Matérn kernel with smoothness
parameter h > 0 and length scale | > 0. If both r(-) and gy (-) := P(s'|") at any s’ € S are functions in the
RKHS of Matérn kernel ky; where h =a —d/2 >0 and ! > 0, then Assumptz'on holds for p = q = 2. E|
Moreover, this particular case is equivalent to the dynamic condition considered in|Yang et al.| (2019).

Example 5.3 (Reduction to linear MDPs). Linear MDPs (Jin et all 2020d) correspond to Assumption
with o = 1 and p = q on a p-norm bounded domain. H

Note that Assumption [5.2]even allows the expected rewards r(-) and the transition densities gy (-) :== P(s'|-)

to contain both spiky parts and smooth parts, i.e., inhomogeneous smoothness, as long as p < 2 (thus the

constraint condition becomes o > d/p).

We are now ready to present our main result.

Theorem 5.1. Under Assumption and Assumption for some (L,m,S, B) satisfying , for any
d

€>0,0 € (0,1], K >0, if n satisfies that n 2, (5%)1+“ log® n + 6%(log(l/é) +loglogn), then with probability

at least 1 — 6, the sup-optimality of Algorithm[1] is

/T:ll« ,YK/Z
c) < PE
SubOpt(Vk; ) < 1_764— A=)i? for OPE,

2v/Fn o1+ /2
)2 T T

In addition, the optimal deep ReLU network ®(L,m,S, B) that obtains such sample complexity (for both
OPE and OPL) satisfies

SubOpt(rg) < for OPL.

L=logN,m= NlogN,S = N, and B < N'/4+2/(e=) (1)

1/24 (2442 /(a(ata)) !
where N < n T+2a7d and v:=d(p~' — (1 + |a])71),.

As the complete form of Theorem is quite involved, we interpret and disentangle this result to understand
FQI algorithms with neural network function approximation for offline RL tasks. The sub-optimality in both

2This sufficient condition imposes the smoothness constraint solely on the underlying MDP regardless of the input function
f. Thus, the “max” over the input function f(s,a) does not affect the smoothness of the resulting function after f is passed
through the Bellman operator. This holds regardless of whether f is in the Besov space.

3This is due to the norm-equivalence between the above RKHS and the Sobolev space Ws(X) (Kanagawa et al.,[2018]) and
the degeneration from Besov spaces to Sobolev spaces as BS'»(X) = Wg'(X).

4However, linear MDPs do not require the smoothness constraint o > to ensure a finite Rademacher complexity of

d
min{p,2}
linear models. Of course, our analysis addresses significantly more complex and general settings than linear MDPs which we

believe is more important than recovering this particular condition of linear MDPs.
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OPE and OPL consists of the statistical error (the first term) and the algorithmic error (the second term).
While the algorithmic error enjoys the fast linear convergence to 0 as K gets large, the statistical error
reflects the fundamental difficulty of our problems. To make it more interpretable, we present a simplified
version of Theorem [5.1] where we state the sample complexity required to obtain a sub-optimality within e.

Proposition 5.1 (Simplified version of Theorem [5.1). For any K 2 Hlog(1/¢), the sample complexity of

~ 4 - d
Algom'thmfor OPE Task and OPL Task is n = O(H2+2& fi},+ae_2_2%) and n = O(HH4& ﬁ}t+“e_2_2g),
respectively. Moreover, the optimal deep ReLU network ®(L, m, S, B) for both OPE and OPL Tasks that

i
n2/5

a)-

To discuss our result, we compare it with other existing works in Table [T} As the literature of offline RL is
vast, we only compare with representative works of FQI estimators for offline RL with function approximation
under a uniform data coverage assumption, as they are directly relevant to our work that uses FQI estimators
with neural network function approximation under uniform data coverage. Here, our sample complexity does
not scale with the number of states as in tabular MDPs (Yin & Wang] [2020; [Yin et al.l 2021} [Yin & Wang,
2021a)) or the inherent Bellman error as in the general function approximation (Munos & Szepesvari, [2008;
Le et al| 2019; Duan et all 2021a)). Instead, it explicitly scales with the (possible fractional) smoothness
a of the underlying MDP, the dimension d of the input space, the distributional shift measure x, and the
effective episode length H = (1 —+)~!. Importantly, this guarantee is established under the Besov dynamic
closure that subsumes the dynamic conditions of the prior results. Compared to |Yang et al. (2019), our
sample complexity has a strong advantage in long (effective) horizon problems where H > —39— log(1/¢) Fl

obtains such sample complexity is L = O(logn),m = O(n*/>logn), S = O(n*/?), and log B = O(

a—2d
and improves it by a factor of H'=24/®¢=4/1og(H?/€?). Tt also suggests that the data splitting in [Yang
et al| (2019) should be preferred for short (effective) horizon problems. Though our bound has a tighter
dependence on H in the long horizon setting, the dependence on € in our bound is compromised and does
not match the minimax rate in the regression setting. We leave as future direction to construct the lower
bound for the data-reuse setting of offline RL.

