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ABSTRACT

Deep neural networks (DNNs) have shown great success in many machine learn-
ing tasks. Their training is challenging since the loss surface of the network ar-
chitecture is generally non-convex, or even non-smooth. How and under what as-
sumptions is guaranteed convergence to a global minimum possible? We propose
a reformulation of the minimization problem allowing for a new recursive algo-
rithmic framework. By using bounded style assumptions, we prove convergence
to an e-(global) minimum using @(1 /&3) gradient computations. Our theoretical
foundation motivates further study, implementation, and optimization of the new
algorithmic framework and further investigation of its non-standard bounded style
assumptions. This new direction broadens our understanding of why and under
what circumstances training of a DNN converges to a global minimum.

1 INTRODUCTION

In recent years, deep neural networks (DNNs) have shown a great success in many machine learn-
ing tasks. However, training these neural networks is challenging since the loss surface of network
architecture is generally non-convex, or even non-smooth. Thus, there have been a long-standing
question on how optimization algorithms may converge to a global minimum. Many previous work
have investigated Gradient Descent algorithm and its stochastic version for over-parameterized set-
ting (Arora et al., 2018} [Soudry et al. [2018; |Allen-Zhu et al., [2019; [Du et al., 2019a; Zou & Gu,
2019). Although these works have shown promising convergence results under certain assumptions,
there is still a lack of new efficient methods that can guarantee global convergence for machine
learning optimization. In this paper, we address this problem using a different perspective. Instead
of analyzing the traditional finite-sum formulation, we adopt a new composite formulation that ex-
actly depicts the structure of machine learning where a data set is used to learn a common classifier.

Representation. Let {(x(i),y(i))}?zl be a given training set with () e R™ y() e Rc, we
investigate the following novel representation for deep learning tasks:

min {F(w) = % > dilh(w; z‘))} : ()

weR?

where h(i) : R — R¢ i € [n] = {1,...,n}, is the classifier for each input data z(*); and
¢; : R — R, i € [n], is the loss function corresponding to each output data y@. Our composite for-
mulation (1)) is a special case of the finite-sum problem min,,cga { F(w) = L 3" | f(w;i)} where
each individual function f(-;¢) is a composition of the loss function ¢; and the classifier i (+;¢). This
problem covers various important applications in machine learning, including logistic regression and
neural networks. The most common approach for the finite-sum problem is using first-order meth-
ods such as (stochastic) gradient algorithms and making assumptions on the component functions
f(+4). As an alternative, we further investigate the structure of the loss function ¢; and narrow
our assumption on the classifier h(-;%). For the purpose of this work, we first consider convex and
Lipschitz-smooth loss functions while the classifiers can be non-convex. Using this representation,
we propose a new framework followed by two algorithms that guarantee global convergence for the
minimization problem.

Algorithmic Framework. Representation (1) admits a new perspective. Our key insight is to (A)
define zi(t) = h(w®; 1), where t is an iteration count of the outer loop in our algorithmic framework.
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(t+1) _ (1)

Vi (") = (06i(2)/024) aciq \Z:Zyn

Next (B), we want to approximate the change z in terms of a step size times the gradient

and (C) we approximate the change h(w**1);4) — h(w®);4) in terms of the first order derivative
t .
Hz( )= (aha(w; Z)/awb)ae[c},be[d] |w:w(t)-

Finally, we combine (A), (B), and (C) to equate the approximations of z,ftH) — zi(t) and

h(w**V); i) — h(w®;4). This leads to a recurrence on w® of the form w1 = () — y(t)y®),
where (") is a step size and which involves computing v(*) by solving a convex quadratic sub-
problem, see the details in Section[d We explain two methods for approximating a solution for the
derived subproblem. We show how to approximate the subproblem by transforming it into a strongly
convex problem by adding a regularizer which can be solved in closed form. And we show how to
use Gradient Descent (GD) on the subproblem to find an approximation v(*) of its solution.

Convergence Analysis. Our analysis introduces non-standard bounded style assumptions. Intu-
itively, we assume that our convex and quadratic subproblem has a bounded solution. This allows
us to prove a total complexity of O(Z) to find an e-(global) solution that satisfies F'() — Fy < ¢,
where F. is the global minimizer of F'. Our analysis applies to a wide range of applications in
machine learning: Our results hold for squared loss and softmax cross-entropy loss and applicable
for a range of activation functions in DNN as we only assume that the i(-; #) are twice continuously
differentiable and their Hessian matrices (second order derivatives) as well as their gradients (first
order derivatives) are bounded.

Contributions and Outline. Our contributions in this paper can be summarized as follows.

* We propose a new representation (1] for analyzing the machine learning minimization prob-
lem. Our formulation utilizes the structure of machine learning tasks where a training data
set of inputs and outputs is used to learn a common classifier. Related work in Section
shows how (1)) is different from the classical finite-sum problem.

» Based on the new representation we propose a novel algorithm framework. The algorith-
mic framework approximates a solution to a subproblem for which we show two distinct
approaches.

* For general DNNs and based on bounded style assumptions, we prove a total complexity

of @(6%) to find an e-(global) solution that satisfies F'(1) — F, < &, where F is the global
minimizer of F'.

We emphasize that our focus is on developing a new theoretical foundation and that a translation
to a practical implementation with empirical results is for future work. Our theoretical foundation
motivates further study, implementation, and optimization of the new algorithmic framework and
further investigation of its non-standard bounded style assumptions. This new direction broadens
our understanding of why and under what circumstances training of a DNN converges to a global
minimum.

The rest of this paper is organized as follows. Section [2|discusses related work. Section [3|describes
our setting and deep learning representation. Section 4] explains our key insight and derives our
Framework [I] Section 5] presents our algorithms and their global convergence. All technical proofs
are deferred to the Appendix.

2 RELATED WORK

Formulation for Machine Learning Problems. The finite-sum problem is one of the most im-
portant and fundamental problems in machine learning. Analyzing this model is the most popular
approach in the machine learning literature and it has been studied intensively throughout the years
(Bottou et al., |2018} [Redd1 et al., 20165 Duchi et al., |2011b). Our new formulation is a spe-
cial case of the finite-sum problem, however, it is much more complicated than the previous model
since it involves the data index ¢ both inside the classifiers h(-;7) and the loss functions ¢;. For a
comparison, previous works only consider a common loss function {(3,y) for the predicted value
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¢ and output data y (Zou et al 2018} |Soudry et al., 2018)). Our modified version of loss function
¢; is a natural setting for machine learning. We note that when h(wj; 1) is the output produced by
a model, our goal is to match this output with the corresponding target 3(*). For that reason, the
loss function for each output has a dependence on the output data y(*), and is denoted by ¢;. This
fact reflects the natural setting of machine learning where the outputs are designed to fit different
targets, and the optimization process depends on both outer function ¢; and inner functions h(-; ).
This complication may potentially bring a challenge to theoretical analysis. However, with separate
loss functions, we believe this model will help to exploit better the structure of machine learning
problems and gain more insights on the neural network architecture.

Other related composite optimization models are also investigated thoroughly in (Lewis & Wright,
2016} Zhang & Xiao, [2019; Tran-Dinh et al., 2020). Our model is different from these works as
it does not have a common function wrapping outside the finite-sum term, as in (Lewis & Wright,
2016). Note that a broad class of variance reduction algorithms (e.g. SAG (Le Roux et al., |[2012),
SAGA (Defazio et al., 2014), SVRG (Johnson & Zhang, 2013), SARAH (Nguyen et al., 2017)) is
designed specifically for the finite-sum formulation and is known to have certain benefits over Gra-
dient Descent. In addition, the multilevel composite problem considered in (Zhang & Xiaol [2021)
also covers empirical risk minimization problem. However our formulation does not match their
work since our inner function h(wj; ) is not an independent expectation over some data distribution,
but a specific function that depends on the current data.

Global Convergence for Neural Networks. A recent popular line of research is studying the dy-
namics of optimization methods on some specific neural network architectures. There are some early
works that show the global convergence of Gradient Descent (GD) for simple linear network and
two-layer network (Brutzkus et al., 2018 |Soudry et al., [2018} |Arora et al., 2019; Du et al., 2019b).
Some further works extend these results to deep learning architectures (Allen-Zhu et al.l |2019; Du
et al., 2019a;|Zou & Gu,2019). These theoretical guarantees are generally proved for the case when
the last output layer is fixed, which is not standard in practice. A recent work (Nguyen & Mondelli,
2020) prove the global convergence for GD when all layers are trained with some initial conditions.
However, these results are for neural networks without bias neurons and it is unclear how these anal-
yses can be extended to handle the bias terms of deep networks with different activations. Our novel
framework and algorithms do not exclude learning bias layers as in (Nguyen & Mondelli, [2020).

Using a different algorithm, |Brutzkus et al.| (2018) investigate Stochastic Gradient Descent (SGD)
for two-layer networks in a restricted linearly separable data setting. This line of research continues
with the works from|Allen-Zhu et al.|(2019));/Zou et al.|(2018) and later with|Zou & Gu|(2019). They
justify the global convergence of SGD for deep neural networks for some probability depending on
the number of input data and the initialization process.

