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Abstract

We extend path analysis by showing that, for a singly-connected path diagram, the partial covari-
ance of two random variables factorizes over the nodes and edges in the path between the variables.
This result allows us to determine the contribution of each node and edge to the partial covariance.
It also allows us to show that Simpson’s paradox cannot occur in singly-connected path diagrams.
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1. Introduction

To ease interpretation, linear structural equation models are typically represented as path diagrams:
Nodes represent random variables, directed edges represent direct causal relationships, and bidi-
rected edges represent confounding, i.e. correlation between error terms. Moreover, each directed
edge is annotated with the corresponding coefficient in the linear structural equation model, a.k.a.
path coefficient. Likewise, each bidirected edge is annotated with the corresponding error correla-
tion. A path diagram also brings in computational benefits. For instance, the covariance o xy of
two random variables X and Y can be determined from the path diagram. Specifically, o xy can be
expressed as the sum over the paths from X to Y of the product of path coefficients and error covari-
ances of the edges in the path (Wright, 1921; Pearl, 2009). Hence, the covariance factorizes over the
edges and nodes in the paths. In this work, we develop a similar factorization for the partial covari-
ance oxvy.z in singly-connected path diagrams, i.e. the underlying undirected graph is a tree and,
thus, no undirected cycle exists. While path analysis in a singly-connected path diagram determines
the contribution of each node and edge to the covariance, our results determine the contribution of
each node and edge to the partial covariance. Moreover, we use our results to show that Simpson’s
paradox cannot occur in singly-connected path diagrams. For path diagrams, Simpson’s paradox
can be described as the reversal of the sign of the regression coefficient of a random variable Y on
a second variable X upon conditioning on a set of variables Z (Pearl, 2009, 2014).

Some previous works have certainly studied measures of association for singly-connected path
diagrams, or for Gaussian random vectors in general. However, none of these works develop a fac-
torization of the measure of association, as we do in this work. For singly-connected path diagrams,
Chaudhuri and Richardson (2003) and Chaudhuri (2005) identify sufficient conditional indepen-
dencies for ordering some squared partial correlation coefficients. Chaudhuri (2014) extends these
results to general Gaussian random vectors. Chaudhuri and Tan (2010) report similar general results
for absolute values of partial regression coefficients. Finally, Ong (2014) proves similar results for
(signed) partial covariances, correlation coefficients and regression coefficients for singly-connected
path diagrams and general Gaussian random vectors. In Section 5, we discuss further the work by
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Ong. Finally, it should be mentioned that Pearl (2014) identifies three singly-connected path dia-
grams that cannot lead to Simpson’s paradox. Our results are stronger, as we show that Simpson’s
paradox cannot occur in any singly-connected path diagram.

The rest of this work is structured as follows. Section 2 presents our factorization of partial
covariances for singly-connected path diagrams with no colliders. Section 3 demonstrates our fac-
torization on some examples. Section 4 extends the factorization to diagrams with colliders. Section
5 shows that our factorization implies that Simpson’s paradox cannot occur in singly-connected path
diagrams. Section 6 closes with some discussion.

2. Paths without Colliders

In this work, we make extensive use of the following recursive definition of the partial covariance of
two random variables X and Y given a set of variables Z and a variable W such that X, Y ¢ ZuW
(Anderson, 2003, Section 2.5.3):
OXW-ZOWY-Z
OXYZW =0XY-Z — —— 5 (1)
ow.z

where, for simplicity, we use juxtaposition to denote union. Note that X and Y may be the
same random variable, in which case the expression above corresponds to the partial variance
ag(. 7w = 0xx.zw. Recall that the partial (co)variances coincide with the conditional (co)variances
for Gaussian random vectors.

We continue by recalling the separation criterion for path diagrams (Pearl, 2009, Section 1.2.3).
For simplicity, we do not make any distinction between the nodes in the path diagrams and the
random variables that they represent. Given a path 7mxy from a node X to a node Y in a path
diagram, a node C'is a collider in wxy if A o> C <o B is a subpath of 7xy, where > means — or
<. Given a set of nodes Z, mxy is said to be Z-open if

* every collider in 7wxy is in Z or has some descendant in Z, and
* every non-collider in 7xy is outside Z.

If there is no Z-open path from X to Y (which we denote as X 1 Y|Z), then we can readily
conclude that X and Y are conditionally independent given Z in the joint normal distribution rep-
resented by the path diagram and, thus, oxy.z = 0 (Pearl, 2009). If on the other hand there is a
Z-open path from X to Y (which we denote as X [ Y|Z), we assume in this section that it has no
colliders, and defer the case with colliders to the next section.

When X [ Y|, it is known from path analysis that the covariance oxy of two standardized
random variables X and Y can be expressed as the sum for every @-open path from X to Y of the
product of the path coefficients and error covariances of the edges in the path (Wright, 1921; Pearl,
2009). For non-standardized variables, one has to multiply the product associated to each path with
the variance of the root variable in the path, i.e. the variable with no incoming edges. A path can
have no root variables (X < Z - -+ > Y or X « - « Z «& W — --- - Y)) or one root variable
(X >s>YorX« cZ—>-sY).

When X [ Y|Z with Z # @&, one may think that oxy.z can be obtained by first applying
path analysis to obtain an expression for oxy and, then, modifying this expression by replacing
(co)variances with conditional (co)variances given Z. However, this is incorrect as the following
example shows.
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Figure 1: Path diagrams in Example 1.

Example 1 Consider the path diagram (i) in Figure 1, which corresponds to the following linear
structural equation model.:

X =ex
Y=OzX+6y
Z=(5Y+€Z.

Consider representing the error terms explicitly in the diagram, which results in the path diagram
(ii) in Figure 1. Then,

oxy =cov(X,aX +ey) = aag( +cov(X,ey) = aag(
where the last equality follows from the fact that cov(X, ey ) = 0 since X 1 ey|@. However,
oxy.z = cov(X,aX +ey|Z) = ack , + cov(X,ey|Z) # ac%

where the last inequality follows from the fact that cov(X,ey|Z) # 0 in general, since X [ ey|Z
because Z is a descendant of Y, which is a collider in the path from X to ey.

For singly-connected path diagrams, the following two theorems show how to obtain oxy.z
from oxy. Interestingly, oxy.z can still be written as a product over the nodes and edges in the
path. See Appendix A for the proofs. Hereinafter, we use the following notation. The parents of a
node X are Pa(X) = {Y|Y - X}. The children of X are Ch(X) = {Y|X — Y'}. The spouses of
Xare Sp(X) ={Y|X <« Y}.

Theorem 1 Let mxy be of the form X = X, < -« Xg <« X| - Xjpe1 &> > Xppan = Y
or X =Xy > X9 > - > Xyun = Y. Let Z' be a set of nodes such that each is connected to
Pa(X;) uSp(X;) by a path that does not contain any node in wxy." Let Z; be a set of nodes such
that each is connected to Ch(X;) by a path that does not contain any node in wxy. Let Zii = Z;uZ"
and Z{ = Z{ U+ U Z!. Then,

IXY-Zigin T OXY T 3

where o xy is obtained by path analysis.

1. Tt suffices that each node in Z" is connected to one node in Pa(X;)uSp(X;). The connecting path may be of length
zero. The path does not need to be open with respect to any set of nodes.
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Theorem 2 Let mxy be of the form X = X,;, « - « Xo <« X1 & X1 > > Xppin =Y
orX =X, o Xo = > Xppan = Y. Let Z' be a set of nodes such that each is connected to
Pa(X;) u Sp(X;) by a path that does not contain any node in wxy. Let Z; be a set of nodes such
that each is connected to Ch(X;) by a path that does not contain any node in wxy. Let Zf = Z;uZ"
and Z{ = Z} u---u Z!. Then,

2
X2 2
Oxy-zlimin = OXY [T

-t o e .
=l O,z

where o xy is obtained by path analysis, and lefg =@.

We demonstrate the theorems above on some examples in the next section. Before that, note that
the numerator and denominator of the partial variance ratio in the theorems above only differ in that
the conditioning set of the former is a superset of the conditioning set of the latter. Thus, the ratio is
never greater than 1, since conditioning never increases the variance of a random variable. There-
fore, the theorems above show that the partial covariance between two nodes can be computed by
multiplying the expression for the covariance given by path analysis with a product of partial vari-
ance ratios that account for the reduction of the partial variances of the variables in the path between
the two nodes. Thus, like the covariance, the partial covariance factorizes over the nodes and edges
in the path. Moreover, the partial covariance is never greater than the covariance. However, both
share the same sign, i.e. conditioning does not change the sign of the covariance. This implies that
if two nodes X and Y are connected by a path of the form X — --- - Y, then conditioning does
not change the sign of the regression coefficient of Y on X and, thus, of the causal effect of X on
Y. This observation will be instrumental in proving in Section 5 that Simpson’s paradox does not
occur in singly-connected path diagrams. The following corollary is immediate.

Corollary 3 Let mxy be of the form in Theorems I or 2. Moreover, let wxy be open with respect
to the sets of nodes U and V. Then, sign(oxy) = sign(oxy.r) = sign(oxy.v).

The expressions in the theorems above can be simplified by removing irrelevant variables from
the conditioning set prior to applying the theorems. Specifically, let T" = lefn";:,’}, and let I =
{I1,...,I} denote all the nodes in T" such that X uY L L|T ~ I;. Then, X uY 1 I|T'~ 1
by repeated application of the intersection property (Studeny, 2005, Proposition 2.1) and, thus,
oxy.T = oxy.T~I. In other words, I contains irrelevant nodes. As a matter of fact, I contains all
the irrelevant nodes. To see it, assume to the contrary that there exists a second set of nodes I’ ¢ I
such that X uY L I'|T'~ I'. Then, X uY 1 I}|T'\ I} for all I} € I" by the weak union property
(Studeny, 2005, Lemma 2.1), which contradicts the definition of I.

To sum up, the relevance of the theorems above lies in that they somehow complement path anal-
ysis: While path analysis in a singly-connected path diagram determines the contribution of each
node and edge to the covariance o xy, the theorems above determine the contribution of each node
and edge to the partial covariance o yy-. Zlmin. Specifically, the theorems indicate whether the con-
tribution of each node and edge to the covariance changes by conditioning and, if so, by how much.
For example, consider Theorem 1 and let mxy be of the form X = X; - X9 - -+ - X0 = Y.
It follows from the theorem that the contribution of each edge in 7mxy to the covariance and partial
covariance is the same, namely the corresponding path coefficient. It follows from path analysis



FACTORIZATION OF THE PARTIAL COVARIANCE IN SINGLY-CONNECTED PATH DIAGRAMS

x-o., Py 1% X%y | x—2y
| I [s ] b
1174 x4z "y zZ | z
(1) (ii) (iii) (iv)

Figure 2: Path diagrams in Examples 2 and 3.

that the contribution of X to the covariance is agﬁ. The theorem shows that this contribution gets
2
g 1
reduced by a factor of j% % when conditioning on Z;. Likewise, the contribution of X5 to the
X1

21

g
. . . o z2 e
covariance is 1. This contribution gets reduced by a factor of ———2 when conditioning on Z22.
xX..z172

This indicates that conditioning on Z? may change the variance of X5 but it does not constrain
X5 so as to alter the contribution of X5. Conditioning on Zs, on the other hand, has the opposite
effect. Likewise for the rest of the nodes in 7xy. This fine-grained analysis is not possible with the
recursion in Equation 1.

