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Abstract

Recent theoretical results demonstrate that the
convergence rates of permutation-based SGD
(e.g., random reshuffling SGD) are faster than
uniform-sampling SGD; however, these studies
focus mainly on the large epoch regime, where
the number of epochs K exceeds the condition
number k. In contrast, little is known when K is
smaller than «, and it is still a challenging open
question whether permutation-based SGD can
converge faster in this small epoch regime (Safran
& Shamir, 2021). As a step toward understanding
this gap, we study the naive deterministic variant,
Incremental Gradient Descent (IGD), on smooth
and strongly convex functions. Our lower bounds
reveal that for the small epoch regime, IGD can
exhibit surprisingly slow convergence even when
all component functions are strongly convex. Fur-
thermore, when some component functions are al-
lowed to be nonconvex, we prove that the optimal-
ity gap of IGD can be significantly worse through-
out the small epoch regime. Our analyses reveal
that the convergence properties of permutation-
based SGD in the small epoch regime may vary
drastically depending on the assumptions on com-
ponent functions. Lastly, we supplement the paper
with tight upper and lower bounds for IGD in the
large epoch regime.

1. Introduction

Many machine learning and deep learning tasks can be
formulated as finite-sum minimization problems:

min F(z) := % Zfi(m),
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where the objective F'(x) is the average of a finite number
of component functions f; (). In modern deep learning ap-
plications, the number of components n is often extremely
large, making full gradient optimization methods compu-
tationally expensive. To address this, stochastic gradient
descent (SGD) and its variants have gained attention for
their computational efficiency and scalability (Lan, 2020).

SGD methods can be categorized based on the strategy used
to select the component index i(¢) at iteration ¢: (1) with-
replacement SGD, and (2) permutation-based SGD. In with-
replacement SGD, also known as uniform-sampling SGD,
each index is drawn independently from a uniform distribu-
tion over {1,2,...,n}. This approach has been the primary
focus of theoretical studies, as it guarantees the stochastic
gradient at each step to be an unbiased estimator of the
gradient of the overall objective F' (Bubeck et al., 2015).

In contrast, permutation-based SGD—where indices are
sampled in a shuffled order, also referred to as without-
replacement SGD or shuffling gradient methods—is more
commonly used in practice. Its popularity arises from strong
empirical performance and simplicity of implementation,
making it the standard choice for real-world machine learn-
ing applications. However, despite its widespread use, the
theoretical understanding of permutation-based SGD had
remained underdeveloped until recently, due to challenges
arising from the lack of independence between iterates.

Nevertheless, recent advances have successfully addressed
the theoretical challenges of permutation-based SGD
(Haochen & Sra, 2019; Nagaraj et al., 2019). For exam-
ple, Random Reshuffling (RR), one of the most common
permutation-based methods, randomly shuffles the indices at
the start of each epoch. It has been theoretically shown that
RR achieves a convergence rate of O(1/nK?) for smooth
and strongly convex objectives, which is faster than the rate
O(1/nK) of with-replacement SGD, where K is the num-
ber of epochs (Ahn et al., 2020; Mishchenko et al., 2020).

While these results suggest that RR is theoretically superior
to with-replacement methods, the story is far from complete.
Existing analyses of permutation-based SGD are mostly
restricted to the large epoch regime, where K is sufficiently
large relative to the problem’s condition number x (defined
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in Section 2.1). However, this regime is often unrealistic
in practical machine learning scenarios, especially when
training large language models. Neural network training
typically involves highly ill-conditioned optimization land-
scapes (Li et al., 2018; Ghorbani et al., 2019), where « is
large, and K is comparatively small due to computational
constraints. In such cases, the small epoch regime, where
K is smaller than k, becomes significantly more relevant,
yet its convergence behavior remains poorly understood.

In fact, Safran & Shamir (2021) establish a lower bound in
strongly convex objectives for RR, revealing that RR can-
not outperform with-replacement SGD in the small epoch
regime. This highlights the need to further investigate
permutation-based methods under small epoch constraints
and explore whether they can outperform with-replacement
SGD in such settings. However, analyzing permutation-
based SGD in the small epoch regime poses significant
theoretical challenges (as explained in Section 2.4). Even
for Incremental Gradient Descent (IGD) (Bertsekas, 2011;
Gurbuzbalaban et al., 2019), the simplest permutation-based
SGD method where components are processed sequentially
and deterministically from indices 1 to n in each epoch, its
convergence behavior in this regime is not well-understood.

In this study, as an initial step toward understanding the
convergence behavior of permutation-based SGD in the
small epoch regime, we focus on the convergence analysis
of IGD. Our study presents convergence rates for both the
small epoch regime and the large epoch regime, offering a
result that highlights the distinct behavior of permutation-
based SGD in the small epoch regime.

1.1. Summary of Our Contributions

Our analysis focuses on the setting where the objective F' is
smooth and strongly convex, and the step size is kept con-
stant throughout the optimization process. We summarize
our contributions as follows, where the convergence rates
reflect the function optimality gap at the final iterate. For a
clear overview, we refer readers to Table 1 and Figure 1.

¢ In Section 3, we provide convergence analyses of IGD in
the small epoch regime. We establish lower bound con-
vergence rates under three scenarios (Theorems 3.1, 3.3
and 3.5): (i) strongly convex components sharing the same
Hessian, (ii) strongly convex components, and (iii) allow-
ing nonconvex components. Additionally, we provide the
upper bound convergence rates for the first two cases (The-
orem 3.2, Proposition 3.4). Our results indicate that even
with stronger assumptions, IGD remains slower than the
known upper bound of with-replacement SGD. Further-
more, IGD exhibits surprisingly slow convergence even
when all components are strongly convex, and the inclusion
of nonconvex components further amplifies this slowdown.

* In Section 3.2, we study whether a suitable permutation
strategy can accelerate permutation-based SGD in the
small epoch regime. We prove that there exists a per-
mutation such that repeatedly using it in permutation-
based SGD can outperform with-replacement SGD (Theo-
rem 3.7). To our knowledge, this is the first result showing
the existence of a permutation-based SGD method that con-
verges faster than with-replacement SGD in this regime.

* In Section 4, we establish tight convergence rates for IGD
in the large epoch regime. We derive matching lower
and upper bound rates, up to polylogarithmic factors, for
scenarios where all components are convex or some are
nonconvex (Theorems 4.1, 4.3 and 4.4). Unlike in the small
epoch regime where nonconvex components significantly
slow convergence, the rate gap between these two scenarios
is only a factor of k, revealing the clear distinction in the
behavior of IGD in the small and large epoch regimes.

2. Preliminaries

We start by introducing the basic notation used through-
out this paper. We use n to denote the number of com-
ponent functions and K to denote the total number of
epochs. The Euclidean norm is denoted by || - ||. For a
positive integer N € N, we use [N] to represent the set
{1,2,...,N}. The symbol ¢ = poly(p1,...,ps) means
that ¢ can be expressed as a finite sum of monomials of
the form p{'p5? - - - p&, where each ¢; is a bounded real
number (which may be negative or non-integer). Similarly,
q = polylog(p1, - .., ps) denotes a function expressible as
q=2(cer,....c.) 108 [ L[5y Pi* for bounded real c and c;.

Importantly, while existing works use O and 2 (or O and O
to hide polylogarithmic factors) to express the growth rates
of the convergence rates, we adopt the symbols < and 2 in
this paper to describe our results in better detail. Formally,
x < y means that there exists a universal constant ¢ > 0
such that x < ¢ -y - polylog(n, K, u, L, ... ) holds for the
specified n, K, and other parameters; vice-versa, r 2 y
means x > ¢y - polylog(n, K, i, L, . ..). Unlike O and €2,
which are often used to express the asymptotic behavior of
the rate as K — oo, < and 2 here apply to all valid values
of K. The reason for using these symbols is that many of
the upper and lower bounds in this paper are established in
the small epoch regime, where the total number of epochs
K is explicitly bounded above by the condition number «.

2.1. Definitions and Assumptions

We list definitions and assumptions that will be used to
describe the function class.

Definition 2.1 (Smoothness). A differentiable function F’ :
R? — R is L-smooth, for some L > 0, if

IVE(x) = VE(y)| < Lilz -y, Ya,y € R%.
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Table 1. Summary of our results. All upper bounds, except for Theorem 3.7, apply to arbitrary permutation-based SGD. Theorem 3.7
specifically applies to a permutation-based SGD method proposed in its theorem. All lower bound results apply to IGD.

Epoch \ Component Assumption

Convergence Rate \

Gradient Assumption

G2 N
Strongly Convex o ( ; ) Theorem 3.2 IV fi(z")]| < G
Identical Hessian Q (,?K) Theorem 3.1 IV fi(x) — VF(@)|| < G, Ve
o (Lz ) Mishchenko et al. (2020) IV fi(z™)]| < G.
Small Strongly Convex K
K<k Q (LG e }),Theorem 33 | |Vfi(@) - VF@)|| < G + |VF(a)| ,Va
Potentially Nonconvex | € (%2 (1 + W) ”), Theorem 3.5 | |Vfi(z) — VF(z)|| < G+3||VF(z)|,Vz
Strongly Convex @ (%) Theorem 3.7! IV fi(x™)| < G.
o ( K) Liu & Zhou (2024a) 15 IV fizT)] < G.
Convex
Large Q( K) Theorem 4.1 IV fi(z) — VF(z)| < G, Ve
K2k %) ( us) Theorem 4.42 IV fi(x) — VF(2)|| < G+P |VF(2)||, Ve
Potentially Nonconvex o
Q ( us) Theorem 4.33 IV fi(@) — VF(2)|| < G+r |VF(2)||, Ve

! Only shows the existence of a permutation that guarantees this convergence, and H = O(\/E)‘

% Requires K 2> (1+P)k.

Definition 2.2 (Strong Convexity). A differentiable function
F :R? — Ris p-strongly convex, for some p > 0, if

I
Fy) > F(x) + (VF(2),y — z) + S|y — 2|
for all , y € RY. If this inequality holds with . = 0, we

say that F' is convex.

Now, we define a common assumption on the objective
function used in our analyses.

Assumption 2.3 (Common Assumption). The overall func-
tion F' : R? — R is p-strongly convex and each component
function f; is L-smooth.

Additionally, we define the condition number of F' as k :=
%, which is closely related to the problem geometry. We
note that component smoothness is commonly utilized in
the literature studying permutation-based SGD (Ahn et al.,
2020; Mishchenko et al., 2020; Lu et al., 2022a; Liu & Zhou,
2024a).

Lastly, we introduce assumptions on the gradients.
Assumption 2.4 (Bounded Gradient Errors). There exists
constants G > 0 and P > 0 such that, for all z € R? and
i€[n,

IVfi(x) = VF(z)| < G+ P|[VF(z)].
Assumption 2.5 (Bounded Gradients at the Optimum).

There exists a constant G, > 0 such that, for all ¢ € [n], the
gradient norm of each component function satisfies

IVfi(z")| < G..
Our results require either Assumption 2.4 or Assumption 2.5.

Notably, whenever Assumption 2.4 holds, Assumption 2.5
also holds with G, = G because VF (z*) = 0.

3 Requires K > max{x®/n?, k*/?} and k > n.

2.2. Algorithms

Algorithm 1 Permutation-Based SGD

Input: Initial point x(, Step size 1, Number of epochs K
Initialize x} = x
for k = 1to K do
Generate a permutation oy, :
fori =1tondo

wf = wf—l — nvfa-k(l) (wéc—l)

[n] = [n]

end for
E+1 _ ok
xO - :En
end for

Output: &

We present the basic pseudocode for permutation-based
SGD methods in Algorithm 1. At the start of k-th epoch, a
permutation oy, : [n] — [n] is generated. The algorithm then
updates the iterate according to the component functions in
the order f,, (1), fo.(2) - - » fo (n)- The method by which
the permutation oy, is generated determines the specific
variant of permutation-based SGD. Here, we describe some
popular methods studied in the literature:

* Incremental Gradient Descent (IGD, Algorithm 2):
Each oy, is the identity permutation.

* Single Shuffling (SS): The first permutation o is drawn
uniformly at random and reused for all epochs.

* Random Reshuffling (RR): Each oy, is independently
drawn uniformly at random in every epoch.

¢ Gradient Balancing (GraB (Lu et al., 2022a)): Each o,
is selected based on observations at the previous epoch.

It has been widely studied that the performance guaran-
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tees vary drastically with the choice of permutation strategy
(Mohtashami et al., 2022; Lu et al., 2022b). In general,
one might expect IGD to converge slowly, as the identity
mapping could represent the worst-case scenario for con-
vergence. In contrast, GraB can be faster than IGD, SS, or
RR as it adaptively selects effective permutations over time.

In this paper, we derive upper bound results for arbitrary
permutation-based SGD, and the lower bound results for
IGD. These results allow us to characterize how much the
convergence of permutation-based SGD deteriorates when
permutations are chosen in the worst-case manner. For
further clarification of the relationship between the upper
and the lower bound, we point readers to Appendix A.3.

2.3. What is known so far?

For simplicity, in this section, we use the conventional sym-
bols O(+) and €2(-) (even for the small epoch regime) to
denote upper and lower bounds, respectively. The symbol
@() hides the dependency on polylogarithmic factors. Con-
vergence rates are expressed in terms of n, K, i, and L to
represent the optimality gap of the function.

Permutation-Based SGD. Numerous studies have ex-
plored the convergence of permutation-based SGD (Bert-
sekas, 2011; Recht & Ré, 2012; Haochen & Sra, 2019;
Nagaraj et al., 2019; Gurbuzbalaban et al., 2019; Safran &
Shamir, 2020; 2021; Ahn et al., 2020; Mishchenko et al.,
2020; Rajput et al., 2020; 2022; Nguyen et al., 2021; Lu
et al., 2022a; Cha et al., 2023; Liu & Zhou, 2024a; Cai &
Diakonikolas, 2024). Here, we summarize recent advances
in the convergence analysis of the last iterate for strongly
convex objectives, and we refer readers to these works for a
more comprehensive understanding.

For both RR and SS, under the assumption of component
convexity, Mishchenko et al. (2020) derive a convergence
rate of (’)( - Kz) Later, Liu & Zhou (2024a) improve this

result by a factor of x, showing a rate of O( —L—). The

corresponding lower bounds, Q(-—+>== zn =3 ), are estabhshed by
Cha et al. (2023) for RR and Safran & Shamir (2021) for
SS, thereby fully closing the gap between the upper and
lower bounds only up to polylogarithmic factors.

There are also several works that derive upper bounds appli-
cable to arbitrary permutation-based SGD, which naturally
encompass the convergence of IGD. Under the assumption
of component convexity, Liu & Zhou (2024a) establish a
rate of (’)( e ), which is slower than the rate for RR by a
factor of n. For the matching lower bound, Safran & Shamir
(2020) derive a rate of Q( ;) for IGD, revealing a gap of
K between the upper and lower bounds.

Recent research (Rajput et al., 2022; Lu et al., 2022b;
Mohtashami et al., 2022) has shifted toward exploring

permutation-based SGD methods that go beyond RR, focus-
ing on manually selecting permutations that induce faster
convergence rather than relying on random permutations.
A notable work by Lu et al. (2022a) proposes a practical
permutation-based SGD algorithm called GraB and pro-
vides a theoretical guarantee of convergence at the rate of
O(ﬁ)—a strictly faster rate than RR. Later, Cha et al.
(2023) establishes a matching lower bound, confirming that
GraB is optimal (for low-dimensional functions).

We note that most of these works require a condition on K
of the form K > x*log(nK) with o > 1.

Small Epoch Analysis. The convergence behavior of
permutation-based in the small epoch regime was first ex-
plicitly investigated by Safran & Shamir (2021). They pro-
vide both upper and lower bounds for RR and SS in both the
small and large epoch regimes, with the rates matching ex-
actly up to polylogarithmic factors for quadratic objectives
with commuting component Hessians. Interestingly, in the
small epoch regime both RR and SS achieve a convergence
rate of @(u ), equivalent to the known rate of O(u )
for with- replacement SGD, where the total number of itera-
tions 7" can be expressed as nK in the without-replacement
setting (Shamir & Zhang, 2013; Liu & Zhou, 2024b).

To the best of our knowledge, no meaningful upper bound
result with a rate of O( Wi 7) has been established for
permutation-based SGD in the small epoch regime. This
rate is of significant importance, as it corresponds to the
rate for with-replacement SGD and matches the best-known
lower bound for RR in this regime (Safran & Shamir, 2021;
Cha et al., 2023). The upper bounds provided by Safran
& Shamir (2021) for RR and SS are restricted to quadratic
objectives with additional assumptions, and therefore, do
not differ significantly from the scenario of a 1-dimensional
quadratic objective.

Some knowledgeable readers may point to the results
of Mishchenko et al. (2020), which present the conver-
gence rates for RR without imposing any constraint on
K. Specifically, under component convexity, Theorem 2 of
Mishchenko et al. (2020) states

) ~ uwK L
E{fo—m H } =O<exp <_\/§L> D2+,u3nK2)’

where D := ||xg — «*||. However, we believe that Theo-
rem 2 does not provide a tight bound in the small epoch
regime for two reasons. First, the polynomial term induces

the function optimality gap of O(—E— e ), which is slower

than the lower bound rate for RR by a factor of %2 Sec-
ond, as K decreases below x, the exponential term grows
rapidly and dominates, deviating substantially from the rate
of O( T L-). While their Theorem 1 improves the exponen-
tial term by assuming a strong convexity of components, it
leaves the polynomial term unchanged. Also, a more recent
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result by Liu & Zhou (2024a) (Theorem 4.6) refines the
polynomial term and also improves the exponential term
to exp (—K/ KJ)LTDQ. However, since the term inside the
exponential remains unchanged, this still fails to reveal a
tight bound when K is small.

