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Abstract

We propose a new varying coefficient model for tensor data regression analysis. To manage
the complexity of multi-dimensional tensors, we first employ a tensor partitioning strategy
to reduce dimensionality, followed by a tensor decomposition technique for the tensor covari-
ates. By extracting key features from the tensor covariates, we feed these low-dimensional
representations into a varying coefficient model, alongside other one-way covariates. Addi-
tionally, we apply a non-concave penalty estimation to simultaneously identify the model
structure and select significant predictors. A subsequent refined smoothing step enhances
the model’s accuracy. We study the asymptotic properties of estimated functions and coef-
ficients. Extensive simulations are conducted to evaluate the performance of our approach.
Our study is motivated by a real fundus image dataset, which is analyzed using our model

to improve glaucoma management.
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1 Introduction

Tensors, as multidimensional generalizations of matrices, have become increasingly prominent
due to their ability to represent and analyze complex, high-dimensional data structures. Ex-

tending from low-dimensional vectors and matrices, tensor objects can encapsulate data across
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multiple dimensions, offering a more comprehensive representation of multiway data. This flex-
ibility makes tensors particularly valuable in many fields, such as neuroimaging (Zhou et al.,
2013; Li et al., 2018), genomics (Hore et al., 2016), social network analysis (Dunlavy et al.,
2011), hyperspectral image (Liu et al., 2019), and recommendation system (Zhang et al., 2021).
The inherent high-dimension in tensors (Hillar and Lim, 2013) pose difficulties and challenges in
real data analysis. Recent studies in statistical tensors mainly focused on tensor decomposition
(Kolda and Bader, 2009; Zhang and Xia, 2018; Zhang and Han, 2019), tensor completion (Gandy
et al., 2011; Yuan and Zhang, 2016; Zhang, 2019), tensor regression (Zhou et al., 2013; Zhang
and Li, 2017; Li et al., 2018; Zhang et al., 2020) and tensor clustering (Han et al., 2022a; Luo
and Zhang, 2022).

Previous authors extend traditional linear regression to tensor data, including scalar-on-
tensor (Zhou et al., 2013), tensor-on-tensor (Lock, 2018; Liu et al., 2020; Luo and Zhang, 2022),
and tensor-on-vector (Li and Zhang, 2017; Sun and Li, 2017), among others. In these problems,
the number of unknown parameters can be enormous, often far exceeding the sample size,
thus imposing a significant computational burden on the estimation. To address this challenge,
dimension reduction tools are necessary for an efficient estimation of tensor coefficients, including
the CP decomposition-based regression (Zhou et al., 2013; Sun and Li, 2017; Bi et al., 2018; Hao
et al., 2020), the Tucker decomposition-based regression (Li et al., 2018; Guhaniyogi et al., 2017;
Zhang et al., 2020; Han et al., 2022b; Luo and Zhang, 2023), and the tensor train decomposition-
based regression (Liu et al., 2020, 2024), among others. In addition to aforementioned low rank
representation methods, one may further impose a sparsity structure and use regularization in
the estimation (Zhou et al., 2013; Zhang et al., 2020; Liu et al., 2020)

Most earlier works only examined a parametric linear relationship between tensors and other
variables. To capture non-linear association, varying coefficient model (VCM) offers a more
flexible framework (Hastie and Tibshirani, 1993; Cai et al., 2000; Fan and Zhang, 1999). There
exist a large body of literature for the development of estimation methods for VCM, such
as the local linear method (Zhang et al., 2002; Xia et al., 2004; Fan, 2018; Lu, 2008), the
profile least squares method (Fan and Huang, 2005), the average derivatives method (Newey
and Stoker, 1993), and the smoothing spline method (Ahmad et al., 2005). VCM is especially
useful for addressing dynamic and complex data problems. Cheng et al. (2014) and Cheng
et al. (2016) developed a comprehensive framework of VCM in longitudinal/cluster data. Mu
et al. (2018) applied a bivariate spline on triangulation to estimate the functional coefficient of
space domain data. Yu et al. (2022) used tensor-product splines to evaluate the spatio-temporal
non-stationarity. Zhu et al. (2022) studied a kernel based varying coefficient network model.

From our review, very few papers introduced the nonparametric functional effect into tensor
data analysis. Chen et al. (2024) proposed a semi-parametric tensor decomposition by assum-
ing a constant core tensor and functional factor matrices generated from tucker decomposition.
Han et al. (2023) developed an iterative algorithm to estimate functional factor matrix along one
functional axis. Zhou et al. (2024) investigated a non-parametric tensor regression model and
used the spline approximation by the scale-adjusted block relaxation algorithm under CP de-
composition. None of these works considered varying coefficients for tensor inputs. We propose

a new VCM for tensor regression and study its estimation methods in this work. Figure 1 dis-



plays sample images from the Glaucoma Real-world Appraisal Progression Ensemble (GRAPE)
dataset (Huang et al., 2023), which forms the basis of our analysis in this paper. The longitu-
dinal image data were collected at the Eye Center of the Second Affiliated Hospital of Zhejiang
University and include 1,115 fundus images from 263 eyes, along with accompanying clinical
information. In particular, increased intraocular pressure (IOP) is the most important risk fac-
tor for glaucoma and we thus focus on accurately predicting IOP based on fundus images to
enable timely intervention and prevent the progression of glaucoma. In particular, we examine

the complicated age-image interactions in the glaucoma management study and demonstrate

the superior prediction performance of the proposed VCM.

(a) CFP OD image and corre- (b) ROI OD image and corre- (c) VF OD schematic diagram and
sponding tensor partition sponding tensor partition location IDs

(d) CFP OS image (e) ROI OS image (f) VF OS schematic diagram

Figure 1: Fundus image analysis: illustrations for different images in the GRAPE data set. (a) and (d):
original color fundus photograph (CFP). (b) and (e): processed region of interest (ROI) image. (c) and
(f): view field (VF) schematic diagram. Dashed lines in (a) and (b) show the proposed tensor partition
on CFP and ROI images. The red arrowed curves in (c) and (f) show the extraction order of VF values
of oculus dexter (OD) and oculus sinister(OS) respectively, and detailed location IDs reported in (c).

The varying-coefficient tensor regression model formulated in this paper can be viewed as
a combination of tensor partition, tensor decomposition and varying coefficient partial linear
model. Under our framework, we initially partition the whole tensor data into distinct, non-
overlapping parts based on prior knowledge or distribution principles. The CP decomposition
technique is applied to each partitioned tensor to extract low-rank factor representations. We
only need to focus on the factor matrix along the subject dimension and with some linear alge-
bra operation, we convert the high-dimensional functional coefficient tensor to a parsimonious
functional coefficient matrix. Finally, standard nonparametric estimation methods of VCM can

be implemented by vectorizing the transformed matrix covariate. Through extensive simulation



studies we demonstrate the advantage of our proposed model. We finally apply this new model
to examine the GRAPE data set and make some new findings for medical research.

The rest of this article is organized as follows. In section 2, we introduce the methodology
of our varying coefficient tensor regression model. In section 3, we consider variable selection
and model identification using a penalization estimation. In section 4, we present the theory
of our model, showing the asymptotic distribution and consistency for estimated functions and
coefficients. In section 5, simulation studies are conducted to examine the performance of the
proposed model. In section 6, we analyze the GRAPE data using the new model and report our

findings. Technical proofs are provided in the Appendix.

2 Methodology

2.1 Notations and Preliminaries

We first review some basic mathematical facts on tensor (Kolda and Bader (2009)). In this
paper, we use lowercase letters (e.g. x), lowercase boldface letters (e.g. x), uppercase boldface
letters (e.g. X), and uppercase calligraphic letters (e.g. X’) to denote scalars, vectors, matrices,
and order-3-or-higher tensors respectively. An order-D tensor X = (z;,j,...j,) € RP1XP2XXPD,
Jja=1,-+-,pg, d=1,--- D, is a D-dimensional array with Hg)zlpd elements. A vector or a
matrix may be regarded as order-1 or order-2 tensor respectively.

We denote the inner product of two tensors X',) € RP1XP2X"XPD ag

P11 P2 PD

<X7y> = Z Z Z Lj1,j2,ip Yj1,92,+ ip (1)

Jj1=1j2=1 Jjp=1

An outer product for D vectors x(¥ € RP4, d = 1,2,---, D, is an order-D tensor denoted as
X =xWox@o...0x(P) and such X is called rank-1 tensor.

The parallel factor analysis, also known as CP decomposition, factorizes a tensor into a lin-
ear combination of rank-1 tensors. In particular, a tensor satisfying a rank R CP decomposition

has the following structure

X:Z)\TXS}) ox@Po...oxP (2)
r=1
where XT(,d) = (g;gjl) eERP Gy, =1,--- pg,d=1,---,D, r=1,--- R, are normalized rank-1
tensor, and Ay > --- > Ar > 0 are the weights.
In this paper, suppose we observe data {(y;, X;,2;,t;) : i = 1,--- ,n} from a sample of n units,

consisting of n independent copies of (y, X, z,t), where for the i-th unit, y; € R is the response,
X; = (2ij,.jp) € RPYXPD g an order-D tensor covariate, z; = (i1, ,zip,) € RP0 is a
po—vector of scalar covariates, and t; € [0, 1] is an index variable. We concatenate all tensor
Xy’s into a (D + 1) dimensional tensor X = {X; :i=1,--- ,n} € RWP1X"xpD,



2.2 Tensor partition varying-coefficient model

Our interest is to develop a regression model for the association between the scalar response v,
and its corresponding tensor covariate X and one-way covariates z. We shall assume that y, X
and z are centered. The regression coefficients for the tensor covariate are allowed to vary with

an index variable ¢ € [0, 1]. Specifically, for the i-th unit, we assume
yi = (X, Alti) + 2, B+ e (3)

In model (3), the effect of tensor covariate on response is treated as varying tensor function
A(ti) = (aj.... jp(ti)), where each aj ... j,(t;) : [0,1] — R is an unknown mapping. The
coefficient for one-way covariate z; is a constant vector 8 € RP°. In addition, we assume
€ ~ N(0,0%) for i = 1,---n, and Cov(e;,e;) = 0 for any i # j. In this model, the index
variable t; can be any continuous covariate. For example, in the glaucoma study, investigators
are interested in examining how the effects of fundus images on the intraocular pressure change
with age and we thus choose t to be the patient’s age in this study.

A commonly observed image tensor X would require the estimation of enormous unknown
varying-coefficients. It is computationally prohibitive to directly estimate A(¢) due to the high
dimensionality. However, not all elements of X contribute to the response of interest. Often,
regions of interest are confined to a small portion of the entire tensor. Therefore, it is more
sensible to focus on sub-tensors that capture those local features. To this end, we consider a
partition model that divides the concatenated full-sample tensor X into S disjoint sub-tensor

covariates X'(®), that is
X =02, and X uxE) =0 vs#£s. (4)

Without loss of generality, we assume that the size of each sub-tensor X(¥) € R™XP1%*Pp g
fixed for any s such that S = HdDzl(pd /Pl = HdDzlS(d), where S is the number of partitions
along the d-th order. We denote Xi(s) € RP1*XPb ag partition s of the i-th tensor covariate
accordingly, and X() = {XZ-(S) ci=1,---,n}.

Corresponding to the partition pattern of X, we can also divide A(t) into S disjoint sub-
tensor functions A®)(t), that is

A(t) = UL AD (1) and AC(UA (@) =0 Vs £ 5. (5)

With such tensor partition technique, we can rewrite the tensor effect in (3) as (X;, A(t;)) =
Y5, AC (1),
Next we adopt a rank-R CP decomposition model on each partition to further reduce the

sub-tensor X(®) to lower dimensional feature matrices. Specifically, we have

1) ~ Z A x* oxED o .. 0 x(5P) (6)
r=1
where )\7(«8) is the weight of the r-th rank of the decomposition, x,(fd) = (x(lid) o ,x;‘f‘?)T € RP:
d
is the common factor along the d-th order of the r-th rank, and x*; = (2,4, - ,2%,) € R"



is the factor along the subject dimension. The elements of x7, contain the primary variation in
the tensor variables due to subject differences, while the common structure among the subjects
is absorbed into factors X5~Sd), r=1,---,R, d=1,---,D (Miranda et al., 2018). If we focus on

the i-th individual tensor covariate X;, following (6), we have

X0 2 3 A0z x D oo x(D) = szrsur(s (7)

s

where Z/{,gs) = )\ﬁs)ngl) 0--+0 x$«SD) € RP1**Pb . We note that L[ﬁs) contains only the shared
information among subjects and thus can be dropped from the regression analysis.