3. Causal Phenomena Explained

In this section, we demonstrate Theorems 1 and 2 on some examples that shed light on some causal
phenomena. The examples are borrowed from Pearl (2013), who studied them using Equation 1.
The objective of this section is purely illustrative. That is, we do not compare our explanations and
those by Pearl (2013), as our theorems and Equation 1 address different problems.

Example 2 Consider the path diagram (i) in Figure 2. The causal effect of X on'Y is given by
the regression coefficient vy x = af. Since W does not lie on the causal path from X to'Y, one
may think that the causal effect of X on'Y is also given by the partial regression coefficient ry x.yv,
which can be computed from the subpopulation satisfying W = w for any w. However, this is
incorrect as shown by Pearl (2013, Section 3.2). We arrive at the same conclusion as Pearl (2013)
by applying Theorem 1 with X1 = X, Xo = Z,X3=Y,Z1 = 7> = 73 = Z3 = @, and Z3 = {W},

which gives that
0% 0% 02
_ X“ZW~ YW
OXYy W =0XYy D) D) B .
9% 9z %yw

Moreover, oxy = ag(aﬂ by path analysis. Then,

2 2

_IXYW _ Ox 9zw
TyYXw = B =« P} D)
g g g

XW XW Z

and, thus, ry x.w # a8 unless v =0 or a = oz /o x. To see it, note that

2 2 2 2 2.2
s o oxwowx o (oyay)® 5o —oxa’y
UX-W_UX_—O_Q =0x -~ 02 =0x o2

W w w
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and, similarly,

2 2. 2
2 2 (0w —9z%
Ozw =0z o2

w

Then,

ifand only if y =0 or o= oz/ox.?

As also shown by Pearl (2013, Section 3.2), no bias is introduced when conditioning on W in
the path diagram (ii) in Figure 2. We arrive at the same conclusion as Pearl (2013) by applying
Theorem 1 with X1 = X, Xo=Z,X3=Y,Z] = Z3 =@, and Z* = Z2 = {W'}, which gives that

2 2 2
OXY W = O'XYU_g( Uf'W U§'W.
Ox 9zw oy.w

Moreover, oxy = Jg(aﬁ by path analysis. Then,

2
_OXYyw _ Ox _
TYXW = — 5 =af—5"—=ap
Ixw Ix.w

where the last equality follows from the fact that X 1 W|@ and, thus, ag( = O'g(.w.

Example 3 Consider the path diagram (iii) in Figure 2. The causal effect of X on'Y is given by
ryx = . As shown by Pearl (2013, Section 3.3), conditioning on Z introduces a bias. We arrive at
the same conclusion as Pearl (2013) by applying Theorem 1 with X1 = X, X3 =Y, le =72 =g,
and Z2 = {Z}, which gives that

2 2
_ Ox %z
OXY-Z=0XY 5 —5 -
9% Oy
Moreover, oxy = 03(04 by path analysis. Then,
OXY-Z 0%( 052/ Z
ryx.z = 2 = 2 2 . (2)

Ox.z Ox.z Oy

and, thus, ry x.z # o unless § = 0 or « = oy Jox as shown in Example 2. In summary, the causal
effect of X on'Y cannot be computed from the subpopulation satisfying Z = z because ry x.z * Q.
However, if O'g( and O'% are known, then the causal effect can be computed from that subpopulation
by correcting ry x.z as shown in Equation 2.

As also shown by Pearl (2013, Section 3.3), no bias is introduced when conditioning on Z in
the path diagram (iv) in Figure 2. We arrive at the same conclusion as Pearl (2013) by applying
Theorem 1 with X1 =X, X5 =Y, le ={Z}, and 72 = 222 = @, which gives that

2 2
OXY-Z = 0XY UXQ'Z a;/'Z~
ox 9.z

2. The effect of setting v = 0 on 7y x.w is as follows. Setting v = 0 is equivalent to removing the edge Z — W from
the path diagram (i) in Figure 2, which implies that ry x.iww = af. The effect of setting @ = oz/ox on ryx.w
is as follows. The path diagram (i) in Figure 2 corresponds to a model that contains the linear structural equation
Z = aX + ez with X L ez|@. Then, 0% = a’c% +var(ez) and, thus, var(ez) = 0 when a = oz/ox, ie. Z is
completely determined by X. In other words, the diagram (i) in Figure 2 reduces to the diagram (iv), which is studied
in Example 3.
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Moreover, oxy = ag(a by path analysis. Then,

_OXY-Z _
"YX.Z =" — =
Ox.z

The examples above show that conditioning on a child of a mediator or on a child of the effect
introduces a bias in the estimation of the causal effect of interest. Appendix B illustrates with
experiments how this bias may lead to suboptimal decision making. On the other hand, the examples
above show that conditioning on a parent of a mediator or on a child of the cause does not introduce
any bias, which implies that the causal effect of interest can be computed from the corresponding
subpopulation.

For completeness, we show below that conditioning on a parent of the cause or on a parent of
the effect does not introduce any bias.

Example 4 Consider the path diagram (ii) in Figure 2. The causal effect of Z on'Y is given by
ryyz = . We conclude that ry 7w = 8 by applying Theorem 1 with X1 = Z, X5 =Y, le ={W},
and 7Z? = Z22 = @. Specifically,

2 2
_ 9zw %Y w
OZYW =02y ——5 5 -
9z Oyv.w
Moreover, o7y = o%ﬂ by path analysis. Then,
_OZYy.\w _
Tyzw = P} = B
Ozw

This result also follows from the first rule of do-calculus (Pearl, 2009, Section 3.4).

Consider again the path diagram (ii) in Figure 2. The causal effect of X on Z is given by
rzx = a. We conclude that vz x.w = o by applying Theorem 1 with X1 = X, Xy = Z, le =@, and
72 = 73 = {W}. Specifically,

2 2
OXZW = UXZU—;((T?—'W-
ox 9zw

Moreover, ox 7 = O%(Oé by path analysis. Then,
2
OXzw _ = Ox

rzxw = D) D)
Ox.w Ox.w

=

where the last equality follows from the fact that X 1 W |@ and, thus, O'g( = U%W. We can arrive at
the same conclusion by applying the definition of partial covariance. Specifically,

B OXWOWZ _
OXZW =0XZ =~ 35— =0XZ
W

because X L W|@ implies that o xyw = 0.

Finally, the example below shows that Theorems 1 and 2 may be of help even when the path
diagram at hand is not singly-connected. The example is borrowed from Pearl (2013).
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Figure 3: Path diagrams in Example 5.

Example 5 Consider the path diagram (i) in Figure 3. Let us denote it by G. Moreover, let G*
denote the diagram that results when the edge X — Y is deleted from G. Since X LY |U holds in
G, we have that o = ry x.i7 (Pearl, 2009, Theorem 5.3.1). However, if U is unobserved then ry x.u
cannot be computed. Assume that the proxy Z of U is observed and, thus, ry x.z can be computed.
Of course, o + ry x.7 because X 1 Y|Z does not hold in G*. However, Pearl (2013, Section 3.11)
shows that the bias introduced by adjusting for Z instead of U vanishes as the correlation between
U and Z grows, i.e. when Z is a good proxy of U. The same occurs in the path diagram (ii) in
Figure 3.

Although the path diagrams in Figure 3 are not singly-connected, we can still use our results to
reach the same conclusions as Pearl. Since the covariance of X and Y may differ in G and G,
we use oxy for the former and o< for the latter. For the same reason, we distinguish between
oxy.z and 0%y ,. Since the variance of U is the same in G and G, we simply denote it as
ag. For the same reason, we use 012} 5 to denote the partial variance of U given Z in both G
and G®. Note that checking whether X 1 Y|Z holds in G* is equivalent to checking whether
0%y.z = 0 holds. Since G is a singly-connected path diagram, we can apply Theorem 1 and
conclude that 0%y, = U‘)X(YU?],Z/U?J. This implies that, although conditioning on Z does not
nullify the covariance of X and Y in G, it does reduce it. Moreover, the greater the correlation
between U and Z, the greater the reduction and, thus, the closer ry x.z comes to o. We illustrate
this with some experiments in Appendix C.

4. Paths with Colliders

In this section, we address the case where wxy has colliders. Specifically, let mxy be Z-open.
Given a collider C' in mxy, an opener is any node W € Z such that C' = C}; - --- - C), = W and
Ci,...,Cn_1 ¢ Z. Note that C'is an opener if C' € Z.

Theorem 4 Let C be a collider in wxy. Moreover, let wxy be closed with respect to Z but open
with respect to Z U lefﬁ U Wi., where (i) W1, ..., W, are openers for C, (ii) Z' is a set of nodes
such that each is connected to Pa(W;) u Sp(W;) by a path that does not contain any node in
Xy Or Tow;, (iii) Z; is a set of nodes such that each is connected to C h(W;) by a path, and (iv)
lez’ij =Z10--0Z;uZ U U ZI. Then,

N OXW; 228 Wi OW,Y-Z 250 Wiy
OXY-ZZimWyy, = 7 > )

i— o .
i=1 Wi Z 2 Wi

where Z5t = Z1 and W1 = @.
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Figure 4: Path diagram in Example 6.

In the theorem above, if mxy, has some collider then o xyy..» ZV Wi is obtained by recur-
sively appllying the theorem to 7 XWi- When mxw; has no colliders, o yyy. 2V Wi is obtained
as shown. in Theo.rems 1 and 2. lee\ylse for mw,y and oyy,y.» 21 Wi Example 6 demon-
strates this recursive procedure. Specifically, let mxy have colliders C,...,C), where C; has
openers W; = {Wj1,...,Wi,.}. Then, the recursive procedure just described allows us to write

OXY-ZZEn Wi, 88

JXol-Uol 0-0102~U01:2 O-Ok,lolgUol:k O-OkY~U01:k

k
(-1) Z Z 2 2 2 2 “)
o o o o
O1eW; OreWy 01~U01 02~U01:2 Okfl'Uolzk Ok'UOl:k
for some sets of nodes Up,,Uo,,,---,Uo,,. In other words, the partial covariance decomposes

as a sum over the different ways of opening mxy, and each term in the sum is a product of calls
to Theorems 1 and 2. Then, each term in the sum factorizes over the nodes and edges of wxy.
This resembles how path analysis on unconstrained path diagrams decomposes the covariance of
two random variables over the different @-open paths between them. We demonstrate the theorem
above with an example.

