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Abstract

Bilevel optimization has gained prominence in various applications. In this study,
we introduce a framework for solving bilevel optimization problems, where the
variables in both the lower and upper levels are constrained on Riemannian man-
ifolds. We present several hypergradient estimation strategies on manifolds and
analyze their estimation errors. Furthermore, we provide comprehensive conver-
gence and complexity analyses for the proposed hypergradient descent algorithm
on manifolds. We also extend our framework to encompass stochastic bilevel
optimization and incorporate the use of general retraction. The efficacy of the
proposed framework is demonstrated through several applications.

1 Introduction

Bilevel optimization is a hierarchical optimization problem where the upper-level problem depends
on the solution of the lower-level, i.e.,
min F(z) = f(z,y*(x)), s.t. y*(z) = argmin g(z, y).
z€Rdx yeR
Applications involving bilevel optimization include meta learning [16]], hyperparameter optimization

[18]], and neural architecture search (NAS) [53]], to name a few. The lower-level problem is usually
assumed to be strongly convex.

Common strategies for solving such problem can be classified into two categories: single-level refor-
mulation [29}60] and approximate hypergradient descent [19}/40]. The former aims to reformulate the
bilevel optimization problem into a single-level one using the optimality conditions of the lower-level
problem as constraints. However, this may impose a large number of constraints for machine learning
applications. The latter scheme directly solves the bilevel problem through iteratively updating the
lower and upper-level parameters and, hence, is usually more efficient. Nevertheless, existing works
have mostly focused on unconstrained bilevel optimization [[19} 32} 140} [11} 152} 45| [14].

In this work, we study bilevel optimization problems where x and y are on Riemannian manifolds
M, and M, respectively. We focus on the setup where the lower-level function g(x, y) is geodesic
strongly convex (a generalized notion of convexity on manifolds, defined in Section [2) in y. This
ensures the lower-level problem has a unique solution y*(z) given . The upper-level function
f can be nonconvex on M, x M,. Because the unconstrained bilevel optimization is a special
case of our formulation on manifolds, such a formulation includes a wider class of applications.
Examples of Riemannian bilevel optimization include Riemannian meta learning [64] and NAS over
SPD networks [62]. Moreover, there has been a surge of interest of min-max optimization over
Riemannian manifolds [37, 411 [73} 27, 25,167} 135]], which also gets subsumed in the framework of
bilevel optimization with g = — f.
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Contributions. (i) We derive intrinsic Riemannian hypergradient via the implicit function theorem
and propose four strategies for estimating the hypergradient, i.e., through Hessian inverse, conjugate
gradient, truncated Neumann series, and automatic differentiation. We then provide hypergradient
estimation error bounds for all the proposed strategies. (ii) We introduce the Riemannian hypergradi-
ent descent algorithm to solve bilevel optimization problems on manifolds and provide convergence
guarantees. We also generalize the framework to the stochastic setting and to allow the use of
retraction. (iii) The efficacy of the proposed modeling is shown on several problem instances includ-
ing hyper-representation over SPD matrices, Riemannian meta learning, and unsupervised domain
adaptation. The proofs, extensions, and experimental details are deferred to the appendix sections.

Related works in unconstrained setting. Unconstrained bilevel optimization where the lower-
level problem is strongly convex has been widely studied [19} 132} 40, [11} 152} 45} [14]. A crucial
ingredient is the notion of hypergradient in bilevel optimization problems and its computation. There
exist strategies for approximating the hypergradient, e.g., using conjugate gradient [40], Neumann
series [19], iterative differentiation [21]], and Nystrom method [31]. While bilevel optimization with
constraints is relatively unexplored, a few works exists that impose constraints only for the upper level
problem [32,[10]. Recently, linearly lower-level constrained bilevel optimization has been explored
in [651168]], where a projected gradient method is employed for the lower-level problem.

Related works on manifolds. There has been limited work on bilevel optimization problems on
manifolds. [7] studies semivectorial bilevel optimization on Riemannian manifolds where the upper-
level is a scalar optimization problem while the lower-level is a multiobjective problem under greatest
coalition. [50} 49]] reformulate bilevel problems on manifolds into a single-level problem based on
the KKT conditions on manifolds. However, for all those works, it is unclear whether there exists an
algorithm that efficiently solves the problem in large-scale settings. In contrast, we aim to provide a
general framework for solving bilevel optimization on Riemannian manifolds. [47] is a contemporary
work that also proposes gradient-based algorithms for bilevel optimization on Riemannian manifolds.
The main differences of our work with respect to [47] are as follows: (1) We provide an analysis for
various hypergradient estimators while [47] focuses on conjugate gradient for deterministic setting
and Neumann series for stochastic setting; (2) We provide an analysis for retraction which is more
computationally efficient than exponential map and parallel transport employed in [47]]; and (3) We
explore the utility of Riemannian bilevel optimization in various machine learning applications, which
is not the case with [47]].

2 Preliminaries and notations

A Riemannian manifold M is a smooth manifold equipped with a smooth inner product structure (a
Riemannian metric) (-, ), : T,M x T, M — R for any z € M and its tangent space T, M. The
induced norm is thus ||u||, = /(u, u), for any u € T, M. A geodesic c : [0, 1] — M generalizes
the line segment in the Euclidean space as the locally shortest path on manifolds. The exponential
map on a manifold is defined as Exp, (u) = ¢(1) for a geodesic ¢ that satisfies ¢(0) = z,¢'(0) = w.
In a totally normal neighbourhood &/ where exponential map has a smooth inverse, the Riemannian
distance d(z,y) = ||Exp, ' (1) ||l = ||Exp;1(sc)Hy The parallel transport operation I'Z2 : T, M —
T., M is a linear map which preserves the inner product, i.e., (u,v)., = (I'Z2u,I'?2v).,, Vu,v €
T, M. The (Cartesian) product of Riemannian manifolds M, x M, is also a Riemannian manifold.

For a differentiable function f : M — R, the Riemannian gradient G f(z) € T,.M is the tangent
vector that satisfies (G f(z), u), = Df(z)[u] forall uw € T, M. Here D is the differential operator and
D f(z)[u] represents the directional derivative of f at z along u. For a twice differentiable function f,
Riemannian Hessian # f(z) is defined as the covariant derivative of Riemannian gradient.

Geodesic convexity extends the convexity notion in the Euclidean space to Riemannian manifolds.
A geodesic convex set Z C M is where any two points can be joined by a geodesic. A function
f: M — Ris said to be geodesic (strongly) convex if for all geodesics ¢ : [0,1] — Z, f(c(t))
is (strongly) convex in ¢ € [0, 1]. If the function is smooth, then f is called u-geodesic strongly
convex if and only if f(Exp,(tu)) > f(2) + (G f(2),u). + t*4||u|?,Vt € [0,1]. An equivalent
second-order characterization is H(z) = pid, where we denote id as the identity operator.

For a bifunction ¢ : M, x M, — R, we denote G,¢(x,y), G,¢(x, y) as the Riemannian (partial)
gradient and H,¢(z, y), Hyé(x, y) as the Riemannian Hessian. The Riemannian cross-derivatives



are linear operators G2 ¢(x,y) : TyM, — T,M,, G2 o(x,y) : ToM, — T,M, defined as
G2,0(x,y)[v] = DyG.¢(x,y)[v] for any v € T, M, (with D representing the differential operator)
and similarly for G2 ¢(x,y). For a linear operator T' : T, M, — T,M,, the adjoint operator,
denoted as 7" is defined with respect to the Riemannian metric, i.e., (T'[u], v}, = (Tt [v], u), for any

u € Ty My, v € Ty M,. The operator norm of 7" is defined as ||7'[|, := sup,ep, p,:(jufl, =1 171l
3 Proposed Riemannian hypergradient algorithm
In this work, we consider the constrained bilevel optimization problem
min F(z) = f(z,y"(2)), s.t. y*(z) = argmin g(z, y), ()
A z

yeM,

where M, M, are two Riemannian manifolds and f, g : M, x M, — R are real-valued jointly
smooth functions. We focus on the setting where the lower-level function g(x, y) is geodesic strongly
convex. This ensures the lower-level problem has a unique solution y*(x) for a given x. The
upper-level function f can be nonconvex on M, x M,,.

We propose to minimize F'(x) directly within the Riemannian optimization framework. To this
end, we need the notion of the Riemannian gradient of F(x) = f(z,y*(x)), which we call the
Riemannian hypergradient.

Proposition 1. The differential of y*(x) and the Riemannian hypergradient of F(x) are given by

Dy*(z) =M, g(x,y"(z)) 0 G, g(x,y"()) @
GF(x) =Guf(x,y"(x)) — G2, g9z, y* (x)) [, gz, y* (2)[Gy f (x, y* ())]).

The above proposition crucially relies on the implicit function theorem on manifolds [25]] and requires
the invertibility of the Hessian of the lower level function f with respect to y. This is guaranteed in
our setup as f is geodesic strongly convex in y. Hence, there exists a unique differentiable function
y*(z) that maps x to the lower-level solution. We show the Riemannian hypergradient descent
(RHGD) algorithm for (IJ) in Algorithm T}

e Steps 3 to 7 solve the lower-level
problem using the Riemannian gradi-

Algorithm 1 Riemannian hypergradient descent (RHGD)

1: Initialize xg € My, yo € M,,. ent descent method. Since computing
2: fork=0,..,K —1do the optimal solution y*(z) is compu-
3: yg = Y. tationally challenging, we obtain an
4: fors=0,..,5—1do approximate solution ¥ 1.

5: yz+1 = Expyi (—1y Gyg(xk, y3))- e Step 8 involves computing the
6: end for Riemannian hypergradient GF(x)
7. Setyps1 = yP. of F(x). For computational effi-
8:  Compute approximated hypergradient G. F(xzp). CQ{;‘(CY, ;ve compute an approximation

= Tk ).

]g englf)(()iste Te+1 = Bxpg, (—naGF (wy)). o Step 9 is the usual exponential map

to find the updated point x5 ;.

We highlight that Step 8 of Algorithm [I]approximates the Riemannian hypergradient. In the rest of
the section, we discuss various computationally efficient ways to estimate the Riemannian hypergra-
dient and discuss the corresponding theoretical guarantees for RHGD. The error of hypergradient
approximation comes from the inaccuracies of yx11 to y*(zx) and also from the Hessian inverse.

3.1 Hypergradient estimation

When the inverse Hessian of the lower-level problem can be computed efficiently, we can estimate
the hypergradient directly by evaluating the Hessian inverse (HINV) at yx1, i.e., ,C'jhim,F (zk) =
Gof (@, yrr1) — —G2,9(2h, yos1) [Hy ' 9(xr, yk1)[Gy f (2k, yk41)]]. However, computing the
inverse Hessian is computationally expensive in many scenarios. We now discuss three practical
strategies for estimating the Riemannian hypergradient when vy is given.

Conjugate gradient approach (CG). When evaluating the Hessian inverse is difficult, we can

solve the linear system H,g(2r, yxt1)[u] = Gy f(xk,yrs1) for some u € T, ., M,. To this



end, we employ the tangent space conjugate gradient algorithm (Appendix [F} Algorithm [3) that
solves the linear system on the tangent space T, , , M, with only access to Hessian-vector products,

ie., gch(xk) = Gof(xr,yrs1) — G2,9(xk, yrs1) [0 ], where 0 is computed as a solution to
Hyg(@k, Yk+1)[0F] = Gy f(xk, yrt1), where T is the number of iterations of the tangent space
conjugate gradient algorithm.

Truncated Neumann series approach (NC). The Neumann series states for an invertible operator H
such that || H|| < 1, its inverse H ! = Y"7° 0(1d H)?, where id is the identity operator. An alterna-
tive approach to estimate the Hessian inverse is to use a truncated Neumann series, which leads to the
following approximated hypergradient, Gns F(2x) = G f (21, Yr+1) — Gy 9 (ks Yrg1) [y ZiT:_Ol (id—
YHy9(xk, Yet1))'[Gy f (Tk, Yr+1)]], where v is chosen such that (id — YHyg(zk, yet1)) > 0. ¥
can be set as v = %, where the gradient operator is L-Lipschitz (discussed later in Definition .
Empirically, we observe that this approach is faster than the conjugate gradient approach. However, it
requires estimating 7" and L beforehand.

Automatic differentiation approach (AD). Another hypergradient estimation strategy follows the
idea of iterative differentiation by backpropagation. After running several iterations of gradient update
to obtain yj1 (which is a function of ), we can use automatic differentiation to compute directly
the Riemannian gradient of f(xy, yr+1(zx)) with respect to x;. We can compute the Riemannian
hypergradient from the differential in the direction of arbitrary u € T, M, using basic chain rules.

3.2 Theoretical analysis

This section provides theoretical analysis for the proposed hypergradient estimators as well as
the Riemannian hypergradient descent. First, we require the notion of Lipschitzness of functions
and operators defined on Riemannian manifolds. Below, we introduce the definition in terms of
bi-functions and bi-operators and state the assumptions that are required for the analysis.

Definition 1 (Lipschitzness). (1) For a bifunction f : M, x M, — R, we say f has L Lipschitz

Riemannian gradient in U, x U, C M, x M, if it satisfies for any x,x1,22 € Uy, y,¥1,Y2 €
y’ HF f(xvyl) - gyf(‘rva)”yg S Ld(ylva)’ ngf(xvyl) - ng(x7y2)||cc S Ld(y1,y2),

Hrmgz (21,9) = Gof (@2, Y)|le; < Ld(z1,22) and ||Gy f(21,y) — Gy f(z2,y)|ly < Ld(z1, 22).

