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Abstract

A substantial body of work in machine learning
(ML) and randomized numerical linear algebra
(RandNLA) has exploited various sorts of random
sketching methodologies, including random sam-
pling and random projection, with much of the
analysis using Johnson-Lindenstrauss and sub-
space embedding techniques. Recent studies have
identified the issue of inversion bias — the phe-
nomenon that inverses of random sketches are not
unbiased, despite the unbiasedness of the sketches
themselves. This bias presents challenges for the
use of random sketches in various ML pipelines,
such as fast stochastic optimization, scalable sta-
tistical estimators, and distributed optimization.
In the context of random projection, the inversion
bias can be easily corrected for dense Gaussian
projections (which are, however, too expensive
for many applications). Recent work has shown
how the inversion bias can be corrected for sparse
sub-gaussian projections. In this paper, we show
how the inversion bias can be corrected for ran-
dom sampling methods, both uniform and non-
uniform leverage-based, as well as for structured
random projections, including those based on the
Hadamard transform. Using these results, we es-
tablish problem-independent local convergence
rates for sub-sampled Newton methods.

1. Introduction

Randomized numerical linear algebra (RandNLA) signifi-
cantly reduces computation, communication, and/or storage
overheads by using randomness as an algorithmic resource.
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As a pivotal technique in RandNLA, random sketching —
which encompasses both random projection and random
sampling — is becoming increasingly critical in many mod-
ern large-scale machine learning (ML) applications.

More precisely, for a tall matrix A € R™*4 with n > d,
random projection proposes to obtain a sketch A e Rmxd,
of size m < n of A by randomly and linearly combin-
ing the rows of A; while random sampling, on the other
hand, carefully selects a small subset (of size m say) of
the rows A and rescales them to obtain A € R”*?. For
both approaches, it follows from Johnson—Lindenstrauss
(JL) type analysis (Johnson & Lindenstrauss, 1984) that the
random sketch A can be used as a “proxy” of A in many
downstream ML tasks, e.g., ATA ~ ATA are close in
some sense with high probability, even with m < n. This
leads to a significant boost in the running time, communica-
tion time, and/or memory cost, for many numerical meth-
ods (Drineas et al., 2006b; 2011; 2012; Avron et al., 2017;
Derezifiski & Mahoney, 2021; Lacotte & Pilanci, 2022).
See also Mahoney (2011); Halko et al. (2011); Woodruff
(2014); Drineas & Mahoney (2018); Martinsson & Tropp
(2020); Derezifiski & Mahoney (2021); Murray et al. (2023);
Dereziniski & Mahoney (2024) and reference therein for an
overview of RandNLA and the applications in modern ML.

Despite this promising “complexity-accuracy” trade-off
achieved with random sketching, in many ML pipelines
ranging from linear/ridge regression to scalable statistical
estimation and fast stochastic optimization, the object of di-
rect interest is the sketched matrix inverse (AT A+C)~" for
some (perhaps all-zeros or diagonal) positive semi-definite
(p.s.d.) C (instead of ATA itself). Since the matrix inverse
is a nonlinear operator, the fact that AT A is an unbiased or
nearly unbiased estimator of AT A (i.e., E[ATA] = ATA,
which is a major guide in forming the sketch A) does
not, in general, imply the unbiasedness of its inverse, i.e.,
E[(ATA)"!] % (AT A)~. This phenomenon of inversion
bias has been long known in the literature: in the case of
Gaussian random projection with A = SA for S € R™*"
having i.i.d. V'(0,1/m) entries, (AT A)~! is known to
follow the inverse Wishart distribution (Haff, 1979) with
E[(ATA)"!| = —m - (ATA)"! form > d + 1. How-
ever, much less is known beyond the Gaussian setting. Build-
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ing upon recent progress in non-asymptotic random matrix
theory (RMT), it has recently been shown by Derezinski
et al. (2021b) that a similar inversion bias holds, and that it
can be corrected, with E[(ATA) "] ~ - (ATA)"L,in
the sense of partial order of p.s.d. matrices, for sub-gaussian
and the so-called LEverage Score Sparsified (LESS) pro-
jections. The latter can be of greater practical interest than,
e.g., dense Gaussian or sub-gaussian projections, as it is sig-
nificantly sparser and can thus be evaluated more efficiently.

This precise characterization of inversion bias has direct
implications for RandNLA and ML. As a telling example,
Derezinski et al. (2021a) applied LESS sketches to New-
ton Sketch (Pilanci & Wainwright, 2017) and showed that
this Newton-LESS approach enjoys almost the same local
convergence rates as Newton Sketch with dense Gaussian
projections. This leads to a significantly better “complexity-
convergence” trade-off than the vanilla Gaussian projections
in stochastic second-order optimization methods.