On the role of deep ReLU networks in offline RL. We make several remarks about the role of deep
networks in offline RL. The role of deep ReLLU networks in offline RL is to guarantee a maximal adaptivity
to the (spatial) regularity of the functions in Besov space and obtain an optimal approximation error rate
that otherwise were not possible with other function approximation such as kernel methods (Suzukil 2018)).
Moreover, by the equivalence in the functions that a neural architecture can compute (Yarotskyl 2017),
Theorem also readily holds for any other continuous piece-wise linear activation functions with finitely
many line segments M where the optimal network architecture only increases the number of units and weights
by constant factors depending only on M. Moreover, we observe that the optimal ReLLU network is relatively
“thinner” than overparameterized neural networks that have been recently studied in the literature (Arora
et al., 2019; |Allen-Zhu et all|2019; [Hanin & Nicaj, 2019; [Cao & Gul [2019; Belkin), [2021)) where the width m
is a high-order polynomial of n. As overparameterization is a key feature for such overparameterized neural
networks to obtain a good generalization, it is natural to ask why a thinner neural network in Theorem
also guarantees a strong generalization for offline RL? Intuitively, the optimal ReLLU network in Theorem
[b.1] is regularized by a strong sparsity which resonates with our practical wisdom that a sparsity-based
regularization prevents over-fitting and achieve a better generalization. Indeed, as the total number of
parameters in the considered neural network is p = md +m +m?(L — 2) = O(N?log® N) while the number
of non-zeros parameters S only scales with N, the optimal ReLU network in Theorem [5.1]is relatively sparse.

6 Technical Review

In this section, we highlight the key technical challenges in our analysis. In summary, two key technical
challenges in our analysis are rooted in the consideration of the correlated structure in value regression
in Algorithm [1} and the use of deep neural network as function approximation (and their combination).
To address these challenges, we devise the so-called double uniform convergence argument and leverage a

5This condition is often easily satisfied as in practice we commonly set v = 0.99 and e = 0.001, thus we have H = 100 and
log(1/e) = 3.
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localization argument via sub-root functions for local Rademacher complexities. In what follows, we briefly
discuss these technical challenges and our analysis approach.

The analysis and technical proofs of [Yang et al. (2019); [Le et al.| (2019) heavily rely on the equation
E {ri +YEa/mr(|s) [Qk,l(s;,a)]} = [T*Qr-1](s;i,a;) to leverage the standard nonparametric regression
techniques (in a supervised learning setting). However, the correlated structure in Algorithm [1| implies
E [m +VEar (1)) [Qr—1(st, a)]} # [T*Qr—1](s:,a;) as Qr—_1 also depends on (s;,a;). Thus, the techniques

in these prior works could not be used here and we require a new analysis. It is worth noting that |Le
et al| (2019) also re-use the data as in Algorithm [I| (instead of data splitting as in [Yang et al.| (2019)) but
mistakenly assume that E [ri + Vo mn( 15 [Qk,l(sg,a)]] = [T*Qk-1](ss,a;). To deal with the correlated
structure, we devise a double uniform convergence argument. The double uniform convergence argument is
appealingly intuitive: while in a standard regression problem, the (single) uniform convergence argument
seeks the generalization guarantee uniformly over an entire hypothesis space of a data-dependent empirical
risk minimizer, in the value regression problem of Algorithm [} we additionally guarantee generalization
uniformly over the hypothesis space of the data-dependent regression target T*Qr_,. To make it concrete,
we highlight a key equality in our proof where the double uniform convergence argument is used:

max |Qrr1 — T*Qul> = sup (E—E,)(lio —l,0)+ sup E,(l,o —1,0),
A || +1 ||p. Qe}'NN( )( fe FS ) OcFax (fL FS )

I ,empirical process term I5,bias term

where f¢(z) = E[r + ymax, Q(s',d')|z], and f¥ := arginf ez I f — 12
2

2., and lff = (ff(xl) —7r; —

ymax, Q(s],a’))? and lyq = (f@(z1) — r1 — ymaxy Q(s},a’))? are random variables with respect to the
randomness of (x1,s],71). We have learned that a similar general idea of the double uniform convergence
argument has been leveraged in |Chen & Jiang| (2019b) for general function classes. We remark they use
finite function classes, and in our case, the double uniform convergence argument is particularly helpful in
dealing with local Rademacher complexities under a data-dependent structure as local Rademacher complex-
ities already involve the supremum operator which can be naturally incorporated with the double uniform

convergence argument.

The double uniform convergence argument also requires a different technique to control an empirical process
term [; as it now requires a uniform convergence over the regression target. We leverage local Rademacher
complexities to derive a bound on I7:

sup{(E —E)(ljo —1;0) : Q € Frw, | /9 = F2II < 7}

N 2rlog(1/4 281og(1/d
SGERn{f—93f€}-NN,g€T-7'—NN7||f—9||;2L§7"}+2 i(/)+ g(/)

3n

where R, is the local Rademacher complexity (Bartlett et al., [2005). An explicit bound is then derived via
a localization argument and the fixed point of a sub-root function.

