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Abstract

We study the policy testing problem in dis-
counted Markov decision processes (MDPs)
in the fixed-confidence setting under a gener-
ative model with static sampling. The goal is
to decide whether the value of a given policy
exceeds a specified threshold while minimiz-
ing the number of samples. We first derive
an instance-dependent lower bound that any
reasonable algorithm must satisfy, character-
ized as the solution to an optimization prob-
lem with non-convex constraints. Guided by
this formulation, we propose a new algorithm.
While this design paradigm is common in pure
exploration problems such as best-arm identi-
fication, the non-convex constraints that arise
in MDPs introduce substantial difficulties. To
address them, we reformulate the lower-bound
problem by swapping the roles of the objective
and the constraints, yielding an alternative
problem with a non-convex objective but con-
vex constraints. This reformulation admits an
interpretation as a policy optimization task
in a newly constructed reversed MDP. We
further show that the global KL constraint
can be decomposed exactly into a family of
product-box subproblems, which are solved
by projected policy gradient and combined
through an outer budget search. Beyond pol-
icy testing, our reformulation and reversed
MDP view suggest extensions to other pure
exploration tasks in MDPs, including policy
evaluation and best policy identification.
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1 INTRODUCTION

Reinforcement learning (RL) commonly models the
interaction between a learning agent and its environ-
ment as a Markov decision process (MDP) (Putermanl,
1994]), due to its flexibility and wide applicability. Fun-
damental problems in RL, such as policy evaluation
and best policy identification, have received significant
attention, and the performance of learning algorithms
on these pure exploration tasks is typically measured
by their sample complexity. Ideally, we aim to design
algorithms with instance-specific optimal sample com-
plexity. This ensures that the algorithm adapts to the
specific problem instance at hand, rather than to a
worst-case scenario, and accurately reflects its true dif-
ficulty. In the context of multi-armed bandits (MABs),
which can be interpreted as stateless RL, the design of
algorithms for the best arm identification task is rel-
atively well understood, and several instance-optimal
algorithms exist (Garivier and Kaufmann) [2016} |De-
genne et all 2019; Wang et al.l 2021]).

However, extending such guarantees to RL settings
governed by MDPs is highly non-trivial. The primary
challenge is that, unlike in bandits, the set of parame-
terizations that make two MDP instances hard to dis-
tinguish—the so-called confusing parameters—forms
a non-convex set ( As a result, the optimization
problems that characterize instance-specific complex-
ity in RL, also referred to as the lower bound prob-
lems, are inherently non-convex and computationally
intractable in general. Common workarounds rely on
convex relaxations (Al Marjani and Proutiere, 2021]),
which compromise statistical optimality.

In this paper, we address this challenge for the policy
testing problem under discounted, tabular MDPs with
access to a generative model and a static sampling
allocation: given a confidence level §, the agent must
decide whether the value of a given policy exceeds a
specified threshold with probability at least 1 — §. Our
main contribution is a reformulation that turns the
generally non-convex lower bound problem for policy
testing into a tractable form without sacrificing statisti-
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cal optimality. Specifically, we show that by swapping
the roles of the objective and the constraints, the prob-
lem can be recast as policy optimization in a newly
constructed reversed MDP (, yielding convex con-
straints and a non-convex objective. We then derive an
exact decomposition of the global KL-feasible set into
a family of product-box subproblems, each of which
is solved by projected policy gradient, while an outer
search optimizes the local KL-budget allocation (Theo-
rem . Combining these pieces, we propose the PTST
algorithm ( and prove that it attains asymptotically
instance-optimal sample complexity (Theorem . To
the best of our knowledge, this is the first computation-
ally tractable algorithm to achieve instance optimality
for pure exploration in MDPs. Beyond policy testing,
our reformulation and the reversed MDP perspective
suggest extensions to other pure exploration problems
in MDPs, including policy evaluation and best pol-
icy identification (see Appendix [B|for a more detailed
discussion).

Beyond these theoretical contributions, the problem
is practically motivated. Policy testing asks whether
a proposed policy meets a target (or improves on a
deployed baseline) with high confidence while using
as few samples as possible. For example, consider a
recommendation system that leverages user history
(states), where the algorithm driving recommendations
is a policy. When a deployed policy has been used for a
long period, its value—i.e., the utility achieved by the
system—is typically well understood. Suppose we now
design a new policy. Determining whether the value of
this new policy exceeds that of the previously deployed
one is crucial for maximizing overall benefit. A closely
related scenario arises in healthcare, where a policy
corresponds to a treatment strategy. More generally,
policy testing can be viewed as a stateful analogue of
thresholding bandits (Locatelli et al., |2016]).

Contributions. Our contributions are as follows: (i)
We derive an instance-specific lower bound on sample
complexity (Theorem , revealing non-convex con-
straints. (ii) We reformulate the lower-bound optimiza-
tion as an equivalent reversed MDP, derive an exact
decomposition into product-box-constrained subprob-
lems, and solve them by combining projected policy
gradient with an outer budget search (Theorem [2). (iii)
Building on this, we develop PTST and prove that it is
asymptotically instance-optimal in sample complexity
(Theorem [3). (iv) Empirically, across the evaluated
instances, PTST requires fewer samples at a fixed con-
fidence level than the adapted best policy identification
baseline.

2 RELATED WORK

Pure exploration in MABs has been studied extensively.
In particular, significant attention has been devoted to
best-arm identification in both the fixed-confidence and
fixed-budget settings (see, e.g., |/Audibert and Bubeck
(2010); |Gabillon et al.| (2012)); |Soare et al.| (2014))).
In the fixed-confidence setting, instance-specific lower
bounds on sample complexity have been derived. These
bounds, in turn, have enabled the design of asymptoti-
cally optimal algorithms (Garivier and Kaufmann), 2016
Degenne et al.) 2019; [Jedra and Proutiere, [2020; 'Wang
et al., |2021). This line of analysis is feasible thanks
to the relative simplicity of the optimization problems
that underlie these lower bounds.

Similar challenges have been studied in the context
of MDPs. Several works focus on characterizing the
minimax sample complexity for best policy identifica-
tion, typically under the generative model assumption
(Gheshlaghi Azar et al. [2013} [Agarwal et all 2020
Li et all) 2024). Other efforts aim at instance opti-
mality either in offline settings (Khamaru et al.| 2021}
Wang et al., 2024) or under adaptive sampling regimes
(Zanette et al., [2019; |Al Marjani and Proutiere, 2021
Al Marjani et al.l [2021} Tirinzoni et al.l [2022} [Kitamura
et al.| 2023} [Taupin et al., 2023} [Russo and Vannellal,
2024)). However, none of these approaches achieves
true instance-specific optimality. Even in the relatively
simple case of tabular episodic MDPs, current results
attain only near-optimal sample complexity (Tirinzoni
et al., [2022; |Al-Marjani et all [2023} Narang et al.|
2024)). The core barrier to achieving instance-specific
optimality in MDPs lies in the inherent complexity
of the optimization problem that defines the sample-
complexity lower bound. In this paper, we provide the
first approach to fully deal with this complexity in the
context of the policy testing task. A more detailed
discussion of related work can be found in Appendix [A]

3 PRELIMINARIES

3.1 Markov Decision Processes

We consider a discounted Markov decision process
(MDP) M = (S, A,p,r, p,7), where S and A denote
the finite state and action spaces, respectively. The (un-
known) transition kernel is given by p € P := A(S)S*4,
where A(X') denotes the simplex over X. p(s'|s,a) de-
notes the probability to move to state s’ given the
current state s and the selected action a. The reward
function r : § x A — R is deterministic, p represents
the known initial state distribution, and v € (0,1) is
the discount factor. We denote the state-action pair
at time ¢ by (s(t),a(t)). At time ¢, the agent selects
action a(t) according to the distribution 7 (- |s(t)), col-
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lects reward r(s(t), a(t)), and moves to the next state
s(t 4+ 1) according to the distribution p(- | s(t), a(t)).
The value function of a given policy 7 € IT := A(A)S
is defined by its average long-term discounted re-
ward given any possible starting state s: V7(s) 1=

E7 [tho yir(s(t),a(t)) | s(0) = s} , where E7 repre-
sents the expectation taken with respect to randomness

induced by 7 and p. Similarly, for each state-action pair
(s,a) € § x A, Q-function is defined as: Q7 (s,a) :=

Ef[ S 1r(s(0),0(t) | 5(0) = s,a(0) = a]. The
value of 7 is then defined as: V[ (p) := > cspsV, ().
We also define the discounted state-visitation distribu-

tion: d7 | ,(s',a’) = (1—~)E} [thovtll{(s(t),a(t)) =

(s',a) | (50),a(0)) = (s,0)}] and df(s) =
Yacam(als)dy  ,(s',a’). The state-visitation distribu-
tion initialized by p, d7 , € A(S), is defined with com-
ponents dy , = > s psrdy o (s) for each s € S. For
any p, pp € A(S)’ we define ”p/“'”OO = MaXgses ps/usa
with 0/0 = 1 by convention. We have d7 , - > (1—7)ps
and ||d7 ,/d7 e < |ld7 ,/pllee/(1 =) for all p €
A(S), m,n’ € IL

3.2 Policy Testing

We aim to devise an algorithm that determines whether
the value V7 (p) of a given policy m exceeds some given
threshold with a minimal number of samples. Without
loss of generality, we can assume that this threshold
is OE| We assume that the kernel p should satisfy
Vi (p) # 0, i.e., the value is strictly positive or nega-
tive. Therefore, we write the set of problem instances:
Prest := {q € P : V[ (p) # 0}. For each p € Pregt, the
answer Ans(p) is + if V7(p) > 0 and — if V,J(p) < 0.

We assume that the agent has access to a generative
model. In each step, the agent selects a state-action
pair, from which the transition to the next state is
observed. We consider the case where the agent uses a
static sampling rule, targeting fixed proportions of
state-action draws w € ¥ := {w’ € [0,1]ISI¥IAl
> eaWsa = 1} (wsa denotes the proportion of time
state-action pair is sampled). Our goal is to design an
algorithm that, with a fixed confidence level of 1 — ¢
(where § € (0,1) is a predefined parameter), determines
as quickly as possible whether V" (p) exceeds the given
threshold (i.e., whether V,"(p) > 0 or V,J(p) < 0).

Remark 1 (Generative Model). Much of the sample-
complexity analysis for MDPs has been conducted under
the assumption of access to a generative model (Ghesh,

If the threshold is R, we can instead use the shifted
reward function 7 = r—(1—~)R, and the new value function

is V" (s) = V7 (s) — R. Therefore, testing V;"(p) > R is
equivalent to testing V7 (p) > 0.

laghi Azar et all,[2015;|Zanette et al,|2019; Al Marjani
and Proutierd, |2021). While one can extend the analy-
sis to the forward (online, single-trajectory) interaction
model, such extensions typically require additional as-
sumptions. See Appendiz[B for details.

In addition to a sampling rule, the algorithm consists
of a stopping rule and a decision rule. The stopping
rule is defined through a stopping time 7 w.r.t. the
natural filtration F = (F;)¢>1, where F; denotes the
o-field generated by all the observations collected up to
and including round ¢. In round 7, after stopping, the
algorithm returns a F,-measurable decision i € {+, —},
corresponding to the answer which is believed to be
correct. The sample complexity of an algorithm is
defined as E, [7] where the expectation is with respect
to the sampling process, the observations, and the
stopping rule.

Definition 1. An algorithm is §-Probably Correct (-
PC) if for all p € Prest, (i) it stops almost surely,
P,[r < oo] =1 and (ii) P,[i # Ans(p)] < 6.

We aim to design a 0-PC algorithm with minimal sam-
ple complexity.

3.3 Assumptions

To simplify the notation, we define ry.. =
maxg o [r(s,a)|, r™(s) = > ,cam(als)r(s,a) and
r7(p) =D ges P (S)-

AsVT(p) = r"(p)+> oy Ef[y'r(s(t), a(t))], the transi-

tion kernel p maximizing the value maps all state-action
pairs to the most rewarding state, arg max,r™(s). In
contrast, the kernel minimizing the value maps all state-
action pairs to the least rewarding state, arg min_ 7™ (s).
That is,

max V" (p) = r"(p) + - max7r™(s) (1)

p 1-— Yy s
and min V" (p) =r"(p) + 7 min r"(s). (2)
p 1-— Yyos

Throughout the paper we impose the following standing
assumption, which ensures that both decision regions
{q € Prest : Ans(q) = —} and {q € Prest : Ans(q) =
+} are nonempty and simplifies the exposition.