1.1. Our Contributions

In this paper, we consider the inversion bias of random sam-
pling, including uniform and non-uniform sampling, as well
as structured random projections such as the Subsampled
Randomized (Walsh-)Hadamard Transform (SRHT) (Ailon
& Chazelle, 2006). The analysis framework in Derezifiski
et al. (2021a;b) does not apply (to get non-vacuous results;
see, e.g., Proposition 2.8 and Remark 2.9 below). Instead,
we exploit novel and non-trivial connections between non-
asymptotic RMT and RandNLA to show that this inversion
bias can be precisely characterized and numerically cor-
rected. We also show how this inversion bias result can be
used to improve the local convergence rates of the popu-
lar sub-sampled Newton (SSN) method (Yao et al., 2018;
Roosta-Khorasani & Mahoney, 2019; Xu et al., 2020).

Our main contributions can be summarized as follows.

1. We provide precise characterization of the inversion
bias for general random sampling (in Theorem 3.1)
and the corresponding de-biased approach (in Propo-
sition 3.2). The proposed analysis and debiasing tech-
nique hold for exact and approximate leverage-based
sampling (Corollary 3.4), as well as the structured
SRHT (Corollary 3.7) as special cases.

2. With this precise inversion bias result, we further es-
tablish (in Theorem 4.3), the first problem-independent
local convergence rates for sub-sampled Newton that
approximately matches the dense Gaussian Newton
Sketch scheme. Numerical results are provided in Sec-
tion 5 to support these findings.

1.2. Related Work

Inversion bias. Given a matrix A € R™*< the ma-
trix inverse (ATA)~! is fundamental in ML, numeri-
cal computation, and statistics. Examples include lin-
ear functions (AT A)~ly that are crucial to Newton’s
methods (Boyd & Vandenberghe, 2004), quadratic forms
a/ (ATA) la; (with a; the i*" row of A) in computing
matrix leverage scores (Drineas et al., 2012), and trace
forms, tr L(A T A)~! for some given L, of interest in uncer-
tainty quantification (Kalantzis et al., 2013) and experimen-
tal designs (Pukelsheim, 2006). In the case of tall matrices
with n > d, random sketching applies to efficiently reduce
the computational overhead of (A T A)~!, by using a sketch
A = SA of A for random matrix S € R”*" with m < n.
It has been shown recently (Derezifiski et al., 2020; 2021a;b)
that these sketched inverses are biased for unstructured sub-
gaussian S, with E[(ATA)~1] % (AT A)~L. In this paper,
we consider the (often practically more interesting) case of
structured random matrix S, including random sampling
matrices (Definition 2.1) and randomized Hadamard trans-
forms (Definition 3.6).

Different from our approach that explicitly modifies the
sketch to correct the bias, another line of work proposes to
use shrinkage-based correction techniques (Zhang & Pilanci,
2023; Romanov et al., 2024).

Random sampling. Random sampling is at the core of
RandNLA (Drineas et al., 2006a; Mahoney, 2011; Ma
et al., 2015; Drineas & Mahoney, 2016; Dereziriski & Ma-
honey, 2021; 2024), and it plays a central role in fast ma-
trix multiplication (Drineas et al., 2006a), approximate re-
gression (Drineas et al., 2006b), and low-rank approxima-
tion (Cohen et al., 2017), to name a few. It is of particular
interest in scenarios where the dataset is massive and can-
not be stored and/or computed on a single machine, e.g.,
the census data (Wang et al., 2018) and online network
data (Deng et al., 2024). See Definition 2.1 below for a
formal definition of random sampling and discussions there-
after for commonly-used sampling schemes including (exact
and approximate) leverage score sampling (Mahoney, 2011;
Cohen et al., 2017), shrinkage leverage sampling (Ma et al.,
2015), as well as optimal subsampling (Wang et al., 2018;
Wang & Ma, 2021; Yu et al., 2022; Ma et al., 2022). In
this paper, instead of providing classical JL and subspace
embedding-type results on random sampling, we precisely
characterize (and correct) the inversion bias for a variety of
commonly-used random sampling schemes.

Sub-sampled Newton. Sub-sampled Newton (SSN) meth-
ods propose to approximate the Hessian in Newton’s method
using a small subset of samples, and they have been ex-
tensively studied within the fields of ML, RandNLA, and
optimization (Xu et al., 2016; Bollapragada et al., 2019;
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Roosta-Khorasani & Mahoney, 2019; Xu et al., 2020; Ye
et al., 2021). Although these fast optimization methods are
easy to implement, their convergence rates are challenging
to analyze. Existing results often depend on the Hessian
condition number or the Lipschitz constant and fall short of,
e.g., the problem-independent convergence rates achieved
by sub-gaussian Newton Sketch (Lacotte & Pilanci, 2019;
Derezinski et al., 2021a). In this paper, we establish the
first problem-independent local convergence rates for SSN
that closely align with Newton Sketch. This addresses the
convergence guarantee gap identified in Iterative Hessian
Sketch (Pilanci & Wainwright, 2016) for random sampling.