The use of neural networks pose a new challenge mainly in bounding the bias term I5. We derive this bound
using the adaptivity of deep ReLLU network to the regularity in Besov spaces, leveraging our Besov dynamic
condition in Assumption [5.2] Bounding the bias term also requires the use of a concentration inequality.
While [Le et al.| (2019) use Bernstein’s inequality, our bias term I5 requires a uniform convergence version of
Bernstein’s inequality as Is requires a guarantee uniformly over Fnn. We omit a detailed proof for Theorem

B to Section [Al

7 Conclusion and Discussion

We presented the sample complexity of FQI estimators for offline RL with deep ReLU network function

approximation under a uniform data coverage assumption. We proved that the FQI-type algorithm achieved
- Fl

the sample complexity of n = O(H 4+ KJ}LJFQ 6_2_2%) under a correlated structure and a general dynamic

condition namely the Besov dynamic closure. In addition, we corrected the mistake in ignoring the correlated
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structure when reusing data with FQI estimators in [Le et al| (2019)), avoided the possibly inefficient data
splitting technique in[Yang et al.| (2019) for long (effective) horizon problems, and proposed a general dynamic
condition that subsumes all the previous Bellmen completeness assumptions. In the following, we discuss
future directions.

Relaxing the assumption about uniform data coverage. For a future work, we can include the
pessimistic approach in |Jin et al.| (2020b); Rashidinejad et al.| (2021)); Uehara & Sun| (2021)); Nguyen-Tang
et al.| (2022a) to the current work with a more involved analysis of uncertainty quantifiers under non-linear
function approximation to relax the strictness of the uniform data coverage assumption.

Relaxing the assumption about optimization oracle. The present work assumes access to the op-
timization oracle when fitting a neural network to the offline data. It is desirable to understand how
optimization and generalization of a trained neural network can contribute to offline RL with neural func-
tion approximation. A promising approach to obtain a tight trajectory-dependent sub-optimality bound of
offline RL with neural function approximation is to characterize the SGD-based optimization via a stochastic

differential equation by allowing the stochastic noises to follow the fractional Brownian motion [Tan et al.
(2022); [Tong et al.| (2022).
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A Appendix

A Proof of Theorem h.1]

We now provide a complete proof of Theorem [5.I] The proof has four main components: a sub-optimality
decomposition for error propagation across iterations, a Bellman error decomposition using a uniform con-
vergence argument, a deviation analysis for least squares with deep ReL U networks using local Rademacher
complexities and a localization argument, and a upper bound minimization step to obtain an optimal deep
ReLU architecture.
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Step 1: A sub-optimality decomposition

The first step of the proof is a sub-optimality decomposition, stated in Lemma [A7T] that applies generally
to any least-squares Q-iteration methods.

Lemma A.1 (A sub-optimality decomposition). Under Assumption the sub-optimality of Vi returned
by Algorithm[1) is bounded as

K/2
— 1Qi+1 — T"Qully + =~ —55  for OPE
1 k+1 — kil — 172 or 5
SubOpt (Vi) < 3 ;KKK 1 (1 47@”/{/2
Y/ K *
=) o R 1@k = Tl =g for OPL.

The lemma states that the sub-optimality decomposes into a statistical error (the first term) and an algo-
rithmic error (the second term). While the algorithmic error enjoys the fast linear convergence rate, the
statistical error arises from the distributional shift in the offline data and the estimation error of the target
Q-value functions due to finite data. Crucially, the contraction of the (optimality) Bellman operators T and
T* allows the sup-optimality error at the final iteration K to propagate across all iterations k € [0, K — 1].
Note that this result is agnostic to any function approximation form and does not require Assumption
The result uses a relatively standard argument that appears in a number of works on offline RL (Munos &
Szepesvaril, 2008; |Le et al., [2019).

Proof of Lemma[A-1l We will prove the sup-optimality decomposition for both settings: OPE and OPL.

(i) For OPE. We denote the right-linear operator by P™-: {X¥ — R} — {X — R} where
(P™f)(s,a) ::/ f(s',a")yn(da’|s")P(ds|s,a),
X

for any f € {X¥ — R}. Denote Denote p™(dsda) = p(ds)w(dals). Let e := Q41 — T7Qk,Vk € [0, K — 1]
and ex = Qo — Q7. Since QT is the (unique) fixed point of T™, we have

Qr—Q"=T"Qp-1 —T"Q" + €1 =YP"(Qr-1 — Q") + €x_1.
By recursion, we have

K A+ K
Qx — Q" =Y (vP")rex = Z ok Aker

k=0

where oy, := (11_17121]; ,Vk € [K] and Ay, := (P™)k,Vk € [K]. Note that ZkK:O o =1 and Ag’s are probability
kernels. Denoting by |f| the point-wise absolute value |f(s,a)|, we have that the following inequality holds
point-wise:

K1K

|Qx — Q7| < Z%Ak\éﬂ
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We have

2
_ K412
1@k — Q7. < L2 / p(ds)r(dals) akAk|ek|<s,a>>

(1—7)?

a _ ~AK+1N2
4 W | plasywtaals

®) (1 —’YK+1)2 2
<A (ds)m(dals) Y apArer(s,a)
(1-1)2 /p ,; RO

© (1 77K+1)2 K-1
< W / m(dals) ZakAkek s,a) + ak

k=0

(d) (1 — ~K+1)2 K-1 ,
< ((117)2) (/ w(ds,da) Z agkyei(s,a) + aK)

k=0

K+1 K-1
— (1(117)) (Z apkpllexl? +0‘K>

k=0

el
Il

Tﬂ?

