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ABSTRACT

Despite the remarkable success of Vision Transformers (ViTs) across a wide range
of vision tasks, recent studies have revealed that they remain vulnerable to adver-
sarial examples, much like Convolutional Neural Networks (CNNs). A common
empirical defense strategy is adversarial training, yet the theoretical underpinnings
of its robustness in ViTs remain largely unexplored. In this work, we present the
first theoretical analysis of adversarial training under simplified ViT architectures.
We show that, when trained under a signal-to-noise ratio that satisfies a certain
condition and within a moderate ℓ2 perturbation budget, adversarial training en-
ables ViTs to achieve nearly zero robust training loss and robust generalization
error under certain regimes. Remarkably, this leads to strong generalization even
in the presence of overfitting, a phenomenon known as benign overfitting, previ-
ously only observed in CNNs (with adversarial training). Experiments on both
synthetic and real-world datasets further validate our theoretical findings.

1 INTRODUCTION

Vision Transformers (ViTs) have emerged as a powerful alternative to convolutional neural networks
(CNNs) (Krizhevsky et al., 2012) for a wide range of computer vision tasks, including image classi-
fication, object detection, semantic segmentation, and vision-language modeling (Dosovitskiy et al.,
2020; Liu et al., 2021; Hu et al., 2025a). Despite their strong performance, recent studies (Hu et al.,
2023; Shao et al., 2021; Hu et al., 2025b; 2024) have revealed that ViTs, similar to CNNs, can still
be vulnerable to small, carefully crafted perturbations. These perturbations, referring to adversarial
examples (Szegedy et al., 2013), can often cause significant performance degradation.

A widely studied defense mechanism against such vulnerabilities is adversarial training (Goodfel-
low et al., 2014; 2016), which augments the training process with adversarially perturbed samples
to improve model robustness. While adversarial training has proven effective in enhancing model
robustness, it is frequently accompanied by a noticeable degradation in generalization performance
on clean data (Raghunathan et al., 2019; Xu et al., 2023). Such a robustness-generalization trade-off
(Fu & Wang, 2023; Zhang et al., 2021; Xiao et al., 2022) has been extensively studied, raising the
question of whether it is possible to preserve robustness without sacrificing clean-data accuracy.

Benign Overfitting (Bartlett et al., 2020) refers to the phenomenon that overparameterized models
can interpolate the training data (achieving near-zero empirical risk) yet still generalize well. In
the standard (non-adversarial) setting, this behavior has been studied across various model architec-
tures, including linear regression (Bartlett et al., 2020; Zhou & Ge, 2023), logistic regression Wang
et al. (2021); Cao et al. (2021), ridge regression (Tsigler & Bartlett, 2023), kernel methods (Mei
& Montanari, 2022), and neural networks (Li et al., 2021; Cao et al., 2022; Kou et al., 2023; Frei
et al., 2023; Jiang et al., 2024; Frei & Vardi, 2024). In the adversarial setting, Chen et al. (2023) pro-
vides the first theoretical analysis that benign overfitting can arise in adversarial training for linear
regression under sub-Gaussian mixture models. Subsequently, Wang et al. (2024) shows that adver-
sarial training can still generalize well in the presence of inference-time attacks for two-layer neural
networks under appropriate distributional assumptions. However, to the best of our knowledge, it
remains unclear whether analogous behavior occurs in more advanced architectures such as ViTs.

Compared with linear and two-layer models, analyzing ViTs poses distinctive challenges for analyz-
ing robust benign overfitting. Unlike CNNs or two-layer neural networks with activation functions
followed by a linear model, ViTs incorporate attention heads with query, key, and value projection
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matrices, leading to substantially more complex training dynamics. The effect of perturbations on
attention heads differs significantly from their effect on linear layers or activation-plus-linear struc-
tures, and varying perturbation magnitudes can markedly influence the training dynamics of ViTs
(A more detailed discussion is provided in Section 4). Thus, the benign overfitting behavior or its
conditions for ViTs may be significantly different from previous models.

To fill the gap, in this work, we provide the first comprehensive theoretical analysis of robust benign
overfitting for a simplified ViT model. Specifically,

1. We validate that benign overfitting can also arise in adversarially trained Vision Transform-
ers when the signal-to-noise ratio and the perturbation magnitude satisfy certain conditions,
similar to linear and two-layer neural network models. That is, the adversarially trained in-
terpolator attains near-zero robust training loss while maintaining small robust test error.

2. By analyzing the adversarial training dynamics of ViTs, we identify three key regimes:
1) Small perturbations yield trajectories close to clean training; 2) Moderate perturbations
cause the attention mechanism to fail, such that the ViT collapses to a linear model; 3)
Large perturbations lead to significant generalization error beyond benign overfitting. In
all cases, we provide explicit upper bounds on the clean and robust test error.

3. We empirically verify our theoretical findings on both synthetic data and MNIST, demon-
strating agreement between the derived bound and observed conditions for the occurrence
of benign overfitting.

2 RELATED WORK

Benign Overfitting. Benign overfitting refers to the phenomenon where a predictor perfectly fits
(interpolates) noisy training data yet still achieves strong generalization performance on unseen data.
Bartlett et al. (2020) analyzed benign overfitting in linear regression with Gaussian noise, showing
that in high-dimensional (overparameterized) regimes, the excess risk of interpolation can be asymp-
totically optimal. Foundational studies have further established benign overfitting in various linear
settings, including regression, sparse regression, logistic regression, ridge regression, and kernel
methods (Belkin et al., 2018; Bartlett et al., 2020; Hastie et al., 2022; Ding et al., 2024b;a). In neu-
ral networks, Frei et al. (2023) studied benign overfitting in two-layer networks without relying on
the lazy training assumption in finite-width regimes. Cao et al. (2022); Kou et al. (2023) examined
benign overfitting in convolutional networks from a feature learning perspective. Recently, Jiang
et al. (2024) investigated learning dynamics in Vision Transformers (ViTs), delineating the bound-
ary between benign and harmful overfitting. Frei & Vardi (2024) also analyzed benign overfitting in
trained Transformer classifiers within in-context learning setups.

Benign Overfitting for Adversarial Training. Chen et al. (2023) initiated the study of benign
overfitting under adversarial training in the context of linear classifiers with sub-Gaussian mixture
data, proving that under moderate perturbations, linear classifiers can achieve near-optimal standard
and adversarial risks. Building on this line of work, Wang et al. (2024) extended the analysis to two-
layer networks and demonstrated that, regardless of whether the activation function is smooth or non-
smooth, adversarial training can achieve near-optimal robust generalization error. In contrast, Hao &
Zhang (2024) showed that under non-negligible noise, linear regression and NTK regression models
tend to overfit the training data, yielding estimators with inflated Lipschitz norms and consequently
elevated adversarial risk. However, none of them considered and their conclusions do not hold for
transformer architectures.

Adversarial Robustness in Transformer. Adversarial training has been widely used to improve
Transformer robustness. For Vision Transformers (ViTs), Herrmann et al. (2022) proposed Pyrami-
dAT, combining consistent dropout and stochastic depth to alleviate performance degradation, while
Wu et al. (2022) reduced computational cost via attention-guided dropping of patch embeddings.
Gopal et al. (2025) introduced SAFER, a layer-selective fine-tuning method with sharpness-aware
minimization to mitigate adversarial overfitting, and Islam et al. (2025) analyzed layer-wise per-
turbation propagation, proposing a neuron-level suppression mechanism. However, these works are
purely empirical and lack theoretical guarantees. Recent studies have begun to analyze robustness
from a theoretical perspective in linear Transformer in-context learning, showing that robustness
can be enhanced through adversarial training against hijacking attacks (Anwar et al.), short-suffix
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training to defend long-suffix jailbreaks (Fu et al., 2025), and multi-task adversarial pretraining
without downstream AT (Kumano et al., 2025). Yet, these analyses are restricted to the in-context
learning setting with linear Transformers, and theoretical guarantees for adversarial robustness in
general Transformer architectures remain an open problem.

Differences in Adversarial Robustness Between Transformer and CNN. Several studies have
compared Transformers and CNNs under adversarial attacks. Bai et al. (2021) observe that under
unified training settings, Transformers are not inherently more robust, with their OOD generalization
mainly attributed to self-attention. Mo et al. (2022) show that under standard training, Transformers
do not necessarily outperform CNNs under adversarial attack, and propose training strategies to
improve ViT robustness. Dingeto & Kim (2024) propose a regularization method that enables ViTs
to exhibit stronger adversarial robustness than CNNs. These studies are largely empirical, focusing
on performance differences, and do not analyze the learning dynamics or the role of attention in
adversarial training.

3 PROBLEM SETUP

In this section, we introduce the necessary definitions and formally describe the Gradient Descent-
based Adversarial Training under the multi-patch data distribution and the two-layer Vision Trans-
former model.

Notations. For two sequences {xn} and {yn}, we write xn = O(yn) if there exist absolute constants
C > 0 and N > 0 such that |xn| ≤ C|yn| for all n ≥ N . Similarly, we write xn = Ω(yn) if
yn = O(xn). We say xn = Θ(yn) if both xn = O(yn) and xn = Ω(yn). Moreover, xn = o(yn)

if limn→∞ |xn/yn| = 0. Finally, we use Õ(·), Ω̃(·), and Θ̃(·) to denote the corresponding notations
with logarithmic factors suppressed.
Definition 1 (Data Generation Model). Let µ+,µ− ∈ Rd be fixed vectors representing the signals
contained in data points, where ∥µ+∥2 = ∥µ−∥2 = ∥µ∥2 and ⟨µ+,µ−⟩ = 0. Then each data point
(X, y) with X = (x1,x2, . . . ,xM )⊤ ∈ RM×d and y ∈ {−1, 1} is generated from the following
distribution D:

(1) The label y is generated as a Rademacher random variable, i.e., P(y = 1) = P(y = −1) = 1
2 .

(2) If y = 1 then x1 is given as µ+, if y = −1 then x1 is given as µ−, which represents signals.
(3) x2, . . . ,xM are given by noise vectors ξ2, . . . , ξM , generated i.i.d from the Gaussian distribu-

tion N (0, σ2
p · (I− µ+µ

⊤
+ · ∥µ∥−2

2 − µ−µ
⊤
− · ∥µ∥−2

2 )), which represent noises.

Our data generation model is motivated by the patch-level structure of real image data, where some
patches encode class-relevant signals (e.g. semantic information) while others capture irrelevant
noise (e.g. background artifacts). Similar constructions have been widely employed in the feature
learning literature to analyze the generalization behavior of overparameterized classifiers (Allen-Zhu
& Li, 2020; Cao et al., 2022; Jelassi & Li, 2022; Kou et al., 2023; Zou et al., 2023; Jiang et al., 2024;
Han et al., 2024; Ding et al., 2025). In our setup, the noise component ξ is modeled as a Gaussian
variable, with its covariance structure designed to remain orthogonal to the signal component µ,
ensuring that the data noise is independent of and unrelated to the feature.

Two-layer Transformer. Following the architecture introduced by Jiang et al. (2024), we consider a
simplified two-layer Transformer consisting of a self-attention layer followed by a fixed linear layer,
defined as the following, where θ = (WQ,WK ,WV ).

f(X, θ) =
1

M

M∑
l=1

φ(x⊤
l WQW

⊤
KX⊤)XWV wO. (1)

Here, φ(·) : RM → RM denotes the softmax function; WQ,WK ∈ Rd×dh and WV ∈ Rd×dv

represent the query, key, and value matrices, respectively; and wO ∈ Rdv represents the weight
vector of the linear layer. We use θ to denote the collection of all the model weights. This model is
not reduced to a linear or single-layer attention architecture; instead, it more closely resembles the
structure of a real Transformer, with a correspondingly more complex parameter update process.

Loss Function. Let S = {(Xn, yn)}Nn=1 denote the training dataset drawn from the distribution D
defined in Definition 1, where n indexes the samples (so (Xn, yn) represents the n-th sample). In
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Algorithm 1 Gradient Descent-based Adversarial Training

Require: Step size η, perturbation budget per token τ , number of iterations T , standard deviation
σV , σh

1: Initialize network weights (W0
Q)ij , (W

0
K)ij ∼ N (0, σ2

h), (W
0
V )ij ∼ N (0, σ2

V ) i.i.d.
2: for t = 0, . . . , T − 1 do
3: for n = 1, . . . , N do
4: Generate adversarial example for input Xn:

X̃t
n ← argmaxX̃n∈B(Xn,τ)

ℓ
(
ynf(X̃n;W

t
Q,W

t
K ,Wt

V )
)

5: end for
6: Update all weight matrices simultaneously: (Wt+1

Q ,Wt+1
K ,Wt+1

V )← (Wt
Q,W

t
K ,Wt

V )−
η
N

∑N
n=1

(
∇WQ

,∇WK
,∇WV

)
ℓ
(
ynf(X̃

t
n;W

t
Q,W

t
K ,Wt

V )
)

7: end for
8: return θ(T ) = (WT

Q,W
T
K ,WT

V )

this work, we adopt the empirical cross-entropy loss as a surrogate for the non-differentiable 0/1
loss, and train the two-layer Transformer by minimizing this loss:

LS(θ) =
1

N

N∑
n=1

ℓ(ynf(Xn, θ)),

where ℓ(z) = log(1 + exp(−z)) and f(X, θ) is the two-layer Transformer. We measure the gener-
alization ability of the two-layer Transformer using the test error, defined as the expected 0/1 loss
over the data distribution D:

LD(θ) = E(x,y)∼D1 (yf(X, θ) ≤ 0) .

Robust Loss. We consider ℓ2 norm-bounded adversarial perturbations applied to each component
of the input sequence X = [x1, . . . ,xM ] ∈ XM , where each xm ∈ Rd denotes a token (or patch)
embedding. For a perturbation budget τ > 0, the admissible perturbation set is B(X, τ) :=

{
X̃ =

[x̃1, . . . , x̃M ]
∣∣ ∥x̃m − xm∥2 ≤ τ, ∀m ∈ [M ]

}
. Under this threat model, the robust 0/1 loss is

defined as ℓ
0/1
rob(yf(X, θ)) := maxX̃∈B(X,τ) 1

(
y f(X̃, θ) ≤ 0

)
, and the robust loss is defined as

ℓrob(ynf(Xn, θ)) := maxX̃n∈B(Xn,τ)
ℓ
(
ynf(Xn, θ)

)
. The robust test error and robust test loss

are:

Lrob
D (θ) := E(X,y)∼D ℓ

0/1
rob(yf(X, θ)), Lrob

S (θ) :=
1

N

N∑
n=1

ℓrob(ynf(Xn, θ))

Adversarial Training. We adopt a Gradient Descent-based Adversarial Training algorithm to up-
date the network parameters, as summarized in Algorithm 1. Note that we initialize the network
weights WQ, WK , and WV with Gaussian distributions, where each entry of WQ and WK is
drawn from N (0, σ2

h), and each entry of WV is drawn from N (0, σ2
V ). The algorithm iteratively

constructs adversarial training examples by maximizing the training loss with respect to the input
and updates the model parameters based on them. In our setting, only the attention projection ma-
trices WQ,WK ,WV are updated during training, while the output vector wO remains fixed.

4 MAIN RESULTS

In this section, we present our main theoretical results on the convergence and generalization of the
ViT model, demonstrating how the signal-to-noise ratio SNR = ∥µ∥2/(σp

√
d) and the sample size

N influence its adversarial training dynamics. We first introduce the following conditions.

Condition 1. Given a sufficiently small failure probability δ > 0 and a target training loss ϵ > 0,
suppose that:

(1) The dimension d and dh are sufficiently large satisfying d = Ω̃
(
ϵ−2N2dh

)
and dh =

Ω̃
(
max{{SNR4, SNR−4}

)
N2ϵ−2.
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(2) The training sample size N is large enough such that N = Ω(poly log(d)).
(3) The number of input tokens is bounded as M = Θ(1), and the ℓ2-norm of linear layer weights

satisfies ∥wO∥2 = Θ(1).

(4) The learning rate η is chosen sufficiently small so that η ≲ Õ(min{∥µ∥−2
2 , (σ2

pd)
−1} · d−

1
2

h ).
(5) The Gaussian initialization is appropriately chosen such that the standard deviation σV sat-

isfies σV ≤ Õ(||wO||−1
2 ·min{∥µ||−1

2 , (σp

√
d)−1} · d−

1
4

h d−
1
2 ) ,and the variance σ2

h satisfies

min{∥µ||−2
2 , (σ2

pd)
−1} · d−

1
2

h · (log(6N2M2/δ))−2 ≤ σ2
h ≤ min{∥µ||−2

2 , (σ2
pd)

−1} · d−
1
2

h ·
(log(6N2M2/δ))−

3
2 .

(6) The target training loss is satisfying ϵ ≤ O(1/poly log(d)).

Conditions (1) and (2) ensure that the learning problem is set in a sufficiently over-parameterized
regime, allowing the model to fully capture the feature signal described in Definition 1. Con-
dition (3) guarantees that each class contains enough samples with high probability. Condi-
tions (4) and (5) simplify the analysis, though they can be generalized to the settings M = Ω(1),
∥wO∥2 = o(1), or ∥wO∥2 = ω(1). Together, Conditions (4) and (5) further ensure that the Trans-
former can be effectively trained. Finally, Condition (6) ensures that the Transformer sufficiently
overfits the training data. Similar conditions are widely made in the theoretical analysis of benign
overfitting in neural networks (Allen-Zhu & Li, 2020; Cao et al., 2022; Frei et al., 2022; Jelassi &
Li, 2022; Chatterji & Long, 2023; Zou et al., 2023; Kou et al., 2023; Frei & Vardi, 2024; Jiang et al.,
2024).
Theorem 2 (Benign Overfitting under Adversarial Training). Under Condition 1, we distinguish
two cases:

Case 1. If we have N ·SNR2 = Ω(1) and τ ≤ O( ∥µ∥2

log dh
), ViT’s attention head is effectively trainable

. In this case, let T = Θ(η−1ϵ−1∥µ∥−2
2 ∥wO∥−2

2 ).

Case 2. If we have N · SNR2 = Ω( 1ϵ ) and ω( ∥µ∥2

log dh
) ≤ τ ≤ O(µ) , the attention head parameters

barely update, causing the attention weights to remain nearly uniform and the ViT degenerates into
a linear model . In this case, let T = M ·Θ(η−1ϵ−1∥µ∥−2

2 ∥wO∥−2
2 ).

In both cases, with probability at least 1− d−1, the following holds:
1. The robust training loss converges to ϵ:

Lrob
S (θ(T )) ≤ ϵ.

2. The clean test error satisfies:

LD(θ(T )) ≤ exp
(
−C · d SNR2

)
.

3. The robust test error satisfies:

Lrob
D (θ(T )) ≤ exp

(
−C · d SNR2(1− τ

∥µ∥2
)2
)
.

Theorem 2 demonstrates that , under the assumption on τ , the model attains adversarial robustness,
while the SNR condition guarantees that it prioritizes the signal over the noise, thereby leading to
benign overfitting. The adversarially-trained two-layer Transformer model exhibits three key ob-
servations. 1) The model fits the training data well, with training loss converging to ϵ. 2) For
generalization guarantee, the clean test error decays rapidly with increasing d and SNR, and obvi-
ously less than ϵ by Condition (2). This is consistent with classical benign overfitting phenomena
established in prior work (Jiang et al., 2024). 3) For robustness guarantees, Theorem 2 provides an
explicit upper bound on the robust test error as a function of the perturbation radius τ and the sig-
nal strength ∥µ∥2, showing that the bound increases with increasing τ , which is consist with prior
empirical observations(Madry et al., 2017; Schmidt et al., 2018).

The impact of perturbation τ radius. Here, we give more discussion on the perturbation radius
τ to illustrate how it affects the different dynamics of ViTs, leading to the various results stated
in Theorem 2. First, it can be observed that the softmax structure in attention is highly sensitive
to perturbations according to Lemma 4. When τ ≤ O( ∥µ∥2

log dh
), adversarial perturbations do not

5
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dominate the learning dynamics, and the adversarial training trajectory of ViT remains close to
standard clean training, corresponding to Case 1 in Theorem 2. In contrast, when ω( ∥µ∥2

log dh
) ≤

τ ≤ O(µ), the updates between signal and noise in attention are effectively canceled out by the
perturbation, forcing attention weights to remain close to their initialized uniform distribution, under
which ViT degenerates into a linear model, corresponding to Case 2 in Theorem 2. The relevant
lemmas will be provided in Section 5.2 later.

The difference between ViT and degenerated linear model. Although both cases can achieve
benign overfitting, the attention mechanism in ViTs in Case 1 enables the model to learn the signal
more rapidly, leading to faster convergence, and allows it to extract useful information even from
sparser signals. According to Theorem 2, for the degenerated linear model, the convergence time T
is M times slower than that of the ViT, and achieving benign overfitting requires a higher signal-to-
noise ratio, N · SNR2 = Ω(1/ϵ), highlighting the advantages of the ViT architecture.

Comparison with prior work. The most closely related works to ours are Chen et al. (2023); Wang
et al. (2024), which also investigated the phenomenon of benign overfitting under adversarial train-
ing. However, Chen et al. (2023) focused on linear regression models with moderate perturbations,
and Wang et al. (2024) studied simplified neural networks, leaving more complex architectures un-
explored. Our results on ViTs therefore complement this line of research. In addition, even in
the more complex setting, our analysis does not rely on the implicit assumption of a large ∥µ∥2,
i.e.,∥µ∥2 = Θ(dr) for some r ∈ (1/4, 1/2] in (Chen et al., 2023). Moreover, our results require
a minimum convergence time of T ∼ O(N max{SNR2, SNR−4}), which is significantly smaller
than the convergence time T ∼ O( d2

∥µ∥2ϵ2 ) reported in prior studies on CNN models by (Wang et al.,
2024) in the over-parameterized regime.

Next, we will show that once the perturbation radius τ exceeds the signal strength ∥µ∥2, no classifier
can achieve nontrivial robust accuracy. This implies that excessive adversarial training leads to poor
model performance, consistent with the findings of Wang et al. (2024). Combining with Theorem 2,
we can see that the assumption of the relation between τ and ∥µ∥2 is essential to understand benign
overfitting. Also, our radius for benign overfitting is almost tight.
Theorem 3. For any given classifier f(·;θ), when τ ≥ ∥µ∥2, the robust test error satisfies
Lrob
D (θ) ≥ 0.25.

5 PROOF SKETCH

In this section, we provide a proof sketch of the different adversarial training dynamics due to differ-
ent perturbation radii. Based on the ViT formulation in Eq.(1), when the perturbations are relatively
small, we show its impact on the learning of the WQ and WK matrices is limited. If more attention
is allocated to signal tokens, the value matrix WV tends to align more closely with a perturbed
signal vector µ̃, while its direction remains dominated by the true signal µ. Consequently, the
gradients propagated to the attention heads associated with the signal are larger than those to the
noise, forming a positive feedback loop that facilitates better generalization, similar to the learning
dynamics observed in the clean training (Jiang et al., 2024). When the perturbations are moder-
ate, adversarial training suppresses the learning of token-to-signal attention, keeping the attention
weights near their initialization. When WV and WK are initialized with small Gaussian variance,
the attention distribution remains nearly uniform, and the ViT degenerates into a linear model. In
this regime, the model requires a larger SNR to align WV wO with the signal µ, thereby achieving
benign overfitting.

5.1 VECTORIZED Q & K AND SCALARIZED V WITH TIME-INDEPENDENT PERTURBED
INPUTS

First, unlike CNNs that treat convolutional kernels as vectors for signal–noise decomposition, our
setting requires handling the more complex interactions among the matrices WV , WK , and WQ.
Therefore, we consider vectorizing WK , and WQ and scalarizing WV . We fix a universal perturbed
input X̃ =

[
µ̃, ξ̃n,2, . . . , ξ̃n,M

]
, where µ̃+ ∈ B(µ+, τ), µ̃− ∈ B(µ−, τ), and ξ̃n,i ∈ B(ξn,i, τ)

are chosen once and remain fixed for all iterations t. These perturbations are universal and do not
correspond to iteration-specific adversarial examples. For example, for WV we have the following.
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Definition 2 (Scalarized V). Let W(t)
V denote the V matrix of the ViT at the t-th iteration of ad-

versarial training. For the fixed perturbed vectors above, there exist scalars γ(t)
V,+, γ(t)

V,−, and ρ
(t)
V,n,i

such that

µ̃⊤
+W

(t)
V wO = µ̃⊤

+W
(0)
V wO + γ

(t)
V,+∥wO∥22,

µ̃⊤
−W

(t)
V wO = µ̃⊤

−W
(0)
V wO + γ

(t)
V,−∥wO∥22,

ξ̃⊤n,iW
(t)
V wO = ξ̃⊤n,iW

(0)
V wO + ρ

(t)
V,n,i∥wO∥22,

for i ∈ [M ] \ {1} and n ∈ [N ].

We further denote the V
(t)
+ := µ̃⊤

+W
(t)
V wO, V (t)

− := µ̃⊤
−W

(t)
V wO and V

(t)
n,i := ξ̃⊤n,iW

(t)
V .

With scalarized V in Defintion 2, we can provide the dynamics of matrix W
(t)
V by analyzing the

update of coefficients γ(t) as follows:

γ
(t+1)
V,+ = γ

(t)
V,+ −

η

NM

∑
n∈S+

ℓ̃′(t)n

[
M∑
l=1

⟨µ̃+, µ̃
(t)
+ ⟩φ(x̃n,lWQW

⊤
K(X̃n)

⊤)1

+

M∑
i=2

M∑
l=1

⟨µ̃+, ξ̃
(t)
n,i⟩φ(x̃n,lWQW

⊤
K(X̃n)

⊤)i

]
.

First, the perturbed signal and noise components break the orthogonality between signal and noise,
resulting in the appearance of terms of the form ⟨µ̃+, ξ̃

(t)
n,i⟩. The upper bound of ⟨µ̃+, µ̃

(t)
+ ⟩ is

given by (∥µ∥2 + τ)2, while the upper bound of ⟨µ̃+, ξ̃
(t)
n,i⟩ is (∥µ∥2τ + σpτ

√
2 log(4NM/δ) +

τ2). Therefore, when the perturbation magnitude is small, ⟨µ̃+, µ̃
(t)
+ ⟩ dominates, and the training

dynamics under adversarial training closely resemble those under clean training.

When bounding V
(t)
+ (similar for V (t)

− ), we can consider a special case µ̃ = µ̃(t) and derive the
bound via cumulative summation, yielding |V (t)

+ | ≤ |V
(0)
+ | +

∑t−1
s=0 |γ

(s+1)
V,+ − γ

(s)
V,+| · ∥wO∥22 by

Definition 2. In fact, we establish that for any µ̃ ∈ B(µ, τ), the quantity µ̃⊤W
(t)
V wO admits a

uniform upper bound.

Similarly, we can define vectorized WQ and WK as follows.

Definition 3 (Vectorized Q & K.). Let W(t)
Q and W

(t)
K be the QK matrices of the ViT at the t-th

iteration of gradient descent. Then we define the vectorized Q and vectorized K as follows

q
(t)
+ = µ̃⊤

+W
(t)
Q , q

(t)
− = µ̃⊤

−W
(t)
Q , q

(t)
n,i = ξ̃⊤n,iW

(t)
Q ,

k
(t)
+ = µ̃⊤

+W
(t)
K , k

(t)
− = µ̃⊤

−W
(t)
K , k

(t)
n,i = ξ̃⊤n,iW

(t)
K

for i ∈ [M ]\{1}, n ∈ [N ].

With Definition 2 and 3, we can analyze the learning dynamics of the transformed coefficients rather
than the original matrices.

5.2 EFFECTS OF PERTURBATION MAGNITUDE ON ATTENTION

Our second key technique is to analyze how the attention mechanism behaves under perturbations
of varying magnitudes. First, we present the following lemma, which shows that the attention mech-
anism is robust to small perturbations.

Lemma 4 (Informal). Under Condition 1, suppose the perturbation satisfies τ ≤ O( ∥µ∥2)
log(dh)

and

t ≥ Ω
(

1
η∥µ∥2

2∥wO∥2
2 log(6N2M2/δ)

)
. Then, there exists a universal constant C ≤ e/2 such that

max
X̃∈B(X,τ)

softmax
(
⟨q(t),k(t)⟩

)
/ min
X̃∈B(X,τ)

softmax
(
⟨q(t),k(t)⟩

)
≤ C.
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This lemma implies that the relative change in attention weights under perturbations is uniformly
bounded; hence, attention computed on perturbed inputs closely matches that on the clean in-
puts. Thus, when considering the attention from the perturbed patch to another, it can be well-
approximated by the attention from the clean signal to the clean noise.