Example 6 Consider the path diagram in Figure 4. Then, the partial covariance o xy . Z Wi
can be computed with the help of Theorem 4 with Z = {C"'}. Specifically,

OXWh-C'Z 0w, y-crzt TXWoC'Z W OWaY-C' Z1Wh
OXY.-C'ZI1Wio =~ o2 - o2 .
Wi-C'Z1 Wa-C' ZIW,
Moreover, o xw,.crz1 and o xyy,.cr 71w, can be computed as shown in Theorem 1. On the other
. . . _ 1
hand, oy, y.crz1 and o,y .o Zlw, can be computed by applying Theorem 4 again with Z = {Z"}
and Z = Z} u {W1}, respectively. Specifically,

O-ch/.Zl O'Cly,Zl

ow,y-.c'z! = — 2
UC’-Zl
and

OW,Cr-ztw, 9 Cy -z w,

OW,y-c'Ziwy =~ g
c’ -le W1

where the partial covariances in the numerators can be computed as shown in Theorems 1 and 2.

Putting all together, we have that

IXW-C' 20 OWiCrz1 9cry-zt IXWo-C' ZE W1 OWoC-Zi W, O C'Y - 21 Wy

OXY-C'ZIWyp =

P 2 2 2
Twy.cr 219 ¢ 21 TWy-cr 21wy C ezt

which confirms Equation 4 and the discussion thereof.
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5. Simpson’s Paradox

In this section, we use the theorems developed in the previous sections to show that Simpson’s
paradox does not occur in singly-connected path diagrams. For path diagrams, Simpson’s paradox
can be described as the reversal of the sign of the regression coefficient of a random variable Y on
a second variable X upon conditioning on a set of variables Z. Note that this is a generalization
of the definition by Pearl (2013, 2014), who restricts Z to a singleton. Pearl (2013, Section 3.1)
shows that the paradox can well occur for the path diagram X — Y « Z — X. Note that the
diagram is not singly-connected. Pearl (2014, Section 2.2) argues that the paradox does not occur
for the singly-connected path diagrams Z <~ X - Y, Z - X - Y,and X - Y « Z, because
the association between X and Y is collapsible over Z. However, the correctness of this statement
depends on the definition of association. To see it, recall from Pearl (2009, Definition 6.5.1) that
given a functional g(p(x,y)) that measures the association between two random variables Y and
X in p(x,y), we say that g is collapsible over a variable Z if

E.[g9(p(z,yl2))] = g(p(z,y)).

If we now consider the diagram Z < X — Y and let g be the covariance between Y and X, then
collapsibility does not hold since

E.[9(p(2,y|2))] = E:[coo(X,Y|Z = 2)] = coo(X, Y|Z) = oxy.z # oxy = 9(p(x,y))

where the second equality follows from the fact that the conditional covariance does not depend
on the value on which we condition, and the inequality is proven in Example 3. Similarly for the
diagram Z — X — Y as shown in Example 4. For the diagram X — Y <« Z, on the other hand,
collapsibility does hold as shown in Example 4. If we instead let g be the regression coefficient of
Y on X, then collapsibility holds for the three diagrams under consideration, as shown in Examples
3 and 4. Moreover, Pearl (2014) does not discuss if Simpson’s paradox can occur for the diagram
X - Y — Z. Recall that Example 3 shows that collapsibility does not hold for this diagram,
regardless of whether association means covariance or regression coefficient. Pearl does not discuss
either the case of singly-connected path diagrams where X and Y are connected by a path of length
greater than one with and without colliders, or the case where the conditioning set contains more
than one variable. We fill these gaps below.

Note that Simpson’s paradox concerns the sign of the regression coefficient of a random variable
Y on arandom variable X upon conditioning on a set of variables Z or, equivalently, it concerns the
sign of the covariance between X and Y upon conditioning on Z. Therefore, we are interested in the
collapsibility of the sign rather than in the collapsibility of the regression coefficient or covariance.
Corollary 3 implies that conditioning does not change the sign of the covariance for paths without
colliders. The following theorem shows that this also holds for paths with colliders. Consequently,
Simpson’s paradox cannot occur in any singly-connected path diagram.

Theorem 5 Let wxy be open with respect to the sets of nodes U and V. Then, sign(oxy.y) =
sign(oxy.v).

Note that the result above is actually stronger than required to disprove Simpson’s paradox,
because U may neither include nor be included in V.

10
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It is worth mentioning that Ong (2014, Theorem 6.6) proves the theorem above by other means
when U and V only contain descendants of the colliders in mxy. Ong states that the proof can be
extended to include other conditionates, as in our theorem. However, since he does not provide the
details, we believe that our proof fills some gap. Moreover, Ong does not discuss the relevance of
this result for disproving Simpson’s paradox. Therefore, our discussion above fills some gap, too.

6. Discussion

In this work, we have extended path analysis by showing that, for a singly-connected path diagram,
the partial covariance of two random variables factorizes over the nodes and edges in the path
between the variables. This result applies even when the path contains colliders. We find the case
where the path has no colliders particularly interesting, since then the partial covariance can be
computed by multiplying the expression for the covariance given by path analysis with a product
of partial variance ratios that account for the reduction of the partial variances of the variables in
the path. Moreover, these results have allowed us to show that Simpson’s paradox cannot occur in
singly-connected path diagrams. Naturally, we would like in the future to extend our results beyond
singly-connected path diagrams. Appendix E presents a first attempt in this direction.
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Appendix A. Proofs of Sections 2-5

Recall that in all the results in this appendix the path diagram is assumed to be singly-connected.

Lemma 6 Let S be the root node in a path wxy without colliders, i.e. A < S - Bor S - B is
a subpath of txy. Note that S = X or S =Y in the latter case. Let W be a set of nodes such that
each is connected to Pa(S) u Ch(S) u Sp(S) by a path that does not contain any node in Txy.

Then,
2
0s.zw
5

OXY-ZW = OXY.-Z
0s.7

Proof Assume that W is a singleton. Consider first the case where A < S — B is a subpath of
mxy. Note that X 1 W|Z u S. Then,

0XS-Z0SW-Z
O=oxwzs=0xwz-——%5
95.z
which implies that oxw.z = dxs.z0sw.z Where 0xg.7 = st.z/dgv.z. Likewise, Y L W|Z u S
implies that oy .z = dys.zosw.z where dy 5.z = oys.z/ Jg_ . Likewise, X 1Y|Z u S implies that

B ~ 0XS-208Y-Z
O=oxyzs=0xyz-—%5
957

which implies that o xy.z = dx5.z0vs. Za?g. - Therefore,

OXW-ZOWY-Z

OXY.ZW = OXY.-Z — 5
w.z
_ 9 0x5.20sw.z0yvs.205W .7
=0x5.20v5.205.7 — S
Ow.z
_ 9 OSW.ZOSW.-Z
=0xs5.20vs.z\057 — ——5——
Ow.z
0%
2 ZW
=0x5.20YS.205. 2w = OXY.Z2 5.
052

Now, consider the case where S — B is a subpath of 7xy. Assume without loss of generality
that S = X. Note that Y L W|Z u X. Then,

B B OYX-ZOXW-Z
O=oywzx=oywz-——>5
9%z

12
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which implies that
OYX-ZOXW-Z

oyw.z = 5
Ox.z
Therefore,
OXW.-ZOWY-Z OXW.-ZOYX-ZOXW.-Z
OXY-ZW =O0XY-Z~ 5 =0XY.Z~ 5 3
Ow.z Ow.z9x.7
B | OXW-ZOXWZ\ _OXYZ( 2 _ OXW-Z20XWZ
=0XY-Z 0_2 0_2 = 02 Ox.7 —02
w-z9x.z X.Z w-z
2
_ OXxX.zw
Ox.z

Repeated application of the paragraphs above proves the result for when W is a set. Specifically,
let W ={W1,...,W,}. Then,
2
B 95.2wW,
OXY-ZW1 = OXY-Z— 5
957

by replacing W with W7 in the paragraphs above. Likewise,
2
95-ZW1Ws

OXY-ZW1Wy = OXY-ZW; 0_2
S-ZWq

by replacing Z and W with Z u {W;} and W, respectively, in the paragraphs above. These last
two results imply that

2
3 08.2W,Ws
OXY-ZW1\We =O0XY-Z— 5 -
957
Continuing with this process for W3, ..., W,, yields the desired result. |

Lemma 7 Let S be a non-root node in a path wxy without colliders, i.e. Ao~ S - Bor A S
is a subpath of mxy. Note that S = X or S =Y in the latter case. Let W be a set of nodes such that
each is connected to Pa(S) u Sp(S) by a path that does not contain any node in wxy. Then,

OXYy.ZW = 0XY-Z

if Z contains no descendants of S.

Proof Assume that IV is a singleton. Then,

OXW-ZOWY-Z

OXYZW =0XY.Z~ — 5

w.z

which implies that o xy.zw = o xy.z because oxyw.z = 0orowy.z =0since X A1 W|ZorW 1Y|Z.
Repeated application of the paragraph above proves the result for when W is a set. Specifically,

let W ={Wy,...,Wy,}. Then,

OXY-ZWy = 0XY-Z

13
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by replacing W with W in the paragraph above. Likewise,

OXY-ZW1We = OXY-ZW1

by replacing Z and W with Z u {W7} and W5, respectively, in the paragraph above. These last two
results imply that

OXY-ZW1We = OXY-Z-

Continuing with this process for W3, ..., W, yields the desired result. |

Lemma 8 Let S be a non-root node in a path wxy without colliders, i.e. Ao~ S - Bor A« S
is a subpath of mxy. Note that S = X or S =Y in the latter case. Let W be a set of nodes such that
each is connected to Ch(S) by a path that does not contain any node in 7xy. Then,
2
AL

OXY-ZW =0XY-Z— 5 -
5.7

Proof Assume that IV is a singleton. Consider first the case where A —— S — B is a subpath of
mxy. Note that X L W|Z u S. Then,

OXS-ZOSW-Z
O=oxwzs=0xwz-——5
95.7

which implies that o xw.z = 0x5.205w.z Where dsyw.z = O'SWAZ/O'%'Z. Note also that Y L W|ZuUS.