While Koloskova et al. (2024) derive an upper bound con-
vergence rate for permutation-based SGD that does not rely
on large K for nonconvex objectives, we were unable to
extend their proof techniques to the strongly convex setting
to yield a rate of (’}(W%K)

2.4. Why Do Existing Bounds Require Large Epochs?

To understand the challenges in establishing upper bounds
for permutation-based SGD, it is important to observe that,
unlike with-replacement SGD, permutation-based SGD uses
each component function exactly once per epoch. There-
fore, n steps of update in permutation-based SGD can be
expressed as an approximation of gradient descent on the
overall objective, combined with a cumulative error term.
Much of the prior literature on establishing the upper bounds
for permutation-based SGD focuses on capturing the “cu-
mulative error” effect within a single epoch.

Technically, to show that the cumulative error within an
epoch is small, the step size must be sufficiently small
to ensure that the iterate does not move too far during
a single epoch. Specifically, the step size must be less
than O(1/nL), where L represents the smoothness parame-
ter (Mishchenko et al., 2020; Liu & Zhou, 2024a). However,
when the number of epochs K is small, the step size should
be larger in order to bring the iterate close to the optimal
point. In fact, the step size should be at least as large as a
value proportional to 1/ K.

These two requirements—the need for a small step size to
control error within a single epoch and the need for a larger
step size to achieve fast convergence when K is small—lead
to a conflict. Consequently, existing analyses generally hold
only when K is sufficiently large. While some analyses are
valid even when K is small, their bounds are not tight as
discussed in the previous subsection.

3. IGD in Small Epoch Regime

We have highlighted that studying permutation-based SGD
in the small epoch regime, where the total number of epochs
K satisfies K < k, is both underexplored and highly
challenging, despite its practical relevance. As an initial
step toward understanding its convergence behavior in this
regime, we investigate IGD, the simplest and deterministic
permutation-based SGD method. We explore this regime un-
der three distinct scenarios: (i) each component is strongly
convex with a common Hessian, (ii) each component is
strongly convex, and (iii) some components may be noncon-

vex. For each scenario, we establish a convergence lower
bound and demonstrate degradation in convergence.

3.1. Convergence Analysis of IGD

We introduce our first lower bound result of IGD in the
small epoch regime.

Theorem 3.1. Foranyn > 2,k > 2, and K < %li, there ex-
ists a 3-dimensional function F' satisfying Assumptions 2.3
and 2.4 with P = 0, where each component function shares
the same Hessian, i.e., V2 f;(x) = V2F(x) for all i € [n]
and x € R3, along with an initialization point x, such that
for any constant step size n, the final iterate X obtained
by Algorithm 2 satisfies
F(z) - F(z*) 2 ¢
(@)~ Fla’) 2

The proof of Theorem 3.1 is presented in Appendix B.1.
Note that if all component functions share the same Hes-
sian, they are also pu-strongly convex. To the best of our
knowledge, the previous best lower bound rate for IGD in
this setting was HG—I;Q (Safran & Shamir (2020)), and Theo-
rem 3.1 improves it by a factor of K. Additionally, RR has
a lower bound of % (Safran & Shamir (2021)), and the
optimal permutation-based SGD method has a lower bound

of #QLRE;;@ (Cha et al. (2023)) in the same setting.

For with-replacement SGD, the known upper bound on
the function optimality gap is lg—K (Liu & Zhou, 2024b),

which is faster than the rate % in Theorem 3.1 by a factor
of n. We emphasize that this comparison is made under
conditions advantageous to IGD, as the lower bound from
Theorem 3.1 assumes all component functions share the
same Hessian, while the upper bound for with-replacement
SGD does not require such a condition. However, this
comparison has some subtleties: the upper bound rate is
derived under a varying step size scheme, leaving open
the possibility that IGD can converge faster under such a
scheme. For a more complete comparison, it would be
important to extend Theorem 3.1 to the varying step size
setting, which we leave for future work.

Next, we present the upper bound for arbitrary permutation-
based SGD methods when each component is 1-dimensional
and shares the same Hessian.

Theorem 3.2. Letn > 1, % < K < k, and an initialization
point xq. Suppose F'is a 1-dimensional function satisfying
Assumptions 2.3 and 2.5. Assume that each component
function f; shares the same Hessian for all i € [n] and
x € R. Then, for any choice of permutation oy, in each
epoch, the final iterate xX obtained by Algorithm 1 with the

step size n = ﬁ max {log (%) , 1} satisfies
< G
~ ,UK *

F(xy) = F(a")
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The proof of Theorem 3.2 is in Appendix C.1. We note
that the minimum epoch requirement K 2, * is necessary
for valid analysis, as mentioned in Safran & Shamir (2021)
(Remark 2). While Theorem 3.2 additionally requires the
objective to be 1-dimensional due to technical challenges,
the bound can be directly applied to objectives with diagonal
Hessians, which aligns with the construction in the proof of
Theorem 3.1.

Indeed, the function class Theorems 3.1 and 3.2 apply to
is restrictive. However, our next theorem indicates that
the convergence of IGD deteriorates immediately when the
identical Hessian assumption is removed, even when each
component function remains strongly convex.

Theorem 3.3. Foranyn > 3, k > 2, and K < 1k,
there exists a 4-dimensional function F satisfying Assump-
tions 2.3 and 2.4 with P = 1, where each component func-
tion is p-strongly convex, along with an initialization point
o, such that for any constant step size n, the final iterate

xX obtained by running Algorithm 2 satisfies

. LG? . K2
F(xX) - F(z*) > 2 mln{l,m}.

Theorem 3.3 is a technically complex result, and we briefly
outline the key strategy here. We construct each compo-
nent function by applying a rotation, positioning each min-
imizer to form a regular n-polygon. The key idea is that,
with a carefully chosen initialization, the iterates preserve
rotational symmetry and also form a regular n-polygon,
maintaining a constant distance from the global minimizer
throughout the optimization process. The proof of Theo-
rem 3.3 is presented in Appendix B.2.

Compared to Theorem 3.1, Theorem 3.3 provides a consis-

tently larger lower bound. Specifically, depending on the

relationship between K and /k, the bound in Theorem 3.3

is larger by a factor of either kK or % /K3, both exceeding

1 in the small epoch regime. When K = ©(x), both bounds
GZ

in Theorems 3.1 and 3.3 become .

Theorem 5 of Mishchenko et al. (2020) provides an upper
bound for IGD when all component functions are strongly
convex. We restate this result in Proposition 3.4, with a
slight modification to extend its applicability to arbitrary
permutation-based SGD methods.

Proposition 3.4 (Mishchenko et al. (2020), Theorem 5).

Letn > 1, K 2 %, and xq be the initialization point.
Suppose F' is a function satisfying Assumptions 2.3 and 2.5
where each component function is p-strongly convex. Then,
for any choice of permutation oy, in each epoch, the final

iterate a:ff obtained by running Algorithm I with a step size
n= ,UJ?K max {log (%#) 71}, satisﬁes
2
K —(B*H2 < LG* .
n ~ uBK?2

|2

The proof of Proposition 3.4 is presented in Appendix C.2.

The squared distance bound in Proposition 3.4 naturally

2 2
translates to a function optimality gap of ﬁsg’;. Although

Theorem 3.3 and Proposition 3.4 do not match in general,
they do align when K = O(y/k): in this case, both bounds
become the rates chz and ngi
to polylogarithmic factors.

, achieving a tight match up

Now, we present the result for the case where nonconvex
components exist. While some slowdown in convergence is
expected, Theorem 3.5 reveals that it is far more drastic.

Theorem 3.5. Foranyn > 4, k > 4, and K < g, there ex-

ists a 2-dimensional function F' satisfying Assumptions 2.3

and 2.4 with P = 3 such that for any constant step size

n, the final iterate =X obtained by running Algorithm 2

starting from the initialization point o = (D, 0) satisfies
2

G L \"
Ky ) > : 2
F(x,)— F(x )Nmm{,uD T (1+ 2/mK> }

Our construction involves component functions that are con-
cave in particular directions. The proof of Theorem 3.5 is
presented in Appendix B.3. One distinction of this statement
is the explicit inclusion of the initial distance D. This depen-
dence cannot be removed unless the initial point is placed
exponentially far from the global minimum, which would
lead to an unfair comparison with upper bound theorems, as
they typically include a log D term in their bounds.

Roughly, an expression of the form (1 4 a)® can be approxi-
mated by exp(ab). Applying this to (1 + 5%)", we obtain
the approximation exp(5% ). Thus, when K = ©(«), the
second term scales as %2, and as K decreases, it grows at
a rate exponential in . This contrasts with other bounds,

which typically exhibit polynomial dependence on .

To validate our findings, we conduct experiments on our
lower bound constructions in Appendix G. For Theorem 3.3,
we confirm that the iterates follow a circular trajectory, as in-
tended by the original design. For Theorem 3.5, we observe
that the function optimality gap for IGD skyrockets whereas
other permutation-based SGD methods remain robust in the
small epoch regime. To our knowledge, no upper bound
exists for RR in this setting with nonconvex components.
Based on experimental results for Theorem 3.5, we conjec-
ture that RR will theoretically exhibit robust convergence
in this nonconvex component setting, unlike IGD.

While our lower bound results are stated in terms of the func-
tion optimality gap to align with the form of upper bounds,
our proof can be directly extended to derive lower bounds
in terms of the distance to the optimal solution. Specifically,
the lower bounds on the distance metric waf -z H are:

n/2
%,%.min{l,%},andmin D7%(1+ﬁ) }

for Theorems 3.1, 3.3 and 3.5, respectively.
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3.2. Breaking the Barrier of With-Replacement SGD

Up to this point, we have analyzed the worst-case conver-
gence behavior of permutation-based SGD with respect to
the permutation choice in the small epoch regime. A natural
question that follows is: what happens in the best case?

Unlike the large epoch regime where the question has been
sufficiently explored (Lu et al., 2022a; Cha et al., 2023), the
small epoch regime remains less understood. In this section,
we slightly deviate from the main topic and demonstrate
that a well-designed permutation can enable permutation-
based SGD to achieve a faster convergence rate than with-
replacement SGD in the small epoch regime—which RR
has been proven not to do so (Safran & Shamir, 2021).

Before presenting our finding, we introduce an additional
lemma that is used in deriving our result.

Lemma 3.6 (Herding Algorithm (Bansal & Garg, 2017)).
Let z1,- -+, z, € Resatisfy ||z;|| < 1foralli € [n] and
Z?:l z; = 0. Then, there exists an algorithm, Herding,
that outputs a permutation o : [n] — [n] such that

maxX;e(n]

‘2321 Zo(j) H < H, where H = O(/d).

The Herding algorithm was used in Lu et al. (2022a) for
designing GraB. Our next theorem leverages Herding in a
different way to show the existence of a permutation-based
SGD method (but impractical) that achieves acceleration
even in the small epoch regime.

Theorem 3.7 (Herding at Optimum). Letn > 1, K 2 =,
and x( be the initialization point. Suppose F is a func-
tion satisfying Assumptions 2.3 and 2.5 where each com-
ponent function is p-strongly convex. Then, there exists a
permutation o such that the final iterate X obtained by
running Algorithm 1 with K epochs of o and a step size

n= l”%K max {log (W) , 1}, satisfies
27 12

K*.’B*HQ < H LG*.

n ~ Bn2K2

|l=

Unlike GraB which dynamically adapts the permutation
at each epoch based on the gradient observations, Theo-
rem 3.7 applies a fixed o consistently throughout entire
epochs. The permutation o is obtained by running Herding
for the scaled component gradients at the global optimum
x*, ensuring maxe () | Y5, Vs (z*) | < HG.. The
proof of Theorem 3.7 is presented in Appendix C.3.

By L-smoothness, it immediately follows that the function
optimality gap is bounded as F(zX) — F(z*) < %
We make two key observations regarding this result. First,

Cha et al. (2023) prove the lower bound rate of ani?m appli-

cable to arbitrary permutation-based SGD without any con-
straint on K. This confirms that Theorem 3.7 achieves opti-

mal performance in terms of n and K among permutation-
based SGD methods. Second, this rate outperforms the rate
of ﬁ—ZK for with-replacement SGD (Liu & Zhou, 2024b)
whenever n > H?k?/K. In particular, even when K < &,
problems involving a large number of component functions
with small input dimensions can still satisfy this condition.

To our knowledge, this is the first result showing that
a permutation-based SGD method may outperform with-
replacement SGD in the small epoch regime. However, we
identify two key limitations. First, Theorem 3.7 is not an
implementable algorithm, as it requires prior knowledge of
component gradients at *. Second, the upper bound in
Theorem 3.7 and the lower bound established by Cha et al.
(2023) still differ by a factor of H?x. An interesting future
direction would be to design a practical permutation-based
SGD method that tightly matches this lower bound.

We conclude by suggesting a setting where we can effi-
ciently obtain this permutation. Suppose all component
functions have the same Hessian so that V2 f; — V2F = 0.
Then, the gradient difference V f; — VF remains constant
across the domain, leading to the following equation:

Vfi(x*) =Vfi(x*) — VF(x*) = Vfi(xo) — VF (o).

In this scenario, we can use scaled gradient errors at the
initialization (V f;(x9) — VF(xg))/G., which can be effi-
ciently obtained, as inputs to Herding to attain the desired
permutation o. Furthermore, the lower bound construction
of Cha et al. (2023), which achieves a rate of #Cj;{z, also
satisfies the identical Hessian assumption. This confirms
the algorithmically optimal convergence for this specific

function class, up to a factor of H?x gap.

4. IGD in Large Epoch Regime

We now shift focus to the large epoch regime, where
K 2> k. We examine convergence under two distinct scenar-
ios: (i) each component is convex, and (ii) some components
may be nonconvex. While the presence of nonconvex com-
ponents significantly deteriorates convergence in the small
epoch regime, we observe that this effect diminishes in the
large epoch regime.

4.1. Convergence with Component Convexity

We first focus on the case where all components are convex.

Theorem 4.1. Foranyn > 2, k > 2, and K > k, there ex-
ists a 3-dimensional function F' satisfying Assumptions 2.3
and 2.4 with P = 0, where each component function shares
the same Hessian, along with an initialization point x, such
that for any constant step size n, the final iterate obtained
by running Algorithm 2 satisfies

LG?

.UZ K2’

F(xy) - F(z") 2

n
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The detailed proof of the theorem is provided in Ap-
pendix D.1. As previously discussed in Theorem 3.1, since
the overall function is strongly convex and each component
function shares the same Hessian, it follows that each com-
ponent function is also p-strongly convex. The previous
best lower bound for IGD in this setting was C;; (Safran &
Shamir, 2020), and our result improves upon thlS by a factor
of k. Also, when K = ©(x), this bound simplifies to 5,
thereby continuously interpolating the lower bound results
in the small epoch regime (Theorems 3.1, 3.3 and 3.5).

Next, we present a complementary upper bound result, orig-
inally established in Theorem 4.6 of Liu & Zhou (2024a).
For consistency with the assumptions used throughout this
paper, we restate it under slightly stronger assumptions.

Proposition 4.2 (Liu & Zhou (2024a), Theorem 4.6). Let
n > 1, K 2 k, and xq be the initialization point. Sup-
pose I is a function satisfying Assumptions 2.3 and 2.5
where each component function is convex. Then, for
any choice of permutation oy in each epoch, the final
iterate obtained by Algorithm 1 with the step size n =
#;K max {log (%) , 1} satisfies

L2

2K?

F(zy) - F(x") <

n

We observe that the lower bound in Theorem 4.1 and the
upper bound in Proposition 4.2 match exactly, up to poly-
logarithmic factors. The component functions for the lower
bound satisfy strictly stronger assumptions than those re-
quired for the upper bound. Unlike upper bounds where
stronger assumptions may improve the convergence rate, ful-
filling stronger assumptions in lower bound analyses rather
strengthens the result of the bound. Thus, Theorem 4.1
remains a valid lower bound matching Proposition 4.2.

4.2. Convergence without Component Convexity

In this section, we investigate the case where the assump-
tion of component convexity is removed. Our next theorem,
Theorem 4.3, establishes a lower bound for IGD, quantify-
ing the degradation in convergence rate when nonconvex
components are included in the large epoch setting.

Theorem 4.3. For any n > 4, k > n, and K >
max {Iig /n?, K32 } there exists a 4-dimensional function
F satisfying Assumptions 2.3 and 2.4 with P = k, along
with an initialization point xq, such that for any constant
step size m, the final iterate obtained by running Algorithm 2
satisfies
L?G?
F(w’l’jl{)_F(w)N 5K2

The proof of Theorem 4.3 is presented in Appendix D.2. Ad-
ditional assumptions on n and K are introduced for techni-
cal reasons. Since the construction in Theorem 4.3 involves

nonconvex components, Proposition 4.2 is no longer appli-
cable for direct comparison. Theorem 4.4 addresses this by
providing an upper bound allowing nonconvex component
functions for arbitrary permutation-based SGD.

Theorem 44. Let n > 1, K = (1 + P)x, and
xo be the initialization point. Suppose F is a func-
tion satisfying Assumptions 2.3 and 2.4. Then, for any
choice of permutation oy, in each epoch, the final iter-
ate X obtained by Algorithm 1 with a step size n =

max {log ((F(m") Lljgc DK ) ,1} satisfies
212
K ) S LG .
~BK?

,unK

The proof of Theorem 4.4 is in Appendix E.1. This upper
bound aligns with the lower bound in Theorem 4.3, differ-
ing only by polylogarithmic factors, when the objective is
sufficiently ill-conditioned and the number of epochs K is
sufficiently large, specifically K > max {x?/n? £?}.

Importantly, the convergence rate in this setting degrades
by only a factor of x compared to the convex components
case. These results highlight an intriguing behavior of IGD:
allowing nonconvex components significantly degrades con-
vergence in the small epoch regime; however, this slowdown
is much less severe in the large epoch regime.

Similar to the small epoch case, the lower bounds in the
large epoch regime can also be expressed in terms of the
distance to the optimum. Specifically, the lower bounds on
(B d #Lz?( (for K > max{x3/n? k?})
for Theorems 4.1 and 4.3, respectively.

4.3. Comparison with Other Methods

Here, we provide a detailed comparison of the convergence
rates across different permutation-based SGD methods.

Random Reshuffling. In the large epoch regime, Liu &
Zhou (2024a) show that RR achieves an upper bound of

MLn 5, while Cha et al. (2023) establish a tight matching
lower bound under the same setting. Both results assume
that the component functions are convex. This implies that
in settings where all component functions are convex, RR
outperforms IGD by a factor of n in terms of convergence

rate in the large epoch regime.

