
Under review as submission to TMLR

Robust Recourse via Kernel Distributionally Robust
Optimization and Bayesian Posterior Predictive Modeling

Anonymous authors
Paper under double-blind review

Abstract

Machine learning recourse provides actionable recommendations to achieve favorable out-
comes from predictive decision models. A critical limitation of current approaches is their
reliance on the assumption of model stationarity, an assumption that is frequently violated
in dynamic, real-world settings with distributional shifts. Robust approaches such as Robust
Algorithmic Recourse (ROAR) and the Wasserstein-based DiRRAc address some uncertain-
ties but remain limited in handling nonlinear dependencies and large-scale shifts, including
concept drift and adversarial perturbations.
We propose Kernel Distributionally Robust Recourse Action (KDRRA), a framework that
defines ambiguity sets using Maximum Mean Discrepancy (MMD) in a Reproducing Ker-
nel Hilbert Space (RKHS), enabling flexible, nonparametric modeling of complex, nonlinear
discrepancies between distributions. A practical challenge for kernel DRO is that empirical
kernel mean embeddings can deviate from the true distribution, inflating ambiguity radii
and yielding overly conservative recommendations. To address this, we introduce Bayesian
KDRRA (BKDRRA), which centers the ambiguity set on a Bayesian posterior predictive
distribution constructed via posterior bootstrap. This Bayesian centering integrates sam-
pling variability and moderate model uncertainty into the reference distribution, leading to
tighter ambiguity sets and markedly lower conservatism without sacrificing robustness.
Leveraging the representer theorem, we derive finite-dimensional convex reformulations of
the worst-case recourse optimization for both KDRRA and BKDRRA. We conduct a com-
prehensive empirical evaluation across three real-world datasets that exhibit correction, tem-
poral, and geospatial shifts. The KDRRA consistently outperforms state-of-the-art baselines
in yielding superior robustness and lower recourse cost, while BKDRRA further improves
stability and calibration by integrating Bayesian uncertainty. Our research advances the
frontier of distributionally robust recourse by integrating machine learning tools and opti-
mization, offering reliable and resilient decision-making under uncertainty.

Keywords: Actionable Recourse, Distributionally Robust Optimization, Reproducing Kernel Hilbert Space,
Maximum Mean Discrepancy, Kernel Distributionally Robust Recourse Action, Bayesian Kernel Distribu-
tionally Robust Recourse Action

1 Introduction

Post-hoc explanations are essential in making machine learning systems transparent and trustworthy, espe-
cially when they are deployed in high-stakes domains such as credit scoring, healthcare triage, admissions,
and resource allocation. Among these, actionable recourse has emerged as a particularly powerful form of
local explanation: it prescribes concrete, feasible changes that an individual may implement to obtain a more
favorable decision in the future. For instance, when a loan application is rejected, a recourse suggestion such
as “increase monthly income by $500” or “reduce current debt by 20%” informs the applicant of tangible
steps to reverse the decision. Such forward-looking guidance strengthens user agency, supports human-AI
collaboration, and helps preserve user trust in automated decision processes.
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Despite its promise, generating reliable recourse remains challenging. A high-quality recourse action must
satisfy three core criteria: feasibility, meaning the action should succeed in changing the model’s predic-
tion; actionability, meaning only mutable features may be altered; and minimality, meaning the required
change should incur the smallest possible cost. Existing approaches address these goals through integer
programming Ustun et al. (2019), gradient-based counterfactual search Karimi et al. (2021), multi-objective
formulations Dandl et al. (2020), and diversity-promoting mechanisms Mothilal et al. (2020); Russell (2019).
However, a critical assumption underlies nearly all of these methods: the predictive model is assumed to
remain fixed after deployment.

This assumption is routinely violated in practice. Real-world data distributions evolve due to temporal, de-
mographic, and environmental changes, prompting organizations to retrain or update deployed models. Such
updates induce model-parameter shifts that can invalidate previously recommended recourse actions Rawal
& Lakkaraju (2020). As a result, individuals who follow an earlier recourse recommendation may still receive
an unfavorable outcome after the model changes, undermining trust in automated decision systems Rudin
(2019); Venkatasubramanian & Alfano (2020).

Recent work has begun to address this challenge through robust recourse formulations. ROAR intro-
duces robustness via norm-bounded uncertainty sets over model parameters Upadhyay et al. (2021), while
DiRRAc proposes a distributionally robust formulation using Wasserstein ambiguity sets over classifier pa-
rameters Nguyen et al. (2023). Although these approaches represent important progress, they suffer from
two fundamental limitations. First, they are largely restricted to linear or structured parametric models,
limiting their applicability to modern nonlinear decision systems. Second, their uncertainty sets rely on rigid
geometries such as boxes or ellipsoids that struggle to capture complex, distribution-level shifts induced by
retraining, subsampling, or heterogeneous data sources.

To overcome these limitations, we propose KDRRA, a new framework that models uncertainty using Maxi-
mum Mean Discrepancy (MMD) in a RKHS Gretton et al. (2012); Berlinet & Thomas-Agnan (2011). Rather
than constraining uncertainty directly in the parameter space, KDRRA embeds the distribution of future
classifier parameters into an RKHS and constructs an MMD-based ambiguity set around its kernel mean em-
bedding Muandet et al. (2017). This kernelized representation captures rich nonlinear discrepancies between
distributions while remaining amenable to convex optimization through representer-theorem–based reduc-
tions Staib & Jegelka; Zhu et al. (2021). As a result, KDRRA enables principled robustness to complex,
nonlinear distributional shifts that invalidate existing recourse methods.

A key challenge in kernel-based distributionally robust optimization is the reliance on empirical kernel mean
embeddings. When data are limited or subject to sampling bias, these embeddings can deviate substantially
from the true underlying distribution, forcing large ambiguity radii and resulting in overly conservative
solutions Staib & Jegelka. To address this issue, we introduce BKDRRA. Instead of centering the ambi-
guity set at the empirical distribution, BKDRRA centers it at a Bayesian posterior predictive distribution
constructed via the Bayesian bootstrap and posterior predictive averaging Newton & Raftery (1994); Rubin
(1981); Lyddon et al. (2018). This predictive distribution integrates sampling variability and moderate model
misspecification directly into the ambiguity-set center, allowing for tighter uncertainty sets and substantially
reduced conservatism while preserving robustness guarantees.

Together, KDRRA and BKDRRA provide a unified framework for distribution-aware recourse under uncer-
tain future model behavior. KDRRA represents a fully data-driven, nonparametric robustness approach,
while BKDRRA incorporates probabilistic uncertainty through Bayesian averaging. We evaluate both meth-
ods on synthetic benchmarks and three real-world datasets exhibiting temporal, correction, and geospatial
shifts. Our results demonstrate that KDRRA achieves strong robustness under nonlinear distributional
changes and that BKDRRA further improves efficiency by reducing recourse cost without sacrificing relia-
bility.

Research Contributions. This work advances reliable, distribution-aware recourse by integrating kernel
methods, distributional robustness, and Bayesian uncertainty modeling. Our main contributions are as
follows:
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1. We introduce KDRRA, a novel recourse framework that models nonlinear distributional shifts
through MMD in a Reproducing Kernel Hilbert Space (RKHS). Instead of constraining uncertainty
in the parameter space, KDRRA constructs an RKHS-based ambiguity set around the kernel mean
embedding of the future model distribution, enabling principled robustness to complex nonlinear
shifts that arise in modern machine-learning models.

2. We derive an explicit finite-dimensional formulation for KDRRA by expressing the MMD ambiguity
constraint through Gram matrix representations of RKHS norms and upper-bounding the violation
indicators, which yields a tractable quadratic constraint program (QCP) that is efficiently solvable
using standard solvers, thereby providing the first tractable MMD-based recourse formulation.

3. To mitigate the conservatism inherent in empirical kernel ambiguity sets, we propose a Bayesian
extension that centers the MMD ball at the Bayesian posterior predictive distribution. By leveraging
the posterior bootstrap or nonparametric learning, BKDRRA internalizes both sampling variability
and moderate model misspecification into the ambiguity center, producing significantly tighter and
more reliable recourse actions.

4. We show that KDRRA and BKDRRA constitute two complementary regimes of uncertainty mod-
eling, one fully data-driven and one probabilistically informed, providing a unified framework that
interpolates between agnostic distributional robustness and Bayesian decision-making.

5. Through extensive empirical experiments under nonlinear, temporal, and geospatial shifts on three
real-world benchmarks exhibiting realistic distribution shifts, we demonstrate that KDRRA substan-
tially improves robustness under nonlinear perturbations, while BKDRRA further reduces conser-
vatism and enhances recourse validity. Comparisons against AR, Wachter counterfactuals, ROAR,
DiRRAc, and Gaussian-DiRRAc confirm the superiority of our proposed methods.

The rest of the paper is organized as follows. Section 2 reviews the literature on algorithmic recourse,
robust and distributionally robust formulations, kernel-based distributional robustness, and Bayesian un-
certainty modeling. Section 3 formalizes the recourse-action problem under model shifts and introduces
the corresponding distributionally robust formulation. Section 4 presents the proposed Kernel Distribution-
ally Robust Recourse Action (KDRRA) framework, including the construction of RKHS-based ambiguity
sets using Maximum Mean Discrepancy and tractable reformulations of the worst-case violation constraints.
Section 5 introduces the Bayesian KDRRA (BKDRRA) framework, in which the ambiguity-set center is
replaced by a Bayesian posterior predictive distribution obtained via posterior bootstrap. The section fur-
ther develops finite-dimensional dual representations and representer-theorem-based reductions, culminating
in second-order cone programming formulations for BKDRRA. Section 6 reports experimental results on
three real-world datasets: German Credit, SBA Loans, and Student Performance, demonstrating improved
robustness and reduced recourse cost compared to existing baselines. Section 7 concludes the paper, with
additional proofs and algorithmic details provided in the appendix.