Next, we present the following lemma, which characterizes the behavior of the attention mechanism
under moderate perturbations.

Lemma 5 (Informal). Under Condition 1, supposing the perturbation satisfies ω( ∥µ∥2

log dh
) ≤ τ ≤

O(µ), for any t ≥ 0, we have:

1

M
− o(1) ≤ softmax(⟨q(t),k(t)⟩) ≤ 1

M
+ o(1)

This lemma demonstrates that, under moderate perturbations, the attention distribution remains in-
variant and stays close to its initial uniform form.

5.3 GENERALIZATION GUARANTEE

For a new data point (X, y) generated from the distribution defined in Definition 1, we interpret
the test error as the probability that the noise component dominates the model output. For adver-
sarial test data with added perturbations, we need to bound the maximal distance between them
and the corresponding clean test data. First, from the analysis in Section 5.1, we know that bound-
ing V (t) = x̃⊤W

(t)
V wO implies that its deviation from the unperturbed counterpart x⊤WV wO is

at most
∣∣⟨x̃ − x, WV wO⟩

∣∣ ≤ τ∥WV wO∥2. Second, from the analysis in Section 5.2, we know
that the attention component softmax(⟨q,k⟩) exhibits robustness under perturbations of bounded
magnitude. Combining these insights, we state the following lemma.

Lemma 6 (Informal). Under Condition 1, if t ≥ Ω
(
η−1ϵ−1∥µ∥−2

2 ∥wO∥−2
2 log−1

(
6N2M2

δ

))
and τ ≤ ∥µ∥2

log(dh)
, we have:

yf(X, θ(t))− min
X̃∈B(X,τ)

yf(X̃, θ(t)) ≲ M
∥∥W(t)

V wO

∥∥
2
τ.

As a result, the robust test error can be interpreted as the probability of misclassification when the
output of the ViT under clean test data is perturbed by its maximal adversarial deviation.
Lemma 7 (Informal). Under the same conditions of Lemma 6, with high probability, we have for
some constant c > 0:

P (∃ X̃ ∈ B(X, τ) : yf(X̃, θ(t)) ≤ 0) = P
(
yf(X, θ(t)) + (yf(X, θ(t))− minX̃∈B(X,τ)yf(X̃, θ(t))) ≤ 0

)
≤ exp

(
− c(

(V
(t)
+ − V

(t)
− )− ∥W(t)

V wO∥2τ
σp∥W(t)

V wO∥2
)2
)
.

Consequently, the robust test error differs from the clean test error only by an additive factor that
scales with both the perturbation radius and the model complexity. More details are in Appendix.

6 EXPERIMENTS

6.1 EXPERIMENTAL SETUP

Datasets. For the experiments on synthetic data, we synthesize each sample following the distri-
bution in Definition 1. Specifically, we first formalize the two signal vectors in Definition 1 as
µ+ = ∥µ∥2 · [1, 0, . . . , 0]⊤ and µ− = ∥µ∥2 · [0, 1, 0, . . . , 0]⊤, where the signal dimension d is
set as 1024. Then, for each generated sample, the number M of tokens in this sample is set as
16 and every noise vector in this sample is drawn independently from the Gaussian distribution
ξi ∼ N (0, 0.4 · Id). We generate up to 22 samples for training and 100 samples for evaluation.

For the experiments on real-world data, we use a subset of MNIST where only samples with label
‘0’ or ‘1’ are used. To better simulate the feature learning setting in our theory, we transform each
image to a vector with the following procedures: (1) Vectorize the image to a “signal” vector and

8
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(a) Clean Heatmap (b) Robust Heatmap (c) Clean Heatmap (d) Robust Heatmap

Figure 1: Clean and robust test accuracy under adversarial training across various signal-to-noise
ratios (SNR) and sample sizes (N ). (a)&(b): results on synthetic data; (c)&(d): results on real-
world data. High test accuracy is colored in yellow, whereas low test accuracy is colored in purple.

normalize its ℓ2-norm to 5. (2) Draw a noise vector following the Gaussian distribution N (0, Id),
where d = 784. (3) Concatenate the signal and noise vectors to form a new vector as the sample
adoped in our experiments.

Model architectures. For synthetic data experiments, we adopt the two-layer Transformer defined
in (1), where both of the hidden dimension dh and the value dimension dv are set as 128. For real-
world data experiments, We implement a ViT model consisting of two attention layers, each with
four self-attention heads, followed by an MLP layer with ReLU activation. The hidden dimension
of this ViT is set as 128. Model parameters in all experiments are initialized using PyTorch’s default
method, followed by an additional scaling factor of 1/16, matching the requirement of Condition (5).

Model training & evaluation. We use full-batch gradient descent to train all models in our exper-
iments, with a learning rate of 0.1. Each model will be trained until its training loss falls below a
target threshold 0.01. Besides, in each adversarial training step, we leverage projected gradient de-
scent (PGD; Madry et al. 2017) to search adversarial examples with attack strength τ/∥µ∥ = 0.05
for 20 steps with a step size of 0.2τ , using per-token L2-normalized gradient updates with projection
onto the L2 ball of radius τ . To assess the performance of trained models, we report both their clean
and robust classification errors calculated on test datasets.

6.2 RESULTS ANALYSIS

Phase Transition in benign overfitting. We perform adversarial training with different number
N of training data ranging from 2 to 22 and different SNR ranging from 0.16 to 16 on synthetic
data. The clean and robust test accuracies of these models are collected and presented as heatmaps
in Figures 1a and 1b. From the figure, we observe a clear decision boundary in the form N ·
SNR2 = Ω(1) separates the high-accuracy and low-accuracy regions. This observation aligns well
with our Theorem 2 that N ·SNR2 = Ω(1) is necessary for models in adversarial training to produce
benign overfitting. We also conduct experiments on the real-world dataset MNIST, where similar
conclusions can still be observed as shown in Figures 1c and 1d.

Effects of signal-to-noise ratio and dataset size. We then fix the number N of training data and
plot curves of the training loss/robust test accuracy versus the training iteration under different SNR
in Figures 2a and 2b. From them, we observe that as the training iteration increases, the model
overfits to training data, but its robustness does not consistently increase unless the SNR is large.
We also fix the SNR and plot similar curves with different number of training data in Figures 2c
and 2d, where we find that even the model is overfitting, its robustness improves only when the
training data number N is large. All these results indicate that benign overfitting can emerge in
adversarial training only when the training data number N and the data SNR are both not too small,
which coincides with the requirements that N ·SNR2 = Ω(1) or N ·SNR2 = Ω( 1ϵ ) in our Theorem 2.

We provide the following additional results in the appendix: Empirical validation of different learn-
ing dynamics under varying perturbation radii in Appendix B.1; Additional experiments on MNIST,
CIFAR-10, and Tiny-ImageNet with the state-of-the-art APGD attack (Croce & Hein, 2020) in Ap-
pendix B.2; Additional experiments on multi-norm attacks in Appendix B.3; and Additional experi-
ments on realistic ViT-base models(Dosovitskiy et al., 2020) in Appendix B.4.
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(a) Training Loss (b) Robust Accuracy (c) Training Loss (d) Robust Accuracy

Figure 2: (a)&(b): Curves of robust training loss and robust test accuracy versus training iteration
under fixed training data number N = 22. (c)&(d): Curves of robust training loss and robust test
accuracy versus training iteration under fixed data SNR = 12.

7 CONCLUSION

Our paper presents the first comprehensive theoretical analysis of the generalization behavior af-
ter adversarial training on a two-layer Vision Transformer. We demonstrate that, under appropriate
relationships between signal-to-noise ratio and perturbation magnitude, adversarially trained ViTs
can interpolate the training data with vanishing robust loss while still achieving small robust test er-
ror. Our analysis reveals three perturbation regimes that clarify how adversarial training shapes the
learning dynamics of attention heads, from clean-like behavior to linear collapse and eventual failure
beyond the benign regime. Empirical results on synthetic data and MNIST corroborate the theory,
aligning closely with the predicted conditions under which robust benign overfitting emerges. Em-
pirically, experiments on synthetic data and MNIST corroborate the theory, matching the predicted
conditions under which robust benign overfitting arises.
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A LLMS USAGE IN THE PAPER

LLMs were used only occasionally to help polish the writing (propose new words, grammar and
spelling correction). All technical ideas, experimental designs, analyses, conclusions, writing were
developed and carried out entirely by the authors. The authors have full responsibility for the final
text.

B ADDITIONAL EXPERIMENTS

B.1 EMPIRICAL VALIDATION OF THEORETICAL REGIMES

In this section, we follow a similar setting as the experiments on synthetic data in Section 6, and add
more experiments about training dynamics with different perturbation τ radius.

Experiments setting.

We focus on tracking the dynamics of attention entropy, training loss, and WV norm under benign
overfitting regime with different perturbation τ radius, and the key parameters are as follows:

• N = 25

• SNR = 16

• M = 2

• d = 1024

• dh = 512

• dv = 512

• σp = 0.05

• τ
∥µ∥2

= 0.02, 0.1, 0.5

(a) Train Loss (b) Attention Entropy (c) WV Norm

Figure 3: Training dynamics with different perturbation τ radius: attention entropy, training loss,
and WV norm.

Experiments results.

1. In Figure 3a, when τ
∥µ∥2

= 0.02 or 0.1, the adversarial training loss converges to zero, indicating
that the model successfully interpolates all noise-corrupted training samples, consistent with the
benign overfitting behavior in Theorem 2. In contrast, when τ

∥µ∥2
= 0.5, the adversarial training loss

fails to decrease, aligning with the non-convergence regime characterized in Theorem 3. Moreover,
the case τ

∥µ∥2
= 0.02 exhibits a faster convergence rate than the τ

∥µ∥2
= 0.1 setting, highlighting

the role of the attention mechanism in accelerating convergence, which is in agreement with our
theoretical predictions in Theorem 2.

2. In Figure 3b, when τ
∥µ∥2

= 0.02, the attention entropy decreases to nearly zero, indicating that
the attention mechanism correctly concentrates on the signal patch. This behavior is consistent with
Case 1 of Theorem 2, where the perturbation level is sufficiently small for the model to recover the
underlying signal structure.

In contrast, when τ
∥µ∥2

= 0.1, the attention entropy fails to decrease and instead remains high,
demonstrating that moderate perturbations hinder the learning of attention weights. As a result, the
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attention distribution remains nearly uniform rather than focusing on the signal patch. This phe-
nomenon aligns with Case 2 of Theorem 2, where the perturbation magnitude prevents the attention
mechanism from identifying the true signal.

3. In Figure 3c, when τ
∥µ∥2

= 0.1, the ∥WV ∥2 norm exhibits the largest growth. This behavior is
consistent with Case 2 of Theorem 2, where the ViT effectively collapses into a linear model and
the value projection WV becomes the dominant component driving the learning dynamics.

In contrast, for τ
∥µ∥2

= 0.02, the attention mechanism remains effective, so only mild updates to
WV are required for the model to fit the noisy training data and achieve benign overfitting. When

τ
∥µ∥2

= 0.5, the perturbation is too large for the model to learn meaningful structure, resulting in
WV failing to make progress during training.

B.2 ADDITIONAL EXPERIMENTS ON MNIST,CIFAR-10 AND TINY-IMAGENET WITH APGD

In this section, we follow the same experimental setup as in Section 6 for the MNIST dataset and
further extend our evaluation by conducting additional experiments on both MNIST,CIFAR-10 and
Tiny-ImageNet under APGD attacks. These results demonstrate that our theoretical insights con-
tinue to hold for larger and more complex datasets, as well as under stronger adversarial attacks.

Experiments setting. We conduct adversarial training using the state-of-the-art APGD attack
model. For the MNIST dataset, we consider an attack strength of τ

∥µ∥2
= 0.05, and vary the number

of training samples N from 1000 to 6000 and SNR from 0.4 to 2. For the CIFAR-10 dataset, we set
a weaker attack strength of τ

∥µ∥2
= 0.01, and vary the number of training samples N from 1000 to

10000 and the SNR from 0.4 to 10. For the Tiny-ImageNet dataset, we set a weaker attack strength
of τ

∥µ∥2
= 0.10, and vary the number of training samples N from 100 to 1000 and the SNR from

0.4 to 10.

Experiments results. The clean and robust test accuracies on MNIST, CIFAR-10 and Tiny-
ImageNet are collected and presented as heatmaps in Figures 4, 5 and 6. In both figures, we
observe a clear phase transition phenomenon. Moreover, as both the sample size N and the SNR
increase, the clean and robust test error consistently decreases. This behavior is fully aligned with
our theoretical analysis as well as the empirical findings reported in previous experiments.

(a) Clean Heatmap (b) Clean Cutoff (c) Robust Heatmap (d) Robust Cutoff

Figure 4: Clean and robust test accuracy heatmaps on MNIST with APGD attack across various
signal-to-noise ratios (SNR) and sample sizes (N ). (b)&(d) are a heatmap that applies a cutoff value
0.93.

B.3 ADDITIONAL EXPERIMENTS ON MULTI-NORM ATTACKS

In this section, we follow the same experimental setup as in Section 6 for the MNIST dataset and
further extend our evaluation by conducting additional experiments on both MNIST and CIFAR-10
under multi-norm attacks. These results demonstrate that although the model’s robust test accuracy
decreases under multi-norm attacks, our theoretical insights continue to hold.

Experiments setting. We perform adversarial training under a multi-norm PGD attack model span-
ning l1,l2 and l∞ perturbations.
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(a) Clean Heatmap (b) Clean Cutoff (c) Robust Heatmap (d) Robust Cutoff

Figure 5: Clean and robust test accuracy heatmaps on CIFAR-10 with APGD attack across various
signal-to-noise ratios (SNR) and sample sizes (N ). (b)&(d) are a heatmap that applies a cutoff value
0.65.

(a) Clean Heatmap (b) Clean Cutoff (c) Robust Heatmap (d) Robust Cutoff

Figure 6: Clean and robust test accuracy heatmaps on Tiny Imagenet with APGD attack across
various signal-to-noise ratios (SNR) and sample sizes (N ). (b)&(d) are a heatmap that applies a
cutoff value 0.70.

For the MNIST dataset, we consider a base attack strength of eps = τ2
∥µ∥2

= 0.05, and set
( τ1
∥µ∥2

, τ2
∥µ∥2

, τ∞
∥µ∥2

) = (eps ∗ 20, eps, eps/30). We vary vary the number of training samples N

from 1000 to 6000 and SNR from 0.4 to 2.

For the CIFAR-10 dataset, we set a weaker base attack strength of eps = τ2
∥µ∥2

= 0.01, and
set( τ1

∥µ∥2
, τ2
∥µ∥2

, τ∞
∥µ∥2

) = (eps ∗ 20, eps, eps/30). We vary vary the number of training samples
N from 1000 to 10000 and the SNR from 0.4 to 10.

Experiments results. The clean and robust test accuracies on MNIST and CIFAR-10 are collected
and presented as heatmaps in Figures 7. We observe that although the robust test accuracy decreases
under multi-norm attacks, a phase transition phenomenon still persists, and increasing either the
sample size N or the SNR further reduces both clean and robust test error in a manner fully aligned
with our theoretical results.

(a) Clean Heatmap (b) Robust Heatmap (c) Clean Heatmap (d) Robust Heatmap

Figure 7: Clean and robust test accuracy under multi-norm attack adversarial training across various
signal-to-noise ratios (SNR) and sample sizes (N ). (a)&(b): results on MNIST data; (c)&(d): results
on CIFAR-10 data.
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B.4 ADDITIONAL EXPERIMENTS ON REALISTIC VIT

In this section, we conduct real-world experiments on image classification benchmarks, including
MNIST, CIFAR-10, and Tiny-ImageNet, using a realistic ViT architecture (Dosovitskiy et al., 2020).
The results show that when our model is scaled from the simplified two-layer ViT to a full-fledged
ViT model, our theoretical insights continue to hold.

Experiments setting. We adopt google/vit-base-patch16-224-in21k (Dosovitskiy
et al., 2020) as the backbone model to extend our analysis to real-world scenarios. To align with our
theoretical setting, we freeze all parameters except for the QKV matrices in the final attention layer.
This setup effectively treats all preceding layers as a fixed feature-extraction encoder, whose output
serves as the input to the last Transformer layer.

We conduct adversarial training on MNIST, CIFAR-10, and Tiny-ImageNet, using PGD as the threat
model with a perturbation radius of ∥µ∥2

20 and 5 attack steps.

Experiments results. The clean and robust test accuracies of ViT-base on MNIST, CIFAR-10 and
Tiny-ImageNet are collected and presented as heatmaps in Figures 8. We observe that when the
model is scaled from the simplified two-layer ViT to a realistic ViT architecture, a phase transition
phenomenon still persists, and increasing either the sample size N or the SNR further reduces both
clean and robust test error in a manner fully aligned with our theoretical results.

(a) MNIST (b) CIFAR-10 (c) Tiny-ImageNet

Figure 8: Clean and robust test accuracy of ViT-base under adversarial training across various signal-
to-noise ratios (SNR) and sample sizes (N). Top row: clean test accuracy. Bottom row: robust test
accuracy.

C EXTENSION TO MHA

We let the parameters be θ := {(WQ,h,WK,h,WV,h)}Hh=1, where WQ,h,WK,h ∈ Rd×dh and
WV,h ∈ Rd×dv for each h ∈ [H]. Here H denotes the number of attention heads, which we
treat as a fixed constant. Under this parameterization, the network can be written as:

f(X, θ) =

H∑
h=1

fh(X, θ)
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where,

fh(X, θ) =
1

M

M∑
l=1

φ(x⊤
l WQ,hW

⊤
K,hX

⊤)XWV,hwO.

The gradients in the multi-head attention module, ∂fh
∂WK,h

, ∂fh
∂WQ,h

, ∂fh
∂WV,h

, remain unchanged. How-

ever, the gradient of the loss with respect to the output of each single head, i.e., ∂ℓ
∂fh

, does change.

Intuitively, the model output increases by approximately an H-fold factor, which causes the scale of
the loss ℓ′ to decrease accordingly.

More concretely, following our analysis of the signal attention head, ℓ′(t) = 1
M ± o(1) stay when

t ≤ T2 = Θ
(

1
η(∥µ∥2+τ)2∥wO∥2

2

)
. Thus, this implies f

(T2)
h (X, θ) = o(1). The H-fold increase in

the multi-head model outputs does not alter this result, so the effect of the changes in ∂ℓ
∂fh

can be
ignored.

Therefore, under the MHA setting, the training dynamics of the model still follow those of the
single-head attention case, and our conclusions remain unchanged.

D BASIC CALCULATION

D.1 NOTION

D.2 UPDATE RULES

We fix a universal perturbed input X̃ =
[
µ̃, ξ̃n,2, . . . , ξ̃n,M

]
, where µ̃+ ∈ B(µ+, τ), µ̃− ∈

B(µ−, τ), and ξ̃n,i ∈ B(ξn,i, τ) are chosen once and remain fixed for all iterations t. These pertur-
bations are universal and do not correspond to iteration-specific adversarial examples.

Definition 4 (Scalarized V). Let W(t)
V be the V matrix of the ViT at the t-th iteration of adversarial

training. Then there exist coefficients γ(t)
V,+, γ

(t)
V,−, ρ

(t)
V,n,i such that

µ̃⊤
+W

(t)
V wO = µ̃⊤

+W
(0)
V wO + γ

(t)
V,+∥wO∥22,

µ̃⊤
−W

(t)
V wO = µ̃⊤

−W
(0)
V wO + γ

(t)
V,−∥wO∥22,

ξ̃⊤n,iW
(t)
V wO = ξ̃⊤n,iW

(0)
V wO + ρ

(t)
V,n,i∥wO∥22

for i ∈ [M ]\{1}, n ∈ [N ].

We further denote the V
(t)
+ := µ̃⊤

+W
(t)
V wO, V (t)

− := µ̃⊤
−W

(t)
V wO and V

(t)
n,i := ξ̃⊤n,iW

(t)
V wO with

time-independent perturbations, and Ṽ
(t)
+ := µ̃

(t)⊤
+ W

(t)
V wO, Ṽ (t)

− := µ̃
(t)⊤
− W

(t)
V wO and Ṽ

(t)
n,i :=

ξ̃
(t)⊤
n,i W

(t)
V wO with time-dependent perturbations, where µ̃

(t)
+ , µ̃

(t)
− , ξ̃

(t)
n,i is the adversarial sample

at t-th iteration. We refer to it as scalarized V.

Similarly, we define the vectorized queries and keys as q(t),k(t) with time-independent perturba-
tions, and as q̃(t), k̃(t) with time-dependent perturbations.

Definition 5 (Vectorized Q & K). Let W(t)
Q and W

(t)
K be the QK matrices of the ViT at the t-th

iteration of adversarial training. Then we define the vectorized Q and vectorized K as follows

q
(t)
+ = µ̃⊤

+W
(t)
Q , q

(t)
− = µ̃⊤

−W
(t)
Q , q

(t)
n,i = ξ̃⊤n,iW

(t)
Q ,

k
(t)
+ = µ̃⊤

+W
(t)
K , k

(t)
− = µ̃⊤

−W
(t)
K , k

(t)
n,i = ξ̃⊤n,iW

(t)
K ,

q̃
(t)
+ = µ̃

(t)⊤
+ W

(t)
Q , q̃

(t)
− = µ̃

(t)⊤
− W

(t)
Q , q̃

(t)
n,i = ξ̃

(t)⊤
n,i W

(t)
Q ,

k̃
(t)
+ = µ̃

(t)⊤
+ W

(t)
K , k̃

(t)
− = µ̃

(t)⊤
− W

(t)
K , k̃

(t)
n,i = ξ̃

(t)⊤
n,i W

(t)
K

for i ∈ [M ]\{1}, n ∈ [N ].
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Table 1: Notations

Symbols Definitions
xn,i the i-th token in the n-th training sample

if i ∈ [M ]\{1}, xn,i = ξn,i.
φ
(t)
n,i the i-th row of attention for the n-th sample, i.e., φ(t)

n,i := φ(x⊤
n,iW

(t)
Q W

(t)⊤
K X⊤

n )
S+, S− the training samples with +1 labels and -1 labels,

i.e., S+ := {n ∈ [N ] : yn = 1}, S− := {n ∈ [N ] : yn = −1}
q
(t)
+ , q

(t)
− , q

(t)
n,i vectorized Q, defined as q(t)

+ = µ̃⊤
+W

(t)
Q , q

(t)
− = µ̃⊤

−W
(t)
Q , q

(t)
n,i = ξ̃n,iW

(t)
Q

k
(t)
+ ,k

(t)
− ,k

(t)
n,i vectorized K, defined as k(t)

+ = µ̃⊤
+W

(t)
K ,k

(t)
− = µ̃⊤

−W
(t)
K ,k

(t)
n,i = ξ̃n,iW

(t)
K

V
(t)
+ , V

(t)
− , V

(t)
n,i scalarized V, defined as V (t)

+ := µ̃⊤
+W

(t)
V wO, V

(t)
− := µ̃⊤

−W
(t)
V wO, V

(t)
n,i := ξ̃⊤n,iW

(t)
V wO

α
(t)
±,±, α

(t)
n,±,i linear combinations coefficients for the dynamics of q(t)

+ and q
(t)
− ,

i.e., q(t+1)
± − q

(t)
± = α

(t)
±,±k

(t)
± +

∑
n∈S±

∑M
i=2 α

(t)
n,±,ik

(t)
n,i

α
(t)
n,i,±, α

(t)
n,i,n′,i′ linear combinations coefficients for the dynamics of q(t)

n,i,
i.e., q(t+1)

n,i − q
(t)
n,i = α

(t)
n,i,+k

(t)
+ + α

(t)
n,i,−k

(t)
− +

∑N
n′=1

∑M
i′=2 α

(t)
n,i,n′,i′k

(t)
n′,i′

β
(t)
±,±, β

(t)
n,±,i linear combinations coefficients for the dynamics of k(t)

+ and k
(t)
− ,

i.e., k(t+1)
± − k

(t)
± = β

(t)
±,±q

(t)
± +

∑
n∈S±

∑M
i=2 β

(t)
n,±,iq

(t)
n,i

β
(t)
n,i,±, β

(t)
n,i,n′,i′ linear combinations coefficients for the dynamics of k(t)

n,i,
i.e., k(t+1)

n,i − k
(t)
n,i = β

(t)
n,i,+q

(t)
+ + β

(t)
n,i,−q

(t)
− +

∑N
n′=1

∑M
i′=2 β

(t)
n,i,n′,i′q

(t)
n′,i′

softmax(⟨q(t)
± ,k

(t)
± ⟩) a general references to

exp(⟨q(t)
± ,k

(t)
± ⟩)

exp(⟨q(t)
± ,k

(t)
± ⟩)+

∑M
k=2 exp(⟨q(t)

± ,k
(t)
n,k⟩)

for n ∈ S+, i ∈ [M ]\{1},

and
exp(⟨q(t)

± ,k
(t)
± ⟩)

exp(⟨q(t)
± ,k

(t)
± ⟩)+

∑M
k=2 exp(⟨q(t)

± ,k
(t)
n,k⟩)

for n ∈ S−, i ∈ [M ]\{1}

softmax(⟨q(t)
± ,k

(t)
n,j⟩) a general references to

exp(⟨q(t)
± ,k

(t)
n,j⟩)

exp(⟨q(t)
± ,k

(t)
± ⟩)+

∑M
k=2 exp(⟨q(t)

± ,k
(t)
n,k⟩)

for n ∈ S+, i, j ∈ [M ]\{1},

and
exp(⟨q(t)

± ,k
(t)
n,j⟩)

exp(⟨q(t)
± ,k

(t)
± ⟩)+

∑M
k=2 exp(⟨q(t)

± ,k
(t)
n,k⟩)

for n ∈ S−, i, j ∈ [M ]\{1}

softmax(⟨q(t)
n,i,k

(t)
n,j⟩) a general references to

exp(⟨q(t)
n,i,k

(t)
n,j⟩)

exp(⟨q(t)
n,i,k

(t)
n,+⟩)+

∑M
k=2 exp(⟨q(t)

n,i,k
(t)
n,k⟩)

for n ∈ S+, i, j ∈ [M ]\{1},

and
exp(⟨q(t)

n,i,k
(t)
n,j⟩)

exp(⟨q(t)
n,i,k

(t)
n,−⟩)+

∑M
k=2 exp(⟨q(t)

n,i,k
(t)
n,k⟩)

for n ∈ S−, i, j ∈ [M ]\{1}

Λ
(t)
n,±,j ,Λ

(t)
n,i,±,j Λ

(t)
n,±,j := ⟨q

(t)
± ,k

(t)
± ⟩ − ⟨q

(t)
± ,k

(t)
n,j⟩, Λ

(t)
n,i,±,j := ⟨q

(t)
n,i,k

(t)
± ⟩ − ⟨q

(t)
n,i,k

(t)
n,j⟩

Definition 6 (Gradient Decomposition). There exist coefficients α(t)
+,+, α(t)

n,+,i, α
(t)
−,−, α(t)

n,−,i, α
(t)
n,i,+,

α
(t)
n,i,−, α(t)

n,i,n′,i′ , β
(t)
+,+, β(t)

n,+,i, β
(t)
−,−, β(t)

n,−,i, β
(t)
n,i,+, β(t)

n,i,−, β(t)
n,i,n′,i′ such that

∆q
(t)
+ := q

(t+1)
+ − q

(t)
+ = α

(t)
+,+k

(t)
+ +

∑
n∈S+

M∑
i=2

α
(t)
n,+,ik

(t)
n,i,

∆q
(t)
− := q

(t+1)
− − q

(t)
− = α

(t)
−,−k

(t)
− +

∑
n∈S−

M∑
i=2

α
(t)
n,−,ik

(t)
n,i,

∆q
(t)
n,i := q

(t+1)
n,i − q

(t)
n,i = α

(t)
n,i,+k

(t)
+ + α

(t)
n,i,−k

(t)
− +

N∑
n′=1

M∑
i′=2

α
(t)
n,i,n′,i′k

(t)
n′,i′ ,

∆k
(t)
+ := k

(t+1)
+ − k

(t)
+ = β

(t)
+,+q

(t)
+ +

∑
n∈S+

M∑
i=2

β
(t)
n,+,iq

(t)
n,i,

∆k
(t)
− := k

(t+1)
− − k

(t)
− = β

(t)
−,−q

(t)
− +

∑
n∈S−

M∑
i=2

β
(t)
n,−,iq

(t)
n,i,
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∆k
(t)
n,i := k

(t+1)
n,i − k

(t)
n,i = β

(t)
n,i,+q

(t)
+ + β

(t)
n,i,−q

(t)
− +

N∑
n′=1

M∑
i′=2

β
(t)
n,i,n′,i′q

(t)
n′,i′ .

for i, i′ ∈ [M ]\{1} and n, n′ ∈ [N ].

