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ABSTRACT

Vision-language models (VLMs) have achieved remarkable performance by
aligning visual and textual representations in a shared Euclidean space. How-
ever, Euclidean representations inherently fail to capture hierarchical semantic
structures present in multimodal data, such as fine-grained categories or concep-
tual hierarchies. We propose GHVL, a geometry-grounded hyperbolic VLM that
maps images and text into a Poincaré manifold to induce hierarchy-aware repre-
sentations. By leveraging the exponential capacity of hyperbolic space, GHVL
preserves semantic distances across multiple hierarchy levels, enabling faithful
modeling of fine-grained concepts. We introduce an adaptive, entropy-driven en-
tailment loss to enforce hierarchical ordering between modalities and integrate it
into contrastive objectives for cross-modal alignment. Evaluation on zero-shot
classification and image—text retrieval benchmarks demonstrates consistent im-
provements over Euclidean baselines such as CLIP and Lorentz-based MERU,
particularly in hierarchy-sensitive scenarios. These results highlight the impor-
tance of respecting geometric structure and demonstrate that hyperbolic represen-
tations provide a principled foundation for hierarchical multimodal understanding.

1 INTRODUCTION

Hierarchy in Vision—-Language Data. Multimodal data often exhibits natural hierarchical struc-
tures, from broad categories to fine-grained concepts. For example, an image of a dog” can cor-
respond to textual descriptions ranging from the general animal” to the specific “puppy playing
with a cat”. Standard Euclidean embeddings struggle to capture these relationships: distances be-
tween general and specific concepts become distorted, and tree-like semantic relationships are not
preserved. Hyperbolic geometry, particularly the Poincaré ball model, provides a natural solution:
general concepts are placed near the origin, while increasingly specific concepts lie near the bound-
ary, maintaining hierarchical distances. Figure |l|illustrates how GHVL leverages this geometry to
jointly embed images and text, capturing both semantic similarity and hierarchical structure in a
unified space.

Vision-Language Models and Limitations. Large-scale models such as CLIP (30) and ALIGN
(15) learn aligned visual and textual representations via contrastive objectives, demonstrating strong
zero-shot generalization across diverse datasets. Despite their success, these models operate in Eu-
clidean space, which limits their ability to represent hierarchical relationships. As a result, distinc-
tions between general and fine-grained concepts may be blurred, which is particularly problematic
in applications requiring precise, structured understanding of multimodal data, such as product cat-
alogs or biological image datasets.

Hyperbolic Geometry as an Inductive Bias. Hyperbolic spaces are well-suited to embedding hier-
archical structures due to their exponential volume growth (315 3). In the Poincaré ball, the geometry
naturally reflects tree-like relationships, with general concepts near the center and specific concepts
near the boundary. This structure allows embeddings to capture both semantic similarity and the
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Just a cat punching above it's weight in the field! my dog's innocence brings a smile to my face

Figure 1: A picture is worth a thousand words. Left: Given an informative image it is possible to
generate several textual concepts leveraging the visuo-lingual hierarchy. Right: Likewise, begin-
ning from a simple text concept, it is possible to come up with complex visuo-lingual concepts by
leveraging their hierarchical relation.

relative specificity of concepts, providing a more faithful representation of multimodal hierarchies
than Euclidean spaces.

Geometry-Grounded Hyperbolic Vision—-Language Modeling. Motivated by these insights, we
introduce GHVL, which projects image and text embeddings into the Poincaré ball and enforces
hierarchy-aware relationships using an adaptive, entropy-driven entailment loss. GHVL aligns
cross-modal representations while maintaining general-to-specific ordering, enabling improved per-
formance on tasks requiring fine-grained hierarchical understanding.

2 RELATED WORK

Vision-Language Models. Large-scale contrastive learning models such as CLIP (30), ALIGN
15), BLIP (19), FLAVA (32), and Florence (39) have demonstrated strong alignment of visual
and textual representations and robust zero-shot transfer across downstream tasks. These models
typically operate in Euclidean space, which limits their ability to capture hierarchical semantic rela-
tionships present in multimodal data.

