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Abstract

Low-rank spectral optimizers such as Muon, Dion, PowerSGD, and GaLore expose a per-layer rank
budget, yet the split of that budget across attention and feed-forward matrices is usually fixed by
a simple rule rather than measured. We formalize this design choice as a rank-profile allocation
problem, distinguish the Ky-Fan capture geometry relevant to orthogonalized descent from the
Frobenius geometry relevant to low-rank compression, and prove a conditional matched-budget
lower bound in terms of measurable per-layer spectral margins, with the central inequality machine-
checked in Lean 4. In a 166M-parameter LLaMA-style decoder trained with Dion at dj, = 128,
three paired seeds consistently separate uniform, structural, and rank-inverted profiles. At this
operating point the uniform profile attains the lowest validation loss, outperforming the published
(1,4,1) structural rule by 0.015 nats [0.009, 0.026] and the lower-budget rank-inverted stress test
by 0.033 nats [0.027, 0.041], with all paired-seed differences of the same sign. Rank allocation
is therefore a measurable and consequential architecture-level design axis, while the published
structural constants are not the optimal operating point for this configuration.

1. Introduction

Spectral optimizers exploit the matrix structure of neural-network parameters by forming a per-
layer matrix-valued signal, projecting or orthogonalizing it through a rank-limited spectral map, and
stepping in the resulting direction. Muon [5, 17] orthogonalizes momentum at the full layer rank via
Newton-Schulz iteration [14]; Dion [2] truncates the spectral map to rank r and communicates only
the low-rank factor; PowerSGD [34] performs low-rank gradient compression with error feedback
[19, 27, 29]; Galore [41] projects gradients onto a low-rank subspace for memory efficiency. Across
this class the rank budget r is allocated, in practice, either uniformly across layers or by a local
effective-rank heuristic, and the architectural role of each layer together with the differing per-rank
communication cost ay between attention and feed-forward matrices has remained an unmeasured
degree of freedom.

We treat rank allocation as an architecture-level design variable, formalize low-rank spectral
optimizers through a rank profile r,, define geometry-specific capture objectives, and prove a con-
ditional lower bound on when a role-conditioned profile beats a matched-budget uniform profile.
We then test three static rank profiles (uniform, structural, rank-inverted) in a 166M-parameter
decoder-only transformer at d,=128. The ordering is consistent across all three paired seeds: uni-
form attains the lowest loss, the structural profile is second, and the rank-inverted stress test is worst,
so role assignment is clearly consequential. The published (1,4, 1) structural constants do not beat
uniform at this operating point, indicating that the constants are architecture-dependent rather than
universal, and our experiment is a controlled rank-profile ablation rather than a scaling-law claim.
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1. Class and capture geometry. We define a rank-profile spectral optimizer class covering Muon,
Dion, PowerSGD, and GaLore-style low-rank methods and split the capture objective into a Ky-
Fan partial sum (for orthogonalized descent directions) and a Frobenius partial sum (for low-rank
gradient compression).

2. Structural allocation bound. Under a role-spectrum margin assumption, we prove that a role-
conditioned profile captures more spectral signal than a matched-budget uniform profile by an
amount proportional to the architecture-weighted rank mismatch (Theorem 2), give a noise-
robust version (Theorem 3), and formalize the central inequality in Lean 4.

3. Rank-profile ablation. In a 166M-parameter decoder-only transformer, we compare uniform,
structural, and rank-inverted profiles under matched (uniform, structural) and approximately
matched (0.91 X, inverted) communication. The rank-inverted profile is consistently worst across
all three paired seeds, so role assignment matters; the fixed (1,4, 1) structural constants do not
beat uniform at d, =128, locating the published constants at a measured, non-optimal coordinate
on the rank-allocation surface.

2. Spectral Optimizers and Rank Profiles

Let the model have matrix parameters W' € R"™¢*™ ¢ =1, ..., L, with stochastic gradient Gf at
step t. A rank-profile spectral optimizer maintains state Sf and optional error-feedback residual Ef ,
forms a matrix signal Z{ = H,(GY, Sf, Ef), and applies

Dy = AlCor,(Z))), rank (DY) < ry, W, =Wf —n.Dy, )

where Cy - is a rank-r spectral map (truncated SVD, power iteration, polar/Newton-Schulz orthogo-
nalization [14], or randomized projection) and Ay ; is an applicator. The class contains Muon [5, 17]
at the boundary ry = 7, fixed-rank Dion [2], error-feedback PowerSGD [34], and the low-rank sub-
space projector GaLore [41].