Random matrix theory (RMT). RMT studies the (lim-
iting) eigenspectra of large-dimensional random matri-
ces (Anderson et al., 2010) and finds its applications in
signal processing and communication (Couillet & Debbah,
2011), statistical finance (Plerou et al., 2002), optimiza-
tion (Paquette et al., 2021; 2023), and more recently in
large-scale ML (Pennington & Worah, 2017; Fan & Wang,
2020; Mei & Montanari, 2022; Couillet & Liao, 2022). A re-
cent line of work (Liao et al., 2020; 2021; Liao & Mahoney,
2021) has highlighted non-trivial connections between RMT
and RandNLA that this paper further develops.

1.3. Notations and Organization of the Paper

We denote scalars by lowercase letters, vectors by bold
lowercase, and matrices by bold uppercase. For a matrix
A € R"*9 we denote AT, a] € R? and ||A|| the trans-
pose, it" row, and spectral norm of A, respectively. We
denote A < B if B — A is p.s.d., and use I for the iden-
tity matrix of size d. For a vector x € R and a matrix
B € R?*4, we denote ||x|[gp = V'x ' Bx, with the conven-
tion ||x|| = ||x||r,. For a random variable x, we denote
E[x] the expectation of  and E¢[z] the expectation of z,
conditional on the event . We use ©(-), and O(-) notations
as in standard computer science literature.

The remainder of this paper is organized as follows. Sec-
tion 2 presents preliminaries on random sampling and a
coarse-grained characterization of its inversion bias, by di-
rectly (and naively) adapting the proof approach from Derez-
inski et al. (2021b) (which turns out to be vacuous in our
setting). Section 3 delivers a fine-grained analysis of this
inversion bias and proposes an efficient non-vacuous debi-
asing approach. Section 4 demonstrates how these technical
results apply to establish problem-independent local conver-
gence rates for SSN. Section 5 provides numerical results
that support our theoretical findings. Section 6 provides
a conclusion, summarizing our findings and discussing fu-
ture perspectives. Additional material can be found in the
appendices.

2. Preliminaries on Random Sampling

In this section, we introduce a few definitions that will be
used in the remainder of this paper.

Definition 2.1 (Random sampling). For a matrix A € R"*¢
with n > d, a sketch A € R™*4 of A can be constructed
by randomly sampling with replacement m from the n rows
of A with an importance sampling distribution, {m;}7_,
>¢ 7 = 1, and then rescaling by 1/,/m;. This can
be expressed as A = SA, with random sampling matrix
S € R™*™ having only one nonzero entry per row.

Definition 2.1 includes commonly-used random sampling
schemes such as uniform sampling (with 7; = 1/n), row-
norm-based sampling (with m; = ||a;[|?/(3°1, [la]|?)).
exact or approximate leverage and ridge leverage score sam-
pling (Mahoney, 2011; El Alaoui & Mahoney, 2015) defined
below, as well as a mix between them, e.g., the shrinkage
leverage sampling (Ma et al., 2015).

Definition 2.2 (Leverage score sampling, Mahoney (2011)).
For a matrix A € R™*4 of rank d with n > d and a p-s.d.
matrix C € R4, the i leverage score (€ of A given C,
is defined as /€ = a] (ATA + C)7ta;,i € {1,...,n}.
The exact leverage score sampling refers to the random
sampling approach in Definition 2.1 with ; = £€ /d.g, for
der = Y | L€ the effective dimension of A given C.

i=1"1

The leverage score sampling has been extensively studied
in RandNLA and ML. By taking C = 0, in Definition 2.2,
we obtain the standard leverage scores (Mahoney, 2011;
Drineas et al., 2012); and by taking C = AI;, we ob-
tain the A-ridge leverage scores (El Alaoui & Mahoney,
2015). Given A € R"™*9, its leverage scores can be ap-
proximately computed in O(nnz(A)logn + d*(log d)? +
d*logn) time, for nnz(A) the number of non-zero en-
tries in A, see Drineas et al. (2012); Clarkson & Woodruff
(2017); Cohen et al. (2017).

We also introduce an “approximation factor” to measure
the extent to which one importance sampling distribution
approximates another importance sampling distribution (the
exact leverage score distribution, in our case).

Definition 2.3 (Importance sampling approximation factor).
For a matrix A € R"*? with n > d, a p.s.d. matrix C €
R¥*? and a random sampling matrix S € R™*™ as in Def-
inition 2.1, with importance sampling distribution {; } ,,
the (min and max) importance sampling approximation
factors of the random sampling scheme S is defined as
the pair (pmina pmax)s with Pmin = minlgign Elc/(ﬂ'ldeff)
and prax = max<i<y 08/ (Tider).

