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Abstract

One of the main challenges in offline Reinforcement Learning (RL) is the distri-
bution shift that arises from the learned policy deviating from the data collection
policy. This is often addressed by avoiding out-of-distribution (OOD) actions
during policy improvement as their presence can lead to substantial performance
degradation. This challenge is amplified in the offline Multi-Agent RL (MARL)
setting since the joint action space grows exponentially with the number of agents.
To avoid this curse of dimensionality, existing MARL methods adopt either value
decomposition methods or fully decentralized training of individual agents. How-
ever, even when combined with standard conservatism principles, these methods
can still result in the selection of OOD joint actions in offline MARL. To this
end, we introduce AlberDICE, an offline MARL algorithm that alternatively per-
forms centralized training of individual agents based on stationary distribution
optimization. AlberDICE circumvents the exponential complexity of MARL by
computing the best response of one agent at a time while effectively avoiding OOD
joint action selection. Theoretically, we show that the alternating optimization
procedure converges to Nash policies. In the experiments, we demonstrate that
AlberDICE significantly outperforms baseline algorithms on a standard suite of
MARL benchmarks.

1 Introduction

Offline Reinforcement Learning (RL) has emerged as a promising paradigm to train RL agents
solely from pre-collected datasets [[13,[16]. Offline RL aims to address real-world settings in which
further interaction with the environment during training is dangerous or prohibitively expensive, e.g.,
autonomous-car driving, healthcare operations or robotic control tasks [3 4, 39]. One of the main
challenges for successful offline RL is to address the distribution shift that arises from the difference
between the policy being learned and the policy used for data collection. Conservatism is a commonly
adopted principle to mitigate the distribution shift, which prevents the selection of OOD actions via
conservative action-value estimates [[11] or direct policy constraints [6].

However, avoiding the selection of OOD actions becomes very challenging in offline Multi-Agent
RL (MARL as the goal is now to stay close to the states and joint actions in the dataset. This is
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not trivial since the joint action space scales exponentially with the number of agents, a problem
known as the curse of dimensionality. Previous attempts to address these issues include decomposing
the joint action-value function under strict assumptions such as the Individual-Global-Max (IGM)
principle 130l 33,136} 40], or decentralized training which ignores the non-stationarity caused by the
changing policies of other agents [[18} 25, [38]]. While effective in avoiding the curse of dimensionality,
these assumptions are insufficient in avoiding OOD joint action selection even when applying the
conservatism principles.

To illustrate the problem of joint action OOD, consider the XOR game in Figure[I] In this game,
two agents need to coordinate to achieve optimal joint actions, here, either (A, B) or (B, A).
Despite its simple structure, the co-occurrence of two global optima causes many existing algo-
rithms to degenerate in the XOR game [3]]. To see this, suppose we have

an offline dataset D = {(A4, 4,0), (4, B,1),(B, A,1)}. In this situation, A B
IGM-based methods [40] represent the joint (a1, az) as a combination of é %%
individual Q1 (a1 ) and Q2 (az), where action B is incentivized over action A

by both agents in the individual ) functions. As a consequence, IGM-based  Figure 1: XOR Game
methods end up selecting (B, B), which is the OOD joint action. Similarly,

decentralized training methods [25] also choose the OOD joint action (B, B), given that each agent
assumes that another agent is fixed with a data policy of selecting A with probability % Furthermore,
we can see that even behavior-cloning on the expert-only dataset, i.e., D = {(4, B), (B, A)}, may
end up selecting OOD joint actions as well: each individual policy 71 (a;) and 72 (az) will be uniform
over the two individual actions, leading to uniform action selection over the entire joint action space;
thus, both (A, A) and (B, B) can be selected. Consequently, OOD joint actions can be hard to avoid
especially in these types of environments with multiple global optima and/or when the offline dataset
consists of trajectories generated by a mixture of data collection policies.

Our approach and results To address these challenges, we introduce AlberDICE (ALternate
BEst Response Stationary Dlstribution Correction Estimation), a novel offline MARL algorithm
for avoiding OOD actions in the joint action space while circumventing the curse of dimensionality.
We start by presenting a coordinate descent-like training procedure where each agent sequentially
computes their best response policy while fixing the policies of others. In order to do this in an
offline manner, we utilize the linear programming (LP) formulation of RL for optimizing stationary
distribution, which has been adapted in offline RL [14] as a stable training procedure where value
estimations of OOD actions are eliminated. Furthermore, we introduce a regularization term to
the LP objective which matches the stationary distributions of the dataset in the joint action space.
This regularization term allows AlberDICE to avoid OOD joint actions as well as the curse of
dimensionality without any restrictive assumptions such as factorization of value functions via IGM
or fully decentralized training. Overall, our training procedure only requires the mild assumption of
Centralized Training and Decentralized Execution (CTDE), a popular paradigm in MARL [17, 28 (30]]
where we assume access to all global information such as state and joint actions during training while
agents act independently during execution.

Theoretically, we show that our regularization term preserves the common reward structure of the
underlying task and that the sequence of generated policies converges to a Nash policy (Theorem[4.2)).
We also conduct extensive experiments to evaluate our approach on a standard suite of MARL
environments including the XOR Game, Bridge [5], Multi-Robot Warehouse [27], Google Research
Football [12] and SMAC [31]], and show that AlberDICE significantly outperforms baselines. To the
best of our knowledge, AlberDICE is the first DICE-family algorithm successfully applied to the
MARL setting while addressing the problem of OOD joint actions in a principled mannerE]

2 Background

Multi-Agent MDP (MMDP) We consider the fully cooperative MARL setting, which can be
formalized as a Multi-Agent Markov Decision Process (MMDP) [24] ﬂ An N-Agent MMDP is
defined by a tuple G = (N, S, A, 7, P,pg,v) where N = {1,2,..., N} is the set of agent indices,
s € Sis the state, A = A; x --- x Ay is the joint action space, pyg € A(S) is the initial state

*0ur code is available at https://github.com/dematsunaga/alberdice
*We consider MMDPs rather than Dec-POMDP for simplicity. However, our method can be extended to the
Dec-POMDP settings as shown in the experiments. We provide further details in Appendix
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distribution, and « € (0, 1) is the discount factor. At each time step, every agent selects an action
a; € A; via a policy 7;(a;|s) given a state s € S, and receives a reward according to a joint (among
all agents) reward function r : § x A — R. Then, the state is transitioned to the next state s’ via
the transition probability P : S x A — A(S) which depends on the global state s € S and the joint
actiona = {aq,...,an} € A and the process repeats. We also use a_; to denote the actions taken
by all agents other than i.

Given a joint policy w = {m,...,mn} (or # = {m;, w_;} when we single out agent i € \'), we
have that 7w(a|s) = m1(a1]s) - m2(as|s,a1) - - wn(an|s, a1, ..., an—1). If the 7;’s can be factorized
into a product of individual policies, then 7 is factorizable, and we write 7 (a|s) = H;V:;L 7i(aj|s).
We denote the set of all policies as II, and the set of factorizable policies as I¢. Given a joint policy
7, a state value function V™ and a action-value function Q™ are defined by:

V™(s) :=Ex D ooV r(se,ar)|so =s], QT (s,a):=Ex[> oqv'r(se,ar)|so = s, a0 = al

The goal is to find a factorizable policy m € 11 that maximizes the joint rewards so that each agent

can act in a decentralized manner during execution. We will consider solving MMDP in terms of

optimizing stationary distribution. For a given policy 7r, its stationary distribution d™ is defined by:
o0

d™(s,a) = (1 —7) Y. v Pr(s; = s,a; = a), S0~ po, ar ~ w(s¢), st41 ~ P(se,a¢), Vt > 0.
=0

In offline MARL, online interaction with the environment is not allowed, and the policy is optimized

only using the offline dataset D = {(s,a,r,s’) k}‘kD:‘l collected by diverse data-collection agents.

We denote the dataset distribution as d” and abuse the notation d” for s ~ dP, (s,a) ~ dP, and
/ D
(s,a,s") ~d”.

Nash Policy We focus on finding the factorizable policy {m; : S — A(A;)}Y, € II; during
centralized training, which necessitate the notions of Nash and e-Nash policies.

Definition 2.1 (Nash and e-Nash Policy). A joint policy w* = (7})X ; is a Nash policy if it holds

VI () 2 VT ), Vie N, m s €S, M

Similarly, a joint policy 7* = (7})Y, is an e-Nash policy if there exists an € > 0 so that for each

agenti € N, itholdsthat ;""" = (s) > V""" ~*(s)—e, forall 7;, 5. In other words, 7w* = (r}, 7* ;)
is a Nash policy, if each agent ¢+ € A has no incentive to deviate from 7} to an alternative policy, 7,
given that all other agents are playing 7* ,.

3 AlberDICE

In this section, we introduce AlberDICE, an offline MARL algorithm that optimizes the stationary
distribution of each agent’s factorizable policy while effectively avoiding OOD joint actions. Al-
berDICE circumvents the exponential complexity of MARL by computing the best response of one
agent at a time in an alternating manner. In contrast to existing methods that adopt decentralized
training of each agent [25] where other agents’ policies are assumed to follow the dataset distribution,
AlberDICE adopts centralized training of each agent, which takes into account the non-stationarity
incurred by the changes in other agents’ policies.