Then,
OyS-ZO0SW-Z
O=oywzs=oywz———5
0s.z

which implies that oyy.z = dys.zosw.z where dyg.z = UYS‘Z/UZV.Z~ Likewise, X 1 Y|Z us

implies that
0X8-298Y-Z

O=0oxy.zs=0xy.z— 3
o

S-Z
which implies that o xy.z = 0x5.70ys.z. Therefore,

OXW-ZOWY-Z _ _ 0x5-205W-20Y $.205W -2

OXY-ZW =0XY-Z — OXY.-Z

2 2
ow.z ow.z
2
dsw.z0sw.z\ Oxv.z({ 2  O<.z0sW.Z0sw.z
=oxy.z(1- 3 =—= 0%y — 3
w.z 052 Ow.z

2
_ 08.zw

9.z

Now, consider the case where A o S is a subpath of 7xy. Assume without loss of generality
that S =Y. Note that X 1 W|Z uY. Then,

_ _ OXY-ZOYW-Z
O=oxwzy =oxwz———%5
Oy.z

which implies that
OXY -ZOYW.-Z
OXW-Z=— 5 -
9y.z
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Therefore,
3 OXW-ZOWY-Z _ OXY.-ZOYW.-ZOWY-Z
OXY-ZW =0XY-Z~ —— 5 = 0XY.Z~ 5 3
Ow.z Oy.z2%w.z
3 OYW-ZOWY-Z\ _OXY-Z[ 2 OYW.ZOWY-Z
=oxyz(l-—%—> =73 Ovz-— o2
Ov.z%w.z Oy.z Ow.z
2
_ Oy.zw
= UXY~Z2— .
Oy.z

Repeated application of the paragraphs above proves the result for when W is a set. Specifically,
let W ={Wy,...,Wy,}. Then,
2
B 05.2w,
OXY-ZW) =O0XY-Z— 5
95.7
by replacing W with W7 in the paragraphs above. Likewise,
2
95-ZW1Ws

OXY.-ZW Wy = OXY-ZW; D)
05.2w,

by replacing Z and W with Z u {W7;} and W5, respectively, in the paragraphs above. These last
two results imply that

2
3 08.2W1Wa
OXY ZWiW2 = OXY-Z— 5 -
952
Continuing with this process for W3, ..., W, yields the desired result. |
Proof of Theorem 1 First, note that
2
Ix,.7}
O-XmeJrn-Zil = JXme+n 2
ox
1

by Lemma 6. Then, note that
O X Xman- 2122 = O Xy Xpan-Z1
by Lemma 7. Finally, note that
2
Ix,.2} 222,
OXmXmin 212222 = OXn Xmsn 21227 3
X1-2122
by Lemma 8. Continuing with this process for the rest of the nodes yields the desired result. |
Proof of Theorem 2 First, note that

JXme+n'Z1 = UXme+n

by Lemma 7. Then, note that

02

_ X1-Z17;

OXmXminZ 21 = OXpnXmanZ' ™~ 2
9x,.71
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by Lemma 8. Continuing with this process for the rest of the nodes yields the desired result. |
Proof of Theorem 4 First, note that

OXY-ZZ Wiy, = OXY-ZZE0 Wi,

OXWi-ZZE0 Wi 1 OWR Y- ZZE0 Wi

OXY-ZZ}n Win ~ o2
Wn'ZZ%;;’Ll_l Wl:n—l

OXWn ZZE Wina OWnY - Z 210 Wi

T OXY-ZZLn i Wiy

0.2
anzll;l_l Wl:n—l

because X UY L Z,|Zu Z{" [ uWy, and X UY 1L Z"Z u Z{1 U Wy.,-1. Then, the theorem
follows by recursively applying the paragraph above to o xy. z1m-1yy,, , until n—1 =0, in which
case O xy.zzln-1w,,_, = Oxy-z = 0 because X 1Y[Z. [

Lemma 9 Let wxy be a path that is open with respect to a set of nodes U. Then, the sign of o xy.u
does not depend on U, i.e. sign(oxy) = sign(ocxy.v).

Proof If mxy has no colliders, then the result follows from Corollary 3. Otherwise, consider any
collider C' in 7xy, and split U into Z U Z{:" U W7, as indicated in Theorem 4. We prove the result
by induction over the number of colliders in mxy . First, assume that C'is the only collider in 7xy .
Consider the following two cases.

Case 1. Suppose that C' is an opener for the collider C'. Then, C'is the only opener by definition and,
thus, the summation in Equation 3 reduces to

OXW,-ZZ \OW\Y-ZZ!

2
Ow,.zz1
with W7 = C.

Case 2. Suppose that C' is not an opener for the collider C. Then, note that X 1 W;|Z u Z{# | U
W1.i—1 u C for all 4. Then,

0 OXC-Z2Z5 Wiy OCWZZEE Wi
S OXW; 225 W1 C = OXW 221 Whioy — 72 _
C-ZZYi Wiy

and thus

g 1
‘ _YXCzzyi 12
OXW;ZZ) Wi =

Wiie1 CCOW;- 225 Wi

2
9C.z22Y Wi
Likewise for oyy,y.» ZY Wiy Then, each term in the summation in Equation 3 can be
. - T
rewritten as

g 1:4 g 1:4 0'2 ;
XC-ZZ5 (W1 " CY-Z 235 Wi " CWi-Z 25 Wi

2 1
Ow,.zzvi Wy, CC.zzL

11 1ii-1 Wisi-1
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In both cases above, mx¢ and 7y have no colliders and, thus, the signs of oxc.as and ooy. N
do not depend on M and NN by Corollary 3 for any sets of nodes M and N. Therefore, the sign of
OXY-ZZEM Wi is the same in both cases above and, moreover, it does not depend on ZuU Z{:" UW1.y,.

After proving above that the result holds for any path with zero or one collider, we now assume
as induction hypothesis that the result holds for any path with fewer than & colliders. To prove it for
k colliders, we simply let C be any collider in 7 xy and consider the same two cases as above. Note
that mx ¢ and mcy may now have colliders. So, Corollary 3 does not apply. However, since mx ¢
and oy have fewer than k colliders, the induction hypothesis does apply, which leads to the same
conclusions as before. |

Proof of Theorem 5 It follows from Lemma 9. [ |

Appendix B. Suboptimal Decision Making I

In this appendix, we show that the bias introduced by conditioning on a child of the effect (recall
Example 3) may lead to suboptimal decision making. We do so with the help of the following
fictitious but, in our opinion, realistic scenario. Doctor 1 and Doctor 2 both treat a certain disease
by administering approximately 5 units of drug X, i.e. X ~ N(5,0x). The doctors use different
methods to administer the drug, which we suspect affects the effectiveness of the drug. The effec-
tiveness of the drug is assessed by measuring the abundance of Y in blood, which is determined by
X, ie. Y = ;X + ey for Doctor i and ey ~ N (0,0y ). The higher the value of Y the higher the
effectiveness of the treatment. Moreover, the doctors also monitor the abundances of Z and W in
blood, which are determined by respectively X and Y, specifically Z = X + ez and W =Y + ey
for both doctors and €z ~ N'(0,07) and ey ~ N (0,0 ). The doctors divide the treatments into
ordinary and extraordinary. Specifically, Doctor 1 declares the treatment ordinary when 4 < Z < 6,
and Doctor 2 when 4 < W < 6. The doctors share with us data only about ordinary treatments. They
believe that extraordinary treatments may lead to new findings about the disease at hand and, thus,
they are not willing to share them as of today.

The problem above can be rephrased as follows. We want to estimate o in the following path
diagram (Doctor 1) from a sample of the subpopulation satisfying 4 < Z < 6:

aq
X—Y
I
A

We also want to estimate o in the following path diagram (Doctor 2) from a sample of the subpop-
ulation satisfying 4 < W < 6:

|1
w

As discussed in Example 3, the estimate of «;; will be unbiased, whereas the estimate of ais will be
biased. This may make us recommend the suboptimal doctor to future patients. We illustrate this
below with some experiments.
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Figure 5: Estimates of o1 and ao obtained by e-greedy without correction (top) and with correction
(bottom).
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Estimating «; and o above can be seen as an instance of the exploration/exploitation dilemma:
In order to learn the effectiveness of the treatment administered by a particular doctor, the doctor
has to administer the treatment to some patients, which leads to some patients receiving suboptimal
treatment. A straightforward solution to this dilemma consists in combining exploration and ex-
ploitation as follows: Select the doctor with the highest effectiveness so far (i.e. exploitation) with
probability 1 — ¢, otherwise select the doctor at random (i.e. exploration). This strategy is called
e-greedy in the reinforcement learning community (Sutton and Barto, 2018).

Figure 5 (top) shows the estimates of «;; and . (denoted as & and &) obtained by running e-
greedy for 5000 iterations (a.k.a. episodes). Each episode consists in selecting a doctor for treating
a patient. The doctor shares the data with us only if the treatment is regarded as ordinary. In our
experiments, this means that each episode starts by choosing a doctor, say Doctor 1, according to
the e-greedy strategy. Then, a triplet of values (z,y, z) is sampled from the corresponding linear
structural equation model.® Finally, the triplet is kept if 4 < z < 6 and discarded otherwise. In the
figure, we can clearly see that & converges to a1, whereas &is does not converge to as. Moreover,
&y converges to a larger value than &s, which means that Doctor 1 is considered more effective
than Doctor 2 and, thus, we should recommend the former. This is suboptimal because, as shown
in the figure, «o is greater than a; and, thus, Doctor 2 should be preferred. This conclusion was
consistent across many runs of the experiment. In each run, o; and a were sampled uniformly
from the intervals (0.5,1.5) and (ay +0.15, a1 +0.3) respectively, i.e. Doctor 2 was more effective
than Doctor 1. Ineachrun, ox =0y =0z = ow = 1.

As discussed in Example 3, if we can estimate a§< and 032,, then we can correct the bias in da.
To illustrate this, assume that the doctors do not share with us data about individual extraordinary
treatments but they do share aggregated data, in particular some estimates of 03( and 052/ (which
they can compute from all the ordinary and extraordinary treatments performed). Figure 5 (bottom)
shows &; and &g when the correction is applied to the latter. We can appreciate that both path
coefficient estimates converge to the true values, and that Doctor 2 is now preferred. Again, this
conclusion was consistent across many runs of the experiment.

