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Abstract001

Mathematical problem solving is a fundamental002
benchmark for assessing the reasoning capabil-003
ities of artificial intelligence and a gateway to004
applications in education, science, and engi-005
neering where reliable symbolic reasoning is006
essential. Although recent advances in multi-007
agent LLM-based systems have enhanced their008
mathematical reasoning capabilities, they still009
lack a reliably revisable representation of the010
reasoning process. Existing agents either op-011
erate in rigid sequential pipelines that cannot012
correct earlier steps or rely on heuristic self-013
evaluation that can fail to identify and fix er-014
rors. In addition, programmatic context can015
distract language models and degrade accuracy.016
To address these gaps, we introduce Iteratively017
Improved Program Construction (IIPC), a rea-018
soning method that iteratively refines program-019
matic reasoning chains and combines execution020
feedback with the native Chain-of-thought abil-021
ities of the base LLM to maintain high-level022
contextual focus. IIPC surpasses competing023
approaches in the majority of reasoning bench-024
marks on multiple base LLMs. All code and im-025
plementations will be released as open source026
upon publication.027

1 Introduction028

Mathematical reasoning, the ability to reliably029

solve multi-step math problems through symbolic030

manipulation and language-based deduction, is a031

necessary skill for LLM-based systems to master032

in order to build generally intelligent systems that033

can automate intellectual tasks. It is especially034

crucial in applications such as scientific discov-035

ery (Cherian et al., 2024; Shojaee et al., 2025),036

optimization (Huang et al., 2024; Forootani, 2025; 037

Habeeb et al., 2023), financial modeling (Yao et al., 038

2025; Carvalho Santos et al., 2022), and educa- 039

tion (Gupta et al., 2025; Liu et al., 2025), among 040

many others. As research advances towards en- 041

abling language models to use tools and under- 042

stand abstract concepts, mathematical reasoning 043

emerges as a benchmark for assessing their ability 044

to combine symbolic structure with logical deduc- 045

tion. Advancing this capability is necessary for 046

building AI systems that can engage in effective, 047

applicable, and scientifically grounded reasoning. 048

Despite substantial progress, many reasoning 049

agents still struggle with two limitations. First, 050

most systems lack a persistent and reliably ma- 051

nipulable representation of their overall reason- 052

ing state that allows them to make informed re- 053

visions of earlier steps. Once a model commits 054

to a reasoning chain, whether expressed as text, 055

a sequence of agentic steps, or a program, sub- 056

sequent revisions are typically superficial, based 057

on heuristic self-evaluation or nonexistent. With- 058

out an editable global reasoning state, the model 059

cannot identify or act on contradictions, invalid 060

computations, or revise previous steps, making it 061

vulnerable to cascading errors (Cemri et al., 2025). 062

Second, execution-guided agents lack stabilizers 063

against program bias, often over-prioritizing ex- 064

ecution signals that could be logically flawed over 065

token-level reasoning, resulting in brittle reasoning 066

trajectories. When program outputs are used to 067

draw conclusions, irrelevant or incorrect informa- 068

tion may cause biased reasoning in models, reduc- 069

ing accuracy (Shi et al., 2023; Yang et al., 2025). 070
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Existing approaches address portions of these071