0

M=

arAiei(s,a)

el
I
o

K
K gl
< _
= 1= )% o<kik 1 leelli + 1—7)

The inequalities (a) and (b) follow from Jensen’s inequality, (c¢) follows from ||Qo|loo, [|@" |lec < 1, and (d)
follows from Assumption that p™ Ay, = p™(P™)* < k,u. Thus we have

SubOpt(V;m) = [V — V7|

Epx[Qk (s, )] - Ep[Q7 (s, a)]
<Epx [|Qk(s,a) = Q"(s,a)|]

< VB [(Qu(5.0) = Q7(5,0))
=@k — Q7[|p~

N R/

1 -y o<kek— 1||€k”“ (1—5)1/2°

IN

(ii) For OPL. The sup-optimality for the OPL setting is more complex than the OPE setting but the tech-
nical steps are relatively similar. In particular, let e_1 = T*Qr—1 —Qk, Vk and 7*(s) = arg max, Q*(s,a), Vs,
we have

Q —Qk =T Q" —T" Qr 1+ T" Qr_1— T Qr 1 +€x_1

<0

IN

(Q —Qr-1)+€x—1

IA

P

K-

Z YRRl £ AK(PTYR(Q* — Qo) (by recursion). (2)
k=0

Now, let 73, be the greedy policy w.r.t. Qk, we have
Q" —Qx= T Q" ~T™'Qu_1+T™ ' Qr_1 —T"Qx_1 +ex_1
——
>STK-1Q* >0
> P (QF — Qr—1) + €1

-1
> ARk (prr—s PR g 4 K (PTESL P (QF — Qo). (3)

k=0

=
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Now, we turn to decompose Q* — Q™% as

Q* o QTK‘K — (TTr*Q* . Tw* QK) + (Tﬂ'*QK o TWKQK) +(T7TKQK _ TTFKQﬂ'K)

<0

<AP™(Q* — Q) +YP™ (Qx — Q" + Q" — Q™).

Thus, we have
(I = yP™)(Q" = Q™) < 4(P™ — P™)(Q" - Qk).
Note that the operator (I —yP™)~! =3 (yP™*)* is monotone, thus
Q" = Q™ < AT —4P™) I PT(Q = Q) = y(I = yP™) I PT(Q — Q). (4)
Combining Equation with Equations and , we have

Q' = QM < (I—yP™)” (Z PR PT)R K“(P’TUK*%Q*—QO)) -

(I —~yP™)~ (Z ARTR(PTE PR e, 4 AR (PTICLLPTO)(QF - Q0)> :
Using the triangle inequality, the above inequality becomes

_ A K+1y (K1
@ Q< M (Z o Agler] + axc Akl Q" - Qol) ,
k=0

where

2

1—
AK: 27( PTFK —1

1
Ap = — (1 — yP7x) 1(P7f yE—k 4 prc .P’rk+1),Vk<K,
YEHL P”K...P”O),
Y

ap =K~ k= 1(1 v)/(1— K+1) Vk < K,

ag =7"(1=7)/(1 =+,

Note that Ay, is a probability kernel for all k£ and >, oy, = 1. Thus, similar to the steps in the OPE setting,
for any policy 7, we have

Iv(1 — ~E+1YT 2 K-1
([ —QWKH,%W < Cal o i (/ 7(dals) Z apArer(s,a) + ag
-/ k=0
Iv(] — K+ 12 K-1
”((1_”)2) ( / p(ds, da) > ayrued (s, a) + ax
L 0 i P

_ 12 /K-1
29(1 — "
= Ao Zakﬁﬂ|‘€k”i+0[K

k=0

N

IN

i el + 2
— € —_—.
(19" o<hei—11k (I—7)3

Thus, we have

27 3 Q,YK/2+1
Ky |Q* — Q7% || ,r < V1 —_—
SUbOpt(ﬂ- ) ”Q Q ||p = (1 _ 'Y) O<£n<a1)(( 1 ”ekH/l + (1 — 7)3/2'
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Step 2: A Bellman error decomposition

The next step of the proof is to decompose the Bellman errors ||Qg+1 =17 Q|| for OPE and ||Qr41—T*Qkl|
for OPL. Since these errors can be decomposed and bounded similarly, we only focus on OPL here.

