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Abstract

We consider the Schrodinger bridge problem which, given ensemble measurements
of the initial and final configurations of a stochastic dynamical system and some
prior knowledge on the dynamics, aims to reconstruct the “most likely” evolution
of the system compatible with the data. Most existing literature assume Brownian
reference dynamics, and are implicitly limited to modelling systems driven by the
gradient of a potential energy. We depart from this regime and consider reference
processes described by a multivariate Ornstein-Uhlenbeck process with generic drift
matrix A € R9*?. When A is asymmetric, this corresponds to a non-equilibrium
system in which non-gradient forces are at play: this is important for applications
to biological systems, which naturally exist out-of-equilibrium. In the case of
Gaussian marginals, we derive explicit expressions that characterise exactly the
solution of both the static and dynamic Schrodinger bridge. For general marginals,
we propose MVOU-OTFM, a simulation-free algorithm based on flow and score
matching for learning an approximation to the Schrodinger bridge. In application
to a range of problems based on synthetic and real single cell data, we demonstrate
that MVOU-OTFM achieves higher accuracy compared to competing methods,
whilst being significantly faster to train.

1 Introduction

We are interested in reconstruction of stochastic dynamics of individuals from static population
snapshots. This is a central problem with applications arising across the natural and social sciences,
whenever longitudinal tracking of individuals over time is either impossible or impractical [56, 135} 48|
4334, [1]. In simple terms, consider a system of indistinguishable particles z; € R? undergoing some
unobserved temporal dynamics. The practitioner observes the system to have distribution g ~ pg
at an initial time ¢ = 0 and later to be 1 ~ p; at a final time ¢t = 1. The question is then: can we,
under some suitable assumptions, reconstruct the continuous-time behaviour of the system for the
unobserved time interval 0 < ¢ < 1?

The Schrodinger bridge problem (SBP), by now a centrepiece of the theoretical literature on this topic,
places this task on a theoretical footing in terms of a mathematical formulation of this problem as a
large deviations principle on the path space [28]] and a (stochastic) least action principle intimately
linked to optimal transportation theory [12]. Given a reference process that encodes prior knowledge
on the dynamics, the SBP can be understood as identifying the “most likely”” evolution of the system
that is compatible with the snapshot observations.

The SBP and related topics have enjoyed a great deal of recent interest from both applied and
theoretical perspectives. Many applications arise from biological modelling of cell dynamics [[7, 142].
The majority of existing work assumes, either explicitly or implicitly, that the system of interest is
potential driven, that is, driven by the gradient of a potential energy [26} 13} 152,15, [51} 157 16]. In fact,
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Schrodinger Bridge Problem Q-bridges via control formalism
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Figure 1: The Schrodinger bridge problem with a multivariate Ornstein-Uhlenbeck reference process
(T) can be solved via a generalised entropic transport problem and characterisation of the Q-bridges.
For non-Gaussian endpoints, score and flow matching provide a route to building neural approxima-
tions without simulation.

Lo

most studies do not consider any prior drift, corresponding to the setting where the reference process
is purely an isotropic Brownian motion. A few studies [5} 45} [15] allow for scalar Ornstein-Uhlenbeck
(OU) processes, motivated by applications in the generative modelling domain. Since scalar OU
dynamics have unidimensional drift which can always be written as the gradient of a scalar function,
all of these are also potential driven systems.

Changing the choice for the reference process provides a route to dealing with systems which are not
potential driven, i.e. driven by a drift that is a non-conservative vector field. Abundant motivations for
modelling these dynamics arises from biological systems and other kinds of active matter; these exist
naturally far from equilibrium [60, [37, 19, [17], exhibiting irreversible dynamics at a non-equilibrium
steady state [27]. While a few studies [53| |44} 25]] allow for reference processes described by a
SDE with a generic drift term, they rely on computationally expensive simulation procedures such
as numerical integration and suffer from accuracy issues in high dimensions. Here we explore a
complementary approach and concentrate our attention on a family of linear reference dynamics as
a middle ground between physical relevance and analytical tractability. Specifically, we consider
reference processes arising in a class of linear drift-diffusion dynamics described by the SDE

These processes are also known as multivariate Ornstein-Uhlenbeck (mvOU) processes, often used as
a model of non-equilibrium systems in the physics literature [27}[20L[18]]. Indeed, for asymmetric drift
matrix A the system (T)) has a drift that is no longer the gradient of a potential. As an example in the
case of isotropic diffusion o = oI, when A is asymmetric and has all eigenvalues with negative real
part, a non-equilibrium steady state exists where the dynamics are irreversible and exhibit nonzero
probability currents while the population density is unchanged [[18l 20]. While allowing a broader
range of reference dynamics, the statistics of () remain analytically tractable — in particular it is a
Markovian Gaussian process with explicit formulae for its mean, covariance, and transition kernel.
This provides avenues to efficient solution of the SBP that sidesteps the need for numerical integration,
and as we will see, even analytical expressions in the Gaussian case. In particular, the family of SBP
problems that we model is strictly larger than the standard (Brownian) SBP, which we recover as a
special case when A, m = 0.

The contributions of our paper are twofold. Leveraging results on mvOU processes, we characterise
for Gaussian endpoints the Gaussian Schrodinger Bridge (GSB) with reference dynamics described
by (I). To handle general marginals, we develop a simulation free training procedure based on score
and flow matching [52] to solve the SBP. We conclude by demonstrating our results in a range of
synthetic and real data examples. We find that our approach solves the generalised SBP faster and
more accurately than comparable simulation-based algorithms, at the cost of assuming the form (T)) of
the reference process. Our findings highlight the tradeoff between (i) analytically tractable but more
restrictive models and (ii) more expressive non-parametric models, which are much less tractable to
learn, both in terms of computational cost and statistical complexity.



2 Background and related work

2.1 Schrodinger bridges

In what follows we provide a concise summary of the SBP. For details we refer readers to [28, [12]] for
in-depth discussion. We work in X < R? and denote by P(X') the space of probability distributions
on X. Let C([0, 1], X) denote the space of continuous paths w; : [0,1] — X valued in X, and
informally we will refer to path measures as probability measures supported on C'([0, 1], X'). Viewing
stochastic processes as random variables valued in C([0, 1], X'), path measures prescribe their law.
Let Q be a general path measure describing a reference Markov stochastic process. For prescribed
initial and final marginals pg, p1 € P(X), the Schrodinger bridge problem can be written

min KL(P|Q), SBP-dyn
PeP(C([0,1],X)) : Po=po,P1=p1 ( |Q) ( Y )

where the minimum is taken over all candidate processes P absolutely continuous with respect to Q
that are compatible with the observed data at ¢ = 0, 1. This dynamic form of the SBP, while elegant,
is unwieldy for practical purposes owing to the formulation on path space. A well known result [28]
connects the dynamical SBP with its static counterpart:

min KL (POI |Q01 ) . (SBP—static)
Po1€l(po,p1)

Furthermore, the static and dynamic SBP are interchangeable via the disintegration identity regarding
the optimal law P*:

P*() = f AP}, (0, 1) Q) (), @

where Q¥ denotes the law of the Q-bridge conditioned at (0, ) and (1,2;). In other words,

solution of (SBP-dyn)) amounts to solving (SBP-static) for P, followed by construction of P* as per
() by taking mixtures of Q-bridges.

The problem can be reformulated as an entropy-regularised optimal transportation
problem [12]] where the effective cost matrix is the log-transition kernel under Q. This admits
efficient solution via the Sinkhorn-Knopp algorithm [14] in the discrete case. This provides a
practical roadmap to constructing dynamical Schrodinger bridges by first solving (SBP-stafic)), then
using construction of Q-bridges with (2)) to build a solution of (SBP-dyn).

2.2 Probability flows and (score, flow)-matching

Probability flows Consider a generic drift-diffusion process in d dimensions with drift v;(x)
and diffusivity o, described by an It6 diffusion whose marginal densities evolve following the
corresponding Fokker-Planck equation (FPE):

dX; = vy(Xy) dt + oy dBy, Oipe(x) = =V - (pr(x)ve(x)) + V- (D:Vpe(x)), (3)
where D; = %O’t O'tT is the diffusivity matrix. Equivalently, the FPE can be rewritten in the form of a
continuity equation involving a probability flow field w, [30L 3} 2} 52} 31]]:

Orpi(x) = =V - [pe(x)u(x)], ui(x) = vi(x) — DV logpi(x), 4

By recognising the form of the continuity equation in (@), it is apparent that the family of marginal dis-
tributions {p;(x) }+>0 generated by the dynamics specified in (3] are also generated by the probability
flow (PF)-ODE:

X, = w(Xy), Xo ~ po )

The central quantity that allows us to convert between the SDE (3)) and the PF-ODE (@) is the gradient
of the log-density V log pi(x) =: s¢(x), also known as the score function. Under mild regularity
conditions, knowledge of the score s(x) allows for sampling from p(x) via Langevin dynamics: the
SDE dX; = $s(z)dt + dW, has stationary distribution p(z) [46]. While typically one needs to
resort to approximations to learn s [55/ 146} /47], in setting of the Brownian (and as we will see, the
mvOU) bridge, one has closed form expressions for the score and the objective.



Conditional flow matching Stated in its original form, let ¢ — p;(x) be a family of marginals
on t € [0, 1] satisfying the continuity equation dip:(z) = —V - (pe(x)us(x)), where us(x) is a
time-dependent vector field. Suppose further that p;(a) admits a representation as a mixture

pi() = j dg(2)pyp. (]2)

where z ~ ¢(z) is some latent variable and ¢ — py.(x) are called the conditional probability
paths. We introduce conditional flow fields w,, that generate the conditional probability paths, i.e.
0tpy)z(x) = =V - (py)2(T)uy . (x|2)). Then, the insight presented in [30, Theorem 1] is that, in fact,

Pt|z (:B | Z)
u(x) = E. qz) [zl)t(w)uﬂz(ﬂz)] )
as can be easily verified by checking the continuity equation. When p; () is not tractable but ¢(z),
pt|-(x) and uy.(z) are, as is the case for the Schrodinger bridge (2), conditional flow matching is
useful: Lipman et al. [30, Theorem 2] prove that minimising

Lerm(0) = Eicv(o,1],2~q Ba~p,. [[vo.c(x) — wy. () (6)
is equivalent to regression on the true (marginal) vector field w;.