The natural capture objective is geometry-dependent: orthogonalized descent (Muon, Dion) is
governed by the Ky-Fan partial sum of singular values [6, 9, 10], Frobenius compressors (Pow-
erSGD, Gal.ore) by the Schatten-2 partial sum,

CEF(r) = E[Shyon(Z29],  CF(r) = B[Shy on(297], )

with total captured signal Jy(r) = >, C;b(’l“g) for ¢ € {KF,F}. The functions C’tf/’ (r) are empiri-
cally measurable from minibatch singular spectra.
Per-step communication for a rank-r factor exchange scales as

L
B(r) = > ¢ (me+ne) - Caype, 3)
=1

modulo all-reduce constants. Because attention and FFN matrices have different shapes and grouped-
query attention [3] narrows key and value matrices further, averaging 7, across layers is not a suffi-
cient matching criterion; we match on B(r). With ay = my + ny the per-rank cost and budget B,
the allocation problem is

L

max  Jy(r) subjectto agry < B. 4)
r€[,[0,7¢] w() ;
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3. Theory: A Lower Bound Against Uniform Allocation

3.1. Role-spectrum margin and the main theorem

The continuous relaxation of (4) admits the standard concave-separable KKT characterization [8,
11]: a feasible r* is optimal iff there exists A > 0 with C’Z’_{_(r?) Jag < A < CZ: (r7)/ay for every
layer (Proposition 6, Appendix A.2). Below we strengthen this into a profile-comparing lower
bound: ranks below the structural cutoff carry marginal value above a common threshold, ranks
above it carry marginal value below.

Assumption 1 (Role-spectrum margin) Fix ¢ € {KF,F} and the structural profile sy = d on
FFN, sy = 4dj, on {q, k, 0}, s¢ = dp, on {v}. There exist A\ > 0 and v > 0 such that

ezpk/ag > A+ for k < sy, efk/ag < A= for k > sy,
where eZ i denotes the k-th increment of C’}’.

Theorem 2 (Uniform-allocation lower bound) Ler B* = )", ays; and letuy = R = B*/ )", ay
be the matched-budget uniform profile. Under Assumption 1,

L
Ty(s) = Jy(u) = 7> ar|si— R|.
/=1

More generally, for any feasible r with ), a;ry < B*, Jy(s) — Jy(r) > 29> ,ae (1¢ — 5¢)+-

Proof [Proof sketch] Equal-budget feasibility gives >, as(s¢ — r¢)+ = > _,ae(re — s¢)+. Below-
threshold each missing rank unit captures at least (A + 7)ay; above-threshold each extra rank unit
captures at most (A — -y)ay. The difference is 2y ), a¢(r; — s¢)+. For 7 = u, the over- and under-
mass identity gives >, ag(us — s¢)+ = 3 >, ar|s¢ — R, yielding the stated bound. Full proof in
Appendix A.3; the general case is machine-verified in Lean 4 against the kernel axioms propext,
Classical.choice, Quot.sound only (released as lean/StructLaw.lean). |

The bound quantifies the gap to uniform allocation through the empirically measurable margin
~ and the architecture-dependent costs ay, s¢, R.

3.2. Noise robustness

The capture functions are population objects estimated on minibatches: Z' = 7! + N* with N*
zero-mean sub-Gaussian of per-entry scale 7p. Sub-Gaussian operator-norm tail bounds [33] give

IN|la < pe(b, &) = cTe(y/me + /re + \/1og(L/5))//b with probability 1 — 4.

Theorem 3 (Noise-robust lower bound) For v = KF, Weyl perturbation [6, 36] gives ]@?}j —
egﬂ < pe(b,0). Forip) =F, EZk - egk\ < 201(Z%) pe(b, 8) + pe(b,0)%. If

v > maxpe(b,0)/as

(or the squared analogue in Frobenius geometry), then Assumption I holds for the empirical spectra
with probability at least 1 — 9, and the conclusion of Theorem 2 carries over.
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3.3. uP/random-matrix scaling

Proposition 4 (Width and head-dimension scaling under a head-factorized spectral limit) /n the
spirit of uP / Tensor Programs IV-V [37, 38], assume the normalized singular spectra of FFN signals
converge as a function of k/d and the head-local attention spectra converge as a function of k/dp,
with limiting densities prrN, Pattn 0 threshold A (consistent with Marchenko-Pastur-style asymp-
totics [4, 23]). Then any threshold-based optimal allocator satisfies ripy = O(d), 15, = ©(dn),
and (with a separate value-spectrum limit) r; = ©(d},).

3.4. Transfer to approximate spectral optimizers

Corollary 5 (Approximate optimizer transfer) Ler J}\Z}A (r) denote expected captured signal un-
der an actual optimizer M (Dion, PowerSGD, GaLore) and suppose |J}f/l (r) = Jy(r)| <em(r). If
v paelse — Rl > em(s) +em(u), then J}f’/l(s) > Jj\b/t(u)