The difficulty in controlling the estimation error ||Qr+1 — T*Qkll2,, is that Qy itself is a random variable
that depends on the offline data D. In particular, at any fixed k with Bellman targets {y;}7; where
y; = ri+ymaxy Qr(sh, a’), it is not immediate that E [T*Qg](x;) — y:|z:] = 0 for each covariate ; := (s;, a;)
as Qy, itself depends on z; (thus the tower law cannot apply here). A naive and simple approach to break
such data dependency of Q) is to split the original data D into K disjoint subsets and estimate each @y
using a separate subset. This naive approach is equivalent to the setting in [Yang et al. (2019) where
a fresh batch of data is generated for different iterations. This approach is however not efficient as it
uses only n/K samples to estimate each Q. This is problematic in high-dimensional offline RL when the
number of iterations K can be very large as it is often the case in practical settings. We instead prefer to
use all n samples to estimate each Q. This requires a different approach to handle the complicated data
dependency of each Q. To circumvent this issue, we leverage a uniform convergence argument by introducing
a deterministic covering of T* Fyn. Each element of the deterministic covering induces a different regression
target {r; + vy max, Q(sg, a’)}_, where Q is a deterministic function from the covering which ensures that
E [r; +vmax, Q(s, a’) — [T*Q)(z:)|z;] = 0. In particular, we denote

lek =7 +ymax Qx(s;,a’), Vi and fO := Qpy1 = arg ianl(f(xi),yiQk), and f@% = T*Q,
@ feFNN

where [(z,y) = (z — y)? is the squared loss function. Note that for any deterministic Q € Fxn, we have
ff?(xl) = E[y?|x1],V$1, thus

Ely —i0) = I — £2I2, Y, (5)

where [y denotes the random variable (f(x1) fy({?)z for a given fixed . Now letting fj“? =arginfrer I f—

f*QHQ’H be the projection of f*Q onto the function class Fnn, we have

. 5 @ 5 ()
max [|Qry1 — T Qxl; = mgXIIka — [N < swp [If9 - fRE = sup E(lpe —Ise)

QEFNN QeFnN "

© E(lzo —10) +En(l,e —;0)
=~ sup { fQ — Q@ n\lrQ — L2 }

oo Blie ~ iy 12 e
= sup {]E—En lio — 1.0 +Ele—lQ}

0 {(B=Eu)lljo ~ o) + Bullze ~1j0)
< sup (E—E)(jo—La)+ sup Eulle — L), (6)

QEFNN 1e f QEFNN fi ¥

I1,empirical process term I>,bias term

where (a) follows from that Qi € Fun, (b) follows from Equation , and (c) follows from that E,[l;o] <
Enllfe],Vf,Q € Fyn. That is, the error is decomposed into two terms: the first term I; resembles the
empirical process in statistical learning theory and the second term I specifies the bias caused by the
regression target f*Q not being in the function space Fyn-.

Step 3: A deviation analysis

The next step is to bound the empirical process term and the bias term via an intricate concentration,
local Rademacher complexities and a localization argument. First, the bias term in Equation @ is taken
uniformly over the function space, thus standard concentration arguments such as Bernstein’s inequality
and Pollard’s inequality used in [Munos & Szepesvari| (2008); [Le et al.| (2019) do not apply here. Second,
local Rademacher complexities (Bartlett et al 2005) are data-dependent complexity measures that exploit
the fact that only a small subset of the function class will be used. Leveraging a localization argument for
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local Rademacher complexities (Farrell et al., |2018), we localize an empirical Rademacher ball into smaller
balls by which we can handle their complexities more effectively. Moreover, we explicitly use the sub-root
function argument to derive our bound and extend the technique to the uniform convergence case. That is,
reasoning over the sub-root function argument makes our proof more modular and easier to incorporate the
uniform convergence argument.

Localization is particularly useful to handle the complicated approximation errors induced by deep ReLU
network function approximation.

Step 3.a: Bounding the bias term via a uniform convergence concentration inequality

Before delving into our proof, we introduce relevant notations. Let F — G := {f —g: f € F,g € G}, let
N(e, F, |- |I) be the e-covering number of F w.r.t. |- || norm, H(e, F, || -||) := log N (e, F, || ||) be the entropic
number, let Njj(e, F, || - ||) be the bracketing number of F, i.e., the minimum number of brackets of || - ||-size
less than or equal to €, necessary to cover F, let Hy(e, F, || - ||) = log Njj(e, F, || - ||) be the || - [|-bracketing
metric entropy of Flet F|{z;}, = {(f(x1), ..., f(zn)) € R"|f € F},and let T*F = {T*f : f € F}. Finally,

for sample set {z;}, we define the empirical norm || f[|,, := /1 31" | f(2)2.

We define the inherent Bellman error as dzyy 1= supge ry inf femn I — T Q|- This implies that

d% = sup inf —T*Q|? = sup E(l,o —1,q). 7
T QeFnn FEFNN ”f ”M QEFNN ( i I ) ( )
We have
[l —lgl <4|f — gl and |l; — 1, <8.
We have

H(e{l;e — 1o : Q € Fan}{wiyitiz,n - h)
€ —

< H(3AS? - 12 :Q € FawtHaabioyn ' - )

< H(3. (F = T"Faw){aa e |- )

€ n — € * n -
< H(g, Fawl{zaticyn M- ) + HG, T sz, o - )

€ €

< H(g, FanHaibing, [ lloe) + H(g, T, |- lloc)

For any ¢ > 0 and ¢’ € (0, 1), it follows from Lemmawith € =1/2 and a = ¢, with probability at least
1— ¢, for any Q € Fnn, we have