limitations, but leave important gaps. Multi-072

agent systems such as Cumulative Reasoning073

(CR) (Zhang et al., 2023) and Multi-agent Con-074

dition Mining (MACM) (Lei et al., 2024) have075

enabled stepwise deliberation. However, their076

sequential structure locks their reasoning trajec-077

tory into a fixed forward direction. This rigid-078

ity prevents agents from freely revising earlier079

steps, making them vulnerable to cascading er-080

rors, a phenomenon identified by (Cemri et al.,081

2025) as "inter-agent misalignment". Agents082

like Self-Refine (Madaan et al., 2023), Reflex-083

ion (Shinn et al., 2023), Tree-of-Thoughts (Yao084

et al., 2023), and Graph-of-Thoughts (Besta et al.,085

2024) offer self-evaluation, refinement, and back-086

tracking capabilities, but their effectiveness is087

bounded by their capacity to produce accurate self-088

evaluations (Huang et al., 2023), often resulting089

in unreliable refinements and trajectory selections.090

Program and tool-based agents such as Program of091

Thoughts (PoT) (Chen et al., 2023), Tool Integrated092

Reasoning Agent (ToRA) (Gou et al., 2024), Code-093

based Self Verification (CSV) (Zhou et al., 2023),094

and Program-aided Language Model (PAL) (Gao095

et al., 2023) provide deterministic signals through096

code execution. These programs are usually one-097

off artifacts and are not subjected to targeted revi-098

sions, leading to rigidity similar to that of sequen-099

tial reasoning agents. Furthermore, recent studies100

have demonstrated that such agents, particularly101

those relying on program-based reasoning, are sus-102

ceptible to irrelevant or misleading context, often103

over-incorporating flawed information into their104

reasoning traces and causing performance degrada-105

tion (Shi et al., 2023; Yang et al., 2025).106

To overcome these limitations, we propose Itera-107

tively Improved Program Construction (IIPC), an108

agent that treats programs as explicit representa-109

tions of the model’s reasoning chain. While most110

agents generate one-off code blocks, IIPC gener-111

ates reasoning chains as programs designed for112

transparent inspection and evolution through in-113

formed revision. Each revision is grounded in114

deterministic feedback that includes information115

about intermediate steps, allowing the model to116

correct errors or inconsistencies in its reasoning117

and make causally informed changes. A memory118

of past mistakes is maintained to ensure that re-119

finements minimize "revisit regret" and steer im-120

provements away from failure modes rather than121

resampling failed programs. To preserve a high-122

level contextual focus, IIPC adopts a dual-branch 123

architecture. The token-level reasoning branch pro- 124

duces a CoT reasoning trace free from dependence 125

on program output, while the program-refinement 126

branch iteratively refines an executable representa- 127

tion of the model’s reasoning. The outputs of the 128

two branches are combined only at the final stage 129

to provide context for the final reasoning chain. 130

Through this mechanism, IIPC avoids over-reliance 131

on potentially incorrect or irrelevant program re- 132

sults while leveraging relevant information. As a 133

result, IIPC provides a unified reasoning mecha- 134

nism that combines manipulable representations 135

of reasoning traces with context-stable reasoning, 136

overcoming the limitations of existing multi-agent, 137

self-evaluating, and execution-guided systems. 138

The paper’s primary contributions are as follows: 139

1. We introduce IIPC, a new reasoning method 140

that is designed to refine programs through 141

execution-guided feedback, integrate execu- 142

tion outputs into its own reasoning abilities, 143

and surpass other code-based, state-of-the-art, 144

non-ensemble reasoning agents in difficult 145

math problem-solving benchmarks. 146

2. We provide the reasoning-trace corpus gen- 147

erated from testing IIPC, including prob- 148

lem statements, initial propositions, generated 149

code, execution outputs, integrated deliber- 150

ation, and final answers, to facilitate repro- 151

ducible evaluation, detailed error analysis, and 152

future work on program-centric reasoning. 153

3. We conduct a comprehensive evaluation of 154

IIPC against various multi-agent reasoning 155

methods across large language models and 156

mathematical reasoning benchmarks. IIPC 157

surpasses PoT, MACM, and CR on the ma- 158

jority of the mathematical problem-solving 159

benchmarks on multiple base LLMs. 160

2 Related Work 161

Recently developed multi-agent systems vary in 162

their approach to structuring mathematical reason- 163

ing. CR (Zhang et al., 2023) uses three compo- 164

nents: a proposer, verifier, and reporter. These com- 165

ponents generate, evaluate, and collect reasoning 166

steps. CR achieves 72.2% accuracy on 500 MATH 167

problems (Hendrycks et al., 2021) using GPT-4 168

and early LLaMA models. MACM (Lei et al., 169

2024) accumulates and verifies conditions needed 170

to solve the given problem rather than processing 171
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the reasoning steps. MACM also uses voting mech-172

anisms to leverage uncertainty and explore multi-173

ple reasoning trajectories that are higher in qual-174

ity than CoT (Wei et al., 2022), Tree-of-Thoughts175

(ToT) (Yao et al., 2023), or Graph-of-Thoughts176

(GoT) (Besta et al., 2024) prompting. Despite their177

improvements on popular benchmarks, sequential178

processing introduces rigid reasoning chains that179

cause errors to propagate over subsequent steps.180

While sequential multi-agent systems like181

MACM and CR focus on reasoning through it-182

erative step accumulation, other research direc-183

tions enhance problem-solving by integrating ex-184

ternal tools. Tool-Integrated Reasoning Agent185

(ToRA) (Gou et al., 2024) fine-tunes LLaMA mod-186

els to interleave natural language reasoning with187

tool calls. PoT (Chen et al., 2023) generates and ex-188

ecutes Python programs, using the outputs to arrive189

at the final answer. Code-Based Self-Verification190

(CSV) (Zhou et al., 2023) includes programmatic191

checks to verify and refine solutions, improving192

reliability through iterative code-driven validation.193

Other approaches aim to improve reasoning in-194

ternally through self-correction. Agents like self-195

refine (Madaan et al., 2023) and Reflexion (Shinn196

et al., 2023) adopt an iterative self-improvement197

approach, generating feedback on their own output198

and refining it until a predefined stopping condi-199

tion is met. These methods provide foundational200

insights for enhancing program-based reasoning,201

which our approach leverages and advances.202

IIPC’s program refinement mechanism is sim-203

ilar to CodePRM (Li et al., 2025) in its usage204

of execution feedback to refine reasoning. How-205

ever, IIPC treats programs as representations of the206

reasoning chain, whereas CodePRM edits natural-207

language thoughts based on their quality scores208

for better downstream execution. The dual-branch209

architecture used by IIPC conceptually resembles210

the Talker-Reasoner architecture (Christakopoulou211

et al., 2024), where a talker agent performs fast212

language generation, the reasoner performs multi-213

step reasoning, and they interact through a shared214

memory. However, unlike the interleaved process215

of the Talker-Reasoner, IIPC maintains a clean CoT216

trace and only merges at the end to remain robust217

to noisy programmatic outputs.218

Execution-Guided Classifier-Free Guidance219

(EG-CFG) (Lavon et al., 2025) is a decoding strat-220

egy that guides token sampling based on line-level221

execution. OpenCodeInterpreter (OCI) (Zheng222

et al., 2024) uses an execution guided refine-223

ment loop to iteratively refine generated pro- 224

grams. Outcome-Refining Process Supervision 225

(ORPS) (Yu et al., 2025) performs a beam search 226

over reasoning-code trajectories, selecting candi- 227

dates based on execution-based outcome signals. 228

In contrast, IIPC treats programs as representations 229

for mathematical problem solving, refining them 230

using both process- and outcome-level signals to 231

identify and correct reasoning errors. 232

3 Iteratively Improved Program 233

Construction (IIPC) 234

Our proposed method, IIPC, introduces an 235

execution-guided reasoning methodology that di- 236

rectly addresses the limitations of works previously 237

mentioned. Rather than accumulating steps or con- 238

ditions sequentially, as in CR and MACM, IIPC 239

develops programs that solve the given problem 240

while simultaneously storing compact failure de- 241

scriptors. This allows IIPC to iteratively converge 242

toward correct solutions while dynamically avoid- 243

ing previously failed reasoning paths. 244

IIPC begins by using a model f for develop- 245

ing a set of initial propositions s (s = finit(x)), 246

which are statements derived explicitly from the 247

given problem x, as well as additional information 248

needed to solve the problem. These statements 249

encapsulate all critical information, whether explic- 250

itly provided by the problem or implicitly required, 251

to guide subsequent solution steps. 252

Given the problem statement and the set of initial 253

propositions, IIPC generates a candidate solution 254

program p1 (p1 = fprog(x, s)) that transparently 255

represents its reasoning process. Every generated 256

program conforms to the following constraints: 257

• Programs must be restricted to the following 258

libraries: numpy, math, sympy, scipy, and 259

scikit-spatial. These libraries are sufficient 260

to express the vast majority of mathematical 261

reasoning tasks. Additionally, they are stable, 262

widely used, and deterministic, minimizing 263

variability across runs. 264

• To facilitate debugging, the program must 265

avoid using any list comprehensions or recur- 266

sion and should make use of print statements. 267

• Comments must be verbose and descriptive 268

for aiding correction and refinement. 269

• The program must include a section that veri- 270

fies the final answer, allowing the framework 271
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Figure 1: Overview of IIPC. finit derives key propositions from the problem statement; fprog generates an initial
candidate program; fval evaluates program correctness and logical consistency; if errors are detected, the error
correction component ferr revises the program accordingly; fcot produces a textual chain of thought;fcomb combines
program and token reasoning context for final output; Mt denotes the error descriptor memory at refinement step t;
Pt represents the program store at step t.