Regularized Linear Program (LP) for MMDP The derivation of our algorithm starts by augment-
ing the standard linear program for MMDP with an additional KL-regularization term, where only a
single agent 7 € A\ is being optimized while other agents’ policies 7r_; are fixed:

max di(s,ai)m_i(a_q|s)r(s,ai,a_;) — a Dy (di(s, ai)m_i(a_i|s)||d" (s, ai, a_;)) (2)

s.t. Z di(s',a)m—i(a4|s") = (1 — y)po(s’) +7 Z P(s'|s,ai,a—;)di(s, ai)m—i(a_i|s) Vs', (3)

15—

where Dk, (p(2)|/q(2)) :== >, p(x)log % is the KL-divergence between probability distributions

pand ¢, and o > 0 is a hyperparameter that controls the degree of conservatism, i.e., the amount of



penalty for deviating from the data distribution, which is a commonly adopted principle in offline
RL [8, [14] 22} 42]. Satisfying the Bellman-flow constraints guarantees that d(s,a;,a_;) :=
d;(s,a;)m_;(a_;|s) is a valid stationary distribution in the MMDP.

As we show in our theoretical treatment of the regularized LP in Section[d] the selected regularization
term defined in terms of joint action space critically ensures that every agent 7 € A/ optimizes the
same objective function in (2). This ensures that when agents optimize alternately, the objective
function always monotonically improves which, in turn, guarantees convergence (see Theorem [4.2).
This is in contrast to existing methods such as [25]], where each agent optimizes the different objective
functions. Importantly, this is achieved while ensuring conservatism. As can be seen from (2)), the
KL-regularization term is defined in terms of the joint stationary distribution of all agents which
ensures that the optimization of the regularized LP effectively avoids OOD joint action selection.

The optimal solution of the regularized LP (2}3), d7, corresponds to the stationary distribution for

a best response policy 7} against the fixed w_;, and 7} can be obtained by 7} = %

The (regularized) LP (2}j3) can also be understood as solving a (regularized) reduced MDP M; =
<S A“ Py, 7,7, po) for a smgle agent i € N, where P; and 7; are defined as followsﬂ

(8'|s,a;) :== Zﬂ',z _i|8)P(s|s,ai,a_;), Ti(s,a;): Zﬂ',l —_il$)r(s,a;,a_;).

Then, d} is an optimal stationary distribution on the reduced MDP, M;, but the reduced MDP is
non-stationary due to other agents’ policy, 7r_;, updates. Therefore, it is important to account for
changes in 7_; during training in order to avoid selection of OOD joint actions.

Lagrangian Formulation The constrained optimization (2}3) is not directly solvable since we do
not have a white-box model for the MMDP. In order to make (2}{3) amenable to offline learning in a
model-free manner, we consider a Lagrangian of the constrained optimization problem:

minmax E (5 q,)ua, [1(s,a5,a)] —a Z di(s,a;)m—i(a_i|s)log - dils.ai)m_i(asls)

vi d;>0 D (s,ai)ml; (ails,a:)

a_;~m_i(s) S,aq,a_;

+Zui(5/){(1 Zd s’ al +72P "Is,a;,a_;)d (s,ai)w_i(a_i|s)} 4)

S,ai,a_;

where v;(s) € R is the Lagrange multlpher for the Bellman flow constramtﬂ Still, (E]) is not directly
solvable due to its requirement of P(s’|s,a;,a_;) for (s,a;) ~ d; that are not accessible in the
offline setting. To make progress, we re-arrange the terms in (4) as follows

min max (1 = 7)Esgmpo [Vi(50)] + E(s,0,)~ds [ — alog jg((ivfl(;)) Q)

+E a_;~m_;(s) [T(S, s afi) - OélOg % + ’7”2’(8/) - Vz(s)] }

, a_;|s,a;)
s'~P(s,a;,a_;)

=y, (s,ai)
= nll/m gl%)é (1- ’Y)Es(wpo [vi(s0)] + E(é 05)~dP [;D((Ssi:)) (ew (s,a;) — alog dD((SleL)) )} (6)
K3 T \ /

=:w; (s,a;)

= H;m g%i}é (1= 7)Esonpo[vi(s0)] + E (s a;)~a? [wi(57 ai)(ew(sa a;) — alog w;(s, ai))] (N
where e,, (s, a;) is the advantage by v;, and w; (s, az) aIe the stationary distribution correction ratios
between d; and d”. Finally, to enable every term in (7) to be estimated from samples in the offline
dataset D, we adopt importance sampling, which accounts for the distribution shift in other agents’
policies, 7w_;:
min max (1 —7)Ep, [vi(s0)]+
™ (a,i |S)

nl. (a_i|s,ai)

T E (010 i5")md? [w; (s, a;) (v, (s,ai,a_;,5") — alogwi(s,a;))]  (8)

>The reduced MDP is also used by [44], where it is termed averaged MDP.
SThe use of min,, max,, > rather than max,, >0 min,, is justified due to the convexity of the optimization
problem in @ which allows us to invoke strong duality and Slater’s condition.



2 1 . — ﬂfi(a,i\s)
where €y; (5, A;,Ad_;, S ) = T(S, a;, a_i) — OélOg m

can be now evaluated using only the samples in the offline dataset. Consequently, AlberDICE aims
to solve the unconstrained minimax optimization (8) for each agent : € A/. Once we compute the
optimal solution (v}, w}) of , we obtain the information about the optimal policy 7} (i.e. the best
d™i (s,ai)
dP(s,a;) *

+ yvi(s") — v;(s). Every term in lﬁl

response policy against the fixed 7w_;) in the form of distribution correction ratios w; =

Pretraining autoregressive data policy To optimize (8), we should be able to evaluate
7wP.(a_4|s,a;) for each (s,a;,a_;) € D. To this end, we pretrain the data policy via behavior
cloning, where we adopt an MLP-based autoregressive policy architecture, similar to the one in [43].
The input dimension of 72, only grows linearly with the number of agents. Then, for each i € N,
we optimize the following:

N
m%XE(S,ai,afi)NdD Z logﬂ-?i(a’jlsﬂaiva<j) )
w2, j=1,ji

While, in principle, the joint action space grows exponentially with the number of agents, learning a
joint data distribution in an autoregressive manner is known to work quite well in practice [7}29].

Practical Algorithm: Minimax to Min Still, solving the nested minimax optimization (7)) can be
numerically unstable in practice. In this section, we derive a practical algorithm that solves a single
minimization only using offline samples. For brevity, we denote each sample (s, a;,a_;, s') in the

dataset as . Also, let B cp[f(z)] := ﬁ > wep f(x) be a Monte-Carlo estimate of E,,[f(z)],

where D = {xk}Lgl ~ p. First, we have an unbiased estimator of :
rr;in glg}é(l — By e, [Vi(50)] + Bpen [wi(& a;)pi(x) (é,,i (x) — alogw; (s, ai))] (10)
where p;(x) is defined as:
) . w_j(a_;|s) __ 1_[,4_1 mj(a;ls)
pz(x) T wP.(a_ils,ai) wéi(a,ﬂs,ai)' (11)

—i

Optimizing can suffer from large variance due to the large magnitude of p(x), which contains
products of N — 1 policies. To remedy the large variance issue, we adopt Importance Resampling
(IR) [32]) to (T0). Specifically, we sample a mini-batch of size K from D with probability proportional
to p(x), which constitutes a resampled dataset D,, = {(s,a;,a_;,s')x}5_,. Then, we solve the
following optimization, which now does not involve the importance ratio:

min gl_zgé(l = 7)Esen, [Vi(50)] + piEzep,, [wi(s, a;) (éyi (x) — alogw;(s, ai))} (12)

where p; := E,cp[p;i()]. It can be proven that is still an unbiased estimator of (7) thanks to
the bias correction term of p [32]. The resampling procedure can be understood as follows: for each
data sample = = (s,a;,a_;, s'), if other agents’ policy 7 _; selects the action a_; € D with low
probability, i.e., w_;(a_;|s) ~ 0, the sample z will be removed during the resampling procedure,
which makes the samples in the resampled dataset D, consistent with the reduced MDP M;’s
dynamics. Finally, to avoid the numerical instability associated with solving a min-max optimization
problem, we exploit the properties of the inner-maximization problem in (I2)), specifically, its
concavity in w;, and derive its closed-form solution.

Proposition 3.1. The closed-form solution for the inner-maximization in (I2)) for each x is given by
5, (2) = exp (Ley, (@) = 1) (13)

By plugging equation into (I2), we obtain the following minimization problem:
min piarep,, | exp (Les, (@) = 1) | + (1= 1Eump (o)) =t L), (14)

As we show in Proposition in the Appendix, L(v;) is an unconstrained convex optimization
problem where the function to learn v; is state-dependent. Furthermore, the terms in @]) are estimated
only using the (s, a;,a_;, s’) samples in the dataset, making it free from the extrapolation error by
bootstrapping OOD action values. Also, since v;(s) does not involve joint actions, it is not required
to adopt IGM-principle in v; network modeling; thus, there is no need to limit the expressiveness
power of the function approximator. In practice, we parameterize v; using simple MLPs, which take
the state s as an input and output a scalar value.