Lemma 8 (Update Rule for V). The coefficients γ(t)
V,+, γ

(t)
V,−, ρ

(t)
V,n,i defined in Definition 1 satisfy the

following iterative equations:

γ
(t+1)
V,+ = γ

(t)
V,+ −

η⟨µ̃+, µ̃
(t)
+ ⟩

NM

∑
n∈S+

ℓ̃′(t)n

(
exp(⟨q̃(t)

+ , k̃
(t)
+ ⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)


+
∑
n∈S+

ℓ̃′(t)n

M∑
i=2

−η⟨µ̃+, ξ̃
(t)
n,i⟩

NM

(
exp(⟨q̃(t)

+ , k̃
(t)
n,i⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q̃(t)
n,j , k̃

(t)
n,i⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)

)

γ
(t+1)
V,− = γ

(t)
V,− −

η⟨µ̃−, µ̃
(t)
− ⟩

NM

∑
n∈S−

ℓ̃′(t)n

(
exp(⟨q̃(t)

− , k̃
(t)
− ⟩)

exp(⟨q̃(t)
− , k̃

(t)
− ⟩) +

∑M
k=2 exp(⟨q̃

(t)
− , k̃

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q̃(t)
n,j , k̃

(t)
− ⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
− ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)


+
∑
n∈S+

ℓ̃′(t)n

M∑
i=2

−η⟨µ̃−, ξ̃
(t)
n,i⟩

NM

(
exp(⟨q̃(t)

− , k̃
(t)
n,i⟩)

exp(⟨q̃(t)
− , k̃

(t)
− ⟩) +

∑M
k=2 exp(⟨q̃

(t)
− , k̃

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q̃(t)
n,j , k̃

(t)
n,i⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
− ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)

)
,

ρ
(t+1)
V,n,i = ρ

(t)
V,n,i −

η

NM

∑
n′∈S+

ℓ̃
′(t)
n′

((
⟨ξ̃n,i, µ̃(t)

+ ⟩
exp(⟨q̃(t)

+ , k̃
(t)
+ ⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,k⟩)

+

M∑
j=2

⟨ξ̃n,i, µ̃(t)
+ ⟩

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)


+

M∑
i=2

(
⟨ξ̃n,i, ξ̃(t)n′,i′⟩

exp(⟨q̃(t)
n′,i′ , k̃

(t)
n′,i′⟩)

exp(⟨q̃(t)
n′,i′ , k̃

(t)
n′,i′⟩) +

∑M
k=2 exp(⟨q̃

(t)
n′,i′ , k̃

(t)
n′,k⟩)

+

M∑
j=2

⟨ξ̃n,i, ξ̃(t)n′,i′⟩
exp(⟨q̃(t)

n′,j , k̃
(t)
n′,i′⟩)

exp(⟨q̃(t)
n′,j , k̃

(t)
n′,i′⟩) +

∑M
k=2 exp(⟨q̃

(t)
n′,j , k̃

(t)
n′,k⟩)


− η

NM

∑
n′∈S−

(·)

for i ∈ [M ]\{1}, n ∈ [N ].

Proof. The gradient of WV can be obtained using the chain rule as follows

∇WV
LS(θ) =

1

N

N∑
n=1

ynℓ
′(ynf(Xn, θ))∇WV

f(Xn, θ)
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=
1

NM

N∑
n=1

ynℓ
′
n(θ)

[
wO

M∑
l=1

φ(xn,lWQW
⊤
K(Xn)

⊤)Xn

]⊤

Base on above, we have

x⊤∇wV
L̃S(θ)wO =

1

NM

∑
n∈S+

ℓ̃′n(θ)
(
⟨x, µ̃+⟩

exp(µ̃⊤
+WQW

⊤
Kµ̃+)

exp(µ̃⊤
+WQW⊤

Kµ̃+) +
∑M

k=2 exp(µ̃
⊤
+WQW⊤

K ξ̃n,k)

+

M∑
j=2

⟨x, µ̃+⟩
exp(ξ̃⊤n,jWQW

⊤
Kµ̃+)

exp(ξ̃⊤n,jWQW⊤
Kµ̃+) +

∑M
k=2 exp(ξ̃

⊤
n,jWQW⊤

K ξ̃n,k)

)
+

M∑
i=2

(
⟨x, ξ̃n,i⟩

exp(µ̃⊤
+WQW

⊤
K ξ̃n,i)

exp(µ̃⊤
+WQW⊤

Kµ̃+) +
∑M

k=2 exp(µ̃
⊤
+WQW⊤

K ξ̃n,k)

+

M∑
j=2

⟨x, ξ̃n,i⟩
exp(ξ̃⊤n,jWQW

⊤
K ξ̃n,i)

exp(ξ̃⊤n,jWQW⊤
Kµ̃+) +

∑M
k=2 exp(ξ̃

⊤
n,jWQW⊤

K ξ̃n,k)

))
∥wO∥22

+
1

NM

∑
n∈S−

(·)

where the second equality we expand Xn into vectors and make inner products with x, the third
equality we materializing all the xn,i (e.g., xn,1 = µ+ for n ∈ S+). Note the orthogonality between
µ and ξn,i, we can remove many of the terms in this equation. For any x = µ̃′

+ ∈ B(µ+, τ), we
have

µ̃
′⊤
+ ∇wV

L̃S(θ)wO =
1

NM

∑
n∈S+

ℓ̃′n(θ)

((
⟨µ̃′

+, µ̃+⟩
exp(µ̃⊤

+WQW
⊤
Kµ̃+)

exp(µ̃⊤
+WQW⊤

Kµ̃+) +
∑M

k=2 exp(µ̃
⊤
+WQW⊤

K ξ̃n,k)

+

M∑
j=2

⟨µ̃′
+, µ̃+⟩

exp(ξ̃⊤n,jWQW
⊤
Kµ̃+)

exp(ξ̃⊤n,jWQW⊤
Kµ̃+) +

∑M
k=2 exp(ξ̃

⊤
n,jWQW⊤

K ξ̃n,k)

)
+

M∑
i=2

(
⟨µ̃′

+, ξ̃n,i⟩
exp(µ̃⊤

+WQW
⊤
K ξ̃n,i)

exp(µ̃⊤
+WQW⊤

Kµ̃+) +
∑M

k=2 exp(µ̃
⊤
+WQW⊤

K ξ̃n,k)

+

M∑
j=2

⟨µ̃′
+, ξ̃n,i⟩

exp(ξ̃⊤n,jWQW
⊤
K ξ̃n,i)

exp(ξ̃⊤n,jWQW⊤
Kµ̃+) +

∑M
k=2 exp(ξ̃

⊤
n,jWQW⊤

K ξ̃n,k)

))
∥wO∥22

Then we have

µ̃⊤
+W

(t+1)
V wO − µ̃⊤

+W
(t)
V wO = µ̃⊤

+(−η∇WV
L̃S(θ(t)))wO

= −
η⟨µ̃+, µ̃

(t)
+ ⟩

NM

∑
n∈S+

ℓ̃′(t)n

(
exp(⟨q̃(t)

+ , k̃
(t)
+ ⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)

 ∥wO∥22

+
∑
n∈S+

ℓ̃′(t)n

M∑
i=2

−η⟨µ̃+, ξ̃
(t)
n,i⟩

NM

(
exp(⟨q̃(t)

+ , k̃
(t)
n,i⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q̃(t)
n,j , k̃

(t)
n,i⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)

)
∥wO∥22
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Dividing by ∥wO∥22 we get

γ
(t+1)
V,+ = γ

(t)
V,+ −

η⟨µ̃+, µ̃
(t)
+ ⟩

NM

∑
n∈S+

ℓ̃′(t)n

(
exp(⟨q̃(t)

+ , k̃
(t)
+ ⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)


+
∑
n∈S+

ℓ̃′(t)n

M∑
i=2

−η⟨µ̃+, ξ̃
(t)
n,i⟩

NM

(
exp(⟨q̃(t)

+ , k̃
(t)
n,i⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q̃(t)
n,j , k̃

(t)
n,i⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)

)

This proves the update rule for γ(t)
V,+. The proof for γ(t)

V,− and ρ
(t)
V,n,i is similar to it.

Lemma 9 (Update Rule for QK, Lemma B.3 in Jiang et al. (2024)). The dynamics of x⊤WQWKx
can be characterized as follows:

⟨q(t+1)
+ ,k

(t+1)
+ ⟩ − ⟨q(t)

+ ,k
(t)
+ ⟩

= α
(t)
+ ∥k

(t)
+ ∥22 +

∑
n∈S+

M∑
i=2

α
(t)
n,+,i⟨k

(t)
+ ,k

(t)
n,i⟩

+ β
(t)
+ ∥q

(t)
+ ∥22 +

∑
n∈S+

M∑
i=2

β
(t)
n,+,i⟨q

(t)
+ , q

(t)
n,i⟩

+

α
(t)
+ k

(t)
+ +

∑
n∈S+

M∑
i=2

α
(t)
n,+,ik

(t)
n,i


·

β
(t)
+ q

(t)⊤
+ +

∑
n∈S+

M∑
i=2

β
(t)
n,+,iq

(t)⊤
n,i

 ,

(2)

⟨q(t+1)
− ,k

(t+1)
− ⟩ − ⟨q(t)

− ,k
(t)
− ⟩

= α
(t)
−,−∥k

(t)
− ∥22 +

∑
n∈S−

M∑
i=2

α
(t)
n,−,i⟨k

(t)
− ,k

(t)
n,i⟩

+ β
(t)
−,−∥q

(t)
− ∥22 +

∑
n∈S−

M∑
i=2

β
(t)
n,−,i⟨q

(t)
− , q

(t)
n,i⟩

+

α
(t)
−,−k

(t)
− +

∑
n∈S−

M∑
i=2

α
(t)
n,−,ik

(t)
n,i


·

β
(t)
−,−q

(t)⊤
− +

∑
n∈S−

M∑
i=2

β
(t)
n,−,iq

(t)⊤
n,i

 ,

(3)
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⟨q(t+1)
n,i ,k

(t+1)
+ ⟩ − ⟨q(t)

n,i,k
(t)
+ ⟩

= α
(t)
n,i,+∥k

(t)
+ ∥22 + α

(t)
n,i,−⟨k

(t)
+ ,k

(t)
− ⟩+

N∑
n′=1

M∑
l=2

α
(t)
n,i,n′,l⟨k

(t)
+ ,k

(t)
n′,l⟩

+ β
(t)
+,+⟨q

(t)
+ , q

(t)
n,i⟩+

∑
n′∈S+

M∑
l=2

β
(t)
n′,+,l⟨q

(t)
n,i, q

(t)
n′,l⟩

+

(
α
(t)
n,i,+k

(t)
+ + α

(t)
n,i,−k

(t)
− +

N∑
n′=1

M∑
l=2

α
(t)
n,i,n′,lk

(t)
n′,l

)

·

β
(t)
+,+q

(t)⊤
+ +

∑
n′∈S+

M∑
l=2

β
(t)
n′,+,lq

(t)⊤
n′,l

 ,

(4)

⟨q(t+1)
n,i ,k

(t+1)
− ⟩ − ⟨q(t)

n,i,k
(t)
− ⟩

= α
(t)
n,i,−∥k

(t)
− ∥22 + α

(t)
n,i,+⟨k

(t)
+ ,k

(t)
− ⟩+

N∑
n′=1

M∑
l=2

α
(t)
n,i,n′,l⟨k

(t)
− ,k

(t)
n′,l⟩

+ β
(t)
−,−⟨q

(t)
− , q

(t)
n,i⟩+

∑
n′∈S−

M∑
l=2

β
(t)
n′,−,l⟨q

(t)
n,i, q

(t)
n′,l⟩

+

(
α
(t)
n,i,+k

(t)
+ + α

(t)
n,i,−k

(t)
− +

N∑
n′=1

M∑
l=2

α
(t)
n,i,n′,lk

(t)
n′,l

)

·

β
(t)
−,−q

(t)⊤
− +

∑
n′∈S−

M∑
l=2

β
(t)
n′,−,lq

(t)⊤
n′,l

 ,

(5)

⟨q(t+1)
+ ,k

(t+1)
n,j ⟩ − ⟨q

(t)
+ ,k

(t)
n,j⟩

= α
(t)
+,+⟨k

(t)
+ ,k

(t)
n,j⟩+

∑
n′∈S+

M∑
l=2

α
(t)
n′,+,l⟨k

(t)
n,j ,k

(t)
n′,l⟩

+ β
(t)
n,j,+∥q

(t)
+ ∥22 + β

(t)
n,j,−⟨q

(t)
+ , q

(t)
− ⟩+

N∑
n′=1

M∑
l=2

β
(t)
n,j,n′,l⟨q

(t)
+ , q

(t)
n′,l⟩

+

α
(t)
+,+k

(t)
+ +

∑
n′∈S+

M∑
l=2

α
(t)
n′,+,lk

(t)
n′,l


·

(
β
(t)
n,j,+q

(t)⊤
+ + β

(t)
n,j,−q

(t)⊤
− +

N∑
n′=1

M∑
l=2

β
(t)
n,j,n′,lq

(t)⊤
n′,l

)
,

(6)
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⟨q(t+1)
− ,k

(t+1)
n,j ⟩ − ⟨q

(t)
− ,k

(t)
n,j⟩

= α
(t)
−,−⟨k

(t)
− ,k

(t)
n,j⟩+

∑
n′∈S−

M∑
l=2

α
(t)
n′,−,l⟨k

(t)
n,j ,k

(t)
n′,l⟩

+ β
(t)
n,j,−∥q

(t)
− ∥22 + β

(t)
n,j,+⟨q

(t)
+ , q

(t)
− ⟩+

N∑
n′=1

M∑
l=2

β
(t)
n,j,n′,l⟨q

(t)
− , q

(t)
n′,l⟩

+

α
(t)
−,−k

(t)
− +

∑
n′∈S−

M∑
l=2

α
(t)
n′,−,lk

(t)
n′,l


·

(
β
(t)
n,j,+q

(t)⊤
+ + β

(t)
n,j,−q

(t)⊤
− +

N∑
n′=1

M∑
l=2

β
(t)
n,j,n′,lq

(t)⊤
n′,l

)
,

(7)

⟨q(t+1)
n,i ,k

(t+1)
n,j ⟩ − ⟨q

(t)
n,i,k

(t)
n,j⟩

= α
(t)
n,i,+⟨k

(t)
+ ,k

(t)
n,j⟩+ α

(t)
n,i,−⟨k

(t)
− ,k

(t)
n,j⟩+

N∑
n′=1

M∑
l=2

α
(t)
n,i,n′,l⟨k

(t)
n′,l,k

(t)
n,j⟩

+ β
(t)
n,j,+⟨q

(t)
+ , q

(t)
n,i⟩+ β

(t)
n,j,−⟨q

(t)
− , q

(t)
n,i⟩+

N∑
n′=1

M∑
l=2

β
(t)
n,j,n′,l⟨q

(t)
n′,l, q

(t)
n,i⟩

+

(
α
(t)
n,i,+k

(t)
+ + α

(t)
n,i,−k

(t)
− +

N∑
n′=1

M∑
l=2

α
(t)
n,i,n′,lk

(t)
n′,l

)

·

(
β
(t)
n,j,+q

(t)⊤
+ + β

(t)
n,j,−q

(t)⊤
− +

N∑
n′=1

M∑
l=2

β
(t)
n,j,n′,lq

(t)⊤
n′,l

)
,

(8)

for i, j ∈ [M ]\{1}, n ∈ [N ].

E CONCENTRATION INEQUALITIES

In this section, we will give some concentration inequalities that show some important properties of
the data and the ViT parameters at random initialization.
Lemma 10 (Lemma B.1 in Cao et al. (2022)). Suppose that δ > 0 and n ≥ 8 log(4/δ). Then with
probability at least 1− δ,

N

4
≤ |{n ∈ [N ] : yn = 1}|, |{n ∈ [N ] : yn = −1}| ≤ 3N

4
.

Lemma 11 (Initialization of V, Lemma C.2 in Jiang et al. (2024)). Suppose that δ > 0. Then with
probability at least 1− δ,

|V (0)
± | ≤ d

− 1
4

h , |V (0)
n,i | ≤ d

− 1
4

h

for i ∈ [M ]\{1}, n ∈ [N ].
Lemma 12 (Initialization of QK, Lemma C.3 in Jiang et al. (2024)). Suppose that δ > 0. Then
with probability at least 1− δ,

∥µ∥22σ2
pdh

2
≤ ∥q(0)

± ∥22 ≤
3∥µ∥22σ2

pdh

2
,

σ2
pσ

2
hddh

2
≤ ∥q(0)

n,i∥
2
2 ≤

3σ2
pσ

2
hddh

2
,

∥µ∥22σ2
pdh

2
≤ ∥k(0)

± ∥22 ≤
3∥µ∥22σ2

pdh

2
,
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σ2
pσ

2
hddh

2
≤ ∥k(0)

n,i∥
2
2 ≤

3σ2
pσ

2
hddh

2
,

|⟨q(0)
+ , q

(0)
− ⟩| ≤ 2∥µ∥22σ2

h ·
√
dh log(6N2M2/δ),

|⟨q(0)
± , q

(0)
n,i⟩| ≤ 2∥µ∥2σpσ

2
hd

3
2 ·
√

dh log(6N2M2/δ),

|⟨k(0)
± ,k

(0)
± ⟩| ≤ 2∥µ∥22σ2

h ·
√
dh log(6N2M2/δ),

|⟨q(0)
± ,k

(0)
± ⟩| ≤ 2∥µ∥22σ2

h ·
√
dh log(6N2M2/δ),

|⟨q(0)
± ,k

(0)
∓ ⟩| ≤ 2∥µ∥22σ2

h ·
√
dh log(6N2M2/δ),

|⟨q(0)
n,i ,k

(0)
± ⟩| ≤ 2∥µ∥2σpσ

2
hd

3
2 ·
√

dh log(6N2M2/δ),

|⟨q(0)
n,i , q

(0)
n′,j⟩| ≤ 2σ2

pσ
2
hd ·

√
dh log(6N2M2/δ),

|⟨k(0)
n,i,k

(0)
n′,j⟩| ≤ 2σ2

pσ
2
hd ·

√
dh log(6N2M2/δ),

|⟨k(0)
± ,k

(0)
n,i⟩| ≤ 2∥µ∥2σpσ

2
hd

3
2 ·
√

dh log(6N2M2/δ),

|⟨q(0)
± ,k

(0)
n,i⟩| ≤ 2∥µ∥2σpσ

2
hd

3
2 ·
√

dh log(6N2M2/δ),

|⟨q(0)
n,i ,k

(0)
n′,j⟩| ≤ 2σ2

pσ
2
hd ·

√
dh log(6N2M2/δ)

for i, j ∈ [M ] \ {1} and n, n′ ∈ [N ].
Lemma 13 (Lemma B.2 in Cao et al. (2022) and Lemma B.4 in Kou et al. (2023)). Suppose that
δ > 0 and d = Ω(log(4NM/δ)). Then with probability at least 1− δ

σ2
pd

2
≤ ∥ξn,i∥22 ≤

3σ2
pd

2
,

|⟨ξn,i, ξn′,i′⟩| ≤ 2σ2
p ·
√
d log(4N2M2/δ),

σ2
pd

2
− 2σpτ

√
2 log(4NM/δ)− τ2 ≤ ∥ξ̃n,i∥22 ≤

3σ2
pd

2
+ 2σpτ

√
2 log(4NM/δ) + τ2,

(∥µ∥2 − τ)2 ≤ ⟨µ̃±, µ̃
′
±⟩ ≤ (∥µ∥2 + τ)2,

|⟨µ̃±, ξ̃n,i⟩| ≤ ∥µ∥2τ + σpτ
√
2 log(4NM/δ) + τ2

|⟨ξ̃n,i, ξ̃n′,i′⟩| ≤ 2σ2
p ·
√
d log(4N2M2/δ) + 2σpτ

√
2 log(4NM/δ) + τ2

for i, i′ ∈ [M ]\{1}, n, n′ ∈ [N ], i ̸= i′ or n ̸= n′.

F BENIGN OVERFITTING IN CASE 1

In this section, we consider the benign overfitting regime under the condition that N ·SNR2 = Ω(1)

and τ ≤ O( ∥µ∥2

log dh
). We analyze the dynamics of V±, Vn,i, the inner product q±, qn,i, and k±, kn,i

during adversarial training, and further give the upper bound for clean test error and robust test error.
The proofs in this section are based on the results in Section E, which hold with high probability.

F.1 STAGE I

In Stage I, V (t)
± , V (t)

n,i begin to pull apart until |V (t)
± | is sufficiently larger than |V (t)

n,i |. At the same
time, the inner products of q and k maintain their magnitude.

Lemma 14 (Gradient of Loss). As long as max{|V (t)
+ |, |V

(t)
− |, |V

(t)
n,i |} = o(1), we have

−ℓ′(ynf(X̃n, θ(t))) remains 1/2± o(1).

Proof. Note that ℓ(z) = log(1 + exp(−z)) and −ℓ′ = exp(−z)/(1 + exp(−z)), without loss of
generality, we assume yn = 1, we have

−ℓ′(f(X̃n, θ(t))) =
1

1 + exp
(

1
M

∑M
l=1 φ(x̃

⊤
n,lW

(t)
Q W

(t)⊤
K X̃n)X̃⊤

nW
(t)
V wO

) .
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Note that

−max{|V (t)
+ |, |V

(t)
− |, |V

(t)
n,i |} ≤

1

M

M∑
l=1

φ(x̃⊤
n,lW

(t)⊤
Q X̃⊤

n )X̃nW
(t)
V wO ≤ max{|V (t)

+ |, |V
(t)
− |, |V

(t)
n,i |}.

Then we have

−ℓ′(f(X̃n, θ(t))) ≥
1

1 + exp(0 + o(1))
≥ 1

2 + o(1)
≥ 1

2
− o(1),

−ℓ′(f(X̃n, θ(t))) ≤
exp(0 + o(1))

1 + exp(0 + o(1))
≤ 1 + o(1)

1 + 1 + o(1)
≤ 1

2
+ o(1).

Lemma 15 (Bound of Attention). As long as |⟨q(t)
± ,k

(t)
± ⟩|, |⟨q

(t)
n,i,k

(t)
± ⟩|, |⟨q

(t)
± ,k

(t)
n,j⟩|, |⟨q

(t)
n,i,k

(t)
n,j⟩| =

o(1), we have

1

M
− o(1) ≤ softmax(⟨q(t)

± ,k
(t)
± ⟩) ≤

1

M
+ o(1),

1

M
− o(1) ≤ softmax(⟨q(t)

n,i,k
(t)
± ⟩) ≤

1

M
+ o(1),

1

M
− o(1) ≤ softmax(⟨q(t)

± ,k
(t)
n,j⟩) ≤

1

M
+ o(1),

1

M
− o(1) ≤ softmax(⟨q(t)

n,i,k
(t)
n,j⟩) ≤

1

M
+ o(1).

Proof. It is clear that exp(o(1)) = 1 + o(1). Therefore, as long as |⟨q(t)
± ,k

(t)
± ⟩| = o(1), we have

1

M
− o(1) =

1

1 + (M − 1) + (M − 1)o(1)
=

1

1 + (M − 1) exp(o(1))
=

=
exp(−o(1))

exp(−o(1)) + (M − 1) exp(o(1))
≤ softmax(⟨q(t)

± ,k
(t)
± ⟩) ≤

exp(o(1))

exp(o(1)) + (M − 1) exp(−o(1))

=
exp(o(1))

exp(o(1)) + (M − 1)
=

1 + o(1)

1 + o(1) + (M − 1)
=

1

M
+ o(1)

Similarly, we have

1

M
− o(1) ≤ softmax(⟨q(t)

n,i,k
(t)
± ⟩) ≤

1

M
+ o(1),

1

M
− o(1) ≤ softmax(⟨q(t)

± ,k
(t)
n,j⟩) ≤

1

M
+ o(1),

1

M
− o(1) ≤ softmax(⟨q(t)

n,i,k
(t)
n,j⟩) ≤

1

M
+ o(1).

Lemma 16 (Upper bound of V). Let T0 = O
(

1

ηd
1
4
h (∥µ∥2+τ)2∥wO∥2

2

)
. Then under the same condi-

tions as Theorem 2 we have
|V (t)

+ |, |V
(t)
− |, |V

(t)
n,i | = O(d

− 1
4

h )

for t ∈ [0, T0].

Proof. By Lemma 8, we have

|γ(t+1)
V,+ − γ

(t)
V,+| ≤ −

η⟨µ̃+, µ̃
(t)
+ ⟩

NM

∑
n∈S+

ℓ̃′(t)n

(
exp(⟨q̃(t)

+ , k̃
(t)
+ ⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)

 ∥wO∥22
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+
−η⟨µ̃+, ξ̃

(t)
n,i⟩

NM

∑
n∈S+

M∑
i=2

(
exp(⟨q̃(t)

+ , k̃
(t)
n,i⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q̃(t)
n,j , k̃

(t)
n,i⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)

)

≤ η(∥µ∥2 + τ)2

NM
· 3N

4
(1 + (M − 1)) +

η(∥µ∥2τ + σpτ
√
2 log(4NM/δ) + τ2)

NM
· 3N

4
M(M − 1)

≤ O(η(∥µ∥2 + τ)2),

where the second inequality is by Lemma 10 and Lemma 13 and −ℓ̃′(t)n ≤ 1.

Similarly, we have
|γ(t+1)

V,− − γ
(t)
V,−| ≤ O(η(∥µ∥2 + τ)2).

By Definition 4, we have

|V (t)
+ | = |V

(0)
+ +

t−1∑
s=0

(γ
(s+1)
V,+ − γ

(s)
V,+)∥wO∥22|

≤ |V (0)
+ |+

t−1∑
s=0

|γ(s+1)
V,+ − γ

(s)
V,+| · ∥wO∥22

≤ d
− 1

4

h +O(η(∥µ∥2 + τ)2) · ∥wO∥22 ·O

(
1

ηd
1
4

h (∥µ∥2 + τ)2∥wO∥22

)
= O(d

− 1
4

h ),

where the first inequality is by triangle inequality, the second inequality is by Lemma 11. Similarly,
we have |V (t)

− | = O(d
− 1

4

h ). By Lemma 8, we have

|ρ(t+1)
V,n,i − ρ

(t)
V,n,i| ≤

∣∣∣∣∣− η

NM

∑
n′∈S+

ℓ̃
′(t)
n′

((
⟨ξ̃n,i, µ̃(t)

+ ⟩
exp(⟨q̃(t)

+ , k̃
(t)
+ ⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,k⟩)

+

M∑
j=2

⟨ξ̃n,i, µ̃(t)
+ ⟩

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)


+

M∑
i=2

(
⟨ξ̃n,i, ξ̃(t)n′,i′⟩

exp(⟨q̃(t)
n′,i′ , k̃

(t)
n′,i′⟩)

exp(⟨q̃(t)
n′,i′ , k̃

(t)
n′,i′⟩) +

∑M
k=2 exp(⟨q̃

(t)
n′,i′ , k̃

(t)
n′,k⟩)

+

M∑
j=2

⟨ξ̃n,i, ξ̃(t)n′,i′⟩
exp(⟨q̃(t)

n′,j , k̃
(t)
n′,i′⟩)

exp(⟨q̃(t)
n′,j , k̃

(t)
n′,i′⟩) +

∑M
k=2 exp(⟨q̃

(t)
n′,j , k̃

(t)
n′,k⟩)


− η

NM

∑
n′∈S−

(·)

∣∣∣∣∣
≤

3ησ2
pd

2NM
·M +

η

NM
·MN · 2σ2

p ·
√
d log(4N2M2/δ)

+
η(∥µ∥τ + (2M − 1)σpτ

√
3d/2 +Mτ2)

NM
·NM

≤
2ησ2

pd

N
+

η(∥µ∥τ + σpτ
√
2 log(4MN/δ) + τ2)

NM
·NM2

= O(η(max{(∥µ∥2 + τ)2,
σ2
pd

N
}))

= O(η(∥µ∥2 + τ)2)
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where the second inequality is by Lemma 13 and −ℓ′(t)n ≤ 1, the third inequality is by d =

Ω̃(ϵ−2N2dh) ≥ 4N
√
log(4N2M2/δ), the last inequality is by N · SNR2 = Ω(1). Then by Defini-

tion 4, we have

|V (t)
n,i | = |V

(0)
n,i +

t−1∑
s=0

(ρ
(s+1)
V,n,i − ρ

(s)
V,n,i)∥wO∥22|

≤ |V (0)
n,i |+

t−1∑
s=0

|ρ(s+1)
V,n,i − ρ

(s)
V,n,i| · ∥wO∥22

≤ d
− 1

4

h +O(η(∥µ∥2 + τ)2) · ∥wO∥22 ·O

(
1

ηd
1
4

h (∥µ∥2 + τ)2∥wO∥22

)
= O(d

− 1
4

h ),

where the first inequality is by triangle inequality, the second inequality is by Lemma C.2, which
completes the proof.