to evaluate its correctness.272

Once the program is constructed, it is executed273

using an interpreter E to yield an output (o1 =274

E(p1)), which can either be the program’s output,275

an error, or both. This serves as the basis for subse-276

quent reflection and refinement.277

IIPC reviews the generated program’s reasoning278

and consults a persistent reflection memory con-279

taining past mistakes (Mt, where t is the time point280

of the current refinement step) to avoid repeating281

unsuccessful strategies. It then either (1) issues a re-282

vised program accompanied by a concise reflection283

on the identified flaw, which is logged in the mem-284

ory store before the revised program is re-executed,285

or (2) outputs a stopping signal indicating that the286

current program and its outputs are satisfactory for287

solving the problem without further refinement. If288

the program produces an error, IIPC amends only289

the offending code segment without modifying the290

reasoning chain itself. It also produces a concise291

reflection on the mistake, which is appended to its292

memory store for guiding future iterations.293

IIPC iteratively refines the design by executing a294

series of process validations and error corrections295

to produce the optimal program for solving the296

given problem. If a program does not result in an297

error, the process validation component will assess298

the program’s validity and its output. However, if299

the program produces an error, the error correction300

component will revise it while preserving the rea- 301

soning chain. The resulting programs from either 302

process are rerun and cycled (along with their out- 303

put and error) back into one of the two components 304

for further correction and/or enhancement. The 305

current implementation for refinement, as tested in 306

the main experiments, allows a maximum of two 307

process validations and two error corrections af- 308

ter each process validation. All working programs 309

and their output are stored in an array Pt, with 310

the program with the highest index being the most 311

recently developed working program. This back- 312

and-forth loop between the process validation and 313

error-correction components continues until a stop 314

condition is met. The stop condition could either 315

be a satisfactory program, a limit on the allowed 316

number of refinements or error corrections, or a 317

limit on the token usage of the agent. Formally, 318

this refinement process can be summarized in the 319

following formulas: 320

(pt+1,mt+1) =

ferr(x, s, pt, ot,Mt), if ot ∈ e,

fval(x, s, pt, ot,Mt), if ot /∈ e

(1)

321

Mt+1 = Mt ∪mt+1 (2) 322

Pt+1 = Pt ∪ pt if ot /∈ e (3) 323

where mt+1 is an error or mistake descriptor, 324

ferr is the function that corrects errors, and fref 325
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is the refinement function that can result in a ∅326

for both pt+1 and mt+1 if the refinement pro-327

cess reaches a stopping point. In addition to pro-328

gram construction and refinement, IIPC generates329

a purely text-based CoT c in a separate branch330

and arrives at a temporary answer (c = fcot(x, s)).331

The most recent working program (p⋆ ∈ Pt) and332

its output (o⋆) with the generated CoT (c) text333

is concatenated through a structured integration334

prompt, which is used as input to the underlying335

LLM to arrive at the final answer for the prob-336

lem (y = fcomb(x, s, p
⋆, o⋆, c)). This step allows337

IIPC to reevaluate the solution using symbolic ev-338

idence from both refined program execution and339

native linguistic reasoning, thereby reducing over-340

dependence on a single kind of context.341

4 Experiments342

Experimental Setup. Our evaluation bench-343

marks the IIPC framework on two mathematical344

reasoning datasets: (1) MATH (Hendrycks et al.,345

2021), comprising complex problems in multi-346

ple subjects with five difficulty levels; (2) and347

AIME (American Invitational Mathematics Exami-348

nation) (Veeraboina, 2024), consisting of difficult349

competition math problems from 1983 to 2024 that350

emphasize creative problem solving and is more351

challenging than the MATH dataset. For the MATH352

dataset, we evaluate on a balanced subset of the of-353

ficial test split from the original dataset, targeting354

uniform coverage across all topic-difficulty com-355

binations (35 bins total). Due to limited availabil-356

ity in certain bins, the final subset contained 1483357

problems total. For the AIME dataset (Veeraboina,358

2024), we use the complete set of 933 problems359

spanning the years 1983-2024. We compare IIPC’s360

performance against other reasoning paradigms, in-361

cluding CR (Zhang et al., 2023), MACM (Lei et al.,362

2024), and PoT prompting (Chen et al., 2023). We363

evaluate across multiple state-of-the-art LLMs, in-364

cluding GPT-4o mini, Gemini 2.0 Flash, Mistral365

Small 3.2 24B, Gemma 3 27B, and Llama 4 Mav-366

erick, to characterize how model architecture influ-367

ences accuracy. Finally, our ablations isolate the368

contributions of specific architectural components,369

examine the effect of varying decoding tempera-370

tures, evaluate all methods under voting-based ag-371

gregation, and use GSM8K (Cobbe et al., 2021), a372

data set consisting of grade school math problems,373

to assess performance degradation due to agentic374

overhead on simpler math problems.375

Agent Implementations. For the purposes of 376

this study, the main evaluation tests all prompting- 377

based reasoning agents with access to code in- 378

terpreters, excluding multi-trajectory aggregation 379

(voting) mechanisms due to their high token usage 380

and costs. To comply with this constraint, reason- 381

ing agents like MACM (Lei et al., 2024), which 382

utilize and aggregate multiple answers, are adapted 383

to operate within a single run and evaluated ac- 384

cordingly. While this may handicap the MACM 385

agent, which is designed to operate in an ensemble 386

environment, testing its performance in these con- 387

ditions allows for a fair comparison with other such 388

agents and provides insights into the weaknesses 389

of processing steps sequentially rather than in par- 390

allel. As mentioned before, a separate ablation is 391

provided to assess the effects of voting environ- 392

ments on the performance of all agents. Our im- 393

plementation of PoT includes an error-correction 394

loop that retries program generation when execu- 395

tion fails, until it reaches a fixed retry limit and 396

has to fall back to standard Chain-of-Thought rea- 397

soning. This design allows us to better compare 398

the mathematical reasoning capabilities of agents 399

against PoT while controlling for coding ability. 400

Our custom implementations of MACM and CR 401

attempt to incorporate as much of the original im- 402

plementations as possible and follow the proposed 403

methods closely (with the exception of the voting 404

mechanism for MACM). All agents are tested with 405

an LLM decoding temperature of 0.1 and measure 406

performance as accuracy (the number of correctly 407

solved questions divided by the total number of 408

questions evaluated). 409

Assessing Correctness. To assess answer cor- 410

rectness, we first use deterministic equivalence and 411

fall back to LLM-based judging using the LLaMA 412

4 Maverick model if necessary. Although determin- 413

istic evaluation is ideal, code-centric agents may 414

produce equivalent answers in differing formats 415

(e.g., 1.4142 versus
√
2). To ensure transparency 416

and reproducibility, we fix the decoding tempera- 417

ture at 0 for the LLM judge and release the full 418

judging code. On the AIME dataset, 97.78% of 419

answers were verified via exact integer matching. 420

On the MATH dataset, 72.85% of the generated 421

answers were deterministically verified; LLM judg- 422

ing was only used to confirm whether the answers 423

were incorrect after deterministic judging failed. 424

On GSM8K, 89.35% of the answers were verified 425

using exact answer matching. 426
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Figure 2: Accuracy of PoT, IIPC, CR, and MACM
on the MATH dataset using Llama 4 Maverick. This
bargraph is stratified by difficulty level
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the MATH benchmark for Llama-4-Maverick. Columns
correspond to reasoning agents (PoT, IIPC, CR, and
MACM) and rows correspond to mathematical domains.