After the above partitioning and decomposition, essentially only z},, may contribute to the
response variation and thus serve as an appropriate covariate. Consequently, the total number
of measurements for an individual tensor is reduced from p; X --- X pp to R x S. A similar
method is adopted in Tang et al. (2020) to learn individualized tensor construction. If we
denote a,s(t) = (Z/lﬁs) , A®)(t)) as the corresponding coefficient function of
A(t) = (ars(t)), model (3) now becomes

sy t=1,-+--,n, and

K

yi =(X;, A(t)) + 2 B+ €
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A(ty) +2{ B+, (8)

s* =

(X

where X} = (27,,) € REXS. It is important to emphasize that retaining the subject-specific
factor matrices z}., does not mean we ignore the shared structural information Z/I,ES) across
subjects. Rather, this shared spatial structure is absorbed directly into the functional coefficients
as the estimating a,s(t) inherently accounts for the interaction between the individual-specific

low-rank features z,., and the shared spatial structure Z/{ﬁs). Throughout this paper, we shall

s
assume that R and S are constants. Instead of applying the decomposition on coefficient tensor
A (Zhou et al., 2013; Zhang and Li, 2017; Li et al., 2018), we place the low-rank assumption on
the tensor covariate X and make no specific assumptions regarding the structure of the tensor
function A(t). Furthermore, we do not need more assumptions on tensor covariate X, such as
Gaussian ensemble design (Zhang et al., 2020; Han et al., 2022b) or tensor restricted isometry
property (Luo and Zhang, 2023; Tong et al., 2022). The model considered in this paper thus

presents a novel introduction to the literature.

2.3 Estimating functions and parameters

For the unknown functional coefficients, we only require the usual smoothness condition which

enables the local linear approximation by a first order Taylor expansion. Specifically, for ¢; is in



a small neighborhood of ¢, we have
A(t) = A(t) + A(t)(ti — 1), (9)

where A(t) is the first derivative of A(t). We may estimate the unknown functions A(t) and

parameters 8 by minimizing the local least squares

yi — vi (ac + by(t; — 1)) — 2] B)*Kn(t; — t)

-

s
Il
R

[yi — 9] (1)8,)° Kn(t: — 1) (10)

-

Il
—

(2

where v; = vec(X}) € R%S a; = vec(A(t)), by = vec(A(t)), v/ (t) = (2], v/, (t; —t)v])| €

R2EStro 9, = (87,3 b)) and K, (t) = K(t/h)/h is a scaled kernel with bandwidth h. It is

straightforward to derive the closed-form solution of (10) to be
Vi(HW(t)y (11)

where y = (y1,---,yn)| € R V(t) = (¥1(t), - ,¥,(t))T € R™CESHP) and W(t) =
diag(Kp(t1 —t), -, Kp(tn, — t)) € R™ ™.

Recall that A(t) is the true underlying tensor coefficient functions; we use Af(t) to represent
the estimator obtained directly via local linear kernel smoothing here. We thus have vectorized
estimate vec(fU(t)) = é;r = (ORSxpo, LIRS, ORngs)ét. In practice, the bandwidth h is chosen by
the leave-one-out cross validation.

After function estimate Af (t) is attained, we may evaluate the global estimator of 8 by

minimizing

[y — (X7, Al(t;)) — 2, B]". (12)
1

n
1=

The final estimate BT is given by
Bt =(2"z) 'zy! (13)

where Z = (Zlv o 7ZN)T € RnXp()’ and yJr = (yl - <XT7AT(t1)>7 oy Yn — <X:17AT(tn)>)T € R™

3 Variable selection and structure identification

3.1 Group penalty procedure

Even after tensor partition and decomposition, there are still RS functions to be estimated
in A(t) = (aps(t)), r =1,--- R, s = 1,---, S, in addition to py Euclidean parameters in 3.
The dimension may still be quite large relative to the available sample size. In practice not
all these components are effective to the response and a sparsity structure is usually plausible.

Furthermore, not all functional coefficients are varying and need to be estimated nonparamet-



rically. We further adopt a regularization procedure for variable selection and model structure
identification.

To implement the shrinkage approach, we consider spline basis approximation method (De Boor,
2001) for functional estimation in this section. While the kernel method can usually provide a
better local approximation to the function estimation, it is often less efficient suitable for the
penalized computations. In contrast, the spline method is computationally more efficient for
our purpose of regularization.

For a chosen set of B-splines basis functions {B(t),l = 1,---,L}, we denote B(t) =
(Bi(t),---,Br(t))" where each B(t) is a B-spline function, L = k, + kg + 1 is the number
of basis functions, k, is the number of equispaced internal knots located in [0, 1], and kg is the
degree of the polynomial spline. The spline approximation of the varying coefficient can be

written in terms of B-splines as

L
aTS(t) ~ ZFersBl(t) = BT(t)7T87 (14)
=1
where .5 = (Virs, - ,YLrs)| are some suitable coefficients.

Here we consider B-spline basis for its desirable properties such as the numerical stability
(De Boor, 2001) while other basis functions can be used for a similar purpose. We need to
choose k;,, to control the smoothness of nonparametric function a,s(t)’s and require k, — co as
n — 0o0. Although it is possible to allow different number of basis for different functions a,s(t),
we specify them all equal to L for the simplicity of notation.

After substituting (14) into (8), we obtain a slightly different tensor regression form:

L R S
Yi 2 > S S al Bit) s + 2] B+ €6 = (Hilt;), ) + 2 B+ e, (15)

I=1r=1s=1

where H;(t) = X} o B(t) = (2}, Bi(t)) = (hirs(t)) € REXEXS "and G = (v,.5) € REXFXS,
Before we define the penalty term in a projected B-spline space for simultaneous variable
selection and structure identification, we introduce an orthogonal decomposition of a,s(t) with

respect to the Ly norm by

ars(t) = (ars)c + (ars)v(t) (16)

where (as)c = fol ars(t)dt =~ fol B (t)dt,s € R is the mean of a,s(t), and (a,s),(t) = aps(t) —
(ars)e ~ (BT (t) — fol B (t)dt)7,s is the deviation from the mean. Then we have

||a1“5||% = ’(ar5)0|2 + ”(CLTS)UH% (17)

where | - | denotes the absolute value, and || - ||2 is the La norm. The two terms on the
right hand side of (17) can be easily evaluated by [(aqs)c|?> =~ =, folB(t)dt fol BT (t)dty,s,
and || (ars)oll3 = 5[ o (B() = fo B(t)dt) (BT (t) — fy BT (t)dt)dt]vrs = %5 ( Jy B()BT (t)dt —
fol B(t)dt fol B (t)dt)7rs. It is clear that ||(ars)y|l2 # 0 when a, is a varying function, ||(a,s)y |2 =

0 when a,s is a constant function, and furthermore, |(ars)c| = ||(ars)vll2 = 0 when a5 is a con-



stant zero function.
We then propose the following penalized loss function to simultaneously select important

variables and identify the model structure with group regularized estimator Gt and Bi:

1an .G) —z; B —|—nZPW§ EX)

=1
R S

+nY > {Puc((ars)el) + Poy(ll(ars)oll2) } (18)
r=1s=1

where P, (-)’s are all SCAD penalty functions with a group tuning parameter w.
To obtain the estimate G and 3, and further obtain A(¢), we develop an iterative algorithm
to minimizing (18), which is shown in Algorithm 1. And we describe the computational detail

below.

Algorithm 1 Penalized varying coefficient tensor regression

Input: penalty parameters wg, w (,uw number of iteration Citer, threshold diter

1: Initialize G(© and B from Af(t ) and BT in (11) and (13), or a least square estimation of
(15). Set ¢ = 0,6 =

s Yiter

2: while ¢ < Cjier and (51(te)r > diter dO
3: Set c=c+1,
4: Update B(©)
1 (c—1) T 212 .-
mﬁln§ Z [yl — (Hi(t;), G\ ) — 2, /3] + nz Pw5(|5kz|)- (19)
i=1 k=1
5: Update HORY
1 n
ming Y- [y — (Hi(t).6) — 2 B)”
- R S
+HZZP a1"sc +nZZP‘*"Uy H aTS H) (20)
r=1s=1 r=1s=1
6: Compute (51(t2r =18 — B2 4|16 — gle=D) 3.
7: end Whlle
8: Set Gt =G, Bt = B(). And compute A¥(t) = (ak,(t)) = (BT (t)4,).

In general the SCAD function is defined through its first derivative as

. 6
£.0) = ol 1{10] < w) + s gy - ] 1)
(a0 = Nw
with ag > 2, where I{-} is an indicator function. In our numerical studies, we set ap = 3.7 as
suggested by Fan and Li (2001).
Following the iterative local quadratic approximation algorithm in Fan and Li (2001), given

0(c=1) as the estimator of @ in (¢—1)-th iteration, with the Taylor expansion, we can approximate



the regularization term P, (6) by

Puo) ~ R0 ) + S D g2 ey )

For (19), G(¢~1) is the estimate of G in the (¢ — 1)-th iteration. Its approximate solution is

-1
B = (Z27Z+n (B wp)) 2Ty, Y (23)

where yi ) = (y1 — (H1(1),GCD), -+ Ly — (Hu(tn), G INT € R™, Z = (21, ,2,)" €

P (18D P (18D

R™>Po, Qo(ﬁ(cfl),wﬁ) = diag( Tﬁ(fil)l D, e ?,;!f , D) € RPo*Po ig a diagonal matrix, and
1

Ble=1) = ( ic_l), e ,(gf)_l)) € R is the estimate of B in the (¢ — 1)-th iteration.

Then, for (20), given the current estimate 8(°), G(©) can be obtained through

-1
Vec(g(c)) (HTH + n&h (Q(C_l), ws) + nn2(g(c—1), w§)> HTyE) (24)
where ¥ = (g1 — 2T B, yo — 21 BO)T € R, H = (vee(Ha(tr), - ,vec(Hn(ta))T €
RLRS “and vee(H;(t:)) = (hurs(ti)) = (hinin(t), -+ s hicin(t), -+ hicri(t), -+ hicrs(t:) T €
REES - As for two penalized terms, we have

ch (c—1) P a(c 1) P a(c 1)
(0, 5) —ding BN I Pl 0D Pl
[(ai; )l [(agky ")el [(ags el
is an LRS-by-LRS block diagonal matrix, where |(ars ) | = 'yTS )TBl'yﬁgfl) with ~,.s =
(irs) € R, and By € RE*E is a matrix given by
1 . (o Biyd)” - [y Bu(t)dt [y Bu(t)dt
Bi :/ B(t)dt/ B'(t)dt = ; : ,
0 0
Jy Bu(t)dt fy Bu(tydt - (Jg Bu(t)dt)®
and
(c—1) - (c—1) (c=1)
a Pwv a v a
(0 = g P2 ) Pl el el k)
c—1) (c—1) (c
1(@$s™)ull2 [(agy oll2 I(akes o2
is also an LRS-by-LRS block diagonal matrix, where ||( ars )ol \/ 7(2 UTg %2 D and
By € REXE g a matrix given by
By = /B t)BT (t)dt — /B dt/BT
Jo Bi(t )dt—(fo Bi(t)dt)” o Jo But)BL(t)dt — [y Bi(t)dt fy Br(t)dt
BBt — [ Bo(o)dt [ Ba(oydt - Jy B3 (B)dt — ( Jy Br(t)dt)’

10



The vector Vec(g(c)) can be easily tensorized to produce the corresponding G(©).

We iteratively update 8 and G until convergence, yielding the final estimates G = G(©
and Bi = B, We use A%(t) to denote the final refined penalized estimator derived from our
iterative procedure, Specifically, we have Af(t) = (al (t)) = (BT (t)4L,).