For us, the importance sampling approximation factors
(Pmin, Pmax) in Definition 2.3 provide qualitative charac-
terization on how the random sampling scheme under study
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differs from the exact leverage score sampling in Defini-
tion 2.2. This extends the classical notion of sampling
approximation factor in Drineas et al. (2006a) to include
both the maximum and the minimum. While prior work
primarily focuses on the max factor, here we focus on the
inversion bias, where the min factor also plays a natural and
significant role; see below in Section 3 and also Ma et al.
(2015), who first noted the importance of the min factor
in statistical style analysis. By the (generalized) median
inequality, we have ppin < 1 < pmax, With equality for
exact leverage score sampling.

It follows from Definition 2.1 that E[ATA] = ATA, so
that the randomly sampled matrix ATA is an unbiased
estimator of the true AT A.. This, together with controls on
the higher-order moments of ATA, allows one to conclude
that AT A fluctuates, with high probability and within a
small “distance.” around the true A T A of interest. This can
be made precise using the relative error approximation (for
scalars and matrices) defined as follows.

Definition 2.4 (Relative error approximation). For a non-
negative scalar * > 0, we say T is an e-approximation of
(another scalar) z, denoted T ~, x, if

1+ 2 <i< (146 )

For Z being random, we say Z is an (¢, )-approximation of
x if (1) holds with probability at least 1 — §. Similarly, for
a p.s.d. matrix X, we say X is an e-approximation (or an
(¢, 0)-approximation when being random) if

X~ X1+ ' XX<(1+)X. (2

Remark 2.5 (Subspace embedding). For A asketch of A,
the property that ATA ~. AT A holds with probability
1 — ¢ is known as (e, 0)-subspace embedding in RandNLA.
This concept was introduced by Drineas et al. (2006b); see
also Mahoney (2011) for a history. It was subsequently
used in data-oblivious form by Sarlés (2006); Drineas et al.
(2011), and then popularized in data-oblivious form (and
mis-attributed to Sarldés (2006)) by Woodruff (2014). It
plays a central role in the statistical characterization of ran-
dom sketching techniques.

The focus of this paper is to go beyond the subspace
embedding-type results in Definition 2.4 and Remark 2.5,
and to assess the inversion bias of the form E[(AT A +
C)~!] (versus the true inverse (AT A 4+ C)~!). To this end,
we need the following measure of unbiased estimators.

Definition 2.6 (Unbiased estimator). We say a random p.s.d.
matrix X is an (e, 0)-unbiased estimator of X if, conditioned
on an event ¢ that happens with probability at least 1 — 4,

(1+6) "X <E¢[X] < (1+6¢)X, and X < O(1)X. (3)

Note that the error parameter € in subspace embeddings
quantifies spectral approximation error, whereas the no-

tion of “unbiasedness” specifically refers to inversion bias.
Furthermore, while subspace embeddings automatically en-
sure e-unbiasedness up to the same level of error e, they
are generally not guaranteed to remain unbiased for a
smaller € (Derezinski et al., 2021b).

With these definitions and notations at hand, we are ready
to assess the statistical properties of random sampling. A
first quantity of interest to the design of random sampling
is m, the number of trials needed to construct an (e, d)-
subspace embedding, for some given importance sampling
distribution {; }?_;. A slightly more general result is given
as follows.!

Lemma 2.7 (Subspace embedding for random sampling).
Given A € R™? of rank d with n > d and p.s.d. C €
RI¥4, let S be a random sampling matrix with number of
trials m and importance sampling distribution {m;}_, as
in Definition 2.1, and let dog = tr(AgAc) be the effective
dimension of A given C with Ac = A(ATA 4+ C)~1/2,
Then, there exists C' > 0 independent of n,deg such that
for m > Cpuaxdest log(des /8) /€2, failure probability § €
(0,1/2), € > 0, and pmax in Definition 2.3, AESTSAC is
an (e, §)-approximation of AL Ac.

The proof of Lemma 2.7 uses standard matrix concentration
techniques and is given in Appendix B. Note that Lemma 2.7
includes existing results of both leverage (C = 04) and
ridge leverage score (C = Al;) sampling as special cases,
see Chowdhury et al. (2018, Theorm 3).

With Lemma 2.7, we are now ready to evaluate the inver-
sion bias of random sampling. Since the matrix inverse
is nonlinear, for ATSTSA with E[ATSTSA] = ATA,
one should, a priori, not expect that (ATSTSA)~! is an
unbiased or nearly unbiased estimator of (AT A)~!. In
the following result, we show (by adapting, in an almost
straightforward fashion, the scalar debiasing proof approach
of Derezinski et al. (2021a;b)) that this inversion bias can
be corrected, but only to some extent, using the same scalar
factor as for sub-gaussian or LESS projections. The proof
of Proposition 2.8 is given in Appendix C for completeness.