Assumption 1. ps > 0 for all s € S. r and p satisfy:
% ming 7™ (s) > r"(p) > % max; 77 (s).

This assumption also implies that for any transition
kernel, the state value function is not constant (it
varies across states). This is formalized in the following

lemma, proved in Appendix [[.1]
Lemma 1. Under Assumption[1}

i V7T(s) —V7(s 0.
nilp s V() = V(s >



Policy Testing in Markov Decision Processes

Throughout the paper we also adopt the following
assumption. We take the target policy 7 to have full
support and require our static sampling rule to explore
every state—action pair in the support of w. This is
without loss of generality: if w(a | s) = 0 for some
(s,a), then the transition law p(- | s,a) does not affect
V7 and such pairs can be ignored.

Assumption 2. 7(a | s) > 0 and ws, > 0 for all
s,a € S x A.

4 LOWER BOUND

We derive sample complexity lower bounds satisfied
by any §-PC algorithm. To this aim, we leverage the
classical change-of-measure arguments in MAB (Lai
and Robbins| [1985; |Garivier and Kaufmann, 2016)). To
state our lower bound, we need the following notation.
For any state-action pair (s, a), KLs,(p, ¢) denotes the
KL divergence between the distributions p(- | s,a) and
g(- | s,a). Finally, for t € N, (s,a) € S x A, Ny (t)
denotes the number of times (s, a) is sampled up to t.

We introduce the set of alternative or confusing kernels
as Alt(p) := {q € Prest : Ans(p) # Ans(q)}. This set
collects all the kernels for which the answer to the test
differs from p. Alt(p) can also be written as follows:

Alt(p) = {q € Prest : V] (p)V,7 (p) < 0}.

Theorem 1. Under Assumption[d], let p € Prest, w €
3, and a 0-PC algorithm with sampling rule satisfy-
ing that for any € > 0, there exists c. > 0 such that
E[Nso(t)] < t(wsq +€) + ¢, Vs € S,a € A. Then,

Ep[7] <
llgélf W > Tw (p)a (3)

where

T (p)~ 1 := f
w(p) qeg{t(p)

ZwsaKLsa(n 0. (4)

Theorem [I]is proved in Appendix [C] The next result,
proved in Appendix[[.2] states that under Assumption|2]
the characteristic time T (p) is finite.

Proposition 1. If Assumption holds, T%(p) is finite.

Most existing asymptotic optimal algorithms for pure
exploration in MAB involve solving the optimization
problem (Garivier and Kaufmann| 2016} [Degenne
et al., |2019; [Wang et al.| |2021)). Using a certain thresh-
old parameter 3(t,d), determining whether this opti-
mization problem exceeds ((t,d)/t becomes the key
to deriving the optimal stopping rule. However, for
MDPs, the optimization problem leading to the sample
complexity lower bound is non-convex as shown below.

An example where Alt(p) is non-convex. Let M
be a MDP which consists of three states s1, s9, 3, and
7 be a deterministic policy such that 7(als;) = 1 for
all = 1,2,3. The initial distribution, discount factor,
and reward function are set as: p = (1/3,1/3,1/3),
v = 0.9, r(als1) = —0.88, r(als2) = r(al]sz) = 0.12.

We define the transition kernels p, ¢V, ¢(?) as

. 01 0 ) 0 05 0.5
g1=(o 1o |, gP1=1 0o o |,
0 0 1 0 0 1
and p = (¢ +¢®)/2, where qz(,lj) is the abbreviation for

(2)

(¢ (s]s4,a)), and likewise for q;; - One can see that
Vi(p) =

—0.15 < 0,V (p) ~ 0.87 > 0, VT, (p) =
0.13 > 0. Hence ¢V, q(2) € Alt(p) but (¢ +¢*)/2 =
p & Alt(p).

5 REVERSED MDP

In this section, we present novel ideas for constructing
an optimal stopping rule for policy testing. We show
that the problem can be viewed as policy optimization
in a reversed MDP, where the roles of the transition
kernel and the policy are interchanged.

5.1 Non-Convex Constraint in Stopping Rule

We begin with a standard fixed-confidence stopping
rule and show that it leads to an optimization problem
with non-convex constraints. Let N, (¢) denote the
number of times the state—action pair (s,a) has been
sampled up to round ¢t. Let the threshold §(t,d) be

defined by:
No(t)
T-1l)

B(t,8) := 10g< ) (IS|-1 ng( [
()

With the convention that Ny, (t)KLg, (P, p) = 0 when-
ever Ng,(t) = 0, we claim that the stopping rule:

inf > Nea(t)KLsa(pr, q) > B(t,6),  (6)

qEAlt(pr) o0

yields a 0-PC algorithm.

First, according to Proposition 1 in|Jonsson et al.[(2020)
and Lemma 15 in |A] Marjani and Proutiere| (2021), we
have: for each p € Pregt,

Py |3t >1, Y Nea(®)KLsa(pr,p) > B(t,8)| <6, (7)

If the answer induced by the current empirical model
Pt is incorrect, i.e., Ans(p:) # Ans(p) (equivalently,
p € Alt(py)), the algorithm should continue sampling.
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Moreover, if p € Alt(p;) and @ holds, then p is feasible
for the infimum in @, and therefore

> Nealt) KLga(pesp) = B(t,6).

By @, this event occurs with probability at most 4.
Hence, stopping at the first time ¢ that satisfies (6))
yields a §-PC algorithm. Unfortunately, evaluating
is computationally difficult because Alt(p;) is generally
NON-CONVex.

5.2 From Non-Convex Constraint to
Non-Convex Objective

In what follows, we transform the optimization problem
into an equivalent one with a non-convex objective and
convex constraints.

We first introduce a parameterized extension of the
optimization problem defining our sample complexity
lower bound (Theorem [I)):

ir;wasaKLsa(p, q) st Vi (p)V)(p) <u,

s,a

(NC-u, w, p)

where v € R. The problem (NC-u,w,p) has a

non-convex constraint, and we denote its value by
oxc(u,w,p). With this notation, the stopping rule

@is

. . t,0

onel0,6(0) ) > 20D,

Next, we define uno (o, w, p) as the value of the follow-
ing problem:

Zréig Vi (p)Vy(p) st. gwsaKLsa(p, q) < o.

(NO_U7 w, p)

In (NO-o,w, p)), the objective is non-convex, while the

constraint set is convex.

The next proposition, proved in Appendix for-
malizes the bijective relationship between the values
uno (o, w, p) and onc(u, w, p) associated with the prob-
lems (NO-0,w, p) and (NC-u,w, p)), respectively.

Proposition 2. Suppose that Assumption |1 holds
and that p € Prest. Then: for all o > 0 such that

UNO (07 wap) > mian'P for (p)‘/qﬂ' (p)
UNC(UNO(Uv W,p)7 va) =0,
for all w € (mingep V7 (p) V] (p), uno (0, w, p)],

UNO(UNC(U7 w7p)7 w7p) = u.

Proof Sketch of Proposition[3 We can replace the in-
fimum and strict inequality in with a
minimum and a non-strict inequality, respectively.
From this, the result follows: (i) If onc(u,w,p) < o,
then there exists ¢ such that V7(p)V(p) < u and
> sawsaKLsa(p, q) < o, implying uno(o,w,p) < w.
Conversely, if uxo (o, w,p) < u, then oxc(u,w,p) < o,
which is equivalent to stating that if onc(u, w,p) > o,
then uno(o,w,p) > w. (ii) We further show that if
onc(u,w,p) > o, then uno(o,w,p) > u. Combining
(i) and (ii) directly implies that if oxc(u,w,p) = o,
then uno (o, w,p) = u. O

This proposition shows that the mappings unxo (-, w, p)
and onc(-,w, p) are inverses of each other. While this
may appear intuitive, it does not generally hold in
non-convex settings. We state general conditions in
Assumption (in Appendix@ on the objective and the
constraint set that ensure this inverse relationship, and
we verify that these conditions are met in our setting.

Using Proposition [2| the stopping rule @—namely,
onc(0,w(t),pr) > B(t,0)/t—is equivalent to

UNO(IB(ta 6)/t7 aj@)vﬁt) > 0,

since uno(+,w,p) is nonincreasing in its first argument
for any fixed w and p.

Remark 2. Proposition[3is a central component of our
approach to solving the optimization problem using the
reversed MDP formulation, and thereby to developing
an instance-optimal algorithm. While we establish this
result for policy testing, we also show that it holds
for policy evaluation. FExtending this result to other
pure exploration tasks, such as best policy identification,
remains an interesting direction for future work. See
Appendiz[B for details.

5.3 The Reversed MDP

We can interpret the dual optimization problem
(NO-0,w, p) as a policy optimization problem in a new
MDP. This MDP M = (S, A, p,7, p,7) is referred to
as reversed MDP, since the roles of policy 7 and transi-
tion kernel p are swapped. M is constructed as follows.
The state and action spaces are S := S x A and A = S.
The initial state distribution p is such that for all (s, a),
p(s,a) = psm(a | s). In state 5 = (s,a) € S, a pol-
icy 7 takes an action a = s’ € A with probability
p(s'|s,a). Given an action a = s’ selected in 3, the
system moves to state § = (s’,a’) with probability
m(a’|s’) (all other transitions occur with probability
0), so that p(5' = (s”,ad')|5,a = s') = m(a’|s") 1 (gr=s}-
The reward function, ¥ : & x A — R is defined as
7(5,a) = r(s,a) if 5 = (s,a). The reversed MDP M is
illustrated in Figure
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m(|s(1))

sl s(2
PG )

Initial MDP M

3(1) 3(2)
(om) O 550, am\_/

(m(-]s(2)))
Reversed MDP M

Figure 1: From the original MDP (top) to the reversed
MDP (bottom). In the reversed MDP, reversed vari-
ables are shown in red and the original counterparts in
black.

For the reversed MDP, the discounted state-visitation
distribution starting at 5 € S is defined as: V5’ € S,

which is equal to df , ,(s',a’) when 5 = (s,a) and
§ = (¢',d’). For any pu € A(S), we define df ,(5') :=
doses ugd“ (8"). The state and state-action value func-

tions of M are defined as: for all (5,a):

Vi(8) = Ep[Y 27 (5(t). a(1))|5(0) = 3, (®)
t=0
05 (5,a) == EJ[Y_4'7(5(t),a(t))|(5(0),a(0)) = (5,a)]
t=0

For any p € A(S), we define V7 (1) := Y o5 15V,
Observe that V

— _ pul _ p

ve ﬁ”(s) = Qp(s,a) if 5 = (s,

and Qp(s,a) = r(s,a) + V() if (5a)
(s,a,s"). We simply deduce that for each s €
S, Vi(s) = Yacam(als)Vi(s,a), and Vi(p) =
ZsES ZaGApS ( | )Vﬂ—(s a’) _ V'ﬂ—( ) Thus> Opti'
mizing transition kernel ¢ in (NO-o,w, p)) is equivalent

to optimizing the policy against in the reversed MDP.
More precisely, (NO-o,w, p) is equivalent to:

(5)-
a),

min

min Vi)V (p) st ZwsaKLsa(p ) <o.

(10)

Reformulating as a policy optimization
problem in the reversed MDP offers a key advantage:
it allows us to leverage recent advances in the conver-
gence analysis of policy gradient methods. In the next

subsection, we present several results for the reversed
MDP that support the analysis of constrained policy
gradient methods.

5.4 Preliminary Results for Reversed MDP

We provide preliminary results that aid our analysis
and may be of independent interest. These results
are the counterparts, for the reversed MDP, of the
performance difference lemma (Kakade and Langford|
2002]), the policy gradient theorem (Sutton et al.,|{1999),
and the smoothness lemma (Agarwal et al., 2021) for
standard MDPs.

We begin with the performance difference lemma, which
for the reversed MDP coincides with the celebrated
simulation lemma (Kearns and Singhl, 2002) (see also
Lemma A.1 in [Vemula et al.| (2023))).

Lemma 2 (Simulation/performance difference lemma).
For any p,p € P and (s,a) € S x A,

T ks _ 0 T
Qp(saa) 7@;’;(5"1) - m Z dpsa(slva/)Da
s'€S,a’eA
where D= 3 VE(s") (5" | o) — (s | ')

s"’eS

Lemma [2| directly implies that Q7 (s,a) is continuous
in p, a property that is used in the proof of Proposition

The next result provides an explicit expression of the
gradient VzV7(p) used in our policy gradient algo-
rithm.