Hyperbolic Representations. Hyperbolic geometry efficiently embeds hierarchical structures (265
31), and has been applied to NLP (33)), graph representation learning (2), and vision (9; |8). MERU
(8) extends hyperbolic embeddings to image-text pairs using the Lorentz model, which has lower
representation capacity than the Poincaré ball, motivating our choice of geometry in GHVL.

Hierarchical Multi-Modal Representations. Prior approaches have sought to model hierarchical
relationships without explicitly using hyperbolic space, e.g., hierarchical CLIP (40) and HCSC (37).
Methods such as Order Embeddings (35) and Hyperbolic Entailment Cones (12) capture partial
order relationships in embedding spaces. GHVL extends these ideas by dynamically inferring the
entailment direction between images and text via embedding entropy, enabling flexible hierarchy-
aware multimodal representations.

3 HYPERBOLIC GEOMETRY FOR VISION-LANGUAGE MODELS

Many real-world concepts exhibit hierarchical structures: “animal” branches into “dog”, which fur-
ther branches into “golden retriever”. Capturing such relationships in embeddings is challenging.
Standard Euclidean spaces cannot faithfully preserve tree-like hierarchies without large distortions,
especially as hierarchy depth increases (26; 13)).

Hyperbolic space provides a natural solution. Unlike Euclidean space, hyperbolic space grows
exponentially with distance from the origin, allowing more room to represent hierarchical structures
compactly. In the Poincaré ball model, general concepts lie near the center, while increasingly
specific concepts are placed near the boundary. Distances in this space correspond more closely to
semantic dissimilarity along hierarchies, which is critical for vision-language tasks involving fine-
grained categories.
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Figure 2: Overall Model Architecture. Left: Baseline CLIP. Image and text embeddings are com-
pared via cosine similarity. Right: GHVL. Encoder outputs are scaled and projected into hyperbolic
Poincaré space, then optimized with contrastive and entailment losses.

Let P denote the n-dimensional Poincaré ball. The hyperbolic distance between points p;, p2 € P™
is:

dp(p1,p2) = 2tanh ™" ||(—p1) @ pol|, (1)
where & denotes Mobius addition (34)), which generalizes vector addition to the hyperbolic setting:
(1 42z, y) + yl*)z + 1 — [2]*)y

rhy= . )
1+ 2(z,y) + =]yl

Hyperbolic embeddings can be computed from Euclidean vectors x via the exponential map at the
origin:
x
expy(z) = 0@ (tanh(||x|)”x”> , 3)
with the inverse logarithmic map allowing retrieval of Euclidean representations for downstream
tasks: 5

1Og0(h) = tanhil(”hH) Hh” .

4)

In GHVL, both image and text embeddings are projected into this hyperbolic space. This ensures
that:

1. Hierarchical consistency: embeddings of general concepts remain near the origin, and
specific concepts expand toward the boundary.

2. Cross-modal alignment: images and text describing the same concept are embedded close
to each other in hyperbolic distance.

3. Semantic discrimination: subtle distinctions between fine-grained categories are pre-
served in the curvature of the space.

Figure [4] visualizes this arrangement: high-level categories cluster near the center, while low-level,
specific items fan out near the boundary. This structured representation enables GHVL to achieve
superior performance on zero-shot classification and image-text retrieval, particularly for hierarchi-
cal concepts.

For full derivations, curvature properties, and Riemannian metric details, see Appendix Sec. A2.

4 METHODOLOGY

In this section, we introduce GHVL, a novel vision-language model designed to learn hierarchy-
aware, cross-modal representations. Unlike standard CLIP (30) or MERU (8)), which capture seman-
tic similarity in Euclidean space, GHVL embeds both images and text into a hyperbolic Poincaré
space and enforces a dynamic, entropy-driven partial order between modalities. This combination
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allows GHVL to simultaneously preserve semantic alignment and hierarchical structure, effectively
modeling general-to-specific relationships across modalities.