Simulation-free Schrodinger bridges Previous work [52] 39]] has exploited the connection (2)
between the dynamic and static SBP problems to create solutions to without the need to
numerically simulate SDEs. In particular, [52] proposed to utilise score matching and flow matching
simultaneously to learn the probability flow and score of the dynamical SBP with a Brownian
reference process. Crucially, they exploit availability of closed form expressions for the Brownian
bridge and minimise the objective

Lispar(0:¢) = E [Ilve,t(Z) = U (o.00) (D)7 + Al s.0(2) — st(xo,wl)(z)”2:|7 O
t,(zz();:?)‘:U[O,l)]®w
t|(xzg,xq

where m = P, is the optimal coupling solving (SBP-static)). In the above wy|((,2,)> St|(z0,21) ATEs
respectively, the flow and score of the Brownian bridge conditioned on (g, x1), for which there are

readily accessible closed form expressions [52, Eq. 8]: u;(x) = %(m — %) + (&1 — xp) and

s¢(x) = (0%t(1 — 1))~ Y@ — ) with Z; = tx; + (1 — ). Motivating the use of the conditional
objective (/) in practice, the authors prove [52, Theorem 3.2] that minimising (/] is equivalent to
regressing against the SB flow and score. Since Pjj; can be obtained by solving an static entropic
optimal transport problem.

2.3 Related work

The generalisation of dynamical optimal transport and the Schrodinger bridge to linear reference
dynamics has been studied [11} (9} 10] from the viewpoint of stochastic optimal control. However, as
was pointed out by [3], these studies have primarily focused on theoretical aspects of the problem,
such as existence and uniqueness. In particular, the result for the Gaussian case [9] is in terms
of a system of coupled matrix differential equations and does not lend itself to straightforward
computation. More generally, forward-backward SDEs corresponding to a continuous-time iterative
proportional fitting scheme [53]144] have been proposed for general reference processes.

For the Gaussian case, the availability of closed form solutions is by now classical [36} 49], and
more recent work provides analytical characterisations of Gaussian entropy-regularised transport
[S, 1221 132]. [I5] provides explicit formulae that characterise the bridge marginals as well as the force
(bridge control) for a Brownian reference as well as a class of scalar OU references. To the authors’
knowledge, however, all explicit formulae for Gaussian Schrédinger bridges assume either Brownian
or scalar OU dynamics. The application of flow matching [30l 3] as a simulation-free technique to
learn Schrodinger bridges was proposed in [52], but the authors restrict consideration to a Brownian
reference process. Recently [33] apply flow matching for stochastic linear control systems, however
they are concerned with interpolating distributions and do not study the SBP.

Finally, concurrent work [38]] proposes a related flow matching scheme for approximately solving
the Q-SBP where the reference process QQ is described by a general, potentially non-linear diffusion.
This comes however at the cost of using learned neural approximations for bridges and log-transition
densities of Q. Our work treats the complementary case of linear reference dynamics, in which we
may avail ourselves of analytical formulae for these quantities.



3 Schrodinger bridges for non-equilibrium systems

3.1 Multivariate Ornstein-Uhlenbeck bridges

As is evident from (2), the dynamical formulation of the Q-SBP amounts to solution of the static
Q-SBP together with characterisation of the Q-bridges, i.e. the reference process Q
conditioned on initial and terminal endpoints. For Q described by a linear SDE of the form (T)),
explicit formulae for the Q-bridges are available and we state these in the form of the following
theorem.

Theorem 1 (SDE characterisation of mvOU bridge, adapted from results in [8]]). Consider the d-
dimensional mvOU process (1). Conditioning on (0,x¢) and (T, ), the bridges of this process
Y: = X:|{Xo = o, X7 = x1},0 < t < T are generated by the SDE

dY; = (A(Y; — m) + ¢(mo,er)) At + 0 ABy,  Cyj(mgmy) = —Ar (Vi — ky). 8)

T—t

0 e Ae A dsand ky = e~ T4 (zr — m) + m.

where Ay =

We remark that this characterisation can be found implicitly in the results of [8]]; however, their
results were conceived for a more general setting of time-varying coefficients and hence is stated
in terms of the state transition matrix, which does not in general admit an explicit formula. In our
case, computation of the control term A; relies upon a unidimensional integral as a key quantity
and crucially this is independent of the endpoints, meaning it incurs a one-off computational cost.
Although the derivation of Theorem [I]follows the same procedure as [8]], we provide details in the
Appendix since the work of Chen and Georgiou [8] is written for a control audience. Using the SDE
characterisation (8] of the Q-bridge and the fact that it remains a Gaussian process, we obtain explicit
formulae for the score and flow fields as well as mean and covariance functions of the Q-bridge. One
can furthermore check that the Brownian bridge formulae are recovered as a special case.
Theorem 2 (Score and flow for multivariate Ornstein-Uhlenbeck bridge). For the mvOU bridge
conditioned on (0, ), (T, ), denote by py|(z,,x,) the density at time 0 < t < T. Then, score
function and probability flow of the bridge are respectively

St\(wo,w:p)(m) = Vg Ingt\(wo,:cT)(w) = Ea(lmo’mT)(uﬂ(wo,wT) - iL’) ©
ut\(mo,wT)(m) = A(ZC — m) + Ct\(mo,wT)(m) — %UUTSt\(mo,acT)(m)~ (10)

where Ci|(z,,xr) IS the bridge control from Theoremand (/Lt‘(mo’mT), Et\(mo,wT)) are the mean and
covariance of Di|(zo,@r)’

Yi\(zo,zr) = Pt — Qte(Tft)AT‘I’Ele(Tit)A‘I’t =: 4, (11)
T
Bl (mo.mr) = B0 + B4 B (2 — pd0). (12)

In the above, uf denotes the mean at time t of an unconditioned mvOU process started from

(0, ), and the function ®; = S(t) =946 Te(t=9)A" 45 is independent of the endpoints (zo, 7).
Consequently, 3y|(z, x.) depends only on t, so we write Qy = Xy(. ) o make this explicit.

While all our theoretical results are stated in terms of a generic diffusion matrix o, we remark that
in practice one can always assume o to be diagonal. This is formalised in the following informal
lemma, for which we provide a formal statement and proof in Appendix

Lemma 1. Up to a orthogonal change of coordinates, any linear SDE with generic drift and diffusion
matrix, is equal in its law to another linear SDE with a transformed drift and diagonal diffusion
matrix.

3.2 The Gaussian case

We derive explicit formulae for Gaussian Schrodinger bridges with general linear reference dynamics.
Our results generalise those in [5] to mvOU reference processes, and we verify in the appendix that
we recover several results of [S, Theorem 3, Table 1] as special cases. Both derivations use the
disintegration property (2) together with analytical expressions for the optimal coupling and bridges.
Theorem 3 (Characterisation of mvOU-GSB). Consider a mvOU reference process Q described by
(1) and Gaussian initial and terminal marginals at times t = 0 and t = T respectively:

Po :N(aaA)apT :N(baB)



In what follows, we write 3, for the covariance of the unconditioned process (1)) started at a point
mass. Define the transformed means and covariances

a= 2_1/2( TA(@ —m) +m), A = E;I/QGTAAGTAT 2;1/2
b=1x,", B-=x,"8B%,"

and let C be the cross-covariance term of the Gaussian entropic optimal transport plan [21, Theorem
1] between py = N (@, A) and pp = N (b, B) with unit diffusivity, i.e.

c-A"(A”BA” +11) Paear (13)
Setting Ty = ®,e(T—HAT " for brevity, define
A, = (e*T*f)A - rt) sY2 o, =, m? e = (I - e*<T*t>A) m (14)
Then the Q-GSB is a Markovian Gaussian process for 0 < t < T with mean and covariance
v = E[Y;] = 20, + BB + . (15)
By = V[Y,, Vi) = Q0 + AAA] + ACB] +B,C A + 58,85 (16)
Furthermore, the Q-GSB is described by a SDE
dY; = (v + S/ E;(Y; — 1)) dt + o dB;, Y; ~ N(a, A). (17)

where S, = (0p Q) (t) + A, AN, + A,CB, +B,C A, +B,BB, .

Importantly, we show in the Appendix that we recover from the results of Theorem 3|two prior results
of [5] — spemﬁcally, we obtain results for a Brownian and scalar OU reference process as spemal
cases. Furthermore, in [5] the authors remark that the quantity S T._.t , determining the GSB drift, is
symmetric although St is asymmetric in general. The interpretation of this result is that the GSB is
driven by a time-varying potential and is thus of gradient type. By contrast, we observe empirically
that the mvOU-GSB drift is asymmetric when the underlying reference process Q is not of gradient

type.
3.3 The Non-Gaussian case — score and flow matching

When the endpoints (pg, pr) are non-Gaussian, direct analytical characterisation of the solution to
(SBP-dyn) is out of reach. Here we show that combining the exact characterisation of the Q-bridges
(Section [3.1}) with score and flow matching (Section yields a simulation-free estimator of the
Schrédinger bridge when Q is a mvOU process (I)). Specifically, we propose to first exploit the static
problem which can be efficiently solved via Sinkhorn-Knopp iterations [14] with an
analytically tractable cost function. Next, we use the property (2)) together with the characterisation
of Q-bridges presented in Theorem 2] The approach of [52]], which considered a Brownian reference,
thus arises as a special case for A = 0,m = 0,0 = ol.

Proposition 1. When Q is a myOU process @, shares the same minimiser as

min 1 {(zr TSNz — p20) dr(zo, z7) + H(m|po ® pr). (18)
mell(po,pT)

We remind that @ — p7° is affine and computation of X7 relies on a one-off time integration
that does not depend on the endpoints (Section [A.T). Equipped with 7 the solutlon to (I8), we
parameterise the unknown probability flow and score function of (SBP-dyn) by u!(x) and s (z)
where (6, ) are trainable parameters. We seek to minimise the loss

L(0,¢) = E [ (2) = wei(eo,am) ()P + Aells7(2) = St1@o0m) (2)P], (19)

t,(zg,zp)~U[0,TI®7
E~Pt|(zg,xT)

In the practical case when (po, pr) are discrete, sampling from ¢, (2o, 1) ~ U[0,T] ® 7 is trivial
once (I8) is solved. Sampling from Dt|(zo,xr) aNd evaluatlng Ui|(a0,01)> St|(w0,27) AMOUNLS tO
invoking the results of Theorem[2] Again, computations of these quantities involve one-off solution
of a 1D matrix-valued integral: this can be solved to a desired accuracy and then cached and queried
so it poses negligible computational cost, and this is what we do in practice. As in the Brownian case,
the following result establishes the connection of the conditional score and flow matching loss
to (SBP-dyn)), and is a generalisation and restatement of results from [52, Theorem 3.2, Proposition
3.4].