Policy Extraction The final remaining step is to extract a policy from the estimated distribution

correction ratio w} (s, a;) = 'fi ,;((SS’;?’)). Unlike actor-critic approaches which perform intertwined

optimizations by alternating between policy evaluation and policy improvement, solving (I4) directly
results in the optimal ;. However, this does not result in an executable policy. We therefore utilize
the I-projection policy extraction method from [14] which we found to be most numerically stable

arg min Dx1, (dD(s)m(ai\s)ﬂ',i(a,ﬂs)\|dD(s)7r;‘(ai|s)7r,i(a,i|s)) (15)

K

—arg min Boe pa,om, | — log w} (5, ;) + Dict (ms(aifs) | (ai]s))] (16)

us

In summary, AlberDICE computes the best response policy of agent ¢ by: (1) resampling data points
based on the other agents’ policy ratios p where the data policy 72, (a_;|s, a;) can be pretrained,
(2) solving a minimization problem to find 7/} (s) and finally, (3) extracting the policy using the
obtained v by I-projection (I5). In practice, rather than training v; until convergence at each iteration,
we perform a single gradient update for each agent v; and ; alternatively. We outline the details of
policy extraction (Appendix [E.2)) and the full learning procedure in Algorithm[I] (Appendix [E).

4 Preservation of Common Rewards and Convergence to Nash Policies

In the previous sections, AlberDICE was derived as a practical algorithm in which agents alternately
compute the best response DICE while avoiding OOD joint actions. We now prove formally that this
procedure converges to Nash policies. While it is known that alternating best response can converge
to Nash policies in common reward settings [[1], it is not immediately clear whether the same result
holds for the regularized LP (IZ]-E]), and hence the regularized reward function of the environment,
preserves the common reward structure of the original MMDP. As we show in Lemma4.1] this is
indeed the case, i.e., the modified reward in (Z}{3) is shared across all agents. This directly implies
that optimization of the corresponding LP yields the same value for all agents i € N for any joint
policy, 7, with factorized individual policies, {7; }iear.

Lemma 4.1. Consider a joint policy ™ = (7;);enr, With factorized individual policies, i.e., w(als) =
[Lica miails) for all (s,a) € S x Awitha = (a;)ien. Then, the regularized objective in the LP
formulation of AlberDICE, cf. equation (2), can be evaluated to

> di(s,ai)m_i(a_|s)r(s, ai,a_;),

$,ai,a—;

%, Sforall (s,a) € S x A. In particular, for

any joint policy, ™ = (7);enr, with factorized invdividual policies, the regularized objective in the
LP formulation of AlberDICE attains the same value for all agents i € N.

with 7(s,a;,a_;) == r(s,a;,a_;) — - log

We can now use Lemma[4.1] to show that AlberDICE enjoys desirable convergence guarantees in

tabular domains in which the policies, m;(a;|s), can be directly extracted from d; (s, a;) through the
: _ _ di(s,a4)

expression 7;(a;|s) = T i)

Theoren~1 4.2. Given an MMDP, G, and a regularization parameter o > 0, consider the modified

MMDP G with rewards 7 as defined in Lemmad. 1| and assume that each agent alternately solves the

regularized LP defined in equations . Then, the sequence of policy updates, (7"):>0, converges

to a Nash policy, m* = (7);en, of G.

The proofs of Lemma.T)and Theorem@.2]are given in Appendix [D} Intuitively, Theorem [4.2] relies
on the fact that the objectives in the alternating optimization problems (2}f3)) involve the same rewards
for all agents for any value of the regularization parameter, @ > 0, cf. Lemmad.I] Accordingly,

every update by any agent improves this common value function, (V™ (s))scs, and at some point the

sequence of updates is bound to terminate at a (local) maximum of V. At this point, no agent can
improve by deviating to another policy which implies that the corresponding joint policy is a Nash
policy of the underlying (modified) MMDP. For practical purposes, it is also relevant to note that
the process may terminate at an e-Nash policy (cf. Definition [2.T)), since the improvements in the
common value function may become arbitrarily small when solving the LPs numerically.



A B A B A B A B A B A B
A [045]022] [00]00] [00]00] [025]025] [025]025] [00] 1.0 ]
B [022]011] [00]10] [00]10] [025]025| [025]025] [0.0] 00 |

BC 1CQ OMAR  MADTKD  OptiDICE __ AlberDICE

Table 1: Policy values after convergence for the Matrix Game in Figure [2|for D = {AA, AB, BA}

A direct implication from the construction of the AlberDICE algorithm, which is also utilized in the
proof of Theorem 4.2} is that the AlberDICE algorithm maintains during its execution and, thus, also
returns upon its termination, a factorizable policy, i.e., a policy that can be factorized.

Corollary 4.3. Let * be the extracted joint policy that is returned from the AlberDICE algorithm.
Then, T* is factorizable, i.e., there exist individual policies, (7});cn, one for each agent, so that
m*(als) = [[;cn 77 (ails) foralla € A, s € S.

5 Experimental Results

We evaluate AlberDICE on a series of benchmarks, namely the Penalty XOR Game and Bridge [3]],
as well as challenging high-dimensional domains such as Multi-Robot Warehouse (RWARE) [27],
Google Research Football (GRF) [12] and StarCraft Multi-Agent Challenge (SMAC) [31]. Our base-
lines include Behavioral Cloning (BC), ICQ [40], OMAR [25], MADTKD [35]] and OptiDICE [14]] El
For a fair comparison, all baseline algorithms use separate network parameters E] for each agent and
the same policy structure. Further details on the dataset are provided in Appendix [F

5.1 Penalty XOR Game

We first evaluate AlberDICE on a 2 x 2 Matrix Game called Penalty XOR shown in Fig-
ure We construct four different datasets: (a) {AB}, (b) {AB,BA}, (c) {AA, AB, BA},
(d {AA,AB,BA, BB}. The full results showing the final joint policy values are
shown in Table [ in the Appendix. ~We show the results for dataset (c) in Table [I]

AlberDICE is the only algorithm that converges to a deterministic optimal A B
policy, BA or AB for all datasets. A0 1
On the other hand, OptiDICE and MATDKD converges to a stochastic Bl 1 ]2

policy where both agents choose A and B with equal probability. This Figure 2: Penalty XOR
is expected for both algorithms which optimize over joint actions during

centralized training which can still lead to joint action OOD if the joint policy is not factorizable.
ICQ converges to AA for (b), (d) and BB for (c), which shows the tendency of the IGM constraint
and value factorization approaches to converge to OOD joint actions. These results also suggest that
the problem of joint action OOD becomes more severe when the dataset collection policy is diverse
and/or the environment has multiple global optima requiring higher levels of coordination.

5.2 Bridge

Bridge is a stateful extension of the XOR Game, where two agents must take turns crossing
a narrow bridge. We introduce a harder version (Figure [3) where both agents start “on the
bridge” rather than on the diagonal cells of the opponent goal states as in the original game.
This subtle change makes the task much harder because now there are only
two optimal actions: (Left, Left) and (Right, Right) at the initial state.
Conversely, the original game can be solved optimally as long as at least
one agent goes on the bridge.

Figure 3: Bridge (Hard)
The optimal dataset (500 trajectories) was constructed by a mixture of

deterministic optimal policies which randomizes between Agent 1 crossing the bridge first while
Agent 2 retreats, and vice-versa. The mix dataset further adds 500 trajectories by a uniform random
policy.

"OptiDICE can be naively extended to MARL by training a single v/(s) network and running Weighted BC
as the policy extraction procedure to learn factorized policies, which does not require learning a joint state-action
value function. Still, it has some issues (Appendix .

8Fu et al. [5]] showed that separating policy parameters are necessary for solving challenging coordination
tasks such as Bridge.



Table 2: Mean return and standard error (over 5 random seeds) on the Bridge domain.
Dataset | BC 1CQ OMAR MADTKD OptiDICE AlberDICE

Mix —4.56 | —5.88 +£0.49 —6.01 £0.00 —6.01 £0.00 —6.58 +0.26 —1.76 £0.17 —1.29 £ 0.00

I [« vlv e A [t vlv [l v
r oy - r
***& +¢” v[* o v +*’
e 3ol L3 LK e N LIRS x

(a) AlberDICE (i = 1) (b) AlberDICE (i = 2) (©)BC(i=1) (d) BC (i = 2)
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Figure 4: Visualization of learned policies at the initial state for (from Left to Right) AlberDICE (agent 1,
agent 2) and BC (agent 1, agent 2), for the Bridge (Hard) on the optimal dataset. The blue arrows indicate
agent 2’s policies when agent 1 is at e and red arrows indicate agent 1’s policy when agent 2 is at e.

Table 3: Mean performance and standard error (over 3 random seeds) on the Warehouse domain.