GHVL builds upon the CLIP architecture, consisting of a vision transformer (ViT) image encoder
and a text transformer encoder using byte pair encoding. Both encoders produce fixed-size embed-
dings of dimension n, which are projected into a latent space. GHVL extends this pipeline in two key
ways: (i) embedding projection into hyperbolic Poincaré space to encode hierarchical relationships,
and (ii) a novel entropy-driven entailment loss to enforce partial-order structure between modalities.
As shown in Figure[f] GHVL embeddings follow a hierarchical structure with low-entropy concepts
near the center.

Transfer of Embeddings onto the Poincaré Space. During training, image and text samples are
passed through the respective ViT and text transformer encoders, followed by a projection layer,
as shown in Figure [2} The resulting Euclidean embeddings (¥, V1,+) are mapped into hyperbolic
Poincaré space as (hp,, htyt) using the exponential map (Eq. 3) with respect to the origin. This en-
sures that the hierarchical relationships between general and specific concepts are explicitly captured
in the embedding space.

Numerical Overflow Prevention. Mapping embeddings from Euclidean space to hyperbolic space
involves exponential operations, which can inflate the norm of embeddings from O(y/n) to O(eV™),
causing potential numerical instability. To address this, we apply scaling via two learnable parame-
ters A, and Mgy, initialized to 1/4/n, before exponential mapping. This stabilizes the embeddings
while preserving their geometric properties.

Training Objectives. GHVL jointly optimizes for semantic similarity and hierarchical structure be-
tween image-text pairs. To achieve this, we combine a hyperbolic contrastive loss with an adaptive,
entropy-driven entailment loss.

4.1 CONTRASTIVE LOSS

We adopt the multi-class N-pair contrastive loss from CLIP (30), with a key modification: similarity
is computed via negative Poincaré distance(Eq. 3) instead of cosine similarity. For a batch of size
N, each image-text pair has one positive and N — 1 negative samples, and the overall contrastive
loss L.ont is computed as the average of image-wise and text-wise losses. This enforces semantic
alignment while respecting the hyperbolic geometry of the embedding space.

4.2 ENTAILMENT LOSS

To capture hierarchical structure, we introduce an adaptive, entropy-driven entailment loss, extend-
ing prior work (8). Unlike MERU, which assumes a fixed direction of entailment (text always
entails image), GHVL dynamically determines which modality is more general or specific based on
the embedding entropy.

For an image-text pair, the embedding with lower entropy is considered the entailer (more general
concept), while the higher-entropy embedding is the entailed (more specific). Formally, the entropy
of an embedding x.,,; is computed as:

H(Temp) = — Y _ xilog, z; Q)
i=1

The adaptive assignment is:

_ mimga 1f H(mzmg) < H(xtrt) _ Ttat, 1f H(ximg) < H(l'txt)
T = . Y= ) (6)
T¢pt, Otherwise Timg, oOtherwise
The entailment loss is defined using the projected Euclidean cone:
Lentail(T,y) = max (O7 ext(£LOxy) — aper(ﬂc)) — Aregezt(£L0xy) @)

where ext(ZOxy) is the exterior angle between embeddings (Eq. 14) and aper(z) is the half-
aperture of the entailment cone (Eq. 15). The hyperparameter A4 controls regularization strength.
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4.3 OVERALL LoOSs

The final optimization objective combines both contrastive and entailment losses:
L= ﬁcont + Aﬁentail (8)
where A is the entailment loss weight. This dual-objective framework ensures GHVL simultaneously

preserves semantic similarity and hierarchical ordering across modalities.

Loss = ext(XspacesYtime) - aPer(Xspace)
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Figure 3: Entailment Cone (projection from Poincaré space onto Euclidean space). The loss pushes
the higher-entropy embedding inside the cone projected by the lower-entropy embedding. Indices ¢
and j in superscripts denote two different instances of image-text pairs.