4. Experimental Protocol

We pretrain a 166M-parameter decoder-only transformer derived from a 340M-style LLaMA con-
figuration [12, 31, 32] with d = 768, L. = 18, and d;, = 128, SwiGLU feedforward [28] with
hidden = 2048, RMSNorm pre-normalization [39], and RoPE positional embedding [30], on C4
[26] at sequence length 1024 and batch size 4 per device on a single H100 with the GPT-2 BPE
tokenizer [25]. Each cell consumes ~122.9M tokens over 30,000 steps, a token horizon chosen
to isolate the rank-allocation effect from convergence noise by holding all three profiles inside the
regime in which the smooth power-law loss curve dominates [18]. We compare three Dion [2] rank
profiles under paired seeds: Dion-uniform sets a uniform rank R = 620 across all Dion-managed
layers, matched to the structural communication budget B(r) within 0.03%; Dion-Struct fixes
rpEN = d = 768, rq 1 o = 4dj, = 512, 1, = d}, = 128; Dion-rank-inverted keeps the feed-forward
budget full and swaps the attention-internal allocation, setting repN = 768, rg o, = dp = 128,
ry = d = 768. The uniform and structural profiles are exactly budget-matched; the inverted pro-
file carries 0.913 x the structural communication budget after rank-integer rounding, so we read the
inverted comparison as a role-assignment stress test rather than a perfectly budget-equal ablation.

All three variants share 17 = 0.012 with cosine decay [22] and a 1,000-step linear warm-up, with
3 paired seeds. We report mean + std and 95% paired-bootstrap Cls [7] (10,000 resamples) on each
paired-seed delta. Instrumentation logs per-step training loss, held-out validation every 1,000 steps,
the minibatch singular spectrum of Z¢ at each layer family every 1,000 steps, and achieved versus
requested effective rank per layer per step (Appendix 2?7?).

5. Results

Across the three paired seeds the ordering is uniform < structural < inverted in final valida-
tion loss: the uniform profile attains the lowest loss, the structural (1,4, 1) profile is second at
+0.015 nats [+0.009, +0.026], and the lower-budget rank-inverted profile is worst at +0.033 nats
[4+0.027, +0.041]. All paired-seed differences share the same sign; the exact two-sided sign test
on n = 3 paired seeds gives p = 0.25, so we treat the paired-bootstrap intervals as descriptive of
effect size and the unanimous sign as the robustness statement, and read the experiment as a sharp
small-scale localization of the rank-allocation surface rather than a population-level significance
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Figure 1: Rank profiles separate cleanly at d;,=128. a, Held-out validation loss versus training
step, mean across 3 paired seeds with min-to-max shaded band; per-seed final values
as dots. b, Final validation loss as bars with per-seed dots and +1 std caps. ¢, Per-
layer-family rank allocation 7, for the three profiles; budget ratios versus the structural
reference are uniform 1.00, struct 1.00, inverted 0.91.

Table 1: Rank-profile comparison at d;=128. Mean =+ std over 3 paired seeds; the A column
reports the paired-seed mean difference versus the uniform baseline with 95% paired-
bootstrap CIs (10,000 resamples). Training horizon: 30,000 steps (T'/ P = 0.74).

Profile Final val. loss A vs uniform [95% CI]
Dion-uniform 4.007 £0.025 (reference)
Dion-Struct 4.022 +0.021  +0.015 [+0.009, +0.026]

Dion-rank-inverted  4.040 +0.032  +0.033 [+0.027, 4+-0.041]

claim. The result does not validate the fixed (1,4, 1) constants at d;=128; it does show that rank
assignment across layer roles is consequential, since the rank-inverted profile is consistently worse
than both uniform and structural. Theorem 2 is the conditional companion to this measurement: it
identifies the role-spectrum margin under which a role-conditioned profile would dominate uniform,
and the fact that the structural profile is worse than uniform here indicates that this positive-margin
condition is not met for the (1,4, 1) constants at this operating point (the realized per-layer margin
diagnostic is reported in Appendix C.5).
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6. Discussion

The experiment at d, =128 measures the rank-allocation surface directly: rank assignment across
layer roles is consequential (the rank-inverted profile is consistently worst), and the published
(1,4,1) constants [2, 37] sit at a measured, non-optimal coordinate on that surface. Combined
with the conditional lower bound of Theorem 2, its noise-robust form (Theorem 3), and the Lean 4
formalization of the central inequality, this promotes rank allocation from a fixed heuristic to a mea-
surable design axis: the theory states the spectral-margin condition under which a role-conditioned
profile beats uniform, and the experiment shows that, at this operating point, the conventional con-
stants do not meet it. The Ky-Fan versus Frobenius split in Theorem 2 carries the same bound to
PowerSGD [34] and GaLore-style [41] Frobenius compressors, placing those families on the same
surface.