Of course, e-greedy is not the only way of solving the problem above. Alternative solutions
include Thompson sampling, upper confidence bound (UCB) or directly performing a randomized
controlled trial. However, the conclusions should not differ essentially from the ones presented
above. The code for our experiments is publicly available at

https://www.dropbox.com/s/hawshrihhgrbuvi/MAB.zip?d1l=0

Appendix C. Suboptimal Decision Making IT

In this appendix, we show that the bias introduced by adjusting for a faithful proxy of a confounder
is negligible for decision making (recall Example 5). However, the bias may be substantial when
adjusting for a proxy of a non-confounder in a confounding path, which may lead to suboptimal
decision making. We do so with the help of the following fictitious but, in our opinion, realistic
scenario. Doctor 1 and Doctor 2 both treat a certain disease by administering a dose of drug X. The
dose is determined by the abundance of U in blood. The doctors use different methods to administer
the drug, which we suspect affects the effectiveness of the drug. The effectiveness of the drug is
assessed by measuring the abundance of Y in blood, which is determined by X and U. The lower

3. Since negative abundance values do not make sense, if x, y or z are negative then a new triplet is sampled. This
seldom happens, anyway.
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the value of Y the higher the effectiveness of the treatment. Unwilling to disclose further details
about the treatment, the doctors do not share with us any measurements of U. However, they do
provide us with measurements of two proxies of U. Specifically, Doctor 1 provides us with the
abundance of Z in blood, whereas Doctor 2 provides us with the abundance of W in blood. The
former is known to be caused by U, whereas the latter is known to cause U.*

In the language of path diagrams, the problem above can be stated as follows. We want to
estimate o in the following path diagram (Doctor 1) from a sample for X, Y and Z:

U$
ZRN!
aq

We also want to estimate « in the following diagram (Doctor 2) from a sample for X, Y and W:

VA
X Y

Vi \

Recall that U is unobserved. As discussed in Example 5, if Z and W are faithful proxies of U, then
the estimates of 7y x.z and ry x.yv should be close to a1 and aw, respectively, which implies that
we should be able to identify the optimal doctor. We illustrate this below with some experiments.

As in Appendix B, we use e-greedy to solve the problem above. We consider € = 0.2 and 5000
episodes. In each run of e-greedy, o and oy are sampled uniformly from the intervals (0.5,1.5)
and (a7 — 0.3, 1 — 0.15) respectively, i.e. Doctor 2 is more effective than Doctor 1. The standard
deviations of the error terms are all equal to 1, with the exception of the term corresponding to Z
for Doctor 1 and the term corresponding to U for Doctor 2. Specifically, 07,0y = 0.1,0.5,1. The
smaller the values of oz and o the better Z and W are as proxies of U. Figure 6 (top) shows a
representative run of the many that we performed. We can see that Doctor 2 is preferred if Z and W
are equally good proxies of U, i.e. 0z = ogy. Moreover, both &; and &2 converge to the true values
when Z and W are faithful proxies of U, i.e. 0z = oy =0.1.

The experiments above may lead one to conclude that blocking a confounding path by adjusting
for a proxy does not bias much the estimate of a causal effect as long as the proxy is a good one.
However, this is not true. To illustrate it, we repeat the experiments above after replacing the
confounding path from X to Y in the path diagrams with the confounding path X <« U’ - U - Y.
Additional parameters are all set to 1. Figure 6 (bottom) shows a representative run of the new
experiments. We can clearly see that & converges to a smaller value than &9 for every combination
of 07 and oy, i.e. no matter how good Z and W are as proxies of U. This means that Doctor 1
is considered more effective than Doctor 2 and, thus, that we should recommend the former. This
is suboptimal because, as shown in the figure, as is smaller than «; and, thus, Doctor 2 should be
preferred. Note also that & converges to oy when Z is almost a perfect proxy of U. On the other
hand, & behaves bad no matter how good W is as a proxy of U. In summary, on the negative
side, we wrongly recommend Doctor 1 but, on the positive side, we can estimate her effectiveness
accurately if Z is a faithful proxy of U. To get further insight into these results, we can repeat the

X

Y

4. Some authors would call Z a proxy and W a driver.
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Figure 6: Estimates of a; and aip obtained by e-greedy when adjusting for a proxy of a confounder
(top) and for a proxy of a non-confounder (bottom).
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reasoning in Example 5 now for the path diagrams of Doctor 1 and Doctor 2 after replacing the
confounding path from X to Y with the confounding path X < U’ — U — Y. Let G denote the
path diagram of Doctor 1. Since G*! is singly-connected, we can apply Theorem 1 and conclude
that o, , = 0%, 0%, /o?,. This implies that conditioning on Z reduces the covariance between X
and Y. Moreover, the greater the correlation between U and Z, the greater the reduction and, thus,
the closer ry x.z comes to 1. Let G now denote the path diagram of Doctor 2. Applying Theorem
1 to G2 gives that 03, ;, = 053 . In other words, conditioning on 1 leaves the covariance of X
and Y unchanged. Moreover, X 1 W@ in G and, thus, ox.;y = ox and, thus, ry x.w = ryx. In
other words, adjusting for W does not solve our problem, even if W is almost a perfect proxy of U.
In summary, the effectiveness of adjusting for a proxy depends on the type of confounding path, the
type of causal relation between the proxy and the unobserved variable, and the correlation between
them.

Appendix D. Beyond Singly-Connected Path Diagrams

In this appendix, we extend Theorems 1 and 2 from singly-connected diagrams to a superclass
thereof. Note that we then only consider paths without colliders. The extension to path with colliders
seems complicated.

In Section 2, we defined the separation criterion for path diagrams in terms of paths. For some of
the results in this appendix, it is more convenient to define it in terms of routes. Recall that whereas
all the nodes in a path must be different, the nodes in a route do not need to be so. Given a route
px:y from anode X to anode Y in a path diagram, a node C'is a collider in px.y if A o> C << B
is a subroute of px.y. Note that A and B may be the same node. Given a set of nodes Z, px.y is
said to be Z-open if

* every collider in px.y is in Z, and
* ever non-collider in px.y is outside Z.

Note that there is a Z-open route from X to Y if and only if there is a Z-open path from X to Y (see
Lemma 13 in Appendix E). When such a path or route exists, we say that X and Y are Z-connected.

Before presenting the results in this appendix, we define the operation of conditioning a path
diagram on a node A as replacing every edge A — B with an edge Ap — B, where Ap is a new
node. Note that A is not removed. In terms of the associated system of linear equations, this im-
plies (i) adding a new equation Ap = €4, where €4, is normally distributed with arbitrary mean
and variance, and (ii) replacing every equation B = o (A, Pa(B) \ A) + ep with an equation
B = o' (Ap, Pa(B) \ A) + ep. Note that, after conditioning, we have that Ch(A) = & whereas
Pa(Ap)u Sp(Ap) = @ and Ch(Ap) = B. See Figure 7 for an illustration. Let V' denote all the
nodes in the path diagram at hand, and consider the distribution p(V \ A, A = a) defined by the
system of equations before conditioning on A. This is the unnormalized conditional distribution of
V ~\ A given A. Let A’ denote the new nodes created by conditioning on A, and consider the dis-
tribution p(V \ A, A = a, A’ = a) defined by the system of equations after conditioning on A. This
is the unnormalized conditional distribution of V' \ A given A U A’. Note that both unnormalized
conditional distributions coincide for all a, i.e. p(V N A=z, A=a)=p(V~NA=2,A=0a,A" =q)
for all = and a. Thus, their normalized versions coincide as well. So, computing partial covariances
in either of them gives the same result, since partial covariances coincide with conditional covari-
ances for Gaussian random vectors. In other words, the partial covariance o xy. 4 in the original path

22



FACTORIZATION OF THE PARTIAL COVARIANCE IN SINGLY-CONNECTED PATH DIAGRAMS

N/ N,
N | e

B C

Figure 7: Conditioning the path diagram to the left on the node A results in the diagram to the right.

diagram is equal to o xy .44’ in the conditional diagram. Finally, we define conditioning on a set of
nodes S as conditioning on each node in S. By the previous reasoning, the partial covariance o xy.g
in the original path diagram is equal to o xy.gg’ in the conditional diagram, where S’ denotes the
new nodes created by conditioning on S. The following theorems show how to compute the latter.
See the Appendix E for the proofs. We illustrate the theorems through some examples afterwards.

Theorem 10 Consider a path diagram conditioned on a set of nodes S. Let Z = Su S’. Let Il x.y
denote all the Z-open paths from X to Y. Suppose that no path in Il x.y has colliders. Suppose
that all the paths in llx.y have a subpath X,, < -+ « Xo « X1 - X011 = - = Xppan o1
X1 =X - Xo = - > Xypin Suppose that there is no Z-open route X; > A o—o -+ oo B o> X;
with i > 1. Moreover, let Zf =7, 07" and lefg =Z1U-UZ,uZYU-U Zb where

o 7= {W1,Wh,...} is a subset of Z~ Z11=1 such that each W is (Z:71 UWy.j_1)-connected
to X; through Pa(X;) u Sp(X;) by a path that does not contain any node that is in some
path in 1l x.y except X;, and

o Zi = {Wh,Wha,...}isasubset of Z~ Z{_| such that each W is (Z{:_ UW1.j_1 )-connected
to X; through Ch(X;) by a path that does not contain any node that is in some path in 11 x.y

except X;.
Finally, let Z ~ Z{"t = (W1, Wa,...} and suppose that X 1 Wj|Zmt u Wiyq or Y L
Wj‘le::nTﬁg U Wi.j_1. Then,

1 i
OXYy.Z =0XY 2 H )

Theorem 11 Consider the same assumptions as in Theorem 10 with the only difference that all
the paths in llx.y have now a subpath X,, < - <« Xo « X| < X4 = - > Xpun or
X1 o Xy > Xppan or o> X1 = -+ = Xppan.> Then,

2
oxyz=0xy || 5w — -

=7zl

5. In the third subpath type, the predecessor of X; does not have to be the same in every path in IIx.y. It just has to
reach X through an edge — or < in every path in I[Ix.y.
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Cx, C
A C G A Cx, G
VWA /\ /NN
X—Xo=X1 > X35—2Y X—Xo=X1->X3—>Y
N/ 1IN N/ LN
B D—E—F B 1% EeF
Ep

Figure 8: Left: Path diagram where Theorem 10 can be applied to compute o xy.cpr. Right: The
path diagram to the left conditioned on {C, D, E'}.

Like Theorems 1 and 2, the two theorems above show that the partial covariance of two random
variables can be computed by correcting their covariance with the product of some partial vari-
ance ratios. This implies that the partial covariance inherits the salient feature of factorizing over
the nodes and edges in the paths between the two variables of interest. The two theorems above
also imply that conditioning does not change the sign of the covariance, as stated in the following
immediate corollary.

Corollary 12 Suppose that two sets of nodes S and Sy satisfy the assumptions in Theorem 10 or
11. Then, sign(oxy) = sign(oxy.s,) = sign(oxy.s, )-

For the path diagrams that satisfy the conditions in Theorem 10 or 11, the corollary above
implies that conditioning does not change the sign of the causal effect of X on Y, and that Simpson’s
paradox cannot occur.

We illustrate Theorem 10 with the following example.