5 EXPERIMENTS

Model Architecture We implement GHVL using different size versions of Vision Transformers
(S/B/L) as vision encoders with a patch size of 16, freezing the positional encoding layer. The
text encoder follows the CLIP architecture with a 12-layer, 512-dimensional Transformer with 77
maximum length byte pair encoding. For hyperbolic representation, we use a Poincaré ball of 512
dimensions with learnable curvature K for Poincaré space transformation after embedding scaling.

Optimization We use the AdamW Optimizer (21) with weight decay of 0.2 and (31, 82) = (0.9,
0.98). Weight decay is disabled for all gains, biases, and learnable scalars. The model is trained

(a) Fixed Entailment (b) Adaptive Entailment (GHVL)
tropy
L4
Fixed direction (Text — Image) Direction inferred via entropy

@ Image embedding
@ Text embedding

Figure 4: Illustration of image-text embeddings projected into hyperbolic Poincaré space. Lower-
entropy embeddings (more general concepts) are closer to the center, while higher-entropy embed-
dings (more specific) are near the boundary.
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for 120K iterations with batch size 1024 (=~ 10 epochs). The maximum learning rate is 5 x 1074,
increasing linearly for the first 4K iterations, followed by cosine decay to 0 (20).

Evaluation Protocol We evaluate GHVL against CLIP and MERU on 18 diverse datasets for
zero-shot classification and on COCO for retrieval tasks. Additionally, we evaluate image-text and
text-image retrieval using BLIP (19)), integrating our entropy-based ITC loss in Poincaré space. We
test BLIP on COCO and Amazon Product Recommendation — Clothes datasets (24) (Table [3).

Additional experiment results and ablation study can be found in Appendix Sec. A4.
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CLIP 60.1 244 338 275 14 150 737 470 882 186 314 52 100 502 50.1

— MERU 520 247 337 280 13 162 723 492 911 304 320 48 75 510 50.0
VIES/16,  GhyL 536 217 351 276 1.6 176 719 479 909 308 321 51 104 538 508
CLIP 65.5 334 333 298 14 170 779 509 922 256 310 58 104 541 515

VillB/i¢| MERU 677 327 348 309 17 172 793 521 925 302 345 56 13.0 498 499
GHVL 704 354 349 313 21 179 785 513 919 317 335 55 121 496 50.0

CLIP 720 364 363 320 1.1 165 788 486 937 267 354 61 148 512 511

Vili/ié' MERU 687 355 372 330 22 172 800 521 937 281 365 62 118 527 493
GHVL 743 (388 37.5 333 26 185 80.1 513 938 279 372 65 120 557 500

Table 1: Comparison of GHVL with baseline methods (CLIP and MERU) across multiple im-
age classification datasets using ViT-S/16, ViT-B/16, and ViT-L/16 backbones. GHVL leverages
geometry-grounded hyperbolic embeddings to improve hierarchical multimodal representation. Best

metrics for each dataset are highlighted in 'color .

6 THEORETICAL INSIGHTS

6.1 ADVANTAGES OF POINCARE BALL OVER LORENTZ HYPERBOLOID

Choosing the Poincaré ball model over the Lorentz hyperboloid for vision-language representations
provides both theoretical and practical benefits (29). In the Poincaré ball, representation capacity
scales more effectively with dimension than in the Lorentz model L™ = {z € R"*! : (z,2), =
—1,20 > 0} (31). This advantage arises from three key aspects:

text — image image — text

RS RIO R5 RIO

CLIP 29.9 40.1 37.5 48.1

N MERU 30.5 40.9 39.0 50.5
VIESA6.  GpyL 305 402 404 507
CLIP 329 433 41.4 52.7

ViT-B/16 MERU 332 44.0 41.8 529
GHVL 333 43.7 42.1 534

CLIP 31.7 422 40.6 51.3

VIT-L/16 MERU 32.6 43.0 41.9 533
GHVL 32.6 42.7 43.2 53.8

Table 2: Zero-shot image-text retrieval results on the COCO dataset for ViT backbones. GHVL
demonstrates improved cross-modal alignment over CLIP and MERU. Best metrics in each column

are highlighted in color .
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Dataset Model Text Image