Over-Paramaterized Settings and other Assumptions for Machine Learning. Most of the mod-
ern learning architectures are over-parameterized, which means that the number of parameters are
very large and often far more than the number of input data. Some recent works prove the global
convergence of Gradient Descent when the number of neurons are extensively large, e.g. (Zou &
Gu, 2019) requires Q(n®) neurons for every hidden layer, and (Nguyen & Mondelli, 2020) im-
proves this number to (n?). If the initial point satisfies some special conditions, then they can
show a better dependence of Q(n). In|Allen-Zhu et al|(2019), the authors initialize the weights
using a random Gaussian distribution where the variance depends on the dimension of the problem.
In non-convex setting, they prove the convergence of SGD using the assumption that the dimension
depends inversely on the tolerance e. We will discuss how these over-paramaterized settings might
be a necessary condition to develop our theory.

Other standard assumptions for machine learning include the bounded gradient assumption (Ne-
mirovski et al., 2009; |Shalev-Shwartz et al., 2007; |[Reddi et al., 20165 Tran et al., 2021). It is also
common to assume all the iterations of an algorithm stays in a bounded domain (Duchi et al., 201 1a;
Levy et al.|, 2018} |Giirbiizbalaban et al., 2019} Reddi et al., [2018; [Vaswani et al., 2021). Since we
are analyzing a new composite formulation, it is understandable that our assumptions may also not
be standard. However, we believe that there is a strong connection between our assumptions and the
traditional setting of machine learning. We will discuss this point more clearly in Section 4]
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3 BACKGROUND

In this section, we discuss our formulation and notations in detail. Although this paper focuses on
deep neural networks, our framework and theoretical analysis are general and applicable for other
learning architectures.

Deep Learning Representation. Let {((),4())}7_| be a training data set where () € R™ is a
training input and y(*) € R€ is a training output. We consider a fully-connected neural network with
L layers, where the [-th layer, [ € {0,1,..., L}, has n; neurons. We represent layer 0-th and L-th
layer as input and output layers, respectively, that is, ng = d and ny, = ¢. Forl € {1,...,L}, let

WO ¢ Rr-1%m and b € R™, where {(W®,bM)E |} represent the parameters of the neural
network. A classifier h(w; ) is formulated as

hw;i) = WE Top ((WEDTop ooy (WH T2 4 p@y ) 4 pE=1) 4B

where w = vee({W M) bV . W) (1) € RY is the vectorized weight and {o;} /7" are some
activation functions. The most common choices for machine learning are ReLU, sigmoid, hyperbolic
tangent and softplus. For j € [c], h;(+;4) : RY — R denotes the component function of the output
h(-;4), for each data ¢ € [n] respectively. Moreover, we define h} = arg min,cge ¢;(2),7 € [n].

Loss Functions. The well-known loss functions in neural networks for solving classification and
regression problems are softmax cross-entropy loss and square loss, respectively:

(Softmax) Cross-Entropy Loss: F(w) = 13" | f(w;4) with

f(w;i) = —y DT log(softmax(h(w;1))). (2)
Squared Loss: F(w) = L 3" | f(w;4) with
1 .
flw;i) = §||h(w,z) — D)2 3)

We provide some basic definitions in optimization theory to support our theory.

Definition 1 (L-smooth). Function ¢ : R® — R is Lg-smooth if there exists a constant Ly > 0
such that, Vx1, s € RC,

[Vo(x1) = Vé(z2)|| < Lgllzr — 2. 4)
Definition 2 (Convex). Function ¢ : R® — R is convex if Vx1,xs € RS,
P(x1) — ¢(z2) = (Vo(22), 21 — 72). (5)

The following corollary shows the properties of softmax cross-entropy loss (2)) and squared loss (3).

Corollary 1. For softmax cross-entropy loss (|2) and squared loss , there exist functions h(-;1) :
RY — R¢ and ¢; : R® — R such that, for i € [n], ¢i(2) is convex and Ly-smooth with Ly = 1, and

F ;i) = ¢i(h(w; 1)) = $i(2)],_p sy (©)
4 NEW ALGORITHM FRAMEWORK

4.1 KEY INSIGHT

We assume f(w;i) = ¢;(h(w;i)) with ¢; convex and Lg4-smooth. Our goal is to utilize the con-
vexity of the outer function ¢;. In order to simplify notation, we write V_¢;(h(w?);1)) instead of
V.0i(2) ’Z:h(w(t)‘i) and denote zi(t) = h(w®;4). Starting from the current weight w(), we would

like to find the next point w(**1) that satisfies the following approximation for all i € [n]:

h(wHD);4) = S & zi(t) - agt)vz@(zgt)) = h(w®;i) — agt)vzqﬁi(h(w(t);i)). @)

9
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We can see that this approximation is a “noisy” version of a gradient descent update for every
function ¢;, simultaneously for all ¢ € [n]. In order to do this, we use the following update

wtt) = w® — O y®) (8)
where ) > 0 is a learning rate and v(*) is a search direction that helps us approximate equation

. If the update term (Y v(*) is small enough, and if h(-;4) has some nice smooth properties, then
from basic calculus we have the following approximation:

h(w;6) = h(w® = nOu®: i) h(w®; i) — B (nO0®), ©)

7
where Hft) is a matrix in R®*? with first-order derivatives. Motivated by approximations and

(9, we consider the following optimization problem:

0 _ 11 - HY (n®4) — o® , (). 112 |
Vs arg£§%2n;\\ () = 0 Vo (h(w'™;4)) |12 (10)

Hence, by solving for the solution vit) of problem we are able to find a search direction for the
key approximation (7). This yields our new algorithmic Framework [T} see below.

Framework 1 New Algorithm Framework

Initialization: Choose an initial point w® e RY;
fort=0,1,--- , T —1do
Solve for an approximation v(*) of the solution v,(f) of the problem in li

0 _ LN g (D g ()2
v, farg%{r}@n;lln H;"v —a; Vi (h(w'; 1)) ||

Update w1 = () — 5®)y(®)
end for

4.2 TECHNICAL ASSUMPTIONS

Assumption 1. The loss function ¢; is convex and Ly-smooth for i € [n]. Moreover, we assume
that it is lower bounded, i.e. inf ,cre ¢;(z) > —oo fori € [n).

We have shown the convexity and smoothness of squared loss and softmax cross-entropy loss in
Section[3] The bounded property of ¢; is required in any algorithm for the well-definedness of (TJ).
Now, in order to use the Taylor series approximation, we need the following assumption on the
neural network architecture h:

Assumption 2. We assume that h(-;1) is twice continuously differentiable for all i € [n] (i.e. the
second-order partial derivatives of all scalars h;(-;1) are continuous for all j € [c] and i € [n]),
and that their Hessian matrices are bounded, that is, there exists a G > 0 such that for all w € R4,
1€ [n]and j € [c],

1M j (w)| = [Ww (Vah(w; 1))[| < G, (11)
where J, denotes the Jacobiarﬂ

Remark 1 (Relation to second-order methods). Although our analysis requires an assumption on
the Hessian matrices of h(w;1), our algorithms do not use any second order information or try to
approximate this information. Our theoretical analysis focused on the approximation of the clas-
sifier and the gradient information, therefore is not related to the second order type algorithms.
It is currently unclear how to apply second order methods into our problem, however, this is an
interesting research question to expand the scope of this work.

'For a continuously differentiable function g(w) : R — R we define the Jacobian J., (g(w)) as the matrix
(0ga(w)/Ows)ace) befa)-
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Assumption I 2| allows us to apply a Taylor approxunatlon of each function h;(-;4) with which we
prove the following Lemma that bounds the error in equation (9):

Lemma 1. Suppose thatAssumptlonIholds forthe classifier h. Then foralli € [n]and0 <t < T,

h(w(Hl); i) = h(w(t) - n(t)v(t); i) = h(w(t); i) — n(t)Hi(t)v(t) + egt), (12)
where
= Jou (h(w; 1)) yew € R*? (13)
is defined as the Jacobian matrix of h(w; i) at w® and entries 65 ]) J € [c], of vector egt) satisfy
1
el < 5@ (14)

In order to approximate (7)) combined with (9), that is, to make sure the right hand sides of (7)) and
() are close to one another, we consider the optimization problem (10):

0 _ LIS (), O 4 (). 2
Vs fargirelﬁ%g?n;\m H; 7 v — ;" Vs (h(w™54)) |7

The optimal value of problem (10)) is equal to O if there exists a vector v( ) satisfying n(t) 7Yy (t) =

agt)VZ(bi(h(w(t); i)) for every ¢ € [n]. Since the solution v is in R? and V.oi(h (w(t) 1)) is in
R¢, this condition is equivalent to a linear system with n - ¢ constraints and d variables. In the over-

parameterized setting where dimension d is sufficiently large (d > n - ¢) and there are no identical

data, there exists almost surely a vector vi ) that interpolates all the training set, see the Appendix

for details.

Let us note that an approximation of vff) serves as the search direction for Framework |1} For this

reason, the solution m(f) of problem 1i plays a similar role as a gradient in the search direction

of (stochastic) gradient descent method. It is standard to assume a bounded gradient in the ma-
chine learning literature (Nemirovski et al.,|2009; |Shalev-Shwartz et al., 2007; Reddi et al., [2016).
Motivated by these facts, we assume the following Assumption [3| which implies the existence of a
near-optimal bounded solution of (I0):

Assumption 3. We consider an over-parameterized setting where dimension d is sufficiently large
enough to interpolate all the data and the tolerance . We assume that there exists a bound V> 0

such that fore > 0and 0 <t < T as in Framework there exists a vector oY with ||17>(k? I?<V
so that

11 ,
2 Z 052 — 0l V. (h(w i) |* <

Our Assumption |3|requires a nice dependency on the tolerance ¢ for the gradient matrices I, i(t) and

V.¢i(h(w®;4)). We note that at the starting point ¢ = 0, these matrices may depend on ¢ due to
the initialization process and the dependence of d on . This setting is similar to previous works,
e.g.|Allen-Zhu et al.| (2019).