(2) For an operator G(x,y) : TyM, — T,M,, we say G(z,y) is p-Lipschitz if it satisfies,
IT%2G(21,y) — G(22,y)lla, < pd(x1,) and |Gz, 1) — Gla, y2)I2lle < pd(ys, y2).

(3) For an operator H(z,y) : T,M, — TyM,, we say H(z,y) is p-Lipschitz if it satisfies,
[T (e, y2)T8 — He, 92)lle < pd(r.2) and [[H(21,y) — Hz,y)l, < pd(ar, z2).

It is worth mentioning that Definition [I]implies the joint Lipschitzness over the product manifold
M x M, which is verified in Appendix @ Due to the possible nonconvexity for the upper level
problem, the optimality is measured in terms of the Riemannian gradient norm of F'(x).

Definition 2 (e-stationary point). We call z € M, an e-stationary point of bilevel optimization (T)) if
it satisfies | GF (z)]|2 < e.

Assumption 1. All the iterates in the lower level problem are bounded in a compact subset that
contains the optimal solution, i.e., there exists a constants Dy, > 0, for all £ such that d(y}, y*(z)) <
Dy, for all s. Such a neighbourhood has unique geodesic. We take D := maxy{D;, ..., D }.

Assumption 2. Function f(x,y) has bounded Riemannian gradients, i.e., |G, f(z,y)|l, < M,
|G f(z,9)|l: < M forall (z,y) € U and the Riemannian gradients are L-Lipschitz in /.

Assumption 3. Function g(z,y) is u-geodesic strongly convex in y € U, for any z € U, and
has L Lipschitz Riemannian gradient G,g(z,y), G,g(,y) in Y. Further, the Riemannian Hessian
Hyg(x,y), cross derivatives G2, g(x,y), Go,g(x, y) are p-Lipschitz in .

Assumption|[I]is standard in Riemannian optimization literature by properly bounding the domain
of variables, which allows to express Riemannian distance in terms of (inverse) Exponential map.
Also, the boundedness of the domain implies the bound on curvature, as is required for analyzing
convergence for geodesic strongly convex lower-level problems [41, [71]. Assumptions [2| and
are common regularity conditions imposed on f and g in the bilevel optimization literature. This
translates into the smoothness of the function F' and Dy*(x) (discussed in Appendix .



Table 1: Comparison of first-order and second-order complexities for reaching e-stationarity. For
stochastic algorithms, including HGD-NS, RSHGD-HINYV, the complexities are measured with
respect to the component functions f;, g;. Here, G ¢, G, are the gradient complexities of function
f, g, respectively, to reach an e-stationary point of . Also, we denote JV,, HV), as the complexity
of computing the second-order cross derivative and Hessian-vector product of function g.

Methods | Gy Gy JV, HYV,
HGD-CG [40] | O(kje™)  O(sfel)  O(sfe )  O(x} 56—1)
-AD [40] O(kje™)  O(rje™) O(/il -1 O(fi? b
SHGD-NS [40I[11] | O(k}e™2)  O(kde2)  O(r%e2)  O(xbe2)
RHGD-HINV | O(rfe!)  O(kf¢e ) O(/il 1) NA
-CG O(rje™!) O(xCe™")  O(xje™')  O(x}%e?)
-NS O(rje™!)  O(kjCe™?) O(fiz ) O(sfe™).
-AD O(rje™!)  O(rjCe™") O(xjCe™")  O(kiCe™)
RSHGD-HINV | O(k7e72)  O(k)¢e ?) 0(@ ~2) NA

We first bound the estimation error of the proposed schemes of approximated hypergradient as follows.
For the hypergradient computed by automatic differentiation, we highlight that due to the presence of
exponential map in the chain of differentiation, it is non-trivial to explicitly express D, ky,f . Here,
we adopt the property of exponential map (which is locally linear) in the ambient space [1]], i.e.,
Exp, (u) = z + u + O(||u||2). This requires the use of tangent space projection of £ in the ambient
space as P, (&), which is solved for the v such that (v, £),, = (u, &) for any £ € T, M.

For notation simplicity, we denote x; := % and K, = ﬁ. For analysis, we consider k, = O(x;).

Lemma 1 (Hypergradient approximation error bound). Under Assumptions|I] we can bound the
error for approximated hypergradient as

1. HINV: ||Ghiny F (1) — GF (1) |ley < (L + KpM + ki L+ ki, M)A (y* (1), Yrr1 )-

2. CG: ||GegF (k) = GF(wp)|lay < (L + kM + L(1+ 2y/7) (ki + 222))d(y* (), Y1) +
2L i (L) 100~ T2 il where v = Hy (o (21)) Gy f e, ().

3. NS: ||Gus F () — GF ()l < (L + ki L+ 5, M + ryie, M)d(y* (1), yhs1) + s M (1 —yp) 7.
4. AD: Suppose further there exist C1,Cy,Cs > 0 such that ||D,, y; < Oy, |T¥Pyv —

vy < Cod(z,y)||v|ly and DyExp,(u) = PExp, (u) (id + Dmu) + & where Hg”Ewa(u) <
Cs||Dyu||g||w||s for any z,y € U and v € Ty M,;, u € Ty M. Then,

1Gaa F (k) = GF (@) o, < (2220 + L1+ k) (1 + 2CL2 — ) % d(yn, y™ (1)) +
Mk (1 —nyp)®, where C = (k1 4+ 1)p + (Co + 1yC3)L((1 — nyp)C1 + ny L).

From Lemmall} it is evident that the exact Hessian inverse exhibits the tightest bound, which is
followed by conjugate gradient (CG) and truncated Neumann series (NS). Automatic differentiation
(AD) presents the worst upper bound on the error due to the introduction of curvature constant (,

resulting in (1 — G(LHTQ())S = (1~ ©(;z¢))? for the trailing term, which could be much larger
1

than (1 — yu)" = (1 — ©(;5))T for NS and (%3)T = (1- @(\/%))T for CG. Further, the

error critically relies on the number of inner iterations S compared with 7" for CG and NS, and

the constants C, Cy, C3 can be large for manifolds with high curvature. We now present the main

convergence result with the four proposed hypergradient estimation strategies.
Lj) —

Theorem 1. Denote Ao := F(z0) + d*(yo, y* (o)) and Lr = (ﬁ +1)(L+ % + pﬁy m

O(k}). Under Assumptions we have the following bounds on the hypergradient norm obtained
by Algorithm|l]

e HINV: Let 1, = 20L and S > @( 2(). We have ming—o, . k-1 ||QF(:Uk)||§k < 80LpA/K.



2212
* CG: Let A = C? + H%(% + 1), where C, = MZf” + M'/”"'” + k7 + Ki. Choosing

ZEA: ﬁ, S > (:)(I{lzC), and Teg > é(\//?l), we have mmk:o _____ K,1||QF(xk)||§k
)

* NS: Choosing 1, = 20LF S >0k 2¢), and Tys > é(/@log(%))for an arbitrary € > 0, we have
ming—o,...,K—1 ||gF(l’k)||Ik < 801? Ag + 5.

* AD: Choosing n, 20T and S > (:)(/{?Clog(%)) for an arbitrary ¢ > 0, we have
ming—o,...x—1 |GF (zx)||2, < 2N+ §.

Complexity analysis. Based on the convergence guarantees in Theorem [I| we have analyzed (in
Corollary [T), the computational complexity of the proposed algorithm with four different hypergradi-
ent estimation strategies in reaching the e-stationary point. The results are summarized in Table[I]
For reference, we also provide the computational cost of Euclidean algorithms which solve bilevel
Euclidean optimization problem [40]. We notice that except for CG, the gradient complexity for f
(i.e., Gy) matches the Euclidean version. For conjugate gradient, the complexity is higher by O(;),
which is due to the additional distortion from the use of vector transport when tracking the error of
conjugate gradient at each epoch. In terms of gradient complexity for g (i.e., G), all deterministic
methods require a higher complexity by at least O(k;¢) compared to the Euclidean baselines. This is
because of the curvature distortion when analyzing the convergence for geodesic strongly convex
functions. Similar comparisons can be also made with respect to the computations of cross-derivatives
and Hessian vector products.

3.3 Extension to stochastic bilevel optimization

In this section, we consider the bilevel opti-

Algorithm 2 Riemannian stochastic bilevel mization probl em (T) in the stochastic setting,

optimization with Hessian inverse. where f(l‘ y ( )) 1 ZZL ) fz(x y ( )) and
1: Initialize xg € Mg, yo € M,,. glz,y) = LY, gl(x y). The algorithm
2: fork=0,..,K —1do for solving the stochastic bilevel optimization
3 Y=k problem is in Algorithm [2] where we sample
4. fors=0,..,5—1do B, Ba, B3, By afresh every iteration. The batch
5: Sample a batch 5. index is omitted for clarity. The batches are
6: yZH EXPy;: (—=ny Gy95, (Tk, Y3))- sampled uniformly at random with replacement
7:  end for such that the mini-batch gradient is an unbiased
8  Setyry1 = y,f . estimate of the full gradient. Here, we denote
9:  Sample batches Bs, B3, By. f(z,y) = IT}\ > e fi(x,y) and similarly for
10:  Compute GF'(xy). g. Welet [n] = {1,...,n}.
11: Update zj 41 = Exp,, (=7:GF (k). In Step 10 of Algorithm[2] we can employ any
12: end for hypergradient estimator proposed in Section [3.1]
In this work, we only show convergence un-
der the Hessian inverse approximation of hypergradient, i.c., GF (k) = GufB, Tk, Ykt1) —

giygp,g @k, yhr1) Ky, 98, (hs Y1) Gy [, (2, ykﬂ)}] Similar analysis can be followed for other
approximation strategles The theoretical guarantees are in Theorem 2] where we require Assumption
M which is common in existing works for analyzing stochastic algorithms on Riemannian manifolds
[42] 23] 22].

Assumption 4. Under stochastic setting, Assumption[I|holds and Assumptions are satisfied for
component functions f;(z,y), g;(z,y), forall i € [n],j € [m]. Further, stochastic gradient, Hessian,
and cross derivatives are unbiased estimates.

Theorem 2. Under Assumption 4} consider Algorithm |2| Suppose we choose 1, = ﬁ, S >
O(k2(), and |By|,|Bal,|Bs|,|Bs| > @(Hl e1) for an arbitrary ¢ > 0. Then we have
ming—o, .. k-1 E|GF (x)]|2, M + 5 and the gradient complexity to reach e-stationary
solution is Gy = O(k}e™?), G = O( Ce_Q), JVy = O(kje™?).

In Table [T} we compare our attained complexities with that of stocBiO [40], which makes use of a
truncated Neumann series. With exact Hessian inverse, we can match the Gy and JV, complexities



with stocBio. For the G, complexity, the additional curvature constant is inevitable from the
convergence analysis for geodesic strongly convex functions. Nevertheless we observe the same
order dependency on x;. This i 1s mainly due to the analysis where we choose a smaller stepsize
ny = ©(4%) compared to O( 2 r ) in [40]]. The larger stepsize, despite increasing the convergence

rate, also increases the variance under stochastic setting. We believe an order of O(k;) lower can be
established for stocBio, following our analysis.

3.4 Extension to retraction

Our analysis till now has been limited to the use of the exponential map. However, the retraction
mapping is often preferred over the exponential map due to its lower computational cost. Here, we
show that use of retraction in our algorithms also leads to similar convergence guarantees.

Assumption 5. There exist constants ¢ > 1, cg > 0 such that d?(x, y) < ¢|ul|? and ||Exp; ' (y) —
ullz < erllul|?, for any x,y = Retr,(u) € U.

Assumption E] is standard (e.g. in [42l 23]]) in bounding the error between exponential map and
retraction given that retraction is a first-order approximation to the exponential map.

Theorem 3. Suppose Assumptions and E] hold and let Ly = 4rk;cgM + 5¢Lp. Then consider
Algorithm [I|with exponential map replaced with general retraction. We can obtain the following
bounds.

* HINV: Letn, = ©(1/Lp), S > O(k}¢). Then ming—o,. x—1||GF(xx)|2, < 16LpAg/K.

* CG: Letn, = ©(1/A), S > O(x 20), Teg > é(\ﬁ) where A = CZC—FKI(M +¢). Then

ming—o,...x—1 [|GF (z1) |2, < 96A(

(2?0))
 NS: Letn, = ©(1/Ly), S > O(x 20). Then for an arbitrary € > 0, Ts > Ok log(1/e€)), we

have ming—o k-1 ||QF(:ck)||Tk < 1GI§F Ao+ 5

« AD: Let n, = ©(1/Lp), S > @( 2Clog(1/€)). Then for an arbitrary ¢ > 0, we have
ming—,... k-1 ||GF (xx)]7, < 16LFA +5

Theorem [3|demonstrates that employing a general retraction preserves the same order of convergence
and complexity as the exponential map in Theorem |1} This is due to the fact that L r=0(Lp) and

A= O(A), where Ly and A are as defined in Theorem In addition, when exponential map is used,
Theorem [3]recovers the results in Theorem[I]as cg = 0 and & = 1.

4 Experiments

This section explores various applications of bilevel optimization problems over manifolds. All
the experiments are implemented based on Geoopt [44] and the codes are available at https:
//github.com/andyjm3/rhgd.