Proposition 2.8 (Coarse-grained debiasing of random sam-
pling). Given A € R"*? of rank d with n > d and p.s.d.
C € R™4 [t S € R™*™ be a random sampling matrix
with importance sampling distribution {m;}?_, as in Defini-
tion 2.1 and max importance sampling approximation factor
Pmax as in Definition 2.3. Then, there exists C' > 0 indepen-
dent of n,deg such that if m > Cpmaxdes(log(deg/d) +
Vet [€) with 6 <m ™3, (%~ ATSTSA + C) lisan
(¢, 8)-unbiased estimator of (AT A + C)™L.

Remark 2.9 (On Proposition 2.8). While the debiasing factor
"Here we present the subspace embedding result in Lemma 2.7

on the (regularized) matrix Ac = A(A T A + C)~/2. This is of
direct use in analyzing sub-sampled Newton methods in Section 4.
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m is the same as that proposed for random (e.g., sub-
gaussian or LESS) projections (Derezinski et al., 2021a;b),
the resulting inversion bias is significantly larger. In par-
ticular, we have, in the case of Proposition 2.8 and for
m = O(pmaxdeft 10g dogt), that (—4— ATSTSA +C) !
has an inversion bias of order O(\/E /log deg). This is a
vacuous bound. It follows from Lemma 2.7 that for the same
choice of m, (ATSTSA + C)~1is, without the debiasing
factor, an (O(1), §)-approximation of (AT A 4+ C)~!, and
thus has an inversion bias of order O(1). See Lemma B.1
in Appendix B for a proof of this fact.

From Remark 2.9, it appears that the inversion bias result in
Proposition 2.8 is disappointing: random sampling, in con-
trast with sub-gaussian or LESS random projections, while
being numerically attractive and easy to implement, does
not lead to a small inversion bias, at least with the —~ —
debiasing factor and the proof approach in Derezifiski et al.
(2021a;b) under Proposition 2.8. One may thus wonder:

Is it possible to get sharper control on the inver-
sion bias of random sampling, either by introduc-
ing a different debiasing scheme and/or by using
a more refined proof than Proposition 2.8?

Below, we show that such improvement is indeed possible.

3. Fine-grained Analysis of Inversion Bias for
Random Sampling

We have seen in Proposition 2.8 and Remark 2.9 that the
scalar debiasing and the proof approach in Derezinski et al.
(2021a;b) do not lead, in the case of random sampling, to a
non-vacuous small inversion bias. In the following result,
we provide fine-grained analysis of the inversion bias of
random sampling (finer than that in Proposition 2.8), and
we show that the inverse (ATSTSA + C)~! for random
sampling S is biased in a more involved fashion than random
projections studied in Derezinski et al. (2021a;b).

Theorem 3.1 (Inversion bias for random sampling: fine—
grained analysis). Given A € R™"*? of rank d withn > d
and p.s.d. C € R¥™? et S € R™*™ be a random sampling
matrix with importance sampling distribution {m;}"_, as in
Definition 2.1 and (pmin, Pmax) @s in Definition 2.3. Then,
for diagonal matrix D = diag{D;;}"_, the solution to*

m

D= )
m+a, (ATDA + C)~la;/m;

“

there exists C' > 0 independent of n, dg so that for m >
Cpmaxdeg (log(deg /0) +1/€2/%),6 <m~=3, (ATSTSA +
C)~!isan (¢,6)-unbiased estimator of (AT DA + C)~!
2 m
It can be checked that —-"——T, < D = mln
With pmin, Pmax in Definition 2.3. See Lemma D.3 in Appendix D.

Heuristic derivation of Theorem 3.1. For a more transpar-
ent understanding of the self-consistent equation in (4)
of Theorem 3.1, we provide here a heuristic deriva-
tion. The detailed proof of Theorem 3.1 is deferred
to Appendix D. Denote x] = elA//m., Q =
(ATSTSA + €)' = (5 X xx] +C) ' and
Q- = (Zﬁés ibxjx + C) , for which we have
S LExx]] =" aa; ATA Then, we fol-
low the determlmstic equivalent framework (see, e.g., Couil-
let & Liao (2022, Chapter 2) for an introduction) and show
that |E[Q] — H™!|| ~ 0, for H = ATDA + C, for
D € R"*" given in (4). First, note that |E[Q] — H™!|| =
|IE[QIATDAH ! — E[QATSTSAJH |, it then fol-
lows from Sherman-Morrison formula (Lemma A.3) that

m

E[QATS'SAJH'=) E
s=1

%Q—sxsxzﬁil
1+x]Q_sxs/m

Q_.a;a] H!
14 aiTQ_Sai/mm '

n

:ZE

i=1

Using the rank-one perturbation lemma of matrix inverse,
see, e.g., Silverstein & Bai (1995, Lemma 2.6), we obtain

E[QATSTSAJH'~) E
=1

—E[Q ATDAH}

Qal-aiTITI’1
1+ ajﬁ*lai/mﬂ',;

for D = diag{mm; /(mm; +a; H a;)}"_,. This leads to
the self-consistent equation in (4) of Theorem 3.1. O

Theorem 3.1 says that the (conditional) expectation
E:[(ATSTSA +C)~1], instead of being close to (AT A +
C)~1, is in fact close to (AT DA + C)~!, with D de-
pending on A and the random sampling scheme per m
and {m;}_, in an implicit fashion. While seemingly un-
interpretable and unusable at first sight, Theorem 3.1 can
be tuned to design a de-biased random sampling approach.
This is given in the following result.