Other Considerations. While our evaluations fo-427

cus on accuracy and tend to favor reasoning stabil-428

ity over token efficiency, we do recognize the funda-429

mental limitation that IIPC incurs significant token430

costs by regenerating refined or corrected programs431

with every iteration. Additionally, our evaluation432

reports single-run accuracy on fixed benchmarks.433

However, while gains may be small for some evalu-434

ations, IIPC consistently outperforms other agents435

across all LLMs and datasets, reducing the likeli-436

hood that performance gains are due to noise.437

4.1 MATH438

The MATH benchmark includes problems across439

a broad spectrum of advanced topics, including440

number theory, geometry, algebra (from preal-441

gebra through intermediate algebra), precalculus,442

and counting & probability, each presented at five443

increasing difficulty tiers. On this benchmark,444

IIPC outperformed the other reasoning methods445

across most LLM backbones, achieving the high-446

est scores on Gemini 2.0 Flash (94.13%), Mistral 447

Small 3.2 24B (90.83%), Gemma 3 27B (90.56%), 448

and Llama 4 Maverick (91.23%). Conversely, PoT 449

surpassed IIPC and all other methods on GPT-4o- 450

mini (81.19%). This suggests that, in models with 451

lower reasoning capacity, the additional complex- 452

ity introduced by IIPC can become counterproduc- 453

tive, whereas PoT reasoning traces appear better 454

aligned with these models’ capabilities, provid- 455

ing just enough scaffolding without overwhelming 456

their reasoning bandwidth. 457

To further analyze agent behavior on the MATH 458

benchmark, we break down performance by diffi- 459

culty level and topic. Although the main evaluation 460

presents this analysis only for Llama 4 Maverick, 461

analogous results for all other language models are 462

provided in the appendix. As evident in figure 2, 463

IIPC consistently matches or outperforms other 464

agents as difficulty increases. On the most chal- 465

lenging level-5 problems, IIPC achieves an accu- 466

racy of 80.73, outperforming the next best method 467

by 6.31 points. As shown in figure 3, we find that 468

with the exception of Counting and Probability, 469

IIPC achieves the highest accuracy across all do- 470

mains. Most notably, we record the highest gains in 471

Pre-calculus (+2.79%, 89.77%) and Intermediate 472

Algebra (+3.25%, 87.44%). This provides further 473

evidence for IIPC’s ability to solve difficult prob- 474

lems and its effectiveness over existing methods. 475

4.2 AIME 476

The AIME dataset contains problems from the 477

American Invitational Mathematics Examination 478

from 1983 to 2024. It emphasizes creative problem- 479

solving and is the most difficult of the 3 datasets 480

tested. Consistent with its performance on the 481

MATH benchmark, IIPC achieved the highest accu- 482

racy on most models, specifically Gemini 2.0 Flash 483

(64.20%), Mistral 3.2 24B (52.52%), Gemma 3 484

27B (50.48%), and Llama 4 Maverick (69.77%). 485

In contrast, PoT surpassed all other methods on 486

GPT-4o-mini (31.40%). Similar to the results on 487

the MATH benchmark, GPT-4o-mini may lack the 488

reasoning capacity required to fully benefit from 489

IIPC’s more refined loop. IIPC’s design scales 490

well to highly challenging mathematical reasoning 491

tasks when supported by sufficiently capable mod- 492

els, while PoT seems to remain more robust on 493

models with more constrained reasoning capacity. 494
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Table 1: Accuracy (%) of reasoning methods across five LLMs. IIPC row is shaded; bold teal = per-column SOTA.
Numbers in parentheses show ∆ vs PoT baseline.

MATH
Reasoning

System GPT-4o-mini Gemini 2.0 Flash Mistral 3.2 24B Gemma 3 27B Llama 4 Maverick

PoT 81.19 92.58 89.62 89.01 88.94
CR 76.53 (-4.66) 90.09 (-2.49) 83.61 (-6.01) 87.05 (-1.96) 89.94 (+1.00)
MACM 72.62 (-8.57) 90.09 (-2.49) 82.13 (-7.49) 86.72 (-2.29) 88.67 (-0.27)
IIPC 80.98 (-0.21) 94.13 (+1.55) 90.83 (+1.21) 90.56 (+1.55) 91.23 (+2.29)

AIME
Reasoning

System GPT-4o-mini Gemini 2.0 Flash Mistral 3.2 24B Gemma 3 27B Llama 4 Maverick

PoT 31.40 59.16 48.12 46.20 62.49
CR 23.90 (-7.50) 53.48 (-5.68) 40.09 (-8.03) 41.69 (-4.51) 62.17 (-0.32)
MACM 17.79 (-13.61) 51.98 (-7.18) 37.62 (-10.50) 41.69 (-4.51) 62.17 (-0.32)
IIPC 29.05 (-2.35) 64.20 (+5.04) 52.52 (+4.40) 50.48 (+4.28) 69.77 (+7.28)

Table 2: Accuracy (%) of reasoning methods on
GSM8K. Bold teal = per-row SOTA. Numbers in paren-
theses show ∆ vs CoT baseline.

LLM CoT IIPC PoT MACM CR

GPT-4o-mini 94.54 94.24 93.56 91.05 92.34
Gemini 2.0 Flash 96.06 95.60 95.75 92.57 91.89
Mistral 3.2 24B 95.22 95.00 94.84 93.86 94.47
Gemma 3 27B 95.45 94.84 94.47 91.36 93.18
Llama 4 Maverick 96.13 95.53 95.53 94.24 95.91

Table 3: Ablation results on MATH (Gemini 2.0 Flash)
and AIME (Gemini 2.0 Flash, GPT-4o-mini). Best per
column is bold teal.