Remark 1 Instead of shrinking |(a,s).| and |[(ars)y||2 to zero, we could also operationally
replace them by |(vrs)c| and [|(vrs)oll2 Where (yrs)e = 1 S35 Yirs is the mean and (vys)y =
~rs — (Yrs)e € RE represents the deviation function. These two pairs are quite similar in both
theory and practice since we can choose the order of spline to ensure a one-to-one corresponding
projection. More specifically, we can expand |(Vrs)e|? = 727,511 s, and [|(7rs)ol13 = ¥, (I —
%11T)(I - %11T)T’y,,s =L (I %]J-T)'-)’rsa where 1 € R” is a vector of ones and I € RFXL is
an identity matrix.

Remark 2 To identify constant coefficients in A(¢), we can also use the term |a,slle =
VALBrs to replace |[(ars)yll2, where B = { [y By(t) ' By(t)dt : 1,I' = 1,--- , L} € RE*L. The
idea is to shrink the first derivative ||a,s||2 to zero, then a,s(t) is a constant function. This
penalty term will produce a similar result as ||(ars)y||2 (Guo and Li, 2022).

Remark 3 In numerical studies, we have also used Lasso (Tibshirani, 1996) and MCP
(Zhang, 2010) penalty functions in place of P,(-) to show the versatility of our methodology.
For Lasso penalty, P,(f) = wsign(f) and for MCP penalty, P () = (w — L%')Jrsignw) where

ap, = 3, which is also adopted in Breheny and Huang (2015).

3.2 Tuning penalty parameters and model refinement

After obtaining A¥(t) and 8%, we can select variables (whether S, can be shrunk to zero),
and identify constant coefficients (whether a,(t) is a zero constant function, non-zero constant

function or varying function) simultaneously. To this end we need tune penalty parameters wg,

c C,*
Y Y

and w)* by a data-driven grid search method minimizing the Bayesian information criterion

w5 and wy to achieve accurate results. We thus choose the optimal tuning parameters wj, w

(BIC). Other criteria such as extended Bayesian information criterion (eBIC, Chen and Chen
2008) and generalised information criterion (GIC, Fan and Tang 2013) can also be adopted.

More specifically, we select the best tuning parameters by minimizing

"y — (Ha(t), GY) — 2] B
n

log(n)

BIC(wg, w5, wy) = log( )+ (dg+d.+d,L) (25)
where GF and Eli are the solution of (18) given wg, wy and wi, dc and d, are the numbers of
functions estimated as nonzero constant functions and varying functions respectively, and dg is
the number of non-zero coefficients in Bi. L is equivalent number of constant coeflicients for a

varying function, and exactly equal to the number of spline basis in (18).

4 Asymptotic theory

We first introduce some notations. Denote the random covariates to be {¢, X*, z} and its sample
version as {t;, X7, z;}. Let A*(t) = (a;,(t)), and B* = (5}) be the ground true value of A(t)
and 3.
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Denote p, = [t"K(t)dt and v, = [t"K?(t)dt for any integer 7. For any smooth functions
f(t), denote f(t) = df(t)/dt, and f(t) = d?f(t)/dt>. Moreover, we do not distinguish the
differentiation and continuation at the boundary points from those in the interior of [0,1].
For instance, a continuous function at the boundary of [0, 1] means that this function is left
continuous at 0 and right continuous at 1.

The following technical conditions are assumed for the theoretical results.

(C1) The index variable {t;} are i.i.d. with a density function f(¢), which is twice continu-
ously differentiable and is bounded away from 0 in the support ¢ € [0,1]. Further ¢; is

independent to the covariates X7 and z;.

(C2) The kernel function K(t) is a symmetric (i.e., K(—t) = K(t)) and continuous density
function and there exists a constant s > 2 such that f_ll K(u)*w/du < oo for j < 6.
In addition, there exist a large enough constant Ky such that sup,cp K(t) < Ko and
sup,er K'(t) < Kp.

(C3) The elements in A*(-) have continuous third derivatives in [0, 1]. The parameters g fall in

a compact space in RP0,

(C4) Assume the vector v;(t), ¢ =1,--- ,n are i.i.d. with conditional covariance matrix Q(¢) =
Cov(v;|T = t). Assume that the entries in €2(¢) are Lipschitz continuous in ¢ € [0, 1],
and there exists a A > 1 such that A~ < infiep 1] Amin(Q(2)) < SUPse(o,1] Amax (2(2)) < A
Here Amin(2(t)) and A\pax(€2(¢)) are the smallest and largest eigenvalue of Q(t) respec-
tively. Moreover, denote Qv = E((z",v)T(z",v")), Qy = E(v'v), Q, = E(z'z),
Qvz = E(v'z), Qv = E(z"v). We assume that ¥;(t) are uniformly bounded and Qv is

invertable with eigenvalues bounded away from zero and infinity.

(C5) For simplicity we assume that the entries of the tensor covariate X* and the one-way

covariate z are centered (i.e., with mean 0) and bounded random variables.

(C6) Let cq,--- ,ck, be the interior knots of [0,1]. Furthermore, let ¢y = 0,ck,+1 = 1,k =
C; — Cj—1 such that maxlgigknﬂ{/ﬂ} = O(minlgigknﬂ{m}) and maX1§i§kn{/€Z’+1 — I{i} =
o(kb).

n

4.1 Asymptotic properties for regression estimates

Theorem 1 Suppose that Assumptions (C1)-(C4) hold, if n — oo and h — 0 in such a
way that nh — oo and nh® = O(1), then the asymptotic conditional distribution of 6 =
(BT, vec(A(t)T,vec(A(t)) )T in (10) is given by

B , Op,
Vnh vee(A(t)) —vee(A (1)) | - 5 mh?vec(A*(t)) )
vec(A(t)) — vec(A*(t)) —h2 ()7 (8) (g g — p2)vec(A*(t))
4 N lo.02 Q3 f(t) 7! —w f(t)2f ()9, (?;:) ot (26)
—of (1) 2 F (D (Qva, )y W2 () g eyt
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In particular, let Qy(t) = Qv — vz 'y, the estimated vec(AT(t)) in @ has asymptotic con-

ditional distribution of
Vnh| [vec(AT () — vec(A*(#))] - %mh?vec(A*(t))] 4 N (0,500, (27)

Theorem 2 Let B1 be the estimate that minimizes (12). Suppose that Assumptions (C1)-(C5)
hold, if n — oo and h — 0 in such a way that nh* — 0 and nh3/log(n) — oo, we have

A

V(B - %) & N0, 020, (28)

The optimal bandwidth in Theorem 1 is A ~ n~Y/®. This bandwidth does not satisfy the
condition in Theorem 2. Interestingly, in order to obtain the /n consistency and asymptotic
normality for BT, undersmoothing for AT(t) is necessary for controlling the bias of the local
smoothing estimators. On the other hand, h should also be large enough such that nh3/log(n) —
00, in order to control the variance of the remainder terms. This is a common requirement in

varying coefficient partial linear models; see Carroll et al. (1997) for a detailed discussion.

4.2 Asymptotic properties for penalized functions and parameters

According to the result in De Boor (2001), for a,s(t) satisfying Assumption (C3) and (C6),
there exists a B-spline function BT (t)y%,, where 4%, is the best spline approximating function
for a’,(t), such that

Rys = sup |BT(t)y) — ary ()] = Ok, %) (29)
te(0,1]

where k, is number of interior knots, k, — oo as n — 0.
Note in Eq. (18), we actually optimize it through G and 8. With Assumption (C3) and (C6) hold,

we may approximate |(ars)el & /% Biyrs = [rslls, and [[(ars)olla = \/%Bavrs = llvesl5,

respectively. Now we rewrite Eq. (18) as

LG.B) =Y [yi— (Hi(t:).G) — 2] B)* +n > Pu,(1Bi])

i=1 k=1
R S
+nzz{Pw%(H'YTSH&)+Pw$(H'YTSHB2)} (30)
r=1s=1
Similar with local linear smoothing method in section 2.3, we denote u; = vec(H;(t;)) =

(hirs(ti)) € REES @, = (vec(Hi(t:)T,2) )T € REESTPO. Let wpay = max{wg, w;,w}, and

) “g
Wmin = min{wg, wﬁ,wi’/}.
Recall that the number of basis functions L = k, 4+ kq + 1. As kg4 is usually chosen to be

very small, we shall assume that L is having the same order as k,. In addition, we assume that

logn logn

(C7) po = O(n") for some constant 7 < 1, and k,, = Cj min{( " )1/5, (”1_7)1/4} for some
constant Cy > 0.

We also impose the following assumptions for the tuning parameters and the minimum signal
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strength.

(C8) There exists a large enough constant a > 2 such that |5}| > awg for k € {k : 8} # 0},
1¥ijlls = aws for (i) € {(r,s) : [[v7slls # 0}, and [|v7lls, = awy for (i,5) € {(r;s) :
1¥ijl5, # 0}-

Theorem 3 Suppose that Conditions (C1), (C3), (C5), (C6) and (C7) hold, and set wg =
ex mace { (95) 2, (1982172} =y mae {(2£2)"/2, (19£2)%°) and s = o mane { (25m) 2, (J5gm) /")

nl—-7 % nl—-7 nl—-7

for some large enough constants c1,co,c3 > 0. We have:
(i) 18] = Bill = Op (max { (*22)*"%, (lE2)*}), for k=1, po,
(ii) ||aty (1) — a7, (8)]| = Op(max { (12£2)*/° (L)1) forr =1, R, and s =1, 8.

Theorem 4 Suppose that Conditions (C1), (C3), (C5), (C6), (C7) and (C8) hold, and suppose

wg,wS,w? = 0, and min { (125)*°, (15=0)* g — o0, min { (120)1%, (150) ™" fet — o0 and

min {( n )1/2, (”1_T)5/8}w§ — 00, we have, with probability tending to 1,

logn logn
(i) B = 0, for k € {k, || = 0},

(ii) (a3,)c = 0, for (r,s) € {(r,s) : [(ars)c| = 0},

(iii) (a},)o(t) = 0, for (r,s) € {(r,5) : | (ars)ull2 = 0}.

nl*T

: logn 2/5 logn 1/2 .
In Theorem 3, the convergence rate is bounded by O,, ( max ( 5 ) , ( ) . This rate

elegantly balances two components: 1. The term (105 n

2/5
> matches the optimal nonparametric

rate for estimating smooth functions using spline approximations (Stone, 1982). 2. The term

1/2
(ilolgﬁ) corresponds to the parametric rate in high-dimensional settings with a diverging
number of parameters (where pg = O(n")). This mirrors the optimal minimax rates established
in classical high-dimensional partially linear models and varying coefficient models (Fan and Li,

2001; Cheng et al., 2014).

5 Simulation study

5.1 Estimation consistency

The data were generated according to (8), where ¢;, i = 1,--- ,n, are randomly sampled from

the uniform distribution U(0,1). We first consider the following two settings:

Case I : Each subject X is a p1 X ps tensor with order D = 2, p; = po =80fori=1,--- ,n. Evenly
divide X; into S = 16 parts with p| = p) = 20, by partitioning it into S) = §®) = 4 equal
segments along length and width separately. Set R = 10. For each part X(®) expressed
in the form of (6), A = 1, x5, € R" is a Gaussian ensemble vector whose entries
are generated i.i.d. from the standard normal distribution, and any X£Sd),xﬁfd) € RPa,
r # r’ are orthonormal and obtained from the QR decomposition of a random matrix.

The tensor function A(t) has the same dimension of X, and for each part, corresponding
A1) = SR ans(0)x) 0 x(?.

Case II : Each subject &; is a p1 X pa X p3 tensor with order D = 3, p1 = po = p3 = 40 for ¢ =
1,--- ,n. Evenly divide &} into S = 64 parts by partitioning it into S = 5@ = g0 =4
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equal segments along length, width, and height separately, with p} = ph = p4 = 10. Set
R = 5. For each X©) in (6), A =1 and Xy, € R
same way as Case 1. Tensor function A(t) has the same dimension of &;, and for each part,

corresponding A® () = Y ans(£)x*) 0 x1*) o x{*Y.

€ RP4 are generated in the

In both cases, we consider four different functions for a,s(t): a1,5(t) = 4/rs/RS(t — 0.5)2,
agrs(t) = /1s/RSt%5, ag,s(t) = 1.75y/rs/RS(exp — (3t — 1)? + exp — (4t — 3)2 — 0.75), a4rs(t) =
Vrs/RSsin(2m(t —0.5)), 1 <r < R;1<s<S5. Weset pp=2and 8 = (3,3)". Z € R¥Po
is a Gaussian ensemble matrix. The random error ¢; follows the standard normal distribution
N(0,1).