Lemma 17 (Inner Products Hold Magnitude). Let T0 = O

(
1

ηd
1
4
h (∥µ∥2+τ)2∥wO∥2

2

)
. Then under the

same conditions as Theorem 2, we have

|⟨q(t)
± ,k

(t)
± ⟩|, |⟨q

(t)
n,i,k

(t)
± ⟩|, |⟨q

(t)
± ,k

(t)
n,j⟩|, |⟨q

(t)
n,i,k

(t)
n′,j⟩|

= O
(
max{∥µ∥22, σ2

pd} · σ2
h ·
√
dh log(6N

2M2/δ)
)
,

|⟨q(t)
± , q

(t)
∓ ⟩|, |⟨q

(t)
n,i, q

(t)
∓ ⟩|, |⟨q

(t)
n,i, q

(t)
n′,j⟩|

= O
(
max{∥µ∥22, σ2

pd} · σ2
h ·
√

dh log(6N
2M2/δ)

)
,

|⟨k(t)
± ,k

(t)
∓ ⟩|, |⟨k

(t)
n,i,k

(t)
± ⟩|, |⟨k

(t)
n,i,k

(t)
n′,j⟩|

= O
(
max{∥µ∥22, σ2

pd} · σ2
h ·
√
dh log(6N

2M2/δ)
)
,

∥q(t)
± ∥22, ∥k

(t)
± ∥22 = Θ(∥µ∥22σ2

hdh),

∥q(t)
n,i∥

2
2, ∥k

(t)
n,i∥

2
2 = Θ(σ2

pσ
2
hddh)

for i, j ∈ [M ]\{1}, n, n′ ∈ [N ] and t ∈ [0, T0].

The proof for Lemma 17 is in Section I.4. Note that σ2
h ≤ min{∥µ∥−2

2 , (σ2
pd)

−1} · d−
1
2

h ·
(log(6N2M2/δ))−

3
2 , thus O

(
max{∥µ∥22, σ2

pd} · σ2
h ·
√
dh log(6N

2M2/δ)
)
= o(1).

Lemma 18 (V’s Beginning of Learning Signals). Under the same conditions as Theorem 2, there
exists

T1 =
10M(3M + 1)N

ηd
1
4

h

(
N(∥µ∥2 − τ)2 − (N + 30M2)(∥µ∥τ + 2σpτ

√
2 log(4NM/δ) + τ2)− 60M2σ2

pd
)
∥wO∥2

such that the first element of the vector X̃nW
(t)
V wO dominates its other elements, that is,

V
(t)
+ ≥ 3M · |V (t)

n,i |, for all n ∈ S+, i ∈ [M ] \ {1},

V
(t)
− ≤ −3M · |V (t)

n,i |, for all n ∈ S−, i ∈ [M ] \ {1}.

Proof. Let C be a constant larger than 10M(3M + 1). As long as

N(∥µ∥2−τ)2−(N+30M2)(∥µ∥τ+2σpτ
√

2 log(4NM/δ)+τ2)−60M2σ2
pd ≥

10M(3M + 1)

C
N(∥µ∥2+τ)2.
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Thus, we further get

T1 =
10M(3M + 1)N

ηd
1
4

h

(
N(∥µ∥2 − τ)2 − (N + 30M2)(∥µ∥τ + 2σpτ

√
2 log(4NM/δ) + τ2)− 60M2σ2

pd
)
∥wO∥2

≤ C

ηd
1
4

h (∥µ∥2 + τ)2∥wO∥2
= O

(
1

ηd
1
4

h (∥µ∥2 + τ)2∥wO∥2

)
,

which satisfies the time condition in Lemma 16 and Lemma 17. Then by Lemma 14 and Lemma 15
we have:

−ℓ′(t)n =
1

2
± o(1),

1

M
− o(1) ≤ softmax(⟨q(t)

+ ,k
(t)
+ ⟩) ≤

1

M
+ o(1),

1

M
− o(1) ≤ softmax(⟨q(t)

n,i,k
(t)
+ ⟩) ≤

1

M
+ o(1),

1

M
− o(1) ≤ softmax(⟨q(t)

n,i,k
(t)
n,j⟩) ≤

1

M
+ o(1).

For i, j ∈ [M ] \ {1}, n ∈ [N ], and t ∈ [0, T1], plugging these into the update rule for γ(t)
V+

shown in
Lemma 8, we have:

γ
(t+1)
V+

− γ
(t)
V+

= −
η⟨µ̃+, µ̃

(t)
+ ⟩

NM

∑
n∈S+

ℓ̃′(t)n

(
exp(⟨q̃(t)

+ , k̃
(t)
+ ⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)


+
∑
n∈S+

ℓ̃′(t)n

M∑
i=2

−η⟨µ̃+, ξ̃
(t)
n,i⟩

NM

(
exp(⟨q̃(t)

+ , k̃
(t)
n,i⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q̃(t)
n,j , k̃

(t)
n,i⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)

)

≥ η(∥µ∥2 − τ)22
NM

· N
4
·
(
1

2
± o(1)

)
·M

(
1

M
± o(1)

)
−

η(∥µ∥τ + 2σpτ
√
2 log(4NM/δ) + τ2)

NM
· N
4
·
(
1

2
± o(1)

)
·M(M − 1)

(
1

M
± o(1)

)

≥
η
(
(∥µ∥2 − τ)22 − (∥µ∥τ + 2σpτ

√
2 log(4NM/δ) + τ2)

)
10M

Then by Definition 4 and summing over T1 steps, we have:

V
(T1)
+ ≥ −|V (0)

+ |+ T1 ·
η
(
(∥µ∥2 − τ)22 − (∥µ∥τ + 2σpτ

√
2 log(4NM/δ) + τ2)

)
10M

· ∥wO∥22

= −d−
1
4

h + T1 ·
η
(
(∥µ∥2 − τ)22 − (∥µ∥τ + 2σpτ

√
2 log(4NM/δ) + τ2)

)
10M

· ∥wO∥22
(9)
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Similarly, we have:

V
(T1)
− ≤ d

− 1
4

h − T1 ·
η
(
(∥µ∥2 − τ)22 − (∥µ∥τ + 2σpτ

√
2 log(4NM/δ) + τ2)

)
10M

· ∥wO∥22 (10)

Similarly, by the bound

|ρ
V

(t+1)
n,i

− ρ
V

(t)
n,i
| ≤

2ησ2
pd

N
+ η(∥µ∥τ + 2σpτ

√
2 log(4NM/δ) + τ2)

given in equation (9), we have

|V (T1)
n,i | ≤ |V

(0)
n,i |+ T1 ·

(
2ησ2

pd

N
+ η(∥µ∥τ + 2σpτ

√
2 log(4NM/δ) + τ2)

)
· ∥wO∥22

= d
− 1

4

h + T1 ·

(
2ησ2

pd

N
+ η(∥µ∥τ + 2σpτ

√
2 log(4NM/δ) + τ2)

)
· ∥wO∥22

(11)

According to equations (9), (10), and (11), it is easy to verify that

V
(T1)
+ − 3M · |V (T1)

n,i | ≥ 0 and V
(T1)
− + 3M · |V (T1)

n,i | ≤ 0,

which completes the proof.

F.2 STAGE II

In stage II, ⟨q+,k+⟩, ⟨qn,i,k+⟩ grows while ⟨q+,kn,j⟩, ⟨qn,i,kn,j⟩ decreases, resulting in attention
focusing more and more on the signals and less on the noises. By the results of stage I, we have the
following conditions at the beginning of stage II

V
(T1)
+ ≥ 3M · |V (T1)

n,i |,

V
(T1)
− ≤ −3M · |V (T1)

n,i |,

|V (T1)
+ |, |V (T1)

− |, |V (T1)
n,i | = O(d

− 1
4

h ),

|⟨q(T1)
± ,k

(T1)
± ⟩|, |⟨q(T1)

n,i ,k
(T1)
± ⟩|, |⟨q(T1)

± ,k
(T1)
n,j ⟩|, |⟨q

(T1)
n,i ,k

(T1)
n′,j ⟩|

= O
(
max{∥µ∥22, σ2

pd} · σ2
h ·
√
dh log(6N2M2/δ)

)
,

|⟨q(T1)
± , q

(T1)
∓ ⟩|, |⟨q(T1)

n,i , q
(T1)
± ⟩|, |⟨q(T1)

n,i , q
(T1)
n′,j ⟩|

= O
(
max{∥µ∥22, σ2

pd} · σ2
h ·
√

dh log(6N2M2/δ)
)
,

|⟨k(T1)
± ,k

(T1)
± ⟩|, |⟨k(T1)

n,i ,k
(T1)
± ⟩|, |⟨k(T1)

n,i ,k
(T1)
n′,j ⟩|

= O
(
max{∥µ∥22, σ2

pd} · σ2
h ·
√
dh log(6N2M2/δ)

)
,

∥q(T1)
± ∥2, ∥k(T1)

± ∥2 = Θ(∥µ∥22σ2
hdh),

∥q(T1)
n,i ∥2, ∥k

(T1)
n,i ∥2 = Θ(σ2

pσ
2
hddh)

for i, j ∈ [M ]\{1}, n, n′ ∈ [N ].

Notations. To better characterize the gap between different inner products, we define the following
notations:
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• denote Λ
(t)
n,+,j = ⟨q

(t)
+ ,k

(t)
+ ⟩ − ⟨q

(t)
+ ,k

(t)
n,j⟩, n ∈ S+.

• denote Λ
(t)
n,−,j = ⟨q

(t)
− ,k

(t)
− ⟩ − ⟨q

(t)
− ,k

(t)
n,j⟩, n ∈ S−.

• denote Λ
(t)
n,i,+,j = ⟨q

(t)
n,i,k

(t)
+ ⟩ − ⟨q

(t)
n,i,k

(t)
n,j⟩, n ∈ S+.

• denote Λ
(t)
n,i,−,j = ⟨q

(t)
n,i,k

(t)
− ⟩ − ⟨q

(t)
n,i,k

(t)
n,j⟩, n ∈ S−.

Lemma 19 (Upper bound of V). Let T0 = O
(

1
η(∥µ∥2+τ)2∥wO∥2

2 log(6N2M2/δ)

)
. Then under the

same conditions as Theorem 2, we have

|V (t)
+ |, |V

(t)
− |, |V

(t)
n,i | = o(1)

for t ∈ [0, T0].

The proof of Lemma 19 is similar to that of Lemma 16, except that the time T0 is changed. Let
T2 = Ω

(
1

η(∥µ∥2+τ)2∥wO∥2
2 log(6N2M2/δ)

)
, then by Lemma 19 and Lemma 14 we have 1

2 − o(1) ≤

−ℓ̃′(t)n ≤ 1
2 + o(1) for n ∈ [N ], t ∈ [T1, T2], which can simplify the calculations of α and β defined

in Definition 6 by their bounds. Next we prove the following four propositions B(t), C(t),D(t), E(t)
by induction on t for t ∈ [T1, T2]:

• B(t):
V

(t)
+ ≥ ηC3(∥µ∥2 − τ)2∥wO∥22(t− T1)

V− ≤ ηC3(∥µ∥2 − τ)2∥wO∥22(t− T1)

V
(t)
+ ≥ 3M · |V (t)

n,i |,

V
(t)
− ≤ −3M · |V (t)

n,i |,

|V (t)
+ | ≤ O(d

− 1
4

h ) + ηC4(∥µ∥2 + τ)2∥wO∥22(t− T1)

|V (t)
− | ≤ O(d

− 1
4

h ) + ηC4(∥µ∥2 + τ)2∥wO∥22(t− T1)

for i ∈ [M ]\{1}, n ∈ [N ].
• C(t):

∥q(t)
± ∥2, ∥k

(t)
± ∥2 = Θ(∥µ∥22σ2

hdh),

∥q(t)
n,i∥2, ∥k

(t)
n,i∥2 = Θ(σ2

pσ
2
hdddh),

|⟨q(t)
+ , q

(t)
− ⟩|, |⟨q

(t)
+ , q

(t)
n,i⟩|, |⟨q

(t)
n,i, q

(t)
n′,j⟩| = o(1),

|⟨k(t)
+ ,k

(t)
− ⟩|, |⟨k

(t)
+ ,k

(t)
n,i⟩|, |⟨k

(t)
n,i,k

(t)
n′,j⟩| = o(1),

for i, j ∈ [M ]\{1}, n, n′ ∈ [N ], i ̸= j or n ̸= n′.

• D(t):
⟨q(t+1)

+ ,k
(t+1)
+ ⟩ ≥ ⟨q(t)

+ ,k
(t)
+ ⟩

⟨q(t+1)
n,i ,k

(t+1)
+ ⟩ ≥ ⟨q(t)

n,i,k
(t)
+ ⟩

⟨q(t+1)
+ ,k

(t+1)
n,j ⟩ ≤ ⟨q

(t)
+ ,k

(t)
n,j⟩

⟨q(t+1)
n,i ,k

(t+1)
n,j ⟩ ≤ ⟨q

(t)
n,i,k

(t)
n,j⟩

Λ
(t+1)
n,±,j ≥ log

(
exp(Λ

(T1)
n,±,j) +

η2C8(∥µ∥2 + τ)2∥µ∥22∥wO∥22d
1
2

h

N (log(6N2M2/δ))2
· (t− T1)(t− T1 + 1)

)

Λ
(t+1)
n,i,±,j ≥ log

(
exp

(
Λ
(T1)
n,i,±,j

)
+

η2C8

(
σ2
pd+ σpτ

√
2 log(4NM/δ) + τ2

)
∥µ∥22∥wO∥22dh

N
(
log(6N2M2/δ)

)2 · (t− T1)(t− T1 + 1)

)
.

for i, j ∈ [M ]\{1}, n ∈ [N ].
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• E(t):
|⟨q(t)

± ,k
(t)
± ⟩|, |⟨q

(t)
n,j ,k

(t)
± ⟩|, |⟨q

(t)
n,i,k

(t)
n,j⟩|, |⟨q

(t)
n,i,k

(t)
n′,j⟩| ≤ log(d

1
4

h )

|⟨q(t)
± ,k

(t)
± ⟩, |⟨q

(t)
n,i,k

(t)
n,j⟩| = o(1)

for i, j ∈ [M ]\{1}, n, n̄ ∈ [N ], n ̸= n̄.

By the results of Stage I, we know that B(T1), C(T1), E(T1) are true. To prove that B(t), C(t),D(t)
and E(t) are true in Stage II, we will prove the following claims holds for t ∈ [T1, T2]:
Claim 1. D(T1), . . . ,D(t− 1), E(T1), . . . , E(t) =⇒ B(t+ 1)

Claim 2. B(T1), . . . ,B(t), C(T1), . . . , C(t),D(T1), . . . ,D(t− 1), E(T1), . . . , E(t) =⇒ D(t)
Claim 3. B(T1), . . . ,B(t),D(T1), . . . ,D(t− 1), E(T1), . . . , E(t) =⇒ C(t+ 1)

Claim 4. B(T1), . . . ,B(t), C(T1), . . . , C(t),D(T1), . . . ,D(t− 1), E(T1), . . . , E(t) =⇒ E(t+ 1)

First, we emphasize that when the perturbation is sufficiently small, the softmax of the inner product
⟨q,k⟩ remains robust with respect to such perturbations. This is formally established in Lemma 4.
Importantly, this lemma enables us to uniformly control the behavior of the softmax function, rather
than being restricted to the specific case of q̃(t) and k̃(t) at iteration t.

Lemma 20. Suppose the perturbation satisfies τ ≤ O( ∥µ∥2

log dh
) and t ≥

Ω
(

1
η(∥µ∥2+τ)2∥wO∥2

2 log(6N2M2/δ)

)
(E(t) holds). Then there exists a universal constant C ≤ e/2

such that

max
X̃∈B(X,τ)

softmax
(
⟨q(t)

+ ,k
(t)
n,j⟩
)
/ min
X̃∈B(X,τ)

softmax
(
⟨q(t)

+ ,k
(t)
n,j⟩
)
≤ C.

Proof. For any perturbed query-key pair, the softmax weight can be written as

softmax
(
⟨q(t)

+ ,k
(t)
n,j⟩
)
=

exp
(
⟨q(t)

+ ,k
(t)
n,j⟩
)

exp
(
⟨q(t)

+ ,k
(t)
+ ⟩
)
+
∑M

j′=2 exp
(
⟨q(t)

+ ,k
(t)
n,j′⟩

)
=

1

exp
(
⟨q(t)

+ ,k
(t)
+ ⟩ − ⟨q

(t)
+ ,k

(t)
n,j⟩
)
+
∑M

j′=2 exp
(
⟨q(t)

+ ,k
(t)
n,j′⟩ − ⟨q

(t)
+ ,k

(t)
n,j⟩
) .

(12)

Next, we analyze the difference in the logits. Expanding the perturbation terms yields

⟨q(t)
+ ,k

(t)
+ ⟩ − ⟨q

(t)
+ ,k

(t)
n,j⟩

= ⟨q+,k+ − kn,j⟩+ ⟨τ+W(t)
Q ,k+ − kn,j⟩

+ ⟨q+, τ+W(t)
K − τn,jW

(t)
K ⟩+ ⟨τ+W

(t)
Q , τ+W

(t)
K − τn,jW

(t)
K ⟩

= ⟨q(t)
+ ,k

(t)
+ − k

(t)
n,j⟩ ± o(1).

(13)

The first equality follows from decomposing the perturbed terms, while the second uses the pertur-
bation bound τ ≤ O( ∥µ∥2

log dh
), together with the assumption that the logit magnitudes satisfy

|⟨q(t)
± ,k

(t)
± ⟩|, |⟨q

(t)
± ,k

(t)
n,j⟩|, |⟨q

(t)
n,i,k

(t)
± ⟩|, |⟨q

(t)
n,i,k

(t)
n,j⟩| ≤ log

(
d
1/2
h

)
.

An analogous relation holds for differences involving k̃
(t)
n,j′ as well.

Substituting equation 13 into equation 12, we obtain
1

C
softmax

(
⟨q(t)

+ ,k
(t)
n,j⟩
)
≤ softmax

(
⟨q(t)

+ ,k
(t)
n,j⟩
)
≤ C softmax

(
⟨q(t)

+ ,k
(t)
n,j⟩
)
,

for some absolute constant 1 ≤ C ≤ e/2. This establishes the claim.

Thus, in the following discussion, we show that the updates related to q(t) and k(t) during adversarial
training can be bounded, while the effect of the perturbation does not accumulate over time. Since
C is a very small function, when computing the single-step update, we approximate the perturbed
softmax at the previous time step by its clean state.
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F.2.1 PROOF OF CLAIM 1

By the results of Stage I, we have

|⟨q(T1)
± ,k

(T1)
± ⟩|, |⟨q(T1)

± ,k
(T1)
n,j ⟩|, |⟨q

(T1)
n,i ,k

(T1)
± ⟩|, |⟨q(T1)

n,i ,k
(T1)
n,j ⟩| = o(1)

Assume that D(T1), . . . ,D(t − 1) (t ∈ [T1, T2]) are true, then ⟨q(s)
± ,k

(s)
± ⟩, ⟨q

(s)
n,i,k

(s)
± ⟩ are

monotonically non-decreasing and ⟨q(s)± ,k
(s)
n,j⟩, ⟨q

(s)
n,i,k

(s)
n,j⟩ are monotonically non-increasing for

s ∈ [T1, t− 1], so we have
⟨q(s)

± ,k
(s)
± ⟩, ⟨q

(s)
n,i,k

(s)
± ⟩ ≥ −o(1),

⟨q(s)
± ,k

(s)
n,j⟩, ⟨q

(s)
n,i,k

(s)
n,j⟩ ≤ o(1),

for s ∈ [T1, t]. Further we have the lower bounds for the attention on signal µ+ as follows for s ∈
[T1, t]:

softmax(⟨q(s)
± ,k

(s)
± ⟩) ≥

exp(−o(1))
exp(−o(1)) + (M − 1) exp(o(1))

=
1

1 + (M − 1) exp(o(1))

=
1

1 + (M − 1) + (M − 1)o(1)

=
1

M
− o(1),

(14)

where the second equality is by exp(o(1)) = 1 + o(1). Similarly, we have

softmax(⟨q(s)
n,i,k

(s)
± ⟩) ≥

1

M
− o(1). (15)

Plugging them in the update rule for γ(s)
V+

shown in Lemma 8 and we have

γ
(s+1)
V+

− γ
(s)
V+

= −
η⟨µ̃+, µ̃

(t)
+ ⟩

NM

∑
n∈S+

ℓ̃′(t)n

(
exp(⟨q(t)

+ ,k
(t)
+ ⟩)

exp(⟨q(t)
+ ,k

(t)
+ ⟩) +

∑M
k=2 exp(⟨q

(t)
+ ,k

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q(t)
n,j ,k

(t)
+ ⟩)

exp(⟨q(t)
n,j ,k

(t)
+ ⟩) +

∑M
k=2 exp(⟨q

(t)
n,j ,k

(t)
n,k⟩)


+
∑
n∈S+

ℓ̃′(t)n

M∑
i=2

−η⟨µ̃+, ξ̃
(t)
n,i⟩

NM

(
exp(⟨q(t)

+ ,k
(t)
n,i⟩)

exp(⟨q(t)
+ ,k

(t)
+ ⟩) +

∑M
k=2 exp(⟨q

(t)
+ ,k

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q(t)
n,j ,k

(t)
n,i⟩)

exp(⟨q(t)
n,j ,k

(t)
+ ⟩) +

∑M
k=2 exp(⟨q

(t)
n,j ,k

(t)
n,k⟩)

)

≥ η(∥µ∥2 − τ)22
NMC

· N
4
·
(
1

2
± o(1)

)
·M

(
1

M
± o(1)

)
−

η(∥µ∥τ + σpτ
√
2 log(4NM/δ) + τ2)

NMC
· N
4
·
(
1

2
± o(1)

)
·M(M − 1)

(
1

M
± o(1)

)

≥
η
(
(∥µ∥2 − τ)2 − (∥µ∥τ + σpτ

√
2 log(4NM/δ) + τ2)

)
10MC

= O

(
η(∥µ∥2 − τ)2

10MC

)
,

for s ∈ [T1, t]. The first inequality is by Lemma 4. Then by Definition 4 and taking a summation,
we have

V
(t+1)
+ ≥ V

(T1)
+ + (t− T1 + 1)

η(∥µ∥2 − τ)2∥wO∥22
10MC

≥ ηC3(∥µ∥2 − τ)2∥wO∥22(t− T1 + 1),

(16)
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where the last inequality is by V
(T1)
+ ≥ 0 and M = Θ(1). Similarly, we have

V
(t+1)
− ≤ −ηC3(∥µ∥2 − τ)2∥wO∥22(t− T1 + 1). (17)

By |ρ
V

(t+1)
n,i

−ρ
V

(t)
n,i
| ≤ η(∥µ∥τ+σpτ

√
2 log(4NM/δ)+τ2+

2σ2
pd

N ) in (9) and taking a summation,
we have

|V (t+1)
n,i | ≤ |V (t)

n,i |+ (t− T1 + 1)η(∥µ∥τ + σpτ
√

2 log(4NM/δ) + τ2 +
2σ2

pd

N
)∥wO∥22. (18)

Combining (16) and (18) we have

V
(t+1)
+ − 3M · |V (t+1)

n,i |

≥ V
(T1)
+ + (t− T1 + 1)

η(∥µ∥2 − τ)2

10M
∥wO∥22

− 3M · (|V (T1)
n,i |+ (t− T1 + 1)η(max{∥µ∥τ + τ2,

2C2
pσ

2
pd

N
})∥wO∥22)

≥ V
(T1)
+ − 3M · |V (T1)

n,i |+ (t− T1 + 1)
η(∥µ∥2 − τ)2

10M
∥wO∥22

− 3M · (|V (T1)
n,i |+ (t− T1 + 1)η(max{∥µ∥τ + τ2,

2C2
pσ

2
pd

N
})∥wO∥22)

≥ 0,

(19)

where the last inequality is by V
(T1)
+ ≥ 3M · |V (T1)

n,i | and requires N ·SNR2 ≥ 60M2C2
p . The proof

for V (t+1)
− ≤ −3M · |V (t+1)

n,i | is the same.

Next, we prove the upper bound for V+ and Vn,i. Based on the upper bound of attention(< 1) and
−ℓ̃′n ≤ 1 we have

γ
(s+1)
V+

≤ γ
(s)
V+
− η

NM

∑
n∈S+

ℓ̃′(s)n ((∥µ∥2 + τ)2 +

M∑
j=2

(∥µ∥2 + τ)2)

− η

NM

∑
n∈S+

ℓ̃′(s)n (∥µ∥τ + σpτ
√

2 log(4NM/δ) + τ2) ·M

≤ γ
(s)
V+

+
3η(∥µ∥2 + τ)2

4

≤ γ
(s)
V+

+ ηC4(∥µ∥2 + τ)2

(20)

Then we can get that

|V (t+1)
+ | ≤ V

(T1)
+ + (γ

(t+1)
V+

− γ
(T1)
V+

)∥wO∥2

≤ V
(T1)
+ +

t∑
s=T1

ηC4(∥µ∥2 + τ)2∥wO∥22

≤ O(d
− 1

4

h ) + ηC4(∥µ∥2 + τ)2∥wO∥22(t− T1 + 1)

(21)

where the first inequality is by the monotonicity of γV+
and the definition of V+, the last inequality

is by the result of stage 1 where V
(T1)
+ = O(d−1). Similarly, we have

|V (t+1)
− | ≤ O(d

− 1
4

h ) + ηC4(∥µ∥2 + τ)2∥wO∥22(t− T1 + 1) (22)

which completes the proof for the upper bound of V+.
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Expanding (18) yields

|V (t+1)
n,i | ≤ |V (T1)

n,i |+ η(max{∥µ∥τ + τ2,
2C2

pσ
2
pd

N
}) · ∥wO∥22(t− T1 + 1)

≤ O(d
− 1

4

h ) + ηC4(∥µ∥2 + τ)22∥wO∥2(t− T1 + 1)

(23)

where the last inequality is by the result of phase 1 where |V (T1)
n,i | = O(d

− 1
4

h ) and the condition that
N · SNR2 ≥ Ω(1).