Methods MATH (Gemini) AIME

Gemini 2.0 Flash Gemini 2.0 Flash GPT-4o-mini

CoT 92.92 56.70 21.11
PoT-NC 92.52 59.12 31.19
PoT 92.58 59.16 31.40
IIPC-NS-NMS 93.19 (+0.61) 60.77 (+1.61) 26.90 (-4.50)
IIPC-NS 93.59 (+1.01) 61.52 (+2.36) 27.12 (-4.28)
IIPC 94.13 (+1.55) 64.20 (+5.04) 29.05 (-2.35)

4.3 Ablation Tests495

To better understand which components of IIPC496

contribute most to its performance gains, we con-497

ducted a series of ablation studies on both the498

MATH and AIME benchmarks. The first set of499

ablations incrementally adds architectural features500

across five methods:501

• CoT: A baseline Chain-of-Thought method502

with purely token-level reasoning.503

• PoT-NC: A Program-of-Thoughts method that504

generates and executes programs but omits the505

correction loop.506

Table 4: IIPC temperature ablation on AIME (Gemini
2.0 Flash). Best is bold teal.

Temperature Accuracy (%)

0.1 64.20
0.3 64.52
0.5 63.56
0.7 63.13
0.9 63.24

Table 5: Effect of voting on MATH Level-5 (245 prob-
lems) using Llama 4 Maverick. Best in each column is
bold teal.

Agent No Voting Voting

CoT 70.61 74.29
PoT 73.47 80.30
CR 68.57 78.37
MACM 69.80 76.33
IIPC 78.78 80.30

• PoT: A PoT method with both program gener- 507

ation and execution-guided error correction. 508

• IIPC-NS-NMS: An IIPC variant with the full 509

correction and iterative refinement loop but 510

without the token-reasoning branch or persis- 511

tent reflection memory. Conclusions are made 512

directly from the programmatic context. 513

• IIPC-NS: An IIPC variant with the full cor- 514

rection and iterative refinement loop without 515

the token-reasoning branch, but with the per- 516

sistent reflection store. Conclusions are made 517

directly from the programmatic context. 518

• IIPC: The full IIPC reasoning agent. 519
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Architectural Ablation Analysis. Table 3 sum-520