For each simulated data, we carry out the estimation procedure introduced in Section 2 to
fit the model. After 500 simulations, we summarize the performance of our varying coefficient
tensor regression (VCTR) model in Table 1 with sample size n = 2000 and 5000. The estimation
errors for functions are integrated over the range of ¢. The errors for A(¢) and B are averaged
across all their components. These empirical results affirm the estimation consistency of the
semi-parametric estimators for regression coefficients.

We also show the prediction errors of Case I and II with 10-fold cross validation in Figure 2.
We compare prediction errors of our VCTR model with two constant coefficient tensor models,
based on Miranda et al. (2018) and Zhou et al. (2013), respectively. When the true model
involves varying coefficients, our model clearly demonstrates an advantage over those existing
models.

Table 1: Estimation results of Case I and II for 500 simulations. The accuracy of Af (t) is measured by

MIAE and RMISE, where MIAE = E[ [' [AT(t) — A(t)|dt], and RMISE = E/2[ [/(AT(t) — A(t))%dt].
The accuracy of 87 is measured by MAE and MSE, where MAE = L S°7° \3; — Bj], and RMSE =

=1
1 o (At 211/2 e
[;TO j:l(ﬁj *ﬂj) ] :

. Af(t) il

Case  Function MIAE RMISE MAE RMSE
Ay 200 0.0622(0.0011) 0.0780(0.0012) 0.0343(0.0263) 0.0371(0.0267)
5000 0.0272(0.0011) 0.0341(0.0013) 0.0200(0.0144) 0.0218(0.0145)
Ay 200 0.0636(0.0023) 0.0799(0.0029) 0.0455(0.0274) 0.0518(0.0302)
. 5000 0.0279(0.0007) 0.0349(0.0009) 0.0270(0.0137) 0.0314(0.0158)
Ay 200 0.0648(0.0016) 0.0817(0.0021) 0.0441(0.0301) 0.0485(0.0337)
5000 0.0398(0.0006) 0.0392(0.0008) 0.0259(0.0168) 0.0394(0.0154)
Ay 200 0.0678(0.0018) 0.0852(0.0021) 0.0340(0.0181) 0.0364(0.0179)
5000 0.0358(0.0016) 0.0448(0.0019) 0.0152(0.0086) 0.0165(0.0084)
A 2000 0.0687(0.0031) 0.0865(0.0038) 0.0510(0.0254) 0.0592(0.0305)
5000  0.0232(0.0009) 0.0293(0.0010) 0.0211(0.0084) 0.0217(0.0084)
Ag(t) 2000 0.0709(0.0022)  0.0889(0.0028) 0.0409(0.0183) 0.0461(0.0206)
- 5000  0.0239(0.0007) 0.0299(0.0010) 0.0235(0.0101) 0.0244(0.0109)
Ag(n) 2000 0.0854(0.0055) 0.1103(0.0071) 0.0401(0.0381) 0.0425(0.0386)
5000 0.0407(0.0009) 0.0535(0.0011) 0.0256(0.0152) 0.0286(0.0175)
Ay 200 0.1117(0.0049) 0.1430(0.0064) 0.0509(0.0245) 0.0541(0.0258)
5000 0.0578(0.0012) 0.0727(0.0013) 0.0305(0.0162) 0.0362(0.0205)
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Figure 2: Box plots of prediction errors of Case I and II with 10-fold cross validation. Model M; is our
VCTR model. Models My and M3 are constant coefficient tensor models, estimated by Miranda et al.
(2018) and Zhou et al. (2013), respectively.

5.2 Selection accuracy

We now evaluate the accuracy of the penalization method for high-dimensional covariates intro-
duced in Section 3. Let F1 = {(r,s) : [[(ars)vll2 > 0}, Fa = {(r,5) : [(ars)c| > 0, ||(ars)v|l2 = 0}
and F3 = {(r,8) : [(ars)c] = 0,]|(ars)v]l2 = 0} be the index set of varying, constant non-zero
and constant zero coefficients in tensor function A(t). Obviously, {(r,s) : r € {1,--- ,R},s €
{1,---,S}}=FiUFRUFand F;NF; =0 for i,j € {1,2,3}. Also let Fu = {k,|Bx| > 0} and
Fs = {k,|Bk| = 0} be the index set for significant and sparsed coefficients in one-way parameter
B. Similarly, we have {1,--- ,po} = F4 U F5 and F4 N F5 = 0. We denote |F| as the number
of elements in a set F. In this subsection, we denote sets ﬁi, 1 =1,---,5 as the estimator of
ground truth F;.

In Case III, we consider the selection performance under various spatial correlation among
tensor covariates. In case IV, we consider tensor covariates with unknown coefficients greater
than the sample size. In both cases, we adopt three penalty functions: Lasso, SCAD, and MCP.
The tuning parameters are chosen by BIC. Following Algorithm 1, the penalized regression can
be initialized via (15), which requires specifying the spline order k; and the number of interior
knots k. In our implementation, we consider k4 € {2,3,4} and k,, € {1,2,...,6}. The optimal

combination is selected using a BIC-based grid search, where for each candidate pair (kq, ky,),
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the model is fitted and the corresponding BIC is evaluated. And the pair minimizing the BIC

is then chosen for subsequent penalized tensor regression.

Case III : Each subject X; follows the same dimension as Case 1. To allow the spatial correlation
among different parts, for any two subject factor matrices X*(®) in different partitions, en-
tries have a first order auto-regressive covariance matrix with covariance p‘s(l)*s/(l) [+]s —s'®)]

for 1 < s, ¢ < 8§ and 1 < s, ¢ < §2) Tensor function A(t) is designed sim-

ilarly as Case I with A®)(t) = F ars(t)x,(fl) o x,(ﬂSQ). If1 <r <s <10, a5(t) =

Vrs/RSsin(2m(t — 0.5)); if 1 < s <r <10, a,5(t) = \/rs/RS, and the rest of the tensor

functions are all 0’s.

Case IV : Each subject X} is an p; X p2 X p3 tensor with order D = 3, p;1 = po = p3 = 80 for i =
1,---,n. Evenly divide X; into S = 64 parts by partitioning it into S0 = §2) = §6G) =4
equal segments along length, width and height separately, with pj = p) = ps = 20.
Set R = 20. For each X®) in (6), )\ﬁs) =1, and x; € R”,x,(,Sd) € RPa are generated
in the same way as Case II. Tensor function .A(#) has the same shape as &', and for
each part, corresponding A(s)(t) = Zﬁ ars(t)x£51) o x7(~$2) o x7(n$3). Ifl1<r<s <10,

ars(t) = /rs/RSsin(2n(t — 0.5)); if 1 < s < r < 10, ars(t) = \/7rs/RS , and the rest of

the tensor functions are all 0’s.

In both cases, We set pg =5 and 8 = (1,1,0,0, O)T. Z € R"*Po ig a Gaussian ensemble matrix.
The random error ¢; is generated in the same way as Case I and II.

The results for Case III are summarized in Table 2 after 500 simulations. The penalized
estimation correctly identifies the true zero coefficients and non-zero coefficients with high prob-
ability. The covariate correlation slightly affects the accuracy where wrong selection occurs more
often with higher auto-correlation. All three penalty functions perform quite well.

The results for Case IV are summarized in Table 3. We note that this case is more compli-
cated than previous cases since the tensor coefficient has a greater dimension RS = 20 x 64. The
un-penalized estimation approach is infeasible for this challenging case. In general the selection
accuracy improves with increasing sample size n while the three penalty functions perform sim-
ilarly well. We also plot prediction errors of Case III and IV with 10-fold cross validation in

Figure 3.

6 Glaucoma management with fundus images

The GRAPE (Huang et al., 2023) dataset was collected in the Eye Center at the Second Affiliated
Hospital of Zhejiang University, which contains 1115 records of 263 eyes from 144 glaucoma
patients from 2015 to 2022, with ages ranging from 18 to 81 years. One patient may visit
hospital multiple times for follow-up examinations during this period and information obtained
from oculus dexter (OD) or oculus sinister(OS) during each visit will be recorded. To avoid
dependence among repeated measurements, we randomly select one record from all available
visits for each patient and treat it as a single independent sample in our VCTR model, which
is composed of a list of visual fields (VF) value from 59 points, excluding 2 points located

in blind points, a color fundus photograph (CFP), an optical coherence tomography (OCT)
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Table 2: Estimation results of 500 simulations for Case III. We use sensitivity (se), specificity (sp),
positive predictive value (ppv), and negative predictive value (npv) to evaluate identification accuracy,
where se = P(F; N F;|Fi), ppv = P(Fi N Fi| Fi), sp = P(FE N FE|FE) and npy = P(Fe N FE|FE). Sample
size n = 5000. Penalty parameters of Lasso, SCAD, and MCP are chosen by BIC.

Lasso SCAD MCP
p 0.1 0.5 0.9 0.1 0.5 0.9 0.1 0.5 0.9
Zero coefficient in A(t)
se 0.9965 0.9948 0.9926 0.9961 0.9952 0.9930 0.9974 0.9917 0.9913
ppv 0.9811 0.9849 0.9793 0.9922 0.9918 0.9827 0.9939 0.9917 0.9810
Sp 0.9516 0.9615 0.9473 0.9802 0.9791 0.9560 0.9846 0.9791 0.9516
npv 0.9910 0.9865 0.9807 0.9901 0.9878 0.9820 0.9934 0.9792 0.9775
Constant non-zero coefficient in A(t)
se 0.9712 0.9788 0.9558 0.9942 0.9827 0.9404 0.9885 0.9827 0.9481
ppv  0.9981 0.9923 0.9881 0.9868 0.9884 0.9781 0.9962 0.9848 0.9725
Sp 0.9996 0.9985 0.9978 0.9974 0.9978 0.9959 0.9993 0.9970 0.9948
npv 0.9944 0.9959 0.9915 0.9989 0.9967 0.9886 0.9978 0.9967 0.9900
Varying coefficient in A(t)
se 0.9256 0.9385 0.9359 0.9615 0.9744 0.9359 0.9795 0.9744 0.9333
ppv 0.9816 0.9787 0.9712 0.9948 0.9873 0.9463 0.9899 0.9720 0.9608
sp 0.9975 0.9972 0.9961 0.9993 0.9982 0.9925 0.9986 0.9961 0.9947
npv 0.9898 0.9915 0.9912 0.9947 0.9965 0.9911 0.9972 0.9964 0.9908
Prediction error of A¥(t)
MAE 0.0109 0.0111 0.0134 0.0114 0.0122 0.0127 0.0136 0.0175 0.0195
RMISE 0.0198 0.0217 0.0219 0.0192 0.0234 0.0240 0.0245 0.0397 0.0414
Prediction error of %

MAE  0.0047 0.0082 0.0092 0.0045 0.0063 0.0136 0.0046 0.0058 0.0141
RMSE 0.0077 0.0133 0.0149 0.0067 0.0101  0.0209 0.0080 0.0096 0.0207
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(a) Prediction error of Case III. (b) Prediction error of Case IV.

Figure 3: Box plots of prediction error of Case III and IV with 10-fold cross validation. (a) shows
prediction errors of different covariance parameter p’s in Case III, ’Oracle’ is our tensor regression model
with true model structure, 'Unpenalized’ is the un-penalized tensor regression model (section 2.3), and
"Lasso’, 'SCAD’, and '"MCP’ are our final tensor regression model (section 3.2) after model structure
identification with Lasso, SCAD and MCP penalties (section 3.1). (b) shows prediction errors of the
final tensor regression model (section 3.2) after model structure identification under overfitting situation
(Case IV), with different sample size n = 2000, 5000. In case IV, un-penalized tensor regression model
cannot work.
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Table 3: Estimation results of 500 simulations for Case IV. We use sensitivity (se), specificity (sp),
positive predictive value (ppv), and negative predictive value (npv) to evaluate identification accuracy,
where se = P(F; N Fi|F;), ppv = P(Fi N Fi|F), sp = P(FE N FE|FE) and npv = P(FE N FEJFE). All
tuning parameters for Lasso, SCAD, and MCP are chosen by BIC.