Tiny (11x11) Small (11x20)
(N=2) | (N=4) | (N=6) | (N=2) | (N=4) | (N=6)

BC 8.80 £0.25|11.12+0.19 | 14.06 £ 0.32 | 5.54 £ 0.06 | 7.88 = 0.14 | 8.90 £ 0.13
1CQ 9.38£0.75|12.13+0.44 | 14.59 £0.16 | 5.43 £0.19 | 7.93 £0.19 | 8.87 £ 0.22
OMAR |6.77 £0.64 | 1439 £091 | 16.13 +1.21 |4.40£0.34|7.12 £ 0.38 | 8.41 £ 0.49
MADTKD | 6.24 + 0.60 | 9.90 £ 0.21 | 13.06 & 0.19 | 3.65 + 0.34 | 6.85 + 0.36 | 7.85 + 0.52
OptiDICE | 8.70 £ 0.06 | 11.13 £ 0.44 | 14.02 £ 0.36 | 4.84 £ 0.32 | 7.68 £ 0.09 | 8.47 £ 0.26
AlberDICE | 11.15 £ 0.35 | 13.11 £ 0.32 | 15.72 £0.36 | 597 £ 0.11 | 8.18 = 0.19 | 9.65 + 0.13

Table 4: Mean success rate and standard error (over 5 random seeds) on GRF

RPS 3vsl CA-Hard Corner
(N =2) (N =3) (N =4) (N =10)
BC 0.69 £ 0.08 | 0.44 +0.07 | 0.70 + 0.07 | 0.24 4+ 0.04

1CQ 0.53 4 0.39 | 0.00 £ 0.00 | 0.00 £ 0.00 | 0.00 £ 0.00
OMAR | 0.00 + 0.01 | 0.01 £ 0.01 | 0.00 4 0.00 | 0.07 £ 0.06
MADTKD | 0.56 +0.16 | 0.56 £ 0.05 | 0.69 £ 0.05 | 0.32 £ 0.07
OptiDICE | 0.71 £ 0.07 | 0.50 £ 0.05 | 0.67 £ 0.15 | 0.26 £ 0.04
AlberDICE | 0.75 £ 0.12 | 0.59 £ 0.12 | 0.83 £ 0.04 | 0.36 £ 0.04

The performance results in Table [2|show that AlberDICE can stably perform near-optimally in both
the optimal and mix datasets. Also, the learned policy visualizations for the optimal dataset in Figure
show that AlberDICE is the only algorithm which converges to the optimal deterministic policy in
the initial state, similar to the results in the Matrix game. We also include similar policy visualization
results for all states and algorithms in Appendix [H]

5.3 High-Dimensional MARL Benchmarks

We further evaluate AlberDICE on standard MARL benchmarks including RWARE [26], GRF [12]
and SMAC [31]]. For RWARE and GRF, we train an autoregressive policy using Multi-Agent
Transformers (MAT) [37] in order to collect diverse trajectories for constructing offline datasets. For
SMAC, we use the public dataset provided by Meng et al. [19].

RWARE simulates a real-world warehouse in which robots move and deliver requested goods in a
partially observable environment (each agent can observe the 3 x 3 square centered on the agent).
RWARE requires high levels of coordination, especially whenever the density of agents is high and
there are narrow pathways where only a single agent can pass through (similar to Bridge).

The results in Table [3] show that AlberDICE performs on-par with OMAR in the Tiny (11 x 11)
environment despite OMAR being a decentralized training algorithm. As shown in Figure 9(a)
of [26], a large portion of the Tiny map contains wide passageways where agents can move around
relatively freely without worrying about colliding with other agents. On the other hand, AlberDICE
outperforms baselines in the Small (11 x 20) environment (shown in Figure 9(b) of [260]), where
precise coordination among agents becomes more critical since there are more narrow pathways and
the probability of a collision is significantly higher. We also note that the performance gap between
AlberDICE and baselines is largest when there are more agents (N = 6) in the confined space. This
increases the probability of a collision, and thus, requires higher levels of coordination.



Table 5: Mean success rate and standard error (over 5 random seeds) on SMAC

3s5z (Hard) | 5m_vs_6m (Hard) | Corridor (SH) | 6hvs8z (SH) | 8m_vs_9m (Hard) | 3s5z_vs_3s6z (SH)
(N =8) (N = 5) (N = 6) (N =6) (N =28) (N =8)
BC 0.30 £ 0.05 0.23 £ 0.02 0.90 £ 0.02 | 0.11 4+ 0.02 0.48 £ 0.05 0.45 £+ 0.03
1CQ 0.18 £ 0.08 0.18 & 0.10 0.78 £ 0.03 | 0.00 4 0.00 0.12 £ 0.21 0.31 £+ 0.04
OMAR 0.43 £ 0.04 0.18 £ 0.02 0.92 £ 0.02 | 0.15 + 0.03 0.45 £ 0.05 0.60 £ 0.05
MADTKD | 0.12 £ 0.02 0.19 £ 0.02 0.67 £ 0.01 | 0.09 4+ 0.02 0.14 £ 0.04 0.18 £ 0.02
OptiDICE | 0.28 4+ 0.05 0.21 £ 0.02 0.91 £ 0.02 | 0.13 4+ 0.00 0.47 £ 0.05 0.42 + 0.04
AlberDICE | 0.47 + 0.03 0.24 £ 0.03 0.98 +0.00 | 0.21 £ 0.03 0.67 £ 0.06 0.63 £ 0.03
12% 8m_vs_9m 3s5z_vs_3s6z
o E = oo a% E = 8m_vs_9m | 3s5z_vs_3s6z
: =1 OptiDICE 6% : 1 OptiDICE (N = 8) (N = 8)
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(a) Histogram of uncertainty estimates

{U(s,a): s € D,a ~ (s} (b) Percentage of selecting OOD joint actions.

Figure 5: Experimental results to see how effectively AlberDICE avoids OOD joint actions.

Our results for GRF and SMAC in Tables 4] and [5] show that AlberDICE performs consistently well
across all scenarios, and outperforms all baselines especially in the Super Hard maps, Corridor and
6h8z. The strong performance by AlberDICE corroborates the importance of avoiding OOD joint
actions in order to avoid performance degradation.

5.4 Does AlberDICE reduce OOD joint actions?

In order to evaluate how effectively AlberDICE prevents selecting OOD joint actions, we conducted
additional experiments on two SMAC domains (8m_vs_9m and 3s5z_vs_3s6z) as follows. First, we
trained an uncertainty estimator U (s, a) via fitting random prior [2] f : S x A; X --- x Ay — R™
using the dataset D = {(s, a)k}LDzll. Then, U(s,a) = ||f(s,a) — h(s,a)||? outputs low values
for in-distribution (s, a) samples and outputs high values for out-of-distribution (s,a) samples.
Figure [5{a) shows a histogram of uncertainty estimates U (s, m1(s), ..., mn(s)) for each s € D and
the joint action selected by each method. We set the threshold 7 for determining OOD samples to
99.9%-quantile of {U(s,a) : (s,a) € D}. Figure[5|b) presents the percentage of selecting OOD
joint actions by each method. AlberDICE selects OOD joint actions significantly less often than ICQ
(IGM-based method) and OMAR (decentralized training method) while outperforming them in terms
of success rate (see Table[5).

6 Related Work

DICE for Offline RL. Numerous recent works utilize the LP formulation of RL to derive DICE
algorithms for policy evaluation [20-22]]. OptiDICE [14] was introduced as the first policy optimiza-
tion algorithm for DICE and as a stable offline RL algorithm which does not require value estimation
of OOD actions. While OptiDICE can be naively extended to offline MARL in principle, it can still
fail to avoid OOD joint actions since its primary focus is to optimize over the joint action space of the
MMDP and does not consider the factorizability of policies. We detail the shortcomings of a naive
extension of OptiDICE to multi-agent settings in Appendix [C]

Value-Based MARL A popular method in cooperative MARL is (state-action) value decomposition.
This approach can be viewed as a way to model Q(s, a) implicitly by aggregating (); in a specific
manner, e.g., sum [34], or weighted sum [30]. Thus, it avoids modelling Q(s, a) explicitly over the
joint action space. QTRAN [33] and QPLEX [36] further achieve full representativeness of IGM



ﬂ These approaches have been shown to perform well in high-dimensional complex environments
including SMAC [31]. However, the IGM assumption and the value decomposition structure have
been shown to perform poorly even in simple coordination tasks such as the XOR game [J5]].

Policy-Based MARL Recently, policy gradient methods such as MAPPO [41]] have shown strong
performance on many complex benchmarks including SMAC and GREF. Fu et al. [5] showed that
independent policy gradient with separate parameters can solve the XOR game and the Bridge
environment by converging to a deterministic policy for one of the optimal joint actions. However, it
requires an autoregressive policy structure (centralized execution) to learn a stochastic optimal policy
which covers multiple optimal joint actions. These empirical findings are consistent with theoretical
results [15) 44] showing that running independent policy gradient can converge to a Nash policy in
cooperative MARL. On the downside, policy gradient methods are trained with on-policy samples
and thus, cannot be extended to the offline RL settings due to the distribution shift problem [16].

Offline MARL ICQ [40] was the first MARL algorithm applied to the offline setting. It proposed
an actor-critic approach to overcome the extrapolation error caused by the evaluation of unseen
state-action pairs, where the error is shown to grow exponentially with the number of agents. The
centralized critic here uses QMIX [30] and thus, it inherits some of the weaknesses associated with
value decomposition and IGM. OMAR [235]] is a decentralized training algorithm where each agent
runs single-agent offline RL over the individual Q-functions and treats other agents as part of the
environment. As a consequence, it lacks theoretical motivation and convergence guaranteess in the
underlying MMDP or Dec-POMDP. MADTKD [335] extends Multi-Agent Decision Transformers [[19]
to incorporate credit assignment across agents by distilling the teacher policy learned over the joint
action space to each agent (student). This approach can still lead to OOD joint actions since the
teacher policy learns a joint policy over the joint action space and the actions are distilled individually
to students.

7 Limitations

AlberDICE relies on Nash policy convergence which is a well-established solution concept in Game
Theory, especially in the general non-cooperative case where each agent may have conflicting reward
functions. One limitation of AlberDICE is that the Nash policy may not necessarily correspond to
the global optima in cooperative settings. The outcome of the iterative best response depends on
the starting point (region of attraction of each Nash policy) and is, thus, generally not guaranteed
to find the optimal Nash policy [1]. This is the notorious equilibrium selection problem which is
an open problem in games with multiple equilibria, even if they have common reward structure
(See Open Questions in [[15]). Nonetheless, Nash policies have been used as a solution concept for
iterative update of each agents as a way to ensure convergence to factorized policies in Cooperative
MARL [10]. Furthermore, good equilibria tend to have larger regions of attraction and practical
performance is typically very good as demonstrated by our extensive experiments.