Proposition 3.2 (Fine-grained debiasing for general random
sampling). Under the settings and notations of Theorem 3.1,
for Elc the it" leverage score of A as in Definition 2.2 and
standard random sampling matrix S as in Definition 2.1,
define the de-biased sampling matrix S € R™*" gs

S—diag { VJm/(m

Then, there exists constant C > 0 independent of n, deg
such that for m > Cpmaxdes (log(deg /) + 1/62/3), 6 <

=3, (ATSTSA + C)~lisan (e,6)-unbiased estimator
of (ATA+C)~!

m

zg/m} -S. o)

s=1




Fundamental Bias in Inverting Random Sampling Matrices with Application to SSN

Heuristic derivation of Proposition 3.2. To make the intu-
ition behind Proposition 3.2 more accessible, we present
here a heuristic derivation of (5). We refer the reader
to Appendix E for the detailed proof of Proposition 3.2.
Let S'S = ", F, - e /mm;, for some de-
terministic F;; to be specified, Q = (ATSTSA +
C)' = (X Fiixx +C)
Q*S = (% Zl;ﬁs Fililxlxl—r + C)il

tic derivation of Theorem 3.1 above.

Ly [ G XsXg ] = D lFuaz Our goal is to
determme Q (and F};) such that |[E[Q] — H~'|| ~ 0, for
H!=(ATA +C)"L. To this end, observe that

1 ..

, and similarly

as in the heuris-
We thus have

E[Q-H '=E[QJATAH ' —E[QATSTSAJH ' ~0.

By Sherman-Morrison formula (Lemma A.3), we obtain

Qsti iSATei T/Tri AH™
1+ F;,

E[QATSTSAJH '=E

el AQ_,AT e;./mm;

h s
Z [ _sFi;ATee] AH™! }
- 1+ Fue] AQ_ATe;/mm;

where we see the exact leverage score e] AH *ATe; =
a/ (ATA + C)la; = (€ as in Definition 2.2 naturally
appears in the denominator from the derivation. Invoking
the rank-one perturbation lemma once more, we have that

E[QATSTSAJH !~E[QIAT Z _ Fueie]

=E[QIATAH™,

AH™!

where we take the debiasing factor Fy; = mm; /(mm; — ()
such that F; /(1 + Fiiéicv/ mm;) = 1. This leads to the form
of the debiasing matrix S as in (5) of Proposition 3.2. [

Comparing the fine-grained results in Proposition 3.2 to the
coarse-grained results in Proposition 2.8, we see that the
large inversion bias in Proposition 2.8 is indeed a conse-
quence of the proof approach adapted from Derezinski et al.
(2021a;b), that is inadequate for random sampling and for
structured random projections such as the SRHT.

Remark 3.3 (S as a random sampling scheme). Note that
S € R™*" in Proposition 3.2 is nothing but another ran-
dom sampling matrix: it features exactly one nonzero entry
per row that is equal to (mm;, — (£)~1/2, as opposed to
(mm;,)~1/? for the standard random sampling S in Defi-
nition 2.1. This non-standard re-weighting (that uses the
leverage scores of A) ensures that (ATSTSA + C)~!

a nearly unbiased estimate of (AT A + C)~1, per Proposi-
tion 3.2. From a computational perspective, the re-weighted
random sampling S in (5) can be computationally demand-
ing due to the need for exact computation of leverage scores

.

¢€ in (5). In Corollary E.1 of Appendix E, we consider
approximate leverage scores (which are much faster to com-
pute (Drineas et al., 2012; Clarkson & Woodruff, 2017;
Cohen et al., 2017)). We show that for a given sampling
scheme {m;}_,, replacing exact leverage scores with their
approximate counterparts in the de-biased sampling matrix
S in (5) increases the inversion bias, but only very slightly.

Note from Proposition 3.2 that the proposed fine-grained
de-biasing matrix S depends on the importance sampling
distribution only via £€ /7;. (See Appendix E.1 for the RMT
intuition on how the exact leverage scores arise from the
derivation.) As such, for any random sampling method with
7; & L€ /deg close to those of exact leverage score sampling
in Definition 2.2, we have S = d = S. This coincides
with the scalar debiasing scheme in the coarse-grained result
of Proposition 2.8, but it has a much smaller inversion bias.
This special case is discussed in the following result, proven
in Appendix E.3.2.