Lasso SCAD MCP
n 2000 3500 5000 2000 3500 5000 2000 3500 5000
Zero coefficient in A(t)
se 0.9916 0.9971 0.9975 0.9944 0.9962 0.9971 0.9913 0.9947 0.9947
ppv 0.9822 0.9891 0.9929 0.9954 0.9970 0.9982 0.9972  0.9967 0.9981
Sp 0.6271 0.7729 0.8525 0.9051 0.9373 0.9627 0.9424 0.9322 0.9610
npv 0.7934 0.9295 0.9430 0.8879 0.9249 0.9423 0.8421 0.8750 0.8981
Constant non-zero coefficient in A(t)
se 0.6737 0.7895 0.8553 0.8974 0.9316 0.9658 0.9026 0.9263 0.9684
ppv  0.9217 0.9754 0.9739 0.9259 0.9332 0.9687 0.8989 0.9273 0.9497
Sp 0.9981 0.9994 0.9993 0.9977 0.9979 0.9990 0.9968 0.9985 0.9977
npv 0.9901 0.9936 0.9956 0.9969 0.9979 0.9990 0.9970 0.9977 0.9990
Varying coefficient in A(t)
se 0.5143 0.7429 0.8476 0.9143 0.9476 0.9571 0.9048 0.9429 0.9476
ppv 0.5814 0.8564 0.8968 0.8265 0.8984 0.9129 0.7917 0.8161 0.8529
sp 0.9932 0.9978 0.9983 0.9967 0.9984 0.9982 0.9939 0.9963 0.9971
npv 0.9919 0.9957 0.9975 0.9986 0.9991 0.9993 0.9984 0.9990 0.9991
Prediction error of A¥(t)
MAE 0.0242 0.0135 0.0108 0.0132 0.0055 0.0040 0.0097 0.0058 0.0041
RMISE 0.0375 0.0231 0.0194 0.0256 0.0140 0.0117 0.0223 0.0145 0.0115
Prediction error of %

MAE 0.0361 0.0148 0.0090 0.0141 0.0073 0.0065 0.0218 0.0085 0.0064
RMSE 0.0514 0.0225 0.0133 0.0221 0.0124 0.0107 0.0325 0.0121 0.0101

measurements and clinical information, such as age, gender, and intraocular pressure (IOP). In
Figure 4, we show the distribution of subjects’ age and the corresponding IOPs, and in Figure 1,
we give an example of two different fundus images (CFP and ROI), together with 59 locations
of VF points.

Histogram of subject's age Intraocular pressure (IOP) with age under different subjects
80 |
— 25 '
60 H - " il "” |
- - i il | \
P 5 H| ||N Ii i 1 |I ul I " ”\ & ‘
© s \ i "Jl M' Hl‘w ! 1‘ “
| nli ‘ ‘
20 J |
10
0
20 40 60 80 20 40 60 80
Age Age
(a) Histogram of patient visits (b) Longitudinal IOP elevation

Figure 4: Fundus image analysis: statistical summary for original GRAPE dataset. (a) shows the
histogram of subject’s ages in the whole dataset. (b) shows the intraocular pressure (IOP) value with
different ages.

The scientific objective is to quantify the relationship between IOP and fundus images of
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glaucoma patients, along with their clinical data. Figure 1 displays an example of fundus images
(CFP and ROI), before being fed into our model estimation process. During data processing, we
first drop samples without fundus images. Then we regard IOPs beyond 2 standard deviations
as outliers and also drop the corresponding samples. Finally, n = 141 samples remains (72 from
male glaucoma patients and 69 from female). In dealing with VF values, we impute missing
data and fix outliers with the mean value of the corresponding VF location. We standardized
all continuous variables to be mean 0 and variance 1. We resize all remaining images into
X; € RPr>*P2XP3 wwhere p; = 192, po = 192 and p3 = 3, representing length, width and number
of color channels respectively. In this dataset, both oculus dexter (OD) and oculus sinister
(OS) can be included as samples, in which the optic disc and macula are positioned oppositely
and blood vessels may have different orientations. To avoid these discrepancies during the
tensor partitioning process, we flipped all OS images horizontally and concatenate unified tensor
together as X € R™P1XP2XP3_ and an even division is applied to the length and the width,
resulting with S and S® equal segments and a total of S = S0 x §@) partitions. For each
partition, we denote them as X() RxPy %0y xps for g =1 ... S. A unified CP decomposition
with the same rank R introduced in (6) is applied on X(®) to obtain factor matrices X:. We
choose optic disc area as our ROI since the fundus manifestation of glaucoma contains optic disc
rim narrowing, cup-to-disc ratio (CDR) increasing, large extent of parapapillary atrophy, and
RNFL defect (Prum et al., 2016), which are mainly focused on the area around optic disc.

Our hypothesis is that the association between IOP and fundus images may vary with differ-
ent ages, thus we consider model (3) with age being the index variable ¢;. The one-way covariate
z; includes subject’s gender and the corresponding 5 view field values (cf. location ID 1, 22,
25, 28 and 31 in Figure 1.(f)). To achieve consistency under the same location for OD and OS
image, we record VF value, as shown in (c) and (f) in Figure 1. 10-fold cross validation is used to
select S and R, and the best partition is § = 3 x 3 x 1 = 9 with the best CP rank R = 2 for both
CFP and ROI; see Table 4 below for further details. With such specifications, we implement our
VCTR model, and the estimated varying coefficient A(t) and one-way constant coefficient B are
shown in Figure 5 and Table 5, respectively. Table 6 shows the estimated constant coefficient
B for gender and 59 different VF locations with tensor covariate CFP and ROI. We remark
that variable selection process is inherently affected by the partition boundary. However, as de-
tailed in Table 4, while extreme choices of partitions or ranks lead to performance degradation,
moderate deviations from the optimal hyperparameters result in highly stable prediction errors,
confirming the robustness of the model’s predictive capabilities. In practice, when prior knowl-
edge or domain expertise is available, the partition strategy can be specified accordingly, which
effectively determines S. Otherwise, we suggest to specify a candidate range for both CP ranks
and feasible tensor partition schemes, and conduct a grid search using 10-fold cross-validation to
select the optimal combination. This selection procedure is standard in high-dimensional tensor
modeling and has been implemented in our real data analysis, with code publicly available at
https://github.com/JasonHe95/VCTR. Empirically, we observe a clear trade-off between the
partition granularity and the required CP rank. Specifically, when the tensor is partitioned into
fewer partitions (smaller S), a larger CP rank R is typically needed to capture the underlying

structure. In contrast, when a finer partition is adopted (larger S), the optimal CP rank tends
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to decrease. This phenomenon is also reflected in the results reported in Table 4.

Comparing the un-penalized estimator with the penalized estimator a,s(t) in Figure 5, we
observe that there are more varying coefficients for ROI than CFP, especially for partitions
surrounding the optic disc. This suggests the increasing cup-to-disc ratio could lead to greater
variability of image region effects on patients’ intraocular pressure levels. These new insights
would be difficult to uncover without applying the proposed tensor varying coefficient model.

Table 4: Fundus image analysis: RMSE for tensor partition on colored fundus photograph (CFP) and
region of interest (ROI) with different S and R. All results are generated from 10-fold cross validation.

Sy % Sy x S5 Colored fundus photograph (CFP) Region of interest (ROI)
R=1 R=2 R=3 R=4 R=1 R=2 R=3 R=4
2x2x1 1.4827 1.2961 1.1087 1.2326 1.4889 1.1754 1.1083 1.2543
2x3x1 1.1374 1.0611 1.3288 1.5936 1.1821 1.0509 1.2513 1.5195
Ix2x1 1.1584 1.0248 1.2897 1.4458 1.2087 1.0399 1.3050 1.5412
3x3xl1 1.0429 0.9766 1.1185 1.3419 1.0427 0.9711 1.1807 1.3163
3x4x1 1.05648 1.3743 1.5311 1.8173 1.0725 1.3699 1.6377 1.7911
4x3x1 1.0826 1.3492 1.4884 1.7748 1.0926 1.3857 1.6668 1.8506
4x4x1 1.2811  1.6503 1.9263 / 1.25565 1.8390 2.0421 /

Table 5: Fundus image analysis: Estimated results of regression coefficients B for one-way covariate in
GRAPE dataset. 95% confidence intervals are based on 500 bootstrap resamples.

” Colored fundus photograph (CFP) Region of interest (ROI)
il B 95% CI il B 95% CI
Gender -0.0835 0 / 0.0647 0 /

VF;  -0.1422 -0.0915 [-0.1891, -0.0774] -0.1018 -0.0606 [-0.1650, -0.0469)]
VFg  -0.1427 -0.1501 [-0.2089,-0.1231] -0.1570 -0.0934 [-0.1964, -0.0833]
VFa5  0.0045 0 / 0.0204 0 /
VFys -0.0790 0 / 0.0488 0 /
VF3  -0.1284 -0.0877 [-0.1862,-0.0707] -0.1791 -0.1349 [-0.1840, -0.0950]

From Table 5, insignificant gender effects are observed on CFP and ROI images. Male
patients tend to have slightly higher scaled intraocular pressure than female patients, similar
to earlier findings in Liu et al. (2022). For the view field values, only VF;, VF3 and VF3;
are significantly associated with the response with negative effects. These VFs are located near
optic disc, an important area for diagnosing glaucoma.

Additional results for the estimated constant coefficient 8 for gender and 59 different VF
locations with tensor covariate, and the estimated penalized varying-coefficient functions a,4(t)
for CFP and ROI are provided Table 6 and Figure 6 respectively. The corresponding mean and
CI curves are generated via bootstrapping.

At last, we compared our VCTR model with other two constant coefficient tensor models
consistent with those in section 5, and the experiment results are shown in Table 7. For model M35
proposed in Zhou et al. (2013), due to the relatively small sample size (n = 141), we downscale
the image dimensions to p; = ps = 16 to avoid excessive number of parameters. Meanwhile,
the CP rank is fixed at R = 2, consistent with that used in our VCTR model, and ensuring a
fair model complexity. However, we can find it is overfitting. While this model has the best

performance in in-sample errors, its prediction ability is the worst in out-of-sample error. Our
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refined M; model has slightly worse performance in in-sample error compared to original M;
model. However, due to fewer functions and parameters to estimate resulting from the model
structure identification, refined M; model shows better performance in out-of-sample error than
original M; model. The tensor partition model with constant parameters M> always has a worse

performance comapared with our model in both in-sample error and out-of-sample error.

Table 7: Fundus image analysis: prediction error for different models. Model M; is our VCPLT model
proposed (section 2.3), model refined M is our refined tensor regression model (section 3.2) after SCAD
penalty (section 3). Model My and Mj are two different constant coefficient tensor models consistent
with models in Figure 2. In-sample error is calculated without training-test set split. Out-of-sample error
is calculated by 10-fold cross validation. MAE is the mean absolute error, RMSE is the root of the mean
squared error, and SDE is the standard deviation of error.

Model In-sample error Out-of-sample error
MAE RMSE SDE MAE RMSE SDE
Colored fundus photograph (CFP)
M, 0.5674 0.7268 0.5271 0.7888  1.0125  0.9693
Refined M; 0.6154  0.7533  0.5467 0.7679 0.9398 0.8709
Mo 0.7176  0.8759 0.7673  0.8937 1.1725 1.1935
Ms 0.4779 0.6182 0.3822 1.3788 1.7685 1.8574
Region of interest (ROI)
M, 0.5605 0.7033 0.4938 0.8228 0.9938  0.9838
Refined M; 0.5835 0.7326 0.5201 0.7555 0.8879 0.9118
Mo 0.7054  0.8664 0.7506  0.8749 1.1656  1.2002
M3 0.4602 0.5618 0.3156 1.3380 1.7432 1.9341

7 Appendix: Proof of asymptotic theory

7.1 Asymptotics of the regression estimates

A~

Proof of Theorem 1: For any fixed ¢ € [0,1], let (8, A(t), A(t)) be the minimizer of (10),
which implies that

L™ [wvee(A() + (1~ ] veeA) + 2l B—u] | v | Kulti—0)
= (ti — t)VZ'
Z%Z[ [ [vec(A(t)) — vec(A*(£)] + (ti — t)v; [vec(A(t)) — vec(A* ()] + 2 [8 — B7]
=1
St — 1)2v] vec(Ar(1) = (1 — v vee(A™(&)) — ] | vi | Knlti—1)
(ti —1)

where &; is between t; and t fori =1,---n
Denote v;(t) = (z,,v;,(t; —t)v])T for i = 1,--- ,n, and V = (¥1(t),---,¥,(t))| =

Z ’ 7/ ? (]
z] v{ (t1—t)v] Kp(t; — 1)
: : , and W(t) = . The above equality is

z, v (t,—t)v,) Kp(t, —t)
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equivalent to:
b-p 1 V] (hn — t)vee(A* (1))
vec(A(t)) — vec(A*(1)) =5 v v :
vec(A(t)) — vec(A*(t)) v, (tn — t)?vec(A*(t))
(31)

+[VITOWHOVE)] 'V ()W (t)e + R,

where R is a remainder term involves of A™(&;) and (t; — t)> K} (t; — t). We shall evaluate the
bias induced by the first term on the right hand side of the above equation and R first.