Lemma 3 (Policy gradient).
S, a,a’ € A, we have

0Qy (s,a) dr

_ P:s, a(slval) (T(S/
ap(s” | s'a')

(1-7)

For each s,s',s" €

a/) + ,y‘/pw(sl/)) ;
(11)

OVFp) _dg(s.0) 2

ap(s' | s,a) - 1—7) (r(s,a) +9V,(s) -

The final result concerns the smoothness of the gradient,
and it can be established using tools from the theory
of the policy gradient (Agarwal et all [2021)). It will
be useful when assessing the convergence rate of our
algorithm.

Lemma 4 (Smoothness). For any p,p € P and (s,a) €
Sx A,

27 |S| rmax
(1—=7)?

6 OPTIMAL ALGORITHM

HVpQZ(S,CL)*VpQg(S,CL)HQ < ”p*ﬁ”Q'

In this section, we present an asymptotically optimal
algorithm, Policy Testing with Static Sampling (PTST).
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Algorithm [I] provides the pseudocode for PTST. It has

three main components.

(i) Static sampling rule (line 4). It ensures that the
algorithm samples state—action pairs according to a
predefined allocation vector w € . At round ¢, the
algorithm tracks w by sampling the pair that minimizes
Wsa(t) /wsa, where @gq(t) := Ngqo(t)/t is the fraction of
rounds in which (s,a) has been sampled up to time ¢.

(ii) Stopping rule (lines 3 and 7). This component is
inspired by the reversed-MDP formulation (§5). We
use the nested projected-gradient descent method of
Algorithm [2| to approximately solve at
time ¢, with p = p, w = w(¢t), and ¢ = B(¢,0)/t.
Specifically, given a tolerance (; > 0, Algorithm
returns a value u¢, such that

) ~ A~
U, > 'U'NO([}(? )7w(t)7pt) > U’Ct_ct'

The solver searches over local KL-budget vectors and,
for each fixed budget vector, runs exact projected gra-
dient descent on the corresponding product feasible
set in the reversed MDP. The algorithm stops when

ue, > G

(iii) Decision rule (line 10). Upon stopping, PTST
outputs Ans(p,) as its decision.

Algorithm 1 Policy Testing with Static Sampling
(PTST)

1: Input: 7 €IL,§ € (0,1),w € Z, {Ct}e>1-

2: Initialization: Sample each (s,a) € S x A once
if wsg > 0.t > T{wsqe > 0}.

3: while u¢, — ¢; < 0 do

4: Sample (s¢,ar) < argming ... >0 Nsa(t —
1)/wsq (tie-broken arbitrarily)

5: t—t+1

6: Update py, Ngo(t), and w(t)

7: Run Algorithm [2[ with (P, (¢, B(t,0)/t, &(t)) as
inputs, and let u¢, be its output.

8: end while

9 T 1

10: Output: i < Ans(p;)

6.1 Projected Gradient Descent

In PTST, the value of (NO-o,w,p) is approximated

by the nested projected-gradient descent method of
Algorithm 2] For o > 0, define the weighted budget
simplex

BU(Q)) = {b S Rl_;_SHAI : Zwsabsa < U} s

and, for each b € B, (w),
Q) :=={q € P : KlLsa(p,q) < bsa, V(s,a) €S x A}

The key observation is that the global KL ball is exactly
the union of these product boxes.

Proposition 3 (Exact reduction to product-box bud-
gets). For everyo >0, w € X, and p € P,

= mi in V" (p)V7(p).
uno(o,w,p) popin - min Vy (P)Vy (p)

Indeed, if ¢ € TI2, then setting by, = KLsu(p,q)
gives b € B,(w) and ¢ € Q(b). Conversely, if ¢ €
Q(b) for some b € By(w), then Y  weKLg(p,q) <
Zs,a Wsabsa < 0,50 q € II2. The proof of Proposition
is deferred to Appendix

Thus, solving (NO-o,w,p) can be decomposed into

an outer search over b € B,(w) and an inner ex-
act projected-gradient method over the product set
Q(b). The inner projection factorizes across state—
action pairs:

Profo (@) = (Profj,eas) s <1y (o)) o
so each block projection reduces to a one-dimensional
dual root-finding problem on a KL-ball-constrained
simplex.

Algorithm 2 Nested Projected Gradient Descent

Input: (p,(,0,w).
if V7(p) =0 then
Output: 0
end if
Define S, A, 5,a, 7, p, and _ﬁ’?(ﬁ) as in Section
Tmax — MaXs q |7(S, a)]
L' 23]+ e/ (1~ 7)°
he (1= )/ (181SP APV (0)2r)
Define Gy, := {b € B, (w) : bsq € h¢Zy, Y(s,a)}

) 384 (7| A|+1)[S]rmax |V (0)[11/5]1%,
10: M + (177)54” 1
11: for each b € G;, do
122 7« p
13: for k=0,1,...,M —1do
14: 7D
) _(k)  sien(V7(p) o o7
Projq ) <7T1(> ) BNV (P)
15: end for
_Lon
16: uy < V7(p)Vs" (p)

17: end for
18: Output: u¢ < mingeg, . up

Line 8 fixes the grid resolution explicitly. By Lemmal[I2]
this choice guarantees that coordinatewise flooring of
an optimal budget vector to the grid Gy, incurs an
outer discretization error of at most ¢/3.

The following theorem provides the fixed-budget inner
convergence guarantee together with the global ap-
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proximation guarantee of the nested projected-gradient
descent method.

Theorem 2. Under Assumptions[1] and[3, fix any b €
By(w). Let (ﬁék));gzo be the exact projected-gradient
sequence generated by the inner loop of Algorithm[g on
the product set Q(b), and define

k)

_ﬁ( - T . T T
AP =V (p)Vr(p) — min V7T (p)V[(p).

q€Q(d)
Then, for all k > 1,

A(k) < 128(7|“Zl| + 1)|‘§|rmax‘vpﬂ—(p
b (1 =)k

In particular, if Algorithm[g is run with the values of
he and M defined above, then its output uc satisfies

M1/

UC Z UNO(U,W,p) 2 UC_C

The proof of Theorem [2]is provided in Appendix [E] The
key point is that, after the reduction of Proposition
each inner problem is solved over a genuine product
set, so the projected-gradient analysis becomes exact
and no slack mixing is needed.

Finally, when Algorithm [2|is used inside PTST (Algo-
rithm 7 we replace the unknown transition kernel p
with its empirical estimator p;, the tolerance ¢ with (,
the allocation w with @(t), and the radius o with the
threshold g(¢, d)/t.

Remark 3 (Tradeoff of the product-box decomposi-
tion). The ezact reduction to product-box budgets trans-
fers the global coupling induced by the KL constraint
to an outer optimization over the local budget vector
b. For each fized b, the feasible set becomes a genuine
product set, so the inner projected-gradient method ad-
mits an exact analysis on each product bozx, yielding the
approzimation guarantee of Theorem[3

6.2 Optimality of PTST

The following theorem, proved in Appendix [} estab-
lishes the asymptotic optimality of the PTST algo-
rithm.

Theorem 3. Suppose Assumptions[1] and[3 hold. For
any positive sequence {(¢}32, with limy_,o0 ¢ = 0, Al-
gorithm (1| satisfies that Pp[i # Ans(p)] <6, and

-1
) E,[7] )
1 —r < f E saKLsa ) .
Hz?j(l)lp log(1/6) — (qei&t(z)) . v q))

s,a

The proof of the theorem relies on combining concen-
tration results with a sensitivity analysis of uxo. We
outline the main ideas of the proof below.

Proof Sketch of Theorem[3 First, leveraging the con-
centration inequalities and the fact that PTST tracks
a fixed allocation w € ¥, we can define, for a round T,
a "good" event Cr(§) under which empirical estimates

{pt}thﬁ (resp. empirical allocation {w(t) thﬁ) are

very close to p (resp. w) and such that P, [Cr(£)°] < o0
for large enough T'.

Next, we can show that under event Cr (&), the "ideal"
stopping rule (@ will be activated when onc(0,w, p) &
B(T,8)/T. Our approximate stopping rule is more
conservative. To measure its conservativeness, we
conduct a sensitivity analysis of uno: we prove that
c(og — 01) < uno(o1,w,p) — uno(o2,w,p) for some
¢ > 0 (Theorem [5|in Appendix by using Lemma
This result is a consequence of a series of theorems in
parameterized optimization and real analysis.

We finally establish that if oo — 01 > (r/c with
o1 = B(T,6)/T and o3 = onc(0,w,p), then Propo-
sition implies that {r < uno(B(T,9)/T) <
tep.  Thus, PTST stops when onc(0,w,p) =
B(T,8)/T + (r/c =~ log(1/6)T. Or equivalently T =
onc(0,w,p)~tlog(1/8) ~ T%(p)log(1/6), which com-
pletes the proof. O

7 EXPERIMENTS

In this section, we evaluate the proposed method in
several settings. To the best of our knowledge, there is
no prior algorithm tailored to policy testing in infinite-
horizon discounted MDPs. Consequently, directly ap-
plying methods for thresholding bandits or other pure
exploration problems is not straightforward. Instead,
we adapt a best policy identification method to serve as
a baseline: the KLB-TS algorithm of [Al Marjani and
Proutiere| (2021). To align KLB-TS with the policy
testing objective, we consider two policies: one identical
to 7 and another, 7/, satisfying Vp’“,(p) = 0. We fix the
sampling rule to be uniform over all state-action pairs.
The stopping rule of KLB-TS is based on an upper
bound obtained by convexifying the original minimax
optimization problem. For the empirical study, we use
a heuristic variant of PTST whose inner optimization
directly projects onto II? via SLSQP, rather than the
nested product-box solver analyzed in Section [6.1]

We conduct experiments using three MDP settings:
S| = |A| =2, |8 =|A] =3, and |S| = |A] = 5. In
all cases, the discount factor is set to v = 0.9 and the
initial state distribution is uniform over all states. The
reward function r(s, a), the transition kernel p(- | s, a),
and the policy 7 are specified in Tables and [3] in
Appendix[J]for the respective settings. For each setting,
we vary ¢ from 1071% to 1072. The results are shown
in Figure 2] In all three cases, PTST outperforms the
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baseline for all values of §. For further details, please
refer to Appendix [J]

@ 1800
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) 1400 —— KLB-TS

g_ 1200
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U 800

g 600
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2: 200
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Figure 2: Comparison of average stopping times and
& for the proposed algorithm and KLB-TS. The top,
middle, and bottom panels correspond to |S| = |A| =
2,3,5, respectively. Results are averaged over 30 in-
stances. Error bars indicate the standard error.

8 LIMITATIONS AND DISCUSSION

In this paper, we formulated the policy testing prob-
lem in discounted, tabular MDPs and characterized its
instance-specific complexity under access to a genera-
tive model with a static sampling allocation. To the
best of our knowledge, this is the first computationally
tractable algorithm that achieves instance optimality
for pure exploration in MDPs. The key ingredients are
a reformulation that converts a non-convex lower-bound
problem into a tractable program, an exact decompo-
sition into product-box-constrained subproblems, and
projected policy gradient methods in a reversed MDP.

Although our focus is policy testing, we expect the
approach to extend to other pure exploration tasks,
such as policy evaluation. We outline the required

assumptions and corresponding optimization problems
in Appendix [B]

Our current guarantees are restricted to the static sam-
pling setting. The stopping rule based on the reversed
MDP applies directly under static allocations, but ex-
tending the full framework, including the sampling
design and the optimality guarantees, to adaptive sam-
pling is an interesting direction for future work. More-
over, while Theorem [2] analyzes the nested product-box
solver, the empirical study uses the simpler direct-
projection heuristic described in Appendix [J} providing
guarantees for this heuristic is left for future work.