8 Conclusion

In this paper, we presented AlberDICE, a multi-agent RL algorithm which addresses the problem of
distribution shift in offline MARL by avoiding both OOD joint actions and the exponential nature of
the joint action space. AlberDICE leverages an alternating optimization procedure where each agent
computes the best response DICE while fixing the policies of other agents. Furthermore, it introduces
a regularization term over the stationary distribution of states and joint actions in the dataset. This
regularization term preserves the common reward structure of the environment and together with the
alternating optimization procedure, allows convergence to Nash policies. As a result, AlberDICE is
able to perform robustly across many offline MARL settings, even in complex environments where
agents can easily converge to sub-optimal policies and/or select OOD joint actions. As the first DICE
algorithm applied to offline MARL with a principled approach to curbing distribution shift, this work
provides a starting point for further applications of DICE in MARL and a promising perspective in
addressing the main problems of offline MARL.

“Details about IGM are provided in
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A Individual-Global-Max (IGM) and its Limitations

Centralized Training with Decentralized Execution (CTDE) refers to a paradigm in MARL where the
training phase is permitted to utilize any global information such as the joint policy m = (71, ..., 7N)
and global state s. Practical CTDE algorithms avoid the combinatorial nature of the joint action
space, and reduce the non-stationarity, which arises from agents’ simultaneous policy updates during
training.

However, an important challenge for CTDE algorithms is that during training they still need to learn
a joint policy that can be factorized into individual policies. During the execution phase, agents take
individual actions, a;, without conditioning on other agents’ actions, a_;, or policies, m_;. This
independence assumption poses a challenge for many pre-existing algorithms, especially for offline
MARL when the dataset is generated by a mixture of different data collection policies and/or the
environment contains multiple global optima.

One popular way to learn factorizable policies from centralized training is to impose an Individual-
Global-Max (IGM) assumption.

Definition A.1 (Individual-Global-Max (IGM) [30L33])). Individual utility functions {Qi}f\il satisfies
the IGM condition for a joint state-action value function @) : S x A — R if the following condition
holds:

argmaaxQ(s,a) = {argmax Q;(s, a;)}¥, (17)

Intuitively, the IGM condition implies that the optimal Q-function Q* for a given task or environment
can be decomposed into individual utility functions which only condition on the individual actions a;.
This assumption results in a space of MARL tasks where decentralized policies (i.e. greedy policies
over ;) can be learned to collectively act optimally. The decomposed utility functions @); can then
be used for greedy action selection by individual agents [36].

It is easy to see that under the IGM assumption in Definition[A.T]| we cannot learn a set of individual
utility functions {@;} which can accurately represent the optimal Q-functions of many tasks with
multiple global optima, including the XOR game. In fact, [S]] showed formally that any algorithm
under the IGM constraint cannot represent the underlying optimal Q-function in the XOR game.
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B Proofs for AlberDICE

B.1 Proof of Proposition[3.1]

Proposition 3.1. The closed-form solution for the inner-maximization in (I2) for each x is given by

v (x) = exp (ééyi (z) — 1) (13)

w

Proof. Let

L(i,ws) i= Bvep,, [wils, a5) (¢, (5, 05,8-1,8") = alogwi(s,a:)) ] + (1 = 1) Buyenyvi(s0)]

Note that L(v;, w;) is differentiable and strictly convex for w;. Therefore, we only need to find a
point where the gradient becomes zero. For any x € D,,,,

L(v: w;
W = é,,(s,ai,a_;,5') — alogw;(z) —a =0 (18)
<~ W} (r) =exp (ééw(s, a;,a_;,s') — 1) (19)
O

B.2 Convexity of L(v;)

Proposition B.1. Ler L(v;) be a function, defined as:

L) = pioBaen,, [exp (Les, (s, a,a-5) = 1) | + (1= VEsuplti(so)]  (20)

Then, L (v;) is convex with respect to v;

Proof. For any functions v;, v} and constant A € [0, 1], we can derive the following equality:
é()\ui+(17)\)y1() (s,ai,ai,s")

= r(s,a5,a_;) — alog —s=rB=il8) 4~ (\p 4 (1= M) () — Owi + (1= M) (s)

7D, (a_sls,a:)

= (s, a5,a_;) — alog A1 4 i) = Ais) + (1= (') = (1= Awi(s)

w2, (a_ils,a)

= \r(s,a;,a_;) — dalog ﬂ’,';((#'s) + YA (s") — Avi(s)

a_;ls,a;)
(1= Nr(s,a5,8-) — (1= Aarlog 3722 (1 Awl(s) — (1= A)wi(s)
=Ny, (s,ai,a4,8") + (1= N)éy(s,ai,a4,8).
Thus, e,, is the linear function with respect to v;. Furthermore, using the convexity of exp(-),

m_;(a_;|s)

]E(s,ai,a,i75/)~dD [7ﬂD (a_:|s) exp (é()\ui+(1_>\)y£)(3; A;,Ad_;, S'))}

—1

7\'71'(3.71' ‘S)

= E(s,ai,a_i,s’)NdD [m exp (/\éui(& A, &g, 5') + (1 - )\)éu;(sy g, &g, 5/))}
< )‘E(s,ai,a,i,s’)wdD {% exp (él/7, (87 Qj,d_jq, SI)):|
+ (1 - /\)]E(s,ai,a,i,s’)wdD [% exp (éul' (57 g, A—g, 3/)):|

Therefore, L (1;) is convex function with respect to v;. O

We also show that our practical algorithm minimizes the upper bound of the original optimization
problem in equation (7)) restated here:

L(vi,w;) == (1 = ¥)Esgmpo [Vi(s0)] + E(S}ai)NdD [wi(s,ai)(ew(s,ai) — alog w; (s, ai))] 21
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Corollary B.2. L(v;) is an upper bound of L (v;,w;), where w; = argmax,, L(v;,w;), ie.,

L (v;,w}) < L(v;) always holds, where equality holds when the MDP transition and other agents’
policy w_; are deterministic.

Proof. We first note that the closed-form solution for arg max,, L(v;,w;) is as follows:

wy(s,a;) =exp (Le,,(s,a;) — 1). (22)

By plugging this into equation (7), we obtain

min aE 1 qo | exp (Lev,(s,a:) = 1) | + (1= 9)Boppy i(s0)] = L (w], 1)

Vi

From Jensen’s inequality, we get
L (w},vi) = aB(g o) qo | exD (Lev,(5,0) = 1) | + (1= ) Eagmp [vi(50)]

- aE(s,ai)NdD {exp (é]E A—iNT— [éw (57 iy A, s/)] - 1)} + (1 - V)ESONPO [Vi(SO)]

s'~P(s,a5,a_;)

< aE(s,ai,a,i,s’)wdD [M €Xp (iéw (8, i, A—g, S/) - 1):| + (1 - ’Y)ESONPO [Vi(SO)]

7D (ails)

= L(v;) (23)

Also, the inequality becomes tight when the transition model and the opponent policies are determin-

istic, since exp (L1E  a_i~m o  [6 (s,ai,a,i,s’)]> =E a i~ [exp(Lé(s,ai,a_,5))]
s'~P(s,a:,a_;) s'~P(s,a;,a_;)

should always hold for the deterministic transition P and opponent policies m_;. O
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C Problems with Naive Extension of OptiDICE to Offline MARL

OptiDICE [14] is a (single-agent) offline policy optimization algorithm which is derived from the
regularized Linear Programming (LP) formulation for RL. For a given MDP (S, A, P, R, ), the
derivation of OptiDICE starts with the regularized dual of the LP:

max d(s,a)r(s,a) — a Dk (d||dP) (24)
sty d(s',d') = (1 =)po(s) +7 ) P(s'|s,a)d(s,a),Vs'. (25)

Here, d(s, a) should be a stationary distribution of some policy 7 by the Bellman flow constraints
(d™(s,a) == (1 =) > pp 7 Pr(s; = s,a; = a;)), and d” is the dataset distribution. The
goal is to maximize the rewards while not deviating too much from the data distribution, following
the conservatism principle in offline RL. Without the regularization term Dk, (d||d”), the optimal

solution of l i is the stationary distribution for the optimal policy, d* = d™ .