Limitations. This study is deliberately narrow. The empirical probe uses one model size, one
dataset (C4), one head dimension (d;, = 128), one optimizer family (Dion), one fixed learning-rate
schedule, and three paired seeds; with n = 3 the exact sign test is underpowered (p = 0.25). The
rank-inverted profile is only approximately budget-matched, at 0.913 x the structural communica-
tion budget, so the inverted comparison is a stress test rather than a perfectly controlled fixed-budget
ablation. The results establish that rank allocation is measurable and consequential in this setting;
they do not establish a universal rank rule, transfer across width, training horizon, optimizer family,
or modality, or the optimal constants at d;, = 128. Estimating role-spectrum margins directly and
choosing budgets from measured spectra is the natural next step.
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Appendix A. Complete Proofs

A.1. Notation

For each matrix-valued layer ¢ € {1, ..., L} and geometry ) € {KF,F} let
¢ _ q

ez)k _ {E[Uk(z )L 7/} = KF) C;p(q) _ Zez,k

’ Elox(2°)%, ¢ =F, ="

Increments are non-increasing in k, so C}’Z’ is concave on {0,1,...,7¢}. Perrank cost is a; =
my + ny (modulo dtype and all-reduce constants). The structural profile is

d,  (€FFN,
sg = §4dp, L€ {q,k, o},
dp, l e {U}

Matched-budget uniform rank is R = B*/ )", a; with B* = )", ays,. Over-allocation mass is
Wi(r) = ,ae(re — s¢)+, under-allocation mass is W_(r) = >, as(s¢ — 7¢)+.

A.2. Oracle KKT characterization

Proposition 6 (Oracle KKT characterization) Fix 1 € {KF,F}. A feasible profile r* is globally
optimal for the continuous relaxation of (4) iff there exists A > 0 such that, for every layer ¢,

CyL(rt)fae < A < CPL(rp)/ax,

with the one-sided inequalities at the box boundaries. This is the standard KKT condition for
concave-separable knapsack [8, 11]; the new content is the measurable choice of object C’;z}.

A.3. Proof of Theorem 2

Proof We prove the general statement first and specialize to » = w at the end.

Step 1: Capture difference by integration. By telescoping,

Ty(s) = Jy(r) = D [CPse)—C{ra)] = D> [1 = Y[

4 Lirp<sy Lrp>sy

For a layer with r, < sy, every integer step in (7, s¢] contributes an increment e%k with k < sy,
hence at least (A + 7)ay by Assumption 1. Summing,

Cf(s0) = CFre) = (A +7)ag(s¢ —10).

For a layer with r;, > sy, every integer step in (sg, 7| contributes an increment ezjk with & > sy,
hence at most (A — 7)ay. Summing,

Cf (re) — C (s0) < (A=) ag (re — s0).

10
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Step 2: Combine. Summing the two over the partition,

Tu(s) = Ty(r) = AHW_(r) = (A= )W(r).

Equal-budget feasibility >, ary < B* = ), ays, implies W (r) < W_(r). If the budget is
actually saturated, W, (r) = W_(r), and the bound becomes

Jy(s) = Jy(r) = 2y Wi (r).

This is the second statement of the theorem. (If the budget is not saturated, the right-hand side is at
least 2¢W_ (r) as well, because shrinking r at the saturated layer can only increase Jy;(s) — Jy,(7).)

Step 3: Specialize to »r = u. For the matched-budget uniform profile u, = R,

Wi(u) = > al(R— sy, W_(u) = > ar(se — R)y,
¢ ¢
and at equal budget W (u) = W_(u) = 3>, as|s¢ — R|. Substituting into the general bound,
Jp(s) — Jp(u) > 27v- %Zaﬂse —R| = 72@@\55 —R|.
¢ ¢
This proves the first statement. |

Integer rounding. The continuous-relaxation optimum may have non-integer entries; rounding
down and greedy-filling the budget closes the gap. The integrality gap is bounded by the largest
single increment maxy ez’ e which is below the seed-noise floor at the rank budgets we test.

Ty

A.4. Proof of Theorem 3

Proof Let Z! = Z' + N with N* a zero-mean sub-Gaussian random matrix in R™¢X"¢ with per-
entry sub-Gaussian norm 7. By the standard sub-Gaussian operator-norm tail (see e.g. Vershynin,
High-Dimensional Probability, Theorem 4.4.5),

Nl < pelb,d) = em Y TEE WJBW

with probability at least 1 — /L for an absolute constant ¢; union-bounding over the L layers covers
the whole architecture with probability at least 1 — 4.

Ky-Fan geometry. By Weyl’s inequality, |o,(Z%) — o1(Z%)| < | N¢||2 < pe(b, §). Taking expec-
tations and using e’y = E[o(2°)],
ek —ebrl < pe(b,0).

Frobenius geometry. The square gives o(Z9)% — 04(Z9)? = (01(Z"%) — 01(Z29)(0(ZY) +
O’]g(Ze)), SO

€bs — ebil < E|low(ZY) — on(Z9)| (0n(Z%) + 01(29)| < 20k(Z%)pe + 1}

11
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Preservation of the margin. If v > maxy py(b, d)/a, then for every layer ¢, eﬁf}: Jag > A+
implies %{,1: Jag > XA+ — pg/ag > \; the empirical Ky-Fan spectra therefore exhibit an empirical
margin of at least ~v — maxy pg/ag > 0 with probability > 1 — §. The Frobenius case is analogous
with the squared bound. Theorem 2 applied to the empirical spectra gives the noise-robust lower
bound. |

A.5. Proof of Proposition 4

Proof [Proof sketch] By assumption, for each fixed A,

1 1
p #{k : eppnk/arrN > A} — prEN(A), a F#{Ek : €attn,k/Gattn > A} = Patin(N).