Overall, we hope these findings provide a foundation
for developing more efficient algorithms for pure explo-
ration in MDPs.
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Checklist

1. For all models and algorithms presented, check if
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(time, space, sample size) of any algorithm.
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(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes]

(b) Complete proofs of all theoretical results.
[Yes|

(¢) Clear explanations of any assumptions. [Yes]|

3. For all figures and tables present empirical results,
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(a) The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
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(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes|

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
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multiple times). [Yes]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes]
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(b) The license information of the assets, if appli-
cable. [Not Applicable]
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(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
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with human subjects, check if you include:
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pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,

with links to Institutional Review Board (IRB)
approvals if applicable. [Not Applicable]

(¢) The estimated hourly wage paid to partici-

pants and the total amount spent on partici-
pant compensation. [Not Applicable]
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A Additional Related Work

Comparison with Thresholding Bandits. When compared with the bandit literature, the policy testing
problem can be regarded as a generalization of the thresholding bandit problem (Chen and Li, [2015} Locatelli
et al.l 12016; [Degenne and Koolen), [2019; Wang et al., 2021)), where the goal is to adaptively sample each arm
and identify those whose mean reward exceeds a given threshold; our work generalizes this concept to the value
function setting in MDPs. Similar settings using known thresholds in MABs have also led to other important
variants, such as the good arm identification (Kano et al.l 2019)) and bad arm existence checking problems (Tabata
et all 2020). Such a setting has applications in scenarios with practical constraints on the horizon, such as in
timely recommendations (Kano et al., [2019). It can also be viewed as an application of the concept of a satisficing
objective (Russo and Van Roy, [2022; [Reverdy et al., |2016)).

Analysis of Policy Gradient Methods. Our inner projected-gradient analysis (Section is partly based on
recent advances in the analysis of convergence rates for policy gradient methods [Xiao| (2022)); |/Agarwal et al.| (2021)).
While studies on the convergence rate of policy gradients with constraints exist (Ding et al.l 2023; [Montenegro
et al.l [2024)), most focus on linear constraints on the state visitation distribution. In contrast, our results work
with nonlinear KL constraints by decomposing the global feasible set into product-box subproblems, and combine
the resulting inner projected-gradient guarantees with an outer budget search and a sensitivity analysis (see

Sections [6] and [G]).

Policy Evaluation. Furthermore, our technique suggests that the instance-specific optimality is likely to be
achievable for policy evaluation problems, including off-policy evaluation (Uehara et al.,2022) and more general
formulations (Russo and Pacchiano, 2025)). We discuss extensions to policy evaluation in Section

B Extensions Toward Other Pure Exploration Tasks

Policy Evaluation. Policy evaluation is the task where we aim to approximate the value of a given policy up to
a predetermined constant ¢ with a certain confidence. Specifically, if ¢ denotes the approximation of V,J(p), the
goal is to minimize the number of samples |, [7] while satisfying P,[|o — V.7 (p)| > €] < 6. Similar to Assumption
considered for the policy testing, we present Assumption [3] for policy evaluation. Notice that if Assumption [3] does
not hold, returning  as an arbitrary value between r™(p) + min, 7-7"(s) and r™(p) + max, =577 (s) satisfies
that |6 — V" (p)| <e.

Assumption 3. ps; >0 for all s € S. v and p satisfy:

max r"(s) — min r"(s) > e.

s 1—'y s 1—7

As discussed in Section [6] and solving the stopping condition boils down to identify whether the minimal
value of the following two optimization problems is larger than 5(¢,d)/t.

inf S wsoKLoa(p,q) st. VA(p) — VT <0, 13
inf ) e (p.q) st Vi(p) =V (p)+e (13)

s,a

and

iI;wasaKLsa(p, q) st. VJ(p) =V (p)+e<0. (14)

s,a
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Under Assumptlonl 3} either {g € P: V] (p)—-V](p )—l—s <0}or{geP:V(p)—V](p)+e < 0} will be nonempty.
For simplicity, we restrict our attention to solving (14) and assume {q € P : V[ (p ) V7 (p) +e <0} #0. In the
following, we prove Assumption [4] holds with the correspondlng substitution in Lemma 5] then one can implement
a projected policy gradient method to approximate the value of its dual problem, as described in Section [6.1]

5(t,6)

: (15)

quin V}f(p) - Vqﬂ(p) +e st ZwsaKLsa(p7 (Z) <

sa

Lemma 5. When {q € P : V] (p) — V] (p) +e <0} #0, Assumption holds with the following substitution.
X =", T =q,
h(g) = weaKLea(p, q), 9(0) =V (p) =V (p) +¢

s,a

Proof. (a) Let x = p, one has that h(z) = Y, wsaKLga(p,p) = 0.
(b) is a direct consequence of the assumption that {g € P : V7 (p) — V[ (p) + e < 0} # 0.
(c) and (d) hold as the proof in Proposition [2] O

Best Policy Identification. Here we discuss the extension of our methods to best policy identification. As
shown in |Al Marjani and Proutiere] (2021)), Alt(p) := Uses Upsn(s){a € P+ Q7 (s,a) > V[ (s)}. The nonconvex
optimization we are interested in is

inf wsaKLsq(p,q) = min min inf wso KL ,q
g€eAlt(p SZ: N a(p ) SES a#n(s) ¢:Q7 (s,0)>V,r(s) Z 5 sa(p )

For a fixed pair (s,a) such that s € S,a # 7(s), we define (NC-u) as

qirel;;sza:wsaKLsa(pa Q) s.t. ‘/qw(s) - Q;r(sa a) < U.

As described in Section (NC-u) can be transformed into (NO-¢) written below.

min V77 (s) — Qf(s,a) st. Y wsKLa(p,q) <o

Since V,"(s) = Q7 (s, 7(s)), the objective function of (NO-o) becomes Q7 (s, 7(s)) — Q7 (s, a).
Leveraging the construction of the reversed MDP in Section [5.3] we obtain

Q7 (s.m(s)) = Qf(s,a) = V7 (s) = V7' (s'),

where § = (s, 7(s)) and §' = (s,a). The objective function is now the difference between the value functions of two
states. Optimizing such objective functions may not be possible using the standard policy gradient method (as in
our paper). However, we expect that this issue could be resolved by employing a more sophisticated algorithm
design and analysis. This would then yield an instance-optimal algorithm for the best policy identification setting.

Toward the Forward Model. Extending our results to the forward (online, single-trajectory) interaction
model—in which the next state depends on the current state and action—remains an important direction for
future work, likely building on techniques from |Al Marjani et al.| (2021). Such extensions may require assuming
that all state—action pairs with positive probability under the policy are visited. Most algorithms in this literature
assume that the transition kernel induces a communicating MDP, i.e., every state is reachable from every other
state under some deterministic policy (Al Marjani et al., |2021; |Russo and Vannella, |2024; Taupin et al., [2023]).
However, this assumption may be unrealistic in practice, particularly when the presence of transient states is
unknown. Recent work by Tuynman et al.| (2024) weakens this requirement by assuming that the MDPs are
weakly communicating, which is still stronger than Assumption

While this extension is important, it is largely orthogonal to our main contribution, which establishes instance-
specific optimality in the generative-model setting with computational efficiency. We therefore view our results as
a step toward addressing more general and realistic settings.
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C Instance-Specific Sample Complexity Lower Bound—Proof of Theorem

Proof of Theorem[], Consider  two  cases, (1) infyeats(p) 2os .0 wWsaKLsa(p: q) = 00; (ii)
infeate(p) Dos o WsalLsa(p,q) < oo. Observe that our theorem holds directly in case (i), one only needs
to focus on the case (ii). By our Lemmal6] one can derive ¢ € Alt(p) such that KLy, (p,§) < oo for all s € S,a € A

Let ¢ € Alt(p), which is a nonempty set thanks to Assumption [1| Let P, and P, denote the probability measure
generated by p and q respectively. According to property (i) of the §-PC algorithm definition, the stopping time
7 is almost surely finite. Using Lemma 1 in |Al Marjani and Proutiere| (2021)) and the classical data processing
inequality (see e.g. Lemma 1 in [Kaufmann et al.| (2016))), we derive that for any F,-measurable event E,

Z]EP[Nsa(T)]KLsa(paq) > kI(Py[E], Py[E]), (16)

where kl(a,b) denotes the Kullback-Leibler (KL) divergence between two Bernoulli distributions with means a
and b. With choice E = {i = Ans(p)}, the definition of § -PC algorithm (Definition [1}) and the assumption that
g € Alt(p) yield that Pp[E] > 1 —§ and P,[E] < §. After applying the monotonicity of KL divergence, we obtain
kl(P,[E],Py[E]) > kI(d,1 — 6). Thanks to the assumption on sampling rule, for any ¢, one can find ¢, > 0 such
that E,[Na(t)] < tH(wsa +€) + ¢, Vs € S,a € A As holds for any ¢ € Alt(p),

k(6,1 —6) < inf E,7] Z wKLsa(p, q)

= qeAli(p) Byl
< E;D [T] (qe%ﬁtf(p) Z(Wsa +e+ E:TT] )KLsa (pa Q)> (17)
< Ep[ﬂ (Z(wsa +e+ CE)KLsa(pv Cf)) ) (18)

where the last inequality follows as E,[7] > 1 and ¢ € Alt(p). Since (ZS,a(Wsa + e+ c.)KLga(p, (j)) is finite, we
conclude E,[7] — oo as kI(§,1 — §) — oo if § — 0 from (18). Rearranging yields that

Ce

E,[7]

S W6.1-9) (19)

inf Wsq +€+
(qEAlt(p) ‘ a( . E,[7]

)KLa(p, q))
Using the fact that k1(4, 1 — ¢) =~ log(1/J) and E,[7] — oo when ¢ goes to zero, one can conclude the theorem by
taking the limit inferior on both sides of as € is taken arbitrarily. 0

Lemma 6. Ifinf cajp) sta wsaKLga(p, q) < 00, there is ¢ € Alt(p) such that KL, (p,q) < oo, Vs € S,a € A.

Proof. As inf e ai(p) D o WsaKLsa(p, ) < 00, there is ¢’ € Alt(p) (or equivalently V7 (p)V;"(p) < 0) such that
> e wWsaKLsa(p, ¢') < 0o. It is done if wy, > 0 for all s,a as one can take § = ¢'.

Suppose there are pairs (s,a) such that ws, = 0, KL, (p,¢') = co. Observe that KLg,(p,q’) = oo if and only
if 35" € S such that ¢'(s’ | s,a) = 0 but p(s’ | s,a) > 0. Since V,7(p)V;"(p) is a continuous mapping on g by
Lemma [2] one can hence obtain ¢ € Alt(p) which satisfies ¢(s' | s,a) > 0 for all s/, s, a by slightly perturbing ¢'.
Thus, one has KL, (p, §) < oo, Vs € S,a € A. O

D Dual Interpretation of the Non-Convex Problems—Proof of Proposition

Here, the optimization problems (NC-u,w, p) and (NO-o,w, p) are abstracted as the following two optimization
problems, respectively.

Iueli h(z) st g(z) <u, (NC-u)
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and

irg;(lg(m) s.t. h(z) <o, (NO-0o)

where h,g : X — RU {oo}, X C R? is a nonempty set, d € N, and u,o € R. Let onc(u) and uno(o) denote
the value of and that of (NO-g)), respectively. As one can see, in Section we make the substitutions
X =P,z =q, h(q) = > ,,wsaKLsa(p,q), and g(q) = V] (p)V] (p). As stated in Proposition [} the desired
bijection holds under the mild assumptions in Assumption[d] In Appendix [D.1] we verify that these assumptions
hold for the aforementioned substitution.

Assumption 4. The following conditions hold.

(a) 3z € X such that h(z) <0
(b) mingex g(x) < 0.
(c¢) All local minimums of g (h resp.) in X are global minimums of g (h resp.).

(d) h,g are continuous mappings.

The following proposition shows that, under Assumption [4] there exists a bijection between problems (NC-u)) and
Nex)

Proposition 4. Under Assumption[]], we have

for all o > 0 such that uno(o) > Héi;(lg(x), onc(uno(o)) = o, (20)
for allu € (;rél;l g9(z),uno(0)] unol(onc(u)) = u. (21)

In words, onc(u) and uno (o) are one-to-one mappings as decreasing functions, and knowing the value of uno (o)
would be equivalent to knowing the value of onc(u).

Proof of Proposition[f} We first show (20). Let ¢ > 0 and u = unxo(o) > mingex g(z). By Lemma [7] and
Lemma we get onc(u) < o and onc(u) > o respectively, which directly yield .

For proving , we consider u € (mingey g(z), uno(0)]. Using intermediate value theorem and the continuity of
uno(+) proved in Lemma [22] given in Appendix [H.3] we deduce that there is o € [0,00) such that uxo (o) = u. As
a consequence,

uno(onc(u)) = uno(onc(uno(0))) = uno(o) = u,
where the second equation is the application of .
O

Lemma 7. Under Assumption [} whenever o > 0,u € (mingex g(z),0), and uxo(o) < u, then onc(u) < o
holds.