Example 7 Consider the path diagram to the left in Figure 8. Say that we want to compute o xy.s
with S = {C, D, E}. The path diagram conditioned on S can be seen to the right in Figure 8. Then,
S"'={Cx,,Cx,,Ep}tand Z = SuS" ={C,D,E,Cx,,Cx,, Ep}. As discussed before, ocxy.s in
the original diagram coincides with o xy .z in the conditional diagram. Now, note that Z* = {Cx,},
7Z1={D,Ep}, Z? ={Cx,}, Zo =@, Z3 = @, and Z3 = { E}. Then, Theorem 10 gives

0'2 0'2 0'2

X1~CX1DED X2~CX1DEDCX2 X3-CX1DEDCX2E

OXY-Z=0XY P 2 P .
X, 9X,Cx, DEpCx, 7X3Cx,DEpCx,

We illustrate Theorem 11 with the following example.
Example 8 Consider the path diagram to the left in Figure 9. Say that we want to compute g xy.s
with S = {C, D}. The path diagram conditioned on S can be seen to the right in Figure 9. Then,
S'={Cx,,Cx,,Dg}and Z = SuS" ={C,D,Cx,,Cx,, Dg, Dy }. As discussed before, o xy s in
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lf CX1 C Dg D

A C E A Cx, E Dy
/NSNS SN L]
X—-X1-Xo-X3—0Y X—X1—-Xo—-X3—Y

\/ \/ \/ \/
B F B F

Figure 9: Left: Path diagram where Theorem 11 can be applied to compute oxy.cp. Right: The
path diagram to the left conditioned on {C, D}.

B
A B
/N /N A Ax, Bx, Bx,
X — Xy — X3— Xy [
\ / | X1 —>Xo— X3 =Xy
e D N/
C D

Figure 10: Left: Path diagram where Theorems 10 and 11 can be combined to compute ox, x,.4BD.
Left: The path diagram to the left conditioned on { A, B, D}.

the original diagram coincides with o xy .z in the conditional diagram. Now, note that Z L {Cx,},
72 = {Cx,,Dgp}, and Zy = Zy = Z3 = 73 = @. Then, Theorem 11 gives

2 2 2
9X1-0x, 9X2Cx,Cx,Dp 9 X3-Cx,Cx,Dp

OXY.Z =0XY 3 3 2 -

9X,-Cx, 9X2-Cx,Cx,Dr 9 X35-Cx,Cx,Dp

Theorems 10 and 11 can be extended to when all the paths from X to Y in the conditional
path diagram share more than one subpath. For instance, consider the path diagram to the left
in Figure 10. Say that we want to compute ox, x,.s with S = {A, B,D}. The path diagram
conditioned on S can be seen to the right in Figure 10. Then, S’ = {Ax,,Bx,,Bx,} and Z =
SuS"={A,B,D, Ax,, Bx,, Bx, }. Asdiscussed before, 0 x, x,.s in the original diagram coincides
with o x, x,.7 in the conditional diagram. Now, note that Z; = {A}, Z? = {Ax,}, Z® = {Bx,},
Z* = {Bx,}, Z4 = {D}, and Z' = Zy = Z3 = @. Note also that the conditional diagram has two
Z-open paths from X; to X4, which share two subpaths: X; - X5 and - X3 — X,. Therefore,
neither Theorem 10 nor 11 applies. However, applying Theorem 10 followed by Theorem 11 gives

o2 o2 o2 o2
XA PX2:AAx, OX3:AAx,Bx, 9 X4AAx,Bx,Bx, D
0X1X4Z =0X1X4™ 3 2 2 2
X1 9X2AAx, 9X3-AAx,Bx, 9X4-AAx,Bx,Bx,

. 5)
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The proof of correctness of the previous expression is simply a concatenation of the proofs of
Theorems 10 and 11. We omit the details. An alternative way of answering the previous query is by
first absorbing the subpath Xo — C' - X3 into the subpath X» — X3. Now, there is only one shared
subpath in the path diagram conditioned on S, namely X; - X9 — X3 — X4. Then, Theorem 10
gives Equation 5. This absorption trick is always possible when there are several shared subpaths.
We omit the details.

Appendix E. Proofs of Appendix D

We start with some lemmas stating some auxiliary results. Recall from Footnote 5 that when we
say that every path has a subpath A -, we do not mean that the successor of A is the same in every
path. We mean that the successor is reached through an edge — or <> in every path. Given a route
px:y from X to Y, we let px.4 denote the subroute of px.y from X to A. Given two routes px:a
and pa.y, we let px.4 U pa.y denote the route from X to Y resulting from concatenating px.4 and
pA:y - Finally, the path corresponding to a Z-open route from X to Y is a Z-open path from X to
Y whose edges are a subset of the edges in the route. Such a path always exists by Lemma 13.

Lemma 13 There is a Z-open route from X to'Y if and only if there is a Z-open path from X to
Y. Moreover, the path and the route can be chosen such that the edges in the former are a subset of
the edges in the latter.

Proof Let mx.y be a Z-open path from X to Y. For every subpath A o~ C <« B of nx.y
such that C' ¢ Z, do the following. First, find a path C' - X; —» -+ - X, with X, € Z and
X1,..., X1 ¢ Z. Such a path must exist for mx.y to be Z-open. Second, replace A o— C « B
with A o> C - X1 - - > X, < -+ « X7 « C <o B. The result is the desired route.

Let px.yv be a Z-open route from X to Y. Repeat the following two steps while possible. The
result is the desired path. First, choose a node A that occurs several times in px.y. Let Ay and As
denote the first and the last occurrences of A in px.y. Assume without loss of generality that no
node in px.4, occurs in p4,.y except A. Second, consider the following cases.

* If px:yis X oo -+ <= Aj oo - 00 Ay oo --- o= Y, then replace it with px.4, U pa,.y.
e If pxiy is X oo --- 0> A} 0o -:- 00 Ay — - o Y, then replace it with px.4, U pa,.y.

e If px:yis X oo - o> Aj 0o .- 00 Ay <o --- o= Y, then replace it with px.4, U pa,:y. Note
that A or some descendant of A must be in Z for the original px.y to be Z-open.

Lemma 14 Consider a path diagram. Let X, Y, R and W be nodes and Z a set of nodes. If
X1W|ZURandY L\ W|ZURand X 1Y|Z U R, then

2
_ ORzw
OXY-ZW =OXY-Z~ 5 -

Orz
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Proof Note that X | W|Z u R implies that

OXRZORW.-Z
O=oxwzr=0xwz-—%5
9Rz
which implies that oxw.z = OxRrz0RW.z Where xp.z = O'XR-Z/O'%{.Z- Likewise, Y 1 W|Z UR
implies that oyyy.z = 0y R.ZORW.7z Where 0y p.z = UYR-Z/O—%{.Z- Likewise, X 1 Y|Z U R implies
that oxy.z = 5XR-Z5YR-ZU%Q.Z- Therefore,

B OXW-ZOWY-Z
OXY-ZW =0XY-Z2~ —— 5

2
ovw.z
Serns 9 OXRZORW.Z0YRZORW.Z
=0xRZOYRZOR7 — 5
w.z
-5 S 2 ORW-ZORW.-Z
=0xrz0vRZ\ORZz—— 35—
ow.z
2 o}
RZW
=0XRZOYRZORZzW = OXY-Z2—5 -
Rz

Lemma 15 Consider a path diagram. Let X, Y and W be nodes and Z a set of nodes. If Y 1

WI|Z u X, then
2
_ Ix.zw
OXY-ZW =0XY-Z— 5 -
Ox.z

Proof Note that Y 1 W|Z u X implies that

B B OYX-ZOXW-Z
O=oywzx=oywz-——>5
9%z

which implies that
_OYX-ZOXW-Z
oYw.-Zz=——5 -

2
Ox.z
Therefore,
B OXW-ZOWY-Z _ OXW.-ZOY X-ZOXW.-Z
OXY-ZW =O0XY-Z~ 5 =0XY.Z~ 5 5
Ow.z Ow.z9%x.7
B | OXWZOXW-Z\ _ OXY-Z( 2 OXW-ZOXW-Z
=SoxXvy-z\L - 7> 2 ) Oxz~— 3
Sw.z9x.7 0x.z Ow.z
2
_ OX.zw
= O'XY,ZZ— .
Ox.z

Lemma 16 Consider a path diagram. Let X, Y and W be nodes and Z a set of nodes. If X AW |Z
or YJ_W’Z, then oxy.zw = 0xy.Z-
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Proof Note that X 1 W|Z and Y L W|Z imply oxw.z = 0 and oyw.z = 0, respectively. Thus, if
X 1W|Z orY LW|Z then
OXW-ZOWY-Z

OXY ZW =0XY.Z ——— 5 =O0XY.Z-
Ow.z

Lemma 17 Consider a path diagram. Let Il x.y denote all the Z-open paths from X toY. Suppose
that no path in Il x.y has colliders. Suppose that all the paths in 1l x.y have a subpath < R — or
R =X —. Let W be a node that is Z-connected to R by a path that does not contain any node that
is in some path in Il x.y except R. If Pa(W) u Sp(W) = @, then
2
OXY.-ZW = OXY.Z URQ'ZW-
%Rz

Proof Consider first the case where < R — is a subpath of every path in IIx.y. Assume to the
contrary that X [ W|Z u R and let px.;y be a (Z U R)-open route. Follow px.;y until reaching R
or W,and let mx.y € Ilx.y.

 If R is reached first, then consider the first occurrence of R in px.j and note that px.rUTR:y
is a Z-open route. Moreover, it does not contain any edge < R that is in some path in IIx.y
because, otherwise, px.y contains the edge (wr.y cannot by definition) and, thus, it is not
(Z u R)-open. Then, the path corresponding to px.r U mg:y contradicts the assumptions in
the lemma.

» If W is reached first, then let or.yy denote a Z-open path that does not contain any node
that is in some path in I1x.y except R. Such a path exists by the assumptions in the lemma.
Thus, pxw U ow:r U TRy 1S @ Z-open route, because neither R nor W is a collider in it.
The latter follows from the assumption that Pa(WW) u Sp(W') = @. Moreover, the route does
not contain any edge < R that is in some path in Il x.y because, otherwise, px.jyy contains
the edge (ow:.r and mr:y cannot by definition) and thus it reaches R first. Then, the path
corresponding to px.w U ow:r U TRy contradicts the assumptions in the lemma.

Consequently, X 1 W|Z u R. We can analogously prove that Y 1L W|Z u R. Now, assume to the
contrary that X [ Y|Z U R and let px.y be a (Z U R)-open route. Note that R must be in px.y
because, otherwise, px.y is Z-open and, thus, its corresponding path contradicts the assumptions
in the lemma. Consider the first occurrence of R in px.y, and let mx.y € Il x:y. Then, px.p U TRy
is a Z-open route. Moreover, the route does not contain any edge < R that is in some path in
IIx.y because, otherwise, px.y contains the edge (7r.y cannot by definition) and thus it is not
(Z u R)-open. Then, the path corresponding to px.r U mg:y contradicts the assumptions in the
lemma. Consequently, X 1Y|Z u R. Therefore, the desired result follows from Lemma 14.