4.1 Synthetic problem

We consider the following bilevel optimization problem on the Stiefel manifold St(d,r) = {W €
R™" : WTW =1I,.} and SPD manifold S7 , = {M € R?*? : M - 0} (in Appendix [A):

max tr(M*XTYWT), st M*=argmin (M, X"X)+ (M L WYTYWT +0I),
West(d,r) MGSi

where X € R"Xd, Y € R™*", withn > d > r, are given matrices and v > 0 is the regularization
parameter. The above is a synthetically constructed problem that aims to maximize the similarity
between X and Y in different feature dimensions. We align X and Y to the same dimension via
W € St(d, r) and also learn an appropriate geometric metric M € Si . in the lower-level problem
[69]. The geodesic convexity of the lower-level problem and the Hessian inverse expression are
discussed in Appendix
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Figure 1: Figures (a) & (b) show the plot of objective of the upper-level problem (Upper Objective)
for different strategies. HINV and CG strategies have fastest convergence, followed by NS and AD.
The corresponding estimation errors are shown in (c). Figure (d) specifically shows the robustness of
approximation error obtained by NS across different v and 7" values.

Results. We generate random data matrices X, Y with n = 100,d = 50, and r = 20. We set
v = 0.01 and fix 1, = n, = 0.5. We compare the three proposed strategies for approximating the
hypergradient where we select v = 1.0 and 7},s = 50 for Neumann series (NS) and set maximum
iterations T for conjugate gradient (CG) to be 50 and break once the residual reaches a tolerance of
10710, We set the number of outer iterations (epochs) K to be 200. Figurecompares RHGD with
different approximation strategies implemented with S = 20 or 50 number of inner iterations.

4.2 Hyper-representation over SPD manifolds

Hyper-representation [54}61] aims to solve a regression/classification task while searching for the
best representation of the data. It can be formulated as a bilevel optimization problem, where the
lower-level optimizes the regression/classification parameters while the upper-level searches for the
optimal embedding of the inputs. Suppose we are given a set of SPD matrices, D = {A;}_; where
A, e Sff_ - and the task is to learn a low-dimensional embedding of A; while remaining close to their
semantics labels. In particular, we partition the set into a training set D;, and validation set D.,.

Shallow hyper-representation for regression. We consider a shallow learning paradigm over
D through the regression task. The representation is parameterized with W' A;W for W ¢
St(d,r). The requirement of orthogonality on W follows [38], [30, 33]] that ensures the learned
representations are SPD. The learned representation is then transformed to a Euclidean space for
performing regression, namely through a matrix logarithm (that acts as a bijective map between the
space of SPD matrices and symmetric matrices) and a vectorization operation vec(-) that extract the
upper-triangular part of the symmetric matrix. The bilevel optimization problem is

. (vec(logm(W T A; W) 8" —y;)?
min 2[ Dyl 9
WeSt(d,r) i€Dyal va

(vec(logm(W T A, W))B—y;)? + % HIBHQ

tr

s.t. B = argmin
BERT(r+1)/2 iEDy,

The regularization A > 0 ensures the lower-level problem is strongly convex. The upper-level problem
is on the validation set while the lower-level problem is on the training set. We generate random
W, A; and 3 and construct y with y; = vec(logm(W T A;W))B + ¢;, where ¢; ~ N(0,1). We
generate 200 A; with | Dy, = 100 and | D;,| = 100. In Figure[2a] we show the loss on validation set
(the upper loss) in terms of number of outer iterations. We compare both the deterministic (RHGD)
and stochastic (RSHGD) versions of Riemannian hypergradient descent. We again observe that the
best performance is attained by either the ground-truth Hessian inverse or the conjugate gradient. NS
requires carefully selecting the hyperparameters +, 7', which pose difficulties in real applications. For
the stochastic versions, all the methods perform similarly.

Deep hyper-representation for classification. We now explore a 2-layer SPD network [38] for
classifying ETH-80 image set [46]. The dataset consists of 8 classes, each with 10 objects. Each
object is represented by an image set consisting of images taken from different viewing angles. Here,
we represent each image set by taking the covariance matrix of the images in the same set after
resizing them into 10 x 10. This results in 80 SPD matrices A; of size 100 x 100 for classification.
Let ®(A;) = vec(logm(W, ReEig(W] A;W;)W3)) be the output of the 2 layer network where

ReEig(A) = Umax{el, Z}U is the eigenvalue rectifying activation with the eigenvectors U and



10 — 10 - — 0550 ~ <
- A AT
—— RHGD-cg 00 >08 o /¥ \"/\A
> 7N <
@ 100 ---- RSHGD-cg 3 2 goae / By ¥
8 Do Soe | Soe ol if
g’_ RSHGD-ns & & Sosso| —— RHGD-cg
% RHGD-ad = 04 <04 5 oas| | ~==- PHGD-cg
101 RSHGD-ad > —cg | > — g ! RHGD-ns
RHGD-hinv 02 ns 02 ns o0 ::232;
RSHGD-hinv ad ad o PHGD-ad
o 20 40 60 80 100 0 5 10 15 20 25 30 o 20 .60 60 80 0350 T 500 1000 1500 2000 2500
Epochs Epochs Time Runtime
(a) Shallow hyperrep (b) Deep hyperrep (c) Deep hyperrep (d) MinilmageNet

Figure 2: Figures (a), (b), and (c) show the performance of RHGD on the hyper-representation
problems on SPD networks. Figure (d) shows the good generalization performance of our proposed
RHGD algorithms over the projected gradient PHGD baselines on the MinilmageNet dataset.

Table 2: Classification accuracy on the Caltech-Office dataset.

Methods \A—>C A—-D A-W C—»A C-»D C—»W D—A D—C D—-W W—A W—=C W-=D

OT-EMD | 66.67 47.77 45.76 67.52 3631 4271 62.17 59.71 85.08 5541 51.16 96.82
OT-SKH | 76.83 75.80 69.83 8435 7834 68.14 8092 7157 9390 7417 67.02 87.26
Proposed | 78.70 80.25 69.83 88.21 80.25 68.47 8274 75.69 9797 8349 73.62 98.73

eigenvalues ¥ of A. We consider the same bilevel optimization as above except the least-squares
loss function becomes the cross-entropy loss. Here we sample 5 samples from each class to form the
training set and the rest as the validation set. We set d; = 20, d2 = 5, and fix learning rate to be 0.1
for both lower and upper problems. Figures [2b|and [2c|show the good performance on the validation
accuracy (upper-level loss).

4.3 Riemannian meta learning

Meta learning [[16} 34] allows adaptation of models to new tasks with minimal amount of additional
data and training, by distilling past learning experiences. A recent work [[64] considers meta learning
with orthogonality constraint. In particular, the upper-level optimization searches for the base
parameters shared by all tasks while the lower level optimizes over the task-specific parameters to
ensure generalization ability. Let Py denote the distribution of meta tasks and for each training
epoch, we sample m tasks D¢ ~ Py, ¢ = 1, ..., m. Each task is composed of a support and query set
denoted by D, Dg, and the task is to learn a set of base parameters © such that the model can quickly
adapt to the query set from the support set by adjusting only a few parameters w. For each task, the
task-specific parameter w; is learned from the support set, which is used to update the base parameters
by minimizing the loss over the query set. In standard settings, w, corresponds to the final linear
layer of a neural network [39}40]. Here, we adopt the setup with wy to be the last layer parameters in
the Euclidean space while enforcing © on the Stiefel manifold. The problem of Riemannian meta-
learning is minecse — >y, £(0,w;; DY) s.t. w; = argmin,,, = >/" | £(O, wy; D) 4+ R(wy),
where DY, ’Dg are the support and query sets for task £ and R(-) is a regularizer that ensures strong
convexity of the lower-level problem.

Results. We consider 5-ways 5-shots meta learning over the MinilmageNet dataset [59]] where the
backbone network is a 4-block CNN with the kernel of the first 2 layers constrained to be orthogonal
in terms of the output channel (following [48]]). The kernel size is 3 x 3 and we consider 16 output
channels with a padding of 1. Each convolutional block consists of a convolutional layer, followed
by a ReLLU activation, a max-pooling and a batch normalization layer. ©, thus, has the dimension
(16 % 3% 3) x 16 = 144 x 16, which is constrained to the Stiefel manifold.

In Figure we plot the test accuracy averaged for over 200 tasks. We compare RHGD with an
extrinsic update baseline PHGD, which projects the update from the Euclidean space to the Stiefel
manifold at every iteration. We observe the RHGD converges faster compared to the extrinsic update
PHGD, thereby showing the benefit of the Riemannian modeling.

4.4 Unsupervised domain adaptation

Given two marginals € R, v € R™ with equal total mass, i.e., u'1, = v'1,, = 1 where
we assume unit mass without loss of generality. Let II(u,v) == {T € R**™ . T > 0,T'1,, =



p, T 71, = v} be the set of doubly stochastic matrices with strictly positive entries. From [15}57],
it is known that the set forms a Riemannian manifold with the Fisher metric.

Given a supervised source dataset X € R™*? and an unsupervised target dataset Y € R™*¢
(n,m > d), we consider the unsupervised domain adaptation problem to classify target domain
instances. Using the optimal transport framework [58, [12]], we pose this as a bilevel problem:

minFEH(uJJ) <F7 C(XM*71/2a YM*71/2)> - )‘H(F)a 3)
s.t. M* = arg minygege adist®(M, X7 X) + (1 — a)dist*(M, Y 'T'TY),

where H(T') = —(T',logT) is the entropy regularization, C(X,Y) = diag(XX )1, +
1,diag(YY ") —2XY T is the pairwise squared distance matrix, and IT denotes the doubly stochastic
manifold [15]. Here, dist is the geodesic distance between SPD matrices and o € [0, 1].

The lower-level problem in (3)) finds M* which is the weighted geometric mean between X ' X and
Y 'T''TY [6]. Conceptually, learning of M allows to align the features of the source and target
instances. The upper-level problem, on the other hand, minimizes the Mahalanobis distance between
the source and target domain instances parameterized by M*~*. An interpretation is that the matrix

M* leads to whitening of the data (i.e., XM* /2 is the whitened data) [3].

After the transport plan I'* is learned, we employ barycentric projection using I'* to transport the
source points to the target domain and and employ the nearest neighbour (1-NN) classifier for the
target dataset classification . For barycentric projection, we project the source samples X to the target

Y by solving x; = argmin, cga Yoy Tfj[[M* /2%, — M=~V 2y, |12 = 1 (S0, T yy).

Then, a nearest-neighbour (NN) classifier is used to classify the samples in the target given the source
labels based on the distance computed with M*, i.e., C(XM*_l/Q, YM*_l/Q).

Results. We consider the Caltech-Office dataset [20], which is commonly used for domain adaptation.
The dataset contains images from four domains in ten classes, i.e., Amazon (A), the Caltech image
dataset (C), DSLR (D), and Webcam (W), each with containing 958, 1123, 157, and 295 samples
respectively. Hence, there are 12 domain adaptation tasks, e.g., A—D implies A is the source and D
is the target. Each domain has the same ten classes. The goal is to classify images from target domain
given source domain. For preprocessing, we normalize the samples to have unit norm and reduce the
dimensionality to 128 by mean pooling every 64 columns.

We compare our proposed bilevel approach (3) with single-level optimal transport baselines, i.e., solv-
ing minpery(p,) (T, C(X,Y)) — XH(T'), followed by the same barycentric projection. Specifically,
the baselines are: (1) optimal transport where A = 0 (labelled as OT-EMD) and (2) optimal transport
with the Sinkhorn algorithm (labelled as OT-SKH). OT-EMD employs the earth mover distance while
OT-SKH employs the Sinkhorn distance [13]]. We implement the two OT baselines with the POT
Python library [[17]]. X is tuned in OT-SKH for each source-target pair. The best validation results
are obtained by setting A = 5 x 103 for all the problem pairs except the W—D pair for which
A\ = 1072 gives the best result. For our proposed bilevel approach, we set A = 0 and o = 0.5.

In Table[2] we observe that the proposed bilevel approach obtains better generalization performance
than the baselines across all the tasks. This showcases the utility of learning the whitening metric
M~ in a bilevel setting.

5 Conclusion

In this work, we have proposed a framework for tackling bilevel optimization over Riemannian mani-
folds. We discussed various hypergradient approximation strategies (conjugate gradients, truncated
Neumann series, and automatic differentiation) and provide error bounds. Our proposed algorithms
rely only on gradient updates and make use of retraction which scale well across problems. We
illustrate the efficacy of the proposal approach in several machine learning applications.

Although in this work, we focus on geodesic strongly convex lower-level problems, our framework
can be extended to relax such assumption to (geodesic) convexity with an extra strongly convex
regularizer [2]], or to (Riemannian) PL condition where a global minimizer exists [9]. Furthermore, we
believe there is potential to improve the current results in stochastic bilevel optimization by reducing
the strict requirements on batch size. Additionally, the dependency on the curvature constant could
also be further optimized.
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Appendix

A Riemannian geometries of considered manifolds

Symmetric positive definite (SPD) manifold. The SPD manifold of size d is denoted as S‘i L=
{X € R4 : XT = X, X > 0} and the commonly considered Riemannian metric is the affine-
invariant metric (U, V)x = tr(X~'UX~!V) [6], for U,V € TxS%_ . Other Riemannian metrics,
such as (generalized) Bures-Wasserstein 55, 24], log-Euclidean [4] and log-Cholesky [51]] metrics
can also be considered. The exponential map is given by Expx (U) = Xexpm(X~1U) where
expm(-) denotes the principal matrix exponential. The corresponding logarithm map is given by
logx (Y) = Xlogm(X~'Y). Its Riemannian gradient of a real-valued function f is derived as
gradf(X) = XV f(X)X and the Riemannian Hessian is Hessf(X)[U] = Dgradf(X)[U] —
{UX 1gradf(X)}s = XV2f(X)[U]X + {UVf(X)X}s where we use {A}s == (A +AT)/2.
Stiefel manifold. The Stiefel manifold is the set of orthonormal matrices, i.e., St(d,r) = {X €
R?*" : X TX = I}. A common Riemannian metric is the Euclidean inner product. We consider the
QR-based retraction in the experiment, which is Retrx (U) = qf (X + U) where qf(-) extracts the
Q-factor from the QR decomposition. Let the orthogonal projection to the tangent space be denoted

as Px(U) = U — X{X "U}s. Then, the Riemannian gradient and Riemannian Hessian are given
by grad f(X) = Px(V /(X)) and Hess f(X)[U] = Px (V2/(X)[U] - U{XVf(X)}s).