R@5 R@10 Mean R@5 R@10 Mean
COoCO BLIP 9410 9720  95.65 84.50  90.70 87.6
COoCO GHVL 9452 9732 9592 8512 91.32  88.22

Amazon Clothes BLIP 2.10 3.30 2.7 6.10 10.50 8.3
Amazon Clothes GHVL  2.74 3.83 3.28 6.41 11.60 9.0

Table 3: Text-image and image-text retrieval performance of GHVL versus BLIP on COCO and
Amazon Clothes datasets. GHVL leverages geometry-grounded embeddings for improved cross-

modal alignment. Best metrics in each column are highlighted in color .

* Geometric Properties: The Poincaré ball provides a conformal mapping that preserves
angles, yielding more stable optimization. Its metric tensor at point x is

2 2

D E

gz:< )9 )
L — [

where g¥ = diag([1,1,...,1]) is the Euclidean metric tensor. This scaling adapts naturally
to hierarchical structures (26). In contrast, the Lorentz metric g% = diag(—1,1,...,1) is
constant, limiting its flexibility in representing complex hierarchies.

* Numerical Stability: The bounded Poincaré ball (||z| < 1) ensures numerical stability
during training (25)). Gradients are scaled by the conformal factor:

2
Vo f(@) < 5 IVef(@)]l
L i ’
preventing exponential explosion or vanishing that can occur in Lorentz space with un-
bounded coordinates. This results in smoother and more reliable optimization.
* Representation Efficiency: For hierarchical structures of depth d and branching factor b,

the Poincaré ball achieves distortion O(log d) compared to O(\/E) in Lorentz space (31):

Distortionp (T') < clog(d) < ¢V/d < Distortiony,(T),
where T is a tree and c is a constant. This efficiency translates to:

1. Better preservation of hierarchical relationships,
2. More accurate representation of fine-grained semantic differences,
3. Improved gradient flow during optimization.

These properties make the Poincaré ball especially suitable for vision-language modeling, where
preserving hierarchy and semantic similarity is critical.

6.2 INFORMATION-THEORETIC HIERARCHY AND COMPOSITIONAL ENTAILMENT

Motivation: Vision-language representations inherently involve hierarchical structures. Visual con-
cepts often form natural hierarchies (e.g., animal — mammal — dog — breed), and textual descrip-
tions mirror these structures. Euclidean spaces, with polynomial volume growth (23)), are subopti-
mal for representing such hierarchies. Hyperbolic geometry, with exponential volume growth (13),
naturally accommodates tree-like structures.

Information Content in a Shared Space: Embedding vectors from different modalities, projected

into a common space through encoders f,,,, and fy,, ., allow meaningful comparisons of informa-
tion content. For an embedding x in this shared space, the entropy:

= |24
H(z)=—-) pilogpi, pi=—="—
; >zl

quantifies the information content of a concept (7). This provides a theoretical basis for capturing
hierarchical relationships:

1. Common Currency Principle: By projecting image and text embeddings into the same
space, we can compare their information content directly. This is analogous to using a
shared cataloging system for books in a library. The alignment works because:
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* Encoders map inputs to a shared manifold preserving geometric and information-
theoretic properties,

 Contrastive learning ensures semantic alignment,
* The hyperbolic geometry maintains consistent hierarchical relationships.

2. Information Evolution: Embedding entropy reflects how information evolves from gen-
eral to specific concepts. For instance, “golden retriever” contains all information of “dog”
plus additional details. In the shared embedding space:

Hshared(x) = Hmodal(x) + Ialignmem('r)a
where Iyjignmen: represents additional information gained through cross-modal alignment.