5 NEW ALGORITHMS AND CONVERGENCE RESULTS

5.1 APPROXIMATING THE SOLUTION USING REGULARIZER

Since problem (T0) is convex and quadratic, we consider the following regularized problem:

11 & 2
b {%) ~2n ; I Ho = al V. (h(w:8)|* + 8glvllz} .as)
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for some small € > 0 and ¢ > 0. It is widely known that problem (T3] is strongly convex, and has a

unique minimizer vfktzeg. The global minimizer satisfies V,U\I/(vffzeg) = 0. We have

1 n
vy\II(U) _ - Z[U(t)Hft)THi(t)ﬁ(t)U _ agt)n(t)Hi(t)TvZ¢i(h(w(t); l))] +e2.p

=1
1 n
:<nZn<t>H§”TH£%“>+E2I>v—( S 0O HOTY 6 (hat; >>>.
=1 1=1
Therefore,
®) 1 ¢ BT (1) ()
N = [ =Y nOHOTHDH® 4 21 O FOT ) ). 16
v reg (n;n i i n + € ZOZ Vz(bz( ( 7Z)) ( )
(t

If €2 is small enough, then v, 1)'eg is a close approximation of the solution vf) for problem . Our
first algorithm updates Framework [T|based on this approximation.

Algorithm 1 Solve for the exact solution of the regularized problem

Initialization: Choose an initial point w©® € R?, tolerance ¢ > 0;
fort=0,1,--- , T —1do
Update the search direction v(®) as the solution v,(fzeg of problem in 1}

-1

1 n 1 n

o0 = v£tzeg _ (n Z n(t)Hi(t)THi(t),n(t) + Ezj-) <n Z agt)n(t)Hi(t)Tquﬁi(h(w(t); i)))
i=1 i=1

Update w1 = (®) — 5®)y(1)
end for

The following Lemma shows the relation between the regularized solution vﬁtzeg and the optimal

solution of the original convex problem v(t).
Lemma 2. For given € > 0, suppose that Assumption 3| holds for bound V' > 0. Then, for iteration

0 <t < T, the optimal solution v£tleg of problem satisfies Hv* regl|?> <24 Vand

11 Vv
Z I t)H(t)U(tzeg 7a§t)vz¢i( (w(t ))”2 (1+ 2) (17)

Based on Lemma[2] we guarantee the global convergence of Algorithm[T]and prove our first theorem.
Since it is currently expensive to solve for the exact solution of problem (I3]), our algorithm serves
as a theoretical method to obtain the global convergence for the finite-sum minimization.

Theorem 1. Let wY) be generated by Algorithm|I| where we use the closed form solution for the
search direction. We execute Algorithm |l|for T' = 5 outer loops for some constant > 0. We

assume Assumption [I| holds. Suppose that Assumptlon 2] holds for G > 0 and Assumption 3| holds
for V- > 0. We set the step size equal to nt) = = D./z for mme D > 0 and choose a learning rate

agt) (1+4¢)a; (t=1) - =(1+e)a ( ). Based on B, we define o; © - eﬁL(b with o € (0, §). Let F,
be the global minimizer of F, and h;‘ = argmin,cge ¢;(2),1 € [n]. Then

T-1
1 ePL 1—|—€
el Fw®) - F] < A E h(w®: i) — h¥|? -
EBL¢(3<€ + 2)

2\2
Sa(l3a) [c(4+ (V+2)GD*)?+8+4V]-e.  (18)

We note that 3 is a constant for the purpose of choosing the number of iterations 7". The analysis
can be simplified by choosing § = 1 with T' = % Notice that the common convergence criteria for
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finding a stationary point for non-convex problems is 7 Zthl ||[VF(w;)||?> < O(e). This criteria
has been widely used in the existing literature for non-convex optimization problems. Our conver-
gence criteria - Zthl [F(we) — Fy] < O(e) is slightly different, in order to find a global solution
for non-convex problems.

Our proof for Theorem|I]is novel and insightful. It is originally motivated by the Gradient Descent
update and the convexity of the loss functions ¢;. For this reason it may not be a surprise that
Algorithm (1| can find an e-global solution after O (%) iterations. However, computing the exact
solution in every iteration might be extremely challenging, especially when the number of samples
n is large. Therefore, we present a different approach to this problem in the following section.

5.2 APPROXIMATION USING GRADIENT DESCENT

In this section, we use Gradient Descent (GD) algorithm to solve the strongly convex problem (T3).
It is well-known that if ¢ (z) — 4||z|? is convex for Va € R€, then ¢(x) is p-strongly convex (see

e.g. [Nesterov| (2004)). Hence \IJ( ) is e2-strongly convex. For each iteration ¢, we use GD to find a
search direction v(*) which is sufficiently close to the optimal solution vffzeg in that

[0® — || < e. (19)

Our Algorithm [2]is described as follows.

Algorithm 2 Solve the regularized problem using Gradient Descent

Initialization: Choose an initial point w©® € R?, tolerance ¢ > 0;
fort=0,1,---, T —1do
Use Gradient Descent algorithm to solve Problem and find a solution v(*) that satisfies

lo® — ol < &

Update w1 = () — 5®)y(®)
end for

Since Algorithm [2] can only approximate a solution within some e-preciseness, we need a supple-
mental assumption for the analysis of our next Theorem [2}

Assumption 4. Let H i(t) be the Jacobian matrix defined in Lemmal|l| We assume that there exists

some constant H > 0 such that, fori € [n], e > 0, and 0 <t < T as in Algorithm[Z]

(t)
H: < . 20
1H; "l < Ve (20)

Assumption E] requires a mild condition on the bounded Jacobian of h(wj;i), and the upper bound
may depend on €. This flexibility allows us to accommodate a good dependence of ¢ for the theo-
retical analysis. We are now ready to present our convergence theorem for Algorithm 2]

Theorem 2. Let w® be generated by Algorithm I where v®) satisfies ([9]) We execute Algorithm

for T = 2 outer loops for some constant f > 0. We assume Assumption |l| holds. Suppose
that Assumpnon ] holds for G > 0, Assumption [3| holds for V- > 0 and Assumption ] holds for
H > 0. We set the step size equal to n¥) = = D+/e for some D > 0 and choose a learning rate

(t) =(14¢e)o, (t=1) =1+ 6)’5%(»0). Based on (3, we define ago) = -2 - witha € (0, ). Let F,

ePL
be the global minimizer of F, and h} = arg min,cge ¢;(2),% € [n]. Then
— eﬂL¢ 1+ 8
. h(w —hy?
;0 }_2( —4da)ap nZ” I
ePLy(4e +3)

2772 2 212 .
20(1 — 40) [D*H? 4+ c(2+ (V+e*4+2)GD*)* +2+ V] ¢
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Theorem [2]implies Corollary 2] which provides the computational complexity for Algorithm[2] Note
that for (Stochastic) Gradient Descent, we derive the complexity in terms of component gradient
calculations for the finite-sum problem (I). As an alternative, for Algorithm [2] we compare the
number of component gradients in problem (I5). Such individual gradient has the following form:

Vq;wi(v) _ ,r](t)Hi(t)THi(t)n(t),U . agt)n(t)Hi(t)Tvzd)i(h(w(t); i)).

In machine learning applications, the gradient of f(-;4) is calculated using automatic differentiation
(i.e. backpropagation). Since f(-;4) is the composition of the network structure h(-; 7) and loss func-

tion ¢;(+), this process also computes the Jacobian matrix H, Z.(t) and the gradient V_¢; (h(w®); 7)) at
a specific weight w(*). Since matrix-vector multiplication computation is not expensive, the cost for
computing the component gradient of problem (I3]) is similar to problem ().

Corollary 2. Suppose that the conditions in Theoremhold with n® = % for some D > 0 and
0 < & < N (that is, we set ¢ = £/N ), where

e® Ly 37, |h(w®5)—ht |2 n 7¢? Ly[D? H?+c(2+(V+3)GD?)*+2+V]
n(l—4a)as 2a(1—4a) '

N =

Then, the total complexity to guarantee ming<,<7—1[F(w) — F,] < £ tT;Ol [Fw®)—F,] <¢
3
is O (TL%(DQHz + (82/N)) 1og(g)).

Remark 2. Corollary |2| shows that O (1/€) outer loop iterations are needed in order to reach an
é-global solution, and it proves that each iteration needs the equivalent of O (E% log(%)) gradient
computations for computing an approximate solution. In total, Algorithm |2| has total complexity
o (E% log(%)) for finding an é-global solution.

For a comparison, Stochastic Gradient Descent uses a total of (’)(6%) gradient computations to
find a stationary point satisfying E[||VF (1)||?] < e for non-convex problems (Ghadimi & Lan,
2013). Gradient Descent has a better complexity in terms of €, i.e. O(2) such that |VF(w)|* < e
(Nesterov, [2004). However, both methods may not be able to reach a global solution of (I). In order
to guarantee global convergence for nonconvex settings, one may resort to use Polyak-Lojasiewicz
(PL) inequality (Karimi et al., 2016} |Gower et al., |[2021)). This assumption is widely known to be
strong, which implies that every stationary point is also a global minimizer.