2 Literature Overview

We organize the literature on algorithmic recourse and robustness according to how uncertainty in predictive
models is represented and addressed. The first line of work studies recourse under fixed predictive models,
with an emphasis on feasibility, actionability, and minimality of prescribed actions. A second and more recent
body of work investigates robust and distributionally robust recourse, aiming to preserve recourse validity
under model updates or distributional shifts. Third, kernel-based approaches to distributional robustness
construct nonparametric ambiguity sets using reproducing kernel Hilbert spaces and statistical discrepancies
such as maximum mean discrepancy. Finally, Bayesian approaches model uncertainty through posterior
or posterior predictive distributions, offering probabilistic alternatives to purely worst-case robustness. We
review each of these strands in turn and clarify how their respective assumptions and limitations motivate
our proposed framework.
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2.1 Algorithmic Recourse under Fixed Predictive Models

Algorithmic recourse aims to provide individuals with actionable changes to their features that would lead
to a favorable prediction from a deployed model. Early foundational work formalized recourse for linear
classifiers using integer programming and cost-minimization objectives, explicitly accounting for feature
mutability and actionability constraints Ustun et al. (2019). Subsequent approaches extended recourse
generation beyond linear settings through gradient-based counterfactual search Karimi et al. (2021), multi-
objective optimization balancing feasibility and cost Dandl et al. (2020), and diversity-promoting mechanisms
that return multiple alternative actions Russell (2019); Mothilal et al. (2020). Recent work has further
emphasized that claims of actionability in recourse methods are often underspecified, proposing human-
centered evaluation tools to systematically assess how actionable recourse information is perceived by users
across contexts Singh et al. (2025).

Despite methodological differences, a unifying assumption across these approaches is that the predictive
model remains fixed after recourse is issued. This assumption significantly limits their reliability in real-world
deployments, where retraining, data drift, and policy updates are common. Several works have emphasized
the practical and philosophical implications of this limitation, noting that recourse recommendations may
lose validity once the underlying decision rule changes Rawal & Lakkaraju (2020); Rudin (2019); Venkatasub-
ramanian & Alfano (2020). Our work directly addresses this failure mode by explicitly modeling uncertainty
in future classifier behavior.

2.2 Robust and Distributionally Robust Recourse

To mitigate the fragility of recourse under model updates, recent studies have introduced robustness into the
recourse generation process. ROAR proposes a robust optimization framework that enforces recourse validity
under norm-bounded uncertainty sets over classifier parameters Upadhyay et al. (2021). While effective for
linear models, ROAR relies on box- or ellipsoid-shaped uncertainty sets and does not capture distributional
or nonlinear variations arising from retraining or heterogeneous data sources.

More recently, DiRRAc formulates recourse as a distributionally robust optimization problem by constructing
Wasserstein ambiguity sets over classifier parameters Nguyen et al. (2023). This approach allows uncertainty
to be modeled at the distribution level and admits tractable reformulations under linear or Gaussian assump-
tions. However, Wasserstein-based ambiguity sets impose rigid transport geometries that limit their ability
to represent complex, nonlinear discrepancies between parameter distributions. Moreover, tractability is
achieved only under restrictive structural assumptions, limiting applicability to modern, high-dimensional
settings.

In contrast to these approaches, our work constructs ambiguity sets using MMD in an RKHS, enabling
nonparametric and nonlinear modeling of distributional shifts while preserving tractability through kernel-
based dual representations.

2.3 Kernel-Based Distributionally Robust Optimization

Kernel methods provide a powerful framework for representing probability distributions via kernel mean
embeddings in RKHS Gretton et al. (2012); Berlinet & Thomas-Agnan (2011). MMD has been widely used
as a statistical distance for two-sample testing and distribution comparison Gretton et al. (2012). Building
on these foundations, kernel-based distributionally robust optimization has emerged as a flexible alternative
to Wasserstein DRO Mohajerin Esfahani & Kuhn (2018); Kuhn et al. (2019), allowing ambiguity sets to
capture nonlinear distributional discrepancies Smola et al. (2006); Borgwardt et al. (2006).

Existing kernel DRO methods primarily focus on prediction, generalization, or risk minimization Staib &
Jegelka; Liu et al. (2021b;a), and do not address recourse generation, where decision variables correspond to
actionable feature changes rather than model parameters or predictions. Furthermore, prior work typically
centers kernel ambiguity sets at empirical kernel mean embeddings, which can be unstable under limited
data or sampling bias. Our KDRRA framework adapts kernel DRO principles to algorithmic recourse while
addressing empirical instability through Bayesian centering.
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2.4 Bayesian Uncertainty and Posterior Predictive Robustness

Bayesian approaches provide a principled mechanism for modeling uncertainty in data-generating processes
and learned models. The Bayesian bootstrap and weighted likelihood bootstrap offer nonparametric tools
for approximating posterior uncertainty without explicit likelihood specification Newton & Raftery (1994);
Rubin (1981); Lyddon et al. (2018). More recent works have shown that posterior predictive distributions
can serve as robust reference models by integrating sampling variability and moderate model misspecification
Huang et al. (2023); Liu & Briol (2025); Wehenkel et al. (2024).

In the context of distributionally robust optimization, Bayesian ideas have been explored to hedge against
model uncertainty or to approximate ambiguity sets through parametric assumptions P̃ Iyengar et al. (2023);
Michel et al. (2021). However, these methods are not designed for recourse generation and do not leverage
kernel-based representations to capture nonlinear distributional shifts. To the best of our knowledge, no prior
work integrates Bayesian posterior predictive modeling with kernel-based DRO for algorithmic recourse.

2.5 Synthesis and Research Gap

Existing recourse methods either ignore uncertainty in future model behavior or rely on rigid uncertainty sets
that fail to capture nonlinear distributional shifts. Robust and distributionally robust recourse approaches
improve reliability under restricted forms of uncertainty but struggle to capture nonlinear, distribution-level
shifts induced by realistic retraining procedures. Kernel-based DRO provides expressive, nonparametric
ambiguity sets but has not been applied to recourse problems nor combined with Bayesian posterior predictive
modeling to control conservatism.

Our work bridges these gaps by introducing KDRRA, which leverages RKHS-based MMD ambiguity sets to
model complex distributional shifts in future classifiers, and BKDRRA, which further reduces conservatism
by centering ambiguity sets at a Bayesian posterior predictive distribution. Together, these methods provide
a unified framework for distribution-aware, nonparametric, and uncertainty-calibrated algorithmic recourse.

3 Problem Definition

Consider a binary classification problem where the label 0 denotes an unfavorable outcome for the user,
and label 1 denotes a favorable outcome. The input space is Rn. A linear classifier Cθ : Rn → {0, 1},
parameterized by θ ∈ Rn, assigns a label to any input x ∈ Rn based on the sign of the linear score θ⊤x,

Cθ(x) = I
(
θ⊤x ≥ 0

)
=

{
1, if θ⊤x ≥ 0,

0, if θ⊤x < 0,

where I(·) denotes the indicator function.

Note that an intercept term can be incorporated by adding an extra dimension in θ.
At the current time t = 0, the classifier is parameterized by a known vector θ0 ∈ Rn, and the user’s present
action x0 leads to an unfavorable prediction.

Cθ0(x0) = 0.

At a future time t = 1, the classifier may change due to model updates or distributional drift. We denote
its future parameter by the random vector θ̃ ∈ Rn. The user now seeks a future action x that remains close
to the current action x0 according to a prescribed distance measure and is classified favorably with high
probability under the uncertain future classifier.

This provides the following recourse optimization problem:

min
x∈X

d(x, x0)

s.t. P (Cθ̃k
(x) > 0) ≥ 1 − δ, ∀ k ∈ [K],

(1)
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Here, d(x, x0) denotes a chosen distance measure on the action space X ; [K] represents the index set of
possible parameter shifts of the classifier; X is the feasible (admissible) action space; δ > 0 is a prescribed
tolerance parameter; and θ̃k denotes the classifier parameter at time t = 1 under shift k.

Since the exact distribution of the parameter θ̃k cannot be predetermined, we define the set Pk, which
includes all possible distributions of θ̃ under shift k. We then take the infimum over Pk in the constraint to
ensure robustness against all admissible distributional shifts.

3.1 Distributionally Robust Recourse Action

To ensure that the chosen future action x remains reliable against all potential shifts in the classifier, we
formulate the recourse problem 1 in a distributionally robust framework. Because the true distribution of
the shifted parameter θ̃k is unknown, we introduce for each shift k ∈ [K] an ambiguity set Pk that contains
all plausible distributions over θ̃k. The user seeks an action x that stays close to the current action x0 while
guaranteeing a high probability of receiving a favorable classification under every admissible model shift.

Formally, the distributionally robust recourse problem is given by

min
x∈X

d(x, x0),

s.t. inf
P ∈Pk

Pθ̃k∼P

(
θ̃⊤

k x ≥ 0
)

≥ 1 − δ, ∀k ∈ [K].

The constraint requires that, under the worst-case distribution in the ambiguity set Pk, the probability that
the linear score θ̃⊤

k x is nonnegative is at least 1 − δ.

This above chance constraint is equivalently rewritten by bounding the worst-case probability of an unfa-
vorable outcome

min
x∈X

d(x, x0),

s.t. sup
P ∈Pk

Pθ̃k∼P

(
θ̃⊤

k x < 0
)

≤ δ, ∀k ∈ [K].
(2)

This worst-case formulation explicitly accounts for distributional uncertainty in the classifier parameters and
guarantees that the recommended recourse action remains robust against all distributions contained in the
ambiguity set.

3.2 Uncertainty Set Construction via RKHS

To model distributional uncertainty in problem 2, we construct ambiguity sets for the shifted classifier
parameters θ̃k. Since each θ̃k takes values in a common parameter space Θ, we adopt a kernel-based
representation of probability distributions on Θ using RKHS embeddings. This framework enables a flexible
and nonparametric characterization of distributional shifts via the MMD.
Definition 3.1 (Reproducing Kernel Hilbert Space (RKHS)). Let Θ be a nonempty set. A function k :
Θ × Θ → R is called a positive definite kernel if

1. it is symmetric, i. e., k(θi, θj) = k(θj , θi) for all θi, θj ∈ Θ, and

2. for every n ∈ N, every choice of points θ1, . . . , θn ∈ Θ, and every set of coefficients c1, . . . , cn ∈ R,
the Gram matrix is positive semidefinite:

n∑
i=1

n∑
j=1

cicj k(θi, θj) ≥ 0.

A positive definite kernel induces a Hilbert space of real-valued functions on Θ, called RKHS, can be denoted
by H.
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By the Moore–Aronszajn theorem Cicekyurt (2025), for any positive definite kernel k there exists a unique
RKHS H and a feature map ϕ : Θ → H such that,

f(θ) = ⟨f, k(θ, ·)⟩H = ⟨f, ϕ(θ)⟩H, ∀ f ∈ H, θ ∈ Θ.

This is known as the reproducing property. Moreover, the kernel admits the representation

k(θi, θj) = ⟨ϕ(θi), ϕ(θj)⟩H = ⟨k(θi, ·), k(θj , ·)⟩H, ∀θi, θj ∈ Θ.

Definition 3.2 (Kernel Mean Embedding). Muandet et al. (2017) The kernel mean embedding (KME) is a
non-parametric representation of probability distributions in an RKHS. For a probability measure P on Θ
and a kernel k, the KME of P is defined as

µP :=
∫
k(θ, ·) dP (θ).