Optimal Permutation-based SGD. Lu et al. (2022a)

demonstrate that GraB achieves an upper bound of & e ng ; s

where H is a constant that scales as v/d (Lemma 3. 6) Snm-
larly, Cha et al. (2023) establish a lower bound of 5= 3n2 ==
for any permutation strategy over K epochs, assuming suf-
ficiently ill-conditioned problems and a large number of
epochs. Both results are derived without assuming compo-
nent convexity. Together, these results indicate that, when
nonconvex components exist and d is fixed, the optimal con-
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vergence rate f(_)zr permutation-based SGD in the large epoch
regime is ;LsLTng This implies that in settings where some
components are nonconvex, IGD converges at a rate slower
than optimal permutation-based SGD by a factor of n2.

5. Conclusion

We provide a detailed analysis of IGD across both small
and large epoch regimes, considering various assumptions
on the component functions. Our results show that, unlike in
the large epoch regime, even when the component functions
are strongly convex, the convergence can be significantly
slow. Furthermore, the presence of nonconvex components
exacerbates this slowdown exponentially. We also demon-
strate the existence of a permutation-based SGD method
that allows faster convergence in the small epoch regime.

Finally, we highlight two promising directions for future
work. The first is to establish a tight convergence bound
for RR in the small epoch regime, similar to our analy-
sis for IGD in Section 3. We discuss the current state of
research and the key challenges in this direction in Ap-
pendix A.4. The second is to develop an efficient and prac-
tical permutation-based SGD method that enjoys provable
fast convergence in this regime.
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A. Supplementary Details

In this section, we provide additional details omitted from the main text.

A.1. Visualization of Upper and Lower Bounds

We begin by presenting a plot that summarizes our theoretical findings. Theorems 3.1 to 3.5 (and the result from Mishchenko
et al. (2020)) apply to the small epoch regime (K < k), and Theorems 4.1 to 4.4 (and the result from Liu & Zhou (2024a))
apply to the large epoch regime (K 2 k). In the figure, solid lines indicate upper bounds and dash-dot lines represent lower
bounds. Each color represents a pair of upper and lower bounds derived under similar assumptions—what we refer to as
matching bounds. The vertical line at K = x marks the transition between the small and large epoch regimes. Both axes are
log-scaled for better visualization of rate differences.

= Theorem 3.2 (UB)
‘ === = Theorem 3.1 (LB)
" = Mishchenko et al. (2020) (UB)
‘ === = Theorem 3.3 (LB)
= === =  Theorem 3.5 (LB)
| Liu & Zhou (2024a) (UB)
-\ Theorem 4.1 (LB)

Theorem 4.4 (UB)
Theorem 4.3 (LB)

L?G?/u? T

LGZ/[JZ —

Optimality Gap

G?/u

G2?/L

[ I
3 K max{k3/n?, K312}

Epoch

=
3=

Figure 1. Visualization of the bounds in Table 1. Both axes are log-scaled. Upper bounds (UB) are represented using a solid line, and
lower bounds (LB) are depicted with a dash-dot line. The small and large epoch results are combined into a single figure with a separation

by the vertical line K = x. Upper bound results for the small epoch regime only hold under K 2 /n, while lower bound results hold
for K greater than some constant.

A.2. Pseudeocode of IGD

Next, we provide the pseudocode for IGD as Algorithm 2.

11
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Algorithm 2 Incremental Gradient Descent

Input: Initial point x, Step size 77, Number of epochs K
Initialize x{ = xo
for k =1to K do
for: =1tondo
xf =z —nVfi(zi,)

end for
k+1 _ ok
(130 =&,
end for

Output: =z

A.3. Connecting IGD Lower Bounds with Upper Bounds of General Permutation-Based SGD

In this paper, we derive upper bound results for arbitrary permutation-based SGD, and the lower bound results for IGD. To
clarify the connection between these results, we explain why the lower bounds derived for IGD are relevant to the upper
bounds for arbitrary permutation-based SGD. Intuitively, deriving the upper bound for arbitrary permutation-based SGD can
be viewed as bounding the following inf-sup problem from above:

inf sup F(x)) — F(z*). %
Stepsize . function F ()
permutation {o, } <,

On the other hand, the corresponding lower bound is one that bounds the following sup-inf problem from below:

sup inf F(zX) - F(z*). )
function F(x)  Stepsizen

permutation {7}, } <,

Notably, in the lower bound formulation, the permutations {Uk}le appear in the supremum term. This implies that the
lower bound for IGD, which can be formulated as:

sup inf F(xf) - F(z*), 3)

function F'(x) step size

where every oy, is an identity mapping, is at most equation (2). Therefore, our lower bound results, derived specifically for
IGD, also provide valid lower bounds for the upper bound results established for any permutation-based SGD.

To further clarify, we compare it with the work of Lu et al. (2022a). In Lu et al. (2022a), the authors introduce a permutation-
based SGD algorithm called GraB that provably converges faster by carefully selecting permutations at each epoch. This
problem can be formulated as bounding the following inf-sup problem:

inf sup  F(xK) - F(x). )
stepsizen - function F'(x)
permutation {7}, } <,

In addition, Cha et al. (2023) proves that GraB is an optimal permutation-based SGD by providing a lower bound that holds
for every possible combination of permutations over K epochs:

o inf  Fley) - F(a"). 5)
function F'(x) step size n
permutation {7}, } 5,

Clearly, equation (4) and equation (5) are smaller than equation (1) and equation (2), respectively.

A.4. Status and Open Challenges in Establishing Tight Bounds for RR in the Small Epoch Regime

We begin by summarizing the current state of research on RR in the small epoch regime. To the best of our knowledge,
there are two noteworthy results (under the assumption that the overall function is strongly convex and each component is
smooth):

12
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1. (Mishchenko et al., 2020): When all component functions are also strongly convex, an upper bound of (9( is

provided.

w3 nKz)

2. (Safran & Shamir, 2021): When all component functions are quadratic and their Hessians commute, a tight convergence
rate of © (.7 ) is established.

Unlike scenario (2) where the authors provide matching UB and LB (up to polylogarithmic factor), the lower bound in
scenario (1) is unknown, and it remains open whether the rate (’)( e ) can be improved or not.

Given this context, there are two clear directions for future exploration in small epoch RR literature:

* Upper Bound Direction. Improve the existing bound of (’)( oy ) under the strongly convex component assumption,
or derive new bounds under weaker assumptions (e.g., convex1ty, or even without convexity).

¢ Lower Bound Direction. Develop a matchlng lower bound (under the strongly convex component case) to close the

gap with the existing upper bound O(—£— T ).

The primary challenge on the upper bound side is that deriving new upper bounds in the small epoch regime appears to
require sophisticated analytical techniques (due to challenges discussed in Section 2.4). As can be found in Safran & Shamir
(2021), even the proof for 1D quadratic is highly technical. One promising technique we explored is from Koloskova et al.
(2024). In contrast to traditional analyses that group updates within a single epoch (i.e., chunks of size n), this method
groups updates into chunks of size 7 := 1/nL. While this chunk-based approach can be successfully applied to derive upper
bounds for IGD, it becomes problematic for RR. Specifically, when the chunk size 7 does not align neatly within epochs,
handling the dependencies between iterates becomes extremely difficult.

Regarding the lower bound direction, we believe any progress beyond current results will likely require more complicated
constructions that go beyond simple quadratic functions. This is because for simple quadratic functions where the Hessians
commute with each other (e.g., f;(z1,22) = Lx% + a;z1 + Sa3 + bixo), the tight rate of @(L) is already established by
Safran & Shamir (2021). Therefore, to surpass the existing LB barrier Q( 7 )» future constructions must involve quadratic
functions with non-commuting Hessians or even non-quadratic functions, necessnatmg more advanced analytical techniques.
While our own lower bound construction in Theorem 3.3 is based on quadratic functions with non-commuting Hessians, it is
tailored to IGD, and we do not see a clear way to extend this idea to RR.

13
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B. Proofs for Small Epoch Lower Bounds

In this section, we present the detailed proofs for Theorems 3.1, 3.3 and 3.5 which are the lower bound results in the small
epoch regime. To establish these results, we construct a specific function F' that achieves the stated lower bound for each
theorem. We note that constructing a lower-bound function for SGD presents a significant challenge, as it must exhibit poor
convergence for any choice of step size 1. The difficulty lies in the fact that the convergence behavior of SGD is highly
sensitive to n: a small step size leads to slow updates, whereas a large step size can cause divergence.

To overcome this challenge, we partition the positive real line of possible step sizes into three regimes: small, moderate, and
large. For each regime, we design a distinct lower-bound function tailored to follow the stated convergence behavior within
that range. Finally, we combine these functions across dimensions, ensuring that the resulting function satisfies the stated
lower bound for any choice of . This “dimension-aggregating” technique has been developed in the recent literature (e.g.,
Safran & Shamir (2021); Yun et al. (2022); Cha et al. (2023)).

B.1. Proof of Theorem 3.1

Theorem 3.1. Foranyn > 2, kK > 2, and K < %/ﬁ, there exists a 3-dimensional function F' satisfying Assumptions 2.3
and 2.4 with P = 0, where each component function shares the same Hessian, i.e., V? f;(x) = V2F(x) for all i € [n]
and = € R3, along with an initialization point o, such that for any constant step size 0, the final iterate X obtained by
Algorithm 2 satisfies
G2
K *
F(x,)— F(z*) Z K

Proof. We divide the range of step sizes > 0 into three regimes that will be specified subsequently. For each regime, we
construct the overall functions I}, F», and Fj respectively, along with their respective component functions and an initial
point. Each function is 1-dimensional and satisfies Assumption 2.3. F} and F3 satisfy Assumption 2.4 with G = P = 0, and
F3 satisfies with P = 0. Also, the component functions within each overall function share the same Hessian. Importantly,
each function is designed to satisfy the following properties:

* (Small step size regime) There exists an initialization point xy = poly(p, L, n, K, G) such that for any choice of

ne (O7 I—WLK)’ the final iterate X obtained by running Algorithm 2 satisfies F (zX) — Fy(z*) > f—;{

* (Moderate step size regime) There exists an initialization point yo = poly(u, L, n, K, G) such that for any choice of

ne [ﬁ, %), the final iterate yX obtained by running Algorithm 2 satisfies Fp(yX) — Fy(y*) > f;

* (Large step size regime) There exists an initialization point zy = poly(u, L, n, K, G) such that for any choice of

RS [%, 00), the final iterate 2% obtained by running Algorithm 2 satisfies F3(2X) — F3(2*) 2 f—;

Here, z*, y*, z* denote the minimizers of F}, F5, and F3, respectively. Detailed constructions of F}, F5, and F3, as well as
the verification of the assumptions and the stated properties are presented in Appendices B.1.1 to B.1.3.

We now aggregate these functions across dimensions: F(x) := F(x,y,z) = Fi(x) + Fa(y) + F3(2) and f;(x) =
fri(@) + f2u(y) + fsi(z) for all ¢ € [n]. Here, fi, fii, f1i, f3:; denote the i-th component function of F, F, F5, and F3,
respectively. Since each dimension is independent, it is obvious that * = (x*, y*, 2*) minimizes F.

Finally, by choosing the initialization point as €y = (¢, ¥o, 20), the final iterate % = (2X yX 2K obtained by running

Algorithm 2 on F satisfies

regardless of the choice of > 0.

Note that F satisfies the stated assumptions as

pI < min{V2F(z), V> Fy(y), V2 F3(2)} < V2F(z) < max{V?F(z), V*Fy(y), V?F3(2)} < LI,

14
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and
IVfi(z) = VE(@)|| < IV fi(z) = VF1(@)[| + [V f2i(y) — VE(y)[| + [V fai(2) = VE3(2)[ S0+ G+ 0=G.
Moreover, V2fi(x) = diag(V2f1;i(z), V2 f2i(y), V2 f3i(2)) = diag(V2f;(x), V2fi(y), V2fi(z)) = V2F(z) holds,

since the component functions within each overall function share the same diagonal Hessian. This concludes the proof of
Theorem 3.1. O

In the following subsections, we present the specific construction of F}, Fs, and F3, and demonstrate that each satisfies
the stated lower bound within its corresponding step size regime. For simplicity of notation, we omit the index of the
overall function when referring to its component functions, e.g., we write f;(x) instead of f1;(x). Moreover, we use the
common variable notation  while constructing functions for each dimension, though we use different variables in the
“dimension-aggregation” step.

B.1.1. CONSTRUCTION OF F}

Let Fy(z) = 4a? with component functions f;(x) = Fi(x) for all i € [n]. It is clear that I satisfies Assumption 2.3,

Assumption 2.4 with P = 0, and its component functions share an identical Hessian. Also, we note that x* = 0 and

Let the initialization be xo = T For alln € (O —K> the final iterate is given by

1 nk G
K nKk
z, = (1— o 1-— To > ,
n =1 —np) ( nK) 02 %

where the last inequality uses the fact that (1 — %)m > % forallm > 2.

Thus, we have

B.1.2. CONSTRUCTION OF Fj

We construct the function by dividing the cases by the parity of n. We first consider the case where n is even, and address
the case where n is odd later in this subsection. Let Fy(x) = 7Kx2 with component functions

fi(x){ﬂK 22+ Gz if i <n/2,

“2K z? — Gz otherwise.

It is clear that f; satisfies Assumption 2.4 with P = 0 and shares the same Hessian. From the assumption K < %m, we have
w< K < % Hence, each f; is L-smooth and p-strongly convex. Also, we note that * = 0 and Fy(z*) = 0.

By Lemma F.1, the final iterate obtained by running Algorithm 2 is given by

nK G 1—(1—nuK): nK
= (1 —nuK —_— (17 1—nuK ) 6
(1 —nuK) WK T3 (ks (1 —nuK) (©6)
For any n € [IH}K, L) it follows that 2 < nuK < 2"K = 2K < 1. Then, we have (1 — nuK)™ < (1- )
e~ < e~! which implies 1 — (1 — nuK)”K >1—e L Moreover, we have (1 — nuK)® < (1 — 1)y: <e ~% and thus,
1—(1—nukK)?: > l—e2
1+ (1—nuK)?: 2

Substituting these inequalities into equation (6) and setting o = 0, we obtain

K< (1—671) (lfefé)G
no 2uK ’

T

15
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and

Fy(ay) = Fa(a*) = —=(x)* 2 —.

We now consider the case where n is odd. Let F5(z) = %mg with component functions

LR 52 if i =1,
file) =S 222 1 Gz if2<i<(n+1)/2

LEy? —Go  if (n+3)/2<i<n.

Compared to the case of even n, fi(z) = “4& 2

S is introduced newly. It is clear that f; satisfies Assumption 2.4 with P = 0
and shares the same Hessian. From the assumption K < %H, we have p < uK < % Hence, each f; is L-smooth and

p-strongly convex. Also, we note that 2* = 0 and Fy(z*) = 0.

By Lemma F.2, the final iterate obtained by running Algorithm 2 is given by

G 1—-(1—nuK)"K
K nkK

xy =1 —nuK)" zg+ — -
) pK 1= (1—nuK)"

(1—(1—WK)%)2. %)

For any 7 € {u;K’ %), it follows that L < nuK < % = 2K < 1. Then, we have (1 — nuK)"K < (1 - %)nK <
e K < e~ Moreover, (1 — nuK)% <(1- %)%1 < e & < e~ holds for n > 2. Substituting these inequalities into
equation (7) and setting ¢ = 0, we have
G 1-— 6_1 1
K > - . 1 _ —Z 2.
Thus, we obtain the following optimality gap:
* /J’K K\2 G2
B - F = > —.
2(wn) = Fo(2”) = == () RK

B.1.3. CONSTRUCTION OF Fj

Let F3(z) = £22 with component functions f;(z) = Fj(z) for all i € [n]. It is clear that I satisfies Assumption 2.3,
Assumption 2.4 with P = 0, and its component functions share an identical Hessian. Also, we note that z* = 0 and

For all n € [%, oo), the final iterate is given by
2K = (1= nL)™™ a,.
In this regime, the step size is excessively large, resulting in
1 L <1 2 L<-1
nL = 7 = -4

which implies |(1 — nL)"¥| > 1. Thus, the iterate does not converge and satisfies |2% | > |zo|.

By setting the initialization zg = %, we have

Fy(zf) — Fs(a*) =



Incremental Gradient Descent with Small Epoch Counts is Surprisingly Slow on Ill-Conditioned Problems

B.2. Proof of Theorem 3.3

Theorem 3.3. Foranyn > 3, k > 2, and K < 16%&, there exists a 4-dimensional function F satisfying Assumptions 2.3
and 2.4 with P = 1, where each component function is u-strongly convex, along with an initialization point x, such that
for any constant step size 0, the final iterate X obtained by running Algorithm 2 satisfies

. LG? . K?
F(xEX) - F(x*) > 2 mln{l,m}.

Proof. Similar to the approach in Theorem 3.1, we divide the range of step sizes into three regimes. For each regime, we
construct the overall functions F}, F5, and F3 respectively, along with their respective component functions and an initial
point. Finally, we aggregate these functions across different dimensions to derive the stated lower bound.

The functions F; and F3 are 1-dimensional, and F5 is a 2-dimensional function. Each function is carefully designed to
satisfy the following properties:

* (Small step size regime) There exists an initialization point o = poly(u, L, n, K, G) such that for any choice of
ne (O, mﬁ)’ the final iterate X obtained by running Algorithm 2 satisfies Fy (zX) — Fy(z*) 2, Lﬁz min {1, 1%}

~

* (Moderate step size regime) There exists an initialization point (yo, z0) = poly(y, L, n, K, G) such that for any choice
of n € [ﬁ, %), the final iterate (yX, 2/) obtained by running Algorithm 2 satisfies Fy(yX, 2K) — Fy(y*, 2*) 2>

LG® - §
3 mm{l, %}

* (Large step size regime) There exists an initialization point wy = poly(u, L, n, K, G) such that for any choice of
n € [%,00), the final iterate w/ obtained by running Algorithm 2 satisfies F3(wf) — F3(w*) 2 LNG; min {1, 1%}

Here, z*, (y*, 2*), and w* denote the minimizers of Fy, F», and Fj, respectively. All these functions are designed to
satisfy Assumption 2.3. F} and Fj satisfy Assumption 2.4 with G = P = 0, and F3 satisfies with P = 1. Moreover, each
component function within each overall function is p-strongly convex. Detailed constructions of Fi, F5, and F3, as well as
the verification of the assumptions and the stated properties are presented in Appendices B.2.1 to B.2.3.