Algorithm 1 mvOU-OTFM: score and flow matching for mvOU-Schrédinger Bridges

Input: Samples {z;}; ,, {z}}} " from source and target distribution at times ¢ = 0,7, mvOU reference
parameters (A,m, D = oo "), batch size B.
Initialise: Probability flow field u! (), score field s7 (x).
po— N1 Zfil Ox;y P1 — Nt Zf\il O’ Form empirical marginals
7 « sinkhorn(C, po, p1,reg = 1.0) ' Solve with log-kernel cost
while not converged do

{(mi, :1::.)}13:1 « sample(7), {ti}iB:I - sa_mple(U[O, T])

for1 <j<Bdo

A N(th (2 .a)> Zt], I(z; m;)) Sample from mvOU-bridge (Thm.
Ly «— Hu?j (z) — Uy (; @) |2 + At; Hsfj (z) — 8t |(2;.@)) (& (Flow, score)-matching loss
end for

L=B"" Zszl ¢;
(0,¢) « Step(VoL,V,L).
end while

Theorem 4 (mvOU-OTFM solves (SBP-dyn)). If p;(x) > 0 for all (t,z), shares the same
gradients as the unconditional loss: L(6, ¢) = Eievjo,r] Ezmp, [[uf (2) — we(2)]* + A7 (2) —

8¢(2)||?]. Furthermore, if the coupling m solves (SBP-statid) as given in Proposition || then for
(uf, s¥) achieving the global minimum of (19), the solution to (SBP-dyn) is given by the SDE
dX; = (u!(X;) + Ds? (Xy)) dt + o dB,.

We stress here that the linearity assumption is only imposed on the reference process Q in (T)), and
not on the SBP solution P. In the general non-Gaussian case the mvOU-SBP dynamics will still be
nonlinear, much in the same way as for the Brownian SBP.

Further, a non-linear reference dynamics can be connected to linear dynamics of the form (I) by
linearisation about a fixed point of the drift. That is, for a smooth reference drift f () with x a fixed
point, f(xo) = 0, one has f(x) = (0. f)(zo)(x — o) + O(||x — xo|?). This naturally motivates
the study of mvOU processes with A = (0, f)(xo) and m = xy.

4 Results

Gaussian marginals: benchmarking accuracy As a first visual illustration of Theorem |3| we
show in Fig. 2| the family of marginals solving for the same pair of Gaussian marginals
in dimension d = 10, where the reference process Q is taken to be (a)(i) a mvOU process with
high-dimensional rotational drift and (b)(i) a standard Brownian motion. While both provide valid
interpolations of pg to p1, it is immediately clear that the dynamics are completely different. To
provide some further insight, we show in (a)(ii) and (b)(ii) the time-dependent vector field generating
each bridge. According to Theorem 3] both processes are time-dependent linear SDEs of the form
(17). For the mvOU reference the asymmetric nature of the drift matrix is evident, while for the
Brownian reference the symmetry of the drift matrix corresponds to potential driven dynamics [3].

In the Gaussian case, our explicit formulae for the OU-GSB allow us to empirically quantify the
accuracy of our neural solver. Since existing computational methods for solving the Q-Schrodinger
bridge for non-gradient QQ are limited, we compare MVOU-OTFM against Iterative Proportional
Maximum Likelihood (IPML) [53]] and Neural Lagrangian Schrodinger Bridge (NLSB) [25]]. The
former is based on a forward-backward SDE characterisation of the Q-SB and alternates between
simulation and drift estimation using Gaussian processes, while the latter uses a Neural SDE frame-
work. For d ranging from 2 to 100, we solve with each method and report in Table
the average marginal error, measured in the Bures-Wasserstein metric [49] and the average vector
field error in L?. In all cases, we find that MvOU-OTFM achieves the highest accuracy among all
solvers considered. Among the others, NLSB is generally the most accurate followed by IPML,
while BM-OTFM performs the poorest since the reference process is misspecified.

In addition to being more accurate, MVOU-OTFM is extremely fast to train owing to being simulation
free, taking approximately 1-2 minutes to train on CPU for d = 50, regressing the score and flow
networks against (I9). NLSB took 15+ minutes to train on GPU requiring backpropagation through



SDE solves, while IPFP requires iterative SDE simulation. On the other hand, our approach directly
exploits the exact solution to Q-bridges rather than relying on numerical approximations.
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Figure 2: Gaussian Schrodinger Bridges. (a) (i) Marginals of the Gaussian Schrodinger bridge

(d = 10) with mvOU reference (MvOU-GSB) (ii) Time dependent vector field generating the bridge.
(b) Same as (a) but for Brownian reference.
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Marginal error (BW%) ‘ Force error (L?)

d MVOU-OTFM BM-OTFM IPML («) IPML (—) NLSB \ MVOU-OTFM BM-OTFM IPML NLSB

2 0.19+0.17 8.40+0.77 5554153 5.65+1.41 1.214+0.18 |3.56+0.25 12.23+0.27 10.31+0.45 7.5940.33
5 0.231+0.16 9.06+0.66 6.34+5.64 3.24+098 1.16+0.26 |3.66+0.19 12.2740.12 10.08+0.75 7.7240.15
10 0.5940.36 8.93+0.55 3.00£0.73 3.00+0.63 1.36%0.13 |3.82+0.13 12.33+0.13  10.96+1.11 8.154+0.25
25  0.84+0.22 8.81+1.19 6.97£2.01 5.03+£0.60 2.97+1.24 |4.67+0.16 12.5440.16 12.4240.80 11.02+2.41
50  2.214+0.36 11.74£0.37 9.03+0.21 8.32+0.63 6.394+0.13 |6.25+0.17 13.26+0.15 14.14+1.00 14.40£0.02
100 6.84+0.78 15.144+0.95 16.194+1.87 14.3840.38 17.4040.13 | 10.451+0.18 15.534+0.14 15.304+0.39 16.4940.07

Table 1: Marginal error measured in Bures-Wasserstein metric and force error measured in L? norm
for the Schrodinger bridge learned between two Gaussian measures in varying dimension d.
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Figure 3: Non-Gaussian marginals. (a)(i) Sampled trajectories from the mvOU-SB learned between
non-Gaussian marginals in d = 10, shown in (¢, z() coordinates with score field shown in background.
(a)(ii, iii) Sampled SDE (stochastic) and PF-ODE (deterministic) trajectories shown in (xq, x1)
coordinates, and reference drift shown in background. (b) Same as (a) but for Brownian reference.

Non-Gaussian marginals We demonstrate an application of MVOU-OTFM for general non-
Gaussian marginals in Fig. 3] where the reference dynamics are the same as those in Fig.[2] Again, the
contrast between the mvOU and Brownian reference dynamics is clear, and we show the distinction
between sampling of trajectories via the SDE (3)) and PF-ODE formulations ().

Repressilator dynamics with iterated reference As an application to a system of biophysical
importance, we consider the repressilator [[16], a model of a synthetic gene circuit exhibiting oscil-
latory, and hence non-equilibrium, dynamics in cells. This system is composed of three genes in a
loop, in which each gene represses the activity of the next (Fig.fa)). This model, implemented as a
SDE @ was also studied by [44]], which introduced a method, “Schrodinger Bridge with Iterative
Reference Refinement” (SBIRR) building upon IPFP [53] to solve a series of Schrodinger bridge
problems whilst simultaneously learning an improved reference QQ within a parametric family. In
particular, they propose to alternate between solving the Q-SBP, using IPFP as a subroutine, and
fitting of a parametric global drift describing Q. The same approach can be used with mvOU-OTFM,
which we present in Algorithm [2]in the Appendix: we propose to apply Algorithm|[T]as a subroutine,
and solve a regularised linear regression problem to update the mvOU reference parameters (A, m)
at each outer step.
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Figure 4: Repressilator dynamics. (a) Repressilator population snapshots and trajectories. (b)
(i) Ground truth vector field. (ii, iii) Inferred multi-marginal SB vector field with (fitted mvOU,
Brownian) references. (c) Ground truth linearisation of system and drift A learned by mvOU-OTFM.
(d) Leave-one-out error by iteration. (e) Illustration of leave-one-out interpolation between two
example timepoints p;_; (blue), p;+1 (green) with learned mvOU reference vs. Brownian reference.

Error metric Iterate 0 Iterate 1 Iterate 2 Iterate 3 Iterate 4 SBIRR (mvOU) SBIRR (MLP)
EMD 338+ 152 2224112 1.59 4+ 0.66 149+ 0.64 140+ 0.57 2.10+0.74 1.67 + 0.95
Energy distance 1.86 &+ 1.06 1.29 £+ 0.86 1.03 £0.65 095+£0.58 0.89 £ 0.55 1.39 £ 0.82 1.10 £ 0.86

Table 2: Repressilator leave-one-out interpolation error for mvOU-OTFM and SBIRR.

We use a similar setup to [44] and sample snapshots for 7' = 10 instants from the repressilator system.
We show in Fig. ] the sampled data along with example trajectories. We run Algorithm [2] for 5
iterations and we compare in Fig. [d(b) the ground truth vector field to the SB vector field, both the
fitted mvOU reference (at the final iterate of Alg. |Z[) and for a Brownian reference (as the first iterate
of Alg.[2]or equivalently the output of [52]]). As was found by [44] 58], iterated fitting of a global
autonomous vector field for the reference process leverages multi-timepoint information and allows
reconstruction of dynamics better adapted to the underlying system.

We reason that the “best” mvOU process to describe the dynamics should resemble the linearisation
of the repressilator system about its fixed point. Comparing the Jacobian of the repressilator system
to the fitted drift matrix A in Fig.[d[c), shows a clear resemblance — in particular the cyclic pattern
of activation and inhibition is recovered. For a quantitative assessment of performance, we show in
Fig.[d|(d) and Table 2] the averaged leave-one-out error for a marginal interpolation task: for each
1 <i < T, Alg.[Q]is run on the 7' — 1 remaining timepoints with timepoint ¢; held out. The trained
model is evaluated on predicting ¢; from ¢;_;. For both the earth mover’s distance (EMD) and energy
distance [41]] we find that prediction accuracy improves with each additional iteration of Alg.[2]

We compare to SBIRR with two choices of reference process: (i) mvOU and (ii) a general
reference family parameterised by a feedforward neural network. The former scenario is thus
comparable to mvOU-OTFM, whilst the latter considers a wider class of reference processes. We
find that both methods offer an improvement on the null reference (iteration 0 of Alg.[2), and as
expected SBIRR with a neural reference family outperforms the mvOU reference family. However,
mvOU-OTFM achieves a higher accuracy than either of these methods which suggests that, while
SBIRR is able to handle general reference processes and is thus more flexible, mvOU-OTFM trains
more accurately. Furthermore, mvOU-OTFM is significantly faster, training in 1-2 minutes on CPU.
By comparison, training of SBIRR requires at least several minutes with GPU acceleration.