A threshold-based optimal allocator picks, for each layer, the largest rank r, such that the marginal
es.r,/as exceeds the common Lagrange multiplier A* chosen so the budget is exhausted. The number
of such ranks scales as d pppn(A*) for FEN layers and dj pattn(A\*) for attention layers, giving
rppny = ©(d) and 77, = ©(d}). The value-spectrum limit (which we assume separately) yields
ry = O(dp).

What this does not prove. The constants (1,4, 1) in the rule 7prNn = d, 7g k0 = 4dp, 7o = dj,
depend on the specific limiting densities prpN, Pattn, Which depend on the data distribution, the
optimizer’s preconditioning, and finite-width effects we do not analyze. The proposition is best
read as predicting the form of the rule (proportional to d for FEN, proportional to dj, for attention)
but not the constants. |

A.6. Proof of Corollary 5

Proof By Theorem 2, Jy(s) — Jy(u) > v ,a¢ls; — R|. Combining with the approximation
envelope,
T8 (s) = T (w) > Jy(s) — Jy(u) — ep(s) —eplu) > 0

under the stated condition y ), ag|s¢ — R| > eam(s) + em(u). [ |

A.7. Optional appendix theorem: EF-SGD convergence under rank-profile compression

We include a convergence statement that connects rank-profile choice to optimization progress un-
der error-feedback SGD. The proof adapts Karimireddy et al. (2019) and Vogels et al. (2019, Pow-
erSGD); the constants below match those references.

Setup. Let ' : R” — R be Lp-smooth and bounded below by F,, with stochastic gradients
gr satisfying E[g;] = VF(z¢) and E||g; — VF(z4)||> < o2. Suppose a rank profile r induces a
d¢(r¢)-contractive matrix compressor on each layer:

EZ* — Cop(Z0} < S BIZ 3, 6(r) = maxde(rs) < 1.

12
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Theorem 7 For step sizen < 1/(4LF),

1= A(F(z0) — F)
T ; E|VF(z)|? < T

2.2 2 2\ §
v ALpno? + SLEN (G7+07)o(r)
(1 —+/d(r))?

Proof [Proof sketch] Standard error-feedback SGD argument: define the virtual iterate z; = x; —
1 et, bound the bias of #; relative to true SGD by §(r), and conclude using L p-smoothness. The
non-standard step is the layer-wise contraction: since per-layer compressors act on disjoint param-
eter blocks, the relevant constant is §(r) = maxy &, (r¢). [

Bridge to Theorem 2. &,(r) equals the relative tail energy 1 — Cf (ry)/ _Cf (T¢). Maximizing Jp
under a communication budget therefore minimizes a weighted version of §(r).

Appendix B. Complete Experimental Protocol
B.1. Model architecture

We use a LLaMA-3-style decoder-only transformer with RMSNorm pre-normalisation, SwiGLU

feedforward, RoPE positional embedding (base # = 500,000), and weight-tied input and output

embeddings. The single architecture used for all matched-communication runs:

* Layers L = 18, model width d = 768, head dimension d;, = 128, number of heads H = 6, FFN
intermediate dimension dpry = 2,048, vocabulary size 50,257 (GPT-2 BPE).

* Sequence length 1,024, batch size 4 per device.

* Parameter count ~ 166M (including embeddings).

This configuration is the d = 128 head-dimension perturbation of the standard 340M LLaMA

architecture (which uses d;, = 64, H = 12): it preserves d and the FFN hidden dimension, so the

FFN portion of the matched-communication budget is unchanged, and only the attention rank target

Tq.k,0 = 4dp moves from 256 (at d, = 64) to 512 (at dj, = 128). The AdamW and Muon external

scale anchors are run at the canonical dy, = 64, H = 12 reference configuration that the literature

reports against.

B.2. Communication budget

Per-step communication for a Dion-style optimizer with rank 7, on layer £ of shape my x ny is
B(r) = Y ,7¢ (mye + ng) Cdtype Car- In our dj, = 128 configuration this gives a per-layer budget
Bfiruet = 9,043,968 for the structural profile (7ppN, 7'q ko0, 7v) = (768,512,128) and Biyy =
8,257,536 for the rank-inverted profile (128,192, 768), giving a budget ratio inv/struct = 0.91.
The matched-communication uniform rank is taken to be the rank that gives the same total B(r) as

the structural profile, rounded down to the nearest integer.