By following a similar approach to the proof of Theorem 3.1, we can conclude that the aggregated 4-dimensional function
F(x) := F(z,y,z,w) = F1(x) + F»(y, z) + F3(w) and its component functions satisfy Assumption 2.3. Additionally,

IVfi(®) = VE(@)| < [IVfii(x) = VEL(2)[ + [V f2i(y) = V()] + [V f3i(2) = VE3(2) ||
SO+ (GEH|VEMWID+0<G+[VE@)],

thus satisfying Assumption 2.4 with P = 1. Also, since each dimension is independent, it is obvious that x* =

(z*,y*, 2", w*) minimizes F. Moreover, by choosing the initialization point as xq = (o, Yo, 20, Wo ), the final iterate

K _ K , K _K K

xr = (x2F,yn, z, w, ) obtained by running Algorithm 2 on F satisfies

N LG? | K2
F(xX) - F(x*) > 2 mln{l,m},

regardless of the choice of n > 0.
This concludes the proof of Theorem 3.3. O

In the following subsections, we present the specific construction of F}, F5, and F3, and demonstrate that each satisfies
the stated lower bound within its corresponding step size regime. For simplicity of notation, we omit the index of the
overall function when referring to its component functions, e.g., we write f;(x) instead of f1,;(x). Moreover, we use the
common variable notation z (and y) while constructing functions for each dimension, though we use different variables in
the “dimension-aggregation” step.

17
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B.2.1. CONSTRUCTION OF F}
Let Fi(z) = 4a? with component functions f;(x) = Fi(x) for all i € [n]. It is clear that F} satisfies Assumption 2.3,
Assumption 2.4 with G = P = 0, and has p-strongly convex component functions. Also, we note that z* = 0 and

Let the initialization be o = /< min {1, 7% } % For all ) € (0, W%K)’ the final iterate is given by

oK = (1 —nu)"Eay > 1—i nK:v >\/Emin{1 i}g
n n 0= nk 0= ’ K2 4/_],7
where the last inequality uses the fact that (1 — 1)™ > 1 forall m > 2.

Thus, we have

2 2
Fi(zK) - R (2*) = %(mff)Q > Li min {1, }
i

B.2.2. CONSTRUCTION OF F5
In this subsection, we let L’ denote L /2. We introduce the design of each component function as follows:

b2+ Ly —Ge  ifi=1,
(fro(Ric)™Y) (2,y) if2<i<n,

fi(z,y) Z{

where

. |cost; —sinb;
" |sinf;  cosb;
is the matrix for the counter-clock wise rotation in R? by an angle 0; = i6 with § := 27“

Using these component functions, the overall function F := L 3" | f; is given by %L,(xz + ?). This result can be
verified by expanding the closed form of f;:

/

L
f1(x,y) = g(l‘ COS 07;_1 + ySiIl 97;_1)2 + ?(7I sin 91‘_1 + Y CcoS 07;_1)2 — G(SC COSs 91‘_1 + ysin@i_l)

1 1
=3 (1 cos? 6, 1 + L' sin? 0;—1) %+ 5 (1 sin?6,_; + L' cos® 0;—1) y?
+(u—L")sin®;_1cosb;_ 12y — G(wcosh;_1 +ysinh;_1).

Since n > 3, we can utilize Lemmas B.1 and B.2, and obtain

I 1

EZSlnai_l = EZCOSGi_l = 0,
i=1 1=1

1 . 1 o 1

Z;SHP 91'_1 = E ;COSQ 91'_1 = 5,

1 — . 1 - .
- Esm 0;_1cosl;_1 = o lemeg(i,l) =0.

Using these results, the overall function is simplified to

which has a minimizer (z*, y*) = (0, 0).

18
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Note that each component function f; is obtained by rotating f;, and hence f; inherits the properties of fi. We can easily
check that f; is both p-strongly convex and L-smooth. Also, the gradient difference between the component function f;
and the overall function F5 can be expressed as

IV f1(2.) — VEa(a )| = H R ) H
Iy o —
= | (55 e B )
<G+ (M;L/:QLI;'U;U)
=G+ (L/Q_Mx,le_’uy>
<o+ (e B )| = o+ 19 R,

proving that the construction satisfies Assumption 2.4 with P = 1.

Before delving into the detailed proof, we outline the intuition for the construction. We start by designing a step-size-

dependent initialization point (ug(n), vo(n)), where n € [ﬁ’ %) For i € [n], we define (u;(n), v;(n)) as the result of

running a single step of gradient descent on f; with a step size 7, starting from (u;—1(n), v;—1(n)).

The key idea is to carefully design (ug(7n),vo(n)) so that each subsequent iterate (u;(n), v;(n)) is obtained by rotating
(ui—1(n),vi—1(n)) by an angle § = 2Z. This aligns with our construction of the component functions f;, which are also
generated by continually rotating f; by the same angle d. As a result, the relative position between each iterate and the
component function used to compute the next iterate is preserved throughout the entire update process. This symmetry
ensures that the trajectory of the iterates (u;(7),v;(n)) forms a regular n-sided polygon. Consequently, after running
Algorithm 2, the final iterate and the initialization point (ug(n), vo(7)) are identical.

At the last step of the proof, we will show that the choice of the initialization point (UO(ﬁ)’ vo(ﬁ)) can be made in a
step-size-independent manner without significantly affecting the final optimality gap, even when the step size 7 is chosen

102 : 1
from (;m o Z) rather than being fixed at R

We now proceed to describe the exact construction of (ug(n), vo(n)). Consider the gradient of the component function
f1(z,y), which is given by:

Vefi(z,y) = pe — G and V, f1(z,y) = L'y.

A single iteration of gradient descent on f; using the step size 7 yields:

u1(n) = uo(n) — n(puo(n) — G),

vi(n) = vo(n) — nL'vo(n). ®

To maintain the rotational relationship between successive iterates, we require that the updated iterate (u1(n), v1(n)) satisfies

the following relationship:
ur(n)| _ [cosd  —sind| [ug(n) ©)
v1(n) sind  cosd | |vo(n)]|”

As mentioned earlier, this rotational relationship ensures that the trajectory of the iterates forms a regular n-sided polygon.
Recall that the component function f; is defined as:

filz,y) = (fio(Ric1)™Y) (z,y).

Additionally, let A = {’g (l)/] Since



Incremental Gradient Descent with Small Epoch Counts is Surprisingly Slow on Ill-Conditioned Problems

the gradient of f; can then be expressed as
- 1
Vfi(z,y) = Ri—1 (A(Ril) ! [Zj -G LJ) . (10)

If (u1(n),v1(n)) satisfies both equation (8) and equation (9), then the subsequent iterate (u2(7), v2(n)) satisfies:

[zi((zg} = (I —nRyA(Ry)™Y) [Zl((zg} +nGR, H
= (I —nRiA(Ry)™Y) [zg ) } +1GR; H

o ) -n[] -~ 4]

Thus, if the initial point (ug(7n), vo(n)) and its successive iterate (u1(n),v1(n)) satisfies the rotational relationship, this
relation persists throughout the entire update process. Consequently, the trajectory of the iterates forms a regular n-sided

polygon.

To enforce this rotational relationship, we solve the following system of equations:

uo(n) cos & —wo(n) sin§ = (1 — nu)uo(n) +nG,
ug(n) siné + vo(n) cosd = (1 —nL Yve(n).

From these, we derive:
) nL' — (1 — cosd)
U, =
T A= cos8)(2 — (u+ L) + nPul’

sin
W)= o= (et Dy + el " (12

G, Y

Note that the numerator of ug(7) is positive as shown below:

2 2unK 2
®) nL' L 272
-2 dunK n?
nL' nL—8m?uK
T2 + 4un?K
() nL’
TR (13)

where we apply n > ﬁ and the inequality 1 — cos8 < %2 at (a), substitute L' = % and 6 = 2T at (b), and apply
n>3>%andk > 167K at (c). Also, we have 2 — (1 + L')n > 0 for n < 2. Thus, ug(n) is always positive and v()

is always negative for 7 € [;m =, %)
Let (u¥(n),v¥(n)) denote the i-th iterate at the k-th epoch of Algorithm 2 using the step size 7 and the initialization point

(uo(n),vo(n)). By definition, (uX (1), v/ (n)) represents the final iterate after K epochs. Due to rotational symmetry,
(uX (n),vE (n)) is identical to (ug(n), vo(n)). Thus, the distance between the final iterate and the minimizer of F; can be

r n

lower bounded by the x-coordinate of the initialization point:

| wE ), vE )| = Il (uo(n),vo(m))]| > uo(n)-

20
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We now derive a lower bound for uo (7). We begin by upper bounding its denominator:
’ o o, 0 o o, Am 2,7/
(I —cosd)(2— (u+L')n) +n°ul’ < ?~2+n pL' = ?—H) ulL’.

Substituting this result into equation (11) gives

(nL' — (1 — cosd))nG n’L'G

U > 2 > 2
0(77)— %+772/$LI %—&—27]2;11/

= p(n),

where we apply equation (13) at the second inequality. We can easily check that ¢(7) is an increasing function of 7 and thus

the minimum value is attained at ) = WLK Substituting 1 = ﬁ’ we have
1 LG
ol )= w5 /
unk S uPnfK2 4+ 2ul
LG L
= I 3 ('.' L/ = 7)
1672 p2 K2 + 2pL 2
L
_G e
2L
©o 16m2 + me

In summary, the distance between the final iterate and the minimizer of F3 is bounded as:

1 @ G K
K K .
@, o )l = o). o) 2 o) 2 ) 2 0l ) = gy min {1 g5 b, (9
where (a) is derived through the following process:
L
1 G nk? G # (b) G . { I G . K
_¢ A - I R 5

(p(unK) w1672 + #21132 2ul+ =~ Ap MRS geR2 S = 3272 i K?

Here, we use the inequality %, > 5 min {1, u} for all w > 0 at (b). The function optimality gap can then be bounded as:

. + L/ 2 LG? . K2
Fo(ulf (n), oK (n)) = Faa*,y) = & T ) o )" 2 2 mm{l’ [(4}

forn € [WLK’ %) However, one caveat is that the initialization point (uq(7),vo(n)) depends on the choice of 7). Our goal

is to identify a unified, step-size-independent initialization point (g, yo) that achieves the same lower bound (up to a scaling
factor). Specifically, we aim to ensure:

2

L
Faalf i) 2 5 i {1, 12|

: 12
for any choice of n € [W’ f).

We claim that this goal can be achieved by setting the initialization point as (zg, yo) = (UO(M%K% vo(ﬁ)). To prove

this claim, consider two sequences of iterates: {(z¥, y¥)}ie(n) kerx) and {(uf (1), v¥ (1)) }iepn) ke k- Both sequences are

) Ui
generated using the same permutation id,, and the same step size 7, but they differ in their initialization points. Specifically,

(f, yF) starts from the initial point (uo( iz ): vo (577 ))> While (uf (1), vf (n)) starts from the initial point (uo (1), vo(1))-

L)

Recall the gradient of f; from equation (10):

Vfi(z,y) = Ri_1 (A(m_l)1 m -G H) .

21
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The update rule for the iterates generated by IGD is:

[z:] = (I —nRiaARi) ™) [Z: j + 0GR, H and
BZEZ;] = (I =R A(Ri-1)™") [U: igzﬂ + 0GR H .

Taking the difference between the two sequences of iterates, we have:

] = we e [ D)

Since R;_1 is an unitary matrix, it follows that Ri_lA(Ri_l)*l > pl. Thus, we obtain the inequality I — nRi_lARi__l1 =
(1 — nu)I, which leads to the following bound:

| (@F = wi(m),yf — o m)|| < (0= np) |[(2Fy — i (), yf oy —of 1 ()]]-

Based on this inequality, we will demonstrate that ||(#5 — uX (n), yX — vEX(n))]| is not significant. This can be interpreted
as the gap between the initialization points shrinking progressively throughout the optimization process. Specifically, we

have

@ = (). = )] < (1= )™ (o — o), o — vo(m))|
< e (g — uo(n), yo — vo(n)) ||
< e woltze) ~ wnln ol )~ o)
< e ([untomze) = o) + oot ) = o]
2 e (s + oo )| + o)
(2 e ! (uo(n) + BZKUO(MJK) SZKUO(W)>
(@) 14 102K )
= Uo
(g zuo(ﬁ)
2k . ot )|

Here, we apply:

e (a):n> W and (zo,yo) = (uo (w%) , Vo (ﬁ))
e (b), (d): ug(n) is positive and increasing (shown in Lemma B.3).

(b)

(¢): Follows from Lemma B.4.
* (e):

(f): uo(n) = 5(77)

K < 167

In summary, the distance between (2, /) and the minimizer of F, can be bounded as:

I 0 = (ot | = e = i = o) > (1= 2) et oo

22
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where we have already derived that ||(uX (1), vX (n))|| > 32%2“ min {1, # } in equation (14). Thus, we conclude

(1*2671)G . K
om0l 2 =gy min {1 g
and consequently,
I s L LG? 2
Fo(atfyi) = Bty = =5 @l 2 5 1@ 2 =5 m{lK}

B.2.3. CONSTRUCTION OF F3

Let F3(z) = £22 with component functions f;(z) = Fj(z) for all i € [n]. It is clear that F} satisfies Assumption 2.3,
Assumption 2.4 with G = P = 0 and has pu-strongly convex component functions. Also, we note that z* = 0 and

Foralln € [#,00), the final iterate is given by
X = (1= nL)"™ a.
In this regime, the step size is excessively large, resulting in
1 L<1 2 L<-1
L = I < —1,

which implies | (1 — nL)"¥| > 1. Thus, the iterate does not converge and satisfies |z | > |zo|.

By setting the initialization zg = % min {1, oz }, we have

Fy(z)) — Fs(a*) =

B.3. Proof of Theorem 3.5

Theorem 3.5. Foranyn > 4, k > 4, and K < 7, there exists a 2-dimensional function I satisfying Assumptions 2.3
and 2.4 with P = 3 such that for any constant step size 1, the final iterate =X obtained by running Algorithm 2 starting
Sfrom the initialization point xy = (D, 0) satisfies

G? L "
Ky ) > . 2 _
F(x;)) F(:B)len{,uD,L (1—&—2#“ ) }

Proof. Similar to the approach in Theorem 3.1, we divide the range of step sizes into two regimes. For each regime, we
construct the overall functions F; and F5, respectively, along with their respective component functions and an initial point.
Finally, we aggregate these functions across different dimensions to derive the stated lower bound.

Each function is 1-dimensional and carefully designed to satisfy the following properties:

. . . . o e . . . _ . 1 .
(Small step size regime) For any choice of the initialization point zy = D and step size n) € (O, Ik K), the final iterate

2 obtained by running Algorithm 2 satisfies Fy (zX) — Fy (2*) > uD?.
* (Moderate & Large step size regime) There exists an initialization point yo = poly(u, L, n, K, G) such that for

~

any choice of € [ oo), the final iterate yX obtained by running Algorithm 2 satisfies F»(yX) — Fo(y*) 2

G L \"
T(1+2an) :

Here, 2* and y* denote the minimizer of F} and F5, respectively. Both functions are designed to satisfy Assumption 2.3. F}
satisfies Assumption 2.4 with G = P = 0, and F3 satisfies with P = 3. Detailed constructions of I} and F5, as well as the
verification of the assumptions and the stated properties are presented in Appendices B.3.1 and B.3.2.

_1
punK?

23
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By following a similar approach to the proof of Theorems 3.1 and 3.3, we can conclude that the aggregated 2-dimensional
function F'(x) := F(z,y) = Fi(z) + F»(y) and its component functions satisfy the stated assumptions. Also, since each
dimension is independent, it is obvious that * = (z*, y*) minimizes F'. Finally, by starting from the initialization point as
xo = (D, 0), the final iterate X = (X yX) obtained by running Algorithm 2 on F satisfies

G? L "
F(zE) — F(z*) > min{ pD?, — (1
@)~ Fen) zmin {up?. G (14 2 )

for any choice of D € R and n > 0.
This concludes the proof of Theorem 3.5. O

One key distinction of Theorem 3.5 compared to other lower bound theorems is the explicit inclusion of D in the statement.
While it is possible to express the lower bounds in other theorems with a dependency on D, we chose to leave this dependency

only for Theorem 3.5 due to the unique behavior of the term %2 (1 + ﬁ) )

Unlike typical bounds, this expression cannot be simplified into a clear, closed-form polynomial expression. Its proportional
degree with respect to u, L, n, and K varies depending on their values. In particular, when K is small (e.g., near ), the

term exhibits exponential growth, scaling as ¢ - %2 where c is a constant greater than 1.1.

This exponential growth introduces challenges when attempting to express the bound without the “min” operator, as in other
theorems. Specifically, the first coordinate of the initialization point, x(, would need to grow to an exponential scale, which
is undesirable to when comparing to the upper bound theorems that hide logarithmic dependency. For these reasons, we
leave the dependency on D explicitly in the bound.

In the following subsections, we present the specific construction of F; and Fs, and demonstrate that each satisfies the stated
lower bound within its corresponding step size regime. For simplicity of notation, we omit the index of the overall function
when referring to its component functions, e.g., we write f;(x) instead of f1;(x). Moreover, we use the common variable
notation x while constructing functions for each dimension, though we use different variables in the “dimension-aggregation”
step.

B.3.1. CONSTRUCTION OF F}

= Fi(z) for all i € [n]. Itis clear that F} satisfies Assumptions 2.3

2 )
0and Fy(z*) =0.