Doubly stochastic manifold. The doubly stochastic manifold (or coupling manifold) between two
discrete probability measures p, v with marginals a € R™, b € R" is the set II(u,v) = {T' €
R™x™ : T'y; > 0,I'L, = a, I'"1,, = b}. It can be equipped with the Fisher information metric,
defined as (U, V)r = >_, .(U;;Vi;) /Ty for any U,V € TrIl(p,v). The retraction is given by
Retrp(U) = Sinkhorn(T' ® exp(U @ T')) where exp, ®, © are elementwise exponential, product,
and division operations. Sinkhorn(-) represents the Sinkhorn-Knopp iterations for balancing a matrix
[43].

B Important Lemmas

Proposition 2 ([8])). In a totally normal neighbourhood U C M, a function f : U — R is p-geodesic
strongly convex, then it satisfies for all x,y € U

J(4) = F() + (gradf (@), Exp; ' (9)e + Sd(x.y).

If a function f has L-Lipschitz Riemannian gradient, then it satisfies for all z,y € U

_ L
F(y) < f(@) + (gradf (@), Bxp, ' () + 5 d(@,1).
Lemma 2 ([63, 26]]). There exists a constant Cy > 0 such that for any y.,y2,y3 € Uy, u € T,;, M,
[T402u — DYsull < Cod(yr, y2)d(ya, ys) [|ully,

Lemma 3 (Trigonometric distance bound [72, (71, 28]). Let x4, xp, 2. € U C M and denote
a=d(xp, ), b =d(ze,x.) and ¢ = d(x,, zp) as the geodesic side lengths. Then,

a? < Cbz +c% - 2<EXP;,,,1 (w), EXP;,,,I (7¢))z,

where ( = lmlDlD) ifk~ <0and ¢ = 1if k= > 0. Here, D denotes the diameter of U and

tanh(y/ |k~
K~ denotes the lower bound of the sectional curvature of U.

C Proofs for Section 3.1

C.1 Proof of Proposition

Proof of Proposition[l] By the first-order optimality condition, y*(z) satisfies G, g(z, y*(z)) =0 €
T+ (2)My. Based on Theorem 5 in [25], taking the (implicit) derivative of the equality with respect
to z yields Gz, g(x, y*(x))[u] + Hyg(x,y* (x))[Dy*(x)[u]] = 0 for any u € T, M,. This gives
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Dy*(x) = —H, 'g(x,y*(x)) 0 G2, 9(x,y* (x)). Notice that Dy*(z) : Tu My — Ty () My (), its
adjoint operator (Dy*(x))" is derived as follows. For any u € Ty Mg, v € Ty ()M,

(Dy* (@) '[e], w)e = Dy (@)[u), v)ye @) = (M, 9@,y (2)) © Grog(w, y" (@))) [, )

y*(z)
~(Gpo9(w,y" (@) [u], Hy g, y*(x))[v]>y o
_<(g§yg($’y*(x)) OH 9(55 y*( ) u>

where the first equality uses the definition of adjoint operator and the third equality is due to

the self—adjomtneSS of Riemannian Hessian (inverse) and the last equality is due to Proposition
D.2 in [27] that G2, g and G g are adjoint operators. By identification, we have (Dy* (x))f =

—G2,9(x,y*(x) o Hy tg(w, y* ().

Finally by the chain rule, we obtain (from the definition of Riemannian gradient), for any v € T, M,

(GF(2), u)e = (Guf (2, y" (2)), u)e + Dy f(z, y" (2)) [Dy" () [u]]
= (Guf (2,57 (x)), w)e + (Gyf (2, y"(2)), Dy" (x)[ul)y
= (Gof (2, y"(2)), u)e + (Dy* ()G, f (2, 5" (2)), u)a
= (Guf(2,y"(2)) = Goyg(a,y" () My g(w, y" ()G f (2, y" ()], )
By identification the proof is complete. O

C.2  On Lipschitzness of gradients

Proposition 3. If a bifunction f(x,y) has L-Lipschitz Riemannian gradient, then it satisfies
G f(21)—T2G f(22)|2, <2Ld(21,22), where we let z = (x,y). If an operator G(x,y) : Ty M, —
T, M is p-Lipschitz, then it satisfies ||G(z1) — leg(zg)ry lzy < pd(z1,22). If an operator
H(z,y) : TyMy — Ty M, is p-Lipschitz, then it satisfies ||’H(21) LV H(22)TY2 |y, < pd(z1, 22).

Proof of Proposition[3] From the definition of Riemannian gradient of product manifold we have

1Gf(21) =T2Gf (22)llz = 9 f (w1, 91) — L33 Ga f (22, 42) lay + 19y f (21, 91) = T0Gy f (2, 52) 14
<|Gaf(z1,91) = Guf (w1, Y2) ey + G f (21, y2) — TG0 f (22, 92) |y

Gy f(191) = Gy f (@2, y1)llys + Gy f (w2, 91) = TG f 2, 42) |

< Ld(y1,y2) + Ld(z1, 22) + Ld(z1,22) + Ld(y1,y2) = 2Ld(z1, 22)

where we use triangle inequality of Riemannian norm.

Similarly, for the other two claims, we verify

1G(21) = T52G(22) 032 |2, = 1G(21,91) — G201, y2) T 2y + |G (21, 92) L5 — T21G (22, y2)T52 ||,
< pd(y1,y2) + pd(x1,2) = pd(21, 22).

The same arguments also hold for #(x, y) and hence the proof is omitted. O

C.3 Boundedness of ingredients
Lemma 4. Under Assumptions[I} 2} 3 we can show

A1 G290z, y)lly = 1G2,9(x,y)|l. < L holds for any (x,y) € Uy x Uy,.

B2 Dy (2)lly- () < %1 and [Dy* (1) — T, (1) Dy* (wa) 122
T,T1, T2 € Uy, where we let L, := Hl Kp + 2Kk, + Kp.
3 d(y*(x1),y" (x2)) < mid(21, 22), for any x1, 22 € Uy

M4 Forany x,x1, 22 € Uy, y,y1,Y2 € Uy,

— _ K
HFQZﬁHy 1g(a:,y1)Fz7j; _Hy lg(xayQ)Hy’z < Ipd(ylva)’

v (ar) < Lyd(w1, 22), for any

K
1 g(z1,y) — H  g(m2,y)lly < de(xlva)'
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H5 Let Ly = (Iﬂ—i-l) <L+l“6pM+:‘$leM+l€lL). Then for any 1,22 € Uy, |T22GF (21) —
GF(22)|x, < Lpd(x1,22).

Proof of Lemmad] (@) First we have for any v € T, M,

G:9(z, Exp,(tv)) — Gug(z,y)ll= . Lt
192, 0. )l = 1D, Gagte el < g A BN Z 6ot 80N Oy,

where we use the fact that d(Exp, (€), y) = [|€]|,,. The operator norm is the same between G2, g(,y)
and gjw g(z,y) is due to the adjointness. This proves the first claim.

[@2) We first verify Dy* (x) can be bounded as

IDy* (@)= @) = 1My 9(2, 5" (@) |y ) 1G9 (2, y* ()
and Dy*(x) is also Lipschitz as
IDy* (1) = T2 (71 Dy (@)1 [y (o)
< |y g,y (20) = TL D H T g, 5™ (22)) T ) e o) 1920 (21, 57 (1)

+ 1 H, g2, y* (22)) ]2, T Eﬁf Gopg(@1,y" (21)) = Gopg(@a, y* (22))T52
< LIH, Yg(z1, y* (21)) — Hy ' g(xa, " (21))

9

=

y* (@) <

*(z1)

*(w2)

yon) F LHH’lg(xz, Y (1) = TV H g (2, 5% (22)) DY 02 [y (o)

fugyzgm, *(21)) = G20g(@2, y* (@)D |y () + ||ry (G2, 9(w2, 5" (1)) = G2,0(w2, 4" (22)) |y (o)
L L
< (@1, 22) + ZLa(y* (1), y7 (w2)) + Ld(a1, 22) + Ld(y* (1), y" (22))
Iz 7 7 Iz
Lsp 2Lp »p
< (7;;'+'7;?'+'u)d(xlax2)

(@3) Now suppose we let ¢ : [0, 1] — M, defined as c(t) := y*(y(t)) where v : [0,1] — M, isa
geodesic that connects x1, x9, i.e., 7(0) = x1,y(1) = x2. Then

1 1
Ay (1), 5" () = / 1 () ooyt = / IIDy*(v(t))h’(t)}Hc(t)dtS% / ||v'<t>||w>dt:gd@cl,m),

where we use the fact that the manifold is complete.

(EEP For the second claim, we first notlce for any (invertible) linear operators A, B, A=t — B~! =
A=YB — A)B~!and thus ||[A~! — B7Y|| < [|[A7Y|||A — B||||B~|| for some ‘well-defined norm
Il 1. Here substituting A=TrH,g(z, yl)l“yz, B = H,g(z,y2), we have

IT%2 gz, y) T8 — Hy (@, y2) Ly,

=11, g(z, 1) lys T2 Hyg(z, y1)TY — Hyg(@,y2) s 17, 9(2, y2) Ly,
0

f; ;;5‘1(y17 yQ)a

where we notice (T2, (z, y1)TY) ™" = T¥2H,(z,y1)"'T'%: and use the isometry property of
parallel transport. The same argument applies for |H ™ g(z1,y) — H ™ g(x2,y)]|y-

@3) we have

IT22GF (1) — GF (22) |,

< 022G, f(a1,y"(21)) = G f (22,47 (22)) |z
+||Fw2g2yg<:c1, Y (1)) — G2,9(x2, 4" (22)) 02 Loy 1y 9,y (@0)) - o) |Gy F (21, 47 (@)l (o)
+ 162,92,y (22)) |2, [T 22 Hy g (1, 57 (21) = Hy 9@, 5 (@) T 3y (00 |G f (1, 47 (21))
+ 192,92,y (22)) |2, [Hy 9@,y (@2)) |y 0 T2 (22 Gy (21,7 (21)) = Gy f (2, Y7 (2)

*(z1)

y*(z2)"
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From Assumption 2] [3|and Lemma4] we can obtain

I3 G f (21, 4" (21)) = G f (22, 4" (2)) |
SNGef (21,97 (1) = Guf (21, 5™ (2) oy + (IT53 G f (21, y7 (22)) = G f (22, y" (22)) |

< Ld(y* (1), y" (22)) + Ld(z1,05) = (% 4 L)d(a1, z2).

P26, (w1, y* (21)) — Gy f (w2, 4" (22)) -
< |[0VE2G, f w1, y* (1)) — Gy f (w1, 97 (22))

2

< (%+L)d(th2).

Similarly, we have
02262 g1, y* (1)) — G2, 9(w2, y* (22) )TV (22 |,
< [192,9(x1, 5" (21)) = G2, 9(0, y (@)L |, + [T52G2, g(wr, 5" (2)) — G2, 9(w2, ¥ (22)) s

L
< (% + p)d(z1,x2)

)

f(@1,y (22)) = Gy f (22, 4™ (22)) = (22)

and
TV, g @y (1) = Hy g ™ (@2))T% 02 |y o)
< Iy gl () = Hy g, " @)y oy + IV )M g, 7 ()T — Hy gy (22))

p , pL
< (E + E)d(xlﬁcz)-

Combining all the results together, we can show

y*(z2)

L2

L M L L, L?
IPE2GF (1) = GF )y < (S + L (O 4 p) o+ LM (4

+ 2y 2 (= L))d(wl,xg)

P [T
M LM L?
L L Iu)d<xlam2)7

L
=(—+1)(L
(& +2)(
which completes the proof. O

C.4 On strong convexity of the lower-level problem

Lemma 5 (Convergence under strong convexity). Under Assumptions|]] I I I suppose 1y < 7z,

where ( > 1 is a curvature constant defined in Lemma |3 I then we have d*(yi™, y* (1)) <
(1 +myCL? = nyp)d® (i, y* (zx)).

Proof of Lemma[5] We apply the trigonometric distance bound from Lemma [3]to obtain

Py y" (@) < Eyioy* (@) + ¢ Gyg (on, yi) I3
< P (yi,y* () + 1G9 (s w7
o+ 20 (9, " (o0)) — 9w, 03) — S (i v (@)
< (14 n2CL2 = ny)d®(yi, y™ (zx)),
where the second inequality is due to geodesic strong convexity and the third inequality is due to

1G9 v)II2: = 1Gyg(an,vp) — T, Guo s, (@)l < L2d?(y}, y* (w1)) and the fact
that y*(xy) is optlmal Here, we require 1, < L2< in order for 1 + 7 200% —nyp < 1. O

s + 277y<gy9($k:7 Yr)s EXPy (mk»yi
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C.5 Proof of Lemmalll

Proof of Lemmall] Hessian inverse: for the Hessian inverse approximation, we let

Gf(@,y) = Guf(x,y) — G2 9(x,y) [Hy,  9(z, )Gy f (,)].