B.3. Optimizer hyperparameters

All Dion variants use the public Dion implementation (power-iteration spectral map with 1 inner
iteration, ColNorm right-factor parameterization, error feedback enabled), 81 = 0.9, 82 = 0.95,
weight decay 0.01, gradient clipping at 1.0, cosine LR schedule with 1,000-step linear warm-up,
and bf16 mixed-precision autocast for forward and backward. The shared learning rate n = 0.012

13



RANK ALLOCATION IN LOW-RANK OPTIMIZERS

is a control variable held fixed across every spectral-optimizer cell, so any difference in final loss is
attributable to the rank-allocation profile rather than to optimizer-specific tuning. The two external
scale anchors share this protocol: AdamW with 1 = 0.9, 83 = 0.95, € = 1078, weight decay 0.1
and the identical cosine schedule; Muon with Newton-Schulz orthogonalization of momentum at 5
iterations and an AdamW fallback on the tied embedding / unembedding matrices.

B.4. Seed protocol and statistics

Each of {Dion-uniform-comm, Dion-Struct, Dion-rank-inverted, AdamW, Muon} is run with 3
paired seeds {0, 1,2}, with model initialisation, data order, and optimizer state derived determinis-
tically from the seed. We report mean and std over the 3 seeds and a 95% paired-bootstrap CI with
10,000 resamples on each pairwise delta.

B.5. Spectral-capture instrumentation

Every 1,000 training steps we log the minibatch singular spectrum of the orthogonalized descent
direction Z* at each Dion-managed layer and the achieved effective rank rﬁff. These are used (Ap-
pendix C.5) to estimate the realized role-spectrum margin % and to confirm that the requested ranks
were actually achieved.

B.6. Hardware and software

Single-H100 cells on RunPod community-cloud H100-80GB pods (no inter-cell communication
beyond NCCL initialisation; each cell is a stand-alone single-GPU run). PyTorch 2.5.1 4 cul21,
CUDA 12.1, public Dion package commit, our own LLaMA-style implementation in torchtitan_polar/.
AdamW and Muon external anchors were run on Caltech beta-partition H200 nodes.

Appendix C. Additional Results
C.1. Per-seed matched-communication results at d;, = 128

The matched-communication comparison of Table 1 comes from three paired-seed cells per rank
profile. We report the per-seed numbers explicitly for transparency.

Table 2: Per-seed final validation loss at d;, = 128 matched communication. All cells share LR
0.012, bf16 autocast, 30,000 steps. Budget ratios versus the structural reference: uniform
1.00, struct 1.00, inverted 0.91.

Profile seed ) seed 1 seed 2 mean std
Dion-uniform-comm 3.9899 4.0358 3.9956 4.0071 0.0250
Dion-Struct 4.0163 4.0459 4.0046 4.0223 0.0213

Dion-rank-inverted 4.0214 4.0766 4.0227 4.0403 0.0315

C.2. Paired-seed bootstrap Cls

Every paired-seed difference in each row is of the same sign, so the ordering uniform < struct <
inverted is unanimous across seeds, and every paired-bootstrap CI excludes zero.
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Table 3: Paired-seed deltas with 95% paired-bootstrap CIs. 10,000 resamples per row; per-seed
differences listed verbatim, all of one sign in every comparison.

Comparison (A vs B) A = mean(A — B) 95% CI per-seed {A; — B;}

inverted vs uniform-comm +0.0332 [+0.0271, 40.0409] {+0.0315, +0.0409, +0.0271}
struct vs uniform-comm +0.0152 [+0.0090, +0.0264]  {+0.0264, +-0.0102, +0.0090}
inverted vs struct +0.0180 [+0.0051, +0.0307]  {+0.0051, +0.0307, +0.0181}

C.3. External anchors at d;, = 64

AdamW and Muon were trained at the canonical 340M d;, = 64 reference configuration for
200,000 steps (= 819M tokens), with 3 seeds each under the same uniform shared learning rate
n = 0.012 used throughout the spectral-optimizer grid. AdamW reaches 3.873 + 0.044 (seeds
{3.8449, 3.8503, 3.9243}) and Muon reaches 4.541 + 0.040 (seeds {4.5305, 4.5862, 4.5076}).
These external scale anchors calibrate the absolute-loss scale at the canonical d;, = 64 reference
architecture; the shared LR is a control variable applied identically across all spectral-optimizer
anchors so that the cross-optimizer comparison reads cleanly along the rank-allocation axis.

C.4. Training dynamics and seed structure

The per-step training curves and validation perplexity (Figure 2) confirm that all three profiles opti-
mize smoothly with no divergence, staying within a narrow band and separating only near the end of
training. The per-seed view (Figure 3) shows the uniform < structural < inverted ordering holding
within every seed, with the gap between profile means exceeding the seed-to-seed spread of any one
profile.