Let Fy(z) = £22 with component functions f;(z
and 2.5 with G = P = 0. Also, we note that z* =

Foralln € (0, ﬁ) , the final iterate is given by

where the last inequality uses the fact that (1 — 1)™ > 1 forall m > 2.

Thus, for xg = D, we have

n

Fi(f) = Fi(a®) = S(@f)? 2 uD?

B.3.2. CONSTRUCTION OF F5

In this section, we focus on the case when n is even. If n is odd, we set n — 1 components satisfying the argument, and
introduce an additional zero component function. This adjustment does not affect the final result, but only modifies the
parameters p, L, n by at most a constant factor.

Let Fh(x) = %xQ with component functions

fi(x) %Z‘Q—FG.I ifi <n/2,
i\T) = .
—%IQ — Gz otherwise.
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Note that the first /2 component functions are strongly convex, while the remaining component functions are concave. The
overall function F5 is p-strongly convex, since % > w holds from the assumption x > 4, thereby satisfying Assumption 2.3.
Also, it is clear that f; satisfies Assumption 2.4 with P = 3. We note that * = 0 and Fy(z*) = 0.

k+1
0

We now consider the relationship between & and zg*'. Applying Lemma F.3, we have

L\?® a G L\* .
x’g“:(1+"2) (1—nL)2x§+L<<1+772) (1+(1—nL)2)—2>. (15)

vl

From K < g, we have n > WLK > %. ‘We now derive the lower bound for (1 + %) . To do this, we consider the first

three terms of its binomial expansion, which is possible because g > 2

n n 2

A 2% 2 (n 2 n 4 nn-2) 5 1_9

1+ ) > (142) 14 2. 2) . T T A (/A R
(+2> _<+n> - +n (1 + n 2 + +n2 8 2 n 4’

where the last inequality uses n > 4. Equivalently, the following inequality holds:

nL% 1 nL%
1+ — >24+ -1+ — .
(1+%) 2245 (1)

Using this inequality, the numerical term in equation (15) becomes
L\*? . L\? 1 L\*®
<1+7’2> (1+(1-nL)?)—2> <1+"2) —2> ¢ (1+”2> .

Substituting this back to equation (15) yields

L\? . G L\?
x§+1>(1+”2> (1—nL)2x§+9L(1+772> .

Note that if z is non-negative, we have zf ™' > & (1 + %) * > 0. By setting the initialization point zg as 0, each z%

remains non-negative throughout the process, and therefore the final iterate x% satisfies:

G nL\*® _ G L \*
K> = =) > =
“n 9L<1+ 2> 9L<1+2/mK> ’

at the last step. Consequently, the optimality gap is lower bounded as:

1

where we apply n > TR

L G? L "
F K _F *\ _ 2 K2>7 1 _ )
2(at) - o) = @52 2 5 (14 5 )

B.4. Technical Lemmas
Lemma B.1. For any n > 2, the following holds:

n—1

273 §
E en'=0.

Jj=0

where i denotes the imaginary unit. In particular, the following equations hold:

= 2 = 2
ZCOSTZO, and ZSIDT:O'
7=0 7=0

25



Incremental Gradient Descent with Small Epoch Counts is Surprisingly Slow on Ill-Conditioned Problems

Proof. Let( = e*1. Then, (" — 1 = 2™ — 1 = (0 holds. Moreover, we have

Zgﬂ ¢—1)=0.

Since ¢ — 1 # 0, it follows that -7~ ~) ¢/ = 0. This leads to the results P "~ cos 24 = 0 and Py ", sin 2 = 0. O

Lemma B.2. For any n > 3, the following equations hold:
1"2‘:1 2 2mj _ Z 27r; SIS
— cos® —= = -, — —, and — sin — = 0.
n & n 2’ n n

Proof. First, notice that

2r7 1 g
os? 21— 5(1+cosﬂ).

n n

9 2mj 4dmj

21— cos 2,
sin? - 2( €08 — )

Hence, it suffices to prove Z 0 cos 4ﬂ =0and Z 0 sin 4ﬂ = 0. Let ¢ = e where i denote the imaginary number.
Then, (" — 1 = e*™ — 1 = 0 holds. Moreover we have

ZgJ ¢—1)=0.

Since ¢ # 1 for n > 3, it follows that Z;:Ol ¢7 = 0. This leads to the results Z"_Ol cos 22 = 0 and ZJ o sin 4L —
0.

Lemma B.3. Forn € [ﬁ, %) uo(n) is an increasing function of 1.

Proof. Recall the expression for ug(n) given in equation (11):

nL' — (1 — cosd)
(1 —cosd)(2— (u+ L)n) +n?ul’

ug(n) = G

For simplicity of the notation, let a = 1 — cosé, b(n) = (nL' — a)n, and c¢(n) = a(2 — n(u + L)) + n?uL’. Then,
uo(n) can be expressed as (”) ;G and uf(n) becomes (V' (n)e(n) — b(n)c' (n)) G/c(n)?. 1t suffices to prove the numerator
b'(n)e(n) —b(n)cd' (n) is non negatrve

Expanding the numerator, we obtain
b (n)e(n) = b(n)e' (n) = (2nL' — a)(n*uL’ = na(u + L') + 2a) — (n* L' —na)(2npL’ — a(p+ L))
= 2n°ul”? —n*al’ Bu+2L") + na(4L' + a(u+ L)) — 2a?)
— (20°uL”® —n*al’ (3u+ L") +na®(u + L))
= —n?al’”? 4 dnal’ — 2a°
=a(4nl’ —n*L"”? - 2a). (16)

= "L < 1, we have n2L’?> < nL’. Moreover, we have a = 1 — cos § < L from equation (13).

Since nL’ =
Substituting these results into equation (16), we have
b'(n)e(n) = b(n)e' (n) = a(dnL’ —n’L"* — 2a) > a(4nL’ —nL' —nL') = 2nal’ > 0.

Therefore, we conclude that ug(n) is an increasing function with respect to 7). O
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Lemma B4. Forn € [ﬁ, %) the absolute value of vo(n) is bounded by ug(n) as follows:

lvo(n)| < uo(1).
Proof. Starting from equations (11) and (12), we have
sin &
9000 = o707
2r 2
< o : EUO(U)
47
= WUO(U)
8
= muo(n)v

where we employ sind < § = 2%, 1 — cosd < 2L from equation (13), and L’

n’ 2
n> 1 + completes the proof of desired inequality.

T
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C. Proofs for Small Epoch Upper Bounds

In this section, we provide detailed proofs for Theorem 3.2, Proposition 3.4, and Theorem 3.7 which correspond to upper
bound results in the small epoch regime.

C.1. Proof of Theorem 3.2

Theorem 3.2. Letn > 1, = < K < k, and an initialization point xo. Suppose F is a 1-dimensional function satisfying
Assumptions 2.3 and 2.5. Assume that each component function f; shares the same Hessian for all i € [n| and © € R.
Then, for any choice of permutation oy, in each epoch, the final iterate x obtained by Algorithm 1 with the step size

n= ﬁ max {log (%) , 1} satisfies
2
< G*

F(zX) - F(z*) < K

Proof. Since each f; has the identical Hessian, we have V2 f;(z) = V2F(x) for every z € R. Consequently, for all i € [n],
we can express the gradient difference as follows:

x

Vii(e) = VF(@) = Vfi(a") - VF@) + [ (V2fila) = V?F(@)) da = VAi(a),

T

For simplicity, let a; = —V f;(z*) for i € [n]. Then, from the definition of F(z) = - " | fi(x), we have Y. | a; = 0.
Furthermore, it follows from Assumption 2.5 that |a;| < G.. To further classify the indices, we define

I.={i€n]|la; >0} and I_ = {i € [n]]|a; <0}.

Here, I, represents the collection of component functions whose minima are greater than or equal to =*, while /_ consists
of the remaining functions.

We begin by presenting the following lemma:

Lemma C.1. Let p,q € R withp < q, and let p’ and ¢’ denote the results of performing a single step of gradient descent on
a p-strongly convex and L-smooth 1-dimensional function f, starting from p and q, respectively, with a step size n < %
Then, it holds that 0 < ¢’ — p' < (1 —nu)(q — p).

The proof for Lemma C.1 is presented in Appendix C.4. Now, let zg = x*, initialized at the minima of the overall function
F, and define z¥ as the i-th iterate of the k-th epoch, using the same permutations employed for ¥ but instead starting
from the initial point zo. Since the distance between z¥ and z¥ decreases by at least a factor of (1 — nu) at each iteration
(Lemma C.1), we have

G

K _ K K 1 —nunk

T =2 | < (L=m)™ oo = 20| < e o — a7 < -, (17)
where we substitute n = WLK max {log (%) ,1} in the last step. This demonstrates that X and zX remain

sufficiently close. For the rest of the analysis, we mainly focus on how far X can deviate from z*. The bound for F(z)
will later be controlled by leveraging L-smoothness between 2% and 2.

K

% remains at x* because

In the special case where I_ = (), all a; are equal to 0 since Y ;- ; a; = 0. In this scenario, z

Vfi(2}) = 0 holds for all i € [n], resulting in zX = x*. Using this, we have

|2 (- L-smoothness)

= F(a")+

L
F(ef) € F(E) 4 (VF(GE), alf - o) 4 & o 25
L
2 2L —

G\ 2 G2 G2
— * *< * *
<L> F(x™)+ F(:v)JrQIuK7

where we apply K < x in the last inequality. This concludes the proof for this special case. For the remainder of the proof,
we assume I_ # (.

28



Incremental Gradient Descent with Small Epoch Counts is Surprisingly Slow on Ill-Conditioned Problems

For each k € [K], define z_’f_ as the maximum possible final iterate obtained after running Algorithm 1 starting from z*,
i.e., the largest value among the (n!)* possible options. Similarly, for each k € [K], let z* denote the minimum among the
(n!)* options, also starting from z*. Consequently, by convexity of F', F'(2X) can naturally be upper bounded by

max { F(z}), F(z5)}.

The following lemma helps us to establish upper bounds for 2 — z* and — (X — z*).

Lemma C.2. Let {a,:'}le denote the sequence of permutations applied over K epochs to generate zf . These permutations
and the corresponding zf satisfy the following properties:

* The permutations {O’;:} kK:_ll, applied during the first K — 1 epochs, produce zf_l.

* Forany k € [K], all indices in I appear before all indices in I_ in the permutation U,j.

s Forany k € [K], let zi’l’ denote the |I_|-th iterate in the k-th epoch, i.e., obtained after processing all indices in I_.
Then, the inequality Z_IT_’I’ <z* < zi holds.

For z¥ and its corresponding permutations {a;}zzl, the following properties hold:

K-1

¢ The permutations {0;}5;11, applied during the first K — 1 epochs, produce z

* Forany k € [K), all indices in I_ appear before all indices in 1, in the permutation o, .

* Forany k € [K], let 2P denote the |I|-th iterate in the k-th epoch, i.e., obtained after processing all indices in 1.
Then, the inequality ZE’I* > x* > 2k holds.

The proof for Lemma C.2 is presented in Appendix C.4. Define 7y : [|I1|] — [n] as the ordering of I used during the
K -th epoch to generate zf from zf’l’. We then define the sequence of iterates ug, u1, - .. w7, | where ug = z* and each
subsequent u; is obtained by applying a gradient update using the component function f, (;y to u;_1. We emphasize the
following two key points:

K,I_

L. 2,7 <2 = .

2. The sequences of iterates 2z, ", ..., zf and ug, . . . u7,| are generated by the same component function ordering.

From these observations, we conclude that zf < ur,| as Lemma C.1 ensures that the relationship p < ¢ is preserved
under gradient descent (i.e., if p < ¢, then p’ < ¢’ after each update). Together with z* < zf from Lemma C.2, we obtain
0< zf —x* < U —x*.

Similarly, define 7_ : [|1_|] — [n] as the ordering of I_ used during the K-th epoch to generate zX from z"'*. Also, define
the sequence of iterates vo, vy, ..., vy | where vgp = x* and each subsequent v; is obtained by applying a gradient update
using the component function f; (5 to v;_1. Then, we have z* > 2K > v|r_|, leading to 0 < —(K —2%) < —(vjp | —x%).

To summarize the process so far, we aim to upper bound |sz —z* | where zX is the final iterate obtained using the same

permutations as =X but starting from 2o = z* instead of 2oy = 7. Since zf and 2% represent the maximum and minimum

possible final iterate of z<, respectively, the followings hold:

2K x*| < max{zf —z*, (K - x*)} < max {“\hl —z*, = (v | — a:*)}
and therefore, by convexity of F/,

F(z5) <max {F(u, ), F(v )} (18)

We now focus on providing the upper bound for max { F'(vz, |), F(v);_|) }. To this end, we introduce the following lemma:

Lemma C.3. With a step sizen < +, 0 < VF(u;) < 2G, holds for all i € {0} U [|I,|] and 0 > VF(v;) > —2G, holds
forallj € {0} U[|I_]].
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The proof for Lemma C.3 is presented in Appendix C.4. Using Lemma C.3, we can upper bound the increments in the
per-iteration function evaluation as follows:

F(u;) = F(ui—1) + /“ VF(a)da

< F(ui-1) + [ui —wio1| - [VF(ui—1 + ¢ - (ui — ui—1))]

= F(ui—1) + 1|V fr, ) (iz1)] - IVF(uiz1 + ¢ - (ui — ui1))|

= F(ui—1) + 0 |VF(ui—1) — ar, )| - IVF(ui—1 + ¢ - (wi — ui—1))|

< F(ui1) +n-4G3, (19)
where 0 < ¢; < 1 by Mean Value Theorem. The last inequality follows from the bounds 0 < VF(u;_1) < 2G, and

0 S CLﬂ-Jr(i) S G* (since 7T+(i) S I+) Additionally, min {VF(U,_l),VF(Uz)} S VF(Uz'_l + ¢ - (’UJZ - Uz’—l)) S
max {VF(u;_1), VF(u;)} holds as VF is a strictly increasing function.

Unrolling equation (19) for i = 1,2,. .., ||, we obtain:

F(uy,|) < F(z") + 4nnG2.
By applying a similar argument, we can derive a corresponding bound for vy :
F(vr ) < F(z*) + 4ngnG2.
Therefore, equation (18) becomes

F(zK) < F(2*) + 4nnG2.

We now proceed to derive the upper bound for F'(z%). We already established in equation (17) that ‘mff —zK ] < G,/L.
Consequently, by applying L-smoothness,

n

FxE) < F(E) + <VF(sz), K —sz> + g |:cff —25’2

G. L [(G.\*
< (F(z*) +4 249G, = 4= =
_((x)+nnG*)+G L+2(L>

4G? L|xg — z*| 5G2
— F(a*) + = log (2P0 =T 1) 4 :
(x)—|—MKmaX{og( el >, } 5T

where we used the fact that [VF(z)| < max {VF(z£), -VF(25)} < max{VF(u,|),-VF(v; )} < 2G, and
n= ur% max {log (%) , 1}. Since K < &, we have L > pK, and therefore,

K

2
K * G*
n

This concludes the proof of Theorem 3.2. O

C.2. Proof of Proposition 3.4

Proposition 3.4 (Mishchenko et al. (2020), Theorem 5). Letn > 1, K 2 =, and x be the initialization point. Suppose
F is a function satisfying Assumptions 2.3 and 2.5 where each component function is p-strongly convex. Then, for
any choice of permutation oy, in each epoch, the final iterate XX obtained by running Algorithm 1 with a step size

n= WLK max {log (%) ,1}, satisfies
2
K _“’*H2 < LG

Hwn ~ MBKQ'
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Proof. The original statement by Theorem 5 in (the appendix of) Mishchenko et al. (2020) holds only for IGD. We here
extend the theorem to hold for arbitrary permutation-based SGD, and reorganize some terms to facilitate clear comparison
to the proof of Theorem 3.7.

We begin by noting the specific epoch condition stated as K 2 # in the theorem statement:

K> %max{log (”:BO_:E””K) ’1} )
n VEG,

Under this condition, the specified step size n = 2z max {log (“w”\k%) , 1} satisfies n < 1.
For each k € [K], we use the permutation oy, to define a sequence of iterates {x;, ;}7_ as follows:

* *

:Z:k’o =T B
Tp i = wZ,H - vaok(i)(m*)-
The sequence x, ; can be interpreted as the sequence starting from x* obtained by using the component gradients in the

same order as ¥, but the gradients are being evaluated at =* instead of ¥ ;. From }_"" | Vf, ;)(x*) = nVF(z*) = 0,
we can easily deduce that ¢, = x* = x| .

2
We analyze the square norm distance ‘ zk — Zj ;|| using an iteration-wise recursive inequality:
k 2 k k 2
sz - w;;z ‘ = Hfﬂiq - nvfak(i)(fﬂiq) - (wl*c,iﬂ - Tlvfok(z‘) (w*))H

= [l — il — 20 (el — 2l Vi@ = Voo @)
+ 12 |V fr iy (@) = V oy ()|
Dty —apia|* — 20 (Dp, o @y @) + Dy, @iy @) = Dy (@hioro )
+ 12 |V Foriy (1) = Vi (29| 0

Here, D¢ (x,y) := f(x) — f(y) — (Vf(y), © — y) denotes the Bregman divergence of f between x and y. At (a), we
apply the three-point identity of the Bregman divergence.

The term Dy, , (@ ;,_,,®} ) in equation (20) can be bounded as follows:

2
)

* k 1% * k
Df%(;) (wk,iqawz‘q) > 9 H-’Ek,z;l - 5'%71’
by the pi-strong convexity of the component function. Moreover, from Lemma 2.29 of Garrigos & Gower (2023), we have

|2 <2LDy, (:13;21, ).