Corollary 3.4 (Inversion bias using scalar debiasing un-
der approximate leverage). Under the settings and nota-
tions of Theorem 3.1, for random sampling scheme with
sampling distribution 7; € [E? /(deoft pmax)s EZC /(doft Prmin)]
With pmin € [1/2,1] as in Definition 2.3,% there exists
C > 0, v > logg,, (log(der/9)),0 < m™3 such that
for m > Cpmaxdeg”, (;724—=ATSTSA + C)™!
(¢,6)-unbiased estimator of (ATA + C)~! with inver-
sion bias € = maX{O( _31’/2) Olepd g )} and €, =
ma‘x{pmm 11—

Remark 3.5 (Inversion bias for exact versus approximate
leverage score sampling). It follows from Corollary 3.4
that for exact and/or approximate leverage score sampling
with Pmax > pmin/(2pmin - ]-) > 1 and Pmin > (]- +
O(d*)~' > 1/2 (sothate, = 1 — pmax) the inversion
bias induced by the scalar debiasing —=— establishes the
following phase transition behavior:

is an

pmax

1. if the random sampling scheme is sufficiently
close to exact leverage sampling, in that py.x €
[pmin/(zpmin - 1)71/(1 - G(de_f;//Q))] (Or equiva—
lently the importance sampling probabilities satisfy
m € [(1 £ O6(d"*)IC /deg)), then the inversion
bias under scalar debiasing is the same as that (of the
fine-grained matrix debiasing) in Proposition 3.2; but

2. if the random sampling scheme significantly devi-
ates from exact leverage sampling with ppax >
1/(1 — (de_ff”/Q)) (or equivalently |m; — €€ /deg| >
O(d g v/ 2)60 /dest), then the inversion bias under scalar

3Note that by Definition 2.3 we have pmin < £°/(mides) <

Pmax for all i, which, together with pmin > 1/2 yields that |7; —
08 Jdot| < €, Jdog < LF [dogr.
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debiasing becomes larger than that in Proposition 3.2,
increases with p,ax, and saturates at ppax = O(1).

This phase transition behavior is visualized in Figure 1. See
also Figure 4 in Appendix G for the numerical comparison
of inversion bias using scalar debiasing between exact and
approximate leverage score sampling.

O(d;ff )+

—3v/2
O(dggy ! / ) B

Inversion bias €

Pmin 1 e(1)
2Pmin—1 ],e(dfﬂl_f/?)
e

Pmax

Figure 1: The phase transition behavior of inversion bias €
as a function of py,.x discussed in Remark 3.5 with scalar
debiasing.

As a side remark, it is known from Derezinski et al. (2021b,
Theorem 10) that for approximate leverage sampling, and
any scalar v > 0,m > 0, (YATSTSA + C)~! with C =
04 is not an (¢, §)-unbiased estimator of (AT A + C)!
with any € < cdeg/m and ¢ > 0 an absolute constant. Thus,

1. in the case of approximate leverage score sampling
With pmax = 3/2 and pmin = 1/2, for any m >
Cpmaxdest 10g deg, it follows from the proof of Corol-
lary 3.4 that the inversion bias is upper bounded by
O(degt/m), and this coincides with the lower bound in
Derezinski et al. (2021b, Theorem 10); and

2. in the case of exact leverage score sampling with
Pmax = Pmin = 1, the inversion bias can be made
smaller than deg /m under scalar debiasing.4

As an important consequence, Proposition 3.2 also applies to
effectively de-bias another commonly-used data-oblivious
sketching scheme, the SRHT (Ailon & Chazelle, 2006).

Definition 3.6 (Sub-sampled randomized Walsh—Hadamard
transform, SRHT, Ailon & Chazelle (2006)). For a given
matrix A € R™**4 of rank d with n > d, assume without
loss of generality that n = 2P for some integer p. Then, the
SRHT of A is given by

Asgur = SH, D, A/\/n € R™*" ©6)

“Notably, using exact (instead of approximate) leverage score
sampling in the same setting of Dereziriski et al. (2021b, Theo-
rem 10), the inversion bias (conditioned on any event ¢ that ensures
invertibility) can be made zero by taking v = % [E¢[1/b] for b dis-
tributed as Binomial(m, 1/d). This aligns with our conclusion of
a possibly smaller inversion bias than deg /m. See Corollary E.2
in Appendix E for a proof of this fact.

for uniform random sampling matrix S € R™*", 7; = 1/n
as in Definition 2.1, H,, € R™*" the Walsh-Hadamard
matrix of size n, and diagonal D,, € R™*™ having i.i.d.
Rademacher random variables on its diagonal.

The SRHT in Definition 3.6 enjoys the following proper-
ties: the randomized Walsh—Hadamard transform H,,D,, A
of A is known to have approximately uniform leverages
scores, that is /€ (H, D, A/\/n) ~ deg/n, see Drineas
et al. (2011) and Tropp (2011, Theorems 3.1 and 3.2),
as well as Lemma E.4 in Appendix E.3 in our setting;
and since H'H,,/n = I, and D2 = 1I,, one has
%ATDHHIHnDnA =ATA, sothat H,D,A/\/n and
A have the same effective dimension. These lead to the fol-
lowing fine-grained debiasing result for SRHT with scalar
debiasing, proven in Appendix E.3.4.