marizes the impact of key IIPC mechanisms across521

datasets and model backbones. On Gemini 2.0522

Flash, the iterative refinement, reflection mem-523

ory, and dual-branch separation provide substantial524

gains. Iterative refinement improves accuracy by525

+0.61% on the MATH dataset (92.58 → 93.19)526

and +1.61% on the AIME dataset (59.16 → 60.77).527

The reflection memory improves accuracy by an528

additional 0.4% on the MATH dataset (93.19 →529

93.59) and 0.75% on the AIME dataset (60.77 →530

61.52). Dual-branch separation yields an additional531

+0.54% on the MATH dataset (93.59 → 94.13) and532

+2.68% on the AIME dataset (61.52 → 64.20). To-533

gether, these mechanisms increase performance534

by 1.55% over PoT on the MATH dataset (92.58535

→ 94.13), and by 5.04% over PoT on the AIME536

dataset (59.16 → 64.20), highlighting their effec-537

tiveness for tasks requiring structured reasoning.538

On GPT-4o mini, while PoT achieves the high-539

est accuracy, ablations show that individual IIPC540

components partially mitigate the performance gap.541

The reflection store and dual-branch separation re-542

duce the accuracy drop of IIPC relative to PoT,543

even though the accuracy of the full IIPC agent544

remains below the PoT baseline.545

Complexity Ablation Analysis. We also com-546

pared IIPC, MACM, CR, and PoT against CoT on547

GSM8K, as shown in Table 2, to determine whether548

agent complexity hinders accuracy compared to549

chain of thought reasoning on easier math prob-550

lems. CoT performs near the upper limit across551

most models, achieving 95–97% accuracy on the552

strongest backbones. On average, IIPC and PoT553

closely trail CoT’s performance, while MACM and554

CR have slightly lower accuracy. These results sug-555

gest that GSM8K’s problem structure saturates the556

benefits of iterative refinement, leaving little room557

for improvement beyond direct token-level reason-558

ing on stronger models. Nonetheless, IIPC’s close559

performance to CoT demonstrates that its structure560

does not significantly degrade accuracy, even in561

low-complexity reasoning environments.562

Temperature Ablation Analysis. We further ex-563

amined the effect of varying the decoding tem-564

perature on IIPC’s performance with Gemini 2.0565

Flash on the AIME benchmark (Table 4). Across566

the tested range (0.1–0.9), accuracy remained rel-567

atively stable, fluctuating within a narrow band568

of 1.39 percentage points. The best performance569

was achieved at 0.3 (64.52%), while higher tem-570

peratures (0.5–0.9) yielded slightly lower accura- 571

cies (63.13%–63.56%). These results suggest that 572

IIPC is robust to temperature changes, with only 573

marginal sensitivity, although higher temperatures 574

appear to slightly diminish performance. 575

Voting Ablation Analysis. Beyond architectural 576

and temperature-based variations, we also eval- 577

uate the effect of voting, a method used in the 578

original MACM implementation, on IIPC’s per- 579

formance. As detailed in the appendix, our evalua- 580

tion excludes stochastic multi-trajectory aggrega- 581

tion due to high costs, but we isolate its effect in 582

a smaller ablation study using Llama-4-Maverick 583

on 245 Level-5 MATH problems (35 from each 584

topic). To align with MACM’s original setting, 585

we use a decoding temperature of 0.1 for the non- 586

voting environment, 0.7 for the voting environment, 587

a minimum of 5 voters, and a maximum of 7 voters 588

for tie-breaking. The results in Table 5 show that 589

without voting, IIPC achieves the highest accuracy 590

at 78.78%, outperforming even voting-based vari- 591

ants of many baselines. When voting is enabled, 592

IIPC achieves the same accuracy as PoT at 80.30%. 593

Voting yields larger gains for PoT (+6.83%), CoT 594

(+3.68%), CR (+9.8%), and MACM (+6.53%), 595

while the relative improvement for IIPC (+1.52%) 596

is smaller. IIPC exhibits smaller gains from vot- 597

ing, suggesting reduced single-trajectory variance 598

compared to baselines that rely more on sampling 599

diversity. 600

5 Conclusion 601

In this work, we introduced Iteratively Improved 602

Program Construction (IIPC) for mathematical rea- 603

soning with LLMs through execution-guided refine- 604

ment while mitigating execution bias by reducing 605

over-dependence on program-based context. Our 606

experiments show that IIPC consistently delivers 607

competitive or superior performance. On GSM8K, 608

where simpler reasoning tasks leave limited room 609

for improvement, IIPC demonstrated that its ad- 610

ditional structure does not significantly hinder its 611

reasoning capabilities compared to simpler base- 612

lines. On both the MATH and AIME datasets, IIPC 613

achieved the highest accuracy across 4 of the 5 mod- 614

els tested. These results demonstrate that integrat- 615

ing token-based reasoning with iterative program 616

refinement provides LLMs with valuable capacity 617

for trajectory correction and reasoning-level regu- 618

larization, reducing over-commitment to execution- 619

conditioned context. 620

8



6 Limitations621

Despite the advantages of IIPC, our results also re-622

vealed some trade-offs. On GPT-4o mini, IIPC623

lagged behind PoT on both MATH and AIME.624

These findings suggest that while IIPC scales effec-625

tively with models capable of sustaining its iterative626

refinement loop, models with limited reasoning or627

coding abilities may instead benefit from PoT’s sim-628

pler structure. In addition, although IIPC’s design629

enables advanced refinement for solving difficult630

problems, it is a token-intensive approach to rea-631

soning. While IIPC proves robust on GSM8K and632

state-of-the-art on MATH and AIME across several633

high-capacity models, there is room for improve-634

ment in subsequent research. Future directions635

include addressing token efficiency in IIPC’s de-636

sign, adapting to models’ reasoning capacity, and637

extending IIPC to other domains requiring verifi-638

able, structured reasoning beyond mathematics.639

7 Ethical Considerations640

Our work introduces an execution-guided agent for641

enhanced mathematical reasoning in LLMs. The642

proposed method is evaluated on publicly available643

benchmarks (AIME, MATH, GSM8K) and does644

not involve human subjects, personal data, or pro-645

prietary datasets. We have ensured that none of the646

data used or generated by this research contains647

information that uniquely identifies people. While648

IIPC is designed to improve reasoning capabili-649

ties, it doesn’t guarantee correctness. Any outputs650

generated by IIPC should not be relied on without651

independent verification, especially in high-stakes652

or real-world decision making contexts.653

ChatGPT was used to provide feedback on qual-654

ity, assist with some grammatical refinement and655

articulation, and support understanding and explo-656

ration of existing mathematical concepts for fram-657

ing the proposed method. However, all revisions658

were carefully considered and manually done. All659

ideas, experimental designs, analyses, and conclu-660

sions were developed by the authors, who take full661

responsibility for the contents of the paper. The662

judging agent codebase, originally written by the663

authors, was later enhanced with ChatGPT to im-664

prove robustness and evaluation reliability, and was665

reviewed and verified by the authors.666

The proposed method is intended for research,667

benchmarking, and assistive applications. It is not668

meant to replace human judgement or facilitate669

academic dishonesty. To promote transparency670

and reproducibility, all code, evaluations, sampled 671

datasets, and reasoning traces generated by the pro- 672

posed method are released as open source. We hope 673

that our work will contribute positively to ongoing 674

research in LLM reasoning. 675
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A Theoretical Overview833

A.1 Error Propagation in Sequential Agents834

Sequential reasoning agents generate solution steps835

in an ordered manner, where each step st depends836

on prior steps (s1, s2, . . . , st−1). We can write this837

as:838

st = f(s1, s2, . . . , st−1),839

where f is the language model. Once a step sn,840

with 1 ≤ n ≤ t−1, has been completed, it remains841

permanent and cannot be revised. As a result, the842

conditional probability that the next step is cor-843

rect, P(st | s1:t−1), reduces as errors accumulate844

in earlier steps. This causes initial inaccuracies to845

propagate through the rest of the reasoning trajec-846

tory without any opportunity for correction.847

A.2 Iterative Program Refinement and848

Reflection Memory849

Let P denote the set of all candidate programs and850

I : P → O be the interpreter that produces an851

output from a program (including errors) o = I(p).852

At refinement step t, the agent has a memory Mt853

that summarizes past mistakes or errors.854

The IIPC refinement operator is then855

pt+1 = fθ
(
x, pt, ot, Mt

)
(4)856

= arg min
p∈N (pt)

(
L
(
I(p)

)︸ ︷︷ ︸
execution loss

+λ Ψ
(
p; Mt

)︸ ︷︷ ︸
memory penalty

)
.

(5)

857

where N (pt) is the complete set of edits around pt,858

ot is the execution output at step t (programmatic859

output and errors), Ψ(·;Mt)≥0 penalizes parts of860

the program that Mt should prevent, L
(
I(·)

)
pe-861

nalizes the output of the program for undesirable862

outputs, and λ > 0 is a trade-off factor between863

fixing the current error and not repeating past mis-864

takes. Intuitively, the language model attempts to865

find the next best program so that it produces desir-866

able output and doesn’t repeat past mistakes. We867

do emphasize that this objective is not explicitly868

optimized, but rather serves as a conceptual ab-869

straction of how execution feedback and reflection870

memory bias the LLM’s refinement behavior.871

After developing pt+1, the memory updates with872

the errors of the previous iteration as873

Mt+1 = Mt ∪ Desc(pt, I(pt))874

where Desc extracts failure descriptions (e.g.875

banned mathematical methods, reflections on mi-876

nor errors, API misuse, etc) that are then appended 877

to Mt. 878

A.3 Search and Regret in Refinement 879

Let U(Mt) ⊂ P be the union of possible program 880

regions avoided by the memory store of past mis- 881

takes. According to the results in table 3 where we 882

isolate the effects of individual IIPC components, 883

the reflection memory does improve the accuracy 884

of the IIPC agent. Motivated by these results, we 885

can model the LLM’s refinement behavior under 886

the penalty function Ψ(·;Mt) as follows: (1) it 887

lowers the probability of generating programs from 888

U(Mt), (2) it does so by at least some multiplica- 889

tive factor whenever a program is a flawed, and (3) 890

the LLM maintains diversity in its refinements to 891

explore candidates outside U(Mt). Under these as- 892

sumptions, we can qualitatively model the LLM’s 893

refinement behavior such that if Ψ(·;Mt) assigns 894

a strictly positive penalty on U(Mt) and zero oth- 895

erwise, then the expected probability of revisiting 896

blacklisted regions decreases with t. As a result, 897

the cumulative revisit regret 898

RT =

T∑
t=1

1{pt ∈ U(Mt−1)} 899

grows sub-proportionally compared to naive refine- 900

ment. Therefore, the expected per-step revisit rate 901

decreases as memory accumulates. 902

Intuitively, this means that each time the LLM 903

encounters an error, the memory store shifts the 904

probability mass away from that type of failure, 905

making it less likely to be chosen again. Over time, 906

the agent spends a smaller fraction of steps repeat- 907

ing past mistakes, while still preserving the ability 908

to explore new refinements within the edit space 909

N (pt). In other words, reflection memory turns 910

trial-and-error into trial-and-improvement, where 911

the system learns from its entire history of failures 912

for a given problem. 913

A.4 Dual-Branch Separation 914

The objective of the dual-branch design is to find 915

an answer y∗ that is consistent with the information 916

from both branches. 917

Let x denote the given problem, p the refined 918

program to solve the problem, and o the output of 919

p. 920

We can first model the reasoning behavior of the 921

two branches in terms of the implicit distributions 922

over candidate answers y as shown: 923
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• dP (y|x, p, o): The distribution over candidate924