IV fouity(®F_1) = V forp i) (")
Substituting these inequalities into equation (20), we derive

’2 < wafl - wz,quQ —2n(1 - UL)ngkm (33571»33*) — Ny Hwi‘il - 5'9271'71“2 + 277Dfa,¢<1> (wly;,iflv x")

(a) k * 2 * *
< (1—np) ||mi71 - wk,z‘AH + 21Dy, ., (wk,z'—h x*)

(b)
< (1—np) ||ab, —ap,|]° +n*Ln2G2, @1

k *
Hwi — L

where we apply 1 —nL > 0 and Dy, (xF ,,x*) > 0at (a). At (b), we utilize the L-smoothness of the component
function and the triangle inequality:

2
L 2L || = 2L
D, (@i im@) < 5 @i — 2| = T2 | Yo Ving@) || <57 (G2
j=1
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Thus, by unrolling equation (21) over all k € [K] and all 7 € [n], and noting that z}, , = =* = x} ., , we obtain

nkK
* ]2 n x |2 —1
[ —2[* < (=) b — |+ P LGE S (1= !
t=1
1— (1= nkK
= (1) g - 2P L2
e
21 n2G2
< K ||:1:0—:13*H2—|-777 n x,

We now substitute 77 = -2 max {log (”%\;E%) ,1}. When ||zq — =*|| is sufficiently large, the above inequality

simplifies to

K e LG [ llwo — || uK LG
| —x*|| SM?’Kz 1+ 4log NG 5/131{2'
On the other hand, when ||xg — =*|| is small so that 1 is chosen after the max operation, the above inequality simplifies to

s 1 L KG? ALGE LGP
< —.¢ < s
— e2 ,LLQKQ ‘LLS K2~ :LLS K2

K *
n_w|

|

VEG.
pK

where we use ||xzg — x*|| < e-
In particular, using the L-smoothness of F', the function optimality gap can be bounded as:
2 L?G?

* L *
Flaf) - Fe) < 5 o 2| < 5

n —2 n

This ends the proof of Proposition 3.4. O

C.3. Proof of Theorem 3.7

Theorem 3.7 (Herding at Optimum). Let n > 1, K 2 %, and xq be the initialization point. Suppose F is a func-
tion satisfying Assumptions 2.3 and 2.5 where each component function is pu-strongly convex. Then, there exists a
permutation o such that the final iterate X obtained by running Algorithm 1 with K epochs of o and a step size

n= —me max {log (7‘%\;5;”&7”() , 1}, satisfies
27 2
PRI 7

L2 S AR

Proof. We begin by noting the specific epoch condition stated as K 2 % in the theorem statement:

2K llzo — x*|| un K
K>— 1 —_—,1;.
“n max{og( VEHG, ’

Under this condition, the specified step size n = ;miK max {log (Hm"\;;#) , 1} satisfies 7 < 1.

Next, we consider the scaled gradient of each component function at «*:
Vii(z®) Vi(z") Vfu(x")
c. o T a .

From Assumption 2.5, we have ||V f;(z*)|| < G, for all i € [n]. Thus, the norm of each element is bounded by 1. Also,
since .1 | Vfi(z*) = nVF(x*) = 0, it follows that these elements sum to 0. Therefore, we can apply the Herding
algorithm, as stated in Lemma 3.6, to obtain a permutation o* : [n] — [n] satisfying

ig?n}]( ZVfU*(j)(:c*) < HG,, (22)
j=1
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where H = (5(\/&) We will demonstrate that this permutation o is the desired one: the final iterate % obtained by
running Algorithm 1 for K epochs of ¢* satisfies the desired upper bound.

Using o*, we define a sequence of iterates {z}}7_ as follows:

xy=x,
F=xl VY oy (7).

€.
Note that the sequence is obtained by using the component gradients at the minimizer *. From ) | | V Jor (i) (x*) =
nVF(x*) = 0, we can easily deduce that ¥, = x = =*.

The proof follows the approach used in Theorem 1 in Mishchenko et al. (2020) with several modifications using the property
from the Herding algorithm. We analyze the square norm distance H:l:iC —x H2 using an iteration-wise recursive inequality:

|2 = ||“’§—1 - vaa*(i)(mf—ﬂ - (xf—l - vaa*(i)(w*))HQ

= [y — CE?—1||2 =2 (&g — x{ 1, Vie@(@i ) = Vien(@"))
12 |V oy (1) = V ooy ()|

ot 2

(;) wa,1 - m;LlHQ - 277 (chr*(i) (33?71, CB*) + Dfa*o) (a’.rfhwffl) - Dfa*(i) (5'3;11»13*))
+ 02 |V fon iy (@50) = ¥ foiy (@) (23)

Here, D¢(x,y) :== f(x) — f(y) — (Vf(y), « — y) denotes the Bregman divergence of f between x and y. At (a), we
apply the three-point identity of the Bregman divergence.

The term Dy . (x;_,, x¥ |) in equation (23) can be bounded as follows:
* B« 2
Dfnm) (x7_1, m§—1) > 95 Hmi—l - m;:c—1“ )
by the p-strong convexity of the component function. Moreover, from Lemma 2.29 of Garrigos & Gower (2023), we have

vao*(z)(wffl) - vfo’*(z)(w*)HQ < 2LDfa*(1)(w§717w*)'

Substituting these inequalities into equation (23), we derive

k *
|2 - 2;

’ < Hwi‘tl - w;llHQ —2n(1 - WL)Dfam)(fE?fla x*) —nu wafl - 93211”2 + 277Dfa*<i>($§:1a x*)

(a) k * 2 * *
< (1 —mnu) ||5Uz'—1 - mi—l” +2nDy,. (i1, ")

b
1|2t — @ |+ HPP LG 24)

where we apply 1 — nL > 0 and Dy, ., (x¥_,,x*) > 0 at (a). At (b), we utilize the L-smoothness of the component
function and the property of the Herding algorithm, given in equation (22):

2
L \ 2L | & \ 2L
Dfa*(;)(wthw*) < 5 ||wz 1T H2 - n2 vaﬂ*(])(w ) < n2 (HG*)2
Jj=1

Thus, by unrolling equation (24) over all k € [K] and all ¢ € [n], and noting that «}, = x = =*, we obtain

nkK

*||2 n *|[2 -

ek —a||” < (1= nu)"™* ||2f — *||" + H*°LG2> " (1 — )™
t=1

. 1-(1— nKkK

= (1 —nu)™ [log — |2+H2773LG3(77/JW)
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H2 QLGQ
< e—mtnK ||$0 _ 33*”2 + Ui *

We now substitute = m?K max {log (W#) , 1}. When ||@o — «*|| is sufficiently large, the above inequality
simplifies to

K L2 H2LG? o [ |lxo — x| pn K H2LG2
— < —=(14+141 _—
|y — " < Bn?K? + 2log JRHG, ,u B2K?

On the other hand, when ||xg — =*|| is small so that 1 is chosen after the max operation, the above inequality simplifies to

272 2 2 2 2
K—w*HQ<1 o KH2G?  AH2LG? _ HLG?

x < —=-e
H n €2 [12n2K? 13n2K? ~ 3n2K?’

where we use ||xzg — x*|| < e- \/5:[1?

In particular, using the L-smoothness of F', the function optimality gap can be bounded as:

2 _ H2L2G

L
K . K
F(zl) - F(z*) < < ||=f - S EERT

n

This ends the proof of Theorem 3.7. O

C.4. Technical Lemmas

Lemma C.1. Let p,q € R withp < q, and let p’ and q' denote the results of performing a single step of gradient descent on
a p-strongly convex and L-smooth I-dimensional function f, starting from p and q, respectively, with a step size nn < %
Then, it holds that 0 < ¢' — p’ < (1 —nu)(¢ — p).

Proof. Using the gradient descent update rule, we obtain:

P =p—nVf(p),
¢ =q—nVf(q).

The difference between ¢’ and p’ can then be written as:

¢ —p =(q—p) - V£p)

/ V2f( (25)

Since V2 f(u) satisfies u < V2 f(u) < L, we have u(q — p) < f; V2 f(u)du < L(q — p). Substituting this inequality to
equation (25) yields

0<@=nL)g—p)<d —p <A —nu)a—np),
where the first inequality holds due to 1 < % O

Lemma C.2. Let {a,:' le denote the sequence of permutations applied over K epochs to generate zf . These permutations
and the corresponding zf satisfy the following properties:

* The permutations {O’I—:}i(:_ll, applied during the first K — 1 epochs, produce zf -1
* Forany k € [K], all indices in 1. appear before all indices in I_ in the permutation 0,‘:.

s Forany k € [K], let Z_]T_’L denote the |I_|-th iterate in the k-th epoch, i.e., obtained after processing all indices in I_.
Then, the inequality zi’l’ <z*< zi holds.
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For 25 and its corresponding permutations {0} }ﬁzl, the following properties hold:

K-1

e The permutations {a;}f;ll, applied during the first K — 1 epochs, produce z
* Forany k € [K), all indices in I_ appear before all indices in 1 in the permutation o, .

* Forany k € [K), let 251 denote the | |-th iterate in the k-th epoch, i.e., obtained after processing all indices in 1.
Then, the inequality zf’h > o* > 2k holds.

Proof. We provide the proof for zX and its corresponding permutations {o;" }#_ . The proof for zX and {o, }£_, is
analogous, as flipping the sign of a’s leads to identical circumstances.

Step 1: The First Property. Let wf ~1 denote the iterate obtained by running Algorithm 1 with the sequence of
permutations {az}kK:jl, starting from z* with a step size . Since zf ~1 is defined as the maximum possible iterate after
running Algorithm 1 with K — 1 epochs, it follows that wf < zf -1

Assume for contradiction that wf 1< zf ~1. By Lemma C.1, the iterate obtained by applying of starting from zf -1

exceeds zf . This contradicts the definition of zf , which is the maximum possible final iterate after i epochs. Therefore,

we conclude that wi‘l = zi‘l.

By recursively applying this reasoning, we deduce that for all [ € [K], running Algorithm 1 with permutations {cr,:r 2:1
generates zﬂr
Step 2: The Second Property. We now prove the following claim:

Claim. Consider two steps of gradient updates using two component functions f;(x) and f;(x) with a; < a;, starting
from the initialization u. Then, regardless of the choice of the step size 1), applying f; first, followed by f;, results in a larger
iterate than applying f; first, followed by f;.

Proof of the claim. The update equations are:
ui =u—1(VF(u) —a;), uj =u—n(VF(u) - a;),
ug; = u; — 1 (VF(u;) — aj), uj; = u; —n(VF(uj) — a;).

Since a; < aj, we have u; < u;. Also, because VF is a monotonically increasing function, it follows that VF (u;) <
VF (uJ) Now, we can check that subtracting u;; from w,; yields positive difference:

uij — ugi = (g — 1 (VF(u;) = aj)) = (uj —n (VF(u;) — a;))
=1 (VF(u;) = VF(u;)) + (u; +na;) — (u; + na;)

=0

=1 (VF(u;) = VF(u;)) > 0.

Thus, uj; > u,; holds, completing the proof of the claim. O

From the claim, we conclude in a,j, all indices in /_ (indices corresponding to negative a values) must appear before
indices in I (indices corresponding to positive a values). Otherwise, if there exists an index in /_ that immediately follows
an index in I, switching these two indices would result in a larger final iterate (due to Lemma C.1), contradicting the
optimality of JZT. This concludes the proof of the second property.

Step 3: The Third Property. Define M =3, ; a; = —3} ,c; a;. We claim that:

Claim. [f0 < zi —x* <nM, then —nM < ZT'LI‘ —x* <0 holds.
Proof of the claim. Note that the iterate zf_H’I’ is obtained by applying gradient update starting from z_’f_ using the first 1_

component functions of the permutation oj. Let crf: denote the first /_ parts of the permutation 0. We verify the bound as
follows:

Lower Bound: —nM < zf’l‘l’ — ¥
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By Lemma C.1, the iterate z_}f_ﬂ’l’ is at least as large as the iterate obtained by applying gradient updates following a,{,

starting from x*.

Also, if p < z* holds, then
~VF(p) = VF(z*) — VF(p) = / V2F(a)da < L(z* - p).
p

Hence, p — nV F(p) < z* holds. Thus, if the iterate falls below z*, the next iterate obtained by applying the gradient update
from the component in /_ will also remain below x*.

This property guarantees that when the gradient update starts z* and follows 0,{ , every iterate remains below x*. Moreover,

the total contribution of the gradient updates towards the negative direction by indices in /_ when starting from z* is at
most —n Y .., a; = nM. Hence, z_’frl’l’ —x* > —nM holds.

Upper Bound: z_’frl’l’ —z* <0.

Again, by Lemma C.1, the iterate zf’l’L is at most the iterate obtained by applying gradient updates following a,]: , starting

from x* + nM.

Assume by contradiction that z’_f_H’I’ > x* holds. This means that the iterate obtained by following 0}: starting from

x* 4+ nM is also greater than x*. Due to the property stated in the proof of lower bounding zfrl’l’, all intermediate iterates

should be greater than x* as well. This leads to a contradiction, as the total contribution of the gradient updates towards the
negative direction by indices in /_ when starting from z* 4+ nM will exceed n M, leading z_’frl’]’ to fall below x*. Hence,

B % <0 holds.

Combining these two bounds, we obtain

and this ends the proof of the claim. O

The claim shows that if 0 < z_’f_ —a* < nM, then —mqM < z_’f_H’I’ — z* < 0 holds. By analogous reasoning,

if —nM < zfrl’l‘ —x* < 0,then 0 < zi“ — 2% < nM holds. Combining these two statements, we have: if
0< z_]f_ —z* < nM, then 0 < z_]f‘l —z* <nM and z_]f_Jrl’I’ <z*< zf‘l hold.

Using these, we now proceed by induction to prove the third property. For the base case, the initialization point is zg = x*,
satisfying the initial condition by zg — * = 0. By induction, it follows that

z_}i’]’ <z*< z_lf_

for all k € [K]. This concludes the proof of the third property. O
Lemma C.3. With a step sizen < +, 0 < VF(u;) < 2G, holds for all i € {0} U [|I,|] and 0 > VF(v;) > —2G, holds
forallj € {0} U[|I_]].

Proof. Recall that the sequence of iterate {ui}yz*ol is defined as ugp = x* and each subsequent u; is obtained by applying a

gradient update using the component function fr, (;) to u;_1. Specifically, we have
u; = ui—1 — NV fr, i) (wi-1)
=ui—1 — 1 (VF(ui—1) — ax, 1)) »
fori € [|I.]].

Now, we will prove by induction that 0 < VF'(u;) < 2G, holds for all ¢ € [|I|]. Initially, we have ug = z* and thus
VF(up) = 0. Now, assume that 0 < VF(u;_1) < 2G,. We divide the proof into two cases based on the value of
VF(’LLjfl).

Case 1. VF(u;j_1) < ar,(j)-
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In this case, the update equation becomes:
uj =uj1 =1 (VF(uj-1) = ar, y) > uwj-1,

meaning that the iterate increases. Since V F' is an increasing function, we have VF (u;) > VF(uj_1) > 0.

Also, using the fact that all |a;| is bounded by G .., we can bound the difference of the gradient between successive iterates
via the L-smoothness of F":

|VF(UJ) — VF(Uj,1)| <L |’U,j — Uj,1| < ’I7LG* < G,.

Thus, the deviation of VF (u;) from VF (u;_1) is at most G, leading to the following inequality:

VF(’LL]) < VF(Uj_l) + Gy < Ar, (5) + Gy < 2G.,.

Case 2. VF(uj_1) > ar,(j)-
In this case, the update equation becomes:
uj =wuj1 =1 (VF(uj-1) = ar, ) < uj-1,
meaning that the iterate decreases. Since V F' is an increasing function, we have VF(u;) < VF(u;—1) < 2G,.

Furthermore, by L-smoothness of F', we have VF (u;_1) = VF(u;—1) — VF(2*) < L (uj—1 — «*). Then, we can ensure
that u; is greater than or equal to ™ as follows:

wj = u;_1 —nV (F(Uj—l) - am(j))
> uj1 —nVE(uj_1)

1 *
Zuj—l_Z'L(uj—l_x*):x .

For both cases, we have shown that 0 < VF(u;) < 2G.,.

We can apply the same approach for {v; } Li’l‘ The key difference is that the sign of a,_(;y is negative. This leads to the
result 0 > VF(v;) > —2G, forall j € [|[I_|]. This concludes the proof of Lemma C.3. O
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D. Proofs for Large Epoch Lower Bounds
D.1. Proof of Theorem 4.1

Theorem 4.1. Forany n > 2, k > 2, and K > K, there exists a 3-dimensional function F' satisfying Assumptions 2.3
and 2.4 with P = 0, where each component function shares the same Hessian, along with an initialization point x, such
that for any constant step size 1), the final iterate obtained by running Algorithm 2 satisfies

K LG?

F(mn)iF(m*)Z MQKQ'

Proof. Similar to the approach in Theorem 3.1, we divide the range of step size into three regimes. For each regime, we
construct the overall function F, F», and Fj, respectively, along with their respective component functions and an initial
point. Finally, we aggregate these functions across different dimensions to derive the stated lower bound.

Each overall function is 1-dimensional, and carefully designed to satisfy the following properties:

* (Small step size regime) There exists an initialization point zo = poly(u, L, n, K, G) such that for any choice of

ne (O7 nic )» the final iterate z- obtained by running Algorithm 2 satisfies F' (x;) — Fiy(z*) 2 NLQCI’:Q )

* (Moderate step size regime) There exists an initialization point yo = poly(u, L, n, K, G) such that for any choice of

n e [ﬁ, %) , the final iterate y obtained by running Algorithm 2 satisfies F»(yX) — Fy(y*) > ffi;

¢ (Large step size regime) There exists an initialization point zy = poly(u, L, n, K, G) such that for any choice of

RS [%, 00), the final iterate 2% obtained by running Algorithm 2 satisfies F3(2X) — F3(2*) 2 M@f; .

*

Here, x*, y*, z* denote the minimizers of Fy, F5, and F3, respectively. All these functions are designed to satisfy
Assumption 2.3. F} and Fj satisfy Assumption 2.4 with G = P = 0, and F; satisfies with P = 0. Moreover, each
component function within each overall function shares the same Hessian. Detailed constructions of I}, F5, and F3, as well
as the verification of the assumptions and the stated properties are presented in Appendices D.1.1 to D.1.3.