En(ljo —lpe) < 3E(lje —lpe) + €% < 3d% . +€?, (8)

given that

6/2

1
n~ = <log(4/6’) + log]EN(40,

(Fax — T Fao)| iy om - ||1>) |

Note that if we use Pollard’s inequality (Munos & Szepesvari, |2008)) in the place of Lemma the RHS
of Equation is bounded by € instead of €2(i.e., n scales with O(1/¢*) instead of O(1/€?)). In addition,
unlike [Le et al.| (2019), the uniform convergence argument hinders the application of Bernstein’s inequality.
We remark that |Le et al.|2019| makes a mistake in their proof by ignoring the data-dependent structure in
the algorithm (i.e., they wrongly assume that Q¥ in Algorithm [1|is fixed and independent of {s;,a;}? ;).
Thus, the uniform convergence argument in our proof is necessary.
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Step 3.b: Bounding the empirical process term via local Rademacher complexities
For any @ € Fnn, we have
1o — el < 20SF 2 <2,
V[lff - lf*Q] < E[(lff - lff?)Q} < 4E(ff - f?)Z

Thus, it follows from Lemma (with @ = 1/2) that with any r > 0,d € (0, 1), with probability at least 1 — 4,
we have

sup{(E — ]En)(lfcz - lf?) 1 Q € Fyn, ||fQ — [R5 <}
< sup{(E—En)(ly —lg) : f € Fan, g € T°F, ||f —gllj, <7}

<BER, {lf —lg: f € Fxx.g € T Frn, If — gl <7} +2

2rlog(1/9) n 281og(1/9)

3n
2rlog(1/6 281log(1/6
SGERn{f—g:fe.FNN,geT*}'NN,Hf—gHZST}‘*‘Q i(/)"‘ ii(L/)

Step 3.c: Bounding ||Qx+1 — T*Q%||,, using localization argument via sub-root functions

We bound ||Qr4+1 — T*Qx||, using the localization argument, breaking down the Rademacher complexities
into local balls and then build up the original function space from the local balls. Let 1 be a sub-root
function (Bartlett et al., [2005, Definition 3.1) with the fixed point 7, and assume that for any r > r,, we
have

¢(r) > 3ER, {f —g: f € Fan,g € T*Fr, |1 f —gll5 <7} (9)

We recall that a function 1 : [0, 00) — [0, 00) is sub-root if it is non-negative, non-decreasing and r + (1) //7
is non-increasing for r > 0. Consequently, a sub-root function ¢ has a unique fixed point 7. where r, = ¥(r.).
In addition, ¥(r) < VT7, V71 > 7. In the next step, we will find a sub-root function v that satisfies the
inequality above, but for this step we just assume that we have such ¥ at hand. Combining Equations @,

, and (EI), we have: for any 7 > r, and any & € (0,1), if || f@—1 — ff?’“‘l ||§7“ < r, with probability at least
1—

N 2r log(2 28 log(2
||ka71 f*Qkﬂ”%’M < 21&(7‘) 9 r oi( /5) 8 o?i(L /(5) 342 2
2r log(2 28 log(2
< \Vrre +2 ! Oi( /9) + 8 O?ig /9) + (\/gdr—l-ufl)Q,

where
6/2

n =~ L <1og(8/5) +log EN( 50"

o (Fow = T FlfaF g 1).

Consider rg > 7. (to be chosen later) and denote the events
By = {||f@1 — f23, < 2Frg}, Wk € {0, 1, ..., 1},

where | = 10g2(%) < logg(%). We have By C By C ... C B; and since ||f — g||2 < 1,V|floo, |9]00 < 1, we

have P(B)) = 1. If || fQ-1 — fk-1 |2 < 2%rg for some i < I, then with probability at least 1 — &, we have

N - 2i+1pqlog(2/6 28log(2/6
”ka—l _ f*Q’“’IH%# <V 2irgry + QW-F Oii(L /%) + (\/gd]:NN + 6/)2

S 2i_17‘0a
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if the following inequalities hold

2it1log(2/6 1.
V2, + 2 0%5(/) < ,21—1\%,

281log(2/0)

2171y,
3n "o

+ (V3drey +€)? <

DN | =

We choose rg > 7, such that the inequalities above hold for all 0 < ¢ < [. This can be done by simply setting

+\/ 2 <2810g(2/5)+(\/§d}_NN+6/)2>
=0

i+1
Vo=t (mmz “W)

2i—1 3n ie0
log(2/d
S ¢+ B | o
Since {B;} is a sequence of increasing events, we have
P(By) = P(By1) — P(B1 N B§) = P(By) — P(By N BY) — P(B; N Bf)
-1
= P(B;) — P(Bix1NBY) > 1—16.
i=0
Thus, with probability at least 1 — §, we have
N log(21/0
79— f2 N S i € /B (10)
where
1 /2
~ 1o (108(81/) + g EN (55, (i = T*Fen)l{aiHsn 1 1))

Step 3.d: Finding a sub-root function and its fixed point

It remains to find a sub-root function ¥(r) that satisfies Equation @D and thus its fixed point. The main
idea is to bound the RHS, the local Rademacher complexity, of Equation @ by its empirical counterpart as
the latter can then be further bounded by a sub-root function represented by a measure of compactness of
the function spaces Fyn and T* Fyn.