—— Dion-uniform
— Dion-Struct (1,4, 1) 2

== Dion-uniform

o
o

3x10° 1 —— Dion-Struct (1, 4, 1)

— Dion-rank-inverted
= Dion-rank-inverted

=0.05)
o
&

o
o
L

&
o
held-out validation perplexity

training loss (EMA, a

by

o
o
x
o

training step training step

Figure 2: Training dynamics at d;=128. Left: per-step training loss (EMA «=0.05). Right: held-
out perplexity (log scale). Mean over 3 paired seeds, min-to-max band.

C.5. Realized spectral capture and rank verification

The minibatch singular spectra were logged every 1,000 steps; the per-layer-family spectrum at
the structural cutoffs (Figure 4) is the empirical input to the role-spectrum-margin condition of
Theorem 2. The orthonormal-buffer mismatch counter is identically zero across all nine cells, so
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Figure 3: Per-seed structure at d;=128. Left: each line joins the three profiles at one seed (means
as bars); the ordering holds in every seed. Right: per-profile final-loss distribution across
3 seeds.

each run tested the intended rank profile exactly; Figure 5 plots achieved against requested rank
(left) and the shared learning-rate schedule (right).

per-family singular spectrum at step 29k

FFN {g.k, 0} v
g - —— Dion-uniform-comm
g 1074 q 1 —— Dion-Struct (1,4,1)
» —— Dion-rank-inverted
2 02 i i
g 10
8
2 107 1 1
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3
£ 1071
&
0 200 400 600 800 0 200 400 600 800 0 200 400 600 800
singular index k singular index k singular index k

Figure 4: Empirical singular spectrum of Z* at step 29,000 (FFN, {q, k, 0}, v; log y, averaged
over the family and 3 seeds). The structural cutoff s, is marked in each panel.

C.6. External anchors

For reference, Figure 6 places the three rank-profile cells alongside AdamW and Muon at the canon-
ical d;,=64 configuration over a longer horizon; these anchors calibrate the absolute-loss scale and
are not a controlled optimizer comparison.

C.7. Additional tables

Tables 4-9 report the per-profile communication budgets, wall-clock cost and throughput, the validation-
loss trajectory, the external anchors, the rank-realization check, and the sign-test summary that ac-
companies the bootstrap intervals of Table 3.
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Figure 5: Run
y=x

1n=0.

requested rank

diagnostics. Left: achieved vs. requested rank over all 9 cells; every point lies on
(0 mismatches in 126 checks per cell). Right: cosine learning-rate schedule, peak
012, 1,000-step warm-up.
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Figure 6: Rank-profile cells vs. external anchors. Dion profiles (30k steps, d,=128, solid) and

AdamW / Muon (200k steps, d; =64, hatched), which calibrate the absolute-loss scale
only.
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Table 4:

Table 5:

Table 6:

Table 7:

RANK ALLOCATION IN LOW-RANK OPTIMIZERS

Per-layer communication budget B(r) for each rank profile at d;, = 128: low-rank slot
widths rppN, Tqko, 7'v. the per-layer budget, and the ratio to the structural reference r* =
(768,512,128). The uniform and structural profiles are exactly matched; the inverted
profile carries 0.913 x the structural budget.

Profile TFEN Tqko Tv  B(r) (elem/step) ratio vs. struct.
uniform 620 620 620 9,047,040 1.0003
structural 768 512 128 9,043,968 1.0000
inverted 768 128 768 8,257,536 0.9130

Per-seed wall-clock (hours) and mean throughput (tokens/s) on a single H100 (80 GB) for
the dj, = 128, 30k-step runs.

Profile seed0(h) seed1(h) seed2(h) mean(h) mean tok/s
uniform 4.58 4.54 4.54 4.55 7496
structural 4.08 4.09 4.06 4.08 8372
inverted 3.72 3.75 3.72 3.73 9143

Validation cross-entropy along training (mean over 3 seeds) at d;, = 128. The validation
set, evaluation cadence, and tokenizer are identical across rows; the only difference is the
rank profile.

Profile 5k 10k 15k 20k 25k 30k

uniform 5321 5.225 5.060 4.771 4271 4.007
structural  5.336 5.249 5.067 4.787 4.292 4.022
inverted 5350 5.246 5.074 4.792 4300 4.040

External AdamW and Muon anchors at d;, = 64 over 200k steps (=819M tokens): final
validation cross-entropy per seed, mean, and standard deviation (n 3). The Muon
learning rate was inherited from AdamW, so its row is a calibration floor rather than a
tuned baseline.

Optimizer seed) seedl seed2  mean std
AdamW 3.8449 3.8503 3.9243 3.8732 0.0444
Muon 4.5305 4.5081 4.5856 4.5414 0.0399
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Table 8: Per-cell rank-realization check: deployed vs. requested rank over all 126 rank-controlled
tensors (18 layers x 7 tensors) before and after training. Zero mismatches across all 9 cells
confirms the per-tensor low-rank constraint is enforced exactly.