Dynamics-resolved single cell data We next apply our framework to a single-cell RNA sequencing
(scRNA-seq) dataset of the cell cycle, where partial experimental quantification of the vector
field is possible via metabolic labelling, i.e. for each observed cell state «; we also have a velocity
estimate ©; [40]. We consider N = 2793 cells in d = 30 PCA dimensions (Fig. a)(i)). For each cell
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Figure 5: Cell cycle scRNA-seq. (a) Streamlines of (i) transcriptomic vector field calculated from
metabolic labelling data (ii) Fitted mvOU reference process, and Schrodinger bridge drift vgp learned
by OTFM with (iii) mvOU reference and (iv) Brownian reference. (b) Marginal interpolation error
between first and last snapshot as a function of the reference velocity scale parameter, ~.

an experimental reading of its progression along the cell cycle is available via fluorescence, and cells
are binned into 7' = 5 snapshots using this coordinate. From the paired state-velocity data {x;, 0;}
we fit parameters (A, m) of a mvOU process (I)) by ridge regression (Fig. a)(ii)). A limitation of
“RNA velocity” is that estimation of vector field direction is often significantly more reliable than
magnitude [59]]. We introduce therefore an additional “scale” parameter v > 0 by which to scale
the mvOU drift vA. We reason that this amounts to a choice of matching the disparate and a priori
unknown timescales of the snapshots and velocity data.

In order to select an appropriate scale, for 0 < v < 100 we use the mvOU-GSB to interpolate
between the first and last snapshots (see Fig.[7]for an illustration) and calculate the Bures-Wasserstein
distance between the interpolant and each intermediate marginal (Fig.[5(b)). From this it is clear that
choosing v too small or too large leads to a mvOU-GSB that does not fit well the data, while a broad
range of approximately 30 < v < 70 yields good behaviour. We fix v = 50 and use mvOU-OTFM to
solve a multi-marginal SBP with reference parameters (yA, m). From Fig. a)(iii) we see that the
expected cyclic behaviour is recovered. On the other hand, using a Brownian reference (equivalently,
setting v = 0) fails to do so.

Finally, to further demonstrate robustness of our approach to the dimension d, we carry out the
interpolation analysis for d = 50,100 and provide numerical results in Table [d] These settings of
moderately high dimensionality are typical for single cell studies, where PCA projection to 20-50
dimensions is routinely used prior to any downstream analysis. In all cases, we are able to run
mvOU-OTFM within minutes on CPU.

5 Discussion

Motivated by applications to non-equilibrium dynamics, we study the Schrodinger bridge problem
where the reference process is taken to be in a family of multivariate Ornstein-Uhlenbeck (mvOU)
processes. These processes are able to capture some key behaviours of non-equilibrium systems whilst
still being analytically tractable. Leveraging the tractability, we derive an exact solution of the bridge
between Gaussian measures for mvOU reference. We extend our approach to non-Gaussian measures
using a score and flow matching approach that avoids the need for costly numerical simulation. We
showcase the improvement in both accuracy and speed of our approach in a variety of settings, both
low and high-dimensional scenarios.

Limitations A key limitation of our method is that our analytical expressions involve matrix
inversions and powers of positive definite matrices which scale as O(d®) with the dimension d. The
same limitation was identified in [5] as also applying to their approach. In practice, we find that
application to problems with d < 100 work well. Scaling our methods to even higher dimensional
settings is left to future work, and we expect that tools from the Gaussian process literature will
be helpful for this. Regarding flow matching, the link between Alg. [I|and (SBP-dyn)) requires the
solution to to be computed exactly. In all our experiments, we achieve this by computing
couplings using all available samples. In large-scale settings where the number of data points N is
very large or possibly streaming, a common approach is to use minibatch couplings [50]. In such
settings, the use of minibatches results in learned flows being biased. An in-depth discussion of this
is provided in [24], which advocates for the infrequent computation of OT couplings on large batch
sizes rather than the commonly used per-iteration minibatch OT.
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A Theoretical results

Quantity Description Introduced in

AeR¥? meR? Multivariate Ornstein-Uhlenbeck drift parameters Eq. (1)

D= %O'O‘T Multivariate Ornstein-Uhlenbeck diffusivity Eq. (1)

P Schrodinger bridge path measure Section|2.1
Reference process path measure Section

[THa Unconditional mean & cov. of mvOU process started at o Section [3.

Pt|(zo,z1) Conditional density of mvOU bridge Section

Ct|(zo,@1) mvOU bridge control between (o, 1) Section

Ht|(zo,@7)s

Zii(@o,2r) = 2t
st
ut|((t0 :Z:T)y St

N(a, A (lg ) Initial and terminal mvOU-GSB marginals Section 3.
N(a, A) N(b,B) Transformed mvOU-GSB marginals Section[3.2
C Cross-covariance of entropic transport plan Section 3.2
A, By, ot Key quantities for the mvOU-GSB Section

Conditional mean and covariance of mvOU bridge

Conditional covariance process of mvOU bridge
Conditional probability flow and score field of mvOU bridge

Section|3.1

Section
Section

vt mvOU-GSB mean process Section [3.
B, Bt mvOU-GSB variance and covariance process Section

si=t SDE drift matrix of mvOU-GSB Section|[3.2

Table 3: Glossary of some key notations and quantities used in the statements of our theoretical
results.

A.1 Some calculations on multivariate Ornstein-Uhlenbeck processes

For convenience, we first collect some results about multivariate Ornstein-Uhlenbeck processes of
the form (), a detailed discussion of mvOU processes can be found in e.g. [54]. For a fime-invariant
process with drift matrix A and diffusion o, we have that

(X¢| X0 = o) ~ N (e, ),

where .
e = elay, B, =J - AGGTt=DAT 41 (20)

0
If Xo ~ N (po,X0) and writing Xo; = Xo @ X, some tedious but straightforward applications of

conditional expectations and the tower property reveal that

Xot ~ Nor, Sot)s por = o ® Ao, Sop = [ b ToetA” ) o
’ ’ ’ ’ ey, 3, 4 A et
More generally, for a process dX; = (AX; + b)dt + od By, one has:
¢
pe = elxy + (e —1)(A7'D), T, = J =) AGgTelt=9)AT gg (22)
0

The expressions for the covariance of the mvOU process can be obtained from the fact that the
covariance evolves following a Lyapunov equation. For the case of constant coefficients, we state the
following result.

= AG, + G, AT + Q has solution

t
Gt :J e(tfs)AQse(tfs)ATds’
0

Lyapunov equation solution It is easy to verify that Gy

A.2 Bridges of multivariate Ornstein-Uhlenbeck processes

This problem has been studied by Chen et al. in [8], however the material therein is geared towards a
control audience and considers a more general case where all coefficients are time-dependent. We
will re-derive the results that we will need for processes of the form (I)). Additionally, while in
practice we typically use o = oI, we state some results in the general setting of non-isotropic noise.
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Derivation of the dynamical OU-bridge (Theorem[I) Consider a mvOU process
dX; = (AX; +b)dt + o dB;. (23)

Now form the controlled version pinned at (0, x¢) and (T, 1), where u;(X}) is an additional force
arising from the conditioning of the process at an endpoint:

dXt = (AXt +b+ut(Xt)) dt+O'dBt (24)

The main result that we need is that u, () is itself a linear time-dependent field whose coefficients
are independent of (o, ). In the above we consider the simplest case of classical optimal control,
where the control is directly added to the system drift and there is no unobserved system.

Consider the system started at (0, o) and pinned to (7', 7). For now, we make all statements for
time-dependent coefficients and the diffusion is non-isotropic. We then form the Lagrangian:

T T
min E{J |ut2dt+sup)\|XTa:T|2} = sup min E{J
“ 0 A A 0

Fixing some A > 0, the resulting problem is known as a linear-quadratic-Gaussian problem [29] in
the control literature:

e |*dt + A| X7 — lez}

. 1" 2 A 2
min E<X = | Jlu*dt + = | X7 — 1|}, (25)
for which we can write a HIB equation:
. ~ 1
0 =0, Vi(x) + min {At[Vt](w,ut(m)) + 2|ut(m)|2} , (26)
subject to the terminal boundary condition V() = %[z — @2, and the operators A, A are defined
as
~ 1
Alf] = (A + by + i, Vo f) + 5V - (010 Vo f), @
1
Ai[f] :<At$+bt7vwf>+ivw'(at(f;vmf)a (28)

these are the generators of the controlled and uncontrolled SDEs respectively. Substituting
all these in, we find that the HIBE is

0 = & Vi(z) + A Vi](2) + min [(ut, V. Vi) + ;|ut|2] . (29)
It follows from the first order condition on the “inner” problem that u;, = —V,V;, so
0= AVi(@) + AV (@) — 51V Vila)l” (0)
Use an ansatz that the value function is quadratic:
Vi(zx) = %:cTth telx+d = V,Vi(x) = Myx + c;. (31)
Then:
AV =27 (A] Mo + (Al e, + Miby, ) + (bioe) + strlowo] M), (32)

Now note that the quadratic form only depends on the symmetric part of the matrix, i.e.
1
:BTAtTMt:c = §:BT (AtTMt + MtAt) x.
The HIBE is therefore
1 . ) .
0= inMta: + ctTa: + d;
1 1

+ -z (A M, + MA))z + (Al ¢, + M, b)) "z + b/ c;, + §tr(0't0'tTMt) (33)

(Mtw + Ct)T(Mtw + Ct)

N =N
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So
0= M, + A M, + M;A, — M?, (34)
0=¢ + Al e + Myb, — Mic;. (35)
with the boundary condition My = A\l and ¢; = —A\xp.
Let Ay = M; %, sothat A, = — MM, M;* = —A, M, A,. Substituting, we find that
A =AA] + AN T (36)

Actually we can rewrite the value function in a different way, which is more convenient for us:

1
Vi(z) = 5(:2 — k)" M, (x — k;) + const

in which case ¢, = — Mk, and so we have k7 = . The corresponding ODE for k; is
k, = Ak, + b, (37)
Let us now specialise to the case of time-invariant coefficients, which allows us to write down explicit
expressions for the solutions:
ki=Ak+b=—=k, =¢ T D%z, + A" b)— A 'b. (38)

Rewriting the SDE drift to have the form Ax + b = A(x — m) we have that b = —Am —
A~'b = —m, when A is nonsingular. Then:

k; = e T4 (2p —m) + m. (39)

Now we deal with the quadratic term A;. Let G, = Ap_., so that 0,G, = —AT_T. Then G,
satisfies

.G, = -G, A" —AG, +1, Gy=0. (40)
So .
G, = J e~ (T=9)Ag—(r=9)AT 4¢ 41)
0
Substituting back, we find that
T—t T—t
A = J e~ (T—t=9)A—(T—t-9)AT 4 _ J e~sAe—sAT 4. (42)
0 0
The bridge control is therefore
U|(wo,ar) = —Ai (@ — ki) (43)

For the general case of non-constant coefficients, we express them as solutions of ODEs with terminal
boundary conditions.

ki = Ak + b, kr =z, (44)

A= MNA] + AN — T, Ap=0. (45)
In practice, both of these equations can be approximately solved by numerical integration in time.
Finally we remark here that the diffusion component does not play a role in the control, which is

classical.