By following a similar approach to the proof of Theorems 3.1 and 3.3, we can conclude that the aggregated 3-dimensional
function F'(x) := F(z,y,2) = F1(z) + Fa(y) + F3(z) and its component functions satisfy the stated assumptions. Also,
since each dimension is independent, it is obvious that &* = (z*, y*, z*) minimizes F'. Finally, by choosing the initialization

point as &g = (0, Yo, 20 ) the final iterate zX = (X, X 2K obtained by running Algorithm 2 on F satisfies
LG?
K *
F(mn)_F( )Z,U/2K2’
regardless of the choice of > 0.
This concludes the proof of Theorem 4.1. O

In the following subsections, we present the specific construction of F}, F5, and F3, and demonstrate that each satisfies
the stated lower bound within its corresponding step size regime. For simplicity of notation, we omit the index of the
overall function when referring to its component functions, e.g., we write f;(x) instead of f1;(x). Moreover, we use the
common variable notation x while constructing functions for each dimension, though we use different variables in the
“dimension-aggregation” step.

D.1.1. CONSTRUCTION OF F}

Let Fy (z) = 4* with component functions f;(z) = Fy(x) for all i € [n]. It is clear that Fy satisfies Assumption 2.3 and
Assumption 2.4 with G = P = 0, and its component functions share an identical Hessian. Also, we note that z* = 0 and

1

Let the initialization be g = \/Eu% For all n € (O, e

), the final iterate is given by

nK
1 JRG
K nK
Ty = ( nu)" " o > ( nFT> To = K’
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where the last inequality uses the fact that (1 — -1)™ > 1 for all m > 2.

Thus, we have

D.1.2. CONSTRUCTION OF Fj

In this subsection, we let L’ denote /2. We construct the function by dividing the cases by the parity of n. We first consider

the case where n is even, and address the case where n is odd later in this subsection. Let F»(x) = g 22 with component
functions

fi(2) %x2+Gx if i <n/2,
i\L) = ' .
L 12— Gz otherwise.
Since k > 2, we have L' = % > p. Thus, it is clear that f; satisfies Assumptions 2.3 and 2.4 with P = 0, and shares the
same Hessian. By Lemma F.1, the final iterate obtained by running Algorithm 2 is given by
G 1—-(1-nL)>
K nnK nnK
=(1—-nL - ————(1—-(1—nL .

By applying 1) > 1z and setting xo = 0, we derive

x G 1—(1-nL):

x :E.mu_u—nﬂ)”f{)
> % (1= =nL")?) (1= @ —nu)"")
> % (1—(1—nL)?) <1 - <1 - n{;()n}j
> - aLE) -, 26)

We analyze equation (26) by dividing the range of 7 into two regimes.
. 1 1
Regime 1. n € [W’ ﬁ)

In this regime, we can bound 1 — (1 — nL’)* as:

n _ anz! nnl/ nnlL’ r
1—(1—-nLh2>1- 5 >1—(1- = >
(L=nll)> > 1-e = < 1 > 4 T K’

where the second inequality uses e < 1 — & for all u € [0, 1]. Substituting this inequality into equation (26) gives

K s (1- eil)G.
T 8uKk
Consequently, the function optimality gap satisfies
r LG?
F Ky F * _ (. K\2 > .
()~ Pafa) = @) 2 g

Regime 2.7 € [, 1).
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In this regime, we can bound 1 — (1 — nL’)% as
1)* s
1-1—-nlH:>1—-(1-=) >1—¢e=.

Substituting this inequality into equation (26) gives

Since K > k, we have 7, = 2 > #iK Therefore, the final iterate 2% can be bounded as:

T

1 _1
ko (- (-eh)a
Consequently, the function optimality gap satisfies

L LG?
Foaff) = Bala) = 5@ 2 s

We now focus on the case where n is odd. Let Fy(z) = %xQ with component functions

L2 if i =1,
La?+Gr if2<i<(n+1)/2
Ly?—Gr if (n+3)/2<i<n

fi(z)

Compared to the case of even n, fi(z) = %xQ is introduced newly. By Lemma F.2, the final iterate 2% obtained by running
Algorithm 2 satisfies the following equation:

G 1—(1-nL)"E

2
— (1 _ T/ R SR btV S (1 T
= (L=nL')" o + 4 T (1 (1—nL') )

K and setting ¢ = 0, we have

G 1-(1—nL)"K Y
K _ 2 - \- "=/ o o A%
S N Y G ) (1 (1=nL) )

/ 2
1—(1—nL)" 1—(1—77[/)"

= % (1—(1=nL)"")

G 17(177713')”7117(177111)2
> — (1—-(1—nu"* =
_L,( ( i) ) 1—(1—nL)" 1+(1—77L/)n7

G B 1— (1 _ nL/)n—l -
> _ nunk _ _ "3
2o =™ ) == e (1= =)

G 1= (1 =nLHnt ot
> L (1—et (1= =nL)=).
zop =) S a oy (1 =nL)
Note that the inequality

1_(1_77L/)n—1 >1
1—(1—nLH" ~— 2
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holds for n > 2 since
2-21—nL )" ' >1-(1—-nLl)" = 1>2(1—nL)"' - (1 —nL)"
1> (1L (2~ (1-nL)
1> (1 —nl)" 21 —n?L"?).
Hence, we deduce that

G . 1
> (- (1= —n)T ).

We again analyze equation (27) by dividing the range of 1 into two regimes.

. 1 1
Regime 1. 1 € Lm—K, an)'

n—1
2

In this regime, we can bound 1 — (1 — nL/)"z as:

not _am-nr -nr nn—1)L" _ nnl' r
Lo (1 — ) > 1= e 5 g (o0 = > >
(I—nL)>= > e = 4 4 - 8 T 8uK’

where the second inequality uses e™* < 1 — & for all u € [0, 1]. Substituting this inequality into equation (27) gives

K (1—6_1)G
T2 TR

Consequently, the function optimality gap satisfies

r LG?
K *\ __ K\2
FQ(xTI,)_FQ(I)_?(In) NH2K2.
Regime 2.7 € [, 1).
In this regime, we can bound 1 — (1 — nL/)"T as:
=t 1 % —_n-1 1
1-(1-nLlhYy= >1-(1-= >1—e = >1—¢e 1.
n

Substituting this inequality into equation (27) gives

K< (1—671) (l—efi)G
"o 4L/ '

T

Since K > k, we have % = % > “lK Therefore, the final iterate xff can be bounded as:

T

K S (1—et) (lfe*i)G
no 2uK '

Consequently, the function optimality gap satisfies

Fy(zy ) = Fa(a*) = (v )* 2
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D.1.3. CONSTRUCTION OF Fj

Let F3(z) = £22 with component functions f;(z) = Fj(z) for all i € [n]. It is clear that I} satisfies Assumption 2.3,

Assumption 2.4 with G = P = 0 and its component functions share an identical Hessian. Also, we note that * = 0 and

For all n € [%, oo), the final iterate is given by
X = (1= nL)"™ a.
In this regime, the step size is excessively large, resulting in
1-nL <1 2 L<-1
nL = 17 s 4

which implies |(1 —nL)"K ‘ > 1. Thus, the iterate does not converge and satisfies |xff ] > |-

By setting the initialization zg = u%’ we have

Fy(zf) — Fs(z*) = S (xh )? >

D.2. Proof of Theorem 4.3

Theorem 4.3. Foranyn > 4, k > n, and K > max {/13 / n?, K3/ 2}, there exists a 4-dimensional function F satisfying
Assumptions 2.3 and 2.4 with P = k, along with an initialization point x, such that for any constant step size 7, the final
iterate obtained by running Algorithm 2 satisfies

1% L2G?

n)—F(w*)Zm~

F(x
Proof. Similar to the approach in Theorem 3.1, we divide the range of step sizes. However, unlike the previous theorems
where the range is divided into three regimes, we divide the range into four regimes in this case. For each regime, we
construct the overall functions F}, F», F5, and F), along with their respective component functions and an initial point.
Finally, we aggregate these functions across different dimensions to derive the stated lower bound.

Each function is 1-dimensional, and carefully designed to satisfy the following properties:

* (Small step size regime) There exists an initial point zo = poly(u, L, n, K, G) such that for any choice of €

(0, M;K), the final iterate X obtained by running Algorithm 2 satisfies F (zX) — Fy (z*) > %,

* (Moderate step size regime 1) There exists an initial point yo = poly(u, L,n, K, G) such that for any choice of

UAS [ mi o ﬁ) , the final iterate yX obtained by running Algorithm 2 satisfies F»(yX) — Fy(y*) = ﬁ;—g:

* (Moderate step size regime 2) There exists an initial point 2y = poly(u, L,n, K, G) such that for any choice of

n € [, 2), the final iterate 2 obtained by running Algorithm 2 satisfies F3 (2 ) — F3(z*) 2 %

* (Large step size regime) There exists an initial point wg = poly(u, L, n, K, G) such that for any choice of € [%, oo),

> L°G?

the final iterate wX obtained by running Algorithm 2 satisfies Fy(wX) — Fy(w*) 2 el

Here, z*, y*, 2*, and w* denote the minimizers of F}, Fy, F3, and Fy, respectively. All these functions are designed to
satisfy Assumption 2.3. F and F satisfy Assumption 2.4 with G = P = 0, Fj satisfies with P = 0, and F5 satisfies with
P = k. Detailed constructions for F} through F}, as well as the verification of the assumptions and the stated properties are
presented in Appendices D.2.1 to D.2.4.

By following a similar approach to the proof of Theorems 3.1 and 3.3, we can conclude that the aggregated 4-dimensional
function F(z) := Fy(z) + F(y) + F3(z) + Fy(w) satisfy the stated assumptions (additional scalar in G can be absorbed
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by rescaling G in each overall function). Also, since each dimension is independent, it is obvious that * = (z*, y*, 2*, w*)
minimizes F. Finally, by choosing the initial point as &y = (20, yo, 20, wo), the final iterate X = (2X y& 2K wkK)
obtained by running Algorithm 2 on F’ satisfies
L?G?
K *
F(al) - F@) 2 .
regardless of the choice of > 0.
This concludes the proof of Theorem 4.3. O

In the following subsections, we present the specific construction of F, Fy, F3, and F}, and demonstrate that each satisfies
the stated lower bound within its corresponding step size regime. For simplicity of notation, we omit the index of the
overall function when referring to its component functions, e.g., we write f;(x) instead of f1,;(x). Moreover, we use the
common variable notation x while constructing functions for each dimension, though we use different variables in the
“dimension-aggregation” step.

D.2.1. CONSTRUCTION OF F}

Let F (z) = 422 with component functions f;(z) = F}(z) for all i € [n]. It is clear that F} satisfies Assumption 2.3 and
Assumption 2.4 with G = P = 0. Also, we note that z* = 0 and F} (z*) = 0.

Let the initialization be xg = HLZ—(I;{ Foralln € (O ) the final iterate is given by

_1
' unK

nkK
1 LG
K nK
=(1-— >(1—- — >
T, = (1=nu)" a2 ( nF,') Zo 2 42K
where the last inequality uses the fact that (1 — %)m > % for all m > 2.

Thus, we have

n

Fy(zK) - Fy(z%) = g(xK)

D.2.2. CONSTRUCTION OF F5

In this section, we focus on the case when 7 is a multiple of 4. Otherwise, we set 4| % | components satisfying the argument,
and introduce at most three zero component functions. This adjustment does not affect the final result, but only modifies the
parameters i and L by at most a constant factor.

Let Fy(z) = 422 with component functions

Gx if 1<i<n/4,
fi() = L2 if n/4+1<i<n/2,
) -G if n/2+1<i<3n/4,

—L2a? if 3n/a+1<i<n.

For simplicity of the notation, let a denote L — 4. Since k > 4, we have 0 < a < L. Thus, each f; is L-smooth, ensuring
that the construction satisfies Assumption 2.3. The gradient difference between the component function f; and the overall
function F5 is bounded as

lpx|| +G  if 1<i<n/d4dorn/2+1<i<3n/4,

Vfi(z) — VFE: <
IVfi(@) = VE@)] {||(L—,u)ac| ifn/d+1<i<n/2or3n/d+1<i<n.

Since VF5(z) = px, it follows that || (L — p)z|| < x|V Es(z)||. Therefore, the construction satisfies Assumption 2.4
with P = k. Additionally, we note that z* = 0 and F5(z*) = 0. Using these component functions, we first derive the
closed-form expression for the iterates obtained by running Algorithm 2:

k G
Tpja = Lo — BV
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nG
thyy = (U =nD)t ek, = (1 —nL)* af - (1—nL)F T2,
nnG =\ MG
xlgn/él n/2+ (1_77L) ) +( ( _77L)4) 4’
n n n n n TLG
= (1+50)F b, = (14 n0) (1= nD)F 2+ (1+na)t (1- (1—y0)F) T2

Letp:= (1 —nL)% and q := (1 + na)*. Using these definitions, the epoch-wise recursion equation can be expressed as:

mG
W

ag ™t = paxl + q(1 - p)

By unrolling the above equation over k € [K], we obtain the final iterate X

1— ()™
1 —pq

mG

= (pg)*xo + q(1-p) (28)

We now state key inequalities regarding p and q:

» . o 11,
Lemma D.1. Under the conditions K > k > n > 3, the following inequalities hold for n € {M—K, E)
L
L1-p> {S#K ifne [u LL)
i ifmelsqn)

21— (p)®¥ >1—e L

4 1 N
o {7 7€ w5
L

’ L2
© o l-pg = 4 1
5n?nL? lf ne [f 7)

The proof of Lemma D.1 is presented in Appendix D.3. Setting the initialization point x¢ = 0, equation (28) simplifies to
1— (pg)¥ mG _ 1—e ! mG l—e ! 1-p
K
— co(l — > 1-(1=p)- = . -mG. 29
x — ¢(1-p)— S — (1-p)-— T T ™ (29)

Now, we divide the range of step size into two regimes: [#, ’—2) and [’—”27 ﬁ)

. 1
Regime 1. n € [W’ %)

In this regime, we have 1 — p > e K and — Substituting these inequalities to equation (29) results

q = 5nnu
K< (1 — e_l) LG
In =TT K

Regime 2. 1) € [sz nL)

In this regime, we have 1 —p > 2% and 1 Substituting these inequalities to equation (29) results

pq Z 5m? nL2
-1 n2uG
10 L3 T 40 2

Using the assumption K > Z—z, it follows that n2 > %3, resulting

% (1 — 6’1) LG
n =TT I02K
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Combining the results for the two subdivided step size regimes, we have
K (1 — e_l) LG
Ty 2
4012 K
101
for all YRS |:/”747K’ E)

Finally, the function optimality gap is

D.2.3. CONSTRUCTION OF F3

We focus on the case where n is even. If n is odd, we introduce an additional zero component function. This does not affect
the final result but only modifies each parameter at most by a constant factor.

In this subsection, we let L’ denote L/2. Let F53 = %xz with component functions

% 2 _ Gz otherwise.

fi(2) {L2/1'2+G;C if i <n/2,
i) =

It is clear that each f; is L-smooth. Since x > 2, we have L' = % w. Thus, F3 is p-strongly convex, satisfying

>
Assumption 2.3. Also, we can easily verify that the construction satisfies Assumption 2.4 with P = 0. We note that z* = 0
and F5(z*) = 0.

By Lemma F.1, the final iterate obtained by running Algorithm 2 is given by
G 1—(1—1][/)%( nnK
- —— (1 - (1—-nL ) .
T T gpE )
1

1 2 1 11 -
Recall that -i- = 1~ and 2 = ;. Since ) € 577, 7). it follows that

1’5 =(1- UL/)HK To +

. 1\? , «
(1-nL)? < (1—2) <e i, and (1 —nL)"K <e 7.
n

Using these inequalities and setting the initialization as 2o = 0, the final iterate X is expressed as:

1 1\2
G 1-(1—nl)* nky o Gl—ed k) L G (1—eh)
K /
= T (1 (1L > (1— o [t S
T 1+(1—nL’)5( (1=nL) )—L’ 2 ¢ )_L’ 2

Finally, the function optimality gap becomes

where the last inequality holds since K > x3/2.

D.2.4. CONSTRUCTION OF F}

Let Fy(z) = £22 with component functions f;(z) = Fy(z) for all i € [n]. It is clear that F satisfies Assumption 2.3,

Assumption 2.4 with G = P = 0. Also, we note that 2* = 0 and Fy(z*) = 0.

Forall n € [#,00), the final iterate is given by
X = (1 —nL)"" .
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In this regime, the step size is excessively large, resulting in
1—77L§1—2-L§—17
L
which implies |(1 — nL)"¥| > 1. Thus, the iterate does not converge and satisfies |2% | > |zo|.
By setting the initialization 2y = /-3, we have

nK?

Fy(z)) — Fy(z*) =

D.3. Technical Lemmas

. Lo . 11,
Lemma D.1. Under the conditions K > k > n > 3, the following inequalities hold for n € [W’ ﬁ)
L L
7 if ne [L“ ar) -
21— (pg)® >1—e7t

4 . 1 N

3 1 >{5nnu 1fr]€ |:;4nK’L2)’

* 1-pg = 4 . o1
5n?nL? lf ne [72’ niL) .

Proof. Recall the definitions of p and ¢:

p=(1-nL)%,
q=(1+na)t =1 +n(L—4p)*

To prove the first inequality, we divide the range of step size into two regimes:

|—|

o
—K f) and LQ, n— . Note that the first
<

regime may be empty depending on the condition on K, but remains valid (i.e. —K +5) under the condition K > & 2/n

in the current theorem.
. 1 p
Regime 1. n € L”TK’ ﬁ)

In this regime, we can bound p as:

ISE]

n L \* L
=(1—-nlL): < 1- — < 4,1{ <1f7
p=( nL) _( unK) e~ SuK

Here, the first step holds because n > > — In the final step, we utilize the 1nequa11tles e <lande™ <1 — %u for all
€ [0,1]. Hence, we can obtain 1 — p > > S#K.
Regime 2.7 € [£,-L).