F.2.2 PROOF OF CLAIM 2

By the results of I.6, we have the dynamic of ⟨q,k⟩ as follows

⟨q(s+1)
+ ,k

(s+1)
+ ⟩ − ⟨q(s)

+ ,k
(s)
+ ⟩

≥ η2C6(∥µ∥2 − τ)4∥µ∥22∥wO∥22σ2
hdh(s− T1)

N
· 1

exp(Λ
(s)
n,+,j)

,
(24)

⟨q(s+1)
− ,k

(s+1)
− ⟩ − ⟨q(s)

− ,k
(s)
− ⟩

≥ η2C6(∥µ∥2 − τ)4∥µ∥22∥wO∥22σ2
hdh(s− T1)

N
· 1

exp(Λ
(s)
n,−,j)

,
(25)

⟨q(s+1)
+ ,k

(s+1)
n,j ⟩ − ⟨q(s)

+ ,k
(s)
n,j⟩

≤ −
η2C6(σ

2
pd+ σpτ

√
2 log(4NM/δ) + τ2)(∥µ∥2 − τ)2∥µ∥22∥wO∥22σ2

hdh(s− T1)

N
· 1

exp(Λ
(s)
n,+,j)

,

(26)

⟨q(s+1)
− ,k

(s+1)
n,j ⟩ − ⟨q(s)

− ,k
(s)
n,j⟩

≤ −
η2C6(σ

2
pd+ σpτ

√
2 log(4NM/δ) + τ2)(∥µ∥2 − τ)2∥µ∥22∥wO∥22σ2

hdh(s− T1)

N
· 1

exp(Λ
(s)
n,−,j)

(27)

⟨q(s+1)
n,i ,k

(s+1)
+ ⟩ − ⟨q(s)

n,i,k
(s)
+ ⟩

≥
η2C6(σ

2
pd+ σpτ

√
2 log(4NM/δ) + τ2)(∥µ∥2 − τ)2∥µ∥22∥wO∥22σ2

hdh(s− T1)

N
· 1

exp(Λn,i,+,j)
(28)

⟨q(s+1)
n,i ,k

(s+1)
− ⟩ − ⟨q(s)

n,i,k
(s)
− ⟩

≥
η2C6(σ

2
pd+ σpτ

√
2 log(4NM/δ) + τ2)(∥µ∥2 − τ)2∥µ∥22∥wO∥22σ2

hdh(s− T1)

N
· 1

exp(Λn,i,−,j)
(29)

⟨q(s+1)
n,i ,k

(s+1)
n,j ⟩ − ⟨q(s)

n,i,k
(s)
n,j⟩

≤ −
η2C6(σ

2
pd+ σpτ

√
2 log(4NM/δ) + τ2)2∥µ∥22∥wO∥22σ2

hdh(s− T1)

N
· 1

exp(Λn,i,±,j)
(30)

for s ∈ [T1, t]. The seven equations above show that ⟨q(s)
± ,k

(s)
± ⟩, ⟨q

(s)
n,i,k

(s)
± ⟩ are monotonically

increasing and ⟨q(s)
± ,k

(s)
n,j⟩, ⟨q

(s)
n,i,k

(s)
n,j⟩ are monotonically decreasing. Next, we provide the loga-

rithmic increasing lower bounds of Λ(s+1)
n,±,j and Λ

(s+1)
n,±,j .
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We have

Λ
(s+1)
n,+,j − Λ

(s)
n,+,j = (⟨q(s+1)

+ ,k
(s+1)
+ ⟩ − ⟨q(s)

+ ,k
(s)
+ ⟩)− (⟨q(s+1)

n,j ,k
(s+1)
n,j ⟩ − ⟨q(s)

n,j ,k
(s)
n,j⟩)

≥ η2C6(∥µ∥2 − τ)4∥µ∥22∥wO∥22σ2
hdh(s− T1)

N
· 1

exp(Λ
(s)
n,+,j)

+
η2C6(σ

2
pd+ σpτ

√
2 log(4NM/δ) + τ2)(∥µ∥2 − τ)2∥µ∥22∥wO∥22σ2

hdh

N
(s− T1)(s− T1 + 1) · 1

exp(Λ
(s)
n,+,j)

≥
η2C7 max{∥µ∥22, σ2

pd}(∥µ∥2 − τ)2∥µ∥22∥wO∥22σ2
hdh(s− T1)

N
· 1

exp(Λ
(s)
n,+,j)

≥
η2C7(∥µ∥2 − τ)2∥µ∥22∥wO∥22d

1
2

h (s− T1)
2

N(log(6N2M2/δ))2
· 1

exp(Λ
(s)
n,+,j)

(31)

where the last inequality is by σ2
h ≥ min{∥µ∥−2

2 , (σ2
pd)

−1}d−
1
2

h (log(6N2M2/δ))−2. Multiply both

sides simultaneously by exp(Λ
(s)
n,+,j) and get

exp(Λ
(s)
n,+,j)(Λ

(s+1)
n,+,j −Λ

(s)
n,+,j) ≥

η2C7(∥µ∥2 − τ)2∥µ∥22∥wO∥22d
1
2

h (s− T1)

N(log(6N2M2/δ))2
· 1

exp(Λ
(s)
n,+,j)

. (32)

Taking a summation from T1 to t and get

t∑
s=T1

exp(Λ
(s)
n,+,j)(Λ

(s+1)
n,+,j − Λ

(s)
n,+,j) ≥

t∑
s=T1

η2C7(∥µ∥2 − τ)2∥µ∥22∥wO∥22d
1
2

h (s− T1)

N(log(6N2M2/δ))2
(33)

≥
η2C8(∥µ∥2 − τ)2∥µ∥22∥wO∥22d

1
2

h

N(log(6N2M2/δ))2
· (t− T1)(t− T1 + 1). (34)

By the property that Λ(t)
n,+,j is monotonically increasing, we have

∫ T1

Λ
(T1)
n,+,j

exp(x)dx ≥
t∑

s=T1

exp(Λ
(s)
n,+,j)(Λ

(s+1)
n,+,j−Λ

(s)
n,+,j) ≥

η2C8(∥µ∥2 − τ)2∥µ∥22∥wO∥22d
1
2

h

N(log(6N2M2/δ))2
·(t−T1)(t−T1+1).

(35)

By
∫ Λ

(t+1)
n,+,j

Λ
(T1)
n,+,j

exp(x)dx = exp(Λ
(t+1)
n,+,j)− exp(Λ

(T1)
n,+,j) we get

Λ
(t+1)
n,+,j ≥ log

(
exp(Λ

(T1)
n,+,j) +

η2C8(∥µ∥2 − τ)2∥µ∥22∥wO∥22d
1
2

h

N(log(6N2M2/δ))2
· (t− T1)(t− T1 + 1)

)
.

Similarly, we have

Λ
(t+1)
n,−,j ≥ log

(
exp(Λ

(T1)
n,−,j) +

η2C8(∥µ∥2 − τ)2∥µ∥22∥wO∥22d
1
2

h

N(log(6N2M2/δ))2
· (t− T1)(t− T1 + 1)

)
.
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Thus, we have

Λ
(s+1)
n,i,+,j − Λ

(s)
n,i,+,j = ⟨(q

(s+1)
n,i ,k

(s+1)
+ )− (q

(s)
n,i,k

(s)
+ )⟩ − ⟨(q(s+1)

n,i ,k
(s+1)
n,j )− (q

(s)
n,i,k

(s)
n,j)⟩

≥
η2C6(σ

2
pd+ σpτ

√
2 log(4NM/δ) + τ2)(∥µ∥2 − τ)2∥µ∥22∥wO∥22σ2

hdh(s− T1)

N
· 1

exp(Λ
(s)
n,i,+,j)

+
η2C6(σ

2
pd+ σpτ

√
2 log(4NM/δ) + τ2)2∥µ∥22∥wO∥22σ2

hdh(s− T1)

N
· 1

exp(Λ
(s)
n,i,+,j)

≥
η2C7 max{∥µ∥22, σ2

pd}(σ2
pd+ σpτ

√
2 log(4NM/δ) + τ2)∥µ∥22∥wO∥22σ2

hdh(s− T1)

N
· 1

exp(Λ
(s)
n,i,+,j)

≥
η2C7(σ

2
pd+ σpτ

√
2 log(4NM/δ) + τ2)∥µ∥22∥wO∥22d

1
2

h (s− T1)

N(log(6N2M2/δ))2
· 1

exp(Λ
(s)
n,i,+,j)

.

(36)
Then using the similar method as for Λ(t)

n,i,+,j , we get

Λ
(t+1)
n,i,+,j ≥ log

exp(Λ
(T1)
n,i,+,j) +

η2C8(σ
2
pd+ σpτ

√
2 log(4NM/δ) + τ2)∥µ∥22∥wO∥22d

1
2

h

N(log(6N2M2/δ))2
· (t− T1)(t− T1 + 1)

 ,

which complete the proof. The proof for Claim 3 is in Section I.9.

F.2.3 PROOF OF CLAIM 4

By the results of I.7, we have

⟨q(s+1)
+ ,k

(s+1)
+ ⟩ − ⟨q(s)

+ ,k
(s)
+ ⟩ ≤

ηC10∥µ∥22(∥µ∥2 + τ)2σ2
hdh

exp(⟨q(s)
+ ,k

(s)
+ ⟩)

for s ∈ [T1, t]. Further we have

exp(⟨q(s+1)
+ ,k

(s+1)
+ ⟩) ≤ exp

(
⟨q(s)

+ ,k
(s)
+ ⟩+

ηC10∥µ∥22(∥µ∥2 + τ)2σ2
hdh

exp(⟨q(s)
+ ,k

(s)
+ ⟩)

= exp(⟨q(s)
+ ,k

(s)
+ ⟩) · exp

(
ηC10∥µ∥22(∥µ∥2 + τ)2σ2

hdh

exp(⟨q(s)
+ ,k

(s)
+ ⟩)

)
≤ C11 exp(⟨q(s)

+ ,k
(s)
+ ⟩).

(37)

For the last inequality, by η ≤ Õ(min{∥µ∥−2
2 , (σ2

pd)
−1} · d

− 1
2

h ), σ2
h ≤

min{∥µ∥−2
2 , (σ2

pd)
−1}d−

1
2

h (log(6N2M2/δ))−
3
2 , ⟨q(T1)

+ ,k
(T1)
+ ⟩ = o(1) and the monotonicity

of ⟨q(s)
+ ,k

(s)
+ ⟩ for s ∈ [T1, t], we have exp

(
ηC10∥µ∥2

2(∥µ∥2+τ)2σ2
hdh

exp(⟨q(s)
+ ,k

(s)
+ ⟩)

)
≤ exp(o(1)) ≤ C11.

Multiplying both sides by
(
⟨q(s+1)

+ ,k
(s+1)
+ ⟩ − ⟨q(s)

+ ,k
(s)
+ ⟩
)

simultaneously gives

exp(⟨q(s+1)
+ ,k

(s+1)
+ ⟩)

(
⟨q(s+1)

+ ,k
(s+1)
+ ⟩ − ⟨q(s)

+ ,k
(s)
+ ⟩
)

≤ C11 exp
(
⟨q(s)

+ ,k
(s)
+ ⟩
)
·
(
⟨q(s+1)

+ ,k
(s+1)
+ ⟩ − ⟨q(s)

+ ,k
(s)
+ ⟩
)

≤ ηC12∥µ∥22(∥µ∥2 + τ)2σ2
hdh,

(38)
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where the last inequality is by plugging (37). Taking a summation, we obtain∫ ⟨q(t+1)
+ ,k

(t+1)
+ ⟩

⟨q(T1)
+ ,k

(T1)
+ ⟩

exp(x) dx

≤
t∑

s=T1

exp(⟨q(s+1)
+ ,k

(s+1)
+ ⟩)

(
⟨q(s+1)

+ ,k
(s+1)
+ ⟩ − ⟨q(s)

+ ,k
(s)
+ ⟩
)

≤
t∑

s=T1

ηC12∥µ∥22(∥µ∥2 + τ)2σ2
hdh

≤ T2 · ηC12∥µ∥22(∥µ∥2 + τ)2σ2
hdh

≤
d
1/2
h

log2(6N2M2/δ)
.

(39)

where the first inequality is due to ⟨q(s)
+ ,k

(s)
+ ⟩ is monotone increasing, the last

inequality is by T2 = Θ(η−1∥µ∥−2
2 ∥wO∥−2

2 log(6N2M2/δ)−1) and σ2
h ≤

min{∥µ∥−2
2 , (σ2

pd)
−1}d−

1
2

h (log(6N2M2/δ))−
3
2 . By∫ ⟨q(t+1)

+ ,k
(t+1)
+ ⟩

⟨q(T1)
+ ,k

(T1)
+ ⟩

exp(x)dx = exp(⟨q(t+1)
+ ,k

(t+1)
+ ⟩)− exp(⟨q(T1)

+ ,k
(T1)
+ ⟩),

we have

⟨q(t+1)
+ ,k

(t+1)
+ ⟩ ≤ log

(
⟨q(T1)

+ ,k
(T1)
+ ⟩+

d
1
2

h

log(6N2M2/δ)

)
≤ log

(
d

1
2

h

)
, (40)

By the results of I.7, we also have

⟨q(s+1)
− ,k

(s+1)
− ⟩ − ⟨q(s)

− ,k
(s)
− ⟩ ≤

ηC10∥µ∥22(∥µ∥2 + τ)2σ2
hdh

exp(⟨q(s)
− ,k

(s)
− ⟩)

(41)

⟨q(s+1)
± ,k

(s+1)
n,j ⟩ − ⟨q(s)

± ,k
(s)
n,j⟩ ≥ −

ηC10σ
2
pd(∥µ∥2 + τ)2σ2

hdh

N
· exp(⟨q(s)

± ,k
(s)
n,j⟩). (42)

⟨q(s+1)
n,i ,k

(s+1)
± ⟩ − ⟨q(s)

n,i,k
(s)
± ⟩ ≤

ηC10σ
2
pd(∥µ∥2 + τ)2σ2

hdh

N exp(⟨q(s)
n,i,k

(s)
± ⟩)

. (43)

⟨q(s+1)
n,i ,k

(s+1)
n,j ⟩−⟨q(s)

n,i,k
(s)
n,j⟩ ≥ −

ηC10σ
2
pd(σ

2
pd+ σpτ

√
2 log(4NM/δ) + τ2)σ2

hdh

N
·exp(⟨q(s)

n,i,k
(s)
n,j⟩).

(44)
Then using the similar method as for ⟨q(t+1)

+ ,k
(t+1)
+ ⟩, we get

⟨q(t+1)
− ,k

(t+1)
− ⟩ ≤ log

(
d

1
2

h

)
, (45)

⟨q(t+1)
± ,k

(t+1)
n,j ⟩ ≥ − log

(
d

1
2

h

)
, (46)

⟨q(t+1)
n,i ,k

(t+1)
± ⟩ ≤ log

(
d

1
2

h

)
, (47)

⟨q(t+1)
n,i ,k

(t+1)
n,j ⟩ ≥ − log

(
d

1
2

h

)
. (48)

Next we provide the upper bound for |⟨q(t+1)
± ,k

(t+1)
± ⟩|, |⟨q(t+1)

n,i ,k
(t+1)
n′,j ⟩|. By the results of I.8, we

have
t∑

s=T1

|α(s)
+,+|,

t∑
s=T1

|α(s)
−,−|,

t∑
s=T1

|β(s)
+,+|,

t∑
s=T1

|β(s)
−,−|,

t∑
s=T1

|β(s)
n,i,+|,

t∑
s=T1

|β(s)
n,i,−| = O

(
N

1
2 d

− 1
4

h

)
,

(49)
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for i ∈ [M ]\{1}, n ∈ S±.

t∑
s=T1

|α(s)
n,+,i|,

t∑
s=T1

|α(s)
n,−,i| = O

(
N− 1

2 d
− 1

4

h

)
, (50)

for i ∈ [M ]\{1}, n ∈ S±.

t∑
s=T1

|β(s)
n,+,i|,

t∑
s=T1

|β(s)
n,−,i| = O

(
SNR ·N− 1

2 d
− 1

4

h

)
(51)

for i ∈ [M ]\{1}, n ∈ S±.

t∑
s=T1

|α(s)
n,i,n′,j |,

t∑
s=T1

|β(s)
n,j,n′,i| = O

(
d−

1
2 d

− 1
4

h log(6N2M2/δ)
)

(52)

for i, j ∈ [M ]\{1}, n, n′ ∈ [N ], n ̸= n′. Plugging these into the update rule of
⟨q(t)

± ,k
(t)
± ⟩, ⟨q

(t)
n,i,k

(t)
n,j⟩ and assume that propositions C(T1), . . . , C(t) hold, we have

|⟨q(t+1)
+ ,k

(t+1)
− ⟩| ≤ |⟨q(T1)

+ ,k
(T1)
− ⟩|+

t∑
s=T1

|⟨q(s+1)
+ ,k

(s+1)
− ⟩ − ⟨q(s)

+ ,k
(s)
− ⟩|

≤ |⟨q(T1)
+ ,k

(T1)
− ⟩|

+

t∑
s=T1

∣∣∣∣∣∣α(s)
+,+⟨k

(s)
+ ,k

(s)
− ⟩+

∑
n∈S+

M∑
i=2

α
(s)
n,+,i⟨k

(s)
n,i,k

(s)
− ⟩

+β
(s)
−,−⟨q

(s)
+ , q

(s)
− ⟩+

∑
n∈S−

M∑
i=2

β
(s)
n,−,i⟨q

(s)
n,i, q

(s)
+ ⟩

+

α
(s)
+,+k

(s)
+ +

∑
n∈S+

M∑
i=2

α
(s)
n,+,ik

(s)
n,i


·

β
(s)⊤
−,− q

(s)⊤
− +

∑
n∈S−

M∑
i=2

β
(s)⊤
n,−,iq

(s)⊤
n,i

∣∣∣∣∣∣
≤ |⟨q(T1)

+ ,k
(T1)
− ⟩|

+

t∑
s=T1

|α(s)
+,+||⟨k

(s)
+ ,k

(s)
− ⟩|+

∑
n∈S+

M∑
i=2

t∑
s=T1

|α(s)
n,+,i||⟨k

(s)
n,i,k

(s)
− ⟩|

+

t∑
s=T1

|β(s)
−,−||⟨q

(s)
+ , q

(s)
− ⟩|+

∑
n∈S−

M∑
i=2

t∑
s=T1

|β(s)
n,−,i||⟨q

(s)
n,i, q

(s)
+ ⟩|

+ {lower order term}

= |⟨q(T1)
+ ,k

(T1)
− ⟩|

+O
(
N

1
2 d

− 1
4

h

)
· o(1) +N ·M ·O

(
N− 1

2 d
− 1

4

h

)
· o(1)

+O
(
N

1
2 d

− 1
4

h

)
· o(1) +N ·M ·O

(
SNR ·N− 1

2 d
− 1

4

h

)
· o(1)

= |⟨q(T1)
+ ,k

(T1)
− ⟩|+ o

(
N

1
2 d

− 1
4

h

)
+ o

(
SNR ·N 1

2 d
− 1

4

h

)
= o(1),

(53)
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where the first inequality is by triangle inequality, the last equality is by |⟨q(T1)
+ ,k

(T1)
− ⟩| = o(1) and

dh = Ω̃
(
max{SNR4, SNR−4}N2ϵ−2

)
. Similarly we have |⟨q(t+1)

− ,k
(t+1)
+ ⟩| = o(1).

|⟨q(t+1)
n,i ,k

(t+1)
n,j ⟩| ≤ |⟨q

(T1)
n,i ,k

(T1)
n,j ⟩|+

t∑
s=T1

|⟨q(s+1)
n,i ,k

(s+1)
n,j ⟩ − ⟨q(s)

n,i,k
(s)
n,j⟩|

≤ |⟨q(T1)
n,i ,k

(T1)
n,j ⟩|

+

t∑
s=T1

∣∣∣∣∣α(s)
n,i,+⟨k

(s)
+ ,k

(s)
n,j⟩+ α

(s)
n,i,−⟨k

(s)
− ,k

(s)
n,j⟩+

N∑
n′=1

M∑
l=2

α
(s)
n,i,n′,l⟨k

(s)
n′,l,k

(s)
n,j⟩

+β
(s)
n,j,+⟨q

(s)
+ , q

(s)
n,i⟩+ β

(s)
n,j,−⟨q

(s)
− , q

(s)
n,i⟩+

N∑
n′=1

M∑
l=2

β
(s)
n,j,n′,l⟨q

(s)
n′,l, q

(s)
n,i⟩

+

(
α
(s)
n,i,+k

(s)
+ + α

(s)
n,i,−k

(s)
− +

N∑
n′=1

M∑
l=2

α
(s)
n,i,n′,lk

(s)
n′,l

)

·

(
β
(s)⊤
n,j,+q

(s)⊤
+ + β

(s)⊤
n,j,−q

(s)⊤
− +

N∑
n′=1

M∑
l=2

β
(s)⊤
n,j,n′,lq

(s)⊤
n′,l

)∣∣∣∣∣
≤ |⟨q(T1)

n,i ,k
(T1)
n,j ⟩|

+

t∑
s=T1

|α(s)
n,i,+||⟨k

(s)
+ ,k

(s)
n,j⟩|+

t∑
s=T1

|α(s)
n,i,−||⟨k

(s)
− ,k

(s)
n,j⟩|

+

t∑
s=T1

|α(s)
n,i,n,j ||⟨k

(s)
n,j ,k

(s)
n,j⟩|+

M∑
l=2

t∑
s=T1

|α(s)
n,i,n,l||⟨k

(s)
n,l ,k

(s)
n,j⟩|

+
∑

n′ ̸=n∧(l ̸=j∨n′ ̸=n)

t∑
s=T1

N∑
n′=1

M∑
l=2

|α(s)
n,i,n′,l||⟨k

(s)
n′,l,k

(s)
n,j⟩|

+

t∑
s=T1

|β(s)
n,j,+||⟨q

(s)
+ , q

(s)
n,i⟩|+

t∑
s=T1

|β(s)
n,j,−||⟨q

(s)
− , q

(s)
n,i⟩|

+

t∑
s=T1

|β(s)
n,j,n,i||⟨q

(s)
n,i, q

(s)
n,i⟩|+

M∑
l=2

t∑
s=T1

|β(s)
n,j,n,l||⟨q

(s)
n,l , q

(s)
n,i⟩|

+
∑

n′ ̸=n∧(l ̸=i∨n′ ̸=n)

t∑
s=T1

N∑
n′=1

M∑
l=2

|β(s)
n,j,n′,l||⟨q

(s)
n′,l, q

(s)
n,i⟩|

+ {lower order term}

= |⟨q(T1)
n,i ,k

(T1)
n,j ⟩|

+O(d
− 1

4

h ) · o(1) +O(d−
1
2 d

− 1
4

h log(6N2M2/δ)) ·Θ(σ2
pσ

2
hddh)

+M ·O(d
− 1

4

h ) · o(1) +N ·M ·O(d−
1
2 d

− 1
4

h log(6N2M2/δ)) · o(1)

+O(N
1
2 d

− 1
4

h ) · o(1)

= |⟨q(T1)
n,i ,k

(T1)
n,j ⟩|+ o(d

− 1
4

h )

+O(d−
1
2 d

1
4

h ) + o(Nd−
1
2 d

− 1
4

h log(6N2M2/δ))

= o(1),
(54)
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where the first inequality is by triangle inequality, the second equality is by σ2
h ≤

min{∥µ∥−2
2 , (σ2

pd)
−1} · d−

1
2

h · (log(6N2M2/δ))−
3
2 , the last equality is by |⟨q(T1)

n,i ,k
(T1)
n,j ⟩| = o(1),

d = Ω̃(ϵ−2N2dh) and dh = Ω̃
(
max{SNR4, SNR−4}N2ϵ−2

)
.

F.3 STAGE III

In Stage III, the outputs of ViT grow up and the loss derivatives are no longer at o(1). We will
carefully compute the growth rate of V± and Vn,i while keeping monitoring the monotonicity of

⟨q, k⟩. By substituting t = T2 = Θ
(

1
η(∥µ∥2+τ)2∥wO∥2

2

)
into propositions B(t), C(t), D(t), E(t) in

Stage II, we have the following conditions at the beginning of stage III

|V (T2)
+ |, |V (T2)

− |, |V (T2)
n,i | = o(1),

V
(T2)
+ ≥ 3M · |V (T2)

n,i |,

V
(T2)
− ≤ −3M · |V (T2)

n,i |,

∥q(T2)
+ ∥22, ∥k

(T2)
+ ∥22 = Θ(∥µ∥22σ2

hdh),

∥q(T2)
n,i ∥

2
2, ∥k

(T2)
n,i ∥

2
2 = Θ(σ2

pσ
2
hddh),

|⟨q(T2)
+ , q

(T2)
− ⟩|, |⟨q(T2)

+ , q
(T2)
n,i ⟩|, |⟨q

(T2)
n,i , q

(T2)
n′,j ⟩| = o(1),

|⟨k(T2)
+ ,k

(T2)
− ⟩|, |⟨k(T2)

+ ,k
(T2)
n,i ⟩|, |⟨k

(T2)
n,i ,k

(T2)
n′,j ⟩| = o(1),

for i, j ∈ [M ]\{1}, n, n′ ∈ [N ], i ̸= j or n ̸= n′.

Λ
(T2)
n,±,j ≥ log

(
exp(Λ

(T1)
n,±,j) + Θ

(
d

1
2

h

N(log(6N2M2/δ))3

))

Λ
(T2)
n,i,±,j ≥ log

exp(Λ
(T1)
n,i,±,j) + Θ

 σ2
pdd

1
2

h

N∥µ∥22(log(6N2M2/δ))3


|⟨q(T2)

+ ,k
(T2)
+ ⟩|, |⟨q(T2)

+ ,k
(T2)
n,j ⟩|, |⟨q

(T2)
n,i ,k

(T2)
+ ⟩|, |⟨q(T2)

n,i ,k
(T2)
n′,j ⟩| ≤ log(d

1
2

h )

|⟨q(T2)
+ ,k

(T2)
− ⟩|, |⟨q(T2)

n,i ,k
(T2)
n,j ⟩| = o(1)

for i, j ∈ [M ]\{1}, n, n ∈ [N ], n ̸= n.

Let T3 = Θ
(

1
ηϵ(∥µ∥2+τ)2∥wO∥2

2

)
. Next we prove the following four propositions F(t), G(t),H(t),

I(t) by induction on t for t ∈ [T2, T3]:

• F(t):

V
(t)
+ ≥ 3M · |V (t)

n,i |,

V
(t)
− ≤ −3M · |V (t)

n,i |,

|V (t)
n,i | = o(1),

log
(
exp(V

(T2)
+ ) + ηC17(∥µ∥2 − τ)2∥wO∥22(t− T2)

)
≤ V

(t)
+ ≤ 2 log

(
O

(
1

ϵ

))
,

− 2 log

(
O

(
1

ϵ

))
≤ V

(t)
− ≤ − log

(
exp(−V (T2)

− ) + ηC17(∥µ∥2 − τ)2∥wO∥22(t− T2)
)

for i ∈ [M ]\{1}, n ∈ [N ].

• G(t):

∥q(t)
± ∥22, ∥k

(t)
± ∥22 = Θ(∥µ∥22σ2

hdh),
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∥q(t)
n,i∥

2
2, ∥k

(t)
n,i∥

2
2 = Θ

(
σ2
pσ

2
hddh

)
,

|⟨q(t)
+ , q

(t)
− ⟩|, |⟨q

(t)
± , q

(t)
n,i⟩|,|⟨q

(t)
n,i, q

(t)
n′,j⟩| = o(1),

|⟨k(t)
+ ,k

(t)
− ⟩|, |⟨k

(t)
± ,k

(t)
n,i⟩|,|⟨k

(t)
n,i,k

(t)
n′,j⟩| = o(1)

for i, j ∈ [M ]\{1}, n, n′ ∈ [N ], i ̸= j or n ̸= n′.
• H(t):

⟨q(t+1)
± ,k

(t+1)
± ⟩ ≥ ⟨q(t)

± ,k
(t)
± ⟩,

⟨q(t+1)
n,i ,k

(t+1)
± ⟩ ≥ ⟨q(t)

n,i,k
(t)
± ⟩,

⟨q(t+1)
± ,k

(t+1)
n,j ⟩ ≤ ⟨q

(t)
± ,k

(t)
n,j⟩,

⟨q(t+1)
n,i ,k

(t+1)
n,j ⟩ ≤ ⟨q

(t)
n,i,k

(t)
n,j⟩

for i, j ∈ [M ]\{1}, n ∈ [N ].
• I(t):

|⟨q(t)
± ,k

(t)
± ⟩|, |⟨q

(t)
± ,k

(t)
n,j⟩|, |⟨q

(t)
n,i,k

(t)
± ⟩|, |⟨q

(t)
n,i,k

(t)
n,j⟩| ≤ log(ϵ−1d

1
2

h ),

|⟨q(t)
± ,k

(t)
∓ ⟩|, |⟨q

(t)
n,i,k

(t)
n,j⟩| = o(1)

for i, j ∈ [M ]\{1}, n, n′ ∈ [N ], n ̸= n.

By the results of Stage II, we know that F(T2), G(T2), I(T2) are true. To prove that F(t), G(t),
H(t) and I(t) are true in stage 3, we will prove the following claims holds for t ∈ [T2, T3]:

• Claim 5. H(T2), . . . ,H(t− 1), I(T2), . . . , I(t) =⇒ F(t+ 1)

• Claim 6. F(t),G(t),H(T2), . . . ,H(t− 1), I(T2), . . . , I(t− 1) =⇒ H(t)
• Claim 7. F(T2), . . . ,F(t),G(t),H(T2), . . . ,H(t− 1), I(T2), . . . , I(t) =⇒ G(t+ 1)

• Claim 8. F(T2), ..,F(t),G(T2), ..,G(t),H(T2), ..,H(t−1), I(T2), .., I(t) =⇒ I(t+1)

F.3.1 PROOF OF CLAIM 5

The proofs for V
(t)
+ ≥ 3M · |V (t)

n,i | and V
(t)
− ≤ −3M · |V (t)

n,i | are the same as for F.2.1.