It can be seen that GF' (z) = Gf(xk,y™(zx)) and Q\hinvF(ask) = Gf(xk,Yry1). Then for any
r € Uz, y1,y2 € Uy, we have

1Gf(z,31) = Gf (@, 92)

<NGef (1) — Gof (2, y2)le + G2, 9(x y1) — Gayg(@, y2) L2 1Ky, g (@, y1) 1y, |Gy f (2, y1) Iy
+11GZ,9(z, y2) I ITE2Hy g (2, 51)[Gy f (2, 31)) — H ™ g(@, y2)[Gy f (2, y2)] lys

pM _ -
< (L+ f)d(yh v2) + LITYH, g( ) — Hy (2, y2) 0 o, Gy f (2, 91) ly

+LIH, gl y2) Iy I Gy f (2, 91) — Gy f (2. 92) s
M+ L* LM
<(L+ P + Qp)d(yl,yz),
[ 7

where we use Assumption 2] B]and Lemmald]
Conjugate gradient: we let v = H, ' g(xy, y*(xx))[Gy f (zx, y* (21))] € Ty (4,,) M, and let 0} =
’Hy’lg(xk, Yr+1) Gy f 2k, Yry1)] € Ty, ., M. We first bound

1Geg F' (k) = GF (k)2

<G f (ks Y1) — Gu f (T, y* (1)) 2y, + IIQxyg(Ik,ka)HzJWk | oo |

+ ngyg(xka y* (J}k;)) - gazyg(xk’ yk+1)ryk+l y*(rk)

< Ld(y* (wx) yesr) + LIOE = T30 vkl +pd(y” (2x), yasn)

()

< (L + /pr)d(y*(xk), Ye+1) + L||v,C |

y*(zk) k”yk+17

y* (zk)

where [|v} ||+ (z,) < M/ . From standard convergence result eq. 6.19 in [8]], we have

I = 60, o () i =
This leads to
05 = Tote Vi llunen )
< = s + T 28 = s
< 2R ) 8 = 0l + IS = 5
<avm(Vay) I =Tt i, + (1 20 (Y ) IO i = il

1 Mk
< 2R ) 8 = Tl + (14 208) (5 22)d07 @), i), 9

where in the last inequality, we use the definition of v} and 9;, and the Lipschitzness assumptions.
Combining the results yield the desired result.

Neumann series: let Hy(y) = v Z;TF:_Ol (id — vHy9(zk,y))". Then we can bound
1Gus F (x1) = GF ()l
< Ld(y* (k) Yr+1)

162,90 Y o [ Hie(yrn) = Tor o Hy 9@ y™ @), T e 16y f (@rs i) s

+ 162, 9(@r, Yt ) Lo | Hy g (@n y* () - v TG, f(@r k1) — Gy f (@h,y” (21))

y*(zk)
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+ 162,09, yres1) = Gayg (@, v @)U 5 o 11y 9@, 5™ @)y o |G f (247 (1)
< (L4 mL+ myM)d(y* (1) yesr) + LM Hi(yrn) = D00 M glan, v ()T, )

y* (Ik Yk+1 ”yk+1

y* (zk)

‘We now bound

[k (yreir) = D0y g rs y™ ()T, )y

Yk+1

< ||7/—Zk(yk+1)_Hy 9@k, Yk ) gy + 1Hy  g(@n, yrgr) — T2 M g, y™ (z))TY, 2

y* (k) Yht1 ”yk+1
0o . . K §
< v D G = vHyg (@, ye1)) s + fd(y (Tk), Yr+1)
=T
(="
o

where we use the lower bound on H, g(z, yx+1). Substituting the results back the bound yields the
desired result.

K *
S +;pd(y (xk)vyk-‘rl)v

Automatic differentiation: Given y,‘zﬂ = EXpyi (—1yGy9(zk, y3)), we can show its differential is
Dy, i = Pevt (D ¥k — 1y Gya9(@n, ui) — 0y Hyg (@, y2) Dy yi) + E;
= Pye+r ((id = 0y Hyg (@, 7)) Da Ui — 1y Gyag(@n, i) + EX
where

1€

gt < OsllGd = myHyg (2, y0)) Doy Uk = 1y Gyad (@ u) g Gy f (@ )l
<npCs((1 = ny)Cr + 0y L) 1Gy f (e, y3) g

In addition, we notice Goa F(z) = Gu f (1, y5) + (Day v ) 1[Gy f (2, 5 )] and we can bound

|Gaa F () = GF (k) 2,

< N1Gaf (@ 97) = Gof @iy @) o, + (D) = Dy @ DTS 101Gy (@ w5

+ [|Day y* (1) VG, f@r, i) = Gof @y (@0)llye o)

S
2

< (L + L) (1 + ¢ L? = myp) 2 d(y* (er), vp) + MIIFy’“ () Doy (@%) = Dy s ©)

where the second inequality uses Lemmaf[2] Then we bound

ystt * S
||1";’“($k)D WY (@) = Doy ™

vt

< |T% o D (@) — Py ((d = 1y Hy g @i, 1) Dy ] — 1, G209, )
+m,Cs (1= ny)Cy + my L) |Gy f (e, y) [l

= HF‘Z’“(% (Da, v (z1) + nyHyg(@r, y* (2x)) Doy y* (k) JFUijxg(Ik,y*(iEk)))
= Py ((id = 1y My g (2, 52)) Da 7] = 1G5 9 (285 0)) [ o
+1,C3((1L = nyp)Cy + ny L) |Gy f (@, yi) |1y

s+1
e

= HFymF‘;”‘ (m( o (@k) = My Hyg(@r, v (21)) Dy (1) — 1y G (wh, y* (21)))

— TV Py (i = 1y Myg (e, 9D ] = 1y G a9 i) |,
+ 77y03((1 — 1y )C1 + 1y L) |Gy f (2, y3) lly:
< |[T% .. (i — 1y Hyg(ons 57 (@) Dy ()] — 1y T . G,y (o)
= ((d = nyHyg (i, y)) Dy vi] = 1yGat (@i yi)) [l + 01y C2 +15Cs) (1 = my)Cr + 0y L) Gy f (@ i)y

= P2, d = g (@, v @) Dayy* (i) = T Da, ]
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1y (Mg s ) = T2 o P sy (@)U ) D) + 1y G20 ons ) — Tk Gog sy (o))
+ (myC2 +15C3) (1 = myp) Cr + 0y L) |Gy f (1, i) |l
< (1= ny) 0%, Da ™ (2x) = D vz + 1y (1 + Dpd(yi, v (1))
+ (nyCa + 1, C3) (1 = nyp)Cy + my L) 1Gy f (e, y3) 1y
< (1= )T . Day™(21) = Dayyillyg + my (s + V(L +02CL* = )3yl y* (1))
+ 1y (Ca + 0y C3) (1 = my)C1 + 1y L)1y f (@, vl
< (1= nym)|T% ., Da, v (k) — Day il
+ny ((ffz +1)p + (Co + 1y C3) L((1 = nyp)Cr + nyL)) (14 myCL? = nyp)2d(y), y* (z1)),

where the first equality uses the expression of D, y*(zx) (Proposition . The second last in-
equality follows from Lemma [5] and the last inequality is due to the smoothness of Riemannian

Yi

gradient and Lemma ie, [|Gyf(xr, yi)lly: = ||]-—‘Z}i(zk)gyf(xkvy*(xk)) = Gy f (@, y)lly; <
La(y;,y* (x1)) < L(1+n5¢L? —nyp) 2d(y, y* (wr)).
Finally, applying the bound recursively, we obtain
S 0
ITYE (o Dart™ (@) = Dy lys < (1= my) T35 . D™ (k) = Dy iy
S-1
0y C > (1= ) (14 n2C L2 = myp) 2d(y), y* ()
s=0
_s5-1
< k(1= my)® +0yC Y (L4 m2CL% = nyp) = 2d(yR, y* (w1))
s=0

S—1

C (1+ 77§CL2 — Nyht) 2
1
L= (14 n2¢L? —nyp)2

d(yR,y* (xr))

s-1 .
< w1 —nyp)® + (L4 mpCL? = myp) ™7 d(y, y* (),

20
= nyCL?
where we let C == (k; + 1)p + (Co + nyC3)L((1 — nyp)Cy + ny L) and we note that D, yf) = 0.
Combining the above result with (6)) gives

1Gaa F(x) — GF ()|,

< (L + Lig)(1+ ng¢L? = nyp)

S
2

S
d(y* (1), ) + MY . Doy (21) = Doyl

2MC s-1 *
= (72 +L(1+ fﬁz)>(1 +mpCL? = myp) 7 d(ye, y* (k) + Me(1—nyp)®,
= nyCL
where we use the fact that 1 + n2¢L? — n,p < 1. O

C.6 Proof of Theorem/[I]

Proof of Theorem[I] By smoothness of F(z) (Lemmafd[5), we have

~ 2L ~

<~ (% = n2Le)GF @I, + (5 +n2Le)|GF (x1) = GF (x)|12,. (7)
Now we consider the different hypergradient estimator separately.

1. Hessian inverse: Let Chiny = L + £,M + kL + x5, M.

IGF (@) = Guiny F (@) 13, < Chined® (0" (@), yrs1) < Chiny (14 15CL” = mypt) S (y* (), Z(/éc))
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where we notice Y41 = y,f and apply Lemma Furthermore,
& (yx, y* (x1))
< 2d%(y_1,y* (x1-1)) + 24°(y" (21), y* (21-1))
<2(1+niCL? - yi) d? (y* (2r—1), Yk—1) + 20257 | Gniny F (zx-1) |12,
<201+ U@%CLQ - nyU)SdQ(y*(Ik—l)v Ye-1) + 40267 || Guinv F (r—1) — GF (xr—1) |2, _,
<2(1+ nyCLQ - nyu)sd (" (k1) Y1) + 0367 Oty (14 12 C L — iy ) S d? (Y™ (2h-1), Y1)
+AzRGF (@113,
= 2(1+ 203 K7 Ciiny (L + 5 CL? = myp) S (" (21-1), Y1) +ANZREIIGF (=) 12, _, )
where we apply Lemma [5|and [3]in the second inequality.
Construct a Lyapunov function Ry, := F(xy) + d?(yk, y*(zx)). Then,
Ri1 — R = Fpi1) — Fai) + (d*(Yes1, ¥ (Tr41)) — & (g, v (1))
< —(F = 2Le)IGF @I, + (5 + n2Le)IGF (@x) = G F (@)1,
+ (@ + 2R CRu )1+ L2 = ) = 1) d(y" (wr), ) + 4n2kE|GF () 12, )
N
<-(5-n ML — 40367 |G F (2r)]I3,
+ (( + C'hlnv + nmLF) + 477§HZ2C}2IIHV)(]‘ + 77734112 - nyN)S - 1>d2(y* (xk), yk)
N
57—5%LFMGF@mm
(24 Gl (% 4+ 52L0) (1 n2CL2 = 1) = 1) (" (), )

where we combine (7) and (9) in the first inequality and use 7 < Lp in the third inequality. Now

< —(

setting 1, = ﬁ, we can simplify the inequality as
3CHinw 272 s 2/,
Rit1— Ry < —&)THQF(CE/C)” ((2 + m)(l +myCL" = nyp)” — 1)d (" (zr), yr)
< F
< - IoF @R,

where we choose S > log(m)/ log(1 + n2¢L? — nyp) = é(nfg“) for the last inequality.

Summing over k = 0, ... K — 1 yields

Kz_:l oFeole, < Wirto=Re) S0Lrd
which suggests ming—o ... x—1 ”gF(fck)sz < 80LFA0
2. Conjugate gradient: Let Cog = L + rk,M + L(1 + 2\/r;) (
IGF (1) = GesF (w12,

<902 (1+ 2([/2_ )SdQ( *( ) )—|—8L2 \/R»l—l 2T||A0 Fyk+1 *”2 (10)
S 20 My My Y \Tk)> Yk ki VR +1 y* (ex) Yk llypgr

where it follows from Lemma|[I]and Lemma|[5] Then following similar analysis as in Hessian inverse
case

& (Yrr1, Y (2r41)) < 200+ 2CL2 — ) d2(y* (x1), i) + 40267 | Geg F (xr) — GF (x1) |12,

M
:” ) Then we can show
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+ An2K7||GF ()12,
< (24 8n2K7C2) (1 + n2CL? — nyp) d* (y* (z1), yk)

1o, .
T 322k ?L%ﬁﬂ) J60 = TV i, + 42k GP (@),

(11)

g N0 YR+ AT Yk+1 _ 5T Yk Yk+1
Further, noticing 99 = I'y; '] |, we bound |29 — Ly Villyess = 10—y = Th T2, Ukl
as

” sz-{;k)vk”ykﬂ

X . MCyD .
< ||UIT;—1 - in(rk)vk”yk + 1 Ad(Yrt1,y" (1))
X . MCyD .
< loi-, = V1l — Ty o | e k71Hyk + d(Yr+1,y" (k)
. . e MCyD
<NoF s =T otk lle o AT

(dy, y* (z1)) + d(Yr+1, " (1))

<o (V) o, — v

Mk, N
l \/I{il-i- 1 y* (Tp— 1)Uk:—1||yk + (1 + v Hl)(‘%l + L )d(y (xk—l)vyk)
2MCyD
+ ‘ Fy “(wk) CO

R Td(ymy*(wk))
-1
<2ym(YE s, — o

* S
\/I“Tl‘i‘ 1 y* (Tr—1) vk—l“yk + 2\/5( )(1 + UyCLQ - nyﬂ) 2 d( (zk—1)7yk—1)
v 2MCyD i
+ [lo = Ty ok ally, + Td(ykvy (k) (12)

where we use Lemma|2| in the first and third inequalities. The second last inequality follows from ()
and d(yk+1,y" (zr)) < d(yk, y* (x)). The last inequality follows from Lemmal[5|and x; > 1. Now
we bound

H'UI: Fy “(zk)

*(@h— 1)

= (|1 9w ™ (@0)) Gy f (o ()] = T8 H g (g 1,y(xk_m[gyf(xk_l,y*(azk_lm
< M||Hy gk, y* (zr) — T

(oo )y gk, v (r-1))T

y*(zk)

(xk) *(2k)
4T VG, o1, (00) = G (1108 D o
< MM, gz, y* (zn) — Hy ' g(zn—1,y" (xk))

+M|\Hflg(xk_1, “(an) = T M g(an,y (eper))T 55

y*(xk) ||y*($k)
Hry ATSIGy @y (@) = Gy F (@ y* (251))

y* (zr-1)

ngy (o, ¥ (h-1)) = Gy f @h—1, ¥ (@r=1)) Iy (1)

M M
< Tpd(kak—ﬂ =5

L L
Prid(zy, wp—1) + ;sz(l’k, Tp—1) + ;d(zk7 Tp_1)

= 1,Cy)|Geg F (21-1) — GF (xh—1) o, + 1oCollGF (@r—1)|lap_,

where we let O, = 2~

13)

+ MEeft 4 42 + k). Combining (T3) and (T2), we obtain

Y
” Fyk-(:k) k||yk+1

< 20k, (?H)

||Uk 1 y (wk,l)vii_lllf,k + 205 (

K *
PY2(1+m2¢L? — ) d(y* (2-1), Ye—1)
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5M2C3D?