Intuitively, the KME represents the expectation of the feature map under P , i.e.,

µP = EΘ∼P [ϕ(Θ)].

By standard results in kernel mean embedding theory (Muandet et al. (2017)), the embedding µP exists for
any P satisfying

∫ √
k(θ, θ) dP (θ) < ∞.

Figure 1: Mean embeddings µP and µQ of distributions P and Q under the feature map ϕ.

Definition 3.3 (Maximum Mean Discrepancy). (Smola et al. (2006); Borgwardt et al. (2006))

Given two probability measures P and Q on Θ with kernel mean embeddings µP , µQ ∈ H, the MMD is
defined as

MMD(P,Q) := ∥µP − µQ∥H.

Using the reproducing property, the squared MMD can be expressed in terms of the kernel k:

∥µP − µQ∥2
H = ⟨µP − µQ, µP − µQ⟩H

= ⟨µP , µP ⟩H + ⟨µQ, µQ⟩H − 2⟨µP , µQ⟩H

= Eθi,θ′
i
∼P [k(θi, θ

′
i)] + Eθj ,θ′

j
∼Q[k(θj , θ

′
j)] − 2Eθi∼P, θj∼Q[k(θi, θj)].

(3)

7



Under review as submission to TMLR

The expectations above can be estimated empirically using samples from P and Q (Gretton et al. (2012)).

The RKHS embedding framework described above provides a principled way to quantify discrepancies be-
tween probability distributions on Θ. We now leverage this machinery to construct ambiguity sets for
distributionally robust optimization. Specifically, we first introduce a generic MMD-based ambiguity set
centered at an arbitrary reference distribution on Θ, and subsequently specialize this construction to each
uncertain parameter θ̃k in problem 2. Following the framework of Zhu et al. (2021); Staib & Jegelka, the
ambiguity set is defined as an MMD ball in the RKHS.

For a reference distribution P ∈ P(Θ) and radius ε > 0, define the kernel-based ambiguity set

Kε(P ) = {Q ∈ P(Θ) : ∥µQ − µP ∥H ≤ ε} , (4)

where µP and µQ denote the kernel mean embeddings of P and Q, respectively.

In the following section, this ambiguity set will be incorporated into the worst-case probability constraint
in 2 to obtain a tractable reformulation of the distributionally robust recourse problem.

4 Kernel Distributionally Robust Recourse Action

With the kernel-based ambiguity set 4, the constraint corresponding to a particular shift k in the DRRA
formulation 2 can be expressed as

sup P
(
Cθ̃k

(x) ≤ 0
)
,

s.t.
∫
ϕ(u) dP (u) = µ,

∥µ− µP ∥H < ϵ.

(5)

Here, µP denotes the empirical kernel mean embedding of the distribution of θ̃k under shift k, and ϵ is the
user specified radius of the RKHS ball.

To obtain a computationally tractable formulation 5, Zhu et al. (2020) approximates both µ and µP using
empirical samples. Let {βi}N

i=1 be the collected samples from the distribution of θ̃k, and let {γj}Z
j=1 be

additional synthetic samples obtained via perturbation, convex combination, or data–generation techniques.
Define the combined set

{αi}M
i=1 = {β1, . . . , βN , γ1, . . . , γZ}, M = N + Z.

Then,

µ =
M∑

i=1
ciϕ(αi), µP = 1

N

N∑
i=1

ϕ(βi),

where ci ≥ 0 and
∑M

i=1 ci = 1.
Lemma 4.1. The RKHS-norm constraint∥∥∥∥∥

M∑
i=1

ciϕ(αi) − 1
N

N∑
i=1

ϕ(βi)
∥∥∥∥∥

H

< ϵ

is equivalent to the quadratic inequality

C⊤KαC − 2
N
C⊤Kαβ1+ 1

N21
⊤Kβ1 ≤ ϵ2, (6)

where C = [c1, . . . , cM ]⊤, 1 is the all-ones vector, and Kα,Kαβ ,Kβ are the appropriate Gram matrices.

Proof. The proof is provided in Appendix A.1.
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Proposition 4.2. For a fixed action x and shift k, the worst-case violation problem 5 over the kernel
ambiguity set admits the finite-dimensional formulation

max
C∈RM

I(x)⊤C

s.t. C⊤KαC − 2
N
C⊤Kαβ1+ 1

N21
⊤Kβ1 ≤ ϵ2,

1⊤C = 1,
C ≥ 0,

(7)

where
I(x) =

[
I(Cα1(x) ≤ 0), . . . , I(CαM

(x) ≤ 0)
]⊤
,

.

Proof. A detailed proof can be found in Appendix A.2.

Proposition 4.3. Let Kα ⪰ 0 (Positive semi definite) and let R be a matrix such that R⊤R = Kα. Then
the quadratic constraint

C⊤KαC − 2
N
C⊤Kαβ1+ 1

N21
⊤Kβ1 ≤ ϵ2

in problem 7 is equivalent to the Lorentz cone constraint RC
1
N 1⊤KαβC
1
N 1⊤KαβC

 −

 0
1

2N21
⊤Kβ1− ϵ2

2 + 1
2

1
2N21

⊤Kβ1− ϵ2

2 − 1
2

 ∈ QM+2,

where QM+2 denotes the (M+2)-dimensional Lorentz cone. Consequently, the worst-case violation problem 7
admits an SOCP (Second Order Cone Program) representation.

Proof. See Appendix A.3.

Proposition 4.4. Consider the above SOCP 4.3, its conic dual can be written as

min
w,a1,a2,ρ,λ

−
(

1
2N21

⊤Kβ1− ϵ2

2 + 1
2

)
a1 −

(
1

2N21
⊤Kβ1− ϵ2

2 − 1
2

)
a2 − λ,

s.t. 1
N
Kαβ1 a1 + 1

N
Kαβ1 a2 + I⊤ρ+ 1λ+R⊤w = −I(x),

∥w∥2 + a2
1 ≤ a2

2,

ρj ≥ 0, j = 1, . . . ,M,

(8)

and, since ρ ≥ 0, it admits the equivalent reduced form

min
w,a1,a2,λ

−
(

1
2N21

⊤Kβ1− ϵ2

2 + 1
2

)
a1 −

(
1

2N21
⊤Kβ1− ϵ2

2 − 1
2

)
a2 − λ,

s.t. 1
N
Kαβ1 a1 + 1

N
Kαβ1 a2 + 1λ+R⊤w ≤ −I(x),

∥w∥2 + a2
1 ≤ a2

2.

(9)

Proof. The proof is detailed in Appendix A.4.

In problem 2, each shifted parameter θ̃k is associated with a nominal distribution Pk estimated from data.
Accordingly, we define the ambiguity set for θ̃k as

Pk := Kεk
(Pk) = {Q ∈ P(Θ) : ∥µQ − µPk

∥H ≤ εk} . (10)

Thus, Pk contains all probability distributions of the uncertain parameter θ̃k whose RKHS embeddings lie
within an εk-radius ball centered at the nominal embedding µPk

.
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Theorem 4.5. Consider the worst-case constraint in 2 under the kernel ambiguity set 10. The kernel
distributionally robust recourse problem 2 is equivalent to

min
x∈X , {a1k,a2k,wk,λk}K

k=1

d(x, x0)

s.t. −
( 1

2N2
k

1⊤K
(k)
β 1− ϵ2k

2 + 1
2

)
a1k −

( 1
2N2

k

1⊤K
(k)
β 1− ϵ2k

2 − 1
2

)
a2k − λk ≤ δ, ∀k ∈ [K],

1
Nk

K
(k)
αβ 1 a1k + 1

Nk
K

(k)
αβ 1 a2k + 1λk +R⊤

k wk ≤ −Ik(x), ∀k ∈ [K],

∥wk∥2 + a2
1k ≤ a2

2k, ∀k ∈ [K].
(11)

where
Ik(x) =

[
I(C

α
(k)
1

(x) ≤ 0), . . . , I(C
α

(k)
Mk

(x) ≤ 0)
]⊤
.

The dependence of Ik(x) on x induces binary decisions, and hence 11 is a mixed-integer quadratically con-
strained program (MIQCP).

Proof. For a fixed shift k and action x, the worst-case violation probability over the kernel ambiguity set
admits the finite-dimensional formulation 7 via empirical support reduction. By Lemma 4.3, the resulting
RKHS constraint is equivalently represented as a second-order cone constraint, enabling conic dualization.
Applying SOCP duality (Proposition 4.4) and substituting the reduced dual form into the DRRA constraint
2 for all k ∈ [K] yields the finite-dimensional formulation 11. Since the violation vector Ik(x) depends on
x through indicator functions, optimizing jointly over x and the dual variables induces binary decisions,
resulting in an MIQCP.

Corollary 4.6. Let ψ : R → R+ be convex and satisfy I(t ≤ 0) ≤ ψ(t) for all t ∈ R. Define the surrogate
indicator vector

Ĩk(x) =
[
ψ

(
C

α
(k)
1

(x)
)
, . . . , ψ

(
C

α
(k)
Mk

(x)
) ]⊤

.

Then, replacing Ik(x) by its surrogate Ĩk(x) in Theorem 4.5 yields a tractable restriction of the KDRRA
feasible set. In particular, when C

α
(k)
i

(x) is affine in x and X is convex, the resulting optimization problem
is a quadratically constrained program (QCP).

Proof. The proof is included in Appendix A.5.

This surrogate yields a tractable convex restriction of the MIQCP.

Although the RKHS-based ambiguity set provides a flexible nonparametric framework for modeling uncer-
tainty, its effectiveness depends critically on the choice of the ambiguity-set center. In the above formulation,
this center is taken as the empirical distribution, whose kernel mean embedding captures sampling variability
but can become unstable under limited data or distribution shift, often necessitating a larger radius ε and
leading to overly conservative recourse. To mitigate this issue, we seek a reference distribution that remains
data-driven while being more stable and less sensitive to sampling noise or moderate model misspecifica-
tion. This motivates a Bayesian perspective, in which uncertainty is incorporated directly into the reference
distribution via posterior predictive averaging. We therefore replace the empirical center with a Bayesian
posterior predictive distribution and develop the resulting Bayesian-centered ambiguity set construction in
the next section, along with the reformulation of the BKDRRA problem.

5 Bayesian Kernel Distributionally Robust Recourse Action

This section presents BKDRRA, replacing the ambiguity-set center with a posterior-bootstrap Bayesian
predictive distribution and deriving SOCP formulations via dual and representer-theorem reductions.