Proof of Lemma[l As uxo(o) < u, 32’ € X, such that h(z') < o, and g(z’) < u. If g(z’) < u (case i), then 2’ is
a feasible point for (NC-u)), and therefore onc(u) < h(z’) < 0. We next consider the case where g(z’) = u (case
ii).

Since g(z') = u > mingex g(z), 2’ is not a global minimum of g in X'. Hence, by Assumption (c)7 we deduce that
2’ is not a local minimum either. Thus, there is a sequence of {x,,}°°, such that z, —— 2/ and g(z,) < u, Vn.
As a consequence of Assumption [4}(d), lim,,—,o0 h(z) = h(z') < o, which yields onc(u) < o. O

Lemma 8. Whenever ¢ > 0,u € R and uno(o) > u, onc(u) > o holds.

Proof of Lemma[§ Suppose in contrast, onc(u) < o. There exist x € X such that g(z) < u, h(z) < 0. Hence
uno (o) < u, which contradicts that uxo(z) > w. O
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D.1 Proof of Proposition

Proof of Proposition[4 Thanks to Proposition [d] the proof is completed by verifying that the following substitu-
tions satisfy Assumption @] when p € Prest.

X - P, T = Qa
h(g) = weaKLea(p, q), 9(q) = V7 (p)V; (p).

s,a

(a) Let = = p, one has that h(z) = >, wKLs(p,p) = 0.
(b) Due to Assumption [I| and inequalities , there exists ¢ € P such that sign(V"(p)) # sign(V,"(p)), we have
mingex g(x) < V7 (p)V, (p) <O0.
(¢) The local minimum of & is the global minimum since h is a convex function. As for g, we reverse the policy
and transition kernel as in Section [5.3] Since the reversed MDP is still a tabular MDP, Theorem 1 in [Bhandari
and Russo| (2024) has verified that all the stationary points for the value function on the policy space are global
optima. As a consequence, the local minimum of ¢ is the global minimum.
(d) Tt is clear that h is a continuous function. The continuity of g directly follows from the simulation lemma
(Lemma [2)).

O

E Convergence Analysis of Nested Projected Gradient Descent—Proof of
Theorem [2]

Notation. Throughout this appendix, we work with the sign-normalized reversed-MDP objective

f(7) = sign(V;(p)) V7 (p),

where p is the reversed-MDP transition kernel induced by the fixed target policy 7 as defined in Section 5.3
Recall from Section [6.1] that

Q) ={7 € P:KLs(p,@) < bsa, V(s,a) € S x A}.

For any b € B,(w), define

fi = min f (7).

Roadmap. This appendix proves Theorem [2] We first analyze the inner projected-gradient method on a fixed
b € B,(w) and establish its convergence rate (Lemma . The proof follows the same general strategy as (Xiaol,
2022)): Lemma |10| provides the weak gradient-domination property that turns control of the gradient mapping into
control of value suboptimality, while Lemma [4] gives the smoothness estimate needed for the projected-gradient
descent argument. We then combine this inner-loop guarantee with the discretization of the outer search over
By (w); here Lemma [12] controls the error induced by the budget mesh. Putting these ingredients together yields
the proof of Theorem

For readability, we defer two auxiliary components to separate subsections. Appendix recalls the general
projected-gradient convergence template used in the proof, and Appendix [E.2] collects the product-box reduction
argument underlying the fixed-b analysis.

To derive the weak-gradient domination, we need an analogue of variational gradient domination (Lemma 4 in
(Agarwal et al., [2021))) in a product-set.

Lemma 9 (Product-set variational gradient domination). Fiz b € B,(w) and let 7} € argminzeqe) f(7). Then,
for every ™ € Q(b),

dz
5 Dax (Vzf(7), 7 - ).

fm) =1 <

p
D,P

In particular,

= * 1 — -\ = —
F) = £ < 7= /Pl s (Vaf (7). 7~ 7).
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Proof. Fix m € Q(b) and let 7} € argminz ¢y f(7'). Write the reversed-MDP advantage as

A7 ((s,0),8") = QF((s,a),5") = V7 (s.a).
For each (s, a), define
gr(s,a) :== max Z q(s") (= A5 ((s,a),5")).

q(-[s,a)EA(S):
KLua (p,q)<bsa 5 €5

Since 7} (- | s, a) satisfies KLgo(p, ) < bga, we have
Zwb s' | s,a)(— A% ((s,a),8")) < gf (s,a).
By the performance-difference lemma on the reversed MDP (see Lemma ,

f(7) - Zdw” s,a Zﬂ'b (s' | s,a)(— AZ((s,a),s))

_1_ Zd (s,a)g] (s,a).

Multiplying and dividing by d p(8,a) yields

dﬂb
dzr _

1

R

dep s,a)gp (s, a).

oo S,a

For each (s,a), choose

ta € ar max sV (—AT((s,a),5")),
! 8 J(lsi)EA(S): ZQ( )(=45((s,a), "))
KL.a(p,q)<bsa °

and define 7 € Q(b) by @(- | s,a) = ¢},(-). Because Q(b) is a direct product, # € Q(b). Using >, 7(s" |
s,a)AZ((s,a),s") = 0 for all (s, a) and the directional policy-gradient identity from Lemma 3 l we obtain

Zd;p(sva)gg(57a) =1 =) (Vaf(7), 7 —7)

<(1—-v) Jmax (Vaf(@), 7 —7).

Substituting this bound yields the first claim. The second one follows from df ;(s,a) > (1 —v)p(s,a) for all
(s,a). O

Lemma 10 (Weak gradient-mapping domination on a fixed product box). Fiz b € B,(w) and assume that f is
L-smooth on Q(b). Define

Tr, »(T) == Projou, (W - 2Vﬁf(77)) ; Grp(@) == L(7 — Tp (7).

Then, for every @ € Q(b),
2\3|

F(Tea(m) - g < 2

11/Pl oo IGLb(T) 2.
Proof. Fix 7 € Q(b) and let T := T, (7). Applying Lemma@ at T € Q(b) gives

* 1 — —/
f(T) = fy < T—5 ||1/pHooﬁ_,II€12‘2)({b) (Vaf(T), T —-7").

Since f is L-smooth and T is the exact projected-gradient step of 7 on Q(b), Theorem 1 of Nesterov| (2013) yields

(Vaf(T), T =) <2 Gro@ll2 [T = 7'll, V&' € Q(b).
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Now Q(b) € P = A(A)®, and the Euclidean diameter of P is at most /2|S|. Hence
max ||T — 7|2 <1/2/S],
T eQ(b)
which implies the claim. O

Lemma 11 (Inner projected-gradient rate on a fixed product box). Fiz b € B,(w) and let (ﬁlgk))kzo be the exact
projected-gradient sequence on Q(b):

. _ 1 _
7—_(_}5’6-"—1) = prOJQ(b) ('/Tgk) — Lvﬂ'f(ﬂ-ék))> .

Assume that [ is L-smooth on Q(b). Then, for every k > 1,

_ k
S
) = fif < max mnl/m&(?) (F@") = £7)

Proof. By Lemma, the gradient-mapping domination condition holds on Q(b) with

_ (1=
Wb - 77_2.
16S1[11/pl13%
Applying Theorem [] with this value of wy, yields the claim. O

Lemma 12 (Explicit grid discretization for product-box budgets). Define

b) = in V7(p)VT(p).
©(b) Juin V (P)V] (p)

Let b* € argmin, o) (D) and let h > 0. Define b € B, (w) by coordinatewise flooring:
g €By(w) P

bea :=h |b5,/h] (5,0) € S x A.
Then V3
: 2|S|[A[ VST (p)] Tmax
b) — o(b*) < P Vh.
p(b) —p(0*) < (1—7)2
In particular, if
G-y

he =
CTASISPIAR IV (p) 212

then

p(b) < p(b%) + (/3.

Proof. Choose ¢* € IIZ such that
V;nﬂ(p)vqi (p) = UNO(O—a w7p)7

which exists because IIZ is compact and the objective is continuous. Set
b, = KLsa(p, q%), (s,a) € S x A.
Then b* € B,(w), ¢* € Q(b*), and Proposition [3| gives
p(b") = uxo(o,w,p) = V7 (p)Vy (p).
For each (s,a) with b%, > 0, define

Qgq =1 - l;sa/b:;a? (i( | S,CL) = (1 - asa)q*(' | Saa) + ozsap(' | 57a)'
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If b, = 0, then ¢*(- | s,a) = p(- | s,a) and we set ay, := 0, so again ¢(- | s,a) = ¢*(- | s,a). By convexity of
g — KLsq(p, q) in its second argument,

KLsa(p7 d) < (1 - asa>KLsa(p7 q*) < (1 - asa)b:a = Bsa»

so G € Q(b).
For each block, Pinsker’s inequality and the identity a,b%, = bk, — bsa < h give

1G(- | s,0) = q"(- | s,0)llh = asallp(- [ 5,0) = ¢"(- | 5,0) |1 < @savV/2KLisa(p, ¢*) < V2h.

Summing over (s, a) yields

1G = a*lly < |S]|A[V2h.

Now let
F(q) =V (p)Vg (p)-

By Lemma 3]
orG Vi),
9q(s' | s,a)  1—ny P

Since dj ,(s,a) <1 and [V(s")| < rmax/(1 —7), we obtain

(s,a)(r(s,a) + ’quw(s’)).

OF(@) | _ IV (p)lrims ,
v .
‘8q<s'|s,a> M-z o TAEP Vs
Therefore,
. . [V (P)|rmax |, - . \/§|SH~A| [V (P)] Tmax
|F(q) — F(q")| < 25— lg— ¢*|l1 < P Vh.

(1—7)? (1—7)?

Because ¢ € Q(E), )

p(b) —p(b") < F(q) — F(q") < [F(q) — F(q")I-
This proves the first claim. The second follows by substituting the displayed choice of h.. O

Proof of Theorem[3 If Vi (p) =0, then uno(o,w,p) = 0 for every o, and Algorithm [2f returns 0. Hence we may
assume V1(p) # 0. Define the proof-only shorthand

Hence Lemma implies that, for any 7,7 € P,

V2V () = VaVi (p)lla < D a5 VVE (5) — VaV7 (52
S
27‘A|rmax

T (=)

17— 7ll2-
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Thus V7 (p) is Lo-smooth on P with
2'V|A|7'max
(1=
Multiplication by sign(‘/;)7r (p)) does not change the smoothness constant, so f is also Lo-smooth. In particular,

any larger constant is admissible in the projected-gradient analysis. For the sequel, we use the slightly looser
choice

LO =

207 Al + Drmax
=77
where the extra +1 is an inessential slack term used only to simplify the presentation.

L=

Fized-budget inner rate. Since Q(b) C P, the objective f is L-smooth on Q(b). Applying Lemma [11| with this
choice of L and then multiplying the resulting inequality by |V,J(p)|, we obtain, for every b € B,(w) and every
k>,

128(]A] + 1)IS|ramax Vi (p)] A
(k) < p
Ab max{ (1_7)5]{: ||]'/ Hooa Qk/2

Since 7r( ) = p and [V (P)] < Fmax/(1 — ) for every 7, we have

2 V7r max
Az()o) < | P (p)|r '
lL—v
Since 27%/2 < 2/k for all k > 1 and

128(’Y|~"U + 1)|S‘TmaX|%ﬂ(p>| 2 4V (p) 17 max (0)
1/p|l2. > —L2———— >2A

where we used |S| > 1, ||1/p]lec > 1, 7|A| +1 > 1, and (1 — v)* < 1, we obtain

128(y| Al + 1)[Srmax| VT (0)]
e I/l

AP <

Hence the choice of M in Algorithm |2| guarantees that, for every b € Gy,
up > o(b) > up — (/3. (*)
Outer discretization. Let b* € argminyep, () (b). Define be Gh by coordinatewise flooring:
bsa = he b2, /he],  (s,a0) €S x A.
Then b € Gh., and Lemma [12| together with the choice of h¢ in Algorithm [2| gives
p(b) < p(b") + (/3 = uxo(o,w,p) +¢/3.