In this regime, we can bound p as:

n 12 i _np nu
:1—L4<(1——> <eH o<1 M
(L=nL)t < L € SL

Here, the first step holds because n > £ At the final step, we utilize the inequalities 7% < lande™ <1 — fu for all
u € [0, 1]. Hence, we can obtain 1 — p 2

To bound 1 — (pq)*, we first establish bounds for pg:

nnL nna _ nn(L—a) 1

pg=(1—-nL)i(14+na)i <e ™ . =e T =M <R,
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1

where we apply n > Tk

at the last step. Therefore, we can obtain

K
1—(pg)% >1- (ef?) =1—-el

The last inequality requires more careful analysis. We further refine the bounds for pg. Using a = L — 4y < L, it follows

that

4 1
1—n(L—a)—n2aL21—4nu—n2L221————220,
nk n

where the second step is due to n < ﬁ and last step holds by the condition x > n > 3. Hence,

pg=(1—-nL)i(1+na)® =1 —n(L—a)—n*al)i > (1 —4dnu—n°L?)5.

We again divide the range of step size into two regimes: [/ni oa %) and [i, i)

. 1 L
Regime 1. 5 € [W’ #)

In this regime, we have n2L? < nu. Hence, equation (30) becomes

n

. . 5
pg > (1= dnp—n*L?)% = (1= 5pp)¥ =1 = iy,

since bnp < E’L’f < 1 (assuming k > n > 3). Therefore, we obtain the following inequality:

1 4
> )
I —pq = dnnp

Regime 2.7 € [£,-L).

In this regime, we have n2L? > nu. Hence, equation (30) becomes
n n 5
pg > (1= dnp—n*L?)% > (1= 5p°L*)% > 1= Jn*nl?

since 5n? L% < % < 1 (assuming n > 3). Therefore, we obtain the following inequality:

1 S 4
1—pqg = 5n?nl?’

This concludes the proof of the lemma.
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E. Proofs for Large Epoch Upper Bounds

In this section, we provide detailed proof for Theorem 4.4.

E.1. Proof of Theorem 4.4

Theorem 4.4. Let n > 1, K 2 (1 + P)k, and xq be the initialization point. Suppose F is a function satisfying
Assumptions 2.3 and 2.4. Then, for any choice of permutation oy, in each epoch, the final iterate £ obtained by Algorithm 1

with a step size n = WLK max {log ((F(zo)—szg*))uus) ’ 1} satisfies
L?G?
F(mrlf)_F( )<,U/3K2.

Proof. We begin by noting the specific epoch condition used to prove the statement:

K > 8 max {1, P} max {log <<F(w0) — F(:c*));ﬁKQ) ,1} .

L2G?

Given this epoch condition and the choice of step size 7 specified in the theorem statement, we have nnL < % min {1, % ,
which will be repeatedly utilized throughout the proof.

Consider the following epoch-wise recursive inequality for the objective function:

, L 2
F (mé“) <F (azlg) + <VF (mé) mé“ x’§> + = ||w§+1 — :c]gH

:F(a:’g)—nn<VF k) vaw xb )>
vam 1)

2

vaok(z ZT;_ 1)

2

= F (@) - T | VF (f)|

2

1 n
+ % k) - Ezvfak(i) (mf—l) vaok(l T 1)
1=1
2
(a) nn nm 1 —
< F(ab) - 5 ||VF ()] + = 0) =~ D Vo (1)
=1

®) -
< P (af) - L |VF (af ”72 —al | G

=1

where (a) holds due to nnL < i < 1 and (b) follows from the inequality:

2 n

(Vo) (26) = Vo (21-1))
=1

1
n

1 n
VF (w’é) - ﬁzvfo'k(i) (“3?71)
i1

vaak (1) ( ]8) - vf”k(i) (wf—l)HZ

IA
SR
U

Il
-

%
L2
n

E

NE

IN

1

.
Il

Next, we need to derive an upper bound for || — ||2 For t € [n], we have

vaom 1)

2

||“"0 - “’t =
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2

< 3’ +3n°

t
Z Vo (#5-1) = Vo, (26))

2

t

> VF (xf)

=1

+ 3772

INE

t
Bty 17 b~ | 67 (G2 4 PV EGD) + 30 |[VF ()]
i=1
t
=322y ||af — 2k |F 4 622G + 3R (14 2P) |V (af) ||
=1

Here, (a) is derived by applying Assumption 2.4 through the following sequence of inequalities:

Z Vo) () = VF (@ <tZ||me() VF (z)|

< tZ(G+P||VF(9U)||)2

i=1
t
<t3° (267 + 22| VF () ?)
i=1

< o2 (G2 + P2 HVF(:J:)||2) .

Summing equation (32) overt = 1,...,n — 1, we have
-~ 2 _ 2(n—1)n(2n—1) ,
ZH“’O 2t <0y ;Hwo b [*+6n 6 G
fgpnn 6(2” “U 112 |VF (@)

< 3n*n’L? Z ng — acf,lHQ +20*n*G? + n*n3(1 + 2P?) HVF (a:’o“) H2 .

i=1

Given nmnL < %, it follows that 3n?n2L? < % and the above inequality simplifies to
= 2 2
Z b — 2l 1 ||” < 4Pn®G? +20*n?(1 + 2P%) ||VF (2f)]”.
i=1

Substituting equation (33) to equation (31) results in

F(af™) < F(«f) =75 |[VF ()] + 75 Z!Iwo wha”

F(ah) 2 [T + 1 (a2 + 201+ 2P |V F() )

< F(xf) - % (1—2p°n2L% (1 4 2P%)) |VF(@b)||” + 20°n®L*G?

(@)
< F(xf) — HVF |7+ 20®n 2G>

®)

< F(ak) — % (F(af) — F(@*)) + 2p*n®L?G?,
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where at (a), we use nnL < 1 and nnL < JL, ensuring *n%L? (1 +2P?) < % + é < 1, and at (b), we utilize the

assumption that F' satisfies p-strongly convexity. We note that (b) is the only step where u-strong convexity of F' is utilized,
and it also holds under the weaker assumption that F' satisfies the Polyak-E.ojasiewicz condition. Thus, Theorem 4.4 remains
valid when F' satisfies the PL condition.

Rearranging this inequality leads to
k+1 * nmip k * 3, 372072
F(zg™) — F(z*) < (1—- =) (F (z§) — F*) + 2n°n’L*G?,

and we can obtain

K

" nnu\ K . nnp k=1
F(af) - F@) < (1- T) (F (o) — F(a") + 27*n°L2G2 - 3 (1 - T)
k=1
K 2
= (1 ; %) (F (m0) — F(x*)) + 20°n° LG - o

<e 2 (F(xo) = F7) + .

We now substitute 7 = WLK max {log ((F(m“)f;g*))“ 3K2) , 1}. For the case when F'(xg) — F'(x*) is sufficiently large,
the above inequality becomes

L2G?  16L2G? (F(xo) — F(x*))udK? L3G?
K * 2 0 1%
F(xn)*F(m)SM:),Kz+ e -1 ( L2(2 )§M3K2'

For the case when F'(zg) — F'(x*) is small so that 1 is chosen after the max operation, the above inequality then becomes

F(z) - F(z") <

1 L?G? 16L2G?* _ I2%G?
—.e- + S ,
e u3K?2 3K?2 u3K?2

where we utilize F'(x¢) — F(z*) < e- ﬁfgz This ends the proof of Theorem 4.4. O
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F. Lemmas
Lemma F.1. Let n be an even number. Define F(x) = %xQ with component functions

filw) = {gx2—|—Gx ifi <n/2,

%12 — Gz otherwise.

Then, the final iterate XX obtained by running Algorithm 2 for K epochs with a step size 1 starting from the initialization
point xg, satisfies:

Proof. Fori < 3, the update rule is given as:

ob =2k | — ezt +G) = (1 —na)et_, —nG.

7 3

Fori > 5 + 1, the update rule is given as:

ab =2k |~ (aak | —G) = (1 —na)at, +1G.

3

By sequentially applying the component functions, we derive the following epoch-wise recursion equation:

zgtt = (1 —na)"zf —nG > (1 —na)" " +nG > (1-na)"""

=1 =241
G 22
_ _ n .k el _ _ 2
= (1=na)'af+ (1= (1—na)?)", (34)

where the last equality follows from the following observation:

n

-nG i(l —na)" " +nG i (1—mna)""" =nG (1 —(1- na)%) Z (1= o)™
i1 =241 et

=nG (1 —(1— na)%)

_G (1 .yl _na)%)Z.

a

n
2

1—(1-na)
na

By unrolling equation (34) over k € [K], we obtain the equation for the final iterate 2.

G 1—(1—na)"™ 2\ 2
K _ (1 Z pa)¥ o= ™ (11— 2
L, ( 7700) Zo + a 1— (1 — na)n ( ( 77“) )

Lemma F.2. Let n be an odd number. Define F(x) = %xQ with component functions
x? ifi=1,

2+ G if2<i<(n+1)/2,

22— Gz if(n+3)/2<i<n.

fi(z) =

[SIISINTISINTISY

Then, the final iterate X obtained by running Algorithm 2 for K epochs with a step size 1 starting from the initialization
point xg, satisfies:

G 1—(1-na)"¥ n-1\ 2
K 1— nk 2o T (1-(1 = 3 )
x (1 =na)"*zo+ ¢ 1= (1= na)n ( (1 —mna) )

n =
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Proof. Compared to Lemma F.1, we have an additional component function f (z) = %1‘2 at the beginning of each epoch.
For this function, the update for ¥ is given as:

¥ = ok —nazk = (1 — na)ak.

Thus, the epoch-wise equation in equation (34) of Lemma F.1 is modified as follows:

G n=1 2 G o1\ 2
it = (1 = pa)" 2k + E(l —(1—mna) ) = (1 —na)"zf + E(l —(1—mna) > ) .
By unrolling the above inequality over k € [K|], we obtain the equation for the final iterate 2% :

G 1—(1—na)"k 1y 2
K _ (1 _ K & 1 :
z, =(1—=na)""zo + R s —— <1 (1 —na) ) .

Lemma F.3. Let n be an even number. Define F(x) = %1‘2 with component functions

fi(z){ng—FGx ifi <n/2,

—%xQ — Gx  otherwise.

Consider applying Algorithm 2 for a single epoch, starting from xk. The updated iterate m’é“ satisfies the following
equation:

% n G % z
xlg+1=(1+%) (1—UG)2$§+G<(1+772Q) (1+(1—na)z)—2).

Proof. Fori < Z, the update rule is given as:

af = b —nlazl | + G) = (1—na)a}_, —1G.

(2

By sequentially applying the first half of the component functions, we obtain

n_
5—1

s : 2 1—(1—na):
2 = (1 —na)izk —nG 1—na)'=(1-—na)eal —nG . —— "/~
: = (1—na)?zp );( 1a)" = (1 —na)izf —n o
n o G n
:(lfna)mcofg(lf(lfna)?). (35)

For 7 > % + 1, the update rule is given as:

o =ak (—%xf_l — G) = (1 + 7]2—a> z¥ | +nG.
Substituting the result from equation (35) into the update rule for the second half of the component functions, we obtain
x’g“ (equivalently, z%) as follows:

e ey g 205
ac’g“:(l—i—na zsc’%'—&—nGZ(l—i— a) :(14—%)2,@’%—}—770. 2
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G. Experiments

In this section, we validate the lower bound convergence rates for the functions used in the lower bound construction of
Theorems 3.3 and 3.5. We compare the performance of four permutation-based SGD methods: IGD, RR, Herding at
Optimum, and with-replacement SGD. Here, Herding at Optimum refers to the instance of Algorithm 1 using the permutation
suggested from Theorem 3.7 satisfying equation (22). As mentioned in Section 3.2, this permutation is generally unknown
without prior knowledge of *. However, for the specific functions used in the lower bound construction, we can explicitly
determine a permutation o that satisfies equation (22). Thus, the plot for Herding represents the convergence rate achieved
by a well-chosen permutation in permutation-based SGD.

Additionally, we conduct experiments using the MNIST (appendix G.3) and CIFAR-10 (appendix G.4) datasets. For
the real-world dataset, we compare the performance of IGD, RR, and with-replacement SGD. Training loss and the test
accuracy of both MNIST and CIFAR-10 reveal the significant slowdown of IGDat the early stages of the training. For
details of the experiments, we refer readers to the corresponding subsections.

G.1. Results for the Function in Theorem 3.3

Recall that the proof of Theorem 3.3 uses 4-dimensional functions, formulated through the “dimension aggregation” step.
For a clear observation, we conduct experiments using the construction for the “Moderate” step size regime, and remove the
first and the last dimension.

We use the parameters p = 1.0 x 10, L = 1.0 x 10*, G = 1.0 x 10°, n = 1.0 x 103, and choose the step size as 1 = WiK

which corresponds to the moderate step size regime. First, we examine the trajectory of IGD when initialized at * in
Figure 2. Recall that our construction is carefully designed so that the trajectory forms a regular n-polygon when starting
from (uo(n),vo(n)) (see Appendix B.2 for definitions). As illustrated in Figure 2, even when the iterate starts at «*, it
gradually drifts outward and rotates along a circular path.

Optimization Trajectory of IGD
® Initial Point
® Start of Epochs
021 ® Final lterate
0.1
c
o
=
§ 0.0 ® O o o ¢ ooocommd
>
—0.1+
-0.24

-0.2 ~0.1 0.0 01 02
X Position

Figure 2. Trajectory of IGD with the function for Theorem 3.3, starting from the ™ (the origin, purple dot), when K = 20. Blue dots
starting point of each epoch, 2§, while the cyan dot indicates the final iterate a{' .

Figure 3 reports the function optimality gap for different permutation-based SGD methods, when initialized at
(uo(ﬁ, Uo(ﬁ)))- Results for RR and with-replacement SGD, which involves randomness, are reported after av-
eraging over 20 trials for each number of epochs k. The shaded region represents the first and the third quartiles across the

20 trials.
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One might wonder why the trend of IGD does not match the rate derived in Theorem 3.3, given by LMG; min {1, 1’% } We

believe this occurs because the theoretical rate serves as a lower bound on the true convergence rate, and the empirical
performance of IGD in this experiment can be influenced by additional factors not captured in the theoretical bound.

—— Incremental Gradient Descent
—— Random Reshuffling
—— Herding
With-replacement

1078 4

Optimality Gap

._.

<
0
g

10-24 |

10*17 4

10! 10 10° 104
Epoch

Figure 3. Experiments on Theorem 3.3 for IGD, RR, Herding at Optimum, and with-replacement SGD. Both axes are log-scaled.

G.2. Results for the Function in Theorem 3.5

Recall that the proof of Theorem 3.5 uses 4-dimensional functions, formulated through the “dimension aggregation” step.
For a clear observation, we conduct experiments using the construction for the “Moderate & Large” step size regime, and
remove the first dimension.

We use the parameters p = 1.0 x 10°, L = 1.0 x 10*, G = 1.0 x 10°, n = 1.0 x 102, and choose the step size as 1 = ﬁ

1071 —— Incremental Gradient Descent
—— Random Reshuffling

1010 4 .
—— Herding

With-replacement

Optimality Gap

,_.
2

,_.
3

|

Epoch
Figure 4. Experiments on Theorem 3.5 for IGD, RR, Herding at Optimum, and with-replacement SGD. Both axes are log-scaled.
Figure 4 reports the function optimality gap for different permutation-based SGD methods, when initialized at (0, 0). Results
for RR and with-replacement SGD, which involves randomness, are reported after averaging over 20 trials for each number

of epochs, k. The shaded region represents the first and the third quartiles over the 20 trials. As suggested by Theorem 3.5,
the function optimality gap increases sharply as K decreases. In contrast, RR remains robust even for small K.
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G.3. Experiments on MNIST Dataset

For the MNIST dataset, we consider the binary classification using only the data corresponding to the labels 0 and 7. We
consider the natural data ordering where all 0 images are followed by all / images. In this configuration, we have a total of
5,923 + 6,742 = 12,665 training data. We use a step size 7 = 0.01 throughout every part of the training.

1.0
10° 0.9
0.8
¥ 107t g
S c
ey § 07
£ 102 <
© 0 0.6
= IS
1073 \x 05{ =
—— IGD
04 RR
1074 SGD
0 2 4 6 8 10 0 2 2 6 8 10
Epochs Epochs
(a) Training loss (b) Test accuracy

Figure 5. Experiments on MNIST dataset for IGD, RR, and with-replacement SGD. y-axis for the training loss is log-scaled.

Figure 5 reports the training loss and the test accuracy for different permutation-based SGD methods, with a random
initialization. Results are reported after averaging over 10 trials for each number of epochs, k. The shaded region represents
the 95% confidence interval over 10 trials. Unlike the experiments on the functions corresponding to the theorems using a
fixed initialization, the randomness in the initialization for this experiment introduces a confidence interval even to IGD.
Both the loss and the accuracy show no significant difference between RR and with-replacement SGD, while IGD shows a
significantly slower convergence compared to the other two methods.

G .4. Experiments on CIFAR-10 Dataset

For the CIFAR-10 dataset, we also consider the binary classification using only the data corresponding to the labels airplane
and automobile. We consider the natural data ordering where all airplane images are followed by all automobile images. In
this configuration, we have a total of 5,000 + 5,000 = 10,000 training data. We use a step size 7 = 0.001 throughout every
part of the training.

One slight difference from the experiment on the MNIST dataset is that we use a mini-batch of size 16 for the training. This
is due to the instability of IGD training. To ensure convergence of IGD with a reasonable step size—such that the loss
function decreases even with a small number of training epochs—we employ its mini-batch variant. For a fair comparison,
we also adopt the corresponding mini-batch versions of RR and with-replacement SGD.

Figure 6 reports the training loss and the test accuracy for different permutation-based SGD methods, with a random
initialization. Results are reported after averaging over 10 trials for each number of epochs, k. The shaded region represents
the 95% confidence interval over 10 trials. Both the loss and the accuracy show no significant difference between RR and
with-replacement SGD, while IGD shows a significantly slower convergence compared to the other two methods.
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7x107*

6x107t

nainny Luss

5x107t

— IGD
RR
SGD

Figure 6. Experiments on CIFAR-10 dataset for IGD, RR, and with-replacement SGD. y-axis for the training loss is log-scaled.

10
Epochs

(a) Training loss

15

20

56

Test Accuracy

—— IGD —
—
08 RR o
SGD /
//—/
0.7 /
/

0.6
0.5

0 5 10 15 20

Epochs

(b) Test accuracy