3. Information Content Principle: More specific concepts require extra information beyond
their parent concepts:
AH = H(child) — H (parent) > 0.

This principle guides the entropy-based entailment mechanism used in GHVL to enforce
hierarchical consistency across modalities.

7 DISCUSSION

GHVL achieves superior performance over Euclidean CLIP models by leveraging the hyperbolic na-
ture of the Poincaré geometry, which effectively encodes both semantic similarity and hierarchical
relationships between images and text. Its improvements over Lorentz-based MERU stem from two
complementary design choices. First, representing embeddings in Poincaré space provides greater
capacity for modeling hierarchical structures, naturally accommodating the tree-like relationships
inherent in multimodal data. Second, the entropy-based entailment loss dynamically infers instance-
specific partial orders, enforcing more precise cross-modal alignment than fixed-order assumptions.
Together, these components allow GHVL to preserve hierarchical consistency while improving se-
mantic alignment, which is especially beneficial in domains with complex, structured data such as
retail catalogs, scientific imagery, or knowledge graphs.

The enhanced multimodal alignment also translates into more sophisticated reasoning capabilities.
By explicitly capturing hierarchical relationships, GHVL supports more accurate, context-aware
image captioning that reflects both visual content and conceptual structure. Hierarchical visual
question answering similarly benefits, enabling the model to handle queries that require layered or
conditional reasoning, e.g., “Are there any blue leather chairs available in this catalog?” Beyond
practical applications, GHVL illustrates the value of geometry-grounded representation learning in
multimodal Al, showing how hyperbolic embeddings can reconcile semantic similarity with struc-
tural constraints. Overall, the combination of Poincaré embeddings and entropy-driven entailment
demonstrates that structure-aware reasoning across vision and language modalities is both feasible
and effective, providing a foundation for future research in geometry-aware multimodal systems.

8 CONCLUSION

We introduced GHVL (Geometry-Grounded Hyperbolic Vision—-Language models), a Poincaré
geometry-based framework for hierarchical multimodal representation learning. Our approach em-
beds images and text into a shared hyperbolic space, enabling simultaneous modeling of semantic
similarity and hierarchical relationships. Motivated by challenges in retail—large-scale product cat-
alogs, fine-grained visual distinctions, and multimodal retrieval—GHVL provides a scalable and
generalizable solution.

Key contributions include:

1. Hyperbolic multimodal embeddings: GHVL represents images and text in a shared
Poincaré ball, preserving tree-like hierarchical relationships inherent in multimodal data.

2. Entropy-based partial order inference: We propose a method to dynamically determine
image-text entailment order at the instance level, providing flexible and adaptive cross-
modal alignment.
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3. Empirical validation: GHVL consistently outperforms Euclidean-based models (CLIP)
and Lorentz-based hyperbolic models (MERU) across multiple zero-shot classification and
retrieval benchmarks, demonstrating robustness and practical applicability.

4. Theoretical grounding: We provide justification for Poincaré embeddings, showing how
their exponential volume growth naturally aligns with hierarchical multimodal structures.

By explicitly modeling hierarchical structure in vision-language learning, GHVL enhances cross-
modal understanding and reasoning, making it particularly well-suited for large-scale, structured
multimodal systems. This work highlights the advantages of geometry-grounded representations in
capturing hierarchical structure for structured multimodal Al
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A APPENDIX

A1l. HYPERBOLIC GEOMETRY: AN INTUITIVE OVERVIEW

This section provides an accessible introduction to hyperbolic geometry and its relevance to GHVL,
aiming to build intuition before presenting mathematical details.