Conclusion. Using (%) at b= b,

ue < u; < 96) + /3 S unolorw,p) + 5
Equivalently,
uno (o, w,p) > u¢ — % > u¢ —¢.
On the other hand, from (),

ues = min up > min @(b) > min b) = u W, p),
¢ beGn, | T beGn, 2 (0) beB, (w)w() No(o;w, p)

where the last equality is Proposition [3] This proves

u¢e > uno(o,w,p) > ue — (.
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E.1 Convergence rate of projected gradient descent

Definition 2 (gradient-mapping domination (Xiaol 2022))). Consider an L-smooth function f on a compact
convez set Q. We say that f satisfies the gradient-mapping domination condition if there exists w > 0 such that

1GL(@)]2 2 V2w (f(TL(2)) = f*),  VzeqQ,
where f* = mingeq f(x) and
. 1
T (x) := projg <x — LVf(x)) , Gp(x) := L(x — Tr(x)).
Theorem 4 (Xiao| (2022))). Consider the minimization of an L-smooth function f over a compact convex

set Q. Suppose that f satisfies the gradient-mapping domination condition with constant w > 0. Then the
projected-gradient sequence

, 1
2% = projg (Q,(k) _ va(xac)))

satisfies, for all k > 1,
4L (V2 *
f(m(k))—f*gmax ok <2> (f(af(o))_f*)

Proof of Theorem[], We obtain, for any z € Q,

f(x) = f(Ti(z))

v

1
EHGL(x)H%
w

> 2(f(Tu(a) ~ 12,

where for the first inequality, we used Theorem 1 of Nesterov| (2013), and for the second inequality, the gradient-
mapping domination condition is used. We obtain, for each s > 0,

F@®) = fat ) = F(FEE) - ) (22)
Denote §; = f(z(®)) — f*; note that §; > 0. We obtain:

w
f(@®)) = faGTY) =6, — 6,41 > Z5§+1

. . . 1 w 65+1
which is equivalent to - > — .
s+1 05 L s
Summing up the inequality from s =0 to s = k — 1, we obtain:
k-1
i _ l > w 65+1
0, 0o L paard Os

Using a constant r € (0,1), we define n(k,r) as the number of times the ratio d,11/ds is at least r among the
first k iterations. Let ¢ € (0,1) be a constant. Suppose n(k,r) > ck; then dsy1/ds > r for at least [ck] values of s
in {0,...,k — 1}. In this case,

woapol 11
L =5 T 6 T o

Then, we derive that
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Otherwise, when n(k,r) < ck, it holds that ds11/ds < r at least [(1 — ¢)k] times. From the descent property
, we further obtain ds41 < &5 for each s € {0,...,k — 1}. Therefore, we get

Ok Ok—1 ééo < Gor=ok,

S0 — ..
AR T TP

Therefore, by taking ¢ = r = 1/2, we obtain,

k
4L 1
This concludes the proof. O

E.2 Proof of Proposition
Proof of Proposition[3 If ¢ € TIE, define b(q) € REHA‘ by

b(@)sa == KLsa(p: @),  (s,0) €S x A
Then b(q) € B,(w) and ¢ € Q(b(q)). Hence

= VT (p)Vi(p) > mi VT (p)VT(p).
uno (o, w,p) = 52%1% PV (p) > pomin qggg)) b (P)VS (p)

Conversely, if b € B, (w) and ¢ € Q(b), then

ZwsaKLsa b,q < ngabsa <o,

s,a S,a

so g € II2. Therefore,

T

VT (p)\VT(p) > .
Wiy 2y 7P 6 2 (o)

This proves the equality. U

F Upper Bound on the Sample Complexity—Proof of Theorem

Convention. Throughout this section, for simplicity of presentation, we assume Ans(p) = +.

Proof of Theorem[3 Show §-PC. Recall that Algorithm [I] stops in round 7 only if uc, — ¢, > 0. Thanks to
Theorem [2} we have

uNO(6<7—7 5)/7—7 “:’(7-)7]37) Z U¢e, — CT 2 0. (23)
As Assumption |1| implies that min, V" (p)V]" (p) < 0, inequality yields that

uno(B(7,8)/m,&(T),pr) > mln VI (p)Vs. (p). (24)
Observing that onc (-, @(7),p,) is a decreasing function, also yields that

UNC(O7‘:)(T)7157) > UNC(UNO(B(Tv 6)/T7(&(T)7ﬁ7)7w(7)7ﬁ‘r> = 5(7—, 6)/7-7 (25>

where the last equality follows from Proposition [2| with o = 3(7,4)/7 > 0 and condition . One can notice
that is equivalent to (6)). Hence, if Ans(p,) # Ans(p) (in other words, if p € Alt(p,)), then

ZNM )KLya(pr,p) > B(7,6).

By Proposition 1 in |[Jonsson et al.| (2020)) (see @), we deduce that Pp[Ans(p;) # Ans(p)] < 4.
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Show the upper bound of sample complexity. For simplicity of presentation, we assume Ans(p) = + in this proof;

the case where Ans(p) = — can be derived analogously. We first introduce the function
F(W' p):= inf Wl KLgq Vo' eX, p e Pt
(W' p) = inf 2 (v q), P € Prest

and ¢ € (0, F(w,p)/2). As shown in Lemma [20| (Appendix [H.1)), F' is a continuous function on ¥ x P ; thus,
there exists & € (0,1) such that

|F(w,p) = F(w',p)| <e if max{flw —«'|l,, [l = pll} <& (26)
Moreover, an application of Theorem [5{in Appendix [G{ with © = 0 and p = p implies that there exist & € (0,1)
and ¢ > 0 such that uno(-,w(t),p;) decays faster than a linear function f(o) = —co if ||p: — p||; < & and
[w(t) —wl||; <&. We introduce & = min{&;, &>} and define the ’good event’
cr(€)= () {max{|lo®) -l 5 —pl} <& (27)
VT<t<T

By Proposition [5| (proved later in this section), there exists T3 (&) such that for T > Ty (§), the event Cr () occurs
with high probability. Moreover, as 8(T,9) + (rT/c = log(1/6) + o(T) and F(w,p) —e > 0, one can find an
integer T2(€) € N such that if T > T5(§),

B(T, ) + CT— <log(1/d) + (F(w,p) —e)&T. (28)
Finally, we define
Tyt 8y = E) = >5 log(1/3) )
With these definitions, if 7 > max{T} (&), T»(€), T5(£, )}, then conditional on Cr(€), we have
L 5(T,6) <108(1/6) + (F(w,p) — )T
< (F(w,p) - )T
< F(@&(T),pr)T, (30)

where the first inequality is ; the second one follows from ; the last one is a consequence of and
T > Tl(f). Recall that F(&(T),pr) is exactly onc(0,&(T),pr)T. Applying Theorem [5| with v = 0, @ =
w(T), p=pr, o1 = B(T,0)/T, 02 = onc(0,w(T), pr), implies that

¢r < uNO(ﬁ(T’ 6)/T";}(T)’ﬁT) - uNO(ONC(()?‘:J(T))ﬁT)’":’(T)’ﬁT)
= uNO(ﬂ(T7 5)/T7":J(T)ﬂﬁT>7 (31)

where the last equality follows from Proposition[2] By Theorem 2] we have u¢, > uno(B(T,8)/T,&(T), pr), hence
(31) implies uc, — ¢r > 0. Therefore, 7 < T. Namely, VI' > max{T1(§),T>(§),T3(&,€,0)}, Cr(§) C {r < T}. We
can conclude that
E,[r] < max{T1(€), To(€), T5(€, ¢, 6)} + > Py[r > T]
T=max{T1(£),T2(£),T5(£,€,6) }+1
< wax{Ti0), o). To6,e ) + > Bl (32)
=[T1(&)]
From Proposition |5, > 7 i716)] Pr [Cr(6)°] <8 \S|4 |A|3 /€% ming , ws,. As a consequence of ,
, Eplr] . T3(5,6.0) _ (F(w,p)—e)~"
lim sup —2+—— < limsu < : :
50 log(1/0) = oo log(1/)) ©  1-¢

As g,& can be taken arbitrarily small, the proof is completed.
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Proposition 5. Under Assumption@ mn Algom'thm for any £ € (0,1),w € X, there exists T1(§) > 0 such that

S By rer] < SIS

52 ming ¢ Wsa
T=[T1(£)] '

where Cr(€) is introduced in (27).

Proof. Due Assumptlonl 2L W= {(s,a) : wsa > O} =S x A. By Lemma! 14} [w(t) —wl, < 32, . ISHAl/t <

|S)? | A]* /t. We then derive that when T > |S|*|A|* /€2 and t > v/T, one can deduce that ||&(t) — wll; <&
As for the estimate on p, we apply Lemma again to have that for each (s,a),

Niqo(t) > tminwg, — |S|A| > tminws, /2 (33)

if T > 4|8)* | A / ming , w2, and t > v/T. Using the union bound yields that

(l

Ballfn -l 28 < 3, 1500 =l [l > 1]

t§2 ming ¢ Weq
< 2|S[[Alexp <_2S|3.A|2> )

where the last inequality follows from Lemma (13| and 1) By introducing 77 (§) = max{ |S‘?2A|4 _AISPLAP 1

 ming ayew wi,
union bound yields that

o PR e minsg U
> Blr©l<s Y X 2|3|'A'9Xp< 21I° |4 )

T=[T1(8)] T=[T1(§)] VT<t<T
/ / 25| IAexp< 3 mm”wsa> dtdT.
2|8|* |A]”
The proof is completed by applying Lemma 5| with A = Wﬁf”, =1/2,=1. O

Lemma 13 (Proposition 1 in [Weissman et al.| (2003)). Suppose one has samples the state-action pair (s,a) for
n > 1 times, then the empirical estimate on p(- | s,a), pn(- | 8,a) satisfies that

1e2

P(Ipn(- | s,0) =p(- | s,0)]|; 2 €] < 2e7FT, Ve e (0,1).

Lemma 14. Let w € ¥ and define W = {(s,a) : wsq > 0}. A sampling rule does

At + (s,0), if (s,a) € W and Ny (t) =0,

Ay < argmin Ny, (t — 1) /wsq (tie-broken arbitrarily), otherwise.
(s,a)

Then for each (s,a) € S X A and t > |W)|, one has

twsa — [W| < Ngo(t) < twsq + 1. (34)

Proof. If (s,a) ¢ W, Ny (t) =0 for all t € N, holds directly.

For a fixed (s,a) € W, we prove the upper bound in by induction. When ¢ = [W|, N (t) = 1 < twgq + 1.
Now suppose Ngo(t — 1) < (t — 1)wsq + 1, and consider two following cases, (i) A; # (s,a); (ii) Ay = (s, a).
When (i) A; # (s, a), using the inductive hypothesis yields that

Nga(t) = Ny (t = 1) < (t — Dwsg + 1 < twgg + 1.
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As for (ii) A; = (s,a), one can observe that

Ns’a’ (t — 1) < minsxa/ stal(t — 1) tl_(l

min < <K <1<t
s/,a’ Wg’ g’ maXg/q’ We’q! V7
Since (s'a’) is the minimizer,
Ngo(t) _ Nso(t —1) N 1 <14
wS(l wS(l wsa ws(l

Thus the upper bound in is obtained by multiplying tws, on the the both sides of the above inequality.

We now prove the lower bound in . Notice that
Nu(t)=t— > Now>t— > (twe +1)>twe + W],
s'#s,a’ #a s'#s,a’ #a

where the second inequality is due to the upper bound in .

Lemma 15 (Lemma 5 in [Wang et al.| (2021)). Let a, 8 € (0,1) and A > 0.

1 1
0 ﬁAWJFE

a4

G Sensitivity Analysis on uxo

Theorem 5. Suppose Assumptions [1] and [ hold. For any p € P, u € R, there exist constants ¢ > 0, & €
(0, mingg wea/2) such that if pe {geP:|p—qll; <&}, we{w € | ~-w|, <& and 0 <0y <02 <7,
where & = Max| g |, <¢ MAX|p_p|, <c{1oNC (U, @, p)}, then

uno (02, w,p) — uno(o1,w,p) < —c(og — 01).

Proof. One can assume p is full-supported. Otherwise, due to the continuity of uno (o, w, ) with respect to its
third argument (the kernel), as shown in Lemma [21| (Appendix [H.2), for an arbitrary € > 0, one can always find
a full-supported kernel p sufficiently close to p such that

luno (o2, w, p) — uno (o1, w, p) — uno (o2, w, p) — uno(o1,w, p)| < e.