One of the main contributions of OptiDICE is a tractable re-formulation of the dual LP problem
above into a single convex optimization problem,

myin(l = Vo [V(8)] + E(g,0)nar [wy (s, a)e, (s, a) — aw, (s, a)logw,(s,a)].  (26)
where w}(s, a) :=exp (% (r(s, a) + VEq [v(s")] — v(s)) — 1). (27)

Here, v(s) € R is the Lagrangian multiplier for the Bellman flow constraint (23), and it approaches
the optimal state value function V*(s) as « — 0. Once we obtain the optimal solution of lb V¥, it
was shown that the stationary distribution corrections of the optimal policy is given by w;,.:

%

w}-(s,a) = exp (L (r(s,a) + VB [V*(s)] = v*(s)) — 1) = :;D((?Z)). (28)
However, its extension to MARL can cause a number of subtle issues. While solving (26) does not
suffer from the curse of dimensionality posed in MARL since v(s) is a state-dependent function, v*
itself is not an executable policy. We therefore should extract a policy from it. However, once we try
to learn a parametric function for w(s, a), we encounter a combinatorial space of joint actions. We
thus should avoid learning any state-action dependent functions for policy extraction. One feasible
way to do so is to perform policy extraction via Weighted Behavior-cloning (WBC):

Vi7 maXE(s,a,i,a,i7s’)~dD |:7i];:* (Sa Qj,a—jq, S/) IOg Tri(ai‘s)} ~ E(s,ai,a,i,s’)wd* [lOg g (CLZ‘IS)] (29)

s.t. ’LD:;* (S>ai7a7i7 Sl) = exXp (i(,r(s?a’hafi) + ’YV*(S/) - V*(S)) - 1) ) (30)

which corresponds to behavior-cloning of the factorized policy on the state-action visits by the optimal
(joint) policy. However, if the optimal joint policy (by v*) is a multi-modal distribution, this WBC
policy extraction step can result in an arbitrarily bad policy, selecting OOD joint actions. For example,
consider the XOR matrix game in FigureE] with a dataset D = {(A4, A), (A, B), (B, A)}, where the
optimal joint policy is given by 7* (a1 = A, az = B) = 7*(a1 = A, ap = B) = 1. In this situation,
WBC of OptiDICE obtains the factorized policies of w1 (a; = A) = m1(a; = B) = % and

ma(as = A) = ma(as = B) = 3, which can select suboptimal (and OOD) joint actions:

mw(ay = A ay = A) =mi(a1 = A)ma(az = A) = §
w(ay = A,aa = B) = m(a; = A)ma(as = B) = %
(a1 = B,ay = A) = mi(a1 = B)ma(az = A) = 1
1
4

m(ay = B,as = B) = 7m1(a1 = B)ma(ay = B) =

This analysis is consistent with our experimental results in Section[5] which demonstrated the failure
of OptiDICE in solving the Penalty XOR Game as well as Bridge by converging to sub-optimal OOD
joint actions.
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D Proofs for Section 4

To prove Theorem 4.2} we first need to show that the regularized objective in the LP formulation of
AlberDICE, cf. equation , preserves the common reward structure of G.

Lemma 4.1. Consider a joint policy ® = (7;);en, With factorized individual policies, i.e., w(als) =
[Licn mi(asls) for all (s,a) € S x Awitha = (a;)icn. Then, the regularized objective in the LP
formulation of AlberDICE, cf. equation (2), can be evaluated to

Z dgr(svai)ﬂ— Z( 2| ) (S Qi,a_ 2)7

$,aq,a—4

with 7(s,a;,a_;) = r(s,a;,a_;) — « - log Cl[,((ss% forall (s,a) € S x A. In particular, for

any joint policy, ™ = (7);enr, with factorized invdividual policies, the regularized objective in the
LP formulation of AlberDICE attains the same value for all agents i € N.

Proof. Recall that the KL-divergence, Dx1, (p(x)]|¢(z)), between probability distributions p and
q is defined as Dkr, (p(z)||q(z)) :== Y, p(z)log p(mg' Thus, the Dxp, term in the objective of
equation (2) can be written as

(o dT (s,a;)m_;(a_;|s
D, (47 (s, a)m—i(adl)|dP (s,a,a-0)) = 3 d7(s,a0)m_s(ai]s) - log Lrstacia).
s,ai,a_;

Since the 7} s are factorized by assumption, the decomposition d7 (s, a;) = d™(s)m;(a;|s), implies
that the numerator in the log-term of the previous expression can be written as

dy (s, a;)m—i(a—i|s) = d" (s)mi(as|s)m—i(a_i|s) = d"(s)m(als)

Substituting back in the initial expression of the objective function, we obtain that

Z df (s,a;)m—;(a_;|s)r(s,a;,a_;) — a Dk, (d?(s, ai)ﬂ,i(a,i\s)HdD(s, ai,a,i))

= > df(s,a)mi(ails)r(s,aa) —a Y di(s,a)mi(als) - log g @l
— Z dl (s,a;)m—;(a_|s) [ (s,a;,a_;) —alog %} .
8,0,

Thus, by setting 7(s, a;,a_;) = r(s,a;,a_;) — « - log% for all (s,a) € S x A, we
obtain the claim. The equality of the last expression for all 7 € A follows now immediately from
application of the decomposition d7 (s, a;)7_;(a_;|d) = d™(s)w(als), on the outer expectation for
all agenti € V. O

Remark D.1. In the LP formulation of AlberDICE, cf. equation (2) and (3)), we used the notation
d;(s, a;) rather than df (s, a;), since, in this case, the variables are d;(s, a;) are decision variables
that are not a-priori related to any particular policy ;. However, once the d; (s, a;)’s are fixed and
translated to a policy, e.g., through the relation 7;(a;|s) = % that holds in tabular domains,
a; @i\S,4j
then, we can apply Lemma[4.1] For the purposes of the alte;nating optimization procedure of the
AlberDICE algorithm, Lemma4.T| ensures that after each update by any agent ¢ € N, the value of the
objective function is the same for each agent. To evaluate the modified utilities, 7(s, a;,a_;), during
training, agents need to know both the action, a;, and the policy, 7;(a, s), from whichi thlS action
drawn for each agent ¢+ € . Thus, this regularization terms exploits to the fullest the knowledge

available to agents in the centralized training setting.

To proceed, we can define a modified game, G = (N, S, A, 7, P,~) which is the same as the original
game in every respect, i.e., it has the same state space, agents, actions, transitions and discount factor,
except for the rewards, r, which are replaced by the modified rewards 7 for any given value of the
regularization parameter, o > 0 (for « = 0, we simply have the rewards, r, of the original game, G).
Despite this modification, Lemmaimplies that G still has a common reward structure. This can
be used to prove that the AlberDICE algorithm has monotonic updates which eventually converge to
a Nash equilibrium of the modified game, G. For this part, we focus on tabular domains, in which the

policies, ;(a; | s), can be directly extracted from d; (s, a;) as m;(a; | s) = %
aj @il$aj
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Theoren3 4.2. Given an MMDP, G, and a regularization parameter o« > 0, consider the modified
MMDP G with rewards 7 as defined in Lemma . I|and assume that each agent alternately solves the
regularized LP defined in equations . Then, the sequence of policy updates, (7*);>0, converges

to a Nash policy, ™ = (7} )ien, of G.

Proof of Theorem@.2] Let 1° = (n0);en denote the initial joint policy and let 7° = (7!);en
denote the joint policy after iteration £ € N in an execution of the AlberDICE algorithm. For
i=1,...,N, we will also write 7!, to denote the joint policy at time ¢ after players 1 to 7 have

t—1
updated their policies, i.e., 7t, = (nf,..., 7t w1, ... oY), Let di(s,a;) == d; """ (s,a;)
denote the stationary distribution for agent ¢ before the current optimization by player ¢, and let

t—1
di(s,a;) = d; " (s,a;), 7 (a; | s) denote the stationary policy derived as the optimal solution of
the LP and the corresponding extracted policy for agent ¢, respectively, after the optimization by
agent ¢ at time ¢. Then,

Vim;i(s) = Z d;(s,a;)m—;(a_; | $)7(s,a;,a_;)

8,ai,a_;

> N dils.a)m_ia; | 8)i(s,aia;) = V7 (s),

S,aq,a_;

for each state s € S, where we used Lemma 41| for the equality of the modified rewards among all
agents in N. The inequality is strict unless agent 7 is already using an optimal policy, 7;, against
m_;. Letting V' to denote the common value function, i.e., V; = V for all agents ¢ € N, then, the
previous inequality implies that after the update of agent i, all agents have a higher value with the
current policy 7t .. Thus, the sequence, 7’, of joint policies generated by the AlberDICE algorithm
results in monotonic updates (increases) in the joint modified value function V (s),s € S. Since,
V is bounded (rewards are bounded and discounted by assumption), this implies that also V is
bounded and hence, at some point, the updates of the algorithm will reach a local maximum of V.
Let 7* = (7}, 7* ;) denote the extracted policy at that point. Then, for all agents 7 € N and any 7;,

it holds that V™ (s) = V™ > V(™7 — f/i(m’w*"") for all s € S. Thus, 7* is a Nash policy as
claimed. o

An important property of the AlberDICE algorithm is that it maintains a sequence of factorizable
joint policies, 7t = (ﬂf)ie n, for any ¢t > 0. Thus, after termination of the algorithm, the agents are
guaranteed not only to reach an optimal state of the value function, but also an extracted joint policy
that will be factorizable. This eliminates the problem of learning correlated policies during centralized
training, which even if optimal, may not be useful during decentralized execution. This property of
the AlberDICE is formally stated of Corollary [4.3] Its proof is immediate by the construction of the
algorithm.
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E Detailed Description of Practical Algorithm

E.1 Numerically Stable Optimization

The practical issue in optimizing is that it is unstable due to its inclusion of exp(-), often causing
exploding gradient problems:

L(vi) =min piaBuen,, [exp (Lén, (s, a,a5,8) = 1)] + (1 = 1)Eyupoli(so)]. (@

where é,, (s, a;,a_;,8") = r(s,a;,a_;) — alog % + yv;(s’) — vi(s). To address this

issue, we use the following alternative, which can be optimized stably.

E(ﬂi) :=min alog plEmND {exp( éz, (s, a“a,l,s/))} + (1 =) Esgmpo [Pi(50)] (31)

Vi

Note that the gradient V, log E,[exp(h(z))] is given by E, {%V h(x )], which normal-

izes the value of exp(h(z)) and thus it is numerically stable by preventing the exploding gradient
issue. At first glance, it seems that optimizing (31 can result in a completely different solution to the
solution of (T4). However, as we will show in the followings, their optimal objective function values
are the same and their optimal solutions only differ in a constant shift.