10
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5.1 Bayesian-Centered Ambiguity Set Construction

In MMD-based DRO for recourse, the ambiguity set is centered at an estimator of the data-generating
process. A common choice is the empirical distribution P̂n, which is completely data-driven Netessine et al.
(2019); Staib & Jegelka; Zhu et al. (2021). When reliable prior knowledge or structural assumptions are
available, one may instead use a model-based estimator P̃ Iyengar et al. (2023); Michel et al. (2021). However,
these choices have complementary vulnerabilities: P̂n is sensitive to sampling error, whereas P̃ is sensitive
to model misspecification. To ensure coverage of the true test distribution, one often increases the MMD
radius ε, but this leads to excessive conservatism and inflated recourse cost.

We define the ambiguity-set center as a Bayesian posterior predictive distribution P pred
n , constructed via

nonparametric learning (NPL) Rubin (1981); Lyddon et al. (2018). This choice implicitly averages over
plausible data-generating models under the posterior, thereby internalizing both sampling variability and
moderate misspecification into the reference distribution itself. We therefore define the ambiguity set as an
RKHS MMD ball centered at the posterior predictive distribution P pred

n .

which replaces empirical- or model-centered balls in the recourse formulation.

Construction of the Bayesian Posterior Predictive

Let Dn = {zi}n
i=1 denote the observed dataset.1 Throughout this subsection, we denote by ϕ ∈ Φ the

parameter indexing a family of candidate distributions {Pϕ : ϕ ∈ Φ} that are used exclusively for constructing
the ambiguity-set center. This choice avoids any notational conflict with the symbol θ̃, which elsewhere in
the paper represents uncertain recourse model parameters.

To capture uncertainty in the empirical distribution without imposing a parametric likelihood, we adopt
the posterior–bootstrap (likelihood–free Bayesian bootstrap) approach. Define a random weighted empirical
measure

G(b) =
n∑

i=1
w

(b)
i δzi

, w(b) ∼ Dirichlet(1, . . . , 1), (12)

which provides a nonparametric Bayesian draw of the data-generating distribution. Each weight vector w(b)

induces a distinct perturbation of the empirical measure, thereby generating a distributional sample that
reflects posterior uncertainty under the Bayesian bootstrap.

For each bootstrap sample b = 1, . . . , B, we fit the model distribution Pϕ to the randomly weighted empirical
measure G(b) via a MMD minimization step:

ϕ(b) ∈ arg min
ϕ∈Φ

{
D2

k

(
Pϕ, G

(b)
)}

, (13)

where Dk denotes the MMD associated with the reproducing kernel k. This step effectively computes the
best-fitting member of the model class {Pϕ} for each posterior–bootstrap realization of the data distribution.

Bayesian posterior predictive. The posterior predictive distribution is defined as the posterior expec-
tation of the model distribution, i.e.,

P pred
n = E[Pϕ | Dn] ≈ 1

B

B∑
b=1

Pϕ(b) , (14)

where the approximation arises from Monte Carlo averaging over the posterior–bootstrap samples. The
mixture representation above aggregates the ensemble of fitted distributions Pϕ(b) , thereby incorporating
both parameter uncertainty (via ϕ) and model uncertainty (via the random bootstrap measures G(b)). Con-
sequently, P pred

n serves as a robust and data-adaptive estimate of the nominal center for our ambiguity set
construction.

1Depending on context, the observations zi may correspond to input-output pairs, model residuals, covariates, or generic
samples from the underlying data-generating mechanism. This should be made explicit when integrating the predictive distri-
bution into the recourse model.

11
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The ambiguity set is centered at the posterior predictive. We construct the MMD-based ambiguity
set around the posterior predictive distribution as:

Bε

(
P pred

n

)
=

{
P : Dk

(
P, P pred

n

)
≤ ε

}
. (15)

Unlike empirical-centered ambiguity sets (which capture sampling variability only), this posterior-predictive-
centered ball accounts for both posterior dispersion and model-fitting uncertainty induced by the Bayesian
bootstrap. In the subsequent recourse formulation, all worst-case expectations are taken over the distri-
butions in Bε

(
P pred

n

)
, thereby ensuring that both statistical and model-based uncertainties are rigorously

incorporated into the Bayesian DRO problem 16.

This substitution does not alter the tractable MMD dual and representer-based reformulation. At the same
time, the uncertainty-aware center typically permits a smaller ambiguity radius ε while still covering the
true data-generating distribution.

5.2 Bayesian Kernel Distributionally Robust Recourse Formulation

We now study the distributionally robust counterpart of the recourse problem 2, where the uncertainty in
the future classifier parameters is modeled through the kernel-based Bayesian ambiguity set 15. For every
shift index k ∈ [K], the corresponding worst-case recourse optimization reads:

min
x∈X

d(x, x0),

s.t. sup
P ∈Bk

εk

(
P pred

n

)P (
Cθ̃k

(x) ≤ 0
)

≤ δ, ∀ k ∈ [K]. (16)

The uncertainty enters only through the violation probability inside the constraint. Therefore, for any fixed
action x and shift k, we isolate the worst-case probability:

sup
P ∈Bk

εk

(
P pred

n

)P (
Cθ̃k

(x) ≤ 0
)
. (17)

Direct evaluation of 17 is intractable due to the infinite-dimensional nature of the ambiguity set. To obtain
a computable upper bound, we leverage structural properties of MMD-based ambiguity sets in RKHSs. In
particular, their dual representation allows the worst-case probability to be bounded by an optimization
problem over RKHS functions that upper bound the violation indicator 20.

Kernel Discrepancy

The kernel discrepancy (or maximum mean discrepancy) associated with the RKHS H is also given by
Gretton et al. (2012)

Dk(P,Q) = sup
∥h∥H≤1

(
EP [h] − EQ[h]

)
, (18)

and the ambiguity set Bk
εk

(P pred
n ) contains all distributions whose kernel discrepancy from the predictive

distribution P pred
n does not exceed εk.

Proposition 5.1. For any measurable function f dominated by some h ∈ H (i.e. f ≤ h pointwise), the
worst-case expectation satisfies

sup
P ∈Bk

εk
(P pred

n )
EP [f ] ≤ inf

h∈H, f≤h

{
EP pred

n
[h] + εk ∥h∥H

}
. (19)

Proof. For any P ∈ Bk
εk

(P pred
n ) and any h ∈ H with f ≤ h pointwise,

EP [f ] ≤ EP [h] = EP pred
n

[h] +
(
EP [h] − EP pred

n
[h]

)
.

12



Under review as submission to TMLR

By definition of Dk(·, ·), EP [h] − EP pred
n

[h] ≤ Dk(P, P pred
n ) ∥h∥H ≤ εk∥h∥H. Thus EP [f ] ≤ EP pred

n
[h] + εk∥h∥H

for every feasible h, and taking supP on the left and then infh on the right yields the claim. For detailed
proof see Appendix A.6.

Lemma 5.2. For the classifier misclassification indicator associated with action x, defined as

fx(θ̃) = 1{Cθ̃(x) ≤ 0} = 1
{
θ̃⊤x ≤ 0

}
, (20)

the worst-case violation probability in 17 admits the upper bound:

sup
P ∈Bk

εk
(P pred

n )
P

(
θ̃⊤x ≤ 0

)
= sup

P ∈Bk
εk

(P pred
n )

Eθ̃∼P

[
fx(θ̃)

]
≤ inf

h∈H, fx≤h

{
EP pred

n
[h] + εk ∥h∥H

}
. (21)

Proof. By applying a standard probability identity, we have

P
(
θ̃⊤x ≤ 0

)
= Eθ̃∼P

[
1

{
θ̃⊤x ≤ 0

}]
.

Applying Proposition 5.1 with f = fx yields the result.

Lemma 5.3. For each (k, x), there exists an optimizer of Lemma 5.2 of the form

h∗
k,x(θ̃) =

J∑
j=1

αj k(θ̃, ξj),

where {ξj}J
j=1 is a finite set of kernel centers drawn from the support of the reference distribution and αj ∈ R

are coefficients.

Proof. This follows from a standard representer theorem argument for RKHS optimization. See complete
proof in Appendix A.7.

Choice of Kernel Sites. To approximate the optimal envelope function h∗
k,x using a finite set of kernel

evaluations, we must specify the locations of the kernel centers {ξj}J
j=1. A natural choice is to include

samples drawn from the posterior-predictive distribution:

Posterior sites: {θ̃(b)
k }Bk

b=1 ∼ P pred
n ,

which represent plausible realizations of the future classifier under shift k.

Near-Boundary Sites. In addition to posterior samples, we also include points positioned near the de-
cision boundary {θ̃ : θ̃⊤x = 0}. Let {ξm}M

m=1 denote such boundary-adjacent sites, selected so that any
feasible upper envelope h satisfies

h(ξm) ≥ 1 whenever θ̃⊤x ≤ 0.

With these kernel centers, every candidate envelope admits the expansion,

h(θ̃) =
J∑

j=1
αj k

(
θ̃, ξj

)
,

and its RKHS norm takes the quadratic form

∥h∥2
H = α⊤Kα,

where K is the Gram matrix with entries Kij = k(ξi, ξj).

13
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Empirical Approximation of the Predictive Expectation. The expectation of h under the predictive
distribution can be approximated empirically using the posterior sites:

EP pred
n

[h] ≈ 1
Bk

Bk∑
b=1

h
(
θ̃

(b)
k

)
= 1
Bk

1⊤KBk,J α,

where KBk,J is the cross-kernel matrix whose (b, j) entry is k
(
θ̃

(b)
k , ξj

)
.

Boundary Dominance Constraints. The requirement fx ≤ h enforces that h(ξm) ≥ 1 for all boundary-
adjacent sites, which yields the linear inequalities

K(ξm)⊤α ≥ 1, m = 1, . . . ,M,

where K(ξm) denotes the vector of kernel evaluations k(ξm, ξj).

Finite-Dimensional Convex Program. Substituting the empirical expectation and the RKHS norm
into the dual representation of the worst-case violation probability for shift k yields a finite dimensional
convex optimization problem in the coefficient vector α:

min
α∈RJ

1
Bk

1⊤KBk,J α + εk

√
α⊤Kα

s.t. K(ξm)⊤α ≥ 1, m = 1, . . . ,M.

(22)

The optimal value of 22 provides an upper bound on supP ∈Bk
εk

(P pred
n ) P (Cθ̃k

(x) ≤ 0).

Proposition 5.4. Problem 22 is equivalent to a second-order cone program.

Proof. Consider the optimization problem 22

min
α∈RJ

1
Bk

1⊤KBk,J α + εk

√
α⊤Kα

s.t. K(ξm)⊤α ≥ 1, m = 1, . . . ,M.