Because uno (o, w, p) is a decreasing function of o, an application of Monotone difference lemma implies that
uno (o, w, ) as a function of o is differentiable almost everywhere. Let o € [01, 03] be a point at which uno (o, @, p)
is differentiable and ¢, be the solution of (NO-o,&,p). Let n, € Ry, Assa € Ry, pisq € R be the Lagrange
multipliers associated with the constraints Zs’a wsaKLsa(P,q) —0 <0, —q(s" | 5,a) <0, csq(s’ [ 5,a)=1=0
respectively. An application of Envelope Theorem (Theorem @ yields that

9 T P ) )
%UNO(O’awap) = 90 (Vﬁ (p)an (p)) +770% <Sza: ©WsaKLisa (P, ¢0) — U)

0 P /
+ 90 Z /\s/sa(f%r(s/ | S,a)) + %Zﬂsa (Z qg(s | s,a) — 1) = -7y

s’,s,a s,a s'eS
By Lemma [I7} we know

_ 'YVpW(P)dqa,p(Sv a) (VqZ(Sy) - ti (3?))
5( M 5(sm ?
Gsa(l — ) ( p(sd|s,a) p(sy']s,a) )

9o (s¥[s,0) g0 (s7']s,0)

Vs e S,ac A (35)

g
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where s € argmax, VI (p)Vyr (s) and sit € argming VI (p)V] (s). By invoking the fundamental theorem of
calculus, we have

o2
uno (02, w, p) — uno(o1,w,p) = / —Nedo.
o1
It suffices to show 7, > ¢ for some ¢ > 0. Notice that if r and p satisfy Assumption |1} so do rV;[(p) and p.
Lemma [1| then implies that mingep max, o V7 (p)V,"(s) — V7 (p)V](s') > 0. As V™ (p) is a continuous function,
there exists ¢; > 0, £ € (0, ming, ws,/2) such that

minmax V7' (p) V' (s) = Vi (p)Vy'(s) = er. Vo=l <& (36)
Further observe that
Al oM Al oM Aol N
BV ) M sy syl [ sa)

q(s™ | s,a)  q(s™ ]| s,a) s',s,a q(8' | 8,a) 4. weaKLoa (p,q)<5 5',5,a (8" | 8,a)

which is upper bounded by some c; > 0 for any |p —p||; < & Hence the proof is completed by setting
c= ﬁ ming, p(s)m(a | s), where ming, p(s)m(a | s) > 0 thanks to Assumptions [1| and O
G.1 Technical Lemmas

Lemma 16 (Monotone difference lemma, see e.g. Theorem 1.6.25 in [Tao| (2011))). Any function F : R — R which
is monotone is differentiable almost everywhere.

Theorem 6 (Kuhn-Tucker Theorem, Theorem A.30 in |Acemoglul (2008)). Consider the constrained minimization
problem

inf f(x)

zeRK

s.t. g(z) <0 and h(z)=0,

where f:z € X - R, g:x e X - RN, h:xeX%RM(forsomeK,N,MeN) and X C RX is a vector space.
Let x* € X be a solution to this minimization problem, and suppose that Ny < N of the inequality constraints are
active, in the sense that they hold as equality at x*. Define h : X — RM+Nu to be the mapping of these N active
constraints stacked with h(z) (so that h(z*) = 0). Suppose that the following constraint qualification condition is
satisfied: the Jacobian matriz D, (h(z*)) has rank Ny + M. Then the following Kuhn-Tucker condition is satisfied:
there exist Lagrange multipliers \* € RM and pu* € RM such that

Do f(x") + A" - Dyg(z”) + p* - Dah(z7) =0,

and the complementary slackness condition
A" g(z®) =0

holds

Theorem 7 (Envelope Theorem for constrained optimization problem, Theorem A.31 in |Acemoglu (2008)).
Consider the constrained minimization problem

v(p) = miy f(z,p)

sit. g(z,p) <0, and h(z,p) =0,

where X C R¥ is a vector space, p € R; and f : X xR - R,g: X xRY - R, and h : X xRM = R are
differentiable (K, N, M € N). Let x*(p) € Int(X) be a solution to the problem. Denote the Lagrangian multipliers
associated with the inequality and equality by A* € Rf and p* € RM. Suppose also v(p) is differentiable at p.
Then we have

dv(p) _ O0f(=*(p), D)

o - oy N Dea@(p).p) + w Dyph(at(p), p).
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G.2 The Value of the Lagrangian Multiplier

Lemma 17. Suppose Assumption [ and[q hold. Let ¢ > 0 and p € P is full-supported. Denote q, as the solution
to (NO-0,w,p). Then the Lagrange multiplier associated with the inequality Zs’a wsaKLsa(p,q) < o is

_ ’YVpﬁ(P)dqmp( )(Vw( Ty — V’T( m))
- wsa(l—V)(p(Sy‘s @) plsgls, a))

4o (85 ]s,a) g0 (s7]s,a)

VseS,a€ A (37)

where s} € argmax .5 V7 (p) VT (s) and s7* € argmin s V.7 (p) VT (s).
Proof. Let o > 0. The Lagrangian function of the optimization problem (NO-o,w,p) is

L(g;n, A, ) = VS (p)VS () + 1 (Z wsaKLsa(p, q) — U)

s,a

+ ) Avsa (—a(s']s, a)) +Zum<z /|5a)1>

s’,s,a s'eS

2
where n > 0, A € Rls‘ Ml and p € RISIMI As p is full-supported, g, is full-supported as well (otherwise,
it violates the Constralnt that > sawsaKLsa(p,¢o) < o). That is, ¢5(s'|s,a) > 0, Vs,s',a. Further using
Corollary I in Appendix we conclude that > sawsaKLsq (P, ¢o) = 0. In other words, the upper bound of the
weighted KL-divergence is the only active mequahty. We now prove that {Dy; > csq0(sls,a) = 1}ses,0ca U
{D, (Zg o WsaKLsa (D, ¢0) — 0)} is linear independent. Suppose on the contrary, Dy (sta wsaKLsa(p, q5) — 0)

is spanned by {Dg ) . csqo(5'|s,a) — 1}ses,aca- As

0 wsap(s'|s, a)
__9 KL o= alE1S )y
aq(s/|s,a Z” olb o) =0 sy
an " qu (s'ls,a) —1=1, V&, s,a.
|s @) s

we deduce that ¢, = p which contradicts that Es’a wsaKLsa(p,gs) = 0. Hence, we can apply Kuhn-Tucker
2
Theorem (Theorem @ and obtain that there exists 17, > 0, A € Rl_f‘ Al and p € RISIAI such that

9 ™ 7 Nwsap(s']$; a) . .
W » PV (p) — W + fisa — As'sa =0, Vs, s,q, (Stationarity)
and <Z wsaKLsa (D, 45) — a) =0, Aysa(—q5(5'|5,a)) =0, Vs, s,a, (Complementary slackness)

As g, is full-supported, we derive Aysq = 0,V5', s, a, from Complementary slackness. From in Lemma
Stationarity can be rewritten as:

V™ (p) Nwsap(s' | s, a)
_p 7 T () _ ZsaelA\” 1) /
T dg, p(s,a) (r(s,a) + vV (s")) (5 [5.0) Usa, V', 5, a. (38)

By taking difference of the equations with s’ = s and s’ = s™, we obtain

1- Y QU(‘S(I)/[ | 570’) QU(S? | s, a

’vaﬂ'(p)dqmp(saa) (VZ—,(SU ) VTF( m)) — NWsa (p(Sg/I | 5,@) _ p<5:7n | S,Cl))) = 0.

follows from a simple rearrangement on the above equation. O
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G.3 Properties for the Stationary Points

For the clarity of presentation, here we fix some p € Prest, w € 3 and introduce the constrained set,

'PJ = {q & P : ZwsaKLsa(Z% q) é J} .

sa

The goal of this subsection is to prove Corollary (1} where we show the minimizer ¢, € argmingep, V" (p)V,"(p)
satisfies that ) wseKLsa(p, ¢s) = 0. For this purpose, we firstly consider the stationary points in Lemma

Lemma 18. Consider the optimization problem, mingep, V" (p)V,(p) under Assumptz'on @ All the stationary
points will be on the boundary of P0E|,

Proof. Suppose on the contrary, there is a stationary point, say q,, at the interior of P,. As g, is a stationary
point, one has (¢ —g,, VV, (p)V,"(p)) > 0 for all ¢ € P,. By invoking Lemma (19} we derive that V(s',a") € S x A,
Jagrq: € R such that for each s” € S,

_ Vg eV (e) _ V)

v = DALV ) ST S ol ') r5,0) 49V, (), (39)

s,a

where the last equation stems directly from Lemma (3| Let o := 3, , ayqe /V(p) and sum over all
s',a’ € S x A, one has

™ (p) + V(") = a, V5" €S,
which yields that Vs € S, V7 (s) = o' := (a —r}) /7. However, it contradicts Lemma [1} hence the stationary
points are on the boundary of P,. O

Corollary 1. Consider the minimizer q, € argmin,cp_ V. (p)V] (p), one has

Z wsaKLsa (P7 qg) =0 (4())

sa

if p is full-supported and Assumption[d, [4 hold.

Proof. Observe that p(s’ | s,a) > 0 for all §',s,a, hence ¢,(s" | s,a) > 0 for all s',s,a. Otherwise, it violates
Y sa WsaKLsa(p, ¢») < 0. Moreover, as ¢, is the stationary point, together with the conclusion from Lemma
q» is on the boundary, we deduce ([40). O

Lemma 19. Consider v € RIS’MI and an interior point of Py, denoted by qo. If (¢—qo,v) := Es,a Yoo la(s's,a)—
4o(8']8,a))vsr 5.4 > 0 for all ¢ € P, then for each (s,a) € S x A, Jasq such that vy 54 = Qsq, V', 8 € S,a € A.
In other words, for each (s,a) € S X A v. 5,4 is parallel to a |S|-dimensional vector whose components are all 1’s.

Proof. Let (s,a) € S x A and u € RIS"MI such that usr o = 01f (s',a") # (s,a) for each s € S, and
> yes Us',s,a = 0. As p, is an interior point in P,, one can find a small constant ¢ > 0 such that ¢*(s'[s,a) :=
Qo(S'[s,a) + cug 5.0 and ¢~ = ¢o(s']s,a) — cuy 5.4, Vs,s" € S, a € A be two policies in P,. From the assumption
on v, we have c¢(u,v) = (gt — ¢, v) > 0 and —c(u,v) = (¢~ — go,v) > 0, which implies that (u,v) = 0. As the
only constraint of w. 5, is ZS/GS Ug 5.0 = 0, we deduce that v. 5, is parallel to a |S|-dimensional vector whose
components are all 1’s O

H Maximal Theorem and its Applications

Suppose X and Y are Hausdorff topological spaces. Let ¢ : X X Y — R be a function and ® : X = S(Y) be a
set-valued function, where S(Y) is the set of non-empty subsets of Y. Furthermore, we introduce K(X) = {F €
S(X) : F'is compact}. We are interested in a minimization problem of the form:

v(x) = inf r,Y),
@ = inf ¥(y)

() = {y € ®(x) : Y(z,y) =v(2)}.

2The interior (boundary resp.) is referred to relatively interior, i.e. the topological interior (boundary) relative to the
affine hull of the simplex. Interested readers are referred to |Zalinescu| (2002]).
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For U C X, let the graph of ® restricted to U be Gry(®) = {(z,y) e U xY : y € ®(x)} .
Theorem 8 (Maximal theorem (Bergel |1877)). Let X and Y be Hausdorff topological spaces. Assume that
o & : X = K(X) is continuous (i.e. both lower and upper hemicontinous),

e ) : X XY — R is continuous.

Then the function v : X — R is continuous and the solution multifunction ®* : X — S(Y) is upper hemicontinuous
and compact valued.

H.1 Proof of Lemma

Here > lelde PTCSt into two diSjOint sets, PTCSt = ,P’ii—est U P’fest’ Where ,P’itest = {p S PTcst : AnS(P) =
+}’ ,P'Eest = {p S PTest : AHS(p) = —}.

Lemma 20. A function F : ¥ x ’P{fest — R defined as F(w,q) := infyecntep) 2 o WsaKLsa(p, q) is a continuous
function.

Proof. The proof is established by invoking Theorem [§| with the following substitution:

X=Xx ,P”Fest’ 1/1(‘41,1), Q) = ZwsaKLsa(pv Q)7
Y =P, D(w,p) = cl(Alt(p)).

Observe that objective function, Zs,a wsaKLsq (p, q), is a continuous function on ¥ x Pr}rest X P, and the corre-
sponding ®(w, p) = cl(Alt(p)) is always a constant. O

H.2 Proof of Lemma [2]]

Lemma 21. Let w € ¥ such that wsq > 0, V(s,a) € S x A. uno(+,w, ) is a continuous function on Ry X P.