Proposition E.1. Let V* = argmin,, L(v;) and V* = arg ming, L(;) be the sets of optimal
solutions of and . Then, L(v}) = £~(171*) holds for any v} € V* and v} € V*. Also, for any
vieVandany C € R v +C € V™.

We follow the proof steps in DemoDICE [9]]. First, note that for any constant C, the advantage for
v; + Cis:
éui+C(87 Qjy A—g, S/) = 7‘(8, Qs afi) -« 10g % + ’Y(Vz(s/) + C) - (l/i(s) + C)

= éui(S,aivafia ) - (1 - )C (32)

Lemma E.2. For an arbitrary function v; and any constant C, the following equality holds,
L(vi) = L(v; +C).
Proof. From the definition of £(1;),
L(vi +C)
[exp (2ensctsranass))]
[oxp (2 (5100001060 = 21 -)0)] o3 @D)
= (1 = ) Eagmpo [Vi(50) + C] + alog { exp ( —la- V)C) e, [exp (g (s ai,a,i,s’))]}

= (1 =9)Esgmpo[Vi(s0) + C] — (1 —v)C + alog piE 2~D, [exp (aew(s,ai,a,i,s ))}

= (1= 7)Eapmpo[vi(s0) + C) + alog B,

= (1= 7)Espmpo[vi(s0) + C) + alog piBann,,

= (1 = 9)Esy~po [Vi(s0)] + alogpl @~D,, [exp ( év,(s,ai,a_;, s'))}
= L(v)

Lemma E.3. For any function v;, the following inequality always holds:
Equality holds if and only if

ﬁi]:]xNDW {exp( ey, (s, al,a,z,s’))} =1
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Proof. Foranyy >0
y—1>logy

and equality holds if and only if y = 1. Thus,
ﬁEINDM [exp ( €y, (8,a;,a_;, s'))} —1> logﬁif}zwppi [exp ( €y, (8,a;,a_;, s'))}
and equality holds if and only if
[_)iEwNDpi [exp (ééw (s,a;,a_;, s’))} =1.
Finally, we obtain the following results:

L) = (1 = ) Eagmpy Vi(s0)] + pi0Buen,, [exp (Lév, (5,01,8-0,8) ~ 1)]

Y

Y

(1 - ) S0~Po [Vz SO)] + alog {ﬁiEzer

I
Yy
=

( (
(1= VExympo[vi(s0)] + atlog { GiBicp,, | exp

( [

< o]

) SON;DO[VZ 50)] + alOg{ iEare

: ['(Vz)

Lemma E.4. For any optimal solution U} = argmin,, E(uz) there is a constant C such that U} + C
is an optimal solution of min,, L(v;).

Proof. Let U} be an optimal solution of arg min,, L(v;) and

Cc* = 1 log ﬁi]:]mNDpi {exp( év, (s, al,a,l,s')ﬂ

Then, v; := U 4+ C* satisfies

Furthermore, 7; is also an optimal solution of min,, /f(ui) by Lemma . Then, by the equality
condition in Lemmal[E],

L(;) = L(v;) = min L(v;) < min L(1;).

vV; Vi
Thus, ; is an optimal solution of min,,, L(v;). O

Lemma E.5. An optimal solution v} = argmin,, L (v;) is also an optimal solution of min,,, £(v;)

Proof. From Lemma|[EJ|, .
min L (v;) =L (v]) > L(V]).

Vi

From Lemma min,, L (v;) and min,, £ (v;) have the same minimum value, and thus,
L(v}) < L(v;)=minL (v;) =minL (v;)

holds. O
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The aforementioned Proposition [E-T]can now be proved.

Proposition E.1. Let V* = argmin,, L(v;) and V* = arg min, L(i;) be the sets of optimal
solutions of and . Then, L(v}) = [ﬁ(ﬂ:‘) holds for any v} € V* and v} € V*. Also, for any
vieVandany C € R, v +C € V™.

Proof. This holds from combining Lemma[E-4]and Lemma [E3| O
E.2 Policy Extraction
Finally, our practical AlberDICE optimizes that yields 7. However, 7 itself is not a directly

executable policy, so we should extract a policy from it. To this end, first note that the optimal policy
m; is encoded in w; as a form of stationary distribution correction ratios:

d™i (s, a;
wi(s,a) = dD((::,’Zi)) (optimal solution of Eq. (8)) (33)
Then, w} (s, a) can be represented in terms of 7 as follows:
wy(s,a) = exp (ée,,i*(s,ai) — 1) (Eq. (22)) (34)
o exp (éel—,; (s,a;)) (by Proposition [E-T)) (35)

where 6171,* (s,ai) =E a_;~m_i(s) [ég: (s,ai,a_i,s’)} and égL* (s,ai,a_i,s’) = r(s,ai,a_i) —
s'~P(s,a5,a_;)

alog % + 07 (s") — U¥(s). Finally, we extract a policy from w] via I-projection policy

extraction method introduced in equation (T3).

min Dict, (47 ()7 (il )7 —s(ai]s)|d° (s) (ai]s)mi(ails) ) (36)
—F dP (s)mi(ails)m_i(a_ils
= Buenammanitaio | 08 (G IR (37)
n D(s)nP(a|s mila;
= BanDaiom {log LD + log T + log dD<( 3 } (38)
d"i (s)ms (ails) P (ails)
constant for 7,
= Bocp.aimn, | log {720+ Dic (milarls)] P (anls) | + O 39)
= EsGD,aiNﬂ‘i |: - 10g ”LU;-k(S, ai) + DKL (m(az|s)||7rlD(al|s))] + Cl (40)

= Byep oo [ — Lepe(s,a;) + Dky (Wi(ai\S)HmD(aHS))} +C1 +Cy (by (33) (41)

where C'; and C' denote some constants. 7; (al| ) is a data policy for i-th agent, which is pretrained
by maximizing the log-likelihood:

f; D

max E(s.a)ep [log 5 (ai|s)] 42)
T
Eq. @I) can be understood as KL-regularized policy optimization, where we aim to maximize
€p: (s,a;) (analogous to critic value) while not deviating too much from the data policy, whose
trade-off is controlled by the hyperparameter . Finally, to enable e+ to be evaluated at every
action a;, we train an additional parametric function e; (implemented as an MLP that takes (s, a;)
as an input and outputs a scalar value) by minimizing the mean squared error with a conservative
regularization term R (e;) introduced in CQL [[11]] to penalize OOD action values:

Hgn E(S»az‘ya—i,sl)EDpi [(ei(sv ai) — éﬂf (s,ai,ai, S,))Q] + Reau(e:) 43)

where Rcqr(e;) = ochLE(g a)~D, [logz exp (ei(s,a;)) — E,, ~xplei(s, a;)]]. We used
acqr = 0.1 for all experiments.
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E.3 Pseudocode of AlberDICE

To

sum up, AlberDICE computes the best response of agent 7 by optimizing v;, which corresponds to

obtaining a stationary distribution correction ratios of the optimal policy. Then, we extract a policy
by training e-network and performing I-projection as described in Section[E.2]

We assume 77, wP

D v, e;, and 7; are parameterized by (;, 5_;, 6;, ¥;, and ¢;, respectivel

—1°

Then, we optimize the parameters via stochastic gradient descent (SGD). The entire loss functions to
optimize the parameters are summarized in the following:

J(B:) := = B(e.anep|log mh (ails)] (44)
R N
J(Bi) = = Bl ven| X logm? (ajls,ai.a<;)] (45)
j=1,j#i
J(6;) :== alog ﬁi]:lxwppi [exp ( €, (8,002, s’))} + (1 =) Esgmpo Ve, (50)] (46)
. 1\ 2
(1:02) =E (s,ai,a_i,8")ED,, [(ewi (s’ ai) — Eoy, (8, Aj, A, S )) ] (47)

+acouBuen,, [ (105 exp (e, (5, @) = By rp [e, (5. )])|

J(¢;) == EseD {Z T, (a7|3)( — ey, (s,a;) +alog :2{ Ezl‘lz; )} (48)

The pseudocode of AlberDICE is presented in Algorithm T}

Algorithm 1 AlberDICE

Input: A dataset D := {(s,a,r, s’)k}lszll, a set of initial states Dy := {so, k}k |» data policy

A O R

8:
9:

networks {(Tl'é) , 7\'5 )}, with parameters {(8;, _:)}Y.,, v-networks {vg, } Y, with param-
eters {0;},, e-networks {ey, } N, with parameters {1;}V,, policy networks {7}~
parameters {¢; }¥ ;, and a learning rate 7

1 with

: Pretrain (auto-regressive) data policies { (75 (a|s), 7§ (a_is, a;)) }jvzl by minimizing

H3).
for each iteration until convergence do
for each agent i € N do

Sample mini-batches from sy ~ Dy and x ~ D.
Hj;éi T (ajls)
5, (a_ils,ai)

Perform resampling with probability proportional to p;(x), which constitutes the resampled
dataset D, .

Compute the importance ratio p;(x) = -

for each sample . (Eq. lb

Perform SGD updates using Dg and D,,,:
0; < 0; —nVe,J 9i ) (Eq. @)
Vi < i =V, J (i) (Bq. @)
¢i < i =0V, J (i) (Eq. @8))
end for
end for

Output: Factorized policies {my, (a;|s)} Y,

100 increase scalability, we use shared parameters and an additional agent ID input to train 3; for 72 in all

experiments.
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F Dataset Details

F.1 Bridge

The optimal dataset (500 trajectories) was constructed by a hand-crafted (multi-modal) optimal policy
which randomizes between Agent 1 crossing the bridge first while Agent 2 retreats, and vice-versa.
The mix dataset is a mixture between 500 trajectories from the optimal dataset and 500 trajectories
generated by a uniform random policy.