Introduce an auxiliary scalar variable t ≥ 0 and rewrite the epigraph reformulation problem equivalently as

min
α∈RJ , t∈R

1
Bk

1⊤KBk,J α + εk t

s.t.
√

α⊤Kα ≤ t,

K(ξm)⊤α ≥ 1, m = 1, . . . ,M,

t ≥ 0.

(23)

Because εk ≥ 0, the objective function is nondecreasing in t. Hence, at any optimal solution of 23, the
inequality

√
α⊤Kα ≤ t holds with equality. Therefore, problems 22 and 23 are equivalent.

Since K is a Gram matrix, it is symmetric positive semidefinite. Thus there exists a matrix R such that

K = R⊤R.

It follows that
α⊤Kα = α⊤R⊤Rα = ∥Rα∥2

2.

Hence the constraint
√

α⊤Kα ≤ t is equivalent to

∥Rα∥2 ≤ t, (24)

which defines a second-order cone. The remaining constraints are affine. Therefore, problem 23 is a second-
order cone program.

Since 23 is equivalent to 22, the latter admits an exact SOCP reformulation.

14
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Theorem 5.5. Consider the Bayesian kernel distributionally robust recourse problem 16 with ambiguity sets
Bk

εk
(P pred

n ) defined in 15. The BKDRRA problem admits the following joint finite-dimensional reformulation:

min
{α(k)}K

k=1, x∈X
d(x0, x)

s.t. 1
Bk

1⊤K
(k)
Bk,J α(k) + εk

√
(α(k))⊤K(k)α(k) ≤ δ, ∀ k ∈ [K],

K(k)(ξ(k)
m )⊤α(k) ≥ 1, m = 1, . . . ,Mk, ∀ k ∈ [K].

(25)

Here, for each distributional shift index k ∈ [K]: K(k) is the Gram matrix with entries K(k)
ij = k

(
ξ

(k)
i , ξ

(k)
j

)
,

K
(k)
Bk,J is the cross-kernel matrix with entries

(
K

(k)
Bk,J

)
bj

= k
(
θ̃

(b)
k , ξ

(k)
j

)
, {θ̃(b)

k }Bk

b=1 ∼ P
pred(k)
n are posterior

predictive samples, and {ξ(k)
m }Mk

m=1 are boundary dominance points used to enforce envelope validity.

Moreover, for each k ∈ [K], the first constraint in 25 admits an equivalent second-order cone (SOC) repre-
sentation.

Proof. Fix k ∈ [K] and x ∈ X. By Lemma 5.2, the worst-case probability 17 is upper bounded by an
RKHS envelope problem over h ∈ H satisfying fx ≤ h. By Lemma 5.3, an optimizer admits a finite
expansion h(θ̃) =

∑J
j=1 αjk(θ̃, ξj) over the chosen centers {ξj}J

j=1. Approximating EP pred
n

[h] by posterior
sites {θ̃(b)

k }Bk

b=1 ∼ P pred
n and enforcing fx ≤ h via boundary dominance constraints yields 22. Imposing the

resulting bound to be at most δ for all k ∈ [K] and minimizing d(x0, x) over x ∈ X gives 25. The SOCP
representability follows from Proposition 5.4.

The formulation 25 is a second-order cone program and can be solved efficiently using standard convex
optimization software such as CVX Grant et al. (2009).

6 Experiments

We evaluate our proposed KDRRA model 11 and BKDRRA model 25 against five strong baseline models:
AR Ustun et al. (2019), Wachter Wachter et al. (2017), ROAR Upadhyay et al. (2021), DiRRAc Nguyen
et al. (2023), and Gaussian DiRRAc Nguyen et al. (2023). Table 1 records the summary features of these
baselines and our proposed models.

All experiments are conducted on three benchmark datasets obtained from the UCI Machine Learning
Repository and Kaggle:

• German Credit Dua & Graff (2017): The dataset consists of 1000 loan applicant records with
a binary target variable indicating creditworthiness. We use the corrected version of the dataset,
in which inconsistencies in the Status attribute have been resolved. The input features include
status and personal status (categorical), duration (in months), credit amount, and age. Categorical
variables are transformed via one-hot encoding. After one-hot encoding, the feature dimension is 8.

• Small Business Administration (SBA) Loans Li et al. (2018): We use publicly available U.S.
Small Business Administration (SBA) 1159 loan records with binary repayment outcomes, a bench-
mark dataset in prior work on robust and distributionally robust recourseNguyen et al. (2023);
Upadhyay et al. (2021). We use 13 features: Selected, UrbanRural, New, RealEstate, and Recession
(categorical), and Term, NoEmp, CreateJob, RetainedJob, ChgOffPrinGr, GrAppv, SBA_Appv, and
Portion (numerical), resulting in a 19-dimensional input after one-hot encoding. To evaluate robust-
ness under distribution shift, we induce temporal covariate shift by partitioning the data by loan
issuance year: loans issued during 1989–2006 define the source (training) distribution, while loans
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issued in subsequent years form shifted target distributions. This construction follows standard
temporal shift protocols in robust learning.

• Student Performance Silva (2008): This dataset contains academic and demographic records of
649 secondary school students from two Portuguese schools. We formulate a binary classification
task using the final grade G3, labeling students with G3 < 12 as fail and those with G3 ≥ 12 as
pass. The input consists of nine features:Age, Absences, G1, and G2 (numerical), and Study time,
Famsup, Higher, Internet, and Health (categorical). Categorical variables are encoded using one-
hot representations, resulting in 19-dimensional feature data. Distributional shift is modeled by
separating the data by school identity, treating one school as the source distribution and the other
as a shifted distribution.

To evaluate validity under distribution shift, we partition each dataset into a source (original) distribution
and a shifted target distribution, as described above. We then model classifier uncertainty via θ-sampling.
Specifically, we repeatedly draw a random 20% subsample from the shifted dataset and train a logistic
regression classifier on each subsample. Repeating this procedure 100 times yields a collection of parame-
ter realizations {θ1, θ2, . . . , θ100}, which empirically approximate the distribution over classifier parameters
induced by finite-sample perturbations in the shifted data-generating process.

During evaluation, we compute the following metrics to assess the robustness–cost trade-off of each method
across a family of shifted distributions.

• Validity M1: nominal validity under the base classifier.

• Robust Validity M2: worst-case probability of positive classification under uncertainty.

• l1 Distance: action cost in the feature space.

• l2 Distance: Euclidean action cost.

• Standard deviation: variability across all test instances.

Define the per-classifier validity indicator for instance i under classifier j as

v
(j)
i = I(Cθ(j)(xi) = 1) .

The M2 validity (average fraction of shifted classifiers for which the recourse is valid, then averaged over
instances) is

M2 = 1
N

N∑
i=1

 1
J

J∑
j=1

v
(j)
i

 = 1
NJ

N∑
i=1

J∑
j=1

I(Cθ(j)(xi) = 1) .

The M1 validity (with respect to the original classifier) is

M1 = 1
N

N∑
i=1

I(Cθ0(xi) = 1) .

For each instance i, define

ℓ1-costi = ∥xi − x0,i∥1, ℓ2-costi = ∥xi − x0,i∥2.

Report the average costs:

ℓ1 = 1
N

N∑
i=1

∥xi − x0,i∥1, ℓ2 = 1
N

N∑
i=1

∥xi − x0,i∥2.
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Table 1: Comparison of major recourse frameworks.

Method Uncertainty
Modeling

Ambiguity-Set
Geometry

Conservatism Con-
trol

Optimization Struc-
ture

AR /
Wachter

No uncertainty
modeled; recourse
computed for a
fixed classifier.

No ambiguity set;
single model in-
stance.

Controlled by distance
penalty and feasibility
tolerance.

Gradient-based or con-
vex optimization de-
pending on classifier.

ROAR Interval uncer-
tainty on classifier
parameters.

Hyper-rectangular
(box-type) uncer-
tainty set.

User-chosen interval
width / sensitivity
parameters.

Robust optimization
reducible to linear
or convex programs
for linear/quadratic
models.

DiRRAc Distributional
uncertainty via
Wasserstein (Gel-
brich) ambiguity
sets.

Ellipsoidal / trans-
port geometry
induced by 2-
Wasserstein metric.

Controlled by Wasser-
stein radius ε.

Min–max problem
reformulated into
convex programs (lin-
ear/SOCP settings).

KDRRA
(Proposed)

Distributional un-
certainty modeled
using MMD in an
RKHS.

RKHS ball around
empirical kernel
mean embedding;
geometry set by
kernel.

Controlled by MMD
radius ϵ and kernel hy-
perparameters.

QCP reformulation us-
ing Gram-matrix rep-
resentation of MMD
constraints.

BKDRRA
(Proposed)

Bayesian uncer-
tainty via posterior
predictive distribu-
tion (sampling +
model uncertainty).

RKHS ball centered
at posterior predic-
tive embedding.

Controlled by ϵ and
prior/posterior specifi-
cation ( Bayesian boot-
strap).

SOCP structure but
with a tighter, less
conservative ambiguity
center.

Standard deviation. Let N denote the number of test instances. Define m(1)
i = I(Cθ0(xi) = 1). The

standard deviation For M1 validity is

Std(M1) =

√√√√ 1
N

N∑
i=1

(
m

(1)
i −M1

)2
.

Similarly, we compute the standard deviation for M2, l1, and l2.

6.1 Results and Analysis

Implementation Details. All experiments are run on a Windows 11 Pro (64-bit) machine with 12 GB
RAM and a 12th Gen Intel Core i7 (1.40 GHz) processor. The KDRRA QCP formulation is solved using
Gurobi Gurobi Optimization, LLC (2021). The BKDRRA SOCP formulation is solved using CVXPY with
the ECOS solver Domahidi et al. (2013) in Python. We use a Gaussian (RBF) kernel on the parameter space
with kernel bandwidth fixed to 1 and ambiguity radius ϵ = 0.1 across all experiments. For the KDRRA
surrogate, the hinge loss ψ(t) = max{1, 1 − t} is used to replace the indicator function. In BKDRRA,
we model Pϕ as a finite Gaussian mixture. Baseline methods follow the original implementations and
hyperparameter settings reported in their respective works. In all experiments, we use K = 1.