For any € > 0, we have the following inequalities for entropic numbers:

H(Ea-FNN - T*]:NNa H ! ” ) H(E/2ﬂfNN7 ” : ”n) +I_]‘(E/27T*-7:.NN7 H ! ||n)7
(a)
H(e, Fan, || - [ln) < H(e, Fanl{zidis, [ - o) S N[(log N)? +log(1/e€)], (11)
H(e, T*Fnn, ||+ lln) < H(e, T*Fnn, ||+ lloo) < Hy(26, T Fun, || - [loo)
®) - ©
< Hyj(26, By 4(X), | - ll) < (26)77, (12)

where N is a hyperparameter of the deep ReLLU network described in Lemma [B.9| - ) follows from Lemma
B.9 and (b) follows from Assumption [5.2} and (c) follows from Lemma [B.8] Let ’H = Fnn — T Fun, it
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follows from Lemma with {& 1= €/2F}ren for any € > 0 that
\/H6/2’“ S )

ok—1
€ [H(e/2, Fxn, | - [loo) - H(e/2F, T Fxx, || - [loo)
<4y oy R W ’
k=1

gj%i (k= 1)\/]\7 ((log N)2 + log(2* /€)) 22 (k—1) ( _1>7d/a

1—

EoRu{h €H —H:||h|n <€} < 42
k=

el=3&
S NG Jn
where we use va + b < va+ vb,Va,b > 0, Y50, ¥ < oo, and 57, (217#%>k71 < 0.
It now follows from Lemma [B.4] that
E;R.{f € F,geT*F:|f _9”31 <r}

\/N (log N)2 +1log(1/e€)) +

< inf [Ean{h EH-H:|hll, <€+ \/

[ VN ((og N)Z + log(1/e)) el \/7\/]\[ ((log N)? + log(4/¢)) + \/2717(6/2)52}

5*1/2\/N(10g2 N +logn) + n76(17%)71/2 + \/7\/N(log2N +logn) + \/ané(lf%) =: (1),
n

where (3 € (0, §) is an absolute constant to be chosen later.

Note that V[(f — ¢9)?] < E[(f — 9)*] < E[(f — g)?] for any f € Fxn,g9 € T*Fnn. Thus, for any r > r,,

it follows from Lemma that with probability at least 1 — L, we have the following inequality for any

f € Fnn,g € T*Fnn such that ||f — g2 <,

b=
If=gl?

" 2rlogn 56 logn
<IIf = gli +3ERA(f = 9)*: f € Fanog € TP, If =gl S v+ /=== + 5 ==

" 2rlogn  56logn
<N =glli +3ER{f —g: f € Fan,g € TP, If —glll v}/ ==+ 5=
<r+4+9or)+r+r<dr

27"157(6/2 Holl - lln )}

e=n—"F

ifr > 7“*\/210%\/56@%. For such r, denote E, = {|| f—gll7 < 4r}n{|[f—f.|2 < r}, we have P(E,) > 1-1/n
and

3ER.{f —g:f € Fxn,g € T"Fan, If — gll7 <7}
=3EE, R {f —g: f € Fxnyg € T*Funs If — gl2 <7}

< 3E {1ET,]EURn{f —g:feFnn, g€ T"Fan, || f — 9||i <rp+(1- 1E)}
<3E |:E5Rn{f —g:feFnn,g €T |f — g||721 <4r}+(1- 1E1‘)]
34 (4r) + )
! n
<n A= 1/2\/N (log> N + logn) + n~P(1=55)-1/2 \/>\/N (log” N + log n)

+ \/;n_%(l_T) +nt =19(r).
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It is easy to verify that ¢ (r) defined above is a sub-root function. The fixed point 7, of ¥(r) can be solved
analytically via the simple quadratic equation r, = ¢(r.). In particular, we have

B
2

Ve S n_l/z\/N(loggN—i—logn) Fn 30-F g _i[N(logQN—i—logn)]l/‘l

L t0-)-1 12

< n_i((w)/\l)ﬂ)\/N(logQN +logn) + n 215 48050 -5 4 =12, (13)

It follows from Equation (where I < log(1/ry)), the definition of dzg,, Lemma and Equation
that for any ¢ > 0 and § € (0, 1), with probability at least 1 — §, we have

Bd

max [ Qi1 — T*Qully S N™/4 ¢ + n—ﬂ@ﬁ)“)“)\/N(log2 N +logn) +n~30-%)

+n-2(-5%)-3% +n~Y2y/log(1/5) + loglog n, (14)

where
6/2

20’

n >

~ 4e2 <10g(1/5) + loglogn + log EN(

(Fax = T Fn)Haid i, n ™" - |- ||1))>~ (15)

Step 4: Minimizing the upper bound

The final step for the proof is to minimize the upper error bound obtained in the previous steps w.r.t. two
free parameters 3 € (0, §) and N € N. Note that N parameterizes the deep ReLU architecture ®(L,m, S, B)
given Lemma In particular, we optimize over S € (0, %) and N € N to minimize the upper bound in

the RHS of Equation . The RHS of Equation is minimized (up to log n-factor) by choosing