+ 502 C2||Geg F (w-1) — GF (wr—) |2, | + 52 C2IGF (ze—1)|2, | + ——2—d*(yr. y" ().
(14)
Now we define a Lyapunov function Ry, := F(xy) + d*(yk, y* (z1)) + [|0) — Ty= (2 vill5, ., - Then
Ri11— Ry
= (F(xr41) = F(2r)) + (€ (yrs1, ¥ (wr11)) — & (yr, y* (1))
~0 * 2 ~0 * (|2
+ (I10hgr = in?jk+l)vk+1||yk+2 —llog = Tyetryvillye.s)
nI nil? ~ * *
<= (G —mLe)lIGF @)z, + (5 +meLr)IGF () = GeaF (i) 2, + & (Wrs1, v (@ri1)) — & (ye, y" (21)
K] — 1 2T N 1 * Mk *
+ (20/4:1(\/;+ 1) - 1) [ = T o vkl s, + 20mi (ke + =) (1 + 1y ¢ L% — ny) d? (y* (1), yx)

224 2 2 2 2 5M2C3D2 2 *
+ 57’]mcv||gch(.fL'k) - gF(xk)Hwk + 577wcv||gF(mk)”$k + Td (yk+17y (karl))

2

v;:”ykJrl

(5 —iLe =S O IGF @)}, + (5 + 2 Le + SECY)IGF (r) ~ Geg F (02,
+ (5]\/[2;;3D2 + 1)d2(yk+17y*($k+l)) + (2051(:%1 + M:p)z(l +CLY = nyp)® — 1)d2(y*($k)’ Yk)
+ (zom(\/fi; 1)2T — 1) l|of — Fz’:gk)v;ﬁﬂim
<~ (% = izre - 502 — 4zt B ) jgr i e,
+ (5 4 n2Lr + 5O GF (21) = Geg F ()2,
(PG 1) (24 82w 4 20w o+ 2L02)) 1 20T = ) = 1), (00)
N ((32772&&2(5]‘426;352 +1) + 20m,) (\/‘/::ijr 1)” - 1) o — T Rz,
< (% =620 I9F @O, + (5 +6n2A) |9F (@) = Geg F(ae) |2,
(R 1) 2o R C2) 4 20m o+ 2 °) (4237 — ) = 1) o)
+ (o2t YD 4 1) 4a0m) (VLD 1) o e, ok
<~ oz 107 @, + (222 PP 1y a0+ B (IS - )iag - T,
sM202D2 Mk, .2 CZ
(2 0@+ 82eEC2) + 20w (s + = 70)" + 358) (L 3D = my)® = 1) (v (o)
< — oGP @I,

where we use (7)), (T4) in the first inequality and (TT)) in the second inequality. In the third inequality,
2217”2
we let A == C2 + n%(% + 1) and because Lp = O(x}) and A = O(k}), we can without loss

of generality have Lp < A. We also choose 7, = ﬁ and use (T0) for the fourth inequality. The last
inequality follows by choosing

5M?C2D? Mk ~
S > —log ((720 + 1) (24 8n2k7 C2,) + 20k (ki + p)Q)/log(l +n2CL2 — nyp) = O(k7C)
1 5M2C2D? N
> - 2, 3729 Yol _ )
T> 5 log (32771./@ L*( 2 +1)+ 20/@)/log ( = ) CIeVIN)
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Finally, telescoping the inequality, we obtain

96AR0 96A " .
e Z I9F @)l < = 2 (F@n) + a0,y (20)) + 0513+ )

where we use the fact that 99 = 0 and the isometry property of parallel transport.

3. Truncated Neumann series: Let Cns = L + kL + k,M + kix,M. Here we notice that
Chs = Chinv. Then by Lemmal[T] we see

|Gus F(x) — GF (1) ]2, < 2021 +12CL? — )5 d?(y* (xx), yi) + 263 M3 (1 —yp)?T. (15)

Similar in the previous analysis,

& (Y1, ¥ (@rr1)) < 201+ 02CL2 — ) 5P (y* (2n), yie) + 40263 |Gus F (k) — GF ()12,

+ dnzn | GF (ze)2, (16)
Let the Lyapunov function be Ry, := F(x) + d?(yx, y* (xx)). Then
Ry — Ry
< (5 =~ 2L — 2R GF i) 2, + (% + 2L + 4027 [GF (er) = GusF (@) 2,

(2(1+nyCL2 —ny)® —1)d*(yx,y" (xk))

3C2,
<~ or IOF @R, + (2 4+ 5= ) (1 +nCL = my)® = 1), v* (1)

K M2 (1= yp)*"

n 3
40LF
where we set 1, = ﬁ and apply (T3)) in the second inequality.
Now setting S > log(ﬁigm)/ log(1 4 n2¢L? — nyp) = C:)(/QZQC) and telescoping the results
yields
80LFR() o7 S SOLFRU + E

+ 617 M (1 —yp) T 5

1
LY IGF @I, <

k=
where we set T > — %log(w)/log(l — 1) = O (rlog(1)).

4. Automatic differentiation: Let Cyq = m 271;/[&2 + L(1 4 &;). Then

IGF (1) — GaaF ()|, < 2024(1 + n2CL% — nyp) S~ d? (yk, y* (wr)) + 2Mk3 (1 — 1yp)®S
and similarly
& (Yrr1, ¥ (@rr1)) < 201+ 92CL2 — ) P (y* (2n), yie) + 40263 |Gaa F (1) — GF (1) |12,
+4n2K7||GF ()12,

Let the Lyapunov function be Ry, :== F (%) + d*(yx, y* (x1)). Then

Rivi = B < — (% =2 Le — 4n2ad) IGF @) 2, + (% + 2L+ 4026F) |GF (wr) — Gua F ()2,

+ ((2(1 +mpCL? = myp) Tt — 1)d2(yk,y*(ﬂsk)))

302 2 —1 2 *
< - o IOF @I, + (4 T+ g26L = ) = D,y (1)
3 2.2/ 25
< _ 2 2 . 25
< - oo IGF @R, + oML = )
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where we set 1, = ﬁ and choose S > log M}%/log(l +naCL? —nyp) +1 O (k).

Telescoping the result gives

S80LrR
F0+€

80LR
£ S orene, < 2 a0 < BT ¢

by choosing S > L log( 552 ) log(1 — nyu) = O(x7¢ log(2)). Hence we set S > O(x7¢ log(2))
1

for both conditions to hold. O

C.7 Proof of Corollary/[l]

The computational cost of gradient and Hessian for each method for approximating the hypergradient
are as follows.

Corollary 1. The complexities of reaching an e-stationary solution are
* Hessian inverse: Gy = O(kje™ '), G, = O(kj¢ce™), JVy =O(kje ), HV; = NA.

s Conjugate gradient: Gy = O(k}e™ '), Gy = 6(5?@—1)’ JV, = O(xte™Y), HV,
O(k}5eh).
e Truncated Neumann series: Gy = O(kje1),G, = 6(/{?&*1), JVy = O(k}et),

HV, = 6(,‘6?6—1 log(e™1)).

o Automatic differentiation: Gy = O(r}e'),G, = 5(51546_110g(€_1)),ﬂ/g _
O(k7¢e tog(e™h)), HV, = O(k}Ce 1 log(e™1)).

Proof of Corollary[l] From the convergence established in Theorem[I] we see the iterations in order
to reach e-stationary solution are given by

« (Hessian inverse) K = O(Lpe ') = O(kPe 1), S = O(r20).
* (Conjugate gradient) K = O(Ae™!) = O(kje™1), S = 6(&%{),T = 6(\//?1)
* (Truncated Neumann series) K = O(kPe 1), S = O(k2¢), T = O(r; log(e™1)).

* (Automatic differentiation) K = O(rje 1), S = 5(H%C10g(e*1)).

Then based on Algorithm [T} the gradient complexities are Gy = 2K and Gy = K S and cross-
derivative and Hessian product complexities are JV;, = K, HV, = KT for CG and NS and
JVy = KS, HV, = K S for AD (which we approximate based on the analysis in Lemma I)). We
notice here for the Hessian inverse, because we do not compute Hessian vector product, we write NA
for Hessian vector product based on the Neumann series. This completes the proof. O

D Proofs for Section 3.3

We first show Lemma[d] holds for each f;(x,v), g;(, y). Further, the variance of the estimate can be
bounded as follows. We here use [] to denote all possible derivatives, including z, y, zy, yx.

Lemma 6. UnderAssumption we have for any x,y € U, (I)EHQ[.]fi(z,y)fg[‘]f(x,y)ﬂ[z.] < M2
(2) El|G9:(x,y) — GF9(z, w)|IF) < L ) El[H,  gi(z.y) — H, g, y)ll < p >

For notation, denote the filtration F = {yo, Zo, Y1, %1, --., Tk, Yk+1} and here we let Ej, = E[-| Fx].
With a slight abuse of notation, we further consider F; = {yo, o, y1, 21, ..., Yk, y,b .., y;} and
correspondingly let EY = E[.|F}].
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Lemma 7 (Convergence under strong convexity and stochastic setting). Under stochastic setting and

under the Assumption that g is geodesic strongly convex, we can show Eid?(yi™, y*(z)) <
2 M2

(1 + 52CL2 — nyu)d®(yiy* (20) + "5 and By oyd®(ypgny*(zr) < (1 + n2CL% —

yCM>
My) > d? (yr, y* (xx)) + %ﬁ

Lemma 8. Under Assumption we can bound Ek||§F(xk) — GF(z)]2, < AMPLAOMPwf

[Ba|
8M2k2 | 16M>k? .
B Tl + ‘84\’% +20}21invd2(yk+1,y ((Ek))

D.1 Proofs for the lemmas

Proof of Lemmal6] Here we only prove one and the rest follows exactly. Due to the unbiasedness of
the stochastic estimate, we have

|G fi(z,y) = Gf (2,97 = ENGafilz, )2 = 1G=f (. 912 < E|Gafilz,y)|Z < M?

where we use Assumption [d] O

Proof of Lemmal[7] Similarly from the proof of Lemma@ we take expectation over JF;
ER P (yp+ y ()
< B [d* (42 v (20)) + i CER NGy gm, (s )55 + 20y(Gygs, (wr, 7), Expyly™ (wn))yz
< (Y3, v (x) + 15CER Gy g, (2r,97) — Gyg (@i, i) e + 21| Gyg(zr, wi) 115
+ 20, (Gyg (1, yi ) Bxpye v (21)) o

< (L +1CL% = nyp)d® (g, y™ (xx) + 1 CE,

Z Ek”gygz(xkayk) gyg(xk,yZ) 32;9

1€B1

\B |2
na¢M?
1By|
12

where we use the strong convexity and the fact that E|G,g5, (z,y) — Gyg(z,y)ll;

BEEN Zies, (Gy9i(2,y) = Gya(z. 9))II} = @ Lien, ElGygi(2,y) — Gyg(x,y)| in the third
inequality and Lemma [6]in the last inequality. Further, we telescope the inequality and taking the
expectation E;_; gets

< (14 n2CL? = nyp)d (yp, v (vi)) +

Ex1d?(y, v (zx)) < (1+ 02CL% = nyp)Sd® (yx, y™ () | B | Z (14 myCL? = nyp)®
. nyCM? 1
< (1+npCL? - S (yr, y* (wn)) + ——5 2
where we use the fact that Y251 §* < 1 for0 < 6 < 1. O
Proof of Lemma(8] Recall that GF(xy) = Gof(z,y*(2)) -

G2,9(x,y" (@) [H, g, y" (2))G, f (x,y" (x))]]. Then
Er|GF (1) — GF (zx)||2,
< 2B4[|GF (1) — Guiny F(a0) ||, + 2/|Gniny F (1) — GF (21,)12,
< 2B |GF (w1) — Ghinv F (1) |12, + 20200 (yrs1, ¥ (21)) (17

where the second inequality uses Lemma Now we bound the first term Ekué F(zy) —
Ghinv F (z1)]|2, as follows.