Finally, consider the case where R = X — is a subpath of every path in IIx.y. Assume to the
contrary that Y / W|Z u X and let py.jy be a (Z u X )-open route. Follow py-jy until reaching X
or W.

» If X is reached first, then note that py.x does not contain any edge < X that is in some path
in ITy.x because, otherwise, py.;y is not (Z u X)-open. Then, the path corresponding to
px:y contradicts the assumptions in the lemma.
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» If W is reached first, let px.;y denote a Z-open path that does not contain any node that is
in some path in I x.y- except X. Such a path exists by the assumptions in the lemma. Then,
ox:w U pw:y is a Z-open route, because W is not a collider in it due to the assumption that
Pa(W) u Sp(W) = @. Moreover, the route does not contain any edge X — that is in some
path in IIx.y because, otherwise, py.y contains the edge (ox:.; cannot by definition) and
thus py. reaches X first. Then, the path corresponding to ox. U pw.y contradicts the
assumptions in the lemma.

Consequently, Y 1 W|Z u X and, thus, the desired result follows from Lemma 15. |

Lemma 18 Consider a path diagram. Let Il x.y denote all the Z-open paths from X to'Y. Suppose
that no path in Il x.y has colliders. Suppose that all the paths in Ilx.y have a subpath < R — or
R =X —. Let W be a node that is Z-connected to R by a path that does not contain any node that
is in some path in I x.y except R. If Ch(W) = @ and W x.y are all the (Z u W')-open paths from
X toY, then
0% zw
OXY-ZW = OXY-Z— 5 -
Rz

Proof Consider first the case where < R — is a subpath of every path in Il x.y. Assume to the
contrary that X | W|Z u R and let px.;y be a (Z U R)-open route. Follow px.;y until reaching R
or W,and let mx.y € Il x.y.

 If R isreached first, then consider the first occurrence of R in px.jy and note that px.rUTR:y
is a Z-open route. Moreover, it does not contain any edge < R that is in some path in Il x.y
because, otherwise, px.i contains the edge (mr;y cannot by definition) and, thus, it is not
(Z u R)-open. Then, the path corresponding to px.r U mg:y contradicts the assumptions in
the lemma.

» If W is reached first, then let pr.17 denote a Z-open path that does not contain any node that
is in some path in Il x.y except R. Such a path exists by the assumptions in the lemma. Thus,
px:w U ow:r U TRy is a (Z u W)-open route from X to Y, because W is a collider in it
whereas R is not. The former follows from the assumption that Ch(WW') = @. Moreover, the
route does not contain any edge < R that is in some path in Il y.y because, otherwise, px.;w
contains the edge (g . and mg.y cannot by definition) and thus it reaches R first. Then, the
path corresponding to px.jw U ow:r U TRy contradicts the assumptions in the lemma.

Consequently, X 1 W|Z u R. We can analogously prove that Y 1 W|Z u R. Now, assume to the
contrary that X [ Y|Z U R and let px.y be a (Z U R)-open route. Note that R must be in px.y
because, otherwise, px.y is Z-open and, thus, its corresponding path contradicts the assumptions
in the lemma. Consider the first occurrence of R in px.y, and let mx.y € Il x:y. Then, px.p U TRy
is a Z-open route. Moreover, the route does not contain any edge < R that is in some path in
IIx.y because, otherwise, px.y contains the edge (wr.y cannot by definition) and thus it is not
(Z u R)-open. Then, the path corresponding to px:.r U mg:y contradicts the assumptions in the
lemma. Consequently, X 1Y'|Z u R. Therefore, the desired result follows from Lemma 14.

Finally, consider the case where R = X — is a subpath of every path in IIx.y. Assume to the
contrary that Y f W|Z u X and let py.jy be a (Z u X )-open route. Follow py.jy until reaching X
or W.
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» If X is reached first, then note that py.x does not contain any edge < X that is in some path
in Ily.x because, otherwise, py.j is not (Z u X )-open. Then, the path corresponding to
px:y contradicts the assumptions in the lemma.

» If W is reached first, let px.; denote a Z-open path that does not contain any node that is
in some path in Il x.y except X. Such a path exists by the assumptions in the lemma. Then,
ox:w U pw:y is a (Z u W)-open route, because W is a collider in it due to the assumption
that Ch(W') = @. Moreover, the route does not contain any edge X — that is in some path in
IIx.y because, otherwise, py.y contains the edge (o x.y cannot by definition) and thus py-.y
reaches X first. Then, the path corresponding to gx. U pyy:y contradicts the assumptions in
the lemma.

Consequently, Y 1 W|Z u X and, thus, the desired result follows from Lemma 15. |

Lemma 19 Consider a path diagram. Let Il x.y denote all the Z-open paths from X to'Y. Suppose
that no path in Il x.y has colliders. Suppose that all the paths in Il x.y have a subpath — R — or
oY = R. Let W be a node that is Z-connected to R through Pa(R) u Sp(R) by a path that does
not contain any node that is in some path in I x.y except R. If Pa(W)u Sp(W) = @ and W is not
Z-connected to R through Ch(R), then

OXYy.-ZW = 0XY.Z-

Proof Consider first the case where «— R — is a subpath of every path in IIx.y. Assume to the
contrary that X { W|Z and let px.;y be a Z-open route. Follow px.jy until reaching R or W, and
let mx.yv € llx.y.

» If R is reached first, then consider the first occurrence of R in px.y and note that px.r ends
with an edge -~ R because, otherwise, px:r U Tr:y is a Z-open route that has a subroute
< R — and, thus, its corresponding path contradicts the assumptions in the lemma. Then,
pr:w must start with an edge R — for px. to be Z-open. However, this contradicts the
assumption that W is not Z-connected to R through Ch(R).

o If W is reached first, then let or.yy denote a Z-open path that does not contain any node
that is in some path in ITx.y- except R. Such a path exists by the assumptions in the lemma.
Thus, px.w U ow:r U TRy 1S @ Z-open route, because neither R nor W is a collider in it.
The latter follows from the assumption that Pa(WW) u Sp(W') = @. Moreover, the route does
not contain any edge o~ R that is in some path in Il x.y because, otherwise, px.;;r contains
the edge (ow.r and mg.y cannot by definition) and thus it reaches R first. Then, the path
corresponding to px.w U ow:r U TRy contradicts the assumptions in the lemma.

Consequently, X 1 W|Z. When -~ Y = R is a subpath of every path in ITy.y, we can prove that
X 1L W|Z much in the same way. Consequently, X 1 W|Z in either case and, thus, the desired result
follows from Lemma 16. |

Lemma 20 Consider a path diagram. Let Il x.y denote all the Z-open paths from X to'Y. Suppose
that no path in Il x.y has colliders. Suppose that all the paths in llx.y have a subpath —~ R —
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or Y = R. Let W be a node that is Z-connected to R through Pa(R) u Sp(R) by a path that
does not contain any node that is in some path in llx.y except R. If Ch(W) = @&, and W is not
Z-connected to R through Ch(R), and Il x.y are all the (Z u W )-open paths from X to Y, then

OXY-ZW = 0XY-Z-

Proof Consider first the case where —— R — is a subpath of every path in IIx.y. Assume to the
contrary that X [ W|Z and let px.iy be a Z-open route. Follow px.j until reaching R or W, and
let 7x.yv € lIx.y.

» If R is reached first, then consider the first occurrence of R in px.j and note that px.r ends
with an edge «— R because, otherwise, px:.r U TRr:y is a Z-open route that has a subroute
< R — and, thus, its corresponding path contradicts the assumptions in the lemma. Then,
pr:w must start with an edge R — for px.r to be Z-open. However, this contradicts the
assumption that W is not Z-connected to R through Ch(R).

» If W is reached first, then let pr.r denote a Z-open path that does not contain any node that
is in some path in Il x.y except R. Such a path exists by the assumptions in the lemma. Thus,
px:w U ow:r U TRy is a (Z u W)-open route, because W is a collider in it whereas R is
not. The former follows from the assumption that Ch(W) = @. Moreover, the route does
not contain any edge o R that is in some path in Il x.y because, otherwise, px.;y7 contains
the edge (ow:r and mr:y cannot by definition) and thus it reaches R first. Then, the path
corresponding to px.w U ow:r U TRy contradicts the assumptions in the lemma.

Consequently, X 1 W|Z. When o~ Y = R is a subpath of every path in ITy.y-, we can prove that
X 1L W|Z much in the same way. Consequently, X 1 W|Z in either case and, thus, the desired result
follows from Lemma 16. |

Lemma 21 Consider a path diagram. Let Il x.y denote all the Z-open paths from X toY. Suppose
that no path in Ml x.y has colliders. Suppose that all the paths in Il x.y have a subpath — R —
or oY = R. Let W be a node that is Z-connected to R through Ch(R) by a path that does not
contain any node that is in some path in llx.y except R. If Pa(W) u Sp(W) = @ and W is not
Z-connected to R through Pa(R) u Sp(R), then

0_2
_ RZW
OXY-ZW =OXY-Z—5 -
Rz

Proof Consider first the case where «— R — is a subpath of every path in IIx.y. Assume to the
contrary that X [ W|Z u R and let px.;y be a (Z U R)-open route. Follow px.;y until reaching R
or W,and let mx.y € Il x.y.

* If R is reached first, then note R must be a collider in px.y for this to be (Z U R)-open.
However, the last occurrence of R in px.p contradicts the assumption that W is not Z-
connected to R through Pa(R) U Sp(R).

o If W is reached first, then let pr.yy denote a Z-open path that does not contain any node
that is in some path in IIx.y except R. Such a path exists by the assumptions in the lemma.
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Thus, px.w U ow:r U TRy 1S @ Z-open route, because neither R nor W is a collider in it.
The latter follows from the assumption that Pa(WW') u Sp(W') = @. Moreover, the route does
not contain any edge o~ R that is in some path in Il x.y because, otherwise, px.;r contains
the edge (ow.r and mg.y cannot by definition) and thus it reaches R first. Then, the path
corresponding to px.w U ow:r U TRy contradicts the assumptions in the lemma.

Consequently, X 1L W|Z u R. Now, assume to the contrary that Y /| W|Z u R and let py. be a
(Z u R)-open route. Follow py-.;y until reaching R or W, and let mx.y € Il x.y.

* If R isreached first, then note R must be a collider in py.yy for this be (ZUR)-open. However,
the last occurrence of R in py.jy contradicts the assumption that W is not Z-connected to R
through Pa(R) u Sp(R).

o If W is reached first, then let pr.;y denote a Z-open path that leaves R through Ch(R)
and that does not contain any node that is in some path in ITx.y except R. Such a path
exists by the assumptions in the lemma. Thus, Tx.r U or:w U pw:y 1S a Z-open route,
because neither R nor W is a collider in it. The latter follows from the assumption that
Pa(W) u Sp(W) = @. Moreover, the route does not contain any edge R — that is in
some path in IIx.y because, otherwise, py.y contains the edge (wx.r and gg.y cannot by
definition) and thus py.jy reaches R first. Then, the path corresponding to mx:rUQor:w Ypw:v
contradicts the assumptions in the lemma.