17



Under review as submission to TMLR

Figure 2: Scatter Plot: M2 Validity vs l1 Distance

Table 2: Results on German Credit

Method M1 M2 l1 l2
AR 1.00 ± 0.00 0.47 ± 0.05 0.46± 0.29 0.22± 0.14
Wachter 1.00± 0.00 0.82 ± 0.24 0.81 ± 0.51 0.41 ± 0.25
ROAR 1.00 ± 0.00 1.00± 0.00 7.57 ± 0.65 3.14 ± 0.27
DiRRAc 1.00 ± 0.00 0.86 ± 0.01 0.99 ± 0.94 0.70 ± 0.57
Gaussian DiRRAc 1.00 ± 0.00 0.98 ± 0.05 2.95 ± 0.47 2.04 ± 0.30
KDRRA 1.00 ± 0.00 1.00 ± 0.00 1.28 ± 0.80 0.66 ± 0.40
BKDRRA 1.00 ± 0.00 0.97 ± 0.05 1.01 ± 0.76 0.48 ± 0.36

Table 3: Results on SBA

Method M1 M2 l1 l2
AR 1.00 ± 0.00 0.87 ± 0.03 0.87± 0.56 0.44± 0.28
Wachter 1.00± 0.00 0.90± 0.02 2.31 ± 2.39 0.77 ± 0.66
ROAR 1.00 ± 0.00 1.00± 0.00 4.93 ± 0.81 2.17 ± 0.34
DiRRAc 1.00 ± 0.00 1.00 ± 0.00 3.05 ± 0.55 1.70 ± 0.31
Gaussian DiRRAc 1.00 ± 0.00 1.00 ± 0.00 1.79 ± 0.54 1.01 ± 0.30
KDRRA 1.00 ± 0.00 1.00 ± 0.00 2.41 ± 0.56 1.26 ± 0.27
BKDRRA 1.00 ± 0.00 1.00 ± 0.00 1.44 ± 0.31 0.86 ± 0.18

Table 4: Results on Student Performance

Method M1 M2 l1 l2
AR 1.00 ± 0.00 0.52 ± 0.11 0.41± 0.30 0.22± 0.16
Wachter 1.00± 0.00 0.72 ± 0.10 0.60 ± 0.43 0.30 ± 0.22
ROAR 1.00 ± 0.00 1.00± 0.00 5.33 ± 0.88 2.53 ± 0.41
DiRRAc 1.00 ± 0.00 1.00 ± 0.00 1.80 ± 0.26 1.33 ± 0.19
Gaussian DiRRAc 1.00 ± 0.00 1.00 ± 0.00 0.92 ± 0.24 0.68 ± 0.18
KDRRA 1.00 ± 0.00 1.00 ± 0.00 1.98 ± 0.21 0.98 ± 0.11
BKDRRA 1.00 ± 0.00 1.00 ± 0.00 1.17 ± 0.04 0.70 ± 0.02

For the German Credit dataset, KDRRA and BKDRRA demonstrate strong robustness performance.
KDRRA attains 100% robust validity (M2 = 1.00) with moderate action cost, while BKDRRA achieves
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slightly lower robustness (0.97) but significantly lower l1 and l2 distances, showing that Bayesian smoothing
mitigates over-conservativeness. Among the baselines, AR provides the cheapest recourse but exhibits ex-
tremely poor robustness, and Wachter is cost-effective yet fails under parameter uncertainty. ROAR remains
fully robust but highly conservative (l1 ≈ 7.57).
For the SBA loan dataset, which is more complex due to its high-dimensional categorical structure, all ro-
bust methods achieve perfect M2 validity, except AR and Wachter, which fail under uncertainty. BKDRRA
attains the lowest l1 distance among all robust approaches, outperforming DiRRAc, Gaussian DiRRAc, and
KDRRA, while KDRRA remains more conservative with larger l1 and l2 costs. Among the baselines, ROAR
continues to be overly conservative, and Gaussian DiRRAc performs reasonably well but remains costlier
than BKDRRA.
For the Student dataset, which is smaller and exhibits a different noise structure, all robust methods:
DiRRAc, Gaussian DiRRAc, KDRRA, and BKDRRA, achieve 100% robust validity. BKDRRA provides the
most efficient recourse, reducing the l1 distance to approximately 1.17 and the l2 distance to around 0.70,
thereby achieving the best overall cost profile. KDRRA remains fully robust but is more conservative, with
an l1 cost of about 1.98. Among the baselines, AR and Wachter again fail to maintain robustness, while
ROAR produces excessively large recourse costs.

So, in conclusion, KDRRA consistently achieves extremely high robustness (often with M2 = 1.0) while
maintaining competitive action cost, whereas BKDRRA further reduces cost while preserving near-perfect
robustness, highlighting the advantages of posterior predictive smoothing. In contrast, AR and Wachter
collapse under realistic uncertainty, and ROAR remains overly conservative for practical recourse. Gaussian
DiRRAc improves robustness but tends to overestimate uncertainty. Overall, BKDRRA offers the best
balance between cost and robustness, while KDRRA delivers the strongest robustness guarantees.

7 Conclusion

In this work, we tackled the problem of generating reliable and robust algorithmic recourse under model-
parameter uncertainty. Existing methods (AR, ROAR, Wachter) either ignore distributional uncertainty
or become overly conservative, leading to invalid or costly recourse. To address this, we proposed two
new frameworks: KDRRA and BKDRRA that explicitly model parameter uncertainty through kernel-based
ambiguity sets.

KDRRA builds a nonparametric kernel ambiguity set over parameters to minimize worst-case misclassifica-
tion while producing low-cost counterfactuals. BKDRRA extends this by incorporating Bayesian posterior
predictive sampling via posterior bootstrap, yielding smoother, uncertainty-aware ambiguity sets and more
adaptive, cost-efficient recourse.

Future work includes extending the framework to causal and streaming-data settings and jointly robust train-
ing of classifiers and recourse models. Robustness may be further improved through alternative divergence
measures, adversarial or structured uncertainty sets, and task-specific constraints. Integrating distribution-
ally robust recourse with representation learning and graph-structured data also offers a promising direction
for capturing relational shifts.

References
Alain Berlinet and Christine Thomas-Agnan. Reproducing kernel Hilbert spaces in probability and statistics.

Springer Science & Business Media, 2011.

Karsten M Borgwardt, Arthur Gretton, Malte J Rasch, Hans-Peter Kriegel, Bernhard Schölkopf, and Alex J
Smola. Integrating structured biological data by kernel maximum mean discrepancy. Bioinformatics, 22
(14):e49–e57, 2006.

Stephen Boyd and Lieven Vandenberghe. Convex optimization. Cambridge university press, 2004.

Mihriban Cicekyurt. Reproducing kernel Hilbert spaces and the theorem by Moore and Aronszajn. PhD thesis,
Hochschule Mittweida, 2025.

19



Under review as submission to TMLR

Susanne Dandl, Christoph Molnar, Martin Binder, and Bernd Bischl. Multi-objective counterfactual expla-
nations. In International Conference on Parallel Problem Solving from Nature, pp. 448–469. Springer,
2020.

Alexander Domahidi, Eric Chu, and Stephen Boyd. Ecos: An socp solver for embedded systems. In 2013
European control conference (ECC), pp. 3071–3076. IEEE, 2013.

Dheeru Dua and Casey Graff. UCI machine learning repository. URL: http://archive.ics.uci.edu/ml, 2017.

Michael Grant, Stephen Boyd, and Yinyu Ye. CVX users’ guide, 2009.

Arthur Gretton, Karsten M Borgwardt, Malte J Rasch, Bernhard Schölkopf, and Alexander Smola. A kernel
two-sample test. Journal of Machine Learning Research, 13(1):723–773, 2012.

Gurobi Optimization, LLC. Gurobi Optimizer Reference Manual. Gurobi Optimization, LLC, 2021. URL
https://www.gurobi.com.

Daolang Huang, Ayush Bharti, Amauri Souza, Luigi Acerbi, and Samuel Kaski. Learning robust statistics
for simulation-based inference under model misspecification. Advances in Neural Information Processing
Systems, 36:7289–7310, 2023.

Garud Iyengar, Henry Lam, and Tianyu Wang. Hedging against complexity: Distributionally robust op-
timization with parametric approximation. In International Conference on Artificial Intelligence and
Statistics, pp. 9976–10011. PMLR, 2023.

Amir-Hossein Karimi, Bernhard Schölkopf, and Isabel Valera. Algorithmic recourse: from counterfactual
explanations to interventions. In Proceedings of the ACM Conference on Fairness, Accountability, and
Transparency, pp. 353–362, 2021.

Daniel Kuhn, Peyman Mohajerin Esfahani, Viet Anh Nguyen, and Soroosh Shafieezadeh-Abadeh. Wasser-
stein distributionally robust optimization: Theory and applications in machine learning. In Operations
research & management science in the age of analytics, pp. 130–166. Informs, 2019.

Min Li, Amy Mickel, and Stanley Taylor. “Should this loan be approved or denied?”: A large dataset with
class assignment guidelines. Journal of Statistics Education, 26(1):55–66, 2018.

Jiashuo Liu, Zheyuan Hu, Peng Cui, Bo Li, and Zheyan Shen. Heterogeneous risk minimization. In Inter-
national Conference on Machine Learning, pp. 6804–6814. PMLR, 2021a.

Jiashuo Liu, Zheyuan Hu, Peng Cui, Bo Li, and Zheyan Shen. Kernelized heterogeneous risk minimization.
arXiv preprint arXiv:2110.12425, 2021b.

Xing Liu and François-Xavier Briol. On the robustness of kernel goodness-of-fit tests. Journal of Machine
Learning Research, 26(262):1–72, 2025.

Simon Lyddon, Stephen Walker, and Chris C Holmes. Nonparametric learning from Bayesian models with
randomized objective functions. Advances in Neural Information Processing Systems, 31, 2018.

Paul Michel, Tatsunori Hashimoto, and Graham Neubig. Modeling the second player in distributionally
robust optimization. arXiv preprint arXiv:2103.10282, 2021.

Peyman Mohajerin Esfahani and Daniel Kuhn. Data-driven distributionally robust optimization using the
wasserstein metric: Performance guarantees and tractable reformulations. Mathematical Programming,
171(1):115–166, 2018.

Ramaravind K Mothilal, Amit Sharma, and Chenhao Tan. Explaining machine learning classifiers through
diverse counterfactual explanations. In Proceedings of the Conference on Fairness, Accountability, and
Transparency, pp. 607–617, 2020.

20

https://www.gurobi.com


Under review as submission to TMLR

Krikamol Muandet, Kenji Fukumizu, Bharath Sriperumbudur, and Bernhard Schölkopf. Kernel mean em-
bedding of distributions: A review and beyond. Foundations and Trends in Machine Learning, 10(1–2):
1–141, 2017.

Serguei Netessine, Douglas Shier, and Harvey J Greenberg. Operations research & management science in
the age of analytics, 2019.

Michael A Newton and Adrian E Raftery. Approximate Bayesian inference with the weighted likelihood
bootstrap. Journal of the Royal Statistical Society Series B: Statistical Methodology, 56(1):3–26, 1994.

Duy Nguyen, Ngoc Bui, and Viet Anh Nguyen. Distributionally robust recourse action. arXiv preprint
arXiv:2302.11211, 2023.