“Static” Ornstein-Uhlenbeck bridge statistics (Theorem@) As was studied by [8] for a more
general scenario of time-varying processes, the mvOU process and its conditioned versions are
Gaussian processes. Under these assumptions, (X, X;) has joint mean

Hs @ pre, (46)

and covariance .
P, P elt=)A
[e(t—s)Aq>s ®, : 47)
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where ®, is the covariance of the process started from a point mass at time ¢:

t
P, = J e(t*S)AUUTe(t*S)ATds, P, =P, ,+ e(t*S)Afbse(t*S)AT. (48)
0
By taking the Schur complement, we have that X ;| X is distributed with variance
VX |X;] = @, — D.el94 D) e AP, (49)
and mean N
E[X|X] = ps + P94 71X, — py). (50)

More generally, we can consider the three-point correlation (X, X, X;). Then the mean is
W ® s @ py and the covariance is

®, (I)Te(s—r)AT ‘Pre(t_r)AT

i P et-9AT (51)
. >,
Using the Schur complement again, we have that (X, X)| X, has covariance
VX, Xo| X(] = @604 — §,0-NA 1745, (52)

For the case of time-varying coefficients, we need to introduce the state transition matrix W, [29]]
which describes the deterministic aspects of evolution between s < ¢ under (A;);. That is, for a
dynamics @; = A;x, one has ; = ¥, ;x, and ¥(t,s) = (¢, 7)¥(r,s) fort = r > s. In this
case there is not an explicit expression for ®;. Instead, let (®;); be the unconditional variance
evolutions for such a process started at ¢ = 0, obtained by solving

(.bt = At(bt + (I)tA;r + O'to';r, (PQ =0. (53)
Then the more general result from [8]] for the covariance of (X, X, X,.) is
P, &0/ .9/
v, P, P, o0/ (54)
\Iltrér \Ilts(ps "I’t-

From this result, the same Schur complement computation yields expressions for the conditional
covariances and mean:

V[X,, XX/ = @9 —&,9 &'V, & (55)
V[X,|X] =&, — .9 &, 'V, &, (56)
E[X,|X/] = ps + &, &1 (X, — ) (57)

Formal statement and proof of Lemmal[I|

Lemma (Formal statement of Lemmal[l)). Ler dX; = AX,dt + odB; be a linear SDE with generic
drift A € R and diffusion o € R, There exists an orthogonal matrix U € R¥*? such that
Y, = U X, obeys a linear SDE with transformed drift matrix U AU and a diagonal diffusion
matrix A = diag(\), where A = (A1,...,Aq) = 0.

Proof. Let D = %o-o-T. This is positive semidefinite and therefore can its spectral decomposition
can be written as D = %UAQUT where U is orthogonal and A = diag(A) > 0. Consider the SDEs
dX; = AX dt + odB; (a)
and
dX, = AX,dt + UAU "dB,. (b))
Let f(x) be a twice differentiable test function. SDE (a.) has generator (Lf)(x) = {0, f(x), Ax) +
1tr(0 " 0puf(x)o). Computing the generator for SDE (b)), (Lf)(z) = (0.f(z), Az) +
Lr(UAU "0y f(®)UAU ). Note that tr(UAU " 0y f(2)UAU ") = tr(0e f () UA*UT) =
tr(o " dps f(x)o). Hence both SDEs share the same generator, and so are equal in law.

Since orthogonal transformations of Brownian increments are also Brownian increments, we have
that U Td B, = dB;. Substituting into (b.), we have dX; = AX,dt + UAdB,. Then,

dUTX,) = UTAX,dt + AdB, — dY; = UT AUY,dt + AdB,.

18



A.3 Simulation-free Schrodinger bridges with linear reference dynamics

Having characterised the solution of the SBP for general reference processes and now that we have
derived the score and flow for the Ornstein-Uhlenbeck bridge, the path is clear towards a simulation-
free scheme for learning Schrodinger bridges where the reference dynamics are given by a linear
SDE.

For solution of the static SBP problem (I8) (equivalently, (SBP-static)), the transition kernel of the
reference dynamics is given by

dQOt _ 1 1 o\ T g —1 X9 dQO
) = 5 e (e~ ) TR o ) ) G )
dQo 1 _ dQo
— —log <dw®ém) - §(azt — pI) TS (2 — p0) 4 log Z; — log <dw (o) ), (58)

where pi® denotes the mean at time ¢ conditional on (0, x¢). Notably, the last two terms depend
only on x. It is a classical result (and very easy to show) that these kinds of terms do not affect the
minimiser of (I8)) and so they are immaterial. The cost function to use is thus effectively

1
C(xo,xt) = 5(9015 — ) S (@ — ). (59

Once a solution 7r of the static SBP is on hand, we want to utilise the stochastic regression objective
on the conditional score and flow. Sampling (z, ;) from 7r, recall that P(0-1) = Q(*0,#1) 50 we
want to sample from the Q-bridge using (T1), (I2):

t~U[0,1], @"") ~ N (i) (o,21) 1 Bt (wo,21))- (60)

Equations (9) and (12) give us the score and flow at ;.

A.4  Characterisation of the Q-GSB (Theorem 3)

We will construct the Q-GSB utilising its characterisation (2). Our approach is similar to that of
[3]] — we first obtain explicit formulae for the static Q-GSB (SBP-static]) and then build towards the
dynamical Q-GSB (SBP-dyn) by using the characterisation of Q-bridges.

Static Q-GSB  The standard Gaussian EOT problem has a well known solution [32} 211 [S] [22]].
Here we use the notations of [21]] and define

1
01%,(0.8) = _min 3 [ oyl dn(e.y) + o H(rla® 9) o)

min
mell(a,

where o > 0 is the regularisation level and a = N'(a, A) and 3 = N'(b, B). The solution to (61)) in
the Gaussian case is given by [21, Theorem 1]

1 1
OTZ: (e, B) = Sla—bl3 + 5B2 (A, B) (62)
1
® _ 2
B, (A, B) = tr(A) + tr(B) — 2tr(C) + o~ log det (020 + I> ) (63)
ol 1/2 o2
C=A? <A1/2BA1/2 + 41) ATYZ 51 (64)

We are, of course, interested in a slightly different problem, namely, for pg = N (a,A) and
pr = N (b, B), we seek to solve min cri(p,,pr) KL(7|Qo, 7). Expanding the definition of KL and
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simplifying, we get

dm
(SBP-static) = min dmlo 65
ﬂeﬂ(pmpT)f & (d@O,T> (65)
= min - f dr log (dQ"T) + H(mlpo ® pr) + H(po|dwo) + H(pr|dzr)
mell(po,pr) dro ® dzr
(66)
. dQo,r )
~ min — |drlog| ———=— | + H(w|po ® 67
mell(po,pr) J & (dxo ®dxr ( |p0 pr) ©7)
d

~ min — jdw(xo, xr)log (QTO(xTxo)> + H(7|po ® pr) (68)

mell(po,pr) dzr

where by ~ we denote equality of the objective up to additive constants which do not affect the
minimiser 7. We note that the last line is exactly with a, 8 = pg, pr and ¢ = 1 and a modified
cost. Further, recognise Qo (z7|z0)/dzr as the Q-transition density, and Q7o = N (u7°, Xr).
Thus,

. 1 _

(SBP-static) ~ min - f(CCT — p2) TS @y — pE0) dn(zo, 27) + H(7|po ® pr)  (69)
nell(po,pr) 2

where we remind that py° is the mean at time ¢ conditional on starting at (0, z), and X, is the

covariance at time ¢, started at a point mass, i.e. 3y = 0.

In particular, we have 3; = ®,, using the notation of Theorem 2] Recall that in the case of constant
coefficients, we have the following explicit expressions:

uro = e (xyg —m) + m, (70)
t

P, = J t=DAG T (t=9)AT 44 (71)
0

Define the following changes of variable (g, 1) — (Fo, Z1), injective whenever X is positive
definite:

_ -1/2 a0

xo = To(wo) = T "y,

T = TT(CET) = 2;1/21,'7“

Let py = (To)upo and pp = (Tr)gpr, and T = (Tp x Tp)xm and note that the relative entropy is
invariant to this change of coordinates. So the problem (69) is equivalent to

. 1(,_ _ P o
min = f [ — ol A7 (@0, ®1) + H(F 15y ® ). )
well(po,pr) 2

This is exactly OT®, _, (py, pr) as per (61) with p, = N (@, A) and 5 = N (b, B). The transformed
means and covariances are

a=3;"("4a—-m)+m)
A= PTALTA 5 12
b=%.""
B — 2;1/232;1/2
We remark that for time-dependent coefficients our approach still applies, however computation of
the transformation coefficients will be in terms of the general state transition matrix instead of matrix

exponentials. In what follows, we focus on results for constant coefficients for simplicity and their
practical relevance.
)

The solution to (72) is therefore

(o, 1) ~T =N ([Z] , L’ﬁ ;

where C is the cross-covariance the transport plan, given by (64).
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Dynamic Q-GSB : marginals and covariance Let X;|(xo, z7) denote the Q-bridge pinned at
(@0, z7). Then by Theorem|2]

Xi|(xo, 1) = N (14| (m0,20)1 Bt (wo,ar)) = N (Kt|(ao,21)> Pt)-

Invoking the inverse mappings T( L T, ! and substituting the expression for Bt |(wo, @) from we
get

—(T— 1/2 1/2 —(T—
Mo s @y = (¢ 770 =T D@0 + D@ + (T- T4 m (73)

A, Be

= Q«ltio + %tET + ¢t (74)

Ct

where T'; = ®,e(T-H)A" @' For clarity, we state first a general formula:

Mo Yoo o1
L 2. Let (Xo, X1) ~ L
emma 2. Let (Xo, X1) ~ N ([m] ' [210 211]) “

Yx, x, ~N(AXo + BX; +¢c,Q).
Then, E[Y]| = Ao+ Bpy +cand VY| = Q+ ASAT + BE BT + AS BT + BE[,AT.