answer y conditioned on x, p, and o in the925

execution-guided reasoning branch.926

• dT (y|x): The distribution over candidate an-927

swer y conditioned on just x in the token-928

based reasoning branch.929

In order to reconcile these two potentially con-930

flicting beliefs over the answer space, we introduce931

an idealized distribution d∗ that takes into account932

information from both branches. We also intro-933

duce a weighting factor α that implicitly reflects934

how much trust should ideally be placed on the935

execution-guided branch relative to the token-based936

reasoning branch. The distribution d∗ should re-937

main as consistent as possible with both dT and938

dP , while also accounting for α. We can formal-939

ize this notion through a conceptual disagreement-940

penalized objective:941

d∗ = argmin
d

[
(1− α)DKL

(
d ∥ dT

)
(6)942

+ αDKL

(
d ∥ dP

)]
. (7)943

where α ∈ [0, 1] and DKL is the Kullback-944

Leibler divergence. This objective penalizes solu-945

tions that are strongly supported by only one source946

of reasoning, unless that source is explicitly priori-947

tized by α. Intuitively, this means that under d∗, an-948

swers that contradict token-level logical constraints949

or execution-based evidence receive a low proba-950

bility, while answers reinforced by both branches951

receive a higher probability. It is important to note952

that while IIPC does not explicitly compute or opti-953

mize this objective, the dual-branch design induces954

behavior that resembles this form of regularization.955

Finally, while d∗ serves as a conceptual abstrac-956

tion for the ideal distribution, we ultimately want957

an answer y∗ that is viewed as the most consistent958

candidate under the reconciled distribution. This959

can be formalized through the following objective:960

y∗ = argmax
y

d∗(y).961

This abstraction shows how dual-branch sepa-962

ration stabilizes reasoning by producing answers963

that achieve consistency across both token-level964

and execution-based reasoning.965

A.5 Effects of Model Capacity on 966

Performance 967

Our results show IIPC is strongest on higher- 968

capacity models (Gemini 2.0 Flash, Mistral 24B). 969

This can be theoretically understood as an align- 970

ment between model capacity and refinement over- 971

head. If the base LLM’s reasoning capacity is in- 972

sufficient, the iterative correction signal increases 973

cognitive load beyond what the model can process 974

or was trained for, leading to lower accuracy. 975

B Additional Experimentation Details 976

Reasons for Dataset Selection. To capture a 977

range of mathematical compexity, the main exper- 978

iments evaluate IIPC on the MATH and AIME 979

datasets, while the GSM8K dataset is used for ab- 980

lation experiments to study effects of agentic over- 981

head on simple problems. GSM8K (Cobbe et al., 982

2021) contains grade school arithmetic problems 983

and serves as a low-difficulty benchmark for an 984

ablation experiement to understand how additional 985

complexity, such as IIPC’s refinement loop and 986

dual-branch design, affects performance on sim- 987

ple tasks. The MATH dataset (Hendrycks et al., 988

2021) provides tests for algebraic manipulation, 989

symbolic reasoning, and multi-step logic. Finally, 990

the AIME dataset (Veeraboina, 2024) evaluates on 991

competition-level problems from 1983–2024 that 992

require creativity, deep conceptual understanding, 993

and nontrivial problem decomposition. Evaluat- 994

ing on this range of datasets allows us to analyze 995

how IIPC scales from straightforward arithmetic 996

reasoning to advanced, competition-grade problem 997

solving, and to identify the conditions under which 998

iterative refinement yields the greatest benefit. Ide- 999

ally, we aimed to evaluate approximately 1,500 1000

problems per dataset to ensure balanced statistical 1001

representation. GSM8K only contains 1319 prob- 1002

lems in its testing set, all of which were used in 1003

the ablation study. For MATH, while we aimed for 1004

uniform coverage across all topic–difficulty com- 1005

binations (35 combinations total), certain combi- 1006

nations contained fewer available problems. This 1007

yielded a final sample of 1,483 problems instead 1008

of the intended 1,505 (the closest multiple of 35 to 1009

1500). Finally, the AIME dataset contained a fixed 1010

set of 933 problems spanning all available years 1011

(1983–2024), and was used in its entirety. 1012
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Figure 4: Accuracy by difficulty level for each LLM, comparing PoT, CR, MACM, and IIPC agents on the MATH
dataset.

C Additional Experimental Results for1013

MATH dataset1014

In our main experiments, We present a fine-grained1015

analysis by problem difficulty and topic only for1016

Llama 4 Maverick. This section extends this same1017

per-difficulty and per-topic comparison to all other1018

language models considered in this paper.1019

Across difficulty levels (Figure 4), IIPC demon-1020

strates strong performance on Gemini 2.0 Flash,1021

Mistral Small 3.2 24B, Gemma 3 27B, and Llama1022

4 Maverick, while slightly trailing PoT on GPT-1023

4o mini. On Gemini 2.0 Flash, IIPC maintains1024

high accuracy from 96.77% at Level 1 to 87.38%1025

at Level 5, whereas MACM drops from 94.98%1026

to 77.41%, a 9.97% difference at the highest diffi-1027

culty. Similar trends are observed on Mistral 3.21028

24B (IIPC: 96.77→80.07; MACM: 92.47→63.79),1029

Gemma 3 27B (IIPC: 95.34→79.40; MACM:1030

95.70→71.10), and Llama 4 Maverick (IIPC:1031

96.06→80.73; MACM: 96.06→72.43), indicating1032

that IIPC better preserves reasoning stability un-1033

der increasing problem complexity. In contrast, on 1034

GPT-4o-mini, PoT maintains an edge over IIPC. 1035

We also observe that IIPC maintains the highest ac- 1036

curacy on the most difficult problems on all models 1037

except GPT-4o-mini. 1038

The topic-wise analysis (Figure 5) reveals sim- 1039

ilar patterns. On Gemini 2.0 Flash, IIPC leads in 1040

algebra (99.53%), number theory (98.51%), pre- 1041

algebra (97.67%), and precalculus (94.88%). On 1042

Gemma 3 27B, IIPC maintains a lead in geometry 1043

(82.38%), intermediate algebra (88.37%), prealge- 1044

bra (94.88%), and precalculus (87.91%), outper- 1045

forming other agents by multiple points. On Llama 1046

4 Maverick, IIPC’s performance either matches or 1047

surpasses that of all other agents across most topics, 1048

demonstrating IIPC’s ability to fully utilize the rea- 1049

soning capabilities of high performing models. On 1050

GPT-4o mini, PoT tends to lead IIPC by significant 1051

margins. 1052
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D IIPC Reasoning Examples1053