Proof. The proof is established by invoking Theorem [§] with the following substitution:

X= R+ X P, ¢(07p7 Q) = Vpﬂ(p)v:]ﬂ(p)7
Y="P, O(o,p) ={q€P: Y wuKLs(p,q) < 0}

sa

As the objective function, 1, is a continuous function on Ry x P, it suffices to show the corresponding
®(o,p) ={q€P:>, ,wsaKLsa(p,q) < o} is hemi-continuous.

Show the upper hemi continuous of ®. Let {p, }52, C P and {5,,}5, C R, such that p, ——> p and 7,, ———

o. And consider a sequence {g, }5°; C P such that ¢, € ®(oy,,pr), which is equivalent to Zs,a WsaKLsa(Pn, Gn) —

o <0, and ¢, —> ¢. By continuity of KL-divergence, one has

= T _ <
> wsaKLsa(p,q) =0 = lim > weaKLsa(Pn,4n) — 0n <0,

s,a s,a

which yields that ¢ € ®(o,p) and hence ® is upper hemi-continuous.
Show the lower hemi continuous of ®. Let {p,, }°2; C P and {0,}52; C R, be the sequences such that p,, o,

n=1

p and 0, —=2% & for some p € P and ¢ € R. Consider ¢ € ®(0,p), we now aim to show that 3{¢,}>>; such
that ¢, € ®(0y,pn) and ¢, —— ¢. The proof is separated into two cases (i) Y s awWsaKLsa(p,q) < o and (ii)
> sawsaKLsa(p,q) = 0.

n—oo

Case (i) As (on,pn) —— (0, p) and the continuity of KL-divergence, 3N > 0 such that ZS’G wsaKLsa(Pn,q) —
on < 0 for all n > N. Choosing ¢, = ¢ yields the conclusion.
Case (ii) For each n € N, we define o, = max{a € [0,1] : (1 —a)p, +aq € ®(on,pn)} and g, = (1 —ap)pn + ang,
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which directly implies ¢, € ®(o,,,pp). From the definition of «,,, when Es’a wsaKLsa(pn,q) =0, o, = 1. When
Es’a wsaKLsa (P, q) # 0 Due to the joint convexity, one has

Z wsaKLsa (p’ru (1 - Oé)Pn + Oéq) S « Z wsaKLsa (pru (J)

s,a s,a

Hence o > = In summary,

On
s,a wsaKLsa (Pn,q)

(6] Z Zs,a WSa;ana(pnvq)’ if sta wsaKLsa(pn; q) # O’
" =1, otherwise.

Using (0, pn) —— (o, p) and the continuity of KL-divergence again, we have o, — 1 and ¢, — ¢ as n — oc.
O

H.3 Proof of Lemma 22]

Lemma 22. Under Assumption [J] and the notion in Appendiz[D, uxo(+) is continuous in [0, 00).

Proof. We prove it by applying Theorem [§] with the following substitution:

X= [0,00), 1/’(0755) :g(m),
Y=2x, O(o)={x € X:h(zx) <o}

As X is compact and ¢ is continuous according to Assumption [4}(c), ®(o) is always a compact set. Additionally,
h(z) < 0 from Assumption [d}(a), ®(c) # 0 for all o > 0. It remains to show ®(-) is a continuous corresponding.

Upper hemicontinuity. Let {¢,,}52; C X and {2,,}32; C X be the sequences such that z,, € ®(o,,), or equivalently
hxy) < op, ¥n € N, lim, o 0, = 0*, and lim,,_, o ¢, = *. Since the continuity of h is assumed in Assumption
(d), we derive

h(z*) = limsup h(z,) < limsupo,, = o*,
n—oQ n—oo
ie. 2* € ®(0*), and hence ®(-) is upper hemicontinuous.
Lower hemicontinuity. Let {0,}52,; C X be a sequence converging to ¢* > 0 as n — oo, and z* € ®(c*), or
equivalently h(z*) < o*. We claim there exists {o,,,, }5°_1 C {0,152, and {z,,}5°_; such that z,, € ®(oy,,,) and

m— oo

Loy ——— T,

We first consider case h(z*) < 0. As h(z*) <0, * € ®(o) for any o > 0. We choose whatever subsequence
{on, 1501 C {on}52, and z,,, = z* € D(0y, ), Vm € N, the claim is satisfied. As for the case h(z*) > 0,
Assumption [4}(b)(c) implies that z* is not local minimum of h. Hence for any m € N, 3z, € X such that
| — 2*] < 1/m and h(x,,) < h(z*). As o, Z72%% &*, there is a subsequence {on,, }22_; such that n, < N1
and h(x.,) < o, or equivalently x,, € ®(o,,, ), and hence ®(-) is lower hemicontinuous.

O

I PROOF OF THE REMAINING LEMMA AND PROPOSITION

I.1 Proof of Lemma [l
Proof. As P is a compact set and V™ (s) is a continuous function for each s € S, it suffices to show that for all ¢ € P,

max, ses V] (s) — V;7(s") > 0. Suppose on the contrary, there is ¢ € P such that max; yes V7 (s) — V[ (s") =0,
then Vs € S, V" (s) = a for some constant o € R. As

Qi (s,a) =r(s,a) +7 ) a(sls, )V (s') = r(s,a) + e,
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the definition of r™(s) yields that

r(s) =Y m(als)r(s,a) = Y w(als)(Qf(s,a) - ya)

acA acA
=V/(s) —va=(1-7)a

However, this contradicts Assumption |1} where max, r™(s) > ming 7™ (s). O

I.2 Proof of Proposition [i]

Proof. Suppose not, there exists a fully supported w € ¥ such that T,,(p) = oo, or equivalently T, (p) = 0, then
one has > wsaKLgs(p, ¢*) = 0 for some ¢* € cl(Alt(p)), where cl(S) denotes the closure of a set S. As for each
8,a, wsq > 0 by Assumption |2, and hence KLg,(p, ¢*) = 0. This yields that p(- | s,a) = ¢*(- | s,a) for all s,a.
Since the transition probability under m and p is the same as the one under 7 and ¢*, V7 (p) = V. (p), which
however contradicts ¢* € cl(Alt(p)) and the assumption p € Prest. O

J Experimental Details
The simulations presented in this paper were conducted using the following computational environment:

e Operating system: macOS Sonoma
e Programming language: Python

e Processor: Apple M1 Max

e Memory: 64 GB

Uniform sampling was used as the sampling rule. We define the sequence (; as (; = ﬁ% In the experiments, the
inner optimization is implemented heuristically by taking gradient steps in the reversed MDP and numerically
projecting each iterate onto IIZ using SLSQP. We fixed L = 400.0 and capped the maximum value of M at 20.

As |S| and |A] increased, PTST tended to statistically perform better than the baseline. However, the compu-
tational cost grew with problem size; in particular, projection onto l:[[{’ dominated the runtime. An important
future direction is to develop projection-free variants of our method (e.g., conditional gradient updates in the
reversed MDP) that avoid Euclidean projections onto a convex set and further reduce computational overhead.
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Table 1: Reward function r(s,a), transition kernel p(:|s,a), and policies 7(a|s) and 7’(a|s) for all state-action
pairs in the 2-state, 2-action case (S = A = {0,1}).

Reward function r(s,a)

s\a | 0 1
0 0.50 —0.175
1 —0.775 1.00

Transition kernel p(:|s,a)

s,a) ‘p(0|s,a) p(1]s, a)

(

(0,0) | 0.700 0.300
(0,1) | 0.400 0.600
(1, 0)
(1,1)

0.800 0.200
0.100 0.900

Policy 7(als)

s\a | 0 1
0 0.150 0.850
1 0.507 0.493

Another policy 7'(a|s)
s\a | 0 1
0 0.3848  0.6152

1 0.6152 0.3848
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Table 2: Reward function (s, a), transition kernel p(-|s,a), and policies 7(a|s) and 7’(a|s) for all state-action
pairs in the 3-state, 3-action case (S = A = {0, 1,2}).

Reward function (s, a)

s\a |0 1 2
0 —0.20 0.02 —0.01
1 —0.50 —0.01 0.50
2 —0.01 —0.05 0.20

Transition kernel p(-|s, a)

a) | p(Ols,a)  p(lls,a)  p(2]s,a)
0.3460 05027  0.1513
02230  0.7014  0.0756
0.4077  0.3005  0.2919
02711 0.5011  0.2277
0.1711  0.6011  0.2277
0.1711  0.1011  0.7277
0.2433  0.5999  0.1568
0.1867  0.2998  0.5135
0.4033  0.0993  0.4974

—~
»

e e D e e
NN R P~ O OO
N = O N HHONF-O

—

Policy n(als)

s\a | 0 1 2
0 0.6 0.3 0.1
1 0.333 0.333 0.333
2 0.1 0.2 0.7

Another policy 7'(a|s)
s\a | 0 1 2
0 0.329963 0.335487  0.334550

1 0.329790 0.329798  0.340412
2 0.331231 0.330005 0.338764
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Table 3: Reward function r(s,a), transition kernel p(-|s, a), and two policies 7(a|s) and 7’(a|s) for all state-action
pairs in the 5-state, 5-action case (S = A = {0, 1,2, 3,4}).

Reward function r(s,a)

s\a | 0 1 2 3 4

0 0.11596 -0.10323  0.07086  -0.14514  0.01885

1 -0.08898  0.18378  0.20909  0.18429  -0.00352

2 -0.11392  0.23644  -0.15099 -0.20320 -0.23474

3 0.10058  0.08980  0.00906  0.19939  0.02957

4 0.11086  0.02878 -0.12984 0.17238  0.03751
Transition kernel p(s'|s, a)

(s;a) | p(Ols,a)  p(lls,a)  p(2ls,a)  p(3ls,a)  p(4]s,a)

0.0191 0.2797 0.3241 0.0813 0.2958
0.2279 0.2631 0.0458 0.2566 0.2066
0.1418 0.2505 0.2561 0.2799 0.0718
0.3117 0.1916 0.0851 0.1691 0.2424
0.1199 0.6589 0.2133 0.0040 0.0038
0.1452 0.3076 0.0715 0.1816 0.2941
0.4654 0.0252 0.2148 0.2654 0.0292
0.2123 0.0780 0.2095 0.2257 0.2745
0.2350 0.1905 0.1488 0.1254 0.3003
0.0091 0.3348 0.0134 0.1328 0.5099
0.2699 0.3663 0.2291 0.0208 0.1139
0.2535 0.2019 0.1512 0.2041 0.1893
0.3340 0.2574 0.1303 0.1418 0.1365
0.1428 0.1237 0.1114 0.0747 0.5474
0.1530 0.3078 0.1651 0.3379 0.0362
0.0043 0.3403 0.1235 0.0826 0.4493
0.0870 0.3120 0.0742 0.2682 0.2587
0.1755 0.2717 0.1635 0.1257 0.2637
0.2272 0.1819 0.2460 0.0933 0.2516
0.2717 0.1775 0.0811 0.1830 0.2868
0.2812 0.0261 0.0534 0.4150 0.2243
0.2381 0.2541 0.1767 0.2693 0.0617
0.4520 0.1074 0.0020 0.1489 0.2897
0.3384 0.0184 0.1746 0.3144 0.1541
0.0686 0.1741 0.2139 0.1872 0.3563

R e e L e L e L e e e e o T i T e
R R R R WWWWWNONNNN R R R FRFOOOOO0O
B WNFRF O R WNFRFOERWNFEFORWNRFEOKRWND—O
NGNS NN NN NN NN NN NN NN

Policy 7(a|s)
1 2 3 4

0.1535 0.2298 0.0998 0.2521 0.2648
0.2159 0.2917 0.1054 0.0903 0.2967
0.0452 0.0699 0.1839 0.3681 0.3329
0.2078 0.3493 0.0826 0.2214 0.1389
0.2311 0.1292 0.2522 0.2173 0.1701

o

VA
=W = o g

Another policy 7'(als)
s\a | 0 1 2 3 4

0 0.1387 0.2651 0.1637 0.3034 0.1291
1 0.2705 0.1384 0.1378 0.1367 0.3167
2 0.1471 0.1155 0.1624 0.1891 0.3859
3
4

0.1489 0.1512 0.2145 0.1346 0.3508
0.1398 0.2038 0.3177 0.1403 0.1984
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