A1.1 HYPERBOLIC GEOMETRY FOR HIERARCHICAL DATA

Representing hierarchical data in Euclidean space is challenging: as tree depth grows, the number of
nodes expands exponentially, quickly exceeding available space. Hyperbolic geometry, in contrast,
expands exponentially with distance from the origin, naturally accommodating tree-like structures,
taxonomies, and knowledge graphs. For a tree with branching factor b, the number of nodes at level
h grows as ((b+ 1)b"* — 2)/(b — 1)—a growth pattern that hyperbolic space handles efficiently.

A1.2 KEY CONCEPTS IN HYPERBOLIC GEOMETRY

* Curvature: Euclidean space is flat (zero curvature), whereas hyperbolic space has constant
negative curvature, producing exponential expansion.

* Geodesics: Shortest paths in hyperbolic space appear curved in Euclidean representations,
similar to great-circle flight paths on a globe.

* Distance: Points diverge exponentially from the origin, providing ample space for hierar-
chical separation.

A1.3 THE POINCARE DISK MODEL

GHVL uses the Poincaré disk model for its favorable properties in deep learning. The model is a
unit disk where:

* Central points behave nearly Euclidean
* Distances stretch exponentially toward the boundary

* The boundary represents “infinity” and cannot be reached

This allows general concepts (e.g., “animal”) to be placed near the center and specific concepts (e.g.,
”golden retriever”) near the boundary, preserving hierarchical relationships naturally.

A2. HYPERBOLIC GEOMETRY: DETAILED FORMULATION

In this section, we provide a complete mathematical description of the hyperbolic space used in
GHVL. We focus on the n-dimensional Poincaré ball model P" and the operations needed for em-
bedding and optimization.

A2.1 POINCARE BALL MODEL

The n-dimensional Poincaré ball of radius 1/+/c (with curvature —c, ¢ > 0) is defined as
P! ={zeR": x| <1/\c}. )

The hyperbolic distance between two points p, ¢ € P7 is:

dp(p,q) = % tanh ™" (v/cl|(—p) ®e qll) , (10)

where @, is the Mobius addition defined below.
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A2.2 MOBIUS ADDITION AND SCALAR MULTIPLICATION

Mobius addition generalizes Euclidean vector addition to hyperbolic space:

(1 + 2c(z,y) + cllyl®)z + (1 = cllz]*)y
1+ 2¢(z,y) + l=]*[ly[]?

TSy = (1)

Mobius scalar multiplication (stretching along geodesics) is defined for » € R and x € P7 as:

" ®c x = tanh (rtanh (\f||x||)> NG (12)
A2.3 RIEMANNIAN METRIC AND CURVATURE
The Poincaré ball is a Riemannian manifold with metric:
) 2
9z = (1—c|:n||2> JEuclidean s (13)

where gpyclidean 1S the standard Euclidean metric. This metric induces constant negative curvature
—c, allowing the embedding space to expand exponentially and represent hierarchies efficiently.

A2.4 EXPONENTIAL AND LOGARITHMIC MAPS

To move between Euclidean and hyperbolic representations:

Exponential map at the origin:

expg(z) = talflh(\fllﬂcll)u ”\[ Fe. 14)

Logarithmic map at the origin:

1
logg(y) = 7tanh (\[Hy”)ﬂ € R™ (15)

These maps allow standard Euclidean optimization techniques to be applied in the hyperbolic space
by pulling vectors to the tangent space at the origin and pushing back after updates.

A2.5 HYPERBOLIC EMBEDDING IN GHVL

In GHVL, image embeddings v and text embeddings ¢ are projected via a Euclidean-to-hyperbolic
map:
hy = expg(Wyv),  hy = expg(Wit), (16)

where W,,, W; are learnable projection matrices. The hyperbolic distance dp(h,, h;) is then used in
the alignment loss, ensuring:
1. Hierarchical consistency: higher-level concepts near the origin.