For VT (t)W (t)V(t), we have

V()W (1) V(1) (32)
[z Z, Ky (t1 — t) z] v{ (t1 —t)v]
= Vl e Vn . . .
[t —=t)vi - (tn—t)vp Kptn —t)| |2} v] (t,—1)
[ Kt — )z Kp(tn — )20, z{ v{ (t—t)v{
= Kh(tl — t)Vl K ( ) .
[t =K1 —t)vi -+ (tn —O)Ep(tn —O)Vn] 2] V] (t, —t)v,)
Sy Kn(ti — t)ziz] Sy Kn(ti — t)zev] iy (ti — ) Kt — t)zev]
=| X Kn(ti —t)viz] Sy Kn(ti — t)viv] i1 (ti — ) Kp(ti — t)vivy]
iy (b — Kt — vz P (6 — O Kt — t)viv) S0 (6 — )2 Ky (6 — t)viv]
?:1(151' — t)Kh(tl' — t)VZ'VZT

For brevity, we only provide evaluations on i K (t; — tyviv, A\
(32), and other entries can be derived similarly. Note that

and 37 (t; — )2 Ky (t — t)viv] in

E[zn: Kh(ti — t)VZ'VlT] = TLE(VVT)E[K}L(ti — t)] = TLQVE [Kh(ti — t)],

=1

E(Kh(ti—t)):}ll/l((ti;t>fz z h/K F(t + hu)d(t + hu)

We thus have,

= ()1 +0(h%).

E[n~! Xn: Ku(ti —t)viv] ] = Qv f(t) + O(h?).
=1

Similarly, from the facts that

E[i(ti — Kt — t)viv] | = nE(vw)E[(t; — ) Kp(t; — t)] = nQuB[(t; — t) Kp(t; — )]

= %/(tz - 1)K (ti}:t> f(t;)dt; :/UK(u)f(t—|- hu)d(t + hu)
=h2f(t)uz + O(h%),

26



we have,
42:-%Kh-%Wwﬂ:Qw%

Similarly, from the facts that,

n

E[) (ti — t)2Kp(ti — t)viv] | = nE(vv E[(t; — t)°Kp(t: — t)] = nWE[(t: — )2 K (t — 1)),
=1

B[(t; — 12Kt — 1)) = % / (t; — 12K <ti - t) F(t)dt; =h / K (u) f(t + ha)d(t + hu)

=h?paf(t) + O(h*),

we have: E[n =10 (t; — t)2Kp(t; — t)viv,) ] = R2uaf(£)Qy + O(h%).
Applying similar calculations to other terms in (32) and use the formula for the inverse of

2 x 2 block matrix square diagonal partition, we have:

-1

; Qzv
[nfli;-T (t)W(t)V(t)]fl £> QZ,Vf(t) + O<h2) hQUQf(t) <QV> + O(h3>
h2u2f(t)(sz, QV) + O(hg) h2N2QVf(t) + O(h4)
— — — p — QZV —
) L0+ 00) ~rodoaz (T )astvoon)|
— 172 f (O vz, W), L + O(h?) h 2y G  + O(1)
vi (t1 — t)?vec(A*(t))
Similarly, for n= VT (t)W (t) : , we have:
v, (tn — t)*vec(A*(t))
VI(tl - t)QVGC(A*(t)) Kp(t1 —t)z1 cee Ky (t, — t)zp
n VW) : ="' | Kp(i—tvi e Kt~ Ve
v, (t, — t)>vec(A*(t)) (t1 =) Kp(ts —t)vi -+ (tn — ) Kp(tn —t)vp

v{ (t1 — t)>vec(A*(t))

V) (t — t)>vec(A%(t))

(07U (t— 2K (1 — t)zv] vee(AX(t)

= |n"1 21 1(tz - t) Kn(t;: — t)VzVTVGC(A* ()

n Y (6 — t)P Kt — t)vivy vec(AX(t))

1121 ? Quyvee(A* (1) £(1)

pah?Qyvec(A* (1)) f(t)
) f(t)

1=

i pah*Qyvec(A*(t
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Combining (33) and (34) we have

v (t; — t)?vec(A*(t))

[VIOWOV®] VT W)

v, (t, — t)évec(A*(t))

0p,
= { <M2h2veC(A*( ))) oY)
—p2h? f(£) 71 f(t)vec(A* (1)) + h?py  pa f (8) 71 f(t)vec(A* () + O(h?)
0p,
= { poh?vec(A*(t))
F@OT () (g pa — pa)vec(A*(#))

+ O(h%).

Similarly, using the fact that under Conditions (C1)-(C3), we have

E[(ti — t)*Kp(t; — t)] :% /(ti — 13K (tzlzt) f(ts)dt;
_p? / WK (w) f(t + hu)d(t + hu)

=h'pa f(t) + O(R%),

and that the variance of the remainder R is of order:

CE[(t - 0K - 0] = [ (- 00K (B0 £t
ot / WK () £ (£ + ha)d(t + hu)

=0(n"'h%).

We have R = O,(h* + n~'/2h%/2). Consequently, from the fact that n='/2h5/2 = o(h=*) and
(31) we have,

p-p . O,
vec(A(t)) —vec(A*(t))| — 5 'Mthvec(A*(t)) )
vec(A(t)) — vec(A* (1)) FOT (O (g pa — p2)vec(A*(t)
(

=[VIOWO VO]V (W (t)e + Oy(h?). (35)
Note that,

Var{[VT ()W) V()] VT ()W (1)e
=E’[VI ()W V()] VI W) V[V ()W () V(#)] (36)
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We have already evaluated [V ()W (t)V(t)]~! in (33). For VT (t)W2(t)V(t), we have

VT () W2(t)V (t) (37)
[z . Z, K2(t; —t) z] v{ (t1—t)v]
(B =t)vi - (tn—)Va KXty —t)| |z) v)]  (ta—t)v,)
[ SR KRt - >zzzT KRt — tyzev] (i — KRt — tziv]
= 1 Ki(t — t)viz] i KR (ti —t)viv, S (ti — KR (t — t)viv]
i= 1( )Kh(t - t)Vz i= 1( )Kh(t - t)Vz iq (ti — 1) K}%(t% )VzVT

Similar to (32), we focus on 31| K2(t; — t)viv,', S0 (ti — ) K2 (t; — t)viv, and 30 (t; —
t)2K2(t; — t)v;v; , and other entries in (37) can be derived similarly. Note that

E[n—l SKA(ti - t)vivﬂ — QUE[K2(t; — )],
=1

and
E[K}(t; h2 / K2 (t:)dt;
- / K2(u) f(t + hu)d(t + hu)
1
:Ef(t)VO + O(h).
Therefore we have, n= ' S0 | K3 (t; —t)v;v] 5 + [ ()roQy + O(h). Similarly, from the facts that
B[n~! Y (ki — KRt — t)viv] | = QE[(t: — KR (5 — 1)),
i=1
and

E[(ti — ) K2 (t; — 1)] :% /(ti —t)KQ(?)f(ti)dti
Z% / WK (u) f(t + hu)d(t + hu)

=hf(t)va + O(h?),

we have, n= 1Y, (t; — ) K (t; — t)viv] B hun f(£)Qy + O(R?). Similarly, from

Bnt Y (s — 02 K7(t — tyviv] | = QVB[(t: — ) KR (t: — 1)),
i=1
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and

we have, n

Bl — 2R3 — 0] =5 [ 02K (") o)
—/ W2 () f(t + hu)d(t + hu)

—huf(t) + o<h3>,

SIS (= 1)2K2 (L — t)viv] D ha f(H)Qy + O(h3).

Summarizing above, we can obtain

VT HOW2() V() &

v

A= f()roQgy + O(h) hua f(t) (%ZV> + O(h?)

hva f (1) (Qvz, Q) + O(h?) huoSdy f(t) + O(h3)

Together with (35) and (36) we have:

B-p
Var { Vnh Vec({&(t)) — vec(A*(t))
vec(A(t)) — vec(A*(t))
i _ QL)+ O(?) ORI O (%) 071+ O(?)
— ()72 F (D0 Qs )R, L + O(h2) W2 QG F () + 0(1)
y _ f®)voQygy + O(h?) h2uy f(t) (?;V> + O(h?)
20 f(8)(Qvz, Q) + O(R?)  R21aQy f(t; + O(hY)
| e o szt () ot oo
[ F(O) 2 ()05 Qs )L + O(R?) W2y QT F(H) 7+ O(1)
2| vl + 0(}#’) O(h?) ]
(13 'vs = 10) F(8) L F (D95 (R, W) + O(B?) g wal + O(h?)
y — Q.. (1)~ +0(n?) —f)2f ( ) O+ 0(h?)
()2 F )5 (e )0 + O(h?) h™ uz_lQ DO
_ 2 v, L f(1) !+ O(h?) —nf(t) ()9, @") Q. +0(h?)
—0f ()2 f ()95 (Qva, 0, + O(R?) h=2 (1) gy Qe+ 0(1)

The first statement in Theorem 1 can then be concluded from (35) and (38

statement in Theorem 1 can be easily derived by applying the formula for the inverse of a 2 x 2

block matrix to Qz_%,

Lemma 1 Let {X;,Y;}7 be i.i.d. samples such that E|Y;|® < oo and sup, [ |y|*f(x,y)dy < oo
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for some s > 2, where f is the joint density of (X,Y). Let K be a bounded function with a
compact support, satisfying a Lipschitz condition. Given that n®*~1h — oo for somed < 1—s71,
we have

sgp’n_lzn:[Kh(X —x)Y; — E{K}(X; 37)}/;}]‘ :OP({bgr(Llh/m}l/z)
i=1

Proof of Lemma 1: This proof can be attained from the results in Mack and Silverman (1982)
or using a maximal inequality in empirical process theory Pollard (1991). See Stone (1982) for
a detailed discussion on uniform convergence rates for non-parametric regression.

Proof of Theorem 2: In (12), our target is to use all local estimate A(ti), i =1,---,n
to obtain a global estimate B. From the independence of t; and X¥, z;, Condition (C5), the

assumption that nh* — 0 and Lemma 1, it can be shown that

tzl[(l)pl] ’vec(A(t)) — vec(A*(t ‘ = ({M}I/Q). (39)

By (12), we can compute our global estimate through

y1 — vi vec(A(ty))
pt=(z'z]'z" :
Yn — VIvec(A(tn))

vivec(A*(t1)) + 2] B + €1 — v] vec(A(t))
=[z'z]7'z" :
v, vec(A*(tp)) + 2, B+ €n — v, vec(A(t,))
VI [vec(A*(t1)) — vec(A(t1))]

=[z"z)'z" : +B8+(2"Z]
v, [vec(A*(t,)) — vec(A(ty))]

—1
Z'e.

So we have

v [vec(A*(t1)) — vec(A(t1))]
BT - B= [ZTZ]—IZT : 4 [ZTZ]AZTG.
v, [vec(A*(t,)) — vec(A(t,))]

For the first term on the right hand side of the above equation, we shall establish its asymptotic
property using a cross-validation arguments. Specifically, suppose the index {1,2,...,n} are
divided into h~2 non-overlapping subsets with size nh?. For simplicity we shall assume that
D := h=? and nh? are integers and denoted the D disjoint set as Sy, ..., Sp. Further, we denote
S_q:=1{1,2,...,n}/S4, and for any index set S and a given matrix M, we use Mg to denote
the submatrix of M by keeping the rows indexed by the index set S only. For d € {1,2,..., D},
let vec(A(=9(t)) be the local least squares estimator obtained by leaving the samples indexed
by Sy out. It is easy to see that vec(A(D(¢)) — vec(A(t)) = O,(h?) for any ¢ € [0,1]. To show
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this, we apply Neumann series on 69

0 =[ 3" Kn(t: — o9 ]

[ Kn(ti — t)%iyi]

igéSd igsd
-1
[ZKht — )] = 3 Kt —t)v } [N Ku(ti — t)viyi]
1€Sy i¢8d
_ »
B> DI ACEHIAA]
p=0 =1 1€Sy
X [ZKh(tz — t){/'l 1[ Z Kh(ti — t)f/iyi]
i=1 1Sy
Given the result in (33), we have
> Kt — 099 ] Y Kt — 0)9:9] ]
i=1 1€8q
~ QZV
b, 1 Q.7 (t) + O(h?) — 0 ( ) O+ o(n?)
=n Qv

ARONOl

2| QeSO +00?)

thQf(t)(va Qv) + O(hg)

=h*Iarg4p, + O(RY).