6 FURTHER DISCUSSION AND CONCLUSIONS

This paper presents an alternative composite formulation for solving the finite-sum optimization
problem. Our formulation allows a new way of exploiting the structure of machine learning prob-
lems and the convexity of squared loss and softmax cross entropy loss, and leads to a novel algorith-
mic framework that guarantees global convergence (when the outer loss functions are convex and
Lipschitz-smooth). Our analysis is general and can be applied to various different learning architec-
tures, in particular, our analysis and assumptions match practical neural networks; in recent years,
there has been a great interest in the structure of deep learning architectures for over-parameterized
settings (Arora et al.| 2018} |Allen-Zhu et al.| 2019;Nguyen & Mondelli, 2020)). Algorithm@]demon-
strates a gradient method to solve the regularized problem, however, other methods can be applied
to our framework (e.g. conjugate gradient descent).

Our theoretical foundation motivates further study, implementation, and optimization of the new
algorithmic framework and further investigation of its non-standard bounded style assumptions.
Possible research directions include more practical algorithm designs based on our Framework [T}
and different related methods to solve the regularized problem and approximate the solution. This
potentially leads to a new class of efficient algorithms for machine learning problems. This paper
presents a new perspective to the research community.
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APPENDIX

A TABLE OF NOTATIONS

Notation Meaning
F. Global minimization function of F' in (ill)

F, = min, cga F(w)

h¥ hi = argmin,ege ¢i(2), i € [n]

Solution of the convex problem in
min,egs 55 Sy 10 H v — Vi (h(w: 1)) |

n

v® An approximation of vf) which is used as the search direction in Framework |1
f;,(fs) A vector that satisfies
n t t .
b5 i I H v — Vi (h(w®: )| < €

for some € > 0 and ||17§f€)||2 <V, for some V' > 0.

u(ktzeg Solution of the strongly convex problem in (iEI)

. n . 2
minyeps {32 X0, IO HOv = I V.oi(h(w ) |2 + 5 o] |

B USEFUL RESULTS

The following lemmas provide key tools for our results.

Lemma 3 (Squared loss). Let b € R® and define ¢(z) = %||z — b||? for z € R. Then ¢ is convex
and Lg-smooth with Ly = 1.

Lemma 4 (Softmax cross-entropy loss). Let index a € [c| and define

zexpw;z)] |
k=1

forz = (z1,...,2.)" € RC, wherewy = e}, —e, with e; representing the i-th unit vector (containing
1 at the i-th position and 0 elsewhere). Then ¢ is convex and Lg-smooth with Ly = 1.

o(z) = log [Z exp(zk — za)l = log
k=1

The following lemma is a standard result in (Nesterov, [2004).
Lemma 5 ((Nesterov, 2004)). If ¢ is Lg-smooth and convex, then for Vz € R€,

IV (2)[|> < 2Lg(d(2) — d(24)), 1)

where z, = argmin, ¢(z).

The following useful derivations could be used later in our theoretical analysis. Since ¢; is convex,
by Definition [2] we have

6i(hws ) = 6w+ (Voon(a)| _,mws) b)) @)
If ¢; is convex and Lg-smooth, then by Lemma
2
V.| | = 220 00000 = oxth, @3

where h = arg min cge ¢;(2).

We compute gradients of f(w; ) in term of ¢;(h(w;7)).
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¢ Gradient of softmax cross-entropy loss:

0,
V¢z’(z)|z:h(w;i) - ( gz(lz)

where for j € [c],

09:(z)

z:h(w;i)7 T 0z

T
Y
z-h(w;i))

exp ([h(wid)ly = [A(wid)] o))

.G £ I(y®
99 (=) _ ) S e (=m0, ) J# 1) o1
0z le=h(wii) | Siprg) e ((hwidle=[hwil, o)) J= 109)
Sioresp([hwile—(h(wi)]; o))
¢ Gradient of squared loss:
V6i(2)] o unsy = Rws ) =y, (25)

C ADDITIONAL DISCUSSION

C.1 ABOUT ASSUMPTION[Z]

We make a formal assumption for the case i(-;%) is closely approximated by k(+; 7).

Assumption 5. We assume that for all i € [n] there exists some approximations k(w;i) : R — R¢
such that

|kj(w; i) — hj(w;i)| < e, Yw € R, i € [n]and j € [c], (26)

where k(-;1) are twice continuously differentiable (i.e. the second-order partial derivatives of all
scalars k;(-;1) are continuous for all i € [n)), and that their Hessian matrices are bounded:

1M 5 (w)|| = [Jw (Vwk;(w;i)|| < G, Yw € RY, e [n] and j € [c]. 27)

Assumption[5]allows us to prove the following Lemma that bound the error in equation (9):

Lemma 6. Suppose thatAssumptionholds Sor the classifier h. Then forall i € [n]and0 <t < T,
we have:

h(w® D 5) = h(w® — n®o®;§) = B(w®;4) — n(t)Hi(t)U(t) + 6l(‘t)’ (28)

where Hi(t) is defined to be the Jacobian matrix of the approximation k(w; 1) at w®:

Bk‘l(w,z) (9]%1(11},1)
8w1 e é)wd
HY = Jok(w; D)oo = | oo oL € Rex4 (29)
Ok (w;i) Ok, (w;i) w=w(t)
8w1 e é)wd
Additionally we have,
1 .
] < SO0 O|26 +2¢, j € [e). (30)

Note that these result recover the case when h(+; ¢) is itself smooth. Hence we analyze our algorithms
using the result of Lemma [f] which generalizes the result from Lemma T]

C.2 ABOUT ASSUMPTION[3]

In this section, we justify the existence of the search direction in Assumption [3](almost surely). We

argue that there exists a vector @*? satisfying

11 & X .
57 2 InVH 0 — oV (hw V)| < €.
=1
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It is sufficient to find a vector v satisfying that
n(t)Hi(t)v = agt)vzqﬁi(h(w(”; i)) for every i € [n].

Since the solution v is in R? and V,¢;(h(w";4)) is in R¢, this condition is equivalent to a linear
system with 7 - ¢ constraints and d variables. Let A and b be the following stacked matrix and vector:

H, " oy V61 (h(w ;1))
A= eR™¥ and b = e R™¢,
HPn® APV . (w5 5))

then the problem reduce to finding the solution of the equation Av = b. In the over-parameterized
setting where dimension d is sufficiently large (d > n - ¢), then rank A = n - ¢ almost surely and
there exists almost surely a vector v that interpolates all the training set.

To demonstrate this fact easier, we consider a simple neural network where the classifier h(w; 1) is
formulated as

h(w; i) = W(2)TG(W(1)TI(i)),

where ¢ = 1, W) € R™*Land W) € R*1, w = vee({WH) WR)}) € RY is the vectorized
weight where d = I(m + 1) and o is sigmoid activation function.

Hi(t) is defined to be the Jacobian matrix of /(w; ) at w(®):

t . wei w:i
HY = Juh(w; )l = [ Obwa ]| g gixd,
w=w(t)
then
(t) dh(w;1) Oh(w;l)
Hp B e Thw
A=g® | | =9®| .. ... ... | eR
(t) Oh(w;n) Oh(w;n)
oy et o T

We want to show that A has full rank, almost surely. We consider the over-parameterized setting
where the last layer has at least n neuron (i.e. [ = n and the simple version when ¢ = 1. We argue
that rank of matrix A is greater than or equal to rank of the submatrix B created by the weights of
the last layer W) e R™:

Oh(w;l) Oh(w;l)
ow® T aw?
B = e R™"
Oh(w;n) Ohy(w;n)
ow® T aw®

Note that /(-,4) is a linear function of the last weight layers (in this simple case W () € R™ and
o(WMT @) € R™), we can compute the partial derivatives as follows:

78;5;)(’2:) =o(WWMTz®D). 4 e [n].
Hence
a(WOT )
B= .. e R™*™,
U(W(l)Tx(n))

Assuming that there are no identical data, and o is the sigmoid activation, the set of weights T/ (1)
that make matrix B degenerate has measure zero. Hence B has full rank almost surely, and we have
the same conclusion for A. Therefore we are able to prove the almost surely existence of a solution
v of the linear equation Av = b for simple two layers network. Using the same argument, this result
can be generalized for larger neural networks where the dimension d is sufficiently large (d > nc).
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C.3 INITIALIZATION EXAMPLE

Our Assumptionrequires a nice dependency on the tolerance ¢ for the gradient matrices H. Z.(O) and
V.¢i(h(w(®;4)). We note that at the starting point ¢ = 0, these matrices may depend on ¢ due
to the initialization process and the dependence of d on €. In order to accommodate the choice of
learning rate 77(0) = D,/ in our theorems, in this section we describe a network initialization that
satisfies ||H || = ( ) where the gradient norm ||V, ¢; (h(w(®);4))]| is at most constant order

with respect to €. To simplify the problem, we only consider small-dimension data and networks
without activation.

About the target vector: We choose ¢; to be the softmax cross-entropy loss. By Lemma [/| (see
below), we have that the gradient norm is upper bounded by a constant ¢, where c is the output
dimension of the problem and is not dependent on €. Note that when we stack all gradients for n
data points, then the size of new vector is still not dependent on €.