Based on H(T2), . . . ,H(t) where ⟨q(s)
± ,k

(s)
± ⟩ and ⟨q(s)

n,i,k
(s)
± ⟩ are monotonically non-decreasing

and maxj⟨q(s)
± ,k

(s)
n,j⟩, maxj⟨q(s)

n,i,k
(s)
n,j⟩ are monotonically non-increasing for s ∈ [T2, t − 1], we

have

Λ
(s)
n,±,j ≥ Λ

(T2)
n,±,j ≥ log

(
exp(Λ

(T1)
n,±,j) + Θ

(
d

1
2

h

N(log(6N2M2/δ))3

))
, (55)

Λ
(s)
n,i,±,j ≥ Λ

(T2)
n,i,±,j ≥ log

exp(Λ
(T1)
n,i,±,j) + Θ

 σ2
pdd

1
2

h

N∥µ∥22(log(6N2M2/δ))3

 (56)

for i, j ∈ [M ]\{1}, n ∈ [N ], s ∈ [T2, t]. We further get

exp(⟨q(s)
± ,k

(s)
± ⟩)

exp(⟨q(s)
± ,k

(s)
± ⟩) +

∑M
j′=2 exp(⟨q

(s)
± ,k

(s)
n,j′⟩)

≤
exp(⟨q(s)

± ,k
(s)
n,j⟩)

C exp(⟨q(s)
± ,k

(s)
± ⟩)

=
1

C exp(Λ
(s)
n,±,j)

≤ 1

C exp(Λ
(T1)
n,±,j) + Θ

(
d

1
2
h

N(log(6N2M2/δ))3

) = O

(
N(log(6N2M2/δ))3

d
1
2

h

)
.

(57)

For the first inequality, by the monotonicity of ⟨q(s)
± ,k

(s)
± ⟩ (⟨q(s)

± ,k
(s)
± ⟩ is increasing and ⟨q(s)

± ,k
(s)
n,j⟩

is decreasing), there exist a constant C such that C exp(⟨q(s)
± ,k

(s)
± ⟩) ≥ exp(⟨q(s)

± ,k
(s)
± ⟩) +
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∑M
j′=2 exp(⟨q

(s)
± ,k

(s)
n,j′⟩). The second inequality is by plugging 55. Similarly, we have
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Plugging (57) and (58) into the update rule of ρV,n,i in Lemma 8 and get

|ρ(s+1)
V,n,i − ρ
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(59)

where the second inequality is by Lemma 13 and |ℓ̃(t)n | ≤ 1. For the last inequality, since d =

Ω̃(ϵ−2N2dh), we have N · M · 2σ2
p

√
d log(4N2M2/δ) ≤ 1

2σ
2
pd. By Definition 4 and taking a

summation we have

|V (t+1)
n,i | ≤ |V (T2)

n,i |+
t∑

s=T2

|ρ(s+1)
V,n,i − ρ

(s)
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≤ |V (T2)
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1
2
h
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= o(1) + o(1)

= o(1),
(60)

where the first equality is by N · SNR2 ≥ Ω(1), the second equality is by dh =

Ω̃
(
max{SNR4, SNR−4}N2ϵ−2

)
. Then we have a constant upper bound for the sum of Vn,i as

follows: ∑
i∈[M ]\{1}

|V (s)
n,i | = (M − 1) · o(1) ≤ C15,

for n ∈ [N ], s ∈ [T2, t].

Expanding (57) and (58), we have

exp(⟨q(s)
± ,k

(s)
n,j⟩)

exp(⟨q(s)
± ,k

(s)
± ⟩) +

∑M
j′=2 exp(⟨q

(s)
± ,k

(s)
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= O
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d
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h

)
= o(1), (61)

43



2322
2323
2324
2325
2326
2327
2328
2329
2330
2331
2332
2333
2334
2335
2336
2337
2338
2339
2340
2341
2342
2343
2344
2345
2346
2347
2348
2349
2350
2351
2352
2353
2354
2355
2356
2357
2358
2359
2360
2361
2362
2363
2364
2365
2366
2367
2368
2369
2370
2371
2372
2373
2374
2375

Under review as a conference paper at ICLR 2026

where the equality is by dh = Ω̃
(
max{SNR4, SNR−4}N2ϵ−2

)
.

Similarly,

exp(⟨q(s)
n,i,k

(s)
n,j⟩)

exp(⟨q(s)
n,i,k

(s)
± ⟩) +

∑M
j′=2 exp(⟨q

(s)
n,i,k

(s)
n,j′⟩)

= O

(
N∥µ∥22(log(6N2M2/δ))3

σ2
pd d

1/2
h

)
= o(1), (62)

where the equality is by the same choice of dh.

Then we have

softmax(⟨q(s)
± ,k

(s)
± ⟩) ≥ 1− (M − 1) · o(1) ≥ 1− o(1), (63)

softmax(⟨q(s)
n,i,k

(s)
± ⟩) ≥ 1− (M − 1) · o(1) ≥ 1− o(1), (64)

for i ∈ [M ]\{1}, n ∈ [N ], s ∈ [T2, t].

Thus, in the following discussion, we omit the noise-related terms as o(1).

Next we provide the bounds for −ℓ̃
′(s)
n . Note that ℓ(z) = log(1 + exp(−z)) and −ℓ′(z) =

exp(−z)/(1 + exp(−z)). Without loss of generality, assume yn = 1. We have
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1
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1
M

∑M
l=1 φ(x̃

(s)⊤
n,l W

(s)
Q W

(s)⊤
K (X̃

(s)
n )⊤)X̃

(s)
n W

(s)
V wO

)
=

1

M

(
softmax(⟨q(s)

± ,k
(s)
± ⟩) +

M∑
l=2

softmax(⟨q(s)
n,l ,k

(s)
± ⟩)

)
· µ̃(s)⊤

+ W
(s)
V wO

+
∑

j∈[M ]\{1}

(
softmax(⟨q(s)

n,j ,k
(s)
n,j⟩) +

M∑
l=2

softmax(⟨q(s)
n,l ,k

(s)
n,j⟩)

)
· ξ̃(s)⊤n,j W

(s)
V wO

=
1

M
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M · (1− o(1)) · V (s)

+ +M · o(1) ·
∑

j∈[M ]\{1}

V
(s)
n,i

)
≥ 1

2V
(s)
+ ,

(65)
for s ∈ [T2, t], where the second equality is by plugging equations above, and the inequality follows
from V

(s)
+ ≥ 3M · |V (s)

n,i |.
Similarly, we have

1

M

M∑
l=1

φ(x̃
(s)⊤
n,l W

(s)
Q W

(s)⊤
K (X̃(s)

n )⊤)X̃(s)
n W

(s)
V wO ≤ max

i∈[M ]\{1}
{V (s)

+ , V
(s)
n,i } = V

(s)
+ . (66)

Then we have

−ℓ′(f(X̃n, θ(s))) =
1

1 + exp
(

1
M

∑M
l=1 φ(x̃
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n,l W

(s)
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(s)⊤
K (X̃
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n )⊤)X̃

(s)
n W

(s)
V wO

)
≥ 1

1 + exp(V
(s)
+ )

≥ C16

exp(V
(s)
+ )

(67)

where the first inequality is by plugging (66). For the last inequality, note that V (T2)
+ ≥ 0 and V

(s)
+ is

monotonically increasing, so there exist a constant C16 such that 1

1+exp(V
(s)
+ )
≥ C16

exp(V
(s)
+ )

. We also
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have the upper bound

−ℓ′(f(Xn, θ(s))) =
1

1 + exp
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1
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)
≤ 1

1 + exp(V
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≤ 1

exp(V
(s)
+ /2)
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Then by the update rule of γ(t)
V,+ and in Lemma 8 and get

γ
(s+1)
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4
· (1− o(1)) · C16

exp(V
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1

exp(V
(s)
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(69)

where the second inequality is by (67). Then by definition 4, we get

V
(s+1)
+ − V

(s)
+ = (γ

(s+1)
V,+ − γ

(s)
V,+)∥wO∥22 ≥
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exp(V

(s)
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Multiply both sides simultaneously by exp(V
(s)
+ ) and get

exp(V
(s)
+ )(V

(s+1)
+ − V

(s)
+ ) ≥ ηC17(∥µ∥2 − τ)2∥wO∥22 (71)

Taking a summation from T2 to t and get
t∑

s=T2

exp(V
(s)
+ )(V

(s+1)
+ − V

(s)
+ ) ≥

t∑
s=T2

ηC17(∥µ∥2 − τ)2∥wO∥22

≥ ηC17(∥µ∥2 − τ)2∥wO∥22(t− T2 + 1)

(72)

By the property that V (s)
+ is monotonically increasing, we have∫ V

(t+1)
+

V
(T2)
+

exp(x)dx ≥
t∑
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exp(V
(s)
+ )(V

(s+1)
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(s)
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(73)

By
∫ V

(t+1)
+ /2

V
(T2)
+ /2

exp(x)dx = exp(V
(t+1)
+ /2)− exp(V

(T2)
+ /2) we get

V
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+ ≥ log

(
exp(V
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)
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(74)

Similarly, we have

V
(t+1)
− ≤ − log

(
exp

(
V

(T2)
−

)
+ ηC17(∥µ∥2 − τ)22∥wO∥22(t− T2 + 1)

)
(75)
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Next we provide upper bounds for V (t+1)
+ and V

(t+1)
− . By the update rule of γ(t)

V,+ and in Lemma 8
we have

γ
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(s)
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n

)
·M
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4
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(
− V

(s)
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)
=

3η(∥µ∥2 + τ)2

4
exp
(
− V

(s)
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)
.

(76)
where the second inequality is by (68). Then by definition 4, we get

V
(s+1)
+ − V

(s)
+ = (γ

(s+1)
V,+ − γ

(s)
V,+)∥wO∥22

≤ 3η(∥µ∥2 + τ)2∥wO∥22
4 exp(V

(s)
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(77)

Further we have

exp(V
(s+1)
+ /2) ≤ exp(V
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+ /2 +
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(78)

For the last inequality, by η ≤ Õ(min{∥µ∥−2
2 , (σ2

pd)
−1}·d−

1
2

h ), V (T2)
+ = Θ(1) and the monotonicity

of V
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2
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(79)

where the last inequality is by plugging (78). Taking a summation we have∫ V
(t+1)
+ /2

V
(T2)
+ /2

exp(x)dx ≤
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exp(V
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By
∫ V

(t+1)
+ /2

V
(T2)
+ /2

exp(x)dx = exp(V
(t+1)
+ /2)− exp(V

(T2)
+ /2) we have

V
(t+1)
+ ≤ 2 log

(
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+ /2) +O

(
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ϵ
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= 2 log

(
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(
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Similarly, we have

V
(t+1)
− ≥ −2 log

(
O

(
1

ϵ

))
F.3.2 PROOF OF CLAIM 6

By H(T2), . . . ,H(t − 1), we have softmax(⟨q(t)
± ,k

(t)
± ⟩), softmax(⟨q(t)

n,i,k
(t)
± ⟩) = 1 − o(1) and
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± ,k

(t)
n,j⟩), softmax(⟨q(t)

n,i,k
(t)
n,j⟩) = o(1), which have been proved in F.3.1. By the

results of I.5, we have the signs of α and β as follows:
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Then combined with G(T ) and we have the dynamics of ⟨q,k⟩ as follows:
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(81)

Similarly, we have
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(t)
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which completes the proof. The proof for Claim 7 is in Section I.12

F.3.3 PROOF OF CLAIM 8

By the results of I.10, we have

⟨q(t+1)
+ ,k

(t+1)
+ ⟩ − ⟨q(t)
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(t)
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Further we have
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.
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For the last inequality, by η ≤ Õ(min{µ∥−2
2 , (σ2

pd)
−1} · d−

1
2

h ), σ2
h ≤ min{∥µ∥−2

2 , (σ2
pd)

−1} ·
d
− 1

2

h · (log(6N2M2/δ))−
3
2 , ⟨q(T1)

+ ,k
(T1)
+ ⟩ = o(1) and the monotonicity of ⟨q(s)

+ ,k
(s)
+ ⟩ for s ∈

[T1, t], we have exp

(
ηC10∥µ∥4

2σ
2
hdh log(O( 1

ϵ ))
exp(⟨q(t)

+ ,k
(t)
+ ⟩)

)
≤ exp(o(1)) ≤ C11. Multiplying both sides by(

⟨q(t+1)
+ ,k

(t+1)
+ ⟩ − ⟨q(t)

+ ,k
(t)
+ ⟩
)

simultaneously gives

exp(⟨q(t+1)
+ ,k

(t+1)
+ ⟩)

(
⟨q(t+1)

+ ,k
(t+1)
+ ⟩ − ⟨q(t)

+ ,k
(t)
+ ⟩
)

≤ C11 exp
(
⟨q(t)

+ ,k
(t)
+ ⟩
)
·
(
⟨q(t+1)

+ ,k
(t+1)
+ ⟩ − ⟨q(t)

+ ,k
(t)
+ ⟩
)

≤ ηC12(∥µ∥2 + τ)2∥µ∥22σ2
hdh log

(
O

(
1

ϵ

))
,

(83)

where the last inequality is by plugging (82). Taking a summation we have∫ ⟨q(t+1)
+ ,k

(t+1)
+ ⟩

⟨q(T2)
+ ,k

(T2)
+ ⟩

exp(x) dx ≤
t∑

s=T2

exp
(
⟨q(s+1)

+ ,k
(s+1)
+ ⟩

)(
⟨q(s+1)

+ ,k
(s+1)
+ ⟩ − ⟨q(s)

+ ,k
(s)
+ ⟩
)

≤
t∑

s=T2

ηC12(∥µ∥2 + τ)2∥µ∥22σ2
hdh log

(
O
(
1
ϵ

))
≤ T3 · ηC12(∥µ∥2 + τ)2∥µ∥22σ2

hdh log
(
O
(
1
ϵ

))
= O

 d
1
2
h log

(
O
(
1
ϵ

))
ϵ(log(6N2M2/δ))

3
2

 .

(84)

where the first inequality is due to ⟨q(s)
+ ,k

(s)
+ ⟩ is monotone increasing, the last equality is by

T3 = Θ(η−1ϵ−1(∥µ∥2 + τ)−2∥wO∥−2
2 ), ∥wO∥22 = Θ(1) and σ2

h ≤ min{∥µ∥−2
2 , (σ2

pd)
−1} · d−

1
2

h ·

(log(6N2M2/δ))−
3
2 . By

∫ ⟨q(t+1)
+ ,k

(t+1)
+ ⟩

⟨q(T2)
+ ,k

(T2)
+ ⟩

exp(x)dx = exp(⟨q(t+1)
+ ,k

(t+1)
+ ⟩)− exp(⟨q(T2)

+ ,k
(T2)
+ ⟩),

we have

⟨q(t+1)
+ ,k

(t+1)
+ ⟩ ≤ log

exp(⟨q(T2)
+ ,k

(T2)
+ ⟩) +O

 d
1
2

h log
(
O
(
1
ϵ

))
ϵ(log(6N2M2/δ))

3
2

 ≤ log(ϵ−1d
1
2

h )

where the last inequality is by ⟨q(T2)
+ ,k

(T2)
+ ⟩ ≤ log(d

1
2

h ). By the results of I.10, we also have

⟨q(t+1)
− ,k

(t+1)
− ⟩ − ⟨q(t)

− ,k
(t)
− ⟩ ≤

ηC10∥µ∥22(∥µ∥2 + τ)2σ2
hdh log

(
O
(
1
ϵ

))
exp(⟨q−(t),k

(t)
− ⟩)

. (85)

⟨q(s+1)
± ,k

(s+1)
n,j ⟩ − ⟨q(s)

± ,k
(s)
n,j⟩ ≥ −

ηC10σ
2
pd(∥µ∥2 + τ)2σ2

hdh log
(
O
(
1
ϵ

))
N

· exp(⟨q(s)
± ,k

(s)
n,j⟩).

(86)

⟨q(s+1)
n,i ,k

(s+1)
± ⟩ − ⟨q(s)

n,i,k
(s)
± ⟩ ≤

ηC10σ
2
pd(∥µ∥2 + τ)2σ2

hdh log
(
O
(
1
ϵ

))
N exp(⟨q(s)

n,i,k
(s)
± ⟩)

. (87)

⟨q(s+1)
n,i ,k

(s+1)
n,j ⟩ − ⟨q(s)

n,i,k
(s)
n,j⟩ ≥ −

ηC10σ
2
pd(σ

2
pd+ σpτ

√
2 log(4NM/δ) + τ2)σ2

hdh log
(
O
(
1
ϵ

))
N

· exp(⟨q(s)
n,i,k

(s)
n,j⟩).

(88)
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Then using the similar method as for ⟨q(t+1)
+ ,k

(t+1)
+ ⟩, we get

⟨q(t+1)
− ,k

(t+1)
− ⟩ ≤ log(ϵ−1d

1
2

h ),

⟨q(t+1)
± ,k

(t+1)
n,j ⟩ ≥ − log(ϵ−1d

1
2

h ),

⟨q(t+1)
n,i ,k

(t+1)
± ⟩ ≤ log(ϵ−1d

1
2

h ),

⟨q(t+1)
n,i ,k

(t+1)
n,j ⟩ ≥ − log(ϵ−1d

1
2

h ),

(89)

Next we provide the upper bound for |⟨q(t+1)
± ,k

(t+1)
± ⟩|, |⟨q(t+1)

n,i ,k
(t+1)
n′,j ⟩|. By the results of I.11, we

have

t∑
s=T2

|β(t)
n,+,i|,

t∑
s=T2

|β(t)
n,−,i| = O

(
SNR2(log(6N2M2/δ))3 log

(
O
(
1
ϵ

))
ϵd

1
2

h

)
, (90)

for i ∈ [M ]\{1}, n ∈ S±.

t∑
s=T2

|α(t)
+,+|,

t∑
s=T2

|α(t)
−,−|,

t∑
s=T2

|β(t)
+,+|,

t∑
s=T2

|β(t)
−,−|,

t∑
s=T2

|α(t)
n,i,+|,

t∑
s=T2

|β(t)
n,i,−|

= O

(
N(log(6N2M2/δ))3 log

(
O
(
1
ϵ

))
ϵd

1
2

h

)
,

(91)

for i ∈ [M ]\{1}, n ∈ S±.

t∑
s=T2

|α(t)
n,+,i|,

t∑
s=T2

|α(t)
n,−,i|,

t∑
s=T2

|α(t)
n,i,+|,

t∑
s=T2

|α(t)
n,i,−|,

t∑
s=T2

|α(t)
n,i,n,j |,

t∑
s=T2

|β(t)
n,j,n,i|

= O

(
(log(6N2M2/δ))3 log

(
O
(
1
ϵ

))
ϵd

1
2

h

)
,

(92)

for i, j ∈ [M ]\{1}, n ∈ S±.

t∑
s=T2

|α(t)
n,i,n′,j |,

t∑
s=T2

|β(t)
n,j,n′,i| = O

(
(log(6N2M2/δ))4 log

(
O
(
1
ϵ

))
ϵd

1
2

h

)
(93)
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for i, j ∈ [M ]\{1}, n, n′ ∈ [N ], n ̸= n′. Plugging these and proposition G(t) into the update rule
of |⟨q(t)

± ,k
(t)
∓ ⟩|, |⟨q

(t)
n,i,k

(t)
n̄,j⟩| and get

|⟨q(t+1)
+ ,k

(t+1)
− ⟩| ≤ |⟨q(T2)

+ ,k
(T2)
− ⟩|+

t∑
s=T2

|⟨q(s+1)
+ ,k

(s+1)
− ⟩ − ⟨q(s)

+ ,k
(s)
− ⟩|

≤ |⟨q(T2)
+ ,k

(T2)
− ⟩|

+

t∑
s=T2

∣∣∣∣∣∣α(s)
+,+⟨k

(s)
+ ,k

(s)
− ⟩+

∑
n∈S+

M∑
i=2

α
(s)
n,+,i⟨k

(s)
n,i,k

(s)
− ⟩

+β
(s)
−,−⟨q

(s)
+ , q

(s)
− ⟩+

∑
n∈S−

M∑
i=2

β
(s)
n,−,i⟨q

(s)
n,i, q

(s)
− ⟩

∣∣∣∣∣∣
+

α
(s)
+,+k

(s)
+ +

∑
n∈S+

M∑
i=2

α
(s)
n,+,ik

(s)
n,i


·

β
(s)
−,−q

(s)⊤
− +

∑
n∈S−

M∑
i=2

β
(s)
n,−,iq

(s)⊤
n,i

∣∣∣∣
≤ |⟨q(T2)

+ ,k
(T2)
− ⟩|

+

t∑
s=T2

|α(t)
+,+||⟨k

(t)
+ ,k

(t)
− ⟩|+

∑
n∈S+

M∑
i=2

t∑
s=T2

|α(t)
n,+,i||⟨k

(t)
n,i,k

(t)
− ⟩|

+

t∑
s=T2

|β(t)
−,−||⟨q

(t)
+ , q

(t)
− ⟩|+

∑
n∈S−

M∑
i=2

t∑
s=T2

|β(t)
n,−,i||⟨q

(t)
n,i, q

(t)
+ ⟩|

+ {lower order term}

= |⟨q(T2)
+ ,k

(T2)
− ⟩|

+O

(
N(log(6N2M2/δ))3 log

(
O
(
1
ϵ

))
ϵd

1
2

h

)
· o(1) +N ·M ·O

(
SNR2(log(6N2M2/δ))3 log

(
O
(
1
ϵ

))
ϵd

1
2

h

)
· o(1)

+O

(
N(log(6N2M2/δ))3 log

(
O
(
1
ϵ

))
ϵd

1
2

h

)
· o(1) +N ·M ·O

(
SNR2(log(6N2M2/δ))3 log

(
O
(
1
ϵ

))
ϵd

1
2

h

)
· o(1)

= |⟨q(T2)
+ ,k

(T2)
− ⟩|+ o

(
N(log(6N2M2/δ))3 log

(
O
(
1
ϵ

))
ϵd

1
2

h

)
+ o

(
N · SNR2(log(6N2M2/δ))3 log

(
O
(
1
ϵ

))
ϵd

1
2

h

)
= o(1),

(94)

where the first inequality is by triangle inequality, the second inequality is by results in D.2, the last
equality is by |⟨q(T2)

+ ,k
(T2)
− ⟩| = o(1) and dh = Ω̃

(
max{SNR4, SNR−4}N2ϵ−2

)
. Similarly we

have |⟨q(t+1)
− ,k

(t+1)
+ ⟩| = o(1) and |⟨q(t+1)

n,i ,k
(t+1)
n̄,j ⟩| = o(1).

Lemma 21 (Convergence of Training Loss, Lemma D.7 in (Jiang et al., 2024)). There exist T =
C19

ηϵ(∥µ∥2+τ)2∥wO∥2
2

such that
LS(θ(T )) ≤ ϵ (95)

Proof. As we have the same conditions at the end of stage III as (Jiang et al., 2024), thus we have:
Substituting t = T = C19

ηϵ(∥µ∥2+τ)2∥wO∥2
2

into propositions F(t) and get

V
(t)
+ ≥ log

(
exp(V

(T2)
+ ) + ηC17(∥µ∥2 − τ)2∥wO∥22(t− T2)

)
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≥ log

(
exp(V

(T2)
+ ) +

C20

ϵ

)
≥ log

(
C20

ϵ

)
,

|V (t)
n,i | = O(1).

Thus, for n ∈ S+, we bound f(X̃n, θ(t)) as follows :

f(X̃n, θ) =
1
M

M∑
l=1

φ(x̃⊤
n,lWQW

⊤
K(X̃n)

⊤)X̃nWV wO ≥ log

(
1

ϵ

)
(96)

And

ℓ̃(t)n = log
(
1 + exp(−f(X̃n, θ(t)))

)
≤ exp(−f(X̃n, θ(t)))

≤ exp

(
− log

(
1

ϵ

))
≤ ϵ.

Similarly, we have ℓ̃
(t)
n ≤ ϵ for n ∈ S−. Therefore, we have

LS(θ(T )) =
1

N

N∑
n=1

ℓ̃(t)n ≤ ϵ.

F.4 TEST ERROR

In this section, we denote clean V+, V− and Vξ as µ⊤
+WV wO,µ

⊤
−WV wO and ξ⊤WV wO, and

perturbed Ṽ+, Ṽ− and Ṽξ as µ̃⊤
+WV wO, µ̃

⊤
−WV wO and ξ̃⊤WV wO.

F.4.1 CLEAN TEST ERROR

Theorem 22. Under Assumption 1, in the theoretical analysis of test error in the second and third
stages of benign overfitting, we define g(ξ) as V (t)

ξ =
〈
ξ,W

(t)
V wO

〉
. Then, we know that for any

x ≥ 0, if g : Rn → R is a Lipschitz function and c is a constant, the following inequality holds for
the test loss.

P(
M∑
j=2

αi(g(ξj)− Eg(ξj)) ≥ x) ≤ exp

− cx2

σ2
p(
∑M

j=2 α
2
j )
∥∥∥W(t)

V wO

∥∥∥2
2

 .

Proof. According to Theorem 5.2.2 in Vershynin (2018), we know that for any x ≥ 0, if g : Rn →
R is a Lipschitz function, it holds that

P(
N∑
i=1

αi(g(ξi)− Eg(ξi)) ≥ x) ≤ exp

(
− cx2

σ2
p(
∑N

i=1 α
2
i )∥g∥2Lip

)
(97)

where g(ξ) is defined as |V (t)
ξ | = |⟨ξ,W

(t)
V wO⟩|, we have

|g(ξ)− g(ξ′)| =
∣∣∣∣∣∣⟨ξ,W(t)

V wO⟩
∣∣∣− ∣∣∣⟨ξ′,W(t)

V wO⟩
∣∣∣∣∣∣

≤
∣∣∣〈ξ − ξ′,W

(t)
V wO

〉∣∣∣
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≤ ∥W(t)
V wO∥2∥ξ − ξ′∥2

So, we can get

∥g∥Lip ≤
∥∥∥W(t)

V wO

∥∥∥
2
. (98)

By plugging (98) into (97), we can get the result.

The following inequality holds according to the update rules of the V vector in Lemma 8, the first
equality is derived from the update of triangle inequality, and the second equality is due to the
initialization of the V vector.∥∥∥W(t)

V wO

∥∥∥
2
≤
∥∥∥W(0)

V wO

∥∥∥
2
+

t−1∑
t′=0

∥∥∥W(t′+1)
V wO −W

(t′)
V wO

∥∥∥
2

=
∥∥∥W(0)

V wO

∥∥∥
2
+ tO

(
η ·max

{
∥µ∥2 , σp

√
d
}
· ∥wO∥2

)
= O

(
σV ∥wO∥2

√
d+ tη ∥wO∥2 max

{
∥µ∥2 , σp

√
d
})

≤ O
(
tη ∥wO∥2 max

{
∥µ∥2 , σp

√
d
})

(99)

Since g(ξ) as |V (t)
ξ | = |⟨ξ,W

(t)
V wO⟩|, and since

〈
ξ,W

(t)
V wO

〉
∼ N (0, ∥W(t)

V wO∥22σ2
p), so we

can get:

Eg(ξ) = E|⟨ξ,W(t)
V wO⟩| =

√
2

π
∥W(t)

V wO∥2σp

The test error can be interpreted as the probability that the noise term dominates the signal term.
Formally, this corresponds to the event that the cumulative contribution of the random perturbation
exceeds the deterministic signal margin. After centralization, we can apply Theorem 22 to obtain a
high-probability upper bound on the test error.