Application to gives us the following formula for the variance of the bridge at time ¢:

VX)) = Q + A, A% + 8,88, + 2,88 + B, A =5, (75)

Substituting and simplifying, we get the following expressions for each of the terms:
A, AU = (I — TyeTD4) A Lt AT (I — Ty T-04)T (76)
28,88, =T,BT/, (77)
A,C8] = (e~ (T4 _1,)x’exl ] (78)

Similarly, the mean can be computed as

]E[Xt] = Qlta + %tg + ¢t (79)
= (e*(T*t)A - I‘t) eT(a—m)+Ty(b—m) +m =:v;. (80)

To calculate the covariance of the SB process, we use again the disintegration property (2). We have
from (52)) for the Q-bridges and 0 < s <t < T

V[X,, Xi| X0, X7] = @947 — (T4 1(T-04p, —. Q. @1)
Now,
VX, Xi] =E[(X,s —v)(Xe — )] (82)
=E[X.X,] - v, (83)
= E[E[X, X/ | X0, X7]] — vsv, . (84)
and
E[ X, X, | Xo, X7] = V[ X, X¢| X0, X7] + 5] (X0, X2 ) | (X0, X1 (85)
in which the first (variance) term doesn’t actually depend on (X, X7). So,
E[X,X,] = Q. + E(XO,XT)[Hs|(X0,XT)MtT|(XO,XT)]- (86)

In fact let’s switch to the “mapped” coordinates X o, X 7 for the endpoints. We abuse notation and
omit the inverse map in what follows. Then, from previously,

Nt\(YO,YT) = Q[tYO + %tYT + ¢;. (87)
Expanding, collecting and cancelling terms, we have that
E[Hs\(YO,YT)N;(YO’yT)] - VthT (88)
= AV XA, + A V[ X0, X7]B, + B, V[ X1, XA +B.V[X1]2B,
(89)
— A, AN +A,CB] +B,C A +B,BB/. (90)
Putting everything together, we get
VX, Xi] = Qo + AAA] +ACB] +B,C A + 8,88 ==,,. O
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Dynamic Q-GSB : SDE representation We proceed via the generator route also used by [5]].
Expanding the covariance (@T)), we find that

V[Xt,Xt+h] = Et7t+h = Qt7t+h + Q(tA—Q[fJ,_h + Q«ltc%t+h + SB C Qlt-‘rh + SB B%f-i—h (92)
—E,+h {(at,ﬂt,t,)(t) +AAN, + ACB, +B,C A, + B BB, } +

93)
=5, +hS: + ... ©4)
where we have set the key quantity
Sy = (0uQup)(t) + A AN, + ACHB, +B,C A, +B,BB, 95)
Now, (X1, X;) are jointly Gaussian with mean and covariance
|:Vt+h:| ’ ['-_Et+h Etih,t:| ] (96)
Vi St t+h =it
So
B[ X1 Xe] = vign + B 1B (X — ) o7
=X +h[o+ S/ E TN X — )] (98)
VX140 Xi] = Bopn — B n By Eriin (99)
= h(Z — (S + 57)). (100)

Let « — u(x) be a twice differentiable test function. Then:
E[u(Xt+h)‘Xt =IB] (10])
=E[u(Xy) + (0pu(Xe) T (Xpsn — Xo)+

%(XtJrh — X)) (02, (X)) (Xppn — X1)| Xy = w} (102
=u(x) + h(&wu(:v))T (Dt + ST'_' l(w — I/t)) +

1 - (103)

2B | (Xean = X)) (0oou(Xe))(Xesn — Xo)| X = 501

= u(x) + h(0u(zx))" (Vt + 85 (x - v)) + gtr[(agxu(w))(Et —(S;+ 8 )] +
(104)

Subtracting u(x) and taking the limit & — 0, it is clear from the definition of the generator that the
SDE drift is

v+ ST E (- 1y). (105)
This takes the same form as the equation found in [5]], however our formulae for S; allow us to apply
it to any linear reference SDE, not necessarily ones with scalar drift. Additionally, we empirically
verify that for asymmetric A the matrix S; is asymmetric. This contrasts with the symmetric nature
of the drift for the gradient-type setting.

Now we want to work out what each of these terms are in practice. Effectively we need to compute
Qlt, %t and ((}tlﬂtﬂg/)(t)l

A, (Ae (T-0A _p,)mh2, (106)

B, = Iz}, (107)

]:-‘t _ (etAO'O'TeTAT _ @tATe(T—t)AT> @;1, (108)

Op Sy =, AT —eT- AT §-1,(T-H)A —AdD, + tooTetA™ )|, (109)
s T
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Remark on the case of time-varying coefficients In this case we can still assume without loss of
generality that we still work on the time interval [0, T'], by shifting the time coordinate if necessary.
Let ®(¢, s) be the state transition matrix associated with A; and ®, be the solution at time ¢ to (33).
Then we still have X1 = ® for the transition kernel covariance in the cost, i.e. the covariance
started from a point mass. For the mean of the reference process started from xg, we have the

generalised formula
t

po(@o) = U (t,0)zo — | (t,5)Agm, ds, (110)
0

and we remark that its inverse p; ' always exists since ¥ is never singular:

pi(y) = (07" (y + Lt U(t,5)Agm, ds) . (111)
Then

a=3:"ps, (112)
A=3,.""0(t,0A48(,0 75" (113)
b=1x;", (114)
B-x,7Bs;' (115)

Recall that the general expression for the Q-bridge conditioned on (0, ), (T, zr) is
Hil(o 1) = Be(o) + BU (T, )T @7 (@7 — pur(20))- (116)

Letting ¢y = u;l (E;f 250) and T = ElT/ 2ET and substituting the expression for ., ! we have

Tea—1\ s1/2-
Ho) (1 (o) 7 () = (Z(6T) — R0R(T, 1) @17) "o
— 1/2_
+ &, (T, t) &5 Yz, a1
T
+J W(t,s)Asmgds.
t

SetT, = &, ¥ (T,t)" ®,", then

A, = (V(t,T) —T,) TV, (118)
B, =T, (119)
T
¢ = f W(t, s)Asmds. (120)
t

Case: Brownian motion Let’s check this against the results of Bunne and Hsieh [5]], who consider
a class of reference processes

d}/;g = (Ctlft + Oét) dt + gt dBt

This corresponds to a special case of ours, where the drift is scalar-valued. Setting g; = w, a;x = ¢
0, their results give us the marginal parameters of the GSB connecting NV (pg, Xo) and M (p1, 31
In what follows, using their results and notations of [3, Table 1], we have thatr; = ¢,7, = 1 —1¢,(
0,k(t,t') = w?t, p; = t. Then:

R

Bt = Tepro + Tepn + C(E) — (1), (121)
= (1—t)po + tpsn, (122)
2 =780 4+ 128 + 17 (Cy + CJ) + w(t, 1) (1 — py)T (123)
=(1—-t)*Z0 + %, +t(1 - t)(Cy + C)) + w’t(1 — t)L (124)

Let us compute the same quantities using our formulae. We set A = 0,m = 0 and 7" = 1. Then,

&, = tw?L, T, = I, 5% = wI. Then,

A=w?A, B=w’B.
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Also from the underbraced expressions, we have
A = w(l — 1), B, = wtl.
Assembling our results, we get
E[Xt] = (I — Ft)a + Ftb
=(1—-t)a+tb
V[X,] = Q¢ + A AA] +B,BB] + A,CB/] + B,.CA/
—Q+ (1-1)2 A+ 2B+l -t)(C+C).

Now C is the transport plan obtained from the scaled input Gaussians, of variance A = A/w? B =
B/w? (in the case of Brownian reference process, there is no linear mapping via the flow map). For
the scaled measures, EOT is calculated with ¢ = 02 = 1. It stands to reason that once we scale
everything back, we should get C = C/w?. To verify this, recall that for the untransformed problem

1 1 1
arg TrEIl_r[l(ioI},ﬁ) 3 J EHx —y|?dr + H(r|a® B) = arg We{qn(i;ﬂ) B J |z — y|2d7 + w? H(r|a ® B).

Then for the RHS problem, we have that

C = A1/2(AI/QBA1/2 _ %41)1/2'/471/2 _ %21
— A ABA + inl/ﬁrm - %1)

= w?C.

Also it is easy to verify that £, = Xy|(5, 4,) = w?t(1 — t)L. So,
VX =t -+ (1 -0)2A+2B+t(1-t)(C+C), (125)
where C is the EOT plan between the unscaled measures N (a,.A), N'(b, B) with € = w?. This is

exactly the same result as the one derived in [S]].

Case: Centered scalar OU process A = —A\I,m = 0 From [5] Table 1], we have that 7, =
sinh(At)/sinh(A), 7 = sinh(At) coth(At) — sinh(At) coth(A), ¢ = 0. The mean is then

K =Tefbo + Tepb1. (126)
With s(t, ') = w?e*sinh(\t)/) and p; = e~ *(1=8) sinh(\t)/sinh()) , the variance is
B, =780 + 1381 + 17 (Cor + Cou) + k(E, 1) (1 — py)L, (127)

where 0*2 = w? sinh(\)/A. For convenience, we will check things term by term and using Mathe-
matica.

Check first the mean. We have:

1— 8—2)\1‘, 1— 6—2)\t
2 —(1—t)X
Then, plugging into our formula,
E[X] =e e -T))a+ T, b (129)
——

Now the variance. We have that

.
Y, = w2 (ebiﬂhm) I, (130)
— e
A: mA: CEA, (131)
— A
_ - 132
B w2e=> sinh()\)B FB, (132)
A, — (e(l_t))‘l _ rt) »l2, (133)
B, =T,x)° (134)
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From here it is straightforward to verify that

A, A%, =7 A, B,BB, =r’B. (135)
Now note that
= —1/2 (—12——1/2 1 1/2 ——12 1
1\ 1/2 _
=+/ap [AW <A1/23A1/2 + (B 11) Az (0B 1/21 (137)
4 2
=vapCy)/ap (138)
where C;, 55 denotes the EOT covariance for entropic regularisation level 1/y/a/3. Then:
— —_T _
A,CB, +B,C A/ = (T -T)T,311/aB(Cy)yas + € ya5) (139)

T
It is also easy to check that
1 w? sinh(\)

vag X

Finally,
Qi = Zhj(wo,00) = Pe(IT— e 2D, ®T) = k(t, 1) (1 — py)LL. (140)
We have verified that all the terms in the expression for the variance agree.