First we bound

ExllHy 95, Tk, yk11) Gy f5, (Tr, yk1)] — Hy  g(@r, v ) Gy f (@, v )
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< 2|y g (s Yri1)[Gy f5 (T k1) — Gy f (@, yrr )],
+ 2B ||(Hy, 98, (Th, 1) — Hy ' 9(@, vk 1)) Gy 8, (e k4 DI
< 2| H,  g(w, yk+1)|‘§k+lEk”gnyg (2k, Yrt1) — Gy f (2K, Z/k+1)||f,k+1

+ 2Bx || M, g, (xk k1) — Hy Pg(an, yk+1)||12/k+1Ek||gyf52 (@, yk+1)||?2/k+1
< 2M2( 1 n 1 )
T op? B (B

where we notice that ||gyf52 (mk’ yk+1)Hyk+1 < @ ZiEBQ ||gyfi('rk7yk7+1)”yk+1 <M.

Hence, we can bound

Eil|GF (1) — Ghine F (k) |12,

8M?, 1 1
< 2B |G [, (ks Yrt1) — Gaof (@, yrt1) |12, +

2 2

+ 4Bk )1GF,9(Th, k1) — Gy 98s (Tr Yk )15, 1My 9@, ks )G f (@ ks D],
2M? 1 1 AM?K?

< + 8M?k} + =)+ ==,

&1 8 (g )+ g

where we use Lemmalf]in the last inequality. Combining (I8) with (T7) yields the desired result. [J

(18)

D.2 Proof of Theorem 2]
Proof of Theorem 2] From the smoothness of F'(x) (i.e., (7)) and taking full expectation we obtain,

N Ui ~
E[F(2k4+1) — F(zy)] < —(3 —oLp)EGF (x5, + ( 2”” + 15 Lp)E|GF (x) — GF (z1)|7,-
Further, we can bound
Ed® (ys1, ¥ (Th+1))

< 2B (ypr1,y" (zx)) + 42KPE|GF (xr) — GF ()2, + 4n2K7E|GF (21) o,
. 2n,CM? 1
< 2(1 4 2CL2 — ) SEd (i, y* (wy)) + —2

= nyGL? By
+4nzRiE|GF (zr) — GF (zp)I7,

where we use Lemma 7]and [8]in the second inequality.

+4n; R E|GF (xp) |,

Next, we construct a Lyapunov function as Ry, := F(zx) + d?(yx, y* (zx)). Then
E[Ry+1 — Ry
<E[F(zr41) — Flax)] + Eld (yry1, " (wr11) — & (yr, y" (21)]

<_ (%—UILF—477 )]EHQF(J?k)Hik + ( 5 +77$LF+477 )]EHQF(xk)_gAF(%k)Hik
e 2,008 1
+ ((2(1 LY = i) — 1B (g, 7 () + 1yCL2 |Bl|>
3 ~
_ 80L ——E|GF(x)|?, + 807LIE[IE;€||QF(xk) — GF(x)|3,]
- O 1
+ ((2(1 iy CL? =) — 1)Ed* (yr, y* (xr)) + [ — 1, CL? |Bll>

3 /4AM? + 16M3k%2  8M32k%2  16M32k? 302,
< _ E F(x 2 ! 1 1 hmvEdQ *
2, (M2 1
2(1 +n2CL? — S _1)Ed? * Sniilh kil —
+ (( (1 +m,¢ Nylt) VEd (i, y* (k) + - |Bl|)
<~ L BP0, + ((2+ ) (1 4 2L — )5 < 1) B,y (@) +
= 80Lp k 40L v v Y
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3 (4M?+16M?k7  8M?k}  16M?2k? 3CE nyCM? 1
+ ( + + ) ( +2) 5 —
SOLF |BQ| |B3‘ |B4| 4OLF M—’I]yCL |81‘
3 4M?+16M2k?  8M?%k?  16MZ%k? 3CE, n,CM? 1
S _— E gF T ( ! + 1 + 1 ) hinv + 9 Y
SOL IGF (@)l tS0Lr |B5 B3] A (4OLF )u —n,CL? | By

where we choose 1, = 20L in the first equality and S > log(ﬁ)/ log(1+n2¢L*—nyp) =

é(li% ) for the last inequality. Telescoping the result gives

K—
80LrR 12M2 + 48 M?2Kk2  24M?2K2 48 M?2K?
k=0

+ +
K |Ba| | B3| |Ba|
nyCM2 1

+ (6CE, + 160Lp) —>——r —

(6Ch )u—nyCLz |B1]
SOLFRO €
< 777 —
- K + 2’

2
+ 640LF)jﬁg7§§fL2 Je =

(ki ), |By| > WMLSTOME _ (12 /e) |By| > ZMEAE — @ (2 fe), |By| > WOMAE
O(k? /e) in the last inequality.

where the last inequality follows from the choice that |B;| > (24C%,

mv

In order to reach e-stationary solution, we require K = O(r7e 1) and thus the (stochastic) gradient
complexity for f is Gy = 2K|Bz| = O(k7e?) and for g is G, = KS|Bi| = O(k)(e™?). The
complexity for cross-derivative is K |Bs| = O(k7e?). O

E Proofs for Section 3.4

Proof of Theorem[3] We first give a complete proof for the Hessian inverse estimator as follows. For
the other estimators, we only provide a proof sketch.

Proof for HINV. (1) First, we derive the convergence under strong convexity using retraction. By
the trigonometric distance bound

Pyt y* (an))

< (yioy* (@) + Ca® (g7, ™) — 2(Bxplyr ™ Exply ™ ()

< Py (@n) + 15CelGyg (s v — 2(Bxpyyp™ — Retr tyeth Expyly™ () y;
+ 20, (Gy g (@h, y2), Bxpy™ ()

< P (yi,y* (er) + 0p¢ell Gyg(er, v7)
+ 2D||Exp;1y,z'~'1 Retr,, SUp

< &y, y* (1)) + mo (CE+ 2Dcg) |Gy g (i, y3)

< (1 +ng(Ce + 2Der) L* — pmy) d? (y3, y* (xr))

Where we use Assumption E] in the second inequality and fourth inequality. We requ1re Ny <

m in order to achieve linear convergence. For simplicity, we let 7 = pn, — 15, 2(¢e+2Dcp).

This leads to d?(y; ', y* (x)) < (1 — 7)d?(y5, y* (1))

o: T 20y(Gug(er, uR), Exply” (an))y;

o T 20y(Gyg(wr, ), Expyly™ (wn)y

(2) Next, we notice the bound on hypergradient approximation error still holds as ||QAhinvF(xk) —
GF(xp)|lz, < Chinvd(y*(xk),yk_lrl), where Chiny = L + k,M + ki L + k;x,M. Further, by
L-smoothness,

F(zg1) — F(xr)

_ L
< <gF(xk)7Eprklxk+1>ivk + ==

5 d* (g, Tpt1)
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~ cLen? ~
< (GF (@0), Expy, wiss = Retr [ wii)a, = 1a(GF (21), GF (@0)), + 5 |GF (w0)]2,
cLr ~
< (@2mMer + SO |GF @) |2, = no(GF (@r), GF (i),
< (4 Mecg + eLp)n2||GF (1) — GF(z1)|2, + (4siMcg +eLp)n2|GF (zi)||2,
TNGF (1) = GF @I, — S IGF )],

(”; (4 Mep +eLe)n? ) IGF (@o)l2, + (5 + (i Mep +eLe)n? ) IGF (@r) = GF () 2,

where in the third inequality, we bound [|GF ()|, < M + LM < 2B

(3) Then we can bound
& (yr, y* (wr) < 2d° (10 y" (wp-1)) + 22 (y" (21), ¥ (21-1))
<201 = 1) @ (y" (wp-1), Y1) + 20267 Guin F 1) 2,
< 2(1+ 202K7 Clin @ (1 = 7) 2 (y* (x-1), yu—r) + AnZATEl|GF (1) 13,
where the last inequality follows similarly as (9).

Let a Lyapunov function be Ry, :== F(zx) + d*(yx, y* (xx)). Then

Rpy1— Ry
< —(% — riMer +Le)n? ) IGF (@) |2, + (5 + (4xiMer +2Lp)n? ) [GF (vi) = GF (o) 2,
+ ((@+4n2KF O ) (1 = 7)° = 1)y (), ) + An2Fel|GF (o) 2, )
< —("% — (rMeg +eLp)n — 4n2efe) |GF (@0)|12,
(24 CRun (& + (riMen +TLp)) + 42rE C2,) (1= 1) = 1) (" (w1), )
<-(%- Lm) I9F @02, + ((2+ Clu (5 + Len2)) (1 = 7)° = 1) (" (), )
< o 19,

where we use 5125 < Lpeé and let L r = 4kjcgM + 5¢Lp in the second last inequality, and we
choose 7, = ﬁ, S > log (ﬁ)/log(l — 7) = O(k}(), in the last inequality. Then
telescoping the results yields Finally, we sum over k = 0, ..., K — 1, which leads to

K-1 ~
1 2 16LFR0
K ;0 IGF (zp)llz, < K

Thus in order to achieve e-stationary solution, we require K = O(Lge~!) = O(kPe 1) and hence
the order of gradient and second-order complexities remain unchanged.

Extensions to other estimators. To extend the proof to other hypergradient estimators, we first
notice that the convergence of inner iterations for solving lower-level problems is agnostic to the
choice of hypergradient estimators, i.e.,

d? (y,i“w*(xk)) <(1- 7')d2 (y;,y*(xk)), T = uny — nZ(CE-I— 2Dcp).

(1) Hypergradient approximation error. For hypergradient estimator based on Hessian inverse,
conjugate gradient, truncated Neumann series, the hypegradient approximation error remains the
same as in Lemmal|T] given no retraction is involved in the computation. That is,

* €6 G (ak) = GF e < Coxdly (o) 1) + 2L (FEED) R T e
where Ceg = L + kM + L(1 + 2, /kp)( m e,
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* NS: ||§nsF(xk) - gF(-Tk)Hmk S Cnsd(y*(xk)7yk+1) + KZM(l - ’7/1')T’ where Cns = C1hinv~

For hypergradient based on automatic differentiation (AD), we first show that there exists a con-
stant C4 (that depends on C3, ¢, cg) such that DyRetr, (u) = Pretr, (u)(id + Dyu) + £. with
1€l Retr, (v) < Cal|Dzuf|z||u]|.. Such a result can be derived by bounding the difference between
retraction and exponential map. Then we follow the analysis for Lemma 1 as follows. Given

yZH Retryk( 1yGy9(xk,y;)), we have

Doyt = Pyerr ((id — 0y Hyg(2x, 42))Da, i — 1y Gy29(@r, U7)) + EF

where [|£7]],,

1 < 77204 (1=nyp)Cr+nyL)||Gy f(xr, i) [|y2 - The rest of the proof follows exactly
from Lemma 1, where we replace the convergence of inner iteration with the updated rate. This gives

IGaaF (zx) = GF (21) |2,

( 2MC'
~ \u—mny((¢+2Dcp)

+ L+ ) ) (1= 1) dg, 7 (1)) + Mra(1 = 1),

where C := (k; + 1)p + (Cy + nyCa)L((1 — nyp)C1 +nyL)

In summary

* AD: ||§’7a§F(:ck) —GF(x)|lz, < Caall —T)%d(yk, y*(wr)) + Mry(1—nyp)®, where Coq =

2MC’
#*771/((5+2DCR) + L(l + /43[).

(2) Objective decrement. This part is also the same across all hypergradient estimators, i.e.,
F(zpq1) — Flar)

< — (% — nMer + eLe)n? ) IGF (o) |2, + (& + (4xiMer + eLe)n? ) [GF (vi) — GF (we) 2,

(3) Lyapunov function decrement. The definition of Lyapunov function depends on the choice of
hypergradient estimator.

For CG, we define Ry, := F(zy) + d*(yx, y* (zx)) + ||0) — szak)vk”ykﬂ Then following similar
analysis, we first bound

E(yrr1 " (@re1)) < 2+ 802R7C5) (1 — 1) d (y" (21, i)

+ 322 H?LQ(\£+ P~ T i, + R GF )2,

(19)

and

H Fyk+;k)vk||yk+1

k—1\7, . K S .
< 2\/’71(\/\//;1+1) 1981 = Tt gy Okl + 2V/Fa( YA —7)2d(y" (Th-1), Yr—1)
= . 2MCoD N
—+ ||Uk Fz Ez:)l) k—lHyk + ————d(yr, y" (x1))

Then similarly,

Hvk Fy Ezlz)l)

v (xkvxkfl)
< ﬁxéchgAch(ka—l) — GF (k-1 oy +02CC|GF (k1) 2y,

where in the second inequality, we use the bound between retraction and exponential map as well as
triangle inequality. Then combining the above two results, gives

H Fyk+;k)vk||Uk+1
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< 20%z(m SR

NS "% (1 = 7)% (" (wr-). vr)

=T vkl 208

5M2C2D? .
+52C2|Geg F (x1-1) — GF (w12, _, + 5en2C2||GF (zx-1)]1%, _, T;)dQ(ylwy (zk))-
Then we can show
Ryp11— Ry
< (B 2Ly — 52O |GF w2, + (2 + 2 Lr + 50202 0P (e) — GusP (o),

5M202D2 .
+ 1)d2(yk+1»y (Trt1)) + (20,%1(

21— 1) = 1)y (), )

~0 Yk+1
\ﬁﬂ) — 1)l - T il

(e
(20n
<_ (m« _ 677£A) IGF (zx)]2, + ( +6120)|GF (2) — é\ch(xk)Hik
(
(

5M2CZD?
2+ 1)(2+ 8n2k; CZ,) + 206 (

o) (14 2L = myp)® — 1)d2(yk,y*(xk))

5M2C3D?