Figure ?? is a program refinement generated by1054

Gemini 2.0 Flash when solving an AIME prob-1055

lem. IIPC allows the LLM to reflect on its previous1056

program, identify the incorrect assumption, and1057

propose the fix before developing a new program1058

that produces the correct output.1059

Figure ?? demonstrates the fusion stage of the1060

IIPC agent where it combines both reasoning1061

branches to produce the final reasoning chain. Here,1062

Llama 4 Maverick makes a mistake in its program1063

by reversing the terms in the formula that calcu-1064

lated the dot product, resulting in a negative value.1065

However, it identifies and applies the correct for-1066

mula in the token-reasoning branch. In the final1067

reasoning chain, which was conditioned on context1068

from both branches, IIPC allows the LLM to delib-1069

erate between both sources and identify the error1070

in the program branch, resulting in a correct final1071

answer.1072
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Figure 5: Heatmaps showing accuracy by topic for each LLM, comparing PoT, CR, MACM, and IIPC agents on the
MATH dataset.
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Problem: A right circular cone has a base with radius 600 and height 200
√
7. A fly starts at a point on the surface of

the cone whose distance from the vertex of the cone is 125, and crawls along the surface of the cone to a point on the
exact opposite side of the cone whose distance from the vertex is 375

√
2. Find the least distance that the fly could have

crawled.

Original Program ✗:
python code ...

# The angle difference is pi.
d = math.sqrt(r1**2 + r2**2 - 2 * r1 * r2 * math.cos(math.pi))

python code ...

Original Program Output ✗:
The slant height of the cone is: 800.0
The central angle of the sector is: 4.71238898038469
The shortest distance the fly could have crawled is:
655.3300858899107
655.3300858899107

Reflection: The previous program calculates the slant height and central angle correctly. However, it incorrectly assumes
that "exact opposite side of the cone" translates to an angle difference of π in the flattened sector. The correct angle
difference should be π radians *only if* the central angle of the sector is 2π. In general, the angle difference should
be π ∗ (2π/θ), where θ is the central angle of the sector. The program also lacks verification that the final answer is
reasonable.

Refined Program ✓:

python code ...

# Calculate the angle difference.
delta_theta = math.pi * r / l
print(f"The angle difference is: {delta_theta}")

# Calculate the shortest distance using the law of cosines.
d = math.sqrt(

r1**2 + r2**2 - 2 * r1 * r2 * math.cos(delta_theta)
)

python code ...

Refined Program Output ✓:
The slant height of the cone is: 800.0
The central angle of the sector is: 4.71238898038469
The angle difference is: 2.356194490192345
The shortest distance the fly could have crawled is: 625.0
The calculated distance is less than the sum of the distances
from the vertex, which is expected.
Performing alternative verification...
Approximate shortest distance: 624.9134519586773

Figure 6: Example of IIPC’s program refinement mechanism using Gemini 2.0 Flash. Only significant changes in
the code are displayed to control figure size. The full example text is provided in the github repository
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Problem: In triangle ABC, AB = 3 and AC = 5. Let O be the circumcenter of triangle ABC. Find
−→
OA ·

−−→
BC.

Program Branch (Contains Flawed Logic ✗):
import numpy as np

# Define vectors AB and AC
AB = np.array([3, 0]) # Assuming AB lies on the x-axis

# Since we’re working with a general triangle,
# let’s consider the angle between AB and AC
# We’ll directly use the property that OA . BC = (AC^2 - AB^2)/2

# Calculate OA . BC using the formula derived from the
# properties of the circumcenter and dot product
AC_length = 5
AB_length = 3
OA_dot_BC = (AC_length**2 - AB_length**2) / 2

print("The dot product of OA and BC is: ", OA_dot_BC)

# Verification
assert np.isclose(

OA_dot_BC,
(5**2 - 3**2) / 2

), "Incorrect calculation"

Original Program Output ✗:
The dot product of OA and BC is: 8.0

CoT Branch Text ✓:
Step 1: To solve the problem, we need to start by understanding the given information and what is being asked. We are
dealing with triangle ABC, where AB = 3 and AC = 5. The circumcenter of the triangle is O, and we are required to
find the dot product of

−→
OA and

−−→
BC.

Step 2: First, let’s recall that the circumcenter O of a triangle is the point where the perpendicular bisectors of the sides
of the triangle intersect. This means O is equidistant from the vertices A, B, and C.
. . .
Step 13: Now, we substitute AB = 3 and AC = 5 into the expression to find

−→
OA ·

−−→
BC.

Step 14:
−→
OA ·

−−→
BC = 32−52

2
= 9−25

2
= −16

2
= −8.

The final answer is: −8

Final Reasoning Chain (Using Both Context Sources) ✓:
The objective of the given problem is to find the dot product of vectors

−→
OA and

−−→
BC in triangle ABC, where AB = 3,

AC = 5, and O is the circumcenter of the triangle.
Upon analyzing the context from both the code and the reasoning chain, it is evident that they both lead to the same
formula for calculating

−→
OA ·

−−→
BC, which is AC2−AB2

2
. The reasoning chain provides a detailed step-by-step derivation

of this formula using properties of the circumcenter and dot product.
The code directly implements this formula to calculate

−→
OA ·

−−→
BC. However, upon closer inspection, it is noticed that the

code contains a logical error in its output. The correct calculation should yield a negative result because AC > AB, and
the formula is AB2−AC2

2
.

To correct this, we should negate the output of the code or directly use the correct formula. The correct calculation is
32−52

2
= 9−25

2
= −8.

Combining the insights from both the code and the reasoning chain, we arrive at the final answer. The code is genuinely
helpful in solving the problem and, with a correction, produces an accurate output.
The final answer is: −8

Figure 7: Example of IIPC’s dual branch mechanism using Llama 4 Maverick. CoT output has been shortened to
control image size. The full example text is provided in the github repository
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