Corollary 3.7 (Fine-grained debiasing for SRHT us-
ing scalar debiasing). Under the setting and notations
of Theorem 3.1, for Aspur € R™*" the SRHT of
A as in Definition 3.6, then there exists c > 0
v > 0, nexp(—deg) < § < m™3 such that Sfor

m > Cpmaxdlt”, (72— AdpurAsrur + C) is an
(O(d_?’y/2 ) + O( pInaX\/log (n/d)dg 1/2 )-unbiased

estimator of (AT A + C)~

4. Application to De-biased Sub-sampled
Newton with Improved Convergence

In this section, we show that the precise characterizations
of random sampling inversion bias and the debiasing tech-
niques in Section 3 apply to establish problem-independent
local convergence rates of SSN methods.

Consider the following optimization problem:

B" = argmin F(8) = argmin f(8) + ®(8), (1)

Bec Bec

for some smooth function F': R? — R that can be de-
composed into f and ®, and C C R4 a convex set. This
decomposition naturally arises in ML when, e.g., the loss
function F' is the sum of the empirical risk f over a set of n
training samples and some regularization penalty ®.

Newton’s method solves (7) by performing iterative updates

Bip1 = By — mH; (B,)VF(B,), with i the step size,
VF(B,) € R? the gradient, and H;(3,) € R?*? the Hes-
sian of F' at 3, that can be decomposed as

Ht(/Bt) = A(Bt)TA(ﬁt) + C(/@t)v ¥

with A(3,) € R"™*? and some p.s.d. matrix C(3,) =
V2®(B3,) € R4 that takes a simple form, e.g., C(3,) =
2)1, in the case of Lo regularization ®(3) = A||3]/2.

SRecall from Definition 2.3 that here for SRHT, we have 7; =
1/n and thus pmax = maxi<i<n, MC (HpnDpA//0)/dog.
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Despite having a locally super-linear convergence rate, New-
ton’s method suffers from a heavy computational burden
in forming the Hessian matrix H;(3,), particularly when
the training samples n is large, e.g., n > d. In this case,
the major computational bottleneck of Newton’s method
lies in the construction of A(3,)" A(B3,) for the inverse
Hessian matrix, as this takes O(nd?) time.® Many random-
ized second-order methods have been proposed to replace
the exact Hessian inverse by some computationally efficient
estimate. Here, we consider SSN methods, that randomly
sample the Hessian (Yao et al., 2018; Roosta-Khorasani &
Mahoney, 2019; Xu et al., 2020) as follows.

Definition 4.1 (Sub-sampled Newton, SSN). To solve the
optimization problem in (7), the SSN method performs the
following iteration:

Bi1=Bi—1: (A(B)TS[S:A(B,) +C(B,)) & 9

fort =0,1,...T, withg; = VF(3,) € R? the gradient
of F at B,, u the step size at time ¢, and random sampling
matrix S; € R™*™ as in Definition 2.1.

By randomly sampling the (computationally intense com-
ponent of the) Hessian matrix, each SSN step in (9) takes
only O(md?) time. The (local or global) convergence rates
of SSN have been extensively studied in the literature of
optimization, RandNLA, and ML; see, e.g., Xu et al. (2016);
Bollapragada et al. (2019); Roosta-Khorasani & Mahoney
(2019); Ye et al. (2021); Lacotte et al. (2021) and Section 1.2
above. In particular, Lacotte et al. (2021) proposed an adap-
tive SSN-type algorithm that achieves a quadratic conver-
gence rate by dynamically adjusting the sketch size, improv-
ing upon the well-established linear—quadratic rates of tradi-
tional SSN methods. Incorporating their adaptive algorithm
into our proposed de-biased approach could potentially ac-
celerate convergence further; however, this exploration lies
beyond the scope of the present work.

Due to the absence of precise characterizations of the sub-
sampled Hessian inverse, as in Theorem 3.1 and Proposi-
tion 3.2 (that allow to, e.g., prove the near-unbiasedness of
SSN iteration E[3, ;] ~ B, — u:H; '(8,)g:), it is tech-
nically challenging to obtain problem-independent conver-
gence rates for SSN. In the following, we fill this gap by
showing how our inversion bias results in Section 3 apply to
establish problem-independent local convergence rates for
de-biased SSN. We position ourselves under the following
standard assumption on the objective function F'.

Assumption 4.2 (Lipschitz Hessian). F, f: R — R in
(7) have Lipschitz continuous Hessian with Lipschitz con-
stant L, that is, for any 3,3’ € R?, max{|V2F(8) —

VEEB), IV2F(B) = V2F(B)II} < LIB - Bl

®0f course, this does not need to be done explicitly.

Under Assumption 4