—1
+ (32n§H?L2( - +1)+20m)(@)2T—1)||A .

y* (rk)vk”yk+1

NEES
1
THQF(Ik)”ik

where we let A == C2¢ + m%(w + &) and without loss of generality Ly < A. The second

inequality is by (T9). The last inequality is by appropriately choosing S, T', which is on the same
order as the exponential map case. Then telescoping the result yields

P _
1 96A R,
= F 2 < )
I kZ:O IGE (xx) I3, < %

For NS, we define Ry, = F(x) + d?(yx, y* (zx)) and derive
& (yrs1,y" (@) < 200 = 1) (y" (@), i) + 4n2wiellGus F () — GF (21|12, + 4m2wiellGF (1)1,
Then we can follow exactly the same proof as HINV that

16[~1FR0 €
e Z IGF (z)]I7, _T+§
by appropriately choosing .S, T" and 7.

For AD, we define Ry, == F(x) + d*(yx, y* (x1)). Then following the same analysis except for the
choice of S, we can show,

K— ~
16LFR0 €

F —
kgw 2, < =+ 3

Thus the proof is now complete. O

F Tangent space conjugate gradient

In Algorithm[3] we show the tangent space conjugate gradient algorithm for solving the lmear system
H[v] = G. Similar to [40], we set the initialization to be the transported output of ¢}, from last
iteration, where 97, = 0, which is beneficial for convergence analysis. For practical purposes, we
notice setting vy = 0 provides sufficient accurate solution without the expensive parallel transport
operation.
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Algorithm 3 Tangent space conjugate gradient TSCG(H, G, vg, T)
1: Setrg =G € T, M, pg = 19.
2: fort=0,....,7T —1do
3:  Compute 71 = Hlvy).

llre]l2

4 a1 = (pe,Hpe]) "

5: Ut41 = Ut + Qt41Pt-

6: T =71 — aﬁlH[pt]'
7 B = ”ﬁiﬁgw

8 pr1 = Ti1 + Brpape.
9: end for

10: Output: vy

Algorithm 4 Riemannian bilevel solver for min-max optimization
1: Initialize xg € Mgz, yo € M,,.
2: fork=0,.... K —1do

y}i:yk.
fors=0,....5—1do

4
5 it = Expye (—ny Gyg(zn, u3))-
6: end for
7
8

Update 241 = Exp,, (— 172G f Tk, Y1), Where g1 = 3.
: end for

G Extensions: on Riemannian mix-max and compositional optimization

The bilevel optimization considered in the paper (1)) generalizes the two other widely studied problems,
namely the min-max optimization and compositional optimization.

G.1 Min-max optimization on Riemannian manifolds

Riemannian min-max problems have gained increasing interest over the recent years [37, 141} 27, [73]
67,125,156, 135]], which takes the form of

min max f(x
IEMmyEMyf( ),

and can be seen as a special case of bilevel optimization problem (I)) where g(z,y) = —f(z,y).
Because the problem is nonconvex in z, the order of minimization and maximization matters [[73} 25]].
Nevertheless, under the assumption where f is geodesic strongly convex in ¥, the optimal solution z*
satisfies GF (z*) = 0, where GF (z) = G, f(z,y*(x)) due to G, f(x, y*(z)) = Gyg(z,y*(x)) = 0.
Thus Algorithm [T] reduces to alternating gradient descent ascent over Riemannian manifolds, as
outlined in Algorithm 4]

Here we adapt the convergence analysis to the min-max optimization setting. Given we no longer
require second-order derivatives, we restate assumptions for functions f, g below.

Assumption 6. (1) Assumption [1]holds. (2) Function f(z,y), g(x,y) have L-Lipschitz Riemannian
gradients. (3) Further, g(x, y) is u-geodesic strongly convex in y.

Under the min-max setup and Assumption[6] we see GF(z) = G, f(x, y*(x)) and thus the Lipschitz
constant can be derived as Ly = (k; + 1)L = O(;). Further we can directly apply Theorem |I|for
the Hessian inverse with Ch;,y = L, which leads to the following convergence result.

Theorem 4. Under Assumption |§] choosing S > é(ﬁf() Na we have

_1

20Lr’
. 80(ri+1)LA , . .

ming—o,...x—1 [|GF (z1)|2, < % and to reach e-stationary solution, we require gra-

dient complexities as G = O(kje™') and G, = 5(/{?(671).
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G.2 Compositional optimization on Riemannian manifolds

Compositional problems on Riemannian manifolds have been considered in [36, /0], which requires
to solve

min 1(¢(z)), (20)

TEM,

where ¢ : M, — Rand ¢ : M, — M,. It is worth noting that in both works [36} [70], the inner
function ¢ : M, — R4 is vector-valued. In contrast, we consider a general manifold-valued function
¢. Because the function ¢ can be potentially complex and may be stochastic, we follow [11] to
reformulate (20) into a bilevel optimization problem by letting

fz,y) =(y*(x)), st. y"(z) = argmin{g(z,y) = %d2(¢>($)7y)}-

yeEM,y

As long as the squared Riemannian distance is geodesic strongly convex, the reformulation is
equivalent to the original problem (20). As formally stated in Lemma [9] this is satisfied for non-
positively curved space, like Euclidean space, hyperbolic manifold, SPD manifold with affine invariant
metric. For positively curved space, the strong convexity is guaranteed when restricting the domain
relative to the curvature.

Lemma9. LetU C M has sectional curvature lower and upper | bounded by k™ and k™ respectively.
Further U has diameter upper bounded by D, which satisfies D < —"— lfli > 0. Thenlet§ =1

when kT < 0and § = —5 2 Vi D when k't > 0 and consider C be the same curvature constant as
tan(vV Kkt D)

in Lemma Then function H,g(x,y) has Riemannian Hessian bounded within [0, ] in spectrum.

[0,1]
[ (t)]
t)>'v (t)

Proof of Lemmal9] The proof follows from Lemma 2 in [3]]. Consider an arbitrary curve - :
M, and let f(z) = 3d*(z,p), for some p € M. From [3]], we know that H f(v(t))
!/

-V, 1t)Exp,Y(t)( ) and under the conditions, [v'(t)[|2 ;) < (Vs (t)EXpW(t)( p), —'(

¢y ( )||3/ (1)» Where we denote 'V as the covariant derivative. This immediately leads to

Sl O3y < @) HF )Y Oy < €IV B3

which completes the proof. O

AN

Thus, for positively curved manifold, if D < 2\};7’ we have 0 > 0, which ensures geodesic strong

convexity of the inner problem. As shown in Lemma 12 in [3], G, d*(¢(z), y) = 2Exp,, L¢(x) and
the Riemannian gradient descent on y lead to

yp 't = Expye (= nyExpy o)),

which suggests yk+ lies on a geodesic that connects yj and ¢(zx). When S = 1 and when the
lower-level function g is vector-valued, the algorithm recovers the deterministic version of SCGD
[66]].

However, unlike in the Euclidean space, the Riemannian Hessian does not simplify to the identity
operator, but rather the covariant derivative of inverse exponential map and the cross derivatives

Gzy9(x,y) # —(Do(a))".
Assumption 7. (1) Assumption 1|holds and further D < 5 — if kT > 0. (2) Function f(z,y) has

K
Riemannian gradients that are bounded by M and are L-Lipschitz. (3) Function g has p-Lipschitz
Riemannian Hessian and cross derivatives.

We notice that for function g we only require second-order derivatives to be Lipschitz because the
first-order Lipschitzness can be inferred from Lemma 9]

Theorem 5. Under Assumption[]} Theorem[I|holds with L = ¢, u = 6.
To prove the convergence, we only need to show Lemma |4 holds. It can be readily proved from

Lemma [9]and Assumption [7]that Lemma @] holds with L = ¢, u = . Hence the convergence follows
directly.
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H Experimental details

H.1 Synthetic problem

We first verify the lower-level problem is geodesic strongly convex.

Proposition 4. For any A, B = 0, function f(M) = (M, A) + (M~ B) is u-geodesic strongly
convex inU C S%, with jp = X, _A_ + )‘b’)\’;“, where \q,—, Ay, are the minimum eigenvalue of
T

A, B and Ay are the bounds for maximum and minimum eigenvalues for M € U.

The inverse of Riemannian Hessian of function f(M) = (M, A) + (M~ B) is derived as, for any
symmetric U, H~' f(M)[U] = M'/2GM"/? where G is the solution to the Lyapunov equation
G(MY2AMY2 + M~Y2BM~Y/2) + (MY2AMY/2 + M~Y/2BM~1/2)G = M~/2UM /2,

Proof of Proposition|d] We first derive the Euclidean gradient and Hessian as
ViM)=A-M"'BM™, V/M[U=M'UM'BM'+M 'BM 'UM!
for any U = UT. The Riemannian gradient and Hessian are derived as
GfM)=MAM - B
Hf(M)[U] = UM 'B+BM 'U+ {UVf(M)M}g

1

=UM 'B+BM 'U+ 5(UAM —~ UM 'B+MAU - BM 'U)
1

=5 (UAM + MAU + UM 'B + BM'U)

where we let {A}s = (A + A T)/2. To show the function is geodesic strongly convex, it suffices
to show H f(M) is positive definite, which is to show (H f(M)[U], U)nm > u||U||3; > 0 for any
U = U'. To this end, we vectorize the Riemannian Hessian in terms of U as vec(2H f(M)[U]) =
(MA®I+I®MA +BM ! ®I+I®BM!)vec(U), where ® denotes the Kronecker product.
Then, we have

(HfM)[U], U)m
= tr(M UM 4 f(M)[U])

1
= 5vec(U)T(lvrl M Y (MARI+I®MA +BM ' @1 +1®BM !)vec(U)

1
= §Vec(U)T(A M P M@ A+M ' BM oM+ M@ M ' BM!)vec(U)

A
> (A + 252 oo (U)T(MT @ M Yvee(U) = ul| Uy,

where we let A\, + be the maximum/minimum eigenvalues of A and similarly for A\p +, Ay +.

The Hessian inverse can be derived subsequently. This completes the proof. [

H.2 Computational time for each hypergradient estimator

This section report the average runtime in seconds (over 10 runs) for single evaluation of hypergradient
using four different strategies (for Hypergradient estimation) for the synthetic problem (Section 4.1}
Figure[I). The hyper-parameters are set to be the same as the main experiment. We see in general
automatic differentiation (AD) is the most efficient strategy. Nevertheless, according to Figure[T|a), it
is less accurate compared to other strategies.

Table 3: Comparison of runtime for single computation of hypergradient.

HINV | CG | NS | AD
0.0154 | 0.1037 | 0.1030 | 0.0053
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H.3 Hyperparameter selection

The selection of hyper-parameters is performed to reflect the best performance. The stepsize is
selected from the range [le-3, 5e-3, le-2, Se-2, le-1, Se-1, 1] and for Neumann series is selected from
[0.1, 0.5, 1.0, 1.5, 2.0] and number of inner iterations is selected from [5, 10, 30, 50, 100]. Figure
[I(d) shows the sensitivity of hypergradient error as we vary and the number of inner iterations.

H.4 Computational Complexity

This section lists out the computational complexity for each task considered in the experiment
section. In Table[d] we present an estimate of the per-iteration complexity of computing the gradient,
Hessian/Jacobian-vector products. We highlight that we only provide estimates of the complexities
given that there may not exist closed form expressions for the gradient and second-order derivatives.

Here, n,,n; denote the size of validation set and training set respectively. For meta learning, m
denotes the number tasks and n denotes the number of samples for each task. For domain adaptation,
m, n denote the number of samples for two domains, s denotes the number of Sinkhorn iterations.

Table 4: Per-iteration complexity estimate for each task

Hyper-rep (shallow) | Meta learning Domain adaptation
T size dxr dxr mxXn
y size r(r+1)/2 dxr dxd
Gy O(nyd?r + nyr3) O(mnd>r) O(smn)
G, O(nyr?) O(mnd>r) O(d® + md? + nd?)
JV, O(ni(r* + d?r)) O(mnd>r) O(d3 + md? + nd? + smn)
HV, O(nyr?) O(mndr?) O(d® + md? + nd?)

I Experiment Configurations
All the experiments are conducted on a single NVIDIA RTX 4060 GPU. All datasets used in the
paper are publicly available, which are properly cited in the main paper. We include detailed setups

for the experiments in the main paper as well as documented in code (provided as supplementary
material).

J Broader Impact

This paper proposes new algorithms and are of theoretical in nature. We do not foresee any immediate
negative societal impact that we feel obliged to report.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Please refer to Section [3] for theoretical developments and Section [] for
empirical studies.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We include discussions of limitations in the conclusion section, i.e., Section[3}
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: We have included all the assumptions and complete proof in the paper. Please
refer to Section[3]and Section [C} D} [El

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.

The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We have provided the implementation details for reproducing the experiments,
along with the code in the supplementary material.

Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We have provided the code and data as supplementary material to ensure
reproducibility.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
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parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We have included the details in the experiment section.
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» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We have reported standard deviation in Figure 2(b) and (c). For Figure 1,
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becomes time costly to report standard deviation.
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* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
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example, train/test split, initialization, random drawing of some parameter, or overall
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¢ It should be clear whether the error bar is the standard deviation or the standard error
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of Normality of errors is not verified.
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error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
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of execution in Appendix
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experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).
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Answer: [Yes]
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¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.
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Justification: We have included a broader impact section, i.e., Section E}
Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This paper does not release data or models that have high risks for misuse.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: In the experiment section, this paper has cited the papers when using exisiting
assets, inluding code and data.

Guidelines:
» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: This paper does not introduce new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This paper does not involve human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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