About the network architecture: For simplicity, we consider the following classification problem
where

* The input data is in R?. There are only two data points {z("), (2} Input data is bounded
and non-degenerate (we will clarify this property later).

* The output data is (categorical) in R?: {y") = (1,0),y® = (0,1)}.

We want to have an over-parameterized setting where the dimension of weight vector is at least
nc = 4. We consider a simple network with two layers, no biases and no activation functions. Let the
number of neurons in the hidden layer be m. The flow of this network is (in) R? — R™ — R? (out).
First, we consider the case where m = 1.

* The ﬁrst layer has 2 parameters (ws,ws) and only 1 neuron that outputs 20 = wlxgi) +
Wy () (the subscript is for the coordinate of input data z(").

* The second layer has 2 parameters (ws, w,4). The final output is

h(w, ) = [wg(wlm(li) + ngéi)),uq(wlxgi) + U)QCC(;))]T € R?,

with w = [wy, wa, w3, ws] " € R This network satisfies that the Hessian matrices of h(w; 1) are
bounded. Let @ and b be the following stacked matrix and vector:

H"” V.1 (h(w®);
Q= [ (0| R, and b = =1 (wo L) eRY,
H2 z¢2(h(w( ))
Then we have the following:
Vw[wg(wlwgl) +w xgl))]
B [EHOT | Velwa(wiz) + wsai))
Q=0QW) =1 (o (2) )

| H Vi ws(wizy” + wazy™)]
Vw[w4(w1x§2) + nggz))]

—nggl) w3azgl) wlxgl)—l—ngél) 0

w4a:§1) w4x(21) 0 wlxgl) + ng(Ql)
(2) 0

nggz) w3azé ) w1x§2) + woxs

(2) (2) 0

(2)
w4a:1 W4Ty

2
wla:g ) + waxy

The determinant of this matrix is a polynomial of the weight w and the input data. Under some mild
non-degenerate condition of the input data, we can choose some base point w’ that made this matrix
invertible (note that if this condition is not satisfied, we can rescale/add a very small noise to the
data - which is the common procedure in machine learning).
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Hence the system Qu = b always has a solution. Now we consider the following two initializations:

1. We choose to initialize the starting point at w (%) L

of w and Q(w’) is independent of €. Then the norm of matrix Q(w(®)) has the same scale with ﬁ

2. Instead of choosing m = 1, we consider an over-parameterized network where m = %
that m is the number of neurons in the hidden layer). The hidden layer in this case is:

(@) (1) ()+w(1) (@)

z =
z = .
) =02 4 ufl) o)
The output layer is:
ygi) _ (2)+ 4+ 290 ;;1 = (w! (1) ()+ (1) ())wﬁ
i 2 1 1) (i 2
yé)zzi (%4_ +Z7(n)w£ng—(()()+ ()())w§,§+-
. 1 1 1 1 2 2 2
w1thw—[w§1)7.. w%%,wé% wéfn,wif,wg’%,... 7(71)17
Hence,
2) (1 2) (1 2) (1 2
wigey” et el e
2) (1 2) (1 2) (1 2
B 1 P L
- 2) (2 2) (2 2) (2 2
B P M T
2) (2 2) (2 2) (2 2
Wl el el el

Hence, the number of (possibly) non-zero elements in each row is 3m = 2

+ -

A
+(

3

Wi
(i)

wlm

w(2) ] c R4m

(@
Ty
2
1

D 4w

A

.0
2

.0

= ﬁw’ and note that Q(w) is a linear function

(recall

(D) 20y,

( i

2m

(1))

0

A

0

¥

w,

)

m,2

For matrix A of rank r, we have ||A]2 < ||A]lr < /T||4]|2. Since the rank of Q(w) is at most 4
(nc = 4, independent of €), we only need to find the Frobenius norm of Q(w). We have

4 4m

S aisl

=1 j=1

1Q(w)llr =

Let ¢min and ¢pmq. be the element with smallest/largest magnitude of Q(w). Suppose that z® #*
(0,0) and choose w # 0 such that z # 0, g > 0 and independent of €. Hence, £|qmm| <

Vi2

NG ‘Qmaxl-

Q)] <
Hence, [|Q(w)]| =

. Therefore this simple network initialization supports the dependence

on ¢ for our Assumptlon@ We note that a similar setting is found in (Allen-Zhu et al.,[2019), where
the authors initialize the weights using a random Gaussian distribution with a variance depending
on the dimension of the problem. In non-convex setting, they prove the convergence of SGD using

the assumption that the number of neurons m depends inversely on the tolerance €.

Lemma 7. For softmax cross-entropy loss, and x = h(w;i) € RS, for Vw € R? and i € [n], we

have

2
<ec.

Hvz@(ﬂﬁ)

z=h(w;7)

Proof. By 24), we have fori =1,...,n

17
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* For j # I(y™):

(6@'(33) )2
8xj z=h(w;i)

ke exp ([h(w; )i, — [h(w; )]0

( exp ([h(w3 )]; — (w3 )] y) f<1
L+ Y hsry) P ([h(ws )]k — [h(w; )] 1¢00)) '

( exp ([(ws )] — [h(w; D]y f
)

* Forj = I(y®):

9¢i() 2
8:10]- z=h(w;i)

(Z#memmwmn—mewmv2

Zz:l exp ([h(U’; i)k — [h(w; i)}[(y(i)))

( Dktryny P ([A(w; D)1, — [h(w; )] 1)) )2 -
L+ 30 21000y exp ([A(w; )] — [h(ws )] y)) )

Hence, for: =1,...,n,

2
) <ec.
rz=h(w;1)

This completes the proof. O

Hvz¢i($)

27 c (9(251(%)
B 1( 8l‘j

z=h(w;7)

D PROOFS OF LEMMAS AND COROLLARY [I]

PROOF OF LEMMA[I]

Proof. Since h(-;1) are twice continuously differentiable for all i € [n], we have the following
Taylor approximation for each component outputs h;(+;4) where j € [c] and i € [n]:

hj(w(“rl);i) = hj(w(t) —nWu®:4)

. . 1 -
= D (w51) = Juh (3 0) e n 0O + 5 (00 ) M, (@) (),
(32)

where M, ;(w")) is the Hessian matrices of h;(-;i)at w® and @) = aw® + (1 — a)w+1) for
some « € [0, 1]. This leads to our desired statement:

A(w ™ 4) = h(w® — @@ i) = h(w®; i) — n(t)Hi(t)’U(t) + 6Z(_t),

where

1 ~ .
el = SOV M, @) (0O ), € [l

i,
Hence we get the final bound:

5

i (o) T M 5 (@) (Do)

IN
N~ DN —
—~

<

<

nOR O] - M 50|

)26, j € [d.

DN =

18
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PROOF OF LEMMA [2]

Proof. From Assumption 3} we know that there exists 17*? so that
11 . .
57 2 I HD 6L — a0 (h(w )P < £,
i=1

and ||f[)5f€) |> <V, for some V > 0. Hence,

11 i ) ~(t t . €2 ~(t 52 Vv
2n ; In® Ho — o Vgih(w )P + FIOL|? < ¥ 4+ SV = (1+ )

Since vﬁtzeg is the optimal solution of the problem in for0 <t < T, we have

11 , g? 1%
57 2 I H v — ol Vagi(h(w®s )P + S oile|® < (14 )2
i=1

Therefore, we have and |0\ )2 <2+ Vfor0 <t < T. O

PROOF OF LEMMA 3]

Proof. 1. We want to show that for any « € [0, 1]
dlaz; + (1 — a)ze) < ad(z1) + (1 — a)d(z2), Vz1, 22 € RE, (33)

in order to have the convexity of ¢ with respect to z (see (Nesterov, 2004)).
For any « € [0, 1], we have for Vz1, z5 € R€,

alzr = bl* + (1 = a)llz2 = b]]* = a(z1 — b) + (1 — a)(z2 — b)|®

= allz1 = bJ* + (1 = a)[z2 = bl|* — a®[|z1 = bI* = (1 = @)?[[z2 — b||?

—2a(l —a){z1 —b,zo — b)
> a(l - a)fzr = bl* + (1 — a)allzz — bl]* - 2a(1 — a)|lz1 = b]| - |22 - b]|
= a(l—a) (flz1 = b — [l = b])* > 0,

where the first inequality follows according to Cauchy-Schwarz inequality (a, b) < ||a||-||b||. Hence,

Doy + (1 - )z — b < Slen - b2 + LDy .
Therefore, implies the convexity of ¢ with respect to z.
2. We want to show that 3L, > 0 such that
IVo(z1) — V(22)|| < Lgllz1 — 22|, V21, 22 € RC. (34)

Notice that Vé(z) = z — b, then clearly Vz1, 2o € RS,
[Vo(21) = V(22)|| = [|z1 — 22]|-

Therefore, @ implies the Lg-smoothness of ¢ with respect to z with Ly = 1. O

PROOF OF LEMMA [4]

Proof. 1. ForVz1,z, € R¢and 1 < k < ¢, denote uy,; = exp(w; 21) and w2 = exp(w; 22) and
using Holder inequality

1

c c P c % 1 1
Dok be < | Y lawl” | { Do [bl" ] where - 4 - =1, (35)
k=1 k=1 k=1 p q

19
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we have

$(az + (1 - a)zs) = log lz exp(wy (az1 + (1 - a)Zz))] = log [ ug 'ug,za)]
k=1 k=1

« 11—«
N ol N (-a) iy
< log E uy, E Uy, a=e)
k=1

+ (1 —a)log [Z exp(w,jzz)l
k=1

where the first inequality since log(x) is an increasing function for V2 > 0 and exp(v) > 0 for
Vv € R. Therefore, (33) implies the convexity of ¢ with respect to z.