A.5 Proof of Theoremd]

Proof. We follow the arguments of [52] with application to the generalised Schrodinger bridge — not

much changes for @ as the reference and we reproduce in detail the arguments as follows. For the

equality of gradients, it suffices to show this for the flow matching component of the loss, since the

score matching component can be handled using the exact same arguments [52]. Let wy|(5,,2.) be

the conditional flow between (&g, ) and u,; be the SB flow defined by

Pt (@ @) (Z)
pi()

Let u! be the neural flow approximation with parameter §. Assuming that p;(x) > 0 for all (¢, z)
we then have:

VoE (@g.0r)~r B~ oy op [0 () = Uti(@g,00) (T) [ = VoEqp, (@) |uf (@) — w(z)|>  (141)

= VGE(EO7mT)~7TEw~pt\(m0,wT) [Huf(-’ﬂ)ﬂz + Hut\(mo,wT)(x)HQ - 2<uf(m),ut|(m07mT)(w)>](l42)

= VoEgnp, () [|uf (@) + ()] — 2(uf (x), w,(2))] (143)

= OV B gy o) n B g gy (O (), 1 (2)) — (0 (), 2] o) (), (144)
where in the last line terms not depending on 6 are zero and we use the fact that

u () = Bz zr)~r [ ut(xo,wr)(x)] s () = By zr)~r Ptl(zo,@r) (T)-

E(z,20)Ea|(o,@r)f () = Ex f(x). Now, using the relation between u; and wy)(zy,z1)»
Eapy () (uf (), w (1)) = Jdpt(w)@f(m), u(x)) (145)
Pt|(zo,@r) (T)
= fdpt(w) <uf(m), fdﬂ'(:l?o, wT)Mut(wo7wT)($)>
pi(x)
(146)
Pt|(z0,@r) (T)
= fdw(a:m xT) Jda: pi(x) <ut‘9(:v), t(OT)uﬂ(wo,wT)(w)>
pi(x)
(147)
= fdﬂ(wo,wT)Jdpt‘(wo,wT)(w) <u?(w),ut|(w0,mT)(w)> (148)
= E(m()va)"’ﬂ'Em"’pt\(mo,mT)<ut9 (iL’), Ui|(zo,xT) (CL')> (149)
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So we conclude that the two gradients are equal. Clearly, the unconditional loss can be rewritten over
candidate flow and score fields (4, §) as

(@, 8) = & = u|F2(ap, @yar) + |A(8 = 8122 (ap, (wyary

where we denote by Hht(w)”%z(dpt(w)dt) = S(l) dtSdpt(:c)Hht(ac)HQLg(Rd) for a test function h; :
[0,1] x R? — R?. This loss is zero iff 4 = u and 8 = s (dp; x dt)-almost everywhere.

Let IP denote the law of the Schrddinger bridge as per (SBP-dyn)) and write p;(x) = P; to mean its
marginal at time ¢. Then in (2)) and for Q a mvOU process (1)), identifying:

* dPf; = m where 7 is prescribed in Proposition T} and

* Q7" = Di)(wo,wr) (T) Where py|(a,,xp) is defined as in Theorem
substituting all these into (2)) one has

pe(x) = Jdﬂ(wo,wﬂptuwomw

Consequently, there exists w;(x) such that Oypi(x) = —V - (pe(x)ue(x)). Writing s;(x) =
V. log p:(x) to be the score, recognising terms from the probability flow ODE, it follows that
that the SDE

dX, = (w(X;) + Dsy(X;))dt + odB; (150)

generates the marginals p;(x) of the Schrodinger bridge. Since PP is characterised as a mixture of
Q-bridges, it follows that X defined by the SDE (T50) generates the Markovianisation of PP (see
Appendix B of [52]])). Moreover, P is the unique process that is both Markov and a mixture of
Q-bridges [128] 143]. L]

A.6 Additional background
Hamilton-Jacobi-Bellman equation Consider the deterministic control problem on [0, T]:
T
Vo(zo) = minf C(z¢,uy) dt + D(xr). (151)
v Jo

subject to a dynamics &y = F(x, u;). Vi(x) is the value function for the problem starting at (¢, ) up
to the final time 7. The function z7 — D(x ) specifies a cost on the final value. The corresponding
Hamilton-Jacobi-Bellman (HJB) equation [23} Section 3.11] is

0 Vi(x) + Hlltltn {V Vi(x), F(z,u(x))) + C(z,u(x))} = 0, (152)

subject to the final boundary condition Vr(z) = D(x). A heuristic derivation is as follows. Consid-
ering a time interval (¢, ¢ + Jt) and a path x, it’s clear that

t+0t
‘/t(.’lit) = min {J C(xs,us)ds + ‘/t+6t(xt+5t)} . (153)
w t

Using Taylor expansion and the constraint ©; = F'(x4, u;) we have to leading order that
Vivst(@esr) = Vi(me) + (0:Vi(@e) + (Vo Vilay), F(xe, w))) 5t + O(5t°). (154)
Substituting back and also approximating the integral, we find that

Vi(zy) = muin Oz, u)0t + Vi(zy) + (0:Vi(e) + {VuVi(xy), F (g, uz))) 0t (155)

Cancelling terms, rearranging and taking a limit 6¢ | 0, we get the desired result.
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Stochastic Hamilton-Jacobi-Bellman Now we consider the stochastic variant of the HIB, in which
case X; is driven by an SDE of the form

dXt = F(Xt,ut) dt+0t dBt (156)
The value function is thus in expectation:

u

Vo(zo) = minE{JT C(Xy, up) dt+D(XT)} . (157)

0
Carrying out the same expansion as before, we have

t+0t
‘/t(:rf) = Hlln]E {J C’(Xs,us)ds + ‘/t-&-(st(Xt-ﬁ-ét)} . (158)
w t

Note that in the above, (X4 45:|X; = 2¢) is a random variable and hence so is Vi 5:(X;+5¢) Which is
why it appears in the expectation. Using Itd’s formula to expand this, we get

1
Vigor(Xiyse) = Vi(Xy) + [atVt(Xt) + §V : (UtUtTVth(Xt))] dt + (V Vi(Xy), dXy)

= V) + | AT+ 59 (0] VaViX0) + (VX P )|

+ <V£W(Xt), O'tdBt>.
Plugging this in, cancelling terms, and noting that the final term has zero expectation, we find that

0=0:Vi(Xy) + m&n {A[VE]( Xy, ue) + C( Xy, ur)} (159)
where A is the generator of the SDE governing X4, i.e.
1
The HIB equation for stochastic control problem is therefore
0 = 0 Vi(x) + min {A[V{](2, ui(2)) + C (2, ui())} (161)

i.e. this is the same as the HIB for the deterministic case, except with a diffusive term arising from
the stochasticity.

B Experiment details

For (mvOU, BM)-OTFM and IPFP, all computations were carried out by CPU (8x Intel Xeon Gold
6254). NLSB and SBIRR computations were accelerated using a single NVIDIA L40S GPU. Code is
available athttps://github. com/zsteve/mv0OU_SBP,

B.1 Gaussian benchmarking

We consider settings of dimension d € {2, 5, 10, 25, 50} with data consisting of an initial and terminal
Gaussian distribution and a mvOU reference process constructed as follows. We sample a d x 2
submatrix U from a random d x d orthogonal matrix. Then for the reference process, A is constructed
as the d x d matrix

A—U[ 0 l]UT.

-25 0
Similarly, we let m = U [1 —1]T. For the marginals, we take N (o, Xo) and N'(p1, X1) where
po =U[-25 —05]", So=U [00(5(1)5 060(1)5] U +0.1L
= U05 25], S -U [1_; 1‘%] UT 1 0.1L

For each d, the initial and final marginals are approximated by N = 128 samples {z{}¥, ~
N (10, 20), {4}, ~ N(u1,X1). We fix o = I and compute the exact marginal parameters
(8¢, 3¢t)tef0,1] using the formulas of Theorem 3|and reference parameters (A, m). Additionally, we
compute the SDE drift vgp (¢, ) of the mvOU-GSB using (17).
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(mvOU, BM)-OTFM We apply mvOU-OTFM as per Algorithm |I| to learn a conditional flow
matching approximation to the Schrodinger bridge. We choose to parameterise the probability
flow and score fields using two feed-forward neural networks ug (¢, ) = NNy(d + 1, d)(t, ) and
s,(t, ) = NN, (d + 1,d)(t, ), each with [64, 64, 64] hidden dimensions and ReLU activations.
We use a batch size of 64 and learning rate 10~2 for 2,500 iterations using the AdamW optimiser.
For BM-OTFM, the same training procedure was used except the reference process was taken to be
Brownian motion with unit diffusivity.

IPFP We use the IPFP implementation provided by the authors of [53], specifically using the variant
of their algorithm based on Gaussian process approximations to the Schrodinger bridge drift [53|
Algorithm 2]. We provide the mvOU reference process as the prior drift function, i.e. € — A(x—m)
and employ an exponential kernel for the Gaussian process vector field approximation. We run the
IPFP algorithm for 10 iterations, which is double that used in the original publication. Since IPFP
explicitly constructs forward and reverse processes, at each time 0 < ¢ < 1, IPFP outputs two
estimates of the Schrédinger bridge marginal, one from each process. We consider both outputs and
distinguish between them using the (—, <) symbols in Table[l| For the vector field estimate we
employ only the forward drift.

NLSB We use the NLSB implementation provided by the authors of [25]. Following [[12} Section
4.6], for a mvOU reference process dX; = f; dt + o d By, the generalised SB problem (SBP-dyn)
can be rewritten as a stochastic control problem

1
1
minE [j §||ut\|§ dt] , subject to d X = (f: + ut) dt + o dBs.
Ut 0
On the other hand, the Lagrangian SB problem [25| Definition 3.1] is

1
minE [J L(t,x, vt(w))dt] , subject to d Xy = vy dt + o dB;.

V¢ 0

This shows that the appropriate Lagrangian to use is L(t, x, v, () = | v, () — fi(x)||3. We apply
this in the mvOU setting by taking f;(x) = A(x — m). The NLSB approach backpropagate through
solution of the SDE to directly learn a neural approximation of the SB drift v;. We train NLSB the
same hyperparameters as used in the original publication, using the Adam optimiser with learning

rate 10~3 for a total of 2,500 epochs.