1 ‘ )
N = n2(@BAD+D 28 o109 B = (2 + a(a+d)> ’ "

which results in N = n2@# 5% At these optimal values, Equation becomes

a -1
max 1Qr+1 — T*Qkllp S €+ n-3 (25 +e) logn +n~1/2\/log(1/6) + loglog n, (17)
a —1
where we use inequalities n-z0-35)-% < n=30-5 = N—e/d — p=3(5ata)

Now, for any € > 0, we set ¢ =¢/3 and let

o —1
ni(@ats) logn < €/3 and n~/2/log(1/6) + loglogn < €/3.
It then follows from Equation that with probability at least 1 — d, we have maxy, || Q1 — T*Qxll, < €
if n simultaneously satisfies Equation with ¢ = €/3 and

2a d
1 2a+d +E 20 d 1
nz (eQ) (log?n)=+ata and n > = (log(1/0) + loglogn). (18)

Next, we derive an explicit formula of the sample complexity satisfying Equation . Using Equations

, , and , we have that n satisfies Equation if

o2k [0 7 (log? n + log(1/e))|]
RGN (19
n 2 % (log(1/8) + loglogn).
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Note that § < 1/2 and g < 2; thus, we have

286+1 d \ ' d
1-— <1+ -—<3.
( 2 2a+d) - +a

Hence, n satisfies Equations and if
1\ ' 1
nz (62) log®n + g(log(l/cﬂ + loglogn).
B Technical Lemmas
Lemma B.1 (Bartlett et al.| (2005)). Let r > 0 and let

FCA{f: X = [a,b]: V[f(Xy)] < r}.

1. For any \ > 0, we have with probability at least 1 —e™*,

s (Ef ~ B0 f) < i (2(1 + Q)E [RnF] + % +(b—a) <; N ;)

A
ol
2. With probability at least 1 — 2e™?,

] ) 2(1+ ) 2rA 1 1 1+« A
sup (Bf ~Enf) < tnf <<1_a)“‘3 FnF] 4/ =+ (b —a) (3 ot zaa_a)> n> :

Moreover, the same results hold for sup;cz (E, f — Ef).

Lemma B.2 (Gyorfi et al.| (2002, Theorem 11.6)). Let B > 1 and F be a set of functions f : RY — [0, B].
Let Zy,..., Zy, be i.i.d. R%-valued random variables. For any o >0, 0 < e < 1, and n > 1, we have

P { ¥, J(Z) ~Elf(2)]

sup

feF ot 3l f(Z) +Elf(Z

(73 —3e%an
<AEN(—,F|Z},n" Y| - — ).
)]>e}_ Azt e (S5es" )

Lemma B.3 (Contraction property (Rebeschini, |2019))). Let ¢ : R — R be a L-Lipschitz, then
EocR, (poF) < LE,R,F.

Lemma B.4 (Lei et al| (2016, Lemma 1)). Let F be a function class and P, be the empirical measure
supported on X1, ..., Xp ~ u, then for any r > 0 (which can be stochastic w.r.t X;), we have

2rlog N(e/2,F,| - |In)
n

B, R {f € F: | flln <} < inf |EoRp{f € F = F: ||flln < e} + \/

Lemma B.5 (Lei et al| (2016, modification)). Let Xi,..., X, be a sequence of samples and P, be the
associated empirical measure. For any function class F and any monotone sequence {&;}72, decreasing to
0, we have the following inequality for any non-negative integer N

log N (&, 7, || - IIn)

n

N
EoRo{f € F : Iflln < &} < 4ka1\/ +¢n-
k=1
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Lemma B.6 (Pollard’s inequality). Let F be a set of measurable functions f : X — [0, K] and let e > 0, N
arbitrary. If {Xi}ZN=1 is an i.1.d. sequence of random variables taking values in X, then

1 N =Ne2
P (;gg \N S50 - Blf ()] > ) < SE[N(e/8, Flx, )] em7.

Lemma B.7 (Properties of (bracketing) entropic numbers). Let € € (0,00). We have

L H(eva H : ”) < H[](267~F7 H : ”);

2 H(e, Fl{aifiey, V7 ) = H(e, F, || - ) < Hie, FHaidiny || - o) < Hie, F, || - [loc) for all
{z;}1~1 C dom(F).

3. H(e, F = F||-|I) <2H(e/2, F, || - ), where F = F :={f —g: f,g € F}.

Lemma B.8 (Entropic number of bounded Besov spaces (Nickl & Potscher) 2007, Corollary 2.2)). For
1<p,q <00 and o> d/p, we have

Hiy(e, By y(X), || - loe) S €/

~

Lemma B.9 (Approxzimation power of deep ReLU networks for Besov spaces (Suzukil, 2018, a modified
version)). Let 1 < p,q < o0 and a € (p%z’ o0). For sufficiently large N € N, there exists a neural network
architecture ®(L,m, S, B) with

Lx=logN,m = NlogN,S =N, and B= N* "+,

where v = 0‘2—755 and § :=d(p~! — (1 + |a])™1)+ such that

sup inf f = fullee SN
f.eBy () TE€(LW.S.B) =
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