2. Note that ||[V2?¢(z)|| < Ly if and only if ¢(2) is Ly-smooth (see (Nesterov, 2004)). First, we
compute gradient of ¢(z):

* Fori # a:
0¢(2) exp(z; — zq)

Oz Sop_,exp(zk — 2a)

e Fori = a:
09(z)  — > kta €XP(2K — Za) =D hrexplz — 2za) + 1
0z; i exp(zk — zq) > exp(zk — zq)
1 — 14 exp(z; — 2q)
> 1 exp(2k — Za) > et €XD(2k — Za)’

%¢(z) _ o [94(2)
We then calculate 55,05 = 925 \ oar

e Fori = j:

0%¢(z) _ exp(zi — 2a)[3 51 eXP(2k — 2a)] — exP(2i — 2a) €xP(2i — Za)
02j0z D r— exp(zr — 2a)]?
_ oxP(2i — 2a)[Epmy oXP(2k — Za) — exP(2 — 2a)]

> k=1 exp(zk — 2a)]

» Fori # j:

O?¢p(z)  —exp(z; — zq) exp(z; — 2a)
070z [Xj—yexp(ar — z)]?

Denote that y; = exp(z; — zq) > 0, i € [c], we have:

e Fori = j:
‘8%(2) %1 v — i)
02j0z; (ko1 vk)?
» Fori # j:
‘32615(2) _ vyl
0202 | (Xjz1 yk)?

20
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Recall that for matrix A = (a;;) € R°*¢: ||AH2 <JAlI% = 225, 2251 laij[*. We have:

P*¢(2)|*
) 823'821'

1
< T vl ( Zyk —y)?+ Y (i)
k=1 Ik j#i

:ﬁ Zyk *QQZZykyHryz Jrzyzny
k=1

J#i

N (22—11 Yr)? i Zyk -2} Zyk+yz Zyk]

Therefore,
[V2(2)|” < ;]Zl 2,0m 8,21
< [Zy Z 2(Zy?)(2yk)+(zyf)(zyﬁ)1
(Zk 1Ykt i1 i=1 k=1 i=1 k=1
< Zz 1y1)(2k 1yk) (Zk 1yk) -1
N (X m1 Uk)? (Zk LUR)? 7

where the last inequality holds since

Zyz Zyk OO w) e
=1 =1 k=1

which follows by the application of Holder inequality withp = 2, q = 2, a, = yz/ , and

b = yi/Q (Note that y,, > 0, k € [c]). , IV2¢(2)|| < Ly with L, = 1 which is equivalent to
Lg-smoothness of ¢. O

PROOF OF LEMMA

Proof. Since k(-;i) are twice continuously differentiable for all ¢ € [n], we have the following
Taylor approximation for each component outputs k;(-;7) where j € [c] and i € [n]:

kj(w (t+1). i) = kj(w (t)—n(t)v(t);i)
. . 1 .
= k(@ 58) = Tk (w3 D om0 + SO0 O) M (@) (00,
(36)

where M, ; (")) is the Hessian matrices of k;(-;i)at () and @) = aw® + (1 — a)w*+1) for
some « € [0, 1].

Shifting this back to the original function h;(-; ) we have:
(T ;d) = ey (w0 D53) + (w0 ;d) — by (wHD; )
By 005 ) = Tk (3) @0t + 2 (nO00)T My 5 (00) (7 O0l9)
+ (hy (W D50) — Iy (w154)),
= R (w®;0) = Juk; (w3 )] ymuon 0@ + 5 (77(” )T M 5 (@) (0 ®)
+ (B (W 50) — Ky (wHD50)) + (k; (w(“;l) = hy(w";4)),
which leads to our desired statement:
h(w®D:5) = h(w® — Oy 45) = h(w®; i) — g HD® 4 0,
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where

[ _
€ij 2(

+ (hy (w5 d) — k(w5 4)) + (ki (wP546) — hy(w;)), j € [d],

n(t)v(t))TMi’j(ﬁ)(t))(n(t)v(t))

Hence we get the final bound:
1 _
1 < 5 | @O0 T M5 (@ O) D0 ®)|
1y (w5 d) =k (W D50) [k (0 54) = hy(w50)]

@6 1
2 - ‘(n<t>v<t>)TMi’j(ﬁ)a))(n(t)v(t))‘ 42,

;M%meﬁ|mf<*%u+%
L2 G 2, j € [
O
PROOF OF COROLLARY[I]
Proof. The proof of this corollary follows directly by the applications of Lemmas [3]and 4] [

E TECHNICAL PROOFS FOR THEOREM 1]

Lemma 8. Suppose that Assumption 2| holds for G > 0 and Assumption 3| holds for V' > 0, and

) = vffleg. Consider n\Y) = D.\/z for some D > 0 ande > 0. Fori € [n]and 0 <t < T, we
have

1
1€P]? < 1€ c(4+ (V +2)GD?)?%2. (37)

Proof. From (14), fori € [n], j € [c], and for 0 < ¢ < T, by Lemma|[l|and Lemmalf] we have

1
el < ( D2 002G + 26 < 5 O”+%GD%+25—§d4+U/+mGD%

where the last inequality follows by the fact [[0®||2 = [[v{)|? < 24 V of Lemmaand n® =
D./z. Hence,

H

(t)||2 Z|€(t) Z 4+(V+2)GD2)

O

Lemma 9. Ler w?) be generated by Algorithm I where we use the closed form solution for the

search direction. We execute Algorithm I forT = g outer loops for some constant 3 > 0. We
assume Assumption [I| holds. Suppose that Assumption [2 holds for G > 0 and Assumption [3| holds
for V> 0. We set the step size equal to n*) = = D+/e for some D > 0 and choose a learning rate

ozz(-t) < 15 for some o € (0,3). Fori € [n] and 0 <t < T, we have

1h(w®D:4) — hE|? < (1+ &) [ A(wDs4) — hF||? — 2(1 — 3a)al” [¢s (h(w®; 1)) — ¢i(h})]

2
+ <3€4+ )c<4+ (V +2)GD?)? -«
3e+2 i
+ 2 O H 0 — otV i (h(wD;4)) |2 (38)
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Proof. Note that we have the optimal solution vag for the optimization problem l| for0 <t <
T. From (12)), we have, for i € [n],

h(w®V;4) = h(w® — (t)vffzeg;i)
— h(w®;d) — g® O, 1 e
= h(w n’)—aﬁf V.6i(h <w<t>;z‘>>+e§”—[n<t> Dpg — Vs (h(w®; )],
Hence, we have
1A w4y — pY|J?
= [|h(w®;i) — b} — &IV, i (h(w®;4)) + € — [ H vl — alP V.5 (h(w ;)] |2
= [(w®;i) = B2 + (ai)2(|V. i (A(w®; )2
+ ||e“’|\2 + Hn<t>H“>va2eg — a"V.ei(h(w®;i))

2 (h(w® LotV (h(w®);4)))

2 (h(w® > n;, £”>

2+ (h(w®;4) — by, H v % — o V. (h(w ;1))

2 (V. i (h(w; 1)), e))

2 (@Y. (h(w®; 1)), n®O HD 0y — alV. s (h(w®;4)))
2 (e O HD vy — Vs (h(w®;0))),

where we expand the square term. Now applying Young’s inequalities: 2|{u, v)| < ‘ +(g/2)|lv]|?
for ¢ > 0 and 2|(u, v)| < [Jul|? + ||v]|? we have:

(w4 — pr|J?
= [|a(w®; 1) — K2 + (42| V. i (h(w®; 1))
112 + IO H 0 ey — otV i (h(wD;4) ) |2
20, (h(w'; ) = b Tdi(hwi)
h(w®; 12 4 202
+ Slla(w®sd) = b7 + Enl [
5 . " .
+*Hh(w(“;1)—h-H2+glln“)Hf”vi e — 0 Vi (h(w ;)|
+ 202V, s (h(w®;0)) |12 + 2l
+2||77(t HOv g — a6, (h(w®;0))||?
(t). 112 ® (t). 2
(11 ) lh(w®:4) — B2 + 30D Vi (h(w®; )|
+(3+€) ||e£“||2+(3+ 2) OB~ a7 s
— 20 (h(w®;4)) — (k)]
Note that from (23) we get that ||V, ¢; (h(w®);4))||? < 2Lg[¢; (h(w'®;4)) — ¢;(h})]. Applying this
and using the fact that al(-t) < l, for some « € (0, 3), we are able to derive:
1 (w5 4) — ny||?
< (1+o)[[A(wDsi) — b2 = 2(1 — 3a)al” [¢i(A(w ;7)) — ¢i(R)))]
35+2 3e+2 .
)+ O H 0 — oV (h(w®;)) |2
_<1+e>||h<w n)—hzn?— 2(1 — 3a)a s (h(w®; 1)) — ¢ (h})]
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3 1
et 2 Jed+ (v + 2)GD?*)%? +