Metrics We measure both the approximation error of Gaussian Schrodinger bridge marginals as
well as the error in vector field estimation. For the marginal reconstruction, for each method and for
each 0 < ¢ < 1 we sample points integrated forward in time and compute the mean fi; and variance
33, from samples. We then compare to the ground truth marginals (u¢, X;) computed from exact
formulas using the Bures-Wasserstein metric @]) For the vector field, for each method and for each
time 0 < t < 1 we sample M = 1024 points from the ground truth SB marginal N (u:, ;) and
empirically estimate ||9sp — vsB|ar(u,,x,) from samples. All experiments were repeated over 5
independent runs and summary statistics for metrics are shown in Table [T}

B.2 Gaussian mixture example

We consider initial and terminal marginals sampled from Gaussian mixtures. At time ¢ = 0, we
sample from

N(U-05 —05"000UT), N (U[05 05]",0.062500 ")
in a 1:1 ratio, and at time ¢ = 1 we sample in the same fashion from
N (U [-2.5 —2.5], 0.01UUT) N (U (2.5 2.5]" ,0.25UUT) .

Here, the matrix U and reference process parameters (A, m) are the same as used for the previous
Gaussian example for d = 10. All other training details are the same as for the Gaussian example.
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B.3 Repressilator example

Based on the system studied in [44], we simulate stochastic trajectories from the system

dzy B 1)
= B
at (1 + (s /k)" 7”;1) dt +odB, ; 10
3
dza ( B ) 2) "
=2 (— 2 qypy) dt+0dB®? k=11, (162)
dt 1+ (z1/k)" t 5 1
dag B (3) o 0.1
=8 (— 2 23] dt+0dB
at (1+ (z2/k)" m) ToeB

with initial condition N([1, 1, 2],0.01I) and simulated for the time interval ¢ € [0, 10] using the
Euler-Maruyama discretisation. Snapshots were sampled at 7" = 10 time points evenly spaced on
[0, 10], each comprising of 100 samples.

We employ Algorithm 2] to this data, running for 5 iterations starting from an initial Brownian
reference process A = 0,m = 0. For the inner loop running mvOU-OTFM (Algorithm [I), we
parameterise the probability flow and score as in the Gaussian example, with feed-forward networks
of hidden dimension [64, 64, 64] and ReLU activations. We run mvOU-OTFM for 1,000 iterations
using the AdamW optimiser, a batch size of 64 and a learning rate of 10~2. At each step of the
outer loop, we employ ridge regression to fit the updated mvOU reference parameters (A, m). We
do this using the standard RidgeCV method implemented in the scikit-learn package, which
automatically selects the regularisation parameter.

We also carry out hold-one-out runs where for 2 < 7 < 9 (i.e. all time-points except for the very first
and last), Algorithm 2)is applied to 7' — 1 snapshots with the snapshot at ¢; held out. Once the mvOU
reference parameters are learned, forward integration of the learned mvOU-SB is used to predict the
marginal at ;. We report the reconstruction error in terms of the earth-mover distance (EMD) and
energy distance [41]]. Table[2]shows results averaged over held-out timepoints, and full results (split
by timepoint) are shown in Table[5]

Since the system marginals are unimodal we reason that they can be reasonably well approximated
by Gaussians. For each 2 < 7 < 9 we fit multivariate Gaussians to the snapshots at ¢;_1,%;, ;41
and use the results of Theorem [3] with the fitted mvOU reference output by Algorithm [2]to solve
the mvOU-GSB between p;,_,, p,. ,- This is illustrated in Figure d{for 7 = 4, and we show the full
results for all timepoints in Figure [6]in comparison with the standard Brownian GSB.

SBIRR We apply SBIRR [44] using the implementation provided with the original publication,
which notably includes an improved implementation of IPFP [53] that utilises GPU acceleration. We
provide the reference vector field « — A(x — m) and seek to learn a reference process in one of

two families: (1) mvOU processes, i.e. we consider the family of reference drifts A(x — 7n) where
A, mn are to be fit, or (2) general drifts, i.e. we parameterise the drift using a feed-forward neural
network with hidden dimensions [64, 64, 64]. For each choice of reference family, we run Algorithm
1 of [44]] for 5 outer iterations and 10 inner IPFP iterations, as was also done in the original paper.

B.4 Cell cycle scRNA-seq

The metabolic labelled cell cycle dataset of [4]] is obtained and preprocessed following the tutorial
available with the Dynamo [40] package. This gives a dataset of N = 2,793 cells, embedded in 30
PCA dimensions. In addition to transcriptional state {;} ;, Dynamo uses metabolic labelling data
to predict the transcriptional velocity {®;}Y ; for each cell.

To fit the reference process parameters (A, m), we use again ridge regression via the RidgeCV
method in scikit-learn. We train mvOU-OTFM using Algorithm[I]with o = 0.3, parameterising
the probability flow and score as previously using feed-forward networks of hidden dimensions
[64,64, 64] and train with a batch size of 64, learning rate of 10~ for a total of 1,000 iterations.
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Figure 6: Repressilator mvOU-GSB interpolation. Using the learned mvOU reference process, we
interpolate between p;_1 (blue) and p; 1 (green). Middle timepoint p; is shown in red.
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Figure 7: Cell cycle mvOU-GSB interpolation. Using the learned mvOU reference process and
scale factor v = 50, we interpolate between the first snapshot p; (blue) and last snapshot pr (green).
All computations are done in d = 30 and shown in leading 2 PCs.
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Scale factor ~y
t 0.0 100 20.0 300 400 500 60.0 70.0 80.0 90.0 100.0

0.25 40.18 30.8 22.55 16.34 12.77 11.07 10.26 10.11 10.69 11.93 13.65
d=50 05 2859 1847 11.53 9.62 1236 1532 15 12.52 10.64 11.02 13.96
0.75 15.31 1031 747 7.06 818 89 &5 79 8.09 942 1192

0.25 4449 36.82 29.97 24.19 1999 17.48 16.13 1529 14.78 14.7 15.18
d=100 0.5 3248 23.75 17.12 13.55 13.79 16.84 19.78 20.21 18.25 15.7 14.22
0.75 19.33 1495 12 10.74 11.19 12.68 13.98 14.36 14.03 13.69 13.82

Table 4: Single cell interpolation results for d = 50, 100.

Algorithm 2 Iterated reference fitting with mvOU-OTFM

Input: Samples {w? }iV:Jl from multiple snapshots at times {t;}]_,, initial mvOU reference parameters
(A, m), diffusivity D = %U'O'T

Initialise: Probability flow field u? (), score field s¢ ().

Define: FitReference(X,V) := argmina ., |V — A(X — m)|3 + A|A|% + ~|m|?

pj — Nt vazl 6zt_j 1<j<T Form empirical marginals
while not converged do
(u?,s)) £it0TFM(A,m, D) (01, - - -, PT) Fit flow and score with reference parameters
t t; . . o i
v, « (ufj + Dsi‘;)(wiJ), 1<i<N;1<j<T Get SDE drift
. i\ N; 5\ N, i
A, m < FitReference({(v,’ )ﬁi’l}le, {(z, )i, Yi=1) Update reference parameters
end while

Leave-one-out marginal interpolation error

Error metric t Iterate 0 Iterate 1 Iterate 2 Iterate 3 Iterate 4 SBIRR (mvOU) SBIRR (MLP)
1 359+0.17 3144012 2284+0.15 208 £0.11 2.02 + 0.11 2.24 +0.28 271 + 041
2 5204+047 259+0.29 1.62 £+ 0.28 1.27 £ 0.25 113 +0.16 3.13 £ 0.62 2.29 £0.92
3 323+£024 1.42 £ 0.18 1.10+0.14 086 +0.08 0.83+0.10 2.67+0.85 1.39 £ 0.55

EMD 4 1.48+£020 052+£005 047+£0.05 047 +0.06 0.48 +0.06 1.38 + 0.46 0.94 +0.28
5 2504040 1.43 + 0.65 1.12 + 0.32 1.29 + 0.11 1.21 £0.13 1.63 +0.17 1.40 + 0.71
6  6.18+ 041 3424050 2.184+0.28 191 +£038 1.75+0.17 240+ 0.32 1.96 + 1.41
7 256+025 3.09+153 213+046 2234055 1.93 £ 0.50 1.45 £ 0.20 0.51 £ 0.13
8§ 2294026 2.12+0.09 1.82 £+ 0.33 1.81 £ 0.31 1.81 £ 0.16 1.93 £+ 0.61 2.14 £ 0.40
1 3.00+0.09 275+007 224+0.10 2104007 2.05+0.08 220+0.18 2.56 £ 0.26
2 353+021 227 £0.19 1.66 + 0.20 1.38 + 0.21 1.26 + 013  2.61 +£0.33 2.05 £+ 0.61
32294017 1.31 £ 0.16 1.00 £ 0.10 0.80+0.06 0.78 +0.07 2.10 £ 0.52 1.25 £ 0.43

Energy 4 093+0.14 025+006 0.17+0.04 0.154+002 0.14+0.01 099+ 0.38 0.84 £ 0.25
5 1.10+0.18 053+027 045+0.13 0554004 051+0.07 0.64+0.10 0.66 £ 0.37
6 249+0.12 1.22 +£0.10 1.13 + 0.15 1.01 £022 091 £0.11 1.43 +0.17 0.90 + 0.64
7  097+0.13 1.39 + 0.65 1.02 + 0.21 1.05+ 025 091 +0.25 0.65+ 0.09 0.17 £+ 0.08
8 0.54+0.11 0.57 £0.03 0.56 +0.11 0.554+0.10 0.55+0.04 048 £0.08 0.36 + 0.06

Table 5: Full results for repressilator example
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The claims made in the abstract and introduction accurately reflect this paper’s
contributions and scope.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes] .

Justification: We discuss the limitations of our work, specifically on the linearity of the
reference process and the computational cost of our algorithm.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: We provide all assumptions and complete proofs for all theoretical results
stated.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulae, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: In our paper we provide all information needed to reproduce our main experi-
mental results.

Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide data and code with instructions to reproduce our experimental
results in our supplemental material.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: These details are all available in our supplemental material.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: We provide error bars for the main experimental results of our paper.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: These details are all available in our supplemental material.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: All research in this paper conforms with the NeurIPS code of ethics.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: Our work is foundational and we do not foresee any direct path to any societal
implications arising from our work.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: All assets used in our research are appropriately credited.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.
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* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: We provide the full code and data in our supplementary materials.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Not applicable.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: Not applicable.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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16. Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: No LLM usage towards this paper.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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