F.2 Multi-Robot Warehouse (RWARE)

For the data collection policy used to construct the dataset, we train Multi-Agent Transformers
(MAT) [37] which takes an autoregressive policy structure and thus is able to generate diverse
behavior. We further train MAT over 3 random seeds, and generate a expert dataset with a mixture of
diverse behaviors.

F.3 Google Research Football
Similar to the dataset collection procedure in RWARE, we use MAT to generate a medium-expert
dataset in order to ensure that agents score goals in different ways. Similar to Bridge, we construct

a dataset of 2000 trajectories where 1000 trajectories have medium performance (roughly 60%
performance of the expert policies) and another 1000 from fully trained "expert" MAT policies.

F4 SMAC

We use the public dataset provided by [31]].
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G Matrix Game Results

In Table[6] we show results for the converged policies in the Matrix Game presented in Section [5]of
the main text and shown again in Figure [6]

A B
AL O 1
Bl 1 [-2

Figure 6: XOR Game with Penalty

As expected, all algorithms converge to the optimal action AB for the dataset D(,). However,
AlberDICE is the only algorithm which can choose the optimal action deterministically for all 4
datasets, showing robustness even when the environment has multiple global optima and the dataset
is generated by a mixture of diverse policies. Here we can consider any dataset containing both AB
and B A as a mixture of diverse data collection policies where the two agents cooperate to select the
optimal actions but in different ways. For OMAR, we see that it is able to learn the optimal policy
for D). However, as discussed in the Introduction of the main text, OMAR degenerates to the
sub-optimal action BB for dataset D) because each agent acts independently and assumes the other

agent chooses the individual action A with a % probability. Finally, we also note that BC can fail and
converge to OOD joint actions even in D,y where the dataset is optimal.

A B A B A B A B
Be A[0.00TT.00] [0257024] [045[022] [02570.26
B[0.0010.00] [0267025]| [022[0.1T] [0.24]0.25
Dq) D) Dy Da)
A B A B A B A B
10 A[0.00TT.00] [1.0070.00] [0.0070.00] [T.0070.00
B [0.00/0.00] [0.0070.00] [0.00[T.00] [0.0010.00
D(a) D) Dy Da)
A B A B A B A B
oMag  A[000]T00] [0.00[0.00] [0.00]0.00] [T.00[0.00
B [0.00]0.00] [1.0070.00] [0.00{T.00] [0.0010.00
D(a) D) Do) Dqay
A B A B A B A B
AT000[T.00] [0257024] [025]025] [0.250.26
MADTKD 576010001 [0261025| [0251025| [0.2410.25
D(a) D) Dey D(a)
A B A B A B A B
. A[0.00TT.00] [0257024] [0257025| [02570.26
OptiDICE 576070001 [0261025| [0.257025| [0.2410.25
D(a) D) Dey Day
A B A B A B A
A[0.00TT.00] [0.00[0.00] [0.00[T.00] [0.00]T.00
AlberDICE 5365610001  [1.0010.00] [0.0010.00] [0.0010.00

' Da D) - Dy Dy
Table 6: Policy values after convergence for the Matrix Game in Flgure The policy values are calcu-

lated by multiplying the individual policy values for each agenti.e. m = m; X ma. The datasets consist
of D,y = {AB}, Dy = {AB, BA}, D(oy = {AA,AB,BA}, D4 = {AA,AB, BA, BB}.
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H Bridge Policy Visualizations

The visualizations for learned policies of AlberDICE, OptiDICE, ICQ, OMAR, BC, and MADTKD
are shown for all state possibilities. From Figure[7] it is clear that AlberDICE is the only algorithm
which reliably chooses a deterministic action (Left, Left) at the initial state. However, since the
visualizations are provided for the optimal dataset which has a small coverage of states, the policy
values may still be sub-optimal at OOD states. The results for OMAR in Figure[T0|shows that the
agents are acting independently without regard for the other agents, and converges to (Left, Right) at
the initial state which results in a collision. Finally, we note that the visualizations for MADTKD
may not exactly correspond to the policy values used in the experimental results in Section[5] This is
because MADTKD uses a history-dependent Transformer policy and it is not clear how to visualize
the policy values depending on the history. The visualizations shown in Figure[IT]assume that each
agent is at the given state in the initial timestep, which is different from encountering that state after
many timesteps. Nonetheless, the results for the true initial state shown in the central portions of the
figure are consistent with the quantitative results in Section 5]
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Figure 7: Policy Visualizations for AlberDICE on the Bridge (Hard) environment for the optimal dataset where
the arrows show the probability of choosing a particular action given that the other agents are in e and e for
agents 1 and 2, respectively.
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Figure 8: Policy Visualizations for OptiDICE on the Bridge (Hard) environment for the optimal dataset where
the arrows show the probability of choosing a particular action given that the other agents are in e and e for
agents 1 and 2, respectively.
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Figure 9: Policy Visualizations for ICQ on the Bridge (Hard) environment for the optimal dataset where the
arrows show the probability of choosing a particular action given that the other agents are in e and e for agents 1
and 2, respectively.
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Figure 10: Policy Visualizations for OMAR on the Bridge (Hard) environment for the optimal dataset where the
arrows show the probability of choosing a particular action given that the other agents are in e and e for agents 1
and 2, respectively.
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Figure 11: Policy Visualizations for MADTKD on the Bridge (Hard) environment for the optimal dataset where
the arrows show the probability of choosing a particular action given that the other agents are in e and e for
agents 1 and 2, respectively.
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Figure 12: Policy Visualizations for BC on the Bridge (Hard) environment for the optimal dataset where the
arrows show the probability of choosing a particular action given that the other agents are in e and e for agents 1
and 2, respectively.
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I Additional Ablation Results

Here we show ablation results for hyperparameter o which controls the degree of conservatism.
Table[/|shows that AlberDICE is not too sensitive to the hyperparameter « as long as it is within a
reasonable range.

a | 0001 | o0l | o1 | 1 | 10 | 100 | 1000

CA_(I}IVaIi (SRF) 0.00+0.00|0.08 £0.11{0.82+0.03 |0.84 +0.06|0.78 £0.09 | 0.78 £ 0.11 | 0.79 £ 0.11

Com(‘]i\‘;rz(sg)mc) 0.00 + 0.00 | 0.00 + 0.00 | 0.92 +0.02 | 0.97 + 0.01 | 0.95 + 0.03 | 0.92 + 0.03 | 0.91 + 0.04

Table 7: Ablation Study for Conservatism Hyperparameter « (over 3 random seeds)

J Implementation Details

J.1 AlberDICE for Dec-POMDP

While our paper focuses on MMDPs, our experimental results show that we can extend AlberDICE to
Dec-POMDPs G = (N, S, A, r, P, po,7, 2, O) by using partial observations and a history-dependent
policy in place of a state-dependent policy for each agent. In Dec-POMDP, each agent ¢ observes
individual observations o; € §2 which is given by the observation function O : § x A — Q. Each
agent makes decision based on the observation-action history 7; € (Q x A)!=! x (), where each
agent’s (decentralized) policy is represented as ; (a;|7;).

For the Matrix Game, Bridge and GRF, we used an MLP policy since the partial observations for
each agent correspond with the global state (i.e., each individual policy is conditioned only on its
current observation o;, rather than the entire history). For Warehouse, each individual policy uses the
partial observations as input, which is the 3x3 neighborhood surrounding each agent. We utilize a
Transformer-based policy in order for the agent to condition on the history of local observations and
actions, while speeding up training in comparison to Recurrent Neural Networks (RNNs). This same
Transformer-based policy is used for all baselines as well.

During centralized training, AlberDICE uses the global state s for training 77 (a_i|s, a;), v, (s),

and ey, (s, a) for all environments, where its training procedure is identical to the MMDP training
procedure described in Appendix [E.3] Only the policy extraction step is different for Dec-POMDP,
where each agent’s history-dependent policies are trained by:

min _E('ri,ai)GD [log ﬂi (ai|7'i)] (49)

i

- s i(ai\n)
minEya,7en [Z T, (@il i) (= ey, (s,a;) + alog %)] (50)

J.2 Hyperparameter Details

We conduct minimal hyperparameter tuning for all algorithms for fair comparisons. It is also worth
noting that in offline RL, it is important to develop algorithms which require minimal hyperparameter
tuning [23]]. We chose the best values for « for both AlberDICE and OptiDICE between [0.1, 1, 5, 10]
on N=2 (Tiny) for RWARE and RPS (2 agents) for GRF. The best values were then used for all
scenarios thereafter. The final values used were a = 0.1 (GRF) and o = 1 (RWARE) for AlberDICE
and o = 1 (GRF, RWARE) for OptiDICE. We found that the performance gaps between different
hyperparameters were minimal as long as they were within a reasonable range where training is
numerically stable.

For ICQ [40], we found that the algorithm tends to become numerically unstable after a certain
number of training epochs even with sufficient hyperparameter tuning due to the exploding Q values,
especially in the GRF and SMAC environment.
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K Computational Resources

For Warehouse experiments, we utilized a single NVIDIA Geforce RTX 3090 graphics processing
unit (GPU). The experiments for running AlberDICE took 5H, 14H, and 29H for 2, 4, 6 agent
environments, respectively.
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