And

[Zn: Kn(t; —t)viv) |

ZKht — 1)V

LN ZKht — 1)V,

=0+ O(h?).

So 0D = Y20 [h2Topsypy + Op(hH)P[0 +

(Qz, W),y + O(h?)

Lro(1).

=y ()
Wusf(t) (%) o)

B2y () + O (i)

[ Kn(ti — t)¥iyi]

i§é8d

ZKh
ZKh

szz -

D Kty

¢Sy

— t)Viyi] (1 + O(h?))

— t) Vi

Op(h?)] = 0 + Op(h?), and thus Vec(A(*d)(t)) -

(ORsxpo» IR, Orsxrs )0 = vec(A(t)) + Op(h?).
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Therefore, we have,

v] [vec(A*(t1)) — vec(A(t))]
z'z)7'z" :
v, [vec(A*(t,)) — vec(A(t,))]

n

. _VI [vec(A*(t1)) — vec(ACD (t)] + v [vec(ATD(¢1)) — vec(A(t1))]
= Y [z'z] 'z, :
=1 v [vec(A* (1)) — vec(ACD(t,)) + v [vec(ALD (1)) — vec(A(tn))] s,
D V] [vec(A(t1)) — vee(A9 (11))]
= Y (z'z 'z, z + Op(h?).
a1 v [vee( A (ta)) = vee(ACD (1))

Notice that given t;, z; and v;, for i € S_g, {Vec(A(*d) (tj)),J € Sa} are conditionally indepen-

dent. By conditional on t;, z; and v;, for i € S_; first, and applying the classical concentration
v] [vec(A*(t1)) — vec(AD(t1))]

inequality on W%ng : , and together with the bound in

v, [vec(A*(t,)) — vec(AD(t,))]

n

Sa
(39), we have, there exists a large enough constant C' > 0 such that, with probability larger

than 1 — O(n™1),

vlT [vec(A*(t1)) — Vec(A(tl))]

1 1 [logn
— A : < R+ = — | .
n/D " S : _C( * nh \ nh2)

Sa

v, [vec(A*(t,)) — vec(A(ty))]

n

Here in the last step we have used the facts that E[vec(A(t)) — vec(ACD(£))|t] = O(h?), and
Var[vec(A(t)) — vec(AD(t))]t] = O((nh)~'). Consequently, we have

v] [vec(A*(t1)) — vec(A(t1))]

Yo/ A : =0p (\/ﬁh2 + \/g\/ 12?;) = op(1).

A

v, [vec(A*(t,)) — vec(A(ty))]

n

As a result, Theorem 2 can be concluded by Slutsky’s Theorem and the fact that
n 2
Var{Vn[2TZ] 27 e} =no®B[272) 27 2(272) 7 = *Bln Tt Y 2ia] T 0
; n
=1

7.2 Asymptotics of the penalized functions and parameters

Proof of theorem 3: Let §, = k;g/Q + max {nT/2,k:71L/2}k111/2 105”, Gg=G"+0Ag, B=

B* + 6,Ap, where Ag € REXAXS and Ag € RP. Denote A = (vec(Ag)T, ky/’AT)T. Let
L(G, B) be the penalized squared loss defined as in (18). By Fan and Li (2001), it suffices to
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show that for any arbitrary small € > 0, there exists a large constant C' such that

P{ inf L(G,B)>L(G",B")}>1-c¢ (40)

IA||=C

This implies that with probability at least 1 — ¢, there is a local minimum (éi, /5’1) in the ball
{(G,B) = (G" + 6,g, B" + 6,8p) : A = (vec(Ag)T,k/*A[)T,||A|| < C}. That is, there
exists a local minimizer such that ||Gf — G*|| = 0,(6,), | BT — B*|| = O, (k kn V%5, ). Notice that

L(G,B) — L(G",B") = L(G,B) = L(G,B") + L(G,8") — L(G", B").

To prove (40), we shall evaluate L(G, 8) — L(G, 8*) and L(G, B*) — L(G*, B*) separately first.
Recall that we denote w; = vec(Hi(t;)) = (hars(t;)) € REFS @, = (vec(H;(t:)T,2]) " €
REES+Po We have

+nz (P (18k]) — Py (18D}

52 ZZTAﬁAI@ZZ —bp ZZ Aglyi — (Hiti),G) — z/ B]

=
b S (18D — Py (5D}
Similarly,
L(G.8") - L(G". B")
;i{ Q) — 2 B~ [y — (Mit:).67) — 2/ 6]}

R S
+n Z Z {Pos (Ivesllsy) = Pug (1vlls ) + 1) > {Pay(Isllse) — Py (l7sl1s2) 1

r=1s=1 r=1s=1

{[y: = (Mi(1),G") = 2] B — 60 Ag]® — [yi — (Hilt:). ") — 2] B}

|
M| =
=

.
Il
—_

S R S
+n) > AP (Islls) = Pus (19518} 130 Y {Pay(Iesllsy) — Pug (1975 l182) 4

r=1s=1 r=1s=1

T T * T g%
553211 AgAgTu; — 6, ;u Aglyi — (Hi(t:), G%) — z; BY]

R S
+n Z Z {Pos (Ieslls) = Pug(lvlls) } + 130 > {Puy(Iveslls,) — Pog (177 lls2) }

r=1s=1 r=1s=1
=04+ Is+ I + I7.
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For I, we have with probability tending to 1,
1, w 1., w
=50 2l ApAfa = 300 Al Ag = Qnky 531k Ag ).
i=1 i=1

For I, note that similar to Lemma 3 in the supplementary material of Chen et al. (2023) we can
show that with probability tending to 1, the eigenvalues of n=* 3", ;t1; are of order Q(k; ).
Therefore, we have there exists a constant Cy > 0 such that with probability tending to 1,

1, 1 " ~
I = 5532u;AgAgTui = iéiAgT > wu Ag > Conk, ' 6% || Agl|>.
i=1 =1

For I, using the facts that with probability tending to 1, uniformly for all |A| = C, we

have

n
3 logn
sup n~' Y ] Age; =0 | (| = 1411
IAl=c = "

and

e _ logn
o 'Yzl Agul Ag =0, (k‘nm ”AﬂHHAgH) .
A|=C i=1

Thus we have
I =—6,Y 2] Aglyi — (Hi(t:),G) — z/ B*]
i=1

=—0u > 7] Ag[(X, A% () + 2] B" + e — (Hi(t:),G") + (Hi(t:),G* — G) — 2] B]
=1

n R S n n
= =027 Ap{ 3D anfon (k) = BT ()]} — 00> 2] Agei + 02> 2] Agu] Ag
=1 r=1s=1 =1 =1
n R
> =00 Y ] A Y [ Bus| - Oy (/i log ] A )
=1 r=1s=1

— = 0y (b 2K A + bk 2 log k2] ).

Similarly, using the fact that with probability tending to 1,

n
B logn
sup n IZuIAgei = Op 1Agll ],
lal=c i3 "
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we have, for I,

Iy = — 6, > _u) Aglys — (Mi(t:),G*) — 2 B*]

i=1

= —0uy_ul Ag[(X},A%(t:) + 2] B+ & — (Hi(ti),G") — 2] B]

n R S n
:_5"ZU1TAQ{ZZ‘TTS BT(tZ‘)’)/:s]} — 25nzu;rAg€i
i=1

=1 1s=1

R S
> —=0n ZHTAQZZ xzrsRTs - (n(sn lognHAgH)
r=1s=1

=0, (nénkf”nAgu + 0/nlog | Agl)

1/2

With ||ka/“Agll + ||Ag| > ||Al|, we have, there exists a constant C' > 0 such that with
probability tending to 1,

L4 Iyt I+ Is >C (no2ky | Al = nduky, 2| A — 8, max {n™/2k; /%, 1} /nlognl| Al ).

When 6, = kn/? + max {n7/? k 1/2}141/2\/ %87 and when the radius C is large enough, we
have Iy + I + I3 + Is > 0 with probability tendmg to 1. In particular, J,, is minimized when
. 1/5 ;pi-7\1/4
kn:Q(mln{(logn) 7(?ogn) })
For I3, notice that Condition (C8) implies max{Fy_ (|5;]), Pl (v ll8.), Pl (7|82 85| #

)wb )wv

0, [|7* I8, # 0, ||v*[l, # 0} — 0. By the fact that ws = O(kn/25,), we have

Po
Iy=n) {Po,(1Bk]) — Py (IBi)}

k 1

—TLZ {ng ‘ﬂkz
k=1

Wﬁ(mk‘ }

> — ’n > {%Aﬁ,kPLB(Iﬁkl)SIgn(lﬁkD + 553A%,kP£B(IBkD[1 + 0(1)]}‘
k:B;#0

=0 (nduk;, " Pwg| k> Agl)

> — Cond2k; kY2 Ag),

for some Cy > 0. Similarly, for I and I7, by the fact that wf = O(k;lén),wf/ = O(k;10,), we

n

can show that there exists a constant C3 > 0 such that
Is + It > —Candk, ' Agll.

Therefore, when C' is large enough, we have Iy + Iy > |Is + I5| + |I3 + Is + I7|, which im-
plies that 37_; I, > 0. Therefore, we conclude that |G} — G*|| = O,(6,) = O(kn3/2

maxx {n7/2, ke b/ 2181 ) | B = B¥| = Oplkn%60) = O(ky? + max {n7/2 ky/?}y/l8m).

The theorem is concluded by ||af,(t) — azs(t)|| = Op( _I/Q)HQA:t — G*|| and plugging in k, =
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(min { ()" ()" }).

Proof of theorem 4: This can be proved using the results in the previous proof and the argu-
ments in the proof of Lemma 1 of Fan and Li (2001).

8 Additional simulation results

To better illustrate our estimation procedure, we present Figure 7 to provide some further insight.
Panel (a) is the ground truth of A(t) in case III with p = 0.1; Panel (b) is estimated from the un-
penalized kernel smoothing method using (11); Panel (c) is the penalized estimator A(t) using
(18); Panel (d) is the a further refined smooth estimation A (t) after identifying model structure.
Clearly the initial kernel smoothing method cannot accurately estimate coefficients that vary too
rapidly, particularly in the lower-right space of A(t) After applying the penalized estimation,
the fine details of A(t) are estimated more precisely but exhibit some local wrinkles. Finally
implementing another kernel smoothing with the identified model structure, the estimated tensor

becomes smoother and closer to the truth.

PVEW¥W

(a) Truth. (b) Un-penalized. (c) Penalized. (d) Refined estimate.

Figure 7: Ground truth of A(t) and different estimates A(t) in Case III, p = 0.1.

In the following, we provide additional simulation results to illustrate our model perfor-
mance under simpler partition strategies and lower CP rank with less sample size. For Case I,
given tensors X; € RPY*P2 for 4 = 1,2,--- ,n, a partition strategy and a CP rank are chosen
from (SM,S®) R) € {(3,3,3),(3,3,6),(4,4,3)}. For Case II, given tensors X; € RP1*P2XPs
for ¢ = 1,2,--- ,n, a partition strategy and a CP rank are chosen from (S(l),S(Q), S(?’),R) €
{(3,3,3,3),(3,3,3,6),(4,4,4,3)}. We set the sample size n = 1200, and 1600. Consider i.i.d.
noise generated from two different distributions: II; = N(0,1), a standard Gaussian distribu-
tion; Iy = ¢(5), a t-distribution with 5 degrees of freedom, representing a heavy-tailed noise.
Other settings are consistent with those in section 5. Estimation accuracy of A(t) and B are
summarized in Table 8 and 9.