Profile seed preok pre mismatch postok post mismatch
uniform 0 0 0 126 0
uniform 1 0 0 126 0
uniform 2 0 0 126 0
structural 0 0 0 126 0
structural 1 0 0 126 0
structural 2 0 0 126 0
inverted 0 0 0 126 0
inverted 1 0 0 126 0
inverted 2 0 0 126 0

Table 9: Sign-test summary at d;, = 128: for each pair, the number of the three seeds with lossg >
loss 4 and the two-sided exact-binomial p (3/3 gives p = 0.25 at n = 3). Complements
the bootstrap intervals of Table 3.

Comparison (A vs. B)  # seeds with lossp > loss4  two-sided binomial p

uniform vs. structural 3/3 0.250
uniform vs. inverted 3/3 0.250
structural vs. inverted 3/3 0.250
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Appendix D. Reproducibility

For every run we release a structured record of the requested rank profile, random seed, opti-
mizer hyperparameters and learning-rate schedule, hardware and library versions, the per-step train-
ing and validation traces, and the per-layer minibatch singular spectra. All 15 runs (the three
matched-budget rank profiles and the AdamW and Muon external anchors, three seeds each) are
released together with the scripts that regenerate every figure and table in this paper and the Lean
formalization. Code, configurations, run logs, and the machine-checked proof are available at
https://github.com/ansschh/struct_dion.

Appendix E. Extended Related Work
E.1. Spectral and low-rank optimizers (in our class)

Muon [5, 17]. Newton-Schulz orthogonalisation [14] of per-layer momentum at the full layer
rank. Boundary case of our class with rp = 7.

Dion [2]. Dion truncates the spectral map to rank r via power iteration with a ColNorm right
factor. We use the static-rank Dion in this paper to keep the rank profile under direct experimental
control.

Dion2 [1]. A recent simplification using submatrix selection to shrink the matrix before orthogo-
nalisation. Same class; we expect the structural-allocation theorem to apply unchanged.

MuonBP [20]. Block-periodic Muon: amortizes Newton-Schulz cost across blocks of training
steps. In the class.

PowerSGD [34]. Low-rank gradient compression with error feedback [19, 27, 29] and one power
iteration step. Frobenius geometry: Theorem 2 applies with C’EF.

GaLore [41]. Low-rank gradient projection for memory-efficient pretraining. Frobenius geome-
try: same theorem with CeF .

E.2. Adjacent but out-of-class methods

LoRA [16], AdaLoRA [40], ReLoRA [21]. Low-rank adaptation (LoRA freezes the base and
inserts trainable adapters; AdaLoRA allocates an adaptation-budget by importance scores; ReLoRA
performs repeated low-rank updates from full-rank gradients). These concern the rank of stored
adaptation tensors or parameter updates, not the rank of the per-step descent direction. AdalLoRA is
closest in spirit because it allocates rank per layer, but the cost model is parameter count rather than
per-step communication; the importance score is sensitivity-derived rather than spectral-capture-
derived; the prediction is data-dependent rather than role-conditioned.

Shampoo [13] and SOAP [35]. Kronecker-factored preconditioners; closely related to K-FAC
[24]. Rank lives in a curvature basis rather than a descent-direction basis; out of class for the main
theorem. See Appendix F for a signal-geometry extension.
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E.3. Scaling laws, 1P, knapsack lineage

Kaplan [18] / Chinchilla [15]. Compute-optimal scaling for LLM pretraining. Used in this paper
to control the experiment (fixed tokens-per-parameter), not to derive rank allocation.

uP [37, 38]. Width-stable hyperparameter transfer (Tensor Programs IV introduces the feature-
learning limit; Tensor Programs V works out the zero-shot HP transfer rule). Background for why
an architecture-conditioned rule could be scale-stable; the rule itself is justified by the role-spectrum
margin, not by uP. Random-matrix idealized limits (Marchenko-Pastur [23] and follow-ups [4])
underlie the asymptotic spectral-density assumption of Proposition 4.

Concave-separable budget allocation. Theorem 2 reduces, in form, to a concave-separable knap-
sack analysis: Everett’s generalised Lagrangian multipliers [8] and Galil-Megiddo selection-based
bounded-variable knapsack [11]. The technical content is the choice of object: the layer-wise cap-
ture curve Cgp (r) of transformer optimizer signals.

Appendix F. Scope Extension: Shampoo / SOAP Preconditioned Signal

For a preconditioned method, the relevant rank-bounded signal is
~l ¢
Z' = pp,G' Py,

where P, ¢, Pr ¢ are curvature/preconditioner factors and «, 8 € [0, 1]. If rank is imposed on Z ¢
the rank-allocation theorem applies unchanged with Z¢ replaced by Z' in the capture functions.
Shampoo is, in this sense, a different choice of Z', not a different theorem. We do not attempt
to derive Shampoo’s preconditioner-rank allocation here; the question becomes what is the role-
spectrum margin of Z¢ under uP-style scaling, which depends on the curvature spectrum and is a
separate line of work.
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