Kaivalya Rawal and Himabindu Lakkaraju. Beyond individualized recourse: Interpretable and interactive
summaries of actionable recourses. Advances in Neural Information Processing Systems, 33:12187–12198,
2020.

Donald B Rubin. The Bayesian bootstrap. The Annals of Statistics, pp. 130–134, 1981.

Cynthia Rudin. Stop explaining black box machine learning models for high stakes decisions and use inter-
pretable models instead. Nature Machine Intelligence, 1(5):206–215, 2019.

Chris Russell. Efficient search for diverse coherent explanations. In Proceedings of the ACM Conference on
Fairness, Accountability, and Transparency (FAccT), pp. 20–28, 2019.

Bernhard Schölkopf, Ralf Herbrich, and Alex J Smola. A generalized representer theorem. In International
conference on computational learning theory, pp. 416–426. Springer, 2001.

Alice Silva. Using data mining to predict secondary school student performance. 2008.

Ronal Singh, Tim Miller, Liz Sonenberg, Eduardo Velloso, Frank Vetere, and Piers Howe. An actionability
assessment tool for enhancing algorithmic recourse in explainable ai. IEEE Transactions on Human-
Machine Systems, 2025.

Alexander J Smola, A Gretton, and K Borgwardt. Maximum mean discrepancy. In 13th international
conference, ICONIP, volume 6, 2006.

Matthew Staib and Stefanie Jegelka. Distributionally robust optimization and generalization in kernel
methods. Advances in Neural Information Processing Systems, 32:9134–9144.

Sohini Upadhyay, Shalmali Joshi, and Himabindu Lakkaraju. Towards robust and reliable algorithmic
recourse. Advances in Neural Information Processing Systems, 34:16926–16937, 2021.

Berk Ustun, Alexander Spangher, and Yang Liu. Actionable recourse in linear classification. In Proceedings
of the Conference on Fairness, Accountability, and Transparency, pp. 10–19, 2019.

Suresh Venkatasubramanian and Mark Alfano. The philosophical basis of algorithmic recourse. In Proceedings
of the 2020 Conference on Fairness, Accountability, and Transparency, pp. 284–293, 2020.

Sandra Wachter, Brent Mittelstadt, and Chris Russell. Counterfactual explanations without opening the
black box: Automated decisions and the GDPR. Harv. JL & Tech., 31:841, 2017.

Antoine Wehenkel, Juan L Gamella, Ozan Sener, Jens Behrmann, Guillermo Sapiro, Jörn-Henrik Jacob-
sen, and Marco Cuturi. Addressing misspecification in simulation-based inference through data-driven
calibration. arXiv preprint arXiv:2405.08719, 2024.

Jia-Jie Zhu, Wittawat Jitkrittum, Moritz Diehl, and Bernhard Schölkopf. Worst-case risk quantification
under distributional ambiguity using kernel mean embedding in moment problem. In 2020 59th IEEE
Conference on Decision and Control (CDC), pp. 3457–3463. IEEE, 2020.

Jia-Jie Zhu, Wittawat Jitkrittum, Moritz Diehl, and Bernhard Schölkopf. Kernel distributionally robust
optimization: Generalized duality theorem and stochastic approximation. In International Conference on
Artificial Intelligence and Statistics, pp. 280–288. PMLR, 2021.

21



Under review as submission to TMLR

A Appendix: Proofs

A.1 Proof of Lemma 4.1

Proof. Define

µ :=
M∑

i=1
ci ϕ(αi), µP := 1

N

N∑
j=1

ϕ(βj).

The RKHS constraint in Lemma 4.1 is
∥µ− µP ∥2

H ≤ ϵ2.

Step 1: Norm expansion. By bilinearity of the inner product,

∥µ− µP ∥2
H = ⟨µ, µ⟩H − 2⟨µ, µP ⟩H + ⟨µP , µP ⟩H.

Using linearity,

⟨µ, µP ⟩H = 1
N

N∑
j=1

⟨µ, ϕ(βj)⟩H, ⟨µP , µP ⟩H = 1
N2

N∑
j,ℓ=1

⟨ϕ(βj), ϕ(βℓ)⟩H.

Hence,

∥µ− µP ∥2
H = ⟨µ, µ⟩H − 2

N

N∑
j=1

⟨µ, ϕ(βj)⟩H + 1
N2

N∑
j,ℓ=1

⟨ϕ(βj), ϕ(βℓ)⟩H. (26)

Step 2: Convert inner products to kernel evaluations. By the reproducing property of the RKHS
induced by k (equivalently, ⟨ϕ(u), ϕ(v)⟩H = k(u, v)), we can rewrite each term.

(i) The first term. We have

⟨µ, µ⟩H =
〈

M∑
i=1

ciϕ(αi),
M∑

i′=1
ci′ϕ(αi′)

〉
H

=
M∑

i=1

M∑
i′=1

cici′ ⟨ϕ(αi), ϕ(αi′)⟩H =
M∑

i=1

M∑
i′=1

cici′ k(αi, αi′).

Let Kα ∈ RM×M be the Gram matrix with entries (Kα)ii′ := k(αi, αi′) and let C = [c1, . . . , cM ]⊤. Then the
above double sum is exactly

⟨µ, µ⟩H = C⊤KαC.

(ii) The mixed term. For each j,

⟨µ, ϕ(βj)⟩H =
〈

M∑
i=1

ciϕ(αi), ϕ(βj)
〉

H

=
M∑

i=1
ci ⟨ϕ(αi), ϕ(βj)⟩H =

M∑
i=1

ci k(αi, βj).

Summing over j = 1, . . . , N yields

N∑
j=1

⟨µ, ϕ(βj)⟩H =
N∑

j=1

M∑
i=1

ci k(αi, βj) =
M∑

i=1
ci

 N∑
j=1

k(αi, βj)

 .

Let Kαβ ∈ RM×N be the cross-Gram matrix with entries (Kαβ)ij := k(αi, βj) and let 1 ∈ RN denote the
all-ones vector. Then the vector Kαβ1 ∈ RM has i-th entry

∑N
j=1 k(αi, βj), and hence

N∑
j=1

⟨µ, ϕ(βj)⟩H = C⊤Kαβ1.
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(iii) The last term. Similarly,

N∑
j,ℓ=1

⟨ϕ(βj), ϕ(βℓ)⟩H =
N∑

j,ℓ=1
k(βj , βℓ) = 1⊤Kβ1,

where Kβ ∈ RN×N is the Gram matrix with entries (Kβ)jℓ := k(βj , βℓ).

Step 3: Assemble the quadratic form. Substituting (i)–(iii) into 26 gives

∥µ− µP ∥2
H = C⊤KαC − 2

N
C⊤Kαβ1+ 1

N21
⊤Kβ1.

Thus, ∥µ− µP ∥H < ϵ implies

C⊤KαC − 2
N
C⊤Kαβ1+ 1

N21
⊤Kβ1 ≤ ϵ2,

which is exactly 6. This completes the proof.

A.2 Proof of Proposition 4.2

Proof. Fix an action x and a shift index k. We show that the worst-case violation problem 5 over the kernel
ambiguity set admits the finite-dimensional formulation 7.

Step 1: Discrete approximation of the adversarial distribution. Following the empirical approxi-
mation approach of Zhu et al. (2021), we restrict the adversarial distribution over θ̃k to be supported on a
finite set

{αi}M
i=1 = {β1, . . . , βN , γ1, . . . , γZ}, M = N + Z,

and parameterize it by weights ci ≥ 0 satisfying
∑M

i=1 ci = 1. Let C = [c1, . . . , cM ]⊤. Under this discrete
distribution, the violation probability becomes

P
(
Cθ̃k

(x) ≤ 0
)

=
M∑

i=1
ci I(Cαi

(x) ≤ 0) .

Step 2: Kernel mean embedding constraint. For the discrete distribution supported on {αi}M
i=1, the

kernel mean embedding is

µ =
M∑

i=1
ci ϕ(αi),

while the reference embedding is approximated empirically as

µP = 1
N

N∑
i=1

ϕ(βi).

Thus, the ambiguity-set membership condition ∥µ− µP ∥H ≤ ϵ is equivalent to∥∥∥∥∥
M∑

i=1
ciϕ(αi) − 1

N

N∑
i=1

ϕ(βi)
∥∥∥∥∥

H

≤ ϵ.

Step 3: Quadratic form via Gram matrices. By Lemma 4.1, the above RKHS norm constraint is
equivalent to

C⊤KαC − 2
N
C⊤Kαβ1+ 1

N21
⊤Kβ1 ≤ ϵ2.
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Step 4: Compact objective representation. Define the indicator vector

I(x) =
[
I(Cα1(x) ≤ 0), . . . , I(CαM

(x) ≤ 0)
]⊤
.

Then the objective can be written as I(x)⊤C.

Combining the objective, the quadratic constraint, and the simplex constraints on C yields the finite-
dimensional problem 7.

A.3 Proof of Lemma 4.3

Proof. Recall from Lemma 4.1 that the RKHS constraint is equivalently

C⊤KαC − 2
N
C⊤Kαβ1+ 1

N21
⊤Kβ1 ≤ ϵ2. (27)

Rearranging terms gives
C⊤KαC − 2

N
C⊤Kαβ1 ≤ ϵ2 − 1

N21
⊤Kβ1. (28)

Since Kα ⪰ 0 is a Gram matrix, it admits a Cholesky factorization Kα = R⊤R. Hence

C⊤KαC = C⊤R⊤RC = ∥RC∥2
2.

Define the scalars
s := 1

N
1⊤KαβC, κ := 1

N21
⊤Kβ1.

Then 28 becomes
∥RC∥2

2 ≤ 2s+ (ϵ2 − κ). (29)

Step 1: A standard SOC identity. For any vector u ∈ Rm and any scalars p, q ∈ R, the Lorentz cone
Qm+2 = {(y, t1, t2) : ∥y∥2 ≤ t2, t2 ≥ 0} admits the following equivalent representation:

∥u∥2
2 ≤ p2 − q2 ⇐⇒

up
q

 ∈ Qm+2. (30)

Indeed,
[
u⊤ p

]⊤ ∈ Qm+1 with parameter |q| is equivalent to ∥u∥2
2 + p2 ≤ q2, and rearranging yields 30. This

is the standard “difference of squares” SOC encoding (see Boyd & Vandenberghe (2004)).

Step 2: Match 29 to the SOC identity. Let

p := s+ 1
2(ϵ2 − κ), q := −1

2 .