2. Fine-grained discrimination: subtle semantic differences captured via distance and curva-
ture.

3. Cross-modal alignment: images and text describing the same concept are embedded close
together.

A3. TIME COMPLEXITY ANALYSIS

Hyperbolic embeddings provide hierarchical modeling advantages but introduce higher computa-
tional costs compared to Euclidean embeddings. We analyze the worst-case complexity of GHVL
relative to CLIP and MERU.
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A3.1 ENCODER COMPLEXITY

Vision and text encoders have the same complexity across models:

* Vision Transformer (ViT): O(n? - d), with n patches and d embedding dimension
* Text Transformer: O(I? - d), with [ tokens

A3.2 PROJECTION AND HYPERBOLIC MAPPING

Projection layer: O(d - n)
Additional hyperbolic operations for GHVL:

» Exponential Mapping: O(d) per embedding

* Scaling Parameters: O(d) for \;,,, and Ay

A3.3 DISTANCE CALCULATION
» CLIP (Cosine): O(d) per pair
* MERU (Lorentz): O(d), with higher constants
¢ GHVL (Poincaré): O(d), including tanh ™' and Mébius addition &

A3.4 ENTAILMENT L0OSS COMPUTATION
* Entropy: O(d)
* Exterior Angle: O(d)
* Aperture: O(1)

A3.5 BATCH PROCESSING
e CLIP: O(B? - d)
« MERU: O(B? - d), higher constants
* GHVL: O(B? - d+ B -d)

A3.6 OVERALL COMPLEXITY
e CLIP: O(n?-d+1?-d+ B?-d)
* MERU: same asymptotic order, higher constants
« GHVL: O(n? - d+1?-d+ B?-d+ B-d)

A3.7 NUMERICAL STABILITY CONSIDERATIONS

» Exponential mapping may overflow without proper scaling; \;,, and \;;; mitigate this.
* Operations near the Poincaré boundary (||z|| & 1) require high precision.

e tanh~! can become unstable near 1, requiring safeguards.

Despite the added costs, GHVL’s superior hierarchical modeling justifies the complexity. For
latency-sensitive scenarios, distillation or quantization can reduce overhead while preserving bene-
fits.

A4. ADDITIONAL EXPERIMENT RESULTS AND ABLATION STUDY
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text — 1mage image — text

RS R10 RS R10

. Poincaré 30.1 40.2 39.0 50.2
ViT-S/16 GHVL 30.5 40.2 40.4 50.7

Table 4: Zero-shot image-text retrieval on COCO comparing GHVL with the Poincaré baseline,
which assumes text always entails image. GHVL uses entropy-derived image-text entailment or-
dering, leading to superior retrieval performance. Best metrics in each column are highlighted in
color .

A
0 001 01 0.5 1
0 202 175 186 165 18.7
0.01 202 154 221 167 16.0
Areg 0.1 202 21.1 223 189 19.0
0.5 202 192 186 168 15.7
1 202 18.6 181 154 195

Table 5: Grid search for hyperparameters A and A, using average zero-shot retrieval accuracy on
COCO and CIFAR-100 with ViT-S/16. Best performance is achieved at A = 0.1 and A,y = 0.1.

Metrics in each column are highlighted in color .

5 5HE B @ SIS s B B 2 5 o =
= = = K ) — — - ! — — = =
s &€ 8 8 £ §E B 9 &8 g 5 B E B
I %y L 8 2 §EEe Oz oz o8 5 a2 % owg o> =z 8
T % 2 0 Z 5 B 3 § z 2 ¢ 2 F g @ 35 g
S £ £ © 5 £ R & 2 B B £ B & Z 33 2
5 B = K

= C g « 5 4 = &

Vitigjig ~Poincaré 749 553275 341 28315 164 729600 484907 283 306 49 83 144 489 502

GHVL 751536 277 351276 1.6 17.6719 621479 909 308 32.1 51 104 148 53.8 50.8

Table 6: Comparison of GHVL versus Poincaré embeddings across 18 datasets, showing the effect
of entropy-inferred image-text entailment order on hierarchical multimodal representation. GHVL
outperforms Poincaré in 14 out of 18 datasets. Best metrics in each column are highlighted in
color .
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