3e + 2
S I H e — 0 ei (@)

where the last inequality follows by Lemma ] O

Lemma 10. Ler w") be generated by Algorithm I where we use the closed form solution for the
search direction. We execute Algorithm I forT = g outer loops for some constant > 0. We
assume Assumption [I) holds. Suppose that Assumption [2| holds for G > 0 and Assumption 3] holds
for V> 0. We set the step size equal to nt) = = D+/e for some D > (0 and choose a learning rate

agt):(l—l—e)aEFD:(1+5)ta50).Based0n5, wedeﬁneozgo): 7, with o € (0, 3).
We have
1 =1 P Ly(1+¢)
il it ®. 5 — b (h* <¢’7 h(w©;d) — hF|? - e
T2 5 ) = )] £ 5 nZn [
e’Ly 242
— 2) |c(4 2)GD 4V |-
+8a(1—3a)(3€+ ) [c(d+ (V+2)GD*)? +8+4V] - ¢
(39)
Proof. Rearranging the terms in Lemma 9} we have
1 (1+¢) . 1 :
, () * ®.5) — B2 - —— D). ;) — p*|I12
b ;) — 6u(h) < g 3a)< 1) = P = s hl|>
1 1
_ 2)c(4 2)GD?)?
+8(1—3a) NG e(Be +2)c(4+ (V +2)GD?)
1 3e+2 )
b IO — a0 (w5 )|

1
2(1-3a) o

®

7

= 2(1i3a) <(1+ 21 ®:0) -~ Hif - (;::;)W t“);i)hz‘llz)

(3

Ly (3¢ + 2)c(4 + (V + 2)GD?)?
8a(l — 3a)
ePLy 3e+2
) (t) () () (h(w®: )2
2@(1 3&) H a’L Vz(bZ( (w ’Z))H .
The last inequality follows because the learning rate satisfies az(-o) = ﬁ < L%) and for t =
1,...,T = éforsomeﬂ>0
() (t-1) _ t (0) T (0) B/e @
1 1 1 1
=+l ™ = (14 al” < (14970 = (140 G < 1
since (14 z)'/* < e, x > 0. Moreover, we have (t) < a<1°) = eﬁ%, t=0,...,T—1.
Taking the average sum from¢ = 0,...,7 — 1, we have
T-1
1 1 (1+5) ©.
— i(h ; h(w®;4) — hY||?
7 Db i) — ()] < gy g I ®si) — b |
t=0 1
eﬁL¢
—— . e(3c +2)c(4+ (V +2)GD?)?
Sl ey (3¢ +2)eld+ (V +2GD?)
n 65L¢ 3E+ 21 Tzl H (t)H t) (t)v ¢(h( (t). ))H2
2a(1 — 3a) Qi VPR
_ eﬂL¢(1+€) ||h( (0). ) h*H2
2(1 - 3a)a
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e’L
ng) £(3e + 2)c(d + (V + 2)GD?)?
Ly 3e+21° 0 (). 1) o) o
+2a(1_3a ZH HY9 Oy — 009, 6: (h(w®);4))|2.
Taking the average sum from ¢ = 1,...,n, we have
*Z Z@ ~ 6i(h})]
65L¢ 1+€
< —*Fr 7 h h* 2
~ 2(1 - 3a) aﬁ n Z IA( I
eﬁL¢
—— . e(3e+2)c(4+ (V +2)GD?)?
Sa(l —3a) St Yl +(V+2)GD)
L 3s+2 11
vl 74)30[ Z”n(t)H(t U*reg Et)vzdh‘( h(w ), 0|2
t=0 ' i=1
6’6L¢ 1—|—€
A S h (0 h* 2
*2( —3a)ap" nZ” w I
6'6L¢
[ SR 2 4 2 D2 2
+8a(1—3a) e(3e +2)c(4 + (V +2)GD?)

ePLy 3e+2

2
* Sal=3a] < (2+V)e2. (40)

Note that

5
L

L

D54) — gi(h))). (41)

’ﬂ\*—‘

S|

-
=
gﬂ

3\>~

Z —¢i(hi)] =
Therefore, applying (FE'[) to (@0), we have
= Z Z w!;4) — ¢ (h)]

65L¢, 1+¢)
<o T E h(w®:4) — hY|? -
~ 2(1-3a) aﬁ n I il e

L Le
8a(l— 3a)

which is our desired result. O

~+
I
o
=
Il
=

(3e+2) [c(4+ (V+2)GD*)* +8+4V] - ¢

PROOF OF THEOREM 1]

Proof. We have

F. = min F(w) = min (Tll ‘ fl(w)> = %ur)lélﬂgl (Zﬁ(w))

wERd weR? — P
> LS i () = 23 > LS ) “2)
~n werd " =4 Ll = A

Hence Fi, — L 3" | ¢;(h}) > 0. Therefore

n

1 o Iy~ (1
1S ) :TZ(ﬂZ[f(w(“;i)—@(hf)]—

t:l i=1
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11 o). s )
<2 D i) = gulh))]

B PLs(1+e) 1<
i A el A 0.5y — |12 .
0 aaag D)~ ni?

eﬁL¢(3€ +2)
8a(l — 3a)

[c(4+ (V +2)GD?*)? +8+4V] -e.
F TECHNICAL PROOFS FOR THEOREM 2]

Lemma 11. For 0 < t < T, suppose that Assumption E|holds for V> 0 and v®) satisfies (@
Then

[o®)? < 2(e? +V +2).

Proof. From |Jv(*) — vffzeg

< e. Using ||al|? < 2|ja — b]|* + 2||b]|?, we have

@2 < 20® — o || + 2[0f g |? < 262 + 4+ 2V

where the last inequality follows since ||U£t28g||2 <24V forsome V > 0in Lemma
O

Lemma 12. Suppose that Assumption [2] holds for G > 0 and Assumption [3] holds for V' > 0.
Consider n\Y) = D\/e for some D > 0 and e > 0. Fori € [n] and 0 <t < T, we have

1€D]2 < (2 + (V + €2 + 2)GD?)2%e2. (43)

Proof. From (14), fori € [n], j € [c], and for 0 < ¢ < T, by Lemma|[l|and Lemmalf] we have

W1
il < 5

1
20D |2G + 2¢ < 52(e2 +V +2)GD% +2e = e(2+ (V + 2 +2)GD?),

where the last inequality follows by the application of Lemma and n® = D,/z. Hence,

1712 =3 1) 2 < c(2+ (V + €2 + 2)GD?)%e2.

Jj=1

O

Lemma 13. Let w™® be generated by Algorithmwhere v® satisfies . We execute Algorithm

forT = 5 outer loops for some constant 3 > 0. We assume Assumption |l| holds. Suppose that
A ssumptiOnE holds for G > 0, Assumption 3| holds for V' > 0 and Assumption[d| holds for H > 0.

We set the step size equal to ") = D\/e for some D > 0 and choose a learning rate agt) < ]%,
for some e € (0,1). Fori € [n] and 0 < t < T, we have

(i) — B[ < (1 + &) [h(w ;i) — b} — 2(1 — da)al? [p; (h(w ;1)) — ¢ ()]
+e(4e +3) [D*H? + ¢(2+ (V + &% + 2)GD?)?]
n 4e +3

I H 0 — Vi (b ;) (44)
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Proof. Note that v(*) is obtained from the optimization problem for0 <t < T'. From (@), we
have, for i € [n],

h(w®D; ) = h(w® — n®Mu®:4)
h(wm i) — O HO O 4 O
= h(w®;1) = O HD 00 — o) — 0 V.r (B0 ;1)) + €
— O H e — Vi (B(w®;4))].

Hence, we have
1w *1;4) — hE |
= [lh(w®; 1) — b — O HP (0O — o) — oIV (h(w ;1))
+et — OB 0 ~ mv¢<<“me
= | Aw®;4) — by |2 + O HD @0 — o) 12 + (0l Vs (h(w®; )
+ 11212 + [In® H t%@%— oIV s (h(w®); 1)) |2

— 2 (h(w®s0) — hf, O HP (0 — v{,))
— 2 (h(w";i) — z,“vm<< ;1))
+2 (A(w®;) — ZJ%
— 2 (h(w®;4) — hf O HD oy — oV ¢-(h(w<t>;i))>
+2@MH@w@ m@>tw¢<< )10)))
— 2 (OHP (0O — o), )
+2- (O HD 0 — o), W HO v, — oDV, (h(w ;1))
—zm@u@mw“>>@>
+2-(a"V. i (h(w ;1)) @ﬂ%%yf@m@ww%m>
— 2 (D O HD VO — PV, i (h(w®;))),
where we expand the square term. Now applying Young’s inequalities: 2|(u, v)| S +(g/3)|lv]|?

for e > 0 and 2|(u,v)| < ||ul|? + ||v]|? we have:
(w5 6) — h7|12
= [l ®;) = B + IO HL (00 — o) 2 + ()22 hs (h(w®;)) |2
+WWW+M@H“w@ oV ei(h(w®;0))

+ S llh(®s3) — b [? + HWHPM”w%wF
—mpww%n—wwwmmNMm
+3mw%w—MW+3@%2
+ SO~ B2 + 2 B o — 0001 (b))