P (y(f(θ,X)) ≤ 0) = P

( M∑
i=1

Si,1)(V
(t)
+ − V

(t)
− ) +

M∑
j=2

((

M∑
i=1

Si,j)V
(t)
ξj

)

 ≤ 0


≤ P

 M∑
j=2

((

M∑
i=1

Si,j)|V (t)
ξj
|) ≥ (

M∑
i=1

Si,1)
(
V

(t)
+ − V

(t)
−

)
= P

 M∑
j=2

αj(g(ξj)− E{g(ξj)} ≥ α1

(
V

(t)
+ − V

(t)
−

)
− σp

√
2

π
(

M∑
j=2

αj)
∥∥∥W(t)

V wO

∥∥∥
2



≤ exp

−c2

(∑
r α1

(
V

(t)
+ − V

(t)
−

)
− σp

√
2
π (
∑M

j=2 αj)
∥∥∥W(t)

V wO

∥∥∥
2

)2
σ2
p(
∑M

j=2 α
2
j )
(∥∥∥W(t)

V wO

∥∥∥
2

)2


≤ exp
(c4
π

)
· exp

−c5
2


∑

r α1

(
V

(t)
+ − V

(t)
−

)
σp

√∑M
j=2 α

2
j

∥∥∥W(t)
−V wO

∥∥∥
2


2

We denote αj as
∑

i Si,j , where Si,j is softmax(⟨q(t)
i ,k

(t)
j ⟩). When the subscript is 1, it represents

the signal, and when the subscript is from 2 to M, it represents noise.
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Then, by the lower bound of V (t)
± and upper bound of

∥∥∥W(t)
V wO

∥∥∥
2
, we can further bound the test

error with following inequality:

P (y(f(θ,X) ≤ 0) ≤ exp
(c4
π

)
· exp

−c5
2


∑

r α1

(
V

(t)
+ − V

(t)
−

)
σp

√∑M
j=2 α

2
j

∥∥∥W(t)
V wO

∥∥∥
2


2

≤ exp
(c12

π

)
exp

−c13
2

O

 V
(t)
+ − V

(t)
−

σp(V
(t)
+ −V

(t)
− )

∥µ∥2


2

= exp
(c12

π

)
exp

[
−c13

2
O
(
dSNR2

)]
where the second inequality is by W

(t)
V wO is almost aligned with V

(t)
+ and V

(t)
− , thus

∥W(t)
V wO∥2 ∼

V
(t)
+ −V

(t)
−

∥µ∥2
.

F.4.2 ROBUST TEST ERROR

We start by writing the prediction score under perturbation X̃ as

yf(θ, X̃) =
( M∑

i=1

S̃i1

)(
Ṽ

(t)
+ + Ṽ

(t)
−
)
+

M∑
j=2

( M∑
i=1

S̃ij

)
Ṽ

(t)
ξj

,

We first take the first term as an example and derive an upper bound on the maximum discrepancy
between the perturbed input X̃ ∈ B(X, τ) and the clean input.

S11V
(t)
+ − S̃11Ṽ

(t)
+ = (S11 − S̃11)V

(t)
+ + S̃11(V

(t)
+ − Ṽ

(t)
+ )

≤ (1− 1/C)S11V
(t)
+ + S̃11|⟨µ̃+ − µ+,W

(t)
V wO⟩|

≤ (1− 1/C)S11V
(t)
+ + S̃11

∥∥W(t)
V wO

∥∥τ,
where the inequality comes from Lemma 20, and the definition of V (t)

+ . This shows that the deviation
can be bounded linearly in the perturbation magnitude, with only a small residual term since (C −
1) = o(1). Similarly, an analogous upper bound holds for S̃i1Ṽ

(t)
± −Si1V

(t)
± and S̃ij Ṽ

(t)
ξj
−SijV

(t)
ξj

for i ∈ [M ], j ∈ [M ]\{1}.
Aggregating the deviations across all components, the worst-case perturbation satisfies

yf(θ,X)− min
X̃∈B(X,τ)

yf(θ, X̃)

≤
(∑

i

Si1

)
∥W(t)

V wO∥τ +

M∑
j=2

(∑
i

Sij

)
∥W(t)

V wO∥τ + (1− 1/C)S11(Ṽ
(t)
+ + Ṽ

(t)
+ ) + o(1)

≲

(
M∑
j=1

∑
i

Sij

)∥∥W(t)
V wO

∥∥τ + (1− 1/C)
(∑

i

Si1

)
(Ṽ

(t)
+ + Ṽ

(t)
− )

= M
∥∥W(t)

V wO

∥∥τ + (1− 1/C)
(∑

i

Si1

)
(Ṽ

(t)
+ + Ṽ

(t)
− )

(100)
where the first inequality comes from Ṽ

(t)
ξj

= o(1) for j ∈ [M ]\{1}. Thus the adversarial effect
scales with both the cumulative magnitude of the perturbed coefficients and the operator norm of the
weight matrices. Then we can bound the robust test error:

P

(
min

X̃∈B(X,τ)
yf(θ, X̃) ≤ 0

)
= P

(
yf(θ,X) +

(
yf(θ,X)− min

X̃∈B(X,τ)
yf(θ, X̃)

)
≤ 0

)
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≤ P

(
M∑
j=2

αj

(
g(ξj)− E{g(ξj)}

)
≥ α1

(
V

(t)
+ − V

(t)
−
)
− σp

√
2
π

( M∑
j=2

αj

)∥∥W(t)
V wO

∥∥
2

−M
∥∥W(t)

V wO

∥∥
2
τ − (1− 1/C)α1(V

(t)
+ − V

(t)
− )

)

≤ exp
(
c12
π

)
exp

− c13
2

 α1(V
(t)
+ − V

(t)
− )

σp

√∑M
j=2 α

2
j∥W

(t)
V wO∥2

−
M∥W(t)

V wO∥τ

σp

√∑M
j=2 α

2
j∥W

(t)
V wO∥2

2


≤ exp
(
c12
π

)
exp

[
− c13

2 O

(√
dSNR(1− τ

∥µ∥2
)

)2
]

The first inequality follows from (100). The third inequality uses the fact that C ≤ e/2, which we
absorb into the constant term. The last inequality follows from the bound on V

(t)
± and ∥W(t)

V wO∥2.

This completes the proof.

G BENIGN OVERFITTING IN CASE 2

Stage I stay same with F.1. Next, we aim to prove that under condition τ = (1 − o(1))∥µ∥,
the attention component in a ViT will remain in its initialization state and fail to learn meaningful
signal-to-signal or noise-to-signal interactions. This is because, under such perturbations, any newly
emerging margin can be immediately neutralized, preventing the signal-to-signal attention from
accumulating advantages. In this regime, the ViT effectively degenerates into a linear model.

At the end of Stage I, since V T1
+ ≥ 3M |V T1

n,i | and q = o(1) at this point, the perturbation has no
significant effect. Consequently, ⟨q+,k+⟩ and⟨qn,i,k+⟩ experiences a temporary increase, but it
does not exceed Θ(logC) (as we will demonstrate later). Therefore, we assume that after Stage II,
when ⟨q, k⟩ has stabilized and the loss derivatives are no longer at the o(1) scale. However, |V T3

n,i | is
not o(1); it is of the same order as |V T3

+ |, which implies that a larger SNR is required. The following
conditions hold at the beginning of Stage III.

|V (T2)
+ |, |V (T2)

− |,|V (T2)
n,i | = o(1),

V
(T2)
+ ≥ 3M · |V (T2)

n,i |,

V
(T2)
− ≤ −3M · |V (T2)

n,i |,

∥q(T2)
+ ∥22, ∥k

(T2)
+ ∥22 = Θ(logC),

∥q(T2)
n,i ∥

2
2, ∥k

(T2)
n,i ∥

2
2 = Θ(logC),

|⟨q(T2)
+ , q

(T2)
− ⟩|, |⟨q(T2)

+ , q
(T2)
n,i ⟩|, |⟨q

(T2)
n,i , q

(T2)
n′,j ⟩| = o(1),

|⟨k(T2)
+ ,k

(T2)
− ⟩|, |⟨k(T2)

+ ,k
(T2)
n,i ⟩|, |⟨k

(T2)
n,i ,k

(T2)
n′,j ⟩| = o(1),

for i, j ∈ [M ]\{1}, n, n′ ∈ [N ], i ̸= j or n ̸= n′.

|⟨q(T2)
+ ,k

(T2)
+ ⟩|, |⟨q(T2)

+ ,k
(T2)
n,j ⟩|, |⟨q

(T2)
n,i ,k

(T2)
+ ⟩|, |⟨q(T2)

n,i ,k
(T2)
n′,j ⟩| = Θ(logC)

|⟨q(T2)
+ ,k

(T2)
− ⟩|, |⟨q(T2)

n,i ,k
(T2)
n,j ⟩| = o(1)

for i, j ∈ [M ]\{1}, n, n ∈ [N ], n ̸= n.

Let T3 = Θ
(

M
ηϵ(∥µ∥2+τ)2∥wO∥2

2

)
. Next we prove the following four propositions J (t), K(t), L(t)

by induction on t for t ∈ [T2, T3]:
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• J (t):

V
(t)
+ ≥ 3M · |V (t)

n,i |,

V
(t)
− ≤ −3M · |V (t)

n,i |,

|V (t)
n,i | = o(1),

log
(
exp(V

(T2)
+ ) +

η

M
C17(∥µ∥2 − τ)2∥wO∥22(t− T2)

)
≤ V

(t)
+ ≤ 2 log

(
O

(
1

ϵ

))
,

− 2 log

(
O

(
1

ϵ

))
≤ V

(t)
− ≤ − log

(
exp(−V (T2)

− ) +
η

M
C17(∥µ∥2 − τ)2∥wO∥22(t− T2)

)
for i ∈ [M ]\{1}, n ∈ [N ].

• K(t):

∥q(t)
± ∥22, ∥k

(t)
± ∥22 = Θ(logC),

∥q(t)
n,i∥

2
2, ∥k

(t)
n,i∥

2
2 = Θ(logC) ,

|⟨q(t)
+ , q

(t)
− ⟩|, |⟨q

(t)
± , q

(t)
n,i⟩|, |⟨q

(t)
n,i, q

(t)
n′,j⟩| = o(1),

|⟨k(t)
+ ,k

(t)
− ⟩|, |⟨k

(t)
± ,k

(t)
n,i⟩|, |⟨k

(t)
n,i,k

(t)
n′,j⟩| = o(1)

for i, j ∈ [M ]\{1}, n, n′ ∈ [N ], i ̸= j or n ̸= n′, C = O(1).
• L(t):

|⟨q(t)
± ,k

(t)
± ⟩|, |⟨q

(t)
± ,k

(t)
n,j⟩|, |⟨q

(t)
n,i,k

(t)
± ⟩|, |⟨q

(t)
n,i,k

(t)
n,j⟩| = Θ(logC),

|⟨q(t)
± ,k

(t)
∓ ⟩|, |⟨q

(t)
n,i,k

(t)
n,j⟩| = o(1)

for i, j ∈ [M ]\{1}, n, n′ ∈ [N ], n ̸= n, C = O(1).

By the results of Stage II, we know that F(T1), G(T2), I(T2) are true. To prove that F(t), G(t),
H(t) and I(t) are true in stage III, we will prove the following claims holds for t ∈ [T2, T3]:

• Claim 9. L(T2), . . . ,L(t) =⇒ J (t+ 1)

• Claim 10. J (t),L(t),K(t) =⇒ K(t+ 1)

• Claim 11. J (t),K(t),L(t), =⇒ L(t+ 1)

G.1 PROOF OF CLAIM 9

The proofs for V (t)
+ ≥ 3M · |V (t)

n,i | and V
(t)
− ≤ −3M · |V (t)

n,i | are the same as for F.2.1.

we provide the bounds for−ℓ̃
′(s)
n . Note that ℓ(z) = log(1+exp(−z)) and−ℓ′(z) = exp(−z)/(1+

exp(−z)). Without loss of generality, assume yn = 1. We have

−ℓ̃′(f(X̃n, θ(s))) =
1

1 + exp
(

1
M

∑M
l=1 φ(x̃

⊤
n,lW

(s)
Q W

(s)⊤
K (X̃n)⊤)X̃nW

(s)
V wO

)
=

1

M

(
softmax(⟨q̃(s)

± , k̃
(s)
± ⟩) +

M∑
l=2

softmax(⟨q̃(s)
n,l , k̃

(s)
± ⟩)

)
· µ̃⊤

+W
(s)
V wO

+
∑

j∈[M ]\{1}

(
softmax(⟨q̃(s)

n,j , k̃n,j

(s)
⟩) +

M∑
l=2

softmax(⟨q̃(s)
n,l , k̃

(s)
n,j⟩)

)
· ξ̃⊤n,jW

(s)
V wO

=
1

M

(
M · C

C +M − 1
· V (s)

+ +M · 1

C +M − 1
·

∑
j∈[M ]\{1}

V
(s)
n,i

)
≥ 1

2M V
(s)
+ ,

(101)
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for s ∈ [T2, t], where the second equality is by L(t) that Λ(s)
n,±,j = Θ(logC) and Λ

(s)
n,i,±,j =

Θ(logC), and the inequality follows from V
(s)
+ ≥ 3M · |V (s)

n,i |.
Similarly, we have

1
M

M∑
l=1

φ(x̃⊤
n,lW

(s)
Q W

(s)⊤
K (X̃n)

⊤)X̃nW
(s)
V wO ≤ max

i∈[M ]\{1}
{V (s)

+ , V
(s)
n,i }

= V
(s)
+ .

(102)

Then, we have

−ℓ̃′(f(X̃n, θ(s))) =
1

1 + exp
(

1
M

∑M
l=1 φ(x̃

⊤
n,lW

(s)
Q W

(s)⊤
K (X̃n)⊤)X̃nW

(s)
V wO

)
≥ 1

1 + exp(V
(s)
+ )

≥ C16

exp(V
(s)
+ )

(103)

For the last inequality, note that V (T2)
+ ≥ 0 and V

(s)
+ is monotonically increasing, so there exist a

constant C16 such that 1

1+exp(V
(s)
+ )
≥ C16

exp(V
(s)
+ )

. We also have the upper bound

−ℓ′(f(Xn, θ(s))) =
1

1 + exp
(

1
M

∑M
l=1 φ(x

⊤
n,lW

(s)
Q W

(s)⊤
K (Xn)⊤)XnW

(s)
V wO

)
≤ 1

1 + exp(V
(s)
+ /2M)

≤ 1

exp(V
(s)
+ /2M)

(104)

By the update rule of γ(t)
V,+ and in Lemma 8 and get

γ
(s+1)
V,+ − γ

(s)
V,+ = −

η⟨µ̃+, µ̃
(t)
+ ⟩

NM

∑
n∈S+

ℓ̃′(t)n

(
exp(⟨q̃(t)

+ , k̃
(t)
+ ⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)


+
∑
n∈S+

ℓ̃′(t)n

M∑
i=2

−η⟨µ̃+, ξ̃
(t)
n,i⟩

NM

(
exp(⟨q̃(t)

+ , k̃
(t)
n,i⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,k⟩)

+

M∑
j=2

exp(⟨q̃(t)
n,j , k̃

(t)
n,i⟩)

exp(⟨q̃(t)
n,j , k̃

(t)
+ ⟩) +

∑M
k=2 exp(⟨q̃

(t)
n,j , k̃

(t)
n,k⟩)

)

≥ −η(∥µ∥2 − τ)2

NM

∑
n∈S+

ℓ
′(s)
n (M · C

C +M − 1
) +

ητ∥µ∥2
NM

∑
n∈S+

ℓ
′(s)
n (M · 1

C +M − 1
)

≥ η(∥µ∥2 − τ)2

NM
· N
4
· C16

exp(V
(s)
+ )

− ητ∥µ∥2
NM

· N
4
· C16

exp(V
(s)
+ /2M)

≥ ηC17(∥µ∥2 − τ)2

M

1

exp(V
(s)
+ )

where the second inequality is by (103)(104), the last inequality is by N · SNR2 = Ω( 1ϵ ) Then by
definition 4, we get

V
(s+1)
+ − V

(s)
+ = (γ

(s+1)
V,+ − γ

(s)
V,+)∥wO∥22 ≥

ηC17(∥µ∥2 − τ)2∥wO∥22
M exp(V

(s)
+ )

(105)
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Multiply both sides simultaneously by exp(V
(s)
+ ) and get

exp(V
(s)
+ )(V

(s+1)
+ − V

(s)
+ ) ≥ η

M
C17(∥µ∥2 − τ)2∥wO∥22 (106)

Taking a summation from T2 to t and get

t∑
s=T2

exp(V
(s)
+ )(V

(s+1)
+ − V

(s)
+ ) ≥

t∑
s=T2

η

M
C17(∥µ∥2 − τ)2∥wO∥22

≥ η

M
C17(∥µ∥2 − τ)2∥wO∥22(t− T2 + 1)

(107)

By the property that V (s)
+ is monotonically increasing, we have

∫ V
(t+1)
+

V
(T2)
+

exp(x)dx ≥
t∑

s=T2

exp(V
(s)
+ )(V

(s+1)
+ − V

(s)
+ )

≥ η

M
C17(∥µ∥2 − τ)2∥wO∥22(t− T2 + 1)

(108)

By
∫ V

(t+1)
+

V
(T2)
+

exp(x)dx = exp(V
(t+1)
+ )− exp(V

(T2)
+ ) we get

V
(t+1)
+ ≥ log

(
exp(V

(T2)
+ ) +

η

M
C17(∥µ∥2 − τ)2∥wO∥22(t− T2 + 1)

)
(109)

Similarly, we have

V
(t+1)
− ≤ − log

(
exp

(
V

(T2)
−

)
+ ηC17(∥µ∥2 − τ)2∥wO∥22(t− T2 + 1)

)
(110)

Similarly, we have the lower bound, the proofs are the same as for F.3.1

G.2 PROOF OF CLAIM 10

We first consider the increment of ⟨q,k⟩ at the t-th update when using the original clean data. We
then show that, at this step, the effect introduced by the perturbation under adversarial samples
dominates the increment learned from the clean data; hence ⟨q,k⟩ remains stable and bounded.

By the update rule of ⟨q,k⟩ we have

⟨q(t+1)
+ ,k

(t+1)
+ ⟩ − ⟨q(t)

+ ,k
(t)
+ ⟩

= α
(t)
+,+∥k

(t)
+ ∥22 + β

(t)
+,+∥q

(t)
+ ∥22 + {lower order term}

(111)
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Subsequently, we establish upper bounds for α and β for clean data.

α
(t)
+,+ =

η

NM

∑
n∈S+

−ℓ
′(t)
n ∥µ∥22

·

(
V

(t)
+

exp(⟨q(t)
+ ,k

(t)
+ ⟩)

exp(⟨q(t)
+ ,k

(t)
+ ⟩) +

∑M
j=2 exp(⟨q

(t)
+ ,k

(t)
n,j⟩)

−

(
exp(⟨q(t)

+ ,k
(t)
+ ⟩)

exp(⟨q(t)
+ ,k

(t)
+ ⟩) +

∑M
j=2 exp(⟨q

(t)
+ ,k

(t)
n,j⟩)

)2

−
M∑
i=2

(V
(t)
n,i ·

exp(⟨q(t)
+ ,k

(t)
+ ⟩)

exp(⟨q(t)
+ ,k

(t)
+ ⟩) +

∑M
j=2 exp(⟨q

(t)
+ ,k

(t)
n,j⟩)

·
exp(⟨q(t)

+ ,k
(t)
n,i⟩)

exp(⟨q(t)
+ ,k

(t)
+ ⟩) +

∑M
j=2 exp(⟨q

(t)
+ ,k

(t)
n,j⟩)

)
≤ η

NM

∑
n∈S+

∥µ∥22(V
(t)
+ )

≤ 3η

2M
∥µ∥22V

(t)
+

(112)

Then, we can then compute the incremental growth of ⟨q(t)
+ ,k

(t)
+ ⟩ after one update step on clean

data.

⟨q(t+1)
+ ,k

(t+1)
+ ⟩ − ⟨q(t)

+ ,k
(t)
+ ⟩

= α
(t)
+,+∥k

(t)
+ ∥22 + β

(t)
+,+∥q

(t)
+ ∥22 + {lower order term}

≤ 3η

2M
∥µ∥22V

(t)
+ Θ(logC) +

3η

2M
∥µ∥22V

(t)
+ Θ(logC)

(113)

Subsequently, we compute at the tth iteration the magnitude of the effect that the perturbation im-
poses on ⟨q(t)

+ ,k
(t)
+ ⟩.

maxX̃(t)∈B(X(t),τ)⟨q̃
(t)
+ , k̃

(t)
+ ⟩ − ⟨q

(t)
+ ,k

(t)
+ ⟩

= ((1 +
τ

∥µ∥2
)2 − 1)⟨q(t)

+ ,k
(t)
+ ⟩

= ((1 +
τ

∥µ∥2
)2 − 1)Θ(logC)

(114)

As τ and ∥µ∥ are same order, and 3η
2M ∥µ∥

2
2V

(t)
+ = o( 1

N ) by V
(t)
+ ≤ 2 log

(
O( 1ϵ )

)
, dh =

Ω̃
(
max{SNR4, SNR−4}N2ϵ−2

)
and η ≤ Õ(min{∥µ∥−2

2 , (σ2
pd)

−1} · d−
1
2

h ). Thus, we have

⟨q(t+1)
+ ,k

(t+1)
+ ⟩ − ⟨q(t)

+ ,k
(t)
+ ⟩ ≤ maxX̃(t)∈B(X(t),τ)⟨q̃

(t)
+ , k̃

(t)
+ ⟩ − ⟨q

(t)
+ ,k

(t)
+ ⟩

which indicates that the perturbation’s effect exceeds the one-step update on clean data. Therefore,
⟨q(t)

+ ,k
(t)
− ⟩ stay Θ(logC). By similar methods, we can bound the other ⟨q(t),k(t)⟩, which complete

the proof.

G.3 PROOF OF CLAIM 11

We use similar methods in G.2. We first consider the increment of ∥q∥22 and ∥k∥22 at the t-th update
when using the original clean data. We then show that, at this step, the effect introduced by the
perturbation under adversarial samples dominates the increment learned from the clean data; hence
∥q∥22 and ∥k∥22 remains stable and bounded.
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By the update rule of ∥q∥22 and ∥k∥22 we have

∥q(t+1)
+ ∥22 − ∥q

(t)
+ ∥22 = 2⟨∆q

(t)
+ , q

(t)
+ ⟩+ ⟨∆q

(t)
+ ,∆q

(t)
+ ⟩

= 2α
(t)
+,+⟨q

(t)
+ ,k

(t)
+ ⟩+ 2

∑
n∈S+

M∑
i=2

α
(t)
n,+,i⟨q

(t)
+ ,k

(t)
n,i⟩

+

α
(t)
+,+k

(t)
+ +

∑
n∈S+

M∑
i=2

α
(t)
n,+,ik

(t)
n,i


·

α
(t)
+,+k

(t)⊤
+ +

∑
n∈S+

M∑
i=2

α
(t)
n,+,ik

(t)⊤
n,i


≤ 2|α(t)

+,+||⟨q
(t)
+ ,k

(t)
+ ⟩|+ 2

∑
n∈S+

M∑
i=2

|α(t)
n,+,i||⟨q

(t)
+ ,k

(t)
n,i⟩|+ {lower order term}

≤ 2
3η

2M
∥µ∥22 log

(
O(

1

ϵ
)

)
Θ(logC) + 2

∑
n∈S+

M∑
i=2

3η

2NM
∥µ∥22 log

(
O(

1

ϵ
)

)
Θ(logC)

≤ 12η∥µ∥22 log
(
O(

1

ϵ
)

)
Θ(logC)

(115)
where the second inequality comes form the upper bounds for α and β on clean data similar to (112).

Subsequently, we compute at the tth iteration the magnitude of the effect that the perturbation im-
poses on ∥q(t)

+ ∥22.

maxX̃(t)∈B(X(t),τ)∥q̃
(t)
+ ∥22 − ∥q

(t)
+ ∥22

≤ ((1 +
τ

∥µ∥2
)2 − 1)∥q(t)

+ ∥22

≤ ((1 +
τ

∥µ∥2
)2 − 1)Θ(logC)

(116)

As τ and ∥µ∥2 are same order, and 12η∥µ∥22 log
(
O( 1ϵ )

)
= o( 1

NM ) by dh =

Ω̃
(
max{SNR4, SNR−4}N2ϵ−2

)
and η ≤ Õ(min{∥µ∥−2

2 , (σ2
pd)

−1} · d−
1
2

h ). Thus, we have

∥q(t+1)
+ ∥22 − ∥q

(t)
+ ∥22 ≤ maxX̃(t)∈B(X(t),τ)∥q̃

(t)
+ ∥22 − ∥q

(t)
+ ∥22

which indicates that the perturbation’s effect exceeds the one-step update on clean data. There-
fore, ∥q(t+1)

+ ∥22 stay Θ(logC). By similar methods, we can bound the other ∥q∥22 and ∥k∥22, which
complete the proof.

The proof of convergence and test error is similar with Lemma 21 and Section F.4

H PROOF OF THEOREM 3

Proof. Fix an arbitrary θ. Consider the two classes separately. For the positive class (y = +):

δ
(+)
1 = −µ+, δ

(+)
2 = 0

is a valid perturbation since ∥δ(+)
1 ∥2 = ∥µ+∥2 ≤ τ , ∥δ(+)

2 ∥2 = 0 ≤ τ . Then the adversarially
perturbed point

x̃(+) = [µ+ − µ+, ξ2, ..., ξM ] = [0, ξ2, ..., ξM ]

lies in B([µ, ξ2, ..., ξM ], τ), so there exists a perturbation that can potentially flip the classifier’s
output for the positive class.

59



3186
3187
3188
3189
3190
3191
3192
3193
3194
3195
3196
3197
3198
3199
3200
3201
3202
3203
3204
3205
3206
3207
3208
3209
3210
3211
3212
3213
3214
3215
3216
3217
3218
3219
3220
3221
3222
3223
3224
3225
3226
3227
3228
3229
3230
3231
3232
3233
3234
3235
3236
3237
3238
3239

Under review as a conference paper at ICLR 2026

Similarly, for the negative class (y = −):

δ
(−)
1 = −µ−, δ

(−)
2 = 0

produces x̃(−) = [0, ξ2, ..., ξM ] ∈ B([µ, ξ2, ..., ξM ], τ).

For each class independently, there exists a perturbation that can potentially flip its label.

Thus, at least one class can be adversarially fooled with probability at least min{Pr[y = +],Pr[y =
−]}. For uniform labels, this gives

Lrob
D (θ) ≥ 1

2
· 1
2
=

1

4
.

This completes the proof.

I COMPLETE CALCULATION PROCESS FOR BENIGN OVERFITTING

I.1 CALCULATIONS FOR α AND β

In this subsection, we give the calculactions for α and β defined in Definition 5.

α
(t)
+,+ =

η

NM

∑
n∈S+

−ℓ̃′n(θ)⟨µ̃+, µ̃
(t)
+ ⟩

·

(
V

(t)
+

(
exp(⟨q̃(t)

+ , k̃
(t)
+ ⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,j⟩)

−

(
exp(⟨q̃(t)

+ , k̃
(t)
+ ⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,j⟩)

)2


−
M∑
i=2

(
V

(t)
n,i ·

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,j⟩)

·
exp(⟨q̃(t)

+ , k̃
(t)
n,i⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,j⟩)

))

+

M∑
i=2

⟨µ̃+, ξ̃
(t)
n,i⟩ ·

(
V

(t)
+

(
exp(⟨q̃(t)

n,i, k̃
(t)
+ ⟩)

exp(⟨q̃(t)
n,i, k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
n,i, k̃

(t)
n,j⟩)

−

(
exp(⟨q̃(t)

n,i, k̃
(t)
+ ⟩)

exp(⟨q̃(t)
n,i, k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
n,i, k̃

(t)
n,j⟩)

)2


−
M∑
k=2

(
V

(t)
n,i ·

exp(⟨q̃(t)
n,i, k̃

(t)
+ ⟩)

exp(⟨q̃(t)
n,i, k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
n,i, k̃

(t)
n,j⟩)

·
exp(⟨q̃(t)

n,i, k̃
(t)
n,k⟩)

exp(⟨q̃(t)
n,i, k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
n,i, k̃

(t)
n,j⟩)

)
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α
(t)
n,+,i = −

η

NM
ℓ′(t)n ⟨µ̃+, µ̃

(t)
+ ⟩

·

(
−V (t)

+ ·
exp(⟨q̃(t)

+ , k̃
(t)
+ ⟩)

exp(⟨q̃(t)
+ , k̃

(t)
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∑M
j=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,j⟩)
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exp(⟨q̃(t)

+ , k̃
(t)
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exp(⟨q̃(t)
+ , k̃

(t)
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∑M
j=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,j⟩)

+ V
(t)
n,i

(
exp(⟨q̃(t)

+ , k̃
(t)
n,i⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,j⟩)

−

(
exp(⟨q̃(t)

+ , k̃
(t)
n,i⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,j⟩)

)2


−
∑
k ̸=i

(
V

(t)
n,k ·

exp(⟨q̃(t)
+ , k̃

(t)
n,i⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,j⟩)

·
exp(⟨q̃(t)

+ , k̃
(t)
n,k⟩)

exp(⟨q̃(t)
+ , k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
+ , k̃

(t)
n,j⟩)

)
)

+

M∑
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⟨µ̃+, ξ̃
(t)
n,k⟩ ·

(
−V (t)

+ ·
exp(⟨q̃(t)

n,k, k̃
(t)
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exp(⟨q̃(t)
n,k, k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
n,k, k̃

(t)
n,j⟩)

·
exp(⟨q̃(t)
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(t)
n,i⟩)

exp(⟨q̃(t)
n,k, k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
n,k, k̃

(t)
n,j⟩)

+ V
(t)
n,i

(
exp(⟨q̃(t)

n,k, k̃
(t)
n,i⟩)

exp(⟨q̃(t)
n,k, k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
n,k, k̃

(t)
n,j⟩)

−

(
exp(⟨q̃(t)

n,k, k̃
(t)
n,i⟩)

exp(⟨q̃(t)
n,k, k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
n,k, k̃

(t)
n,j⟩)

)2


−
∑
l ̸=i

(
V

(t)
n,l ·

exp(⟨q̃(t)
n,k, k̃

(t)
n,i⟩)

exp(⟨q̃(t)
n,k, k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
n,k, k̃

(t)
n,j⟩)

·
exp(⟨q̃(t)

n,k, k̃
(t)
n,l⟩)

exp(⟨q̃(t)
n,k, k̃

(t)
+ ⟩) +

∑M
j=2 exp(⟨q̃

(t)
n,k, k̃

(t)
n,j⟩)

)

We can also derive the calculations for other α andβ, since they follow the same procedure as in
Section F.1 of Jiang et al. (2024).