Consequently, Y 1L W|Z u R. Now, assume to the contrary that X [ Y|Z u R and let px.y be a
(Z u R)-open path. Note that R must be a collider or a descendant of a collider in px:y because,
otherwise, R is not in px.y and, thus, px.y is Z-open, which contradicts the assumptions in the
lemma. Note also that the assumption that W is Z-connected to R through C'h(R) implies that
some descendant of R is in Z u W. Actually, some descendant of R must be in Z due to the
assumption that Pa(W') u Sp(W) = @. Then, px.y is Z-open, which contradicts the assumptions
in the lemma. Consequently, X 1 Y'|Z u R. Therefore, the desired result follows from Lemma 14.

Finally, consider the case where «— Y = R is a subpath of every path in IIx.y. Assume to the
contrary that X [ W|Z uY and let px.;y be a (Z U Y )-open route. Follow px.jy- until reaching Y’
or W.

* If Y is reached first, then note Y must be a collider in px.y for this to be (Z u Y')-open.
However, the last occurrence of Y in px.r contradicts the assumption that W is not Z-
connected to R through Pa(Y) uSp(Y).

» If W is reached first, let gy .}y denote a Z-open path that does not contain any node that is
in some path in Il x.y- except Y. Such a path exists by the assumptions in the lemma. Then,
ox:w Y pw:y 1S a Z-open route, because W is not a collider in it due to the assumption
that Pa(W) u Sp(W') = @. Moreover, the route does not contain any edge o Y that is in
some path in Il y.y because, otherwise, px.jy contains the edge (g .y cannot by definition)
and thus it reaches Y first. Then, the path corresponding to ox.; U pw.y contradicts the
assumptions in the lemma.

Consequently, X 1 W|Z uY and, thus, the desired result follows from Lemma 15. |
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Lemma 22 Consider a path diagram. Let Il x.y denote all the Z-open paths from X to'Y. Suppose
that no path in llx.y has colliders. Suppose that all the paths in Il x.y have a subpath — R —
or =Y = R. Let W be a node that is Z-connected to R through Ch(R) by a path that does not
contain any node that is in some path in l x.y except R. If Ch(W') = @&, and W is not Z-connected
to R by any path that reaches R through Pa(R) u Sp(R), and I x.y are all the (Z u W )-open

paths from X to'Y, then
2
_ 9R-zZW
OXY-ZW =O0XY.Z— 5 -
Rz

Proof Consider first the case where o~ R — is a subpath of every path in Il x.y». Assume to the
contrary that X [ W|Z u R and let px.;y be a (Z U R)-open route. Follow px.;y until reaching R
or W,and let mx.y € Ilx.y.

 If R is reached first, then note that R must be a collider in px.y for this to be (Z U R)-

open. However, the last occurrence of I in px. contradicts the assumption that 1/ is not
Z-connected to R through Pa(R) u Sp(R).

» If W is reached first, then let pr.117 denote a Z-open path that does not contain any node that
is in some path in I x.y except R. Such a path exists by the assumptions in the lemma. Thus,
px:w U ow:r UTgry is a (Z u W)-open route, because W is a collider in it whereas R is
not. The former follows from the assumption that Ch(W) = @. Moreover, the route does
not contain any edge - R that is in some path in Il x.y because, otherwise, px.jy contains
the edge (ow:r and mr:y cannot by definition) and thus it reaches R first. Then, the path
corresponding to px.w U ow:r U TRy contradicts the assumptions in the lemma.

Consequently, X 1L W|Z u R. Now, assume to the contrary that Y [ W|Z u R and let py. be a
(Z u R)-open route. Follow py-.y until reaching R or W, and let mx.y € Il x.y.

» If R is reached first, then note that R must be a collider in py.y for this to be (Z U R)-

open. However, the last occurrence of R in py.y contradicts the assumption that W is not
Z-connected to R through Pa(R) u Sp(R).

 If W is reached first, then let pr.;- denote a Z-open path that leaves R through Ch(R) and
that does not contain any node that is in some path in IIx.y except R. Such a path exists
by the assumptions in the lemma. Thus, 7x.g U op:w U pw.y is a (Z u W)-open route,
because W is a collider in it whereas R is not. The former follows from the assumption that
Ch(W) = @. Moreover, the route does not contain any edge R — that is in some path in
IIx.y because, otherwise, py.y contains the edge (mx.r and por.y cannot by definition) and
thus py. reaches R first. Then, the path corresponding to 7x:z U or.w U pw:y contradicts
the assumptions in the lemma.

Consequently, Y L W|Z u R. Now, assume to the contrary that X [ Y|Z u R and let px.y be a
(Z u R)-open path. Note that R must be a collider or a descendant of a collider in px.y because,
otherwise, R is not in px.y and, thus, px.y is Z-open, which contradicts the assumptions in the
lemma. Note also that the assumption that W is Z-connected to R through C'h(R) implies that
some descendant of R isin ZUW. Then, px.y is (ZUW )-open, which contradicts the assumptions
in the lemma. Consequently, X 1 Y'|Z u R. Therefore, the desired result follows from Lemma 14.
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Finally, consider the case where —— Y = R is a subpath of every path in Il x.y. Assume to the
contrary that X J W|Z uY and let px.;y be a (Z UY")-open route. Follow px.jy until reaching Y’
or W.

» If Y is reached first, then note Y must be a collider in px.; for this to be (Z u Y')-open.
However, the last occurrence of Y in px.r contradicts the assumption that W is not Z-
connected to R through Pa(Y) uSp(Y).

» If W is reached first, let py.;» denote a Z-open path that does not contain any node that is
in some path in Il y.y except Y. Such a path exists by the assumptions in the lemma. Then,
ox:w U pw:y is a (Z u W)-open route, because W is a collider in it due to the assumption
that Ch(W) = @. Moreover, the route does not contain any edge o Y that is in some path
in ITx.y because, otherwise, px.jy contains the edge (oy.;y cannot by definition) and thus it
reaches Y first. Then, the path corresponding to g x.jw U pyy:y contradicts the assumptions in
the lemma.

Consequently, X 1 W|Z uY and, thus, the desired result follows from Lemma 15. |

Proof of Theorem 10 Consider hereinafter the path diagram conditioned on .S. We first compute
o xy.z from oxy by adding the nodes in Z' to the conditioning set in the order W7, W, .. .. The
assumption that ITx.y are all the Z-open paths from X to Y implies that ITx.y are all the (W7.5_1)-
open paths from X to Y because, otherwise, any other path cannot be closed afterwards which
contradicts the assumption. To see it, note that a node W € Z does not close any open path, since
there is no subpath o= W — or <~ W — due to the conditioning operation. Then,

0.2
_ X1-Wh
OXYWy = OXY 5
X1

by Lemma 17 if Pa(W7) u Sp(W1) = @, or Lemma 18 if Ch(W;) = @. Likewise,

0_2
_ X1- Wi Wo
OXY WiWy = OXY.-W; 0_2
X1-Wq

by Lemma 17 or 18. Combining the last two equations gives

o2

B X1- Wy W

OXYWiWy =0XY 5 -
O'Xl

Continuing with this process for the rest of the nodes in Z' gives
2
IXx,.21

OXy.z1 =0XY %5 - (6)
0x
1

Now, we compute o yy-. 2! from o yy.71 by adding the nodes in Z; to the conditioning set in the

order W1, W, . ... Recall from above that ITx.y are all the (Z Ly Wi.j-1)-open paths from X to Y.
Then,
2
_ Ox,.217
OXy.z1z, =0Xy.Z'=— %5
x,.21

34



FACTORIZATION OF THE PARTIAL COVARIANCE IN SINGLY-CONNECTED PATH DIAGRAMS

by repeating the reasoning that led to Equation 6. Moreover, combining the last two equations yields

2
Ix,.21
X1

Now, we compute o xy. 71 72 from o yy-. 7! by adding the nodes in Z? to the conditioning set in
the order Wy, Ws, .. .. The assumption that there is no Z-open route Xo - A oo --- oo B o> X
implies that there is no (Z;{ UW;_1 )-open path from W; to X» through Ch(X2). To see it, assume
the opposite. Then, there are (Z; U W7.;_; )-open paths from W to X through both Ch(X2) and
Pa(X5)u Sp(X2). This implies that there is a route Xo — A o—o --- o— B o> X that contains W,
and the route is (Z] u Wi.j-1)-open or (Ziu Wi.;j)-open. Then, there is a path > A o --- oo B o>
that is (Z] uWi.;_1)-open or (Z} UW,;)-open by Lemma 13. However, this path cannot be closed
afterwards which contradicts the assumption. To see it, note that a node W € Z does not close
any open path, since there is no subpath o= W — or <~ W — due to the conditioning operation.
Consequently, there is no (Z; u Wy.j_1)-open path from W; to X through Ch(X2). Recall also
from above that Il x.y are all the (le U Wy.j-1)-open paths from X to Y. Then,

Oxy-ziwy = Oxv.z}-

by Lemma 19 if Pa(W7) u Sp(W1) = @, or Lemma 20 if Ch(W7) = @. Likewise,

OXY-ZIWiWy = OXY-ZIW; -

by Lemma 19 or 20. Combining the last two equations gives
OXY W1iW, = Oxy.z]-
Continuing with this process for the rest of the nodes in Z2 gives

OXxy.zlz2 =0Xy.zZ} @®)
Now, we compute 0 xy- 71 72 from o yy-. 7172 by adding the nodes in Z5 to the conditioning set

in the order Wy, Wo, . ... Recall from above that I1x.y are all the (Z 11:2 U lej,l)—open paths from
X to Y. Recall also from above that the assumption that there is no Z-open route Xo - A o—
—o = oo B o> X, implies that there is no (Z{? u Wy.;_1)-open path from W; to X» through

Pa(X5)u Sp(Xs). Then,
2
~ Ix,21 22
OXY.2123 =OXY-Z12* 5
X0-2122

by repeating the reasoning that led to Equation 6 but using Lemmas 21 and 22 instead. Moreover,
combining the last equation with Equations 7 and 8 gives

2 2
Ix,.21 Oxy21 22
UXYZ1Z2 =0XY ) ) .
12 o o
X1 T X9z} 22

Finally, continuing with the process above for X3, ..., X,y yields

2 2
UX 71 m+n UXZlZ
o L =g 14 H LS i}
Xy-zign ~ OXY T 2 2
: X, =2 Tx, .zt
Lii—

1
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which implies the desired result by repeated application of Lemma 16.

Proof of Theorem 11 The proof is analogous to that of Theorem 10.
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