Then
p2 − q2 =

(
s+ 1

2(ϵ2 − κ)
)2

−
(

1
2

)2
. (31)

Expanding the right-hand side gives

p2 − q2 = s2 + s(ϵ2 − κ) + 1
4(ϵ2 − κ)2 − 1

4 .

Now observe that the SOC inclusion stated in Lemma ?? is not written in the (u, p, q) form directly, but
rather in an equivalent shifted cone form:RCs

s

 −

 0
1
2κ− 1

2ϵ
2 + 1

21
2κ− 1

2ϵ
2 − 1

2

 ∈ QM+2.
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Denote the two scalar components after shifting by

t1 := s−
(

1
2κ− 1

2ϵ
2 + 1

2

)
= s+ 1

2(ϵ2 − κ) − 1
2 ,

t2 := s−
(

1
2κ− 1

2ϵ
2 − 1

2

)
= s+ 1

2(ϵ2 − κ) + 1
2 .

Therefore the cone inclusion is equivalent toRCt1
t2

 ∈ QM+2 ⇐⇒ ∥RC∥2
2 ≤ t22 − t21, (32)

by the SOC identity 30.

Step 3: Simplify the right-hand side. Using t2 − t1 = 1 and t2 + t1 = 2
(
s+ 1

2 (ϵ2 − κ)
)
, we get

t22 − t21 = (t2 − t1)(t2 + t1) = 1 ·
(
2s+ (ϵ2 − κ)

)
= 2s+ (ϵ2 − κ).

Substituting into 32 yields
∥RC∥2

2 ≤ 2s+ (ϵ2 − κ),
which is exactly 29, hence equivalent to the original quadratic constraint 27. This proves that the quadratic
constraint can be written as the stated Lorentz cone inclusion.

A.4 Proof of Proposition 4.4

Proof. We derive the dual of the SOCP 4.3 using standard conic duality arguments.

Step 1: Standard conic form. Let y := C ∈ RM . For a fixed action x, the vector I(x) ∈ RM is constant.
Problem 4.3 is a maximization of a linear function subject to: (i) one Lorentz cone constraint in QM+2, (ii)
one affine equality 1⊤y = 1, (iii) nonnegativity constraints y ≥ 0.

Step 2: Dual variables. Introduce dual variables

(w, a1, a2) ∈ QM+2 for the cone constraint,

λ ∈ R for the equality constraint 1⊤y = 1,
ρ ∈ RM

+ for the nonnegativity constraint y ≥ 0.
Since the Lorentz cone is self-dual, the dual variable associated with the cone constraint lies in the same
cone.

Step 3: Stationarity condition. Forming the Lagrangian and collecting all terms involving y = C, the
vanishing of the gradient with respect to y yields the stationarity condition

−I(x) = R⊤w + 1
N
Kαβ1 a1 + 1

N
Kαβ1 a2 + 1λ+ I⊤ρ,

which gives the equality constraint in 8.

Step 4: Dual objective. The dual objective is obtained by minimizing the Lagrangian over y and collecting
the constant terms arising from the shifted cone constraint and the affine equality. This yields

−
(

1
2N21

⊤Kβ1− ϵ2

2 + 1
2

)
a1 −

(
1

2N21
⊤Kβ1− ϵ2

2 − 1
2

)
a2 − λ,

which is exactly the objective in 8.
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Step 5: Dual cone constraint. Membership of (w, a1, a2) in the Lorentz cone QM+2 is equivalent to the
quadratic inequality

∥w∥2
2 + a2

1 ≤ a2
2,

which gives the second constraint in 8.

Step 6: Elimination of ρ. Since ρ ≥ 0, the equality constraint in 8 is feasible for some ρ if and only if

R⊤w + 1
N
Kαβ1 a1 + 1

N
Kαβ1 a2 + 1λ ≤ −I(x),

which yields the reduced dual formulation 9. This completes the derivation.

A.5 Proof of Corollary 4.6

Proof. We show that replacing the indicator vector Ik(x) by a convex upper-bounding surrogate Ĩk(x) yields
a convex restriction of the feasible set of Theorem 4.5.

Step 1: Pointwise dominance implies a conservative restriction. By assumption, the surrogate
ψ : R → R+ satisfies

I(t ≤ 0) ≤ ψ(t) ∀ t ∈ R.

Applying this componentwise to t = C
α

(k)
i

(x) yields

Ik(x) ≤ Ĩk(x) (componentwise for all x).

Define the affine left-hand side vector

Lk(a1k, a2k, wk, λk) := 1
Nk

K
(k)
αβ 1 a1k + 1

Nk
K

(k)
αβ 1 a2k + 1λk +R⊤

k wk.

In the MIQCP formulation (Theorem 4.5), the constraint is of the form

Lk(a1k, a2k, wk, λk) ≤ −Ik(x) ⇐⇒ Lk(a1k, a2k, wk, λk) + Ik(x) ≤ 0.

Since Ik(x) ≤ Ĩk(x), we have for every x,

Lk + Ĩk(x) ≤ 0 ⇒ Lk + Ik(x) ≤ 0,

componentwise. Hence enforcing the surrogate constraint

Lk(a1k, a2k, wk, λk) + Ĩk(x) ≤ 0

is a sufficient (conservative) condition for feasibility of the original constraint, proving that the surrogate
problem defines a restriction of the original feasible set.

Step 2: Convexity of the surrogate constraint. Each C
α

(k)
i

(x) is affine in x and that X is convex.
Since ψ is convex, the composition ψ(C

α
(k)
i

(x)) is convex in x for each i. Therefore Ĩk(x) is componentwise
convex in x. Because Lk(a1k, a2k, wk, λk) is affine in (a1k, a2k, wk, λk), the mapping

(x, a1k, a2k, wk, λk) 7→ Lk(a1k, a2k, wk, λk) + Ĩk(x)

is componentwise convex. Hence the inequality

Lk(a1k, a2k, wk, λk) + Ĩk(x) ≤ 0

defines a convex feasible set.

Step 3. The remaining constraint ∥wk∥2
2 + a2

1k ≤ a2
2k is nonconvex. The objective d(x, x0) is convex.

Therefore, the surrogate formulation is a quadratically constrained program (QCP).
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A.6 Proof of Proposition 5.1

Proof. Fix any P ∈ Bk
εk

(P pred
n ) and any h ∈ H such that f(·) ≤ h(·) pointwise. Then

EP [f ] ≤ EP [h]. (33)

Add and subtract EP pred
n

[h] to obtain

EP [h] = EP pred
n

[h] +
(
EP [h] − EP pred

n
[h]

)
. (34)

To control the difference term, note that for any h ∈ H with h ̸= 0, the scaled function h̄ := h/∥h∥H satisfies
∥h̄∥H = 1. By the definition of the kernel discrepancy (= MMD induced by H),

EP [h̄] − EP pred
n

[h̄] ≤ Dk(P, P pred
n ). (35)

Multiplying 35 by ∥h∥H yields

EP [h] − EP pred
n

[h] ≤ Dk(P, P pred
n ) ∥h∥H. (36)

If h = 0, then 36 holds trivially. Since P ∈ Bk
εk

(P pred
n ), we have Dk(P, P pred

n ) ≤ εk, and therefore

EP [h] − EP pred
n

[h] ≤ εk ∥h∥H. (37)

Combining 33, 34, and 37 gives
EP [f ] ≤ EP pred

n
[h] + εk ∥h∥H,

for every feasible pair (P, h) with P ∈ Bk
εk

(P pred
n ) and h ∈ H satisfying f ≤ h. Taking the supremum

over P ∈ Bk
εk

(P pred
n ) on the left-hand side preserves the inequality, and then taking the infimum over all

admissible h on the right-hand side yields

sup
P ∈Bk

εk
(P pred

n )
EP [f ] ≤ inf

h∈H, f≤h

{
EP pred

n
[h] + εk ∥h∥H

}
,

which is the desired claim.

A.7 Proof of Lemma 5.3

Proof. Fix (k, x). Consider the optimization problem in Lemma 5.2, namely

inf
h∈H, fx≤h

{
EP pred

n
[h] + εk ∥h∥H

}
. (38)

To obtain a finite-dimensional characterization, we adopt the same finite set of kernel sites used in the
empirical approximation (posterior sites and near-boundary sites) and enforce the domination constraint
only at these locations. Concretely, let {ξj}J

j=1 denote the chosen kernel centers and let {ζm}M
m=1 denote

the sites at which we impose the pointwise constraints fx(ζm) ≤ h(ζm). (In the main text, these are the
boundary-adjacent sites, for which the constraint becomes h(ζm) ≥ 1.)

With this discretization, the feasible set is described by finitely many pointwise inequalities of the form

h(ζm) ≥ fx(ζm), m = 1, . . . ,M, (39)

and the objective contains the linear functional h 7→ EP pred
n

[h]. In practice, EP pred
n

[h] is also approximated
by a finite sample average over posterior-predictive draws {θ̃(b)

k }Bk

b=1, i.e.,

EP pred
n

[h] ≈ 1
Bk

Bk∑
b=1

h(θ̃(b)
k ), (40)
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which is again a finite collection of evaluation functionals.

Step 1: Decomposition into a data-dependent subspace and its orthogonal complement. Let
S ⊂ H be the finite-dimensional subspace

S := span{ k(·, ξ1), . . . , k(·, ξJ) },

and decompose any h ∈ H as
h = hS + h⊥, hS ∈ S, h⊥ ∈ S⊥.

By the reproducing property, for any η ∈ X ,

h(η) = ⟨h, k(·, η)⟩H.

Since each evaluation point used in the objective and constraints belongs to the chosen set of kernel centers
(or is included among them), k(·, η) ∈ S, hence h⊥(η) = ⟨h⊥, k(·, η)⟩H = 0. Therefore,

h(η) = hS(η) for every evaluation point η used in 39 and 40. (41)

In particular, replacing h by hS does not change the constraint values or the (approximated) expectation
term in the objective.

Step 2: Norm reduction. Using orthogonality,

∥h∥2
H = ∥hS∥2

H + ∥h⊥∥2
H ≥ ∥hS∥2

H,

with strict inequality whenever h⊥ ̸= 0. Since the objective in 38 penalizes ∥h∥H with a nonnegative weight
εk, any feasible h can be replaced by hS to obtain a function that (i) satisfies the same discretized constraints
and has the same linear evaluation terms by 41, but (ii) has a no larger RKHS norm. Hence there exists an
optimizer lying entirely in S.

Step 3: Finite-dimensional expansion. Any h ∈ S admits a representation

h(θ̃) =
J∑

j=1
αj k(θ̃, ξj)

for some coefficients α1, . . . , αJ ∈ R. Therefore, an optimizer of the discretized envelope problem admits the
stated expansion. The representer-style argument is inspired by techniques in Schölkopf et al. (2001).
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