From Table 8 and 9, we can easily see our model learns unknown function A (¢) and coefficient
B better with larger sample size. Compared to the white noise setting, the estimation accuracy
of our model decreases under heavy-tailed noise. However, it still maintains a relatively low level
of error. Due to the increased number of parameters to be estimated in Case II introduced by
high dimension compared to Case I, the estimation accuracy shown in Table 9 is lower than that
in Table 8. Furthermore, with increasing dimensionality, the influence of the partition strategy

on parameter estimation accuracy becomes more significant than that of the CP rank.
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Table 8: Estimation consistency of 200 simulations for Case I: At (t)’s accuracy is measured by RMISE =

El/z[fol (Af(t) — A(t))%dt], and B1’s accuracy is measured by RMSE = [pio ?11(3; - 3;)?% 2
n 1200 1600
Noise 1 1, 1 11,
Estimator ~ AT(z) BT AT(t) BT AT(t) BT AT(t) BT

(SW, s@ R) =(3,3,3)

Ai(t) 0.0536  0.0528 0.0667 0.0725 0.0462  0.0502 0.0575  0.0647
As(t) 0.0537  0.0470 0.0704 0.0619 0.0477  0.0516 0.0603  0.0630
As(t) 0.0705  0.0540 0.0836  0.0865 0.0650  0.0516 0.0773  0.0634
Ay(t) 0.0873  0.0446 0.0967  0.0796 0.0844  0.0475 0.0923  0.0640

(SW S@ R) = (3,3,6)

Ai(?) 0.0579  0.0535 0.0731  0.0596 0.0462  0.0308 0.0614  0.0545
As(t) 0.0577  0.0592 0.0745 0.0477 0.0481  0.0506 0.0611  0.0798
As(t) 0.0735 0.0538 0.0855 0.0673 0.0646  0.0555 0.0732  0.0712
Ay(t) 0.0866  0.0587 0.1013  0.0536 0.0806  0.0517 0.0922  0.0625

(8D S@ R) = (4,4,3)
) 0.0557 0.0667 0.0712  0.0751 0.0467 0.0483 0.0620 0.0681
(t) 0.0543  0.0549 0.0725 0.0693 0.0491 0.0516 0.0636  0.0692
5(t) 0.0716  0.0750 0.0828  0.0898 0.0643  0.0635 0.0756  0.0618
(t) 0.0908  0.0436 0.0994 0.0628 0.0841 0.0376 0.0919 0.0822

Table 9: Estimation consistency of 200 simulations for Case IT: A (t)’s accuracy is measured by RMISE =

El/Q[ﬁ)l(fU(t) — A(t))%dt], and B’s accuracy is measured by RMSE = (o ?":1(3; - 3;)?] 12,
n 1200 1600
Noise II; I, IT, I,
Estimator ~ Af(z) a7 AT(1) BT AT(0) BT AT(t) [l

(5(1)’ 5@ 5B R) = (3,3,3,3)

Aq(t) 0.0615 0.0526 0.0789  0.0672 0.0501  0.0491 0.0660  0.0558
As(t) 0.0613 0.0614 0.0790  0.0730 0.0502  0.0483 0.0641 0.0647
As(t) 0.0775  0.0593 0.0924 0.0721 0.0679  0.0528 0.0793  0.0610
Ay(?) 0.0948 0.0611 0.1077  0.0734 0.0860  0.0558 0.0953  0.0669

(8™, 5™ 5B R) = (3,3,3,6)

Al(t) 0.0877  0.0554 0.1126  0.0664 0.0611  0.0464 0.0791  0.0535
As(t) 0.0872  0.0519 0.1134 0.0736 0.0613  0.0462 0.0793  0.0587
As(t) 0.1048  0.0552 0.1260  0.0776 0.0783  0.0516 0.0922  0.0564
Ay(t) 0.1252  0.0641 0.1438  0.0760 0.0960  0.0502 0.1093  0.0670

(SW, $@ sG) R) = (4,4,4,3)
® 0.1119 0.0598 0.1443  0.0794 0.0741  0.0406 0.0874  0.0622
(t) 0.1135  0.0574 0.1456  0.0796 0.0744  0.0426 0.0877  0.0616
As(t) 0.1375  0.0590 0.1627  0.0760 0.0943  0.0424 0.1043  0.0643
(t) 0.1642  0.0670 0.1874  0.0923 0.1165  0.0490 0.1227  0.0615

Next, we conduct additional experiments on our penalized model. As the Lasso and MCP
penalties yield similar results to SCAD, only the SCAD penalty is presented.

In Case III, to explore selection performance under various spatial correlation among tensor
covariates, we generate different factor matrix X*(*)’s with a same auto-regressive covariance
matrix in the main manuscript. For tensor function A(t) with A®)(t) = S8 ars(t)ngl) o x*?.
If 1< s < 5@ <3 a,4(t) = \/rs(l)s(Q)/RS(l)S(Q) sin(27(t — 0.5)), and if 1 < s < s(1) < 3,
ars(t) = \/rs(l)s(Q)/RS(l)S(Q), for 1 <r < 3. And the rest of tensor functions are all 0’s. Cor-
responding partition strategy and CP rank are chosen from (S, S®?) R) € {(3,3,6), (4,4,3)}.

All other settings are the same with those in section 5.2. We set the sample size n = 800, 1200

and 1600, and correlation parameter p = 0.1,0.5 and 0.9. Only SCAD penalty is considered,

and all experiment results are summarized in Table 10 and 11.
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Table 10: Selection accuracy of 200 simulations for Case III. Partition strategy and CP rank:
(SM, S R) = (3,3,6). Sensitivity (se), specificity (sp), positive predictive value (ppv), and negative
predictive value (npv) are used to evaluate performance, where se = P(F; N F;|F;), ppv = P(F; N Fi|Fi),
sp = P(FF N F¢|FE) and npv = P(FF N FF|FF). SCAD penalty parameter is selected by BIC.

n 800 1200 1600
p 0.1 0.5 0.9 0.1 0.5 0.9 0.1 0.5 0.9
Zero coefficient in A(t)
se 0.9852 0.9733 0.8126 0.9978 0.9978 0.9163 0.9993 0.9993 0.9659
ppv 0.9921 0.9934 0.9669 0.9958 0.9914 0.9803 0.9943 0.9950 0.9883
Sp 0.9919 0.9933 09719 0.9956 0.9911 0.9807 0.9941 0.9948 0.9881
npv 0.9858 0.9750 0.8433 0.9979 0.9979 0.9254 0.9993 0.9993 0.9690
Constant non-zero coefficient in A(t)
se 0.8344 0.8700 0.6167 0.9600 0.9522 0.8233 0.9900 0.9844 0.8822
ppv  0.9852 0.9607 0.6999 0.9978 0.9967 0.8776 0.9989 0.9989 0.9513
sp 0.9939 0.9822 0.8689 0.9989 0.9983 0.9389 0.9994 0.9994 0.9744
npv 0.9288 0.9413 0.8265 0.9809 0.9776 0.9174 0.9951 0.9927 0.9462
Varying coefficient in A(t)
se 0.9911 1.0000 0.9956 0.9956 0.9956 0.9867 0.9978 0.9978 0.9956
ppv 0.7924 0.8348 0.6202 0.9382 0.9400 0.7860 0.9960 0.9862 0.8558
sp 0.9329 0.9502 0.8551 0.9853 0.9853 0.9369 0.9991 0.9964 0.9591
npv 0.9982 1.0000 0.9989 0.9991 0.9991 0.9972 0.9996 0.9996 0.9991
Prediction error of A¥(t)
MAE  0.0413 0.0433 0.0862 0.0283 0.0312 0.0548 0.0233 0.0251 0.0425
RMISE 0.0656 0.0694 0.1440 0.0467 0.0504 0.0899 0.0369 0.0404 0.0727
Prediction error of 8%
MAE 0.0181 0.0216 0.0218 0.0140 0.0148 0.0177 0.0110 0.0129 0.0115
RMSE 0.0258 0.0303 0.0294 0.0205 0.0209 0.0236 0.0162 0.0188 0.0168

In Case IV, we focus on tensor covariates with unknown parameters greater than the sample
size. The partition strategy and CP rank is designed as (S(l), S@ 56 R) = (4,4,4,6). Tensor
function A(t) is generated with A®)(t) = Y F ars(t)x?l) oxt? o x) 1 s 4 5@ 4 5B < 6,
ars(t) = \/rs(1)3(2)3(3)/RS(l)S(Q)S@) sin(27(t — 0.5)), and if s0) 4+ s 4 56) > 6 and 1 <
s 52 sB3) < 3 a,4(t) = \/rs(l)s@)3(3)/RS(1)S(2)S(3), for 4 < r < 6. And the rest of the

tensor functions are all 0’s. All other settings are the same with those in section 5.2. We set the

sample size n = 400, 800, 1200 and 1600, and consider noise with two different distributions, IIy
and II,. All experiment results are summarized in Table 12.

From Table 10 and 11, we can find our penalized model can identify model structure and
detect sparsity with high probability in both proposals of partition strategy and CP rank.
And selection accuracy improves with larger sample sizes, while it deteriorates with increasing
covariate correlation. A same trend is also observed in the prediction errors of the estimated
A(t) and 8.

Table 12 illustrates our penalized model in a more complicated case, where RS = 6 x 64. In
this case, un-penalized estimation approach is invalid for sample size n = 400 and 800. As the
sample size increases, selection accuracy improves significantly. When sample size n = 1600, the

penalized model can nearly perfectly distinguish varying, constant non-zero, and zero coefficients.
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Table 11: Selection accuracy of 200 simulations for Case III. Partition strategy and CP rank:
(SM, 8@ R) = (4,4,3). Partition strategy and CP rank: (SM,S?) R) = (3,3,6). Sensitivity
(se), specificity (sp), positive predictive value (ppv), and negative predictive value (npv) are used to
evaluate performance, where se = P(F; N Fi|F;), ppv = P(F; N FilF), sp = P(FF N FeIFS) and
npv = P(Ffn ﬁf\ff) SCAD penalty parameter is selected by BIC.

n 800 1200 1600
P 0.1 0.5 0.9 0.1 0.5 0.9 0.1 0.5 0.9
Zero coefficient in A(t)
se 0.9752  0.9552 0.6429 0.9962 0.9933 0.8286 1.0000 1.0000 0.9114
ppv 0.9962 0.9894 0.9567 0.9964 0.9955 0.9773 0.9982 0.9982 0.9837
Sp 0.9970 0.9919 09770 0.9970 0.9963 0.9859 0.9985 0.9985 0.9881
npv 0.9817 0.9674 0.7850 0.9972 0.9950 0.8863 1.0000 1.0000 0.9372
Constant non-zero coefficient in A(t)
se 0.8467 0.8533 0.5789 0.9756 0.9611 0.7833 0.9967 0.9922 0.8833
ppv  0.9833 0.9722 0.7187 0.9979 0.9933 0.8671 1.0000 1.0000 0.9269
Sp 0.9913 0.9853 0.8720 0.9987 0.9960 0.9247 1.0000 1.0000 0.9560
npv 0.9218 0.9244 0.7842 0.9860 0.9783 0.8829 0.9981 0.9955 0.9358
Varying coefficient in A ()
se 0.9978 0.9933 0.9889 0.9978 0.9978 0.9978 1.0000 0.9978 0.9978
ppv 0.8004 0.7924 0.5910 0.9587 0.9433 0.6831 0.9960 0.9904 0.8198
Sp 0.9328 0.9251 0.7251 0.9892 0.9836 0.8749 0.9990 0.9974 0.9400
npv 0.9995 0.9984 0.9960 0.9995 0.9995 0.9994 1.0000 0.9995 0.9995
Prediction error of A¥(t)
MAE 0.0434 0.0486 0.1143 0.0298 0.0329 0.0697 0.0239 0.0269 0.0505
RMISE 0.0686 0.0768 0.1775 0.0474 0.0522 0.1108 0.0378 0.0429 0.0824
Prediction error of A%
MAE 0.0206 0.0209 0.0220 0.0157 0.0137 0.0156 0.0127 0.0122 0.0123
RMSE 0.0294 0.0294 0.0307 0.0220 0.0201 0.0221 0.0188 0.0177 0.0172
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