I.2 PROOF OF LEMMA 17

I.3 UPDATE RULES FOR INNER PRODUCTS

In this subsection, we give the update rules for the inner products of q and k.
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⟨q(t+1)
+ ,k
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+ ⟩ − ⟨q(t)
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(t)
+ ⟩
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(t)
+,+∥k
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+ ∥22 +

∑
n∈S+

M∑
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+
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M∑
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(t)
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·

β
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+,+q

(t)⊤
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∑
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M∑
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β
(t)
n,+,iq
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(t)
− ⟩

= α
(t)
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(t)
− ∥22 +

∑
n∈S−

M∑
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α
(t)
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+
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(t)
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− +
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(t)
n,i


·
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 ,

We can also derive the update rules for other q and k, since they follow the same procedure as in
Section F.2 of Jiang et al. (2024).
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I.4 PROOF OF LEMMA 17

Let T0 = O

(
1

ηd
1
4
h (∥µ∥2+τ)2∥wO∥2

2

)
. By Lemma 16, we have |V (t)

+ |, |V
(t)
− |, |V

(t)
n,i | = O(d

− 1
4

h ) for

t ∈ [0, T0] by Lemma 16. Plugging this into the expression for α and β gives
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where the inequality is by −ℓ̃′(t)n ≤ 1 and the property that attention is smaller than 1

(e.g.
exp(⟨q(t)

+ ,k
(t)
+ ⟩)

exp(⟨q(t)
+ ,k

(t)
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∑M
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≤ 1 ). We also have
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+ ⟩) +

∑M
j=2 exp(⟨q
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(
exp(⟨q(t)
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j=2 exp(⟨q
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(t)
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−
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(t)
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(t)
+ ⟩) +
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(t)
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(t)
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

−
∑
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V
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+ ,k
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j=2 exp(⟨q
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·
exp(⟨q(t)
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+ ,k
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)
)

+
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(t)
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(
−V (t)
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·
exp(⟨q(t)

n,k,k
(t)
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+ V
(t)
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(
exp(⟨q(t)

n,k,k
(t)
n,i⟩)

exp(⟨q(t)
n,k,k

(t)
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−

(
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(t)
n,k,k

(t)
n,j⟩)
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−
∑
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(
V

(t)
n,l ·

exp(⟨q(t)
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(t)
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exp(⟨q(t)
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(t)
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(t)
n,j⟩)

·
exp(⟨q(t)
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(t)
n,l⟩)

exp(⟨q(t)
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(t)
+ ⟩) +
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j=2 exp(⟨q

(t)
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(t)
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·M ·O(d

− 1
4
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(
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d
1
4
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,

where the inequality is by −ℓ̃′(t)n ≤ 1, Lemma 13 and the property that attention is smaller than 1.
Similarly, we have

|α(t)
−,−|, |β

(t)
+,+|, |β

(t)
−,−| = O

(
η(∥µ∥2 + τ)2

d
1
4

h

)
,
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|α(t)
n,−,l|, |β

(t)
n,+,l|, |β

(t)
n,−,l| = O

(
η(∥µ∥2 + τ)2

d
1
4

hN

)
,

|α(t)
n,l,−|, |β

(t)
n,l,+|, |β

(t)
n,l,−|, |α

(t)
n,l,n′,l′ |, |β

(t)
n,l,n′,l′ |= O

(
η(∥µ∥τ + σ2

pd)

d
1
4

hN

)

for t ∈ [0, T0]. Next we use induction to show that the following proposition A(t) holds for t ∈
[0, T0]. A(t):

|⟨q(t)± , k
(t)
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(t)
± ⟩|, |⟨q

(t)
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(t)
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= O
(
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,
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∥q(t)
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2
2, ∥k

(t)
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2
2 = Θ(σ2

pσ
2
hddh)

for i, j ∈ [M ]\{1}, n, n′ ∈ [N ].

By Lemma 12 we know that A(0) is true. Now we assume A(0), . . . ,A(T ) is true,
then we need to prove that A(T + 1) is true. We first proof |⟨q(T+1)

+ ,k
(T+1)
+ ⟩| =

O
(
max{∥µ∥22, σ2

pd} · σ2
h ·
√
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)

, as an example.
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h ·
√

dh log(6N2M2/δ)
)

+ {lower order term} = O
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Taking a summation, we obtain that

|⟨q(T+1)
+ ,k

(T+1)
+ ⟩| ≤|⟨q(0)

+ ,k
(0)
+ ⟩|+

T∑
t=0

|⟨q(t+1)
+ ,k

(t+1)
+ ⟩ − ⟨q(t)

+ ,k
(t)
+ ⟩|

≤|⟨q(0)
+ ,k

(0)
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T0−1∑
t=0

|⟨q(t+1)
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(t+1)
+ ⟩ − ⟨q(t)
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≤O
(
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h ·
√
dh log(6N2M2/δ)

)
+O

(
1

ηd
1
4

h (∥µ∥2 + τ)2∥wO∥22

)
·O(η∥µ∥22(∥µ∥2 + τ)2σ2

hd
3
4
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=O
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h ·
√

dh log(6N2M2/δ)
)
+O

(
∥µ∥22σ2
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1
2

h

)
Similarly to ⟨q(t)

+ ,k
(t)
+ ⟩, it is easy to know that the inner product does not change by a magnitude

more than the product of max{α, β} and max{⟨q, q⟩, ⟨k, k⟩} in a single iteration, which can be
expressed as follows

|⟨q(t+1),k(t+1)⟩ − ⟨q(t),k(t)⟩|

=O

(
max

{
η(∥µ∥2 + τ)2

d
1
4

h

,
η(σ2

pd+ ∥µ∥τ)

d
1
4

hN

})
·Θ(max{∥µ∥22σ2

hdh, σ
2
pσ

2
hddh})

=O

(
η(∥µ∥2 + τ)2

d
1
4

h

)
·Θ(max{∥µ∥22σ2

hdh, σ
2
pσ

2
hddh})

=O
(
(∥µ∥2 + τ)2σ2

hd
3
4

h ·max{∥µ∥22, σ2
pd}
)

where the second equality is by the condition that N · SNR2 = Ω(1).

Taking a summation, we obtain that

|⟨q(T+1),k(T+1)⟩ − ⟨q(0),k(0)⟩| ≤
T−1∑
t=0

|⟨q(t+1),k(t+1)⟩ − ⟨q(t),k(t)⟩|

≤
T0−1∑
t=0

O
(
η(∥µ∥2 + τ)2σ2

hd
3
4

h ·max{∥µ∥22, σ2
pd}
)

= O

(
1

ηd
1
4

h (∥µ∥2 + τ)2∥wO∥22

)
·O
(
η(∥µ∥2 + τ)2σ2

hd
3
4

h ·max{∥µ∥22, σ2
pd}
)

= O
(
max{∥µ∥22, σ2

pd} · σ2
hd

1
4

h

)
.

It is clear that the magnitude of ⟨q(T+1),k(T+1)⟩ − ⟨q(0),k(0)⟩ is smaller than max{∥µ∥22, σ2
pd} ·

σ2
h ·
√
dh log(6N2M2/δ). Thus the magnitude of the bound for ⟨q(T+1),k(T+1)⟩ is the same as

that of ⟨q(T ),k(T )⟩. The proof for ⟨q(T+1), q(T+1)⟩ and ⟨k(T+1),k(T+1)⟩ is exactly the same, and
we can conclude the proof by an induction.

I.5 LOWER BOUNDS OF α AND β

In this subsection, we present some bounds for α and β which can be used in F.2 and F.3. All the
calculations in this subsection are based on the precise expression for α and β in I.1 and assume that
B(T1), . . . ,B(s),D(T1), . . . ,D(s− 1) hold (s ∈ [T1, t]). Then the following propositions hold:

V
(s)
+ ≥ 3M · |V (s)

n,i |,
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√
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

where the first inequality is by V
(s)
+ ≥ 3M · |V (s)

n,i |, the second inequality is by the fact that the sum
of attention equal to 1 and Lemma 13. Similarly, we have
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+ {lower order term} (118)
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Similarly, by applying the update rules in Section I.3, we can derive the following bounds on α and
β.

α
(s)
+,+, α

(s)
−,−, β

(s)
+,+, β

(s)
−,−, α

(s)
n,i,+, α

(s)
n,i,−, β

(s)
n,+,i, β

(s)
n,−,i ≥ 0,

α
(s)
n,+,i, α

(s)
n,−,i, α

(s)
n,i,n,j , β

(s)
n,i,+, β

(s)
n,i,−, β

(s)
n,j,n,i ≤ 0.

I.6 LOWER BOUNDS OF ⟨q,k⟩

In order to give the lower bounds for ⟨q, k⟩, we need to rewrite the bounds of α and β in a more
concise form. We first expand the equations in I.5 under the assumption that B(s) and E(s) holds
for s ∈ [T1, t].
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(
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−

(
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(s)
+ ⟩) +
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=
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+ {lower term}
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+ {lower term}

≥ η
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(
1

M
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+ ·
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1

M
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)
·

exp(⟨q(s)
+ ,k

(s)
n,j⟩)

C exp(⟨q(s)
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(s)
+ ⟩)

+ {lower term}

≥ η2C5(∥µ∥2 − τ)4∥wO∥22(s− T1)

N
· 1

exp(Λ
(s)
n,+,j)

,

where the first inequality is by Lemma 20(as E(s) holds) and softmax(⟨q(s)
+ ,k

(s)
+ ⟩) ≥

(
1
M − o(1)

)
.

In the fourth inequality, by ⟨q(T1),k(T1)⟩ = o(1) and the monotonicity of ⟨q(s)
+ ,k

(s)
+ ⟩ (⟨q(s)

+ ,k
(s)
+ ⟩ is

increasing and ⟨q(s)
+ ,k

(s)
n,j⟩ is decreasing), there exist a constant C such that C exp(⟨q(s)

+ ,k
(s)
+ ⟩) ≥

exp(⟨q(s)
+ ,k

(s)
+ ⟩) +

∑M
j′=2 exp(⟨q

(s)
+ ,k

(s)
n,j′⟩). In the last inequality, we plugging the lower bounds

of V (s)
+ and −ℓ̃

′(s)
n and then absorb all the constant factors. Similarly, we have

β
(s)
+,+ ≥

η2C5(∥µ∥2 − τ)4∥wO∥22(s− T1)

N
· 1

exp(Λ
(s)
n,+,j)

, (120)

α
(s)
−,− ≥

η2C5(∥µ∥2 − τ)4∥wO∥22(s− T1)

N
· 1

exp(Λ
(s)
n,−,j)

, (121)

β
(s)
−,− ≥

η2C5(∥µ∥2 − τ)4∥wO∥22(s− T1)

N
· 1

exp(Λ
(s)
n,−,j)

. (122)

With the concise lower bounds for α and β above and proposition C(s), we will give the lower
bounds for the dynamics of ⟨q,k⟩.

⟨q(s+1)
+ ,k
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+ ⟩ − ⟨q(s)

+ ,k
(s)
+ ⟩ = α
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(s)
n,+,i⟨k

(s)
+ ,k

(s)
n,i⟩

+ β
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+
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 ·
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= α
(s)
+,+∥k

(s)
+ ∥22 + β

(s)
+,+∥q

(s)
+ ∥22 + {lower order term}

≥ 2η2C5(∥µ∥2 − τ)4∥wO∥22(s− T1)

N
· 1

exp(Λ
(s)
n,+,j)

·Θ(∥µ∥22σ2
hdh)

+ {lower order term}

≥ η2C6(∥µ∥2 − τ)42∥µ∥22∥wO∥22σ2
hdh(s− T1)

N
· 1

exp(Λ
(s)
n,+,j)

,

(123)

Similarly, we have the lower bounds for the dynamics of other ⟨q,k⟩.

I.7 UPPER BOUNDS OF ⟨q, k⟩

In order to give the upper bounds of ⟨q, k⟩ in stage II, we need to give the upper bounds of α and
β based on the equations in Section I.1 under the assumption that D(T1), . . . ,D(s − 1) hold for
s ∈ [T1, t].
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(124)

where the first inequality is by −ℓ̃
′(s)
n ≤ 1 and softmax(⟨q(s)

+ ,k
(s)
+ ⟩) ≤ 1. For the second inequality,

we first consider
∑M
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Then by the monotonicity of ⟨q(s)
+ ,k

(s)
n,j⟩ and ⟨q(T1)

+ ,k
(T1)
n,j ⟩ = o(1) we have∑M

j=2 exp(⟨q
(s)
+ ,k

(s)
n,j⟩) ≤ C for s ∈ [T1, t]. The last inequality is by V

(s)
+ , V

(s)
n,i = o(1) for

s ∈ [T1, t] and absorbing the constant factors. Similarly, we have

Similar to Section I.6, we apply the bounds of α and β above to give the upper bounds for the
dynamics ⟨q,k⟩.
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(125)
Similarly, we have the upper bounds for the dynamics of other ⟨q,k⟩.

I.8 BOUNDS FOR THE SUM OF α AND β

The gradients of the inner products of q and k contain a lot of coefficients α and β, and in order to
conveniently give the upper bounds of some lower order inner products, we will give upper bounds
for the summation of α and β (e.g.

∑t
s=T1

|α(s)
+,+|).

Note that in the Jacobi matrix of the Softmax function, the elements on the diagonal are softmax(ai)·
(1− softmax(ai)) and the elements on the off-diagonal are softmax(ai) · softmax(aj). In Stage II,
the attentions on signals µ± increase and the attentions on noises ξ decrease, then we can consider
the following cases:

• if ai = ⟨q+,k+⟩ or ai = ⟨qi,k+⟩, softmax(ai) has a constant upper bound 1,
(1− softmax(ai)) decreases as softmax(ai) increases. So the upper bound of softmax(ai) ·
(1− softmax(ai)) decreases as softmax(ai) increases.

• if ai = ⟨q+,kj⟩ or ai = ⟨qi,kj⟩, (1− softmax(ai)) has a constant upper bound 1. So the
upper bound of softmax(ai) · (1− softmax(ai)) decreases as softmax(ai) decreases.

• if aj = ⟨q+,kj⟩ or aj = ⟨qi,kj⟩, softmax(ai) has a constant upper bound 1. So the upper
bound of softmax(ai) · softmax(aj) decreases as softmax(aj) decreases.

Based on the above cases, we first study the bounds of the following terms

• 1− softmax(⟨q(s)
+ ,k

(s)
+ ⟩)
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• 1− softmax(⟨q(s)
n,i,k

(s)
+ ⟩)

• softmax(⟨q(s)
+ ,k

(s)
n,j⟩)

• softmax(⟨q(s)
n,i,k

(s)
n,j⟩)

Note that 1 − softmax(⟨q(s)
+ ,k

(s)
+ ⟩) =

∑
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(s)
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(s)
+ ⟩) =∑
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(s)
n,j⟩), we only need to give the upper bounds for softmax(⟨q(s)

+ ,k
(s)
n,j⟩) and

softmax(⟨q(s)
n,i,k

(s)
n,j⟩).

Assume that the propositions B(T1), . . . ,B(s),D(T1), . . . ,D(s− 1) hold (s ∈ [T1, t]), we have

|V (s)
± |, |V

(s)
n,i | ≤ O(d

− 1
4

h ) + ηC4(∥µ∥2 + τ)2∥wO∥22(s− T1), (126)

Λ
(s)
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(
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(127)

Λ
(s)
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exp(Λ
(T1)
n,i,±,j) +
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2
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2
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 ,

(128)
for i, j ∈ [M ] \ {1}, n ∈ [N ], s ∈ [T1, t].

Then we have

exp(⟨q(s)
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(s)
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.

(129)

For the first inequality, by ⟨q(T1),k(T1)⟩ = o(1) and the monotonicity of ⟨q(s),k(s)⟩ (⟨q(s),k(s)⟩ is
increasing and ⟨q(s)

± ,k
(s)
n,j⟩ is decreasing), there exists a constant C such that C exp(⟨q(s)

± ,k
(s)
± ⟩) ≥

exp(⟨q(s)
± ,k

(s)
± ⟩) +
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j′=2 exp(⟨q
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n,j′⟩).. The second inequality is by plugging (127). For the

last inequality, by Λ
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n,±,j = o(1), there exist a constant C13 such that C13 ≤ C exp(Λ
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C13 ≤ C8C. Similarly, we have
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Plugging above equations into the expressions of α, β we have
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where the third equality is by η2C13(∥µ∥2−τ)2∥µ∥2
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Next, we give an upper bound for η2(∥µ∥2+τ)4∥wO∥2
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as follows:
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(132)

where the inequality is by ax + b
x ≥ 2

√
ab for x > 0, the third equality is by absorbing the lower

order term η2C13(∥µ∥2+τ)4∥wO∥2
2d

1
2
h

N(log(6N2M2/δ))2
, the last equality is by ∥wO∥2 = Θ(1). Plugging this into (131)

and get
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(133)

Similarly, we have
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(134)

for i ∈ [M ] \ {1}, n ∈ S+.
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(135)
for i ∈ [M ] \ {1}, n ∈ S+, the last equality is by N · SNR2 ≥ Ω(1).
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for i ∈ [M ] \ {1}, n ∈ S+, the last equality is by N · SNR2 ≥ Ω(1).
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(137)

for i, j ∈ [M ] \ {1}, n ∈ [N ], the last equality is by N · SNR2 ≥ Ω(1).
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(138)

for i, j ∈ [M ] \ {1}, n, n′ ∈ [N ], n ̸= n′, the last equality is by N · SNR2 ≥ Ω(1). Taking a
summation we obtain that
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(139)
where the last equality is by ∥wO∥ = Θ(1). Similarly, we have
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for i ∈ [M ] \ {1}, n ∈ S+.
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for i ∈ [M ] \ {1}, n ∈ S+.
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for i ∈ [M ] \ {1}, n ∈ S+.
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for i, j ∈ [M ] \ {1}, n ∈ S+.
t∑

s=T1

|α(s)
n,i,n′,j |,

t∑
s=T1

|β(s)
n,j,n′,i| = O

(
d−

1
2 d

− 1
4

h log(6N2M2/δ)
)

(144)

for i, j ∈ [M ] \ {1}, n, n′ ∈ [N ], n ̸= n′.

With these sums of α and β above, we can easily prove Claim 3 and Claim 4.

I.9 PROOF OF CLAIM 3

In this subsection, we assume that E(T1), . . . , E(t) hold, and then proof that C(t + 1) is true with
the result of I.8. ∣∣∣∥q(t+1)

+ ∥22 − ∥q
(T1)
+ ∥22

∣∣∣ ≤ t∑
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∣∣∣ (145)
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where the first inequality is by triangle inequality. Since σ2
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2

h (log(6N2M2/δ))−2 and dh = Ω̃(max{SNR4, SNR−4}N2ϵ−2), we have N
1
2 d

− 1
4

h log(d
1
2

h ) =

o(∥µ∥22σ2
hdh), so ∥q(t+1)
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1
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2

h )
)
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1
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− 1
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1
2
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2
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2
2
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(
d
− 1

4
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1
2
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)
= o(σ2

pσ
2
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2
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2
2
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(
N

1
2 d
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4

h log(d
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)
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2
hdhdn),

(147)

so we have

∥q(t+1)
± ∥22, ∥k

(t+1)
± ∥22 = Θ(∥µ∥22σ2

hdh),

∥q(t+1)
n,i ∥

2
2, ∥k

(t+1)
n,i ∥

2
2 = Θ(σ2

pσ
2
hddh)

(148)

for i ∈ [M ] \ {1}, n ∈ [N ].

|⟨q(t+1)
+ , q

(t+1)
− ⟩| ≤ |⟨q(T1)

+ , q
(T1)
− ⟩|+

t∑
s=T1

|⟨q(s+1)
+ , q

(s+1)
− ⟩ − ⟨q(s)

+ , q
(s)
− ⟩|

≤ |⟨q(T1)
+ , q

(T1)
− ⟩|

+

t∑
s=T1

∣∣∣∣∣∣α(s)
+,+⟨q

(s)
+ ,k

(s)
+ ⟩+

∑
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α
(s)
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(s)
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(s)
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(s)
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(s)
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(s)
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∑
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M∑
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α
(s)
n,−,i⟨q

(s)
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(s)
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+

α
(s)
+,+k

(s)
+ +

∑
n∈S+

M∑
i=2

α
(s)
n,+,ik

(s)
n,i
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·

α
(s)
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(s)
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∑
n∈S−
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α
(s)
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(s)
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⊤
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(149)
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≤ |⟨q(T1)
+ , q

(T1)
− ⟩|

+

t∑
s=T1

|α(s)
+,+||⟨q

(s)
+ ,k

(s)
+ ⟩|+

∑
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+
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(s)
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− ⟩|+

∑
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|α(s)
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(s)
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+ {lower order term}

≤ |⟨q(T1)
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− ⟩|

+O
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N

1
2 d

− 1
4

h · o(1) +N ·M ·O
(
N− 1

2 d
− 1

4

h

)
· log(d

1
2

h )
)

= |⟨q(T1)
+ , q

(T1)
− ⟩|+O

(
N

1
2 d

− 1
4

h log(d
1
2

h )
)

= o(1),

(150)

where the first inequality is triangle inequality, the last equality is by dh =

Ω̃(max{SNR4, SNR−4}N2ϵ−2). Similarly, we can prove:

∥q(t)
± ∥22, ∥k

(t)
± ∥22 = Θ

(
∥µ∥22σ2

hdh
)
,

∥q(t)
n,i∥

2
2, ∥k

(t)
n,i∥

2
2 = Θ

(
σ2
pσ

2
hddh

)
,

|⟨q(t)
+ , q

(t)
− ⟩|, |⟨q

(t)
± , q

(t)
n,i⟩|, |⟨q

(t)
n,i, q

(t)
n′,j⟩| = o(1),

|⟨k(t)
+ ,k

(t)
− ⟩|, |⟨k

(t)
± ,k

(t)
n,i⟩|, |⟨k

(t)
n,i,k

(t)
n′,j⟩| = o(1),

for i, j ∈ [M ]\{1}, n, n′ ∈ [N ], i ̸= j or n ̸= n′.

I.10 UPPER BOUNDS OF ⟨q, k⟩

In order to give the upper bounds for ⟨q,k⟩ in stage III, we need to give the upper bounds of α and β
based on the equations in I.1. The main difference between this subsection and I.7 is that the bounds
of |V±|, |Vn,i| is log

(
O
(
1
ϵ

))
in this subsection, while the bounds of |V±|, |Vn,i| is log

(
O
(
1
ϵ

))
in
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I.7, resulting in different bounds for α and β. Now we take α
(s)
+,+ as an example

α
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·

(
V

(s)
+

(
exp(⟨q(s)

+ ,k
(s)
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(
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(151)
where the first inequality is by −ℓ̃′(s)n ≤ 1 and softmax(⟨q(s)

+ ,k
(s)
+ ⟩) ≤ 1. For the second in-

equality, we first consider
∑M

j=2 exp(⟨q(s)
+ ,k

(s)
n,j⟩)

exp(⟨q(s)
+ ,k

(s)
+ ⟩)+

∑M
j=2 exp(⟨q(s)

+ ,k
(s)
n,j⟩)

≤
∑M

j=2 exp(⟨q(s)
+ ,k

(s)
n,j⟩)

exp(⟨q(s)
+ ,k

(s)
+ ⟩)

, then by the

monotonicity of ⟨q(s)
+ ,k

(s)
n,j⟩ and ⟨q(T1)

+ ,k
(T1)
n,j ⟩ = o(1) we have

∑M
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+ ,k

(s)
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t ∈ [T1, T3]. The last inequality is by V
(s)
+ , |V (s)

n,i | ≤ 2 log
(
O
(
1
ϵ

))
for t ∈ [T2, T3] and absorbing

the constant factors. Similar to I.7, we can give the bounds for the other α and β as follows:

α
(s)
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ηC9(∥µ∥2 + τ)2 log
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O
(
1
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))
exp(⟨q(s)
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,
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(
O
(
1
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exp(⟨q(s)

+ ,k
(s)
+ ⟩)

,

(152)

Similar to I.6, we apply the bounds of α and β above to give the upper bounds for the dynamics
⟨q, k⟩.
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·
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+,+∥k

(s)
+ ∥22 + β
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+,+∥q

(s)
+ ∥22 + {lower order term}
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O
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1
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1
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1
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(s)
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(153)

Similarly, we have the upper bounds for the dynamics of other ⟨q,k⟩.

I.11 BOUNDS FOR THE SUM OF α AND β

Assume that the propositions F(T2), . . . ,F(s),H(T2), . . . ,H(s− 1) hold (s ∈ [T1, t]), we have

|V (s)
± | ≤ 2 log

(
O

(
1

ϵ

))
, (154)

|V (s)
n,i | = O(1), (279)

Λ
(s)
n,±,j ≥ Λ

(T2)
n,±,j ≥ log

(
exp(Λ

(T1)
n,±,j) + Θ

(
d

1
2

h

N(log(6N2M2/δ))3

))
, (155)

Λ
(s)
n,i,±,j ≥ Λ

(T2)
n,i,±,j ≥ log

exp(Λ
(T1)
n,i,±,j) + Θ

 σ2
pddd

1
2

h

N∥µ∥22(log(6N2M2/δ))3

 (156)

for i, j ∈ [M ]\{1}, n ∈ [N ], s ∈ [T2, t]. Similar to (57) and (58), we have

exp(⟨q(s)± ,k
(s)
n,j⟩)

exp(⟨q(s)± , k
(s)
± ⟩) +
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d
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h
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(157)
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Plugging above equations into the expressions of α, β and letting O
(
log
(
O
(
1
ϵ

)))
be the upper

bound for |V (s)
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n,i | we have
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(159)

Taking a summation we obtain that

t∑
s=T2

|α(s)
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1
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(160)
where the last equality is by ∥wO∥ = Θ(1). Similarly, we have the bounds for other sum of α and
β. Thus, we can easily prove Claim 7 and Claim 8.
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I.12 PROOF OF CLAIM 7

In this subsection, we assume that I(T2), . . . , I(t) hold, and then proof that G(t + 1) is true with
the result of I.11.∥∥∥q(t+1)
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(161)

where the first inequality is by triangle inequality, the second inequality is by the update rules in D.2,
the third inequality is by t ≤ T3. Since σ2

h ≥
(
max{σ2
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)−1 · d−

1
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, we have
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so ∥q(t+1)
+ ∥22 = ∥q(T2)

+ ∥22 + o(∥µ∥22σ2
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hdh). Similarly, we have
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for i, j ∈ [M ]\{1}, n, n′ ∈ [N ], i ̸= j or n ̸= n′.
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