+ 32| HP (v® — dm@ﬁ+ﬂ(“bnvmx<w“ NI+ 3] )2

+ 37O H v — 0l V.5 (h(w;0)))?
:
Z (14 9)[[aw®;4) — B [? + 4(al”)?| V. i (h(w®; )2

3
+ (14 2) OO - P+ Q+JW%P
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*(‘” )ln%f D00 — oV 55 (™ )2
— 20 (h(wV;4)) — (1))

Note that from we get that ||V, ¢; (h(w®;i))||? < 2L4[¢i(h(w®;i)) — ¢;(h})]. Applying this
and using the fact that a(-t) < £, for some a € (0, ) we are able to derive:

17 (w0 ) hg|I?
< (L4 &)[lh(w®; i) — hE[1? = 2(1 — 4a)al? [¢i(h(w D)) — ¢i(h})]
4e + 3 4e + 3
+ IO HD 0 = )l + =1

45 + 3 .
W H 0% — ol Vi (h(w ;)

(a) ) . .
< <1+s>||h<w<t>;z>fhi||2f 2(1 — da)a? [ (h(w®; 7)) — s (k)]
4 H? 4
+ €j3D257H“(” €+3|| @2

— Ux regH2

xreg — agt)vz(bz(h(w al))H2

4e 4+ 3
+ - Hn(t) (t) (t)

€ (14 )hw®: ) — B2 — 201 — 40)aP[Bi(h(w ;1)) — ¢u(h)]

4 4
N det+3 000 2+€TH-C(2+(V+52+2)GD2)252

€
4e +3 ,
= I O e — 0OV eu (s )

=1+ 6)||h(w ®:4) - h2‘||2 —2(1 — da)a? [ ((wV; 7)) — i (h3)]
+e(4e +3) [D*H? + ¢(2+ (V + €% + 2)GD?)?]

4e + 3 .
+ =IO H 0 — V6 ((w ;)

where (a) follows by using matrlx vector inequality |Hv| < |H]||||lv||, where H € R°*¢ and
v € R% and AssumptlonEm and n® = D,/z for some D > 0 and ¢ > 0; (b) follows by the
fact that ||v® — v, reg||2 <e?in and Lemma O

Lemma 14. Let w™®) be generated by Algorithmwhere v®) satisfies . We execute Algorithm

forT = f outer loops for some constant 5 > 0. We assume Assumption |I| holds. Suppose
that Assumption 2| holds for G > 0, Assumption [3 holds for V' > 0 and Assumption | holds for
H > 0.We set the step size equal to n\Y) = D+/e for some D > 0 and choose a learning rate

al(,t) (1+¢e)e, (t-1) _ =1+ s)taz(»o). Based on 3, we define Ozgo) = 57 (0, %)
We have
T—1 n
1 1 .
L3 S ) - o)
t=0 i=1
ePLy(1 X
_2( ¢4aaﬁ nZHh Vi) = hp|? e
BL,(4 3
e Ly(de +3) [D*H? +¢(2+ (V +e2+2)GD?)? +2+ V] -c. (45)

2a(1 — 4a)

Proof. Rearranging the terms in Lemma[T3] we have

) N 1 1+¢ ) N 1 . N
Silh(w:0) = 6:(h7) < 5 (( S htsi) = B P = g 50 - |2>
K3 7
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1 1
4 D?H? 4 ¢(2 2 4+ 2)GD?)?
+2<1_4a) o0 -e(4e+3) [ +¢(2+ (V + €%+ 2)GD?)?]
1 L 4e+3 )40 o o (). 1) (]2
H Vx i z®1
+ 21— 4a) ait) 8 — 1 reg — 0 Ve (h(w;4))||

?

1 (1 + ) * |12 (1 + 5) (t+1). » * (|12
< — h¥|I%2 = S5 B
<00 1) ( o0 Ih(w ;i) = R | NGy [A(w® D5y — hE)|

AL
ﬁ -e(4e +3) [D2H? + ¢(2 + (V + €2 + 2)GD?)?]
e’L 4e +3 _
* ety e MO — o Va0 ()
(46)
The last inequality follows because the learning rate satisfies az(-o) = ﬁ < L% and for t =
1,...,T=§forsomeﬁ>0
) _ (t=1) _ t (0) T (0) gle_ & @
=1 : 1 1 1 <
o = (1)l = (149 e <1+ 9)7al) = (14 <
since (1 4 z)'/* < e, x > 0. Moreover, we have }> < (10) = eLi#,tzo,...,Tfl.
Taking the average sum from¢ = 0,...,7 — 1, we have
T—1
1 _ 1 (1+¢) .
— , B3V — i (B . (0). ;) _ p*2
T [¢Z(h(w 51)) ¢Z(h’z )} S 2(1 _ 4OZ)T 04(0) ||h(11) ?Z) hz ||
t=0 %
"Ly 2 2
+m e(de +3) [D*H? + c(2+ (V +&° + 2)GD?)?]
65L¢ 4€+3 1 = 0)% (t) (t) (t) (). )12
ol i) Z In e~ ) Vi(h(w ;)|
"Ly(1+ )
=22 o h(w@;4) — b2
eﬂLaﬁ 2 2
201 4a) e(4e +3) [D*H? + c(2+ (V + &* + 2)GD?)?]
AL de+31
g e 2 MO R — ol s )
t=0
Taking the average sum from ¢ =1 n, we have
1 T-1 1 n
- - . () _ *
T2 D da(h(wWs0)) — ¢i(h})]
t=0 i=1
PLy(l+e) 1
A S h(w®;4) — hY||?
< ST g n;n (w®53) = B
eﬁL¢
) [D?*H? + (24 (V 2)GD?
2a(l —da) © 3) [ +c(2+ (V +£2+2)GD?)?]
AL,  Ae +3 11l
(t)H(t (®) ) ®, 2
+ 20[(1 74@) € = n 7{2 ||77 'U* eg a’L vzd)l( ( ))”
ePLs(1+¢)
h (0 h* 2
< 72( i Zn (w ||

29



Under review as a conference paper at ICLR 2022

6’6L¢
(4 D?*H? + ¢(2 > +2)GD?)?
Sa(l— 4a) e(4e +3) [ +c(2+ (V+e>+2)GD?)?]
ePLy 4e + 3
- 2 . 4
+ Sa(l — 4a) 24+ V)e 47)
Note that
T-1 n T-1 n
1 1 1 1
T2 5 2Aih(w ™) — e (B = 7 3~ —ai(h))]. @8)
t=0 i=1 t=0 z:l
Therefore, applying (48] to (7)), we have
1 T-1 1 n
T Z - Z[f(w(t);i) — ¢i(h])]
eﬁL¢ 1+¢) 5
< TN =) *
~ 2(1 —da)ap nZ”h — il
€5L¢

— % (4 D?*H*? 2 2 12)GD?*)? 42 :
2(1(1_4(1)(5+3)[ +c2+(V+e*+2)GD?*)?*+24+V] ¢

PROOF OF THEOREM [2

Proof. From we have F, — 1

LY F@®) = 1Y

t=1 t=1

N

", ¢i(hF) > 0. This leads to

w(t);i) = ¢i(hi)] -

F. - ;Z@(h:)D
i=1

A/
SRS

@
Il
-

@2) 1 T 1 n

< - (t).' A (B

2 znz )~ i)

t=1 i=1

eﬁL¢( 2

Z *

ST aﬁ nZHh —hillI” -

e’ Ly(4e+3) 1100 2 22
(49)
O

PROOF OF COROLLARY [2]
Proof. For each iteration 0 < ¢ < T, we need to find v(*) satisfying the following criteria:
||U( = Ux reg”2 <€,

for some ¢ > 0. Using Gradient Descent we need O(n/% log(%)) = (9(211/% log(1)) number of

gradient evaluations (Nesterov, [2004), where L and 1 = &2 are the smooth and strongly convex
constants, respectively, of U. Let

1 . )
iv) = 5 H v = o Vi (h(w®: )2, i € [nl. (50)
Then, for any v € R
Vothi(v) = n(t)Hi(t)T[n(t)Hi(t)v — agt)vz@(h(w(t); i))], i € [n)]. (51)
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Consider n®) = D/e for some D > 0 and £ > 0, we have fori € [n] and 0 <t < T

IV20:0)l] = (O2IHOTHO | < @20 5O | L p2H2,

Hence, ||[V2®(v)|| < ||V2¢;(v)|| + €2 for any v € R¢ which implies that L = D?H? + &% (Nes-
terov| (2004)) and % = Dz}i#. Therefore, the complexity to find v® for each iteration ¢ is
O(2n 2+ 109 (1)),

Let us choose 0 < € < 1. From @), we have

1 el
- F (t) ~F]< [ h (0 h* 2
7 2P 1(kmm5n2n I
7€5L¢
—2 _[D*H?*+¢(2+ (V+3)GD*)?*+2+V] . e =N
2a(1_4a)[ +c(2+4 (V+3)GD*)?+2+V] e = Ne,
where
L 12 4 7e”L 2772 242
N = ajap leh — B;|? 4 gotes [D2H? + e+ (V +3)GD?)? + 2+ V]
Let ¢ = Ne with 0 < é < N. Then, we need T' = ¥ for some 5 > 0 to guarantee
ming<i<r—1 [F(w®) — F,] < %Z '[F(w®) — F,] < & Hence, the total complexity is
(’)(nNé—zB(DQHQ + (82/N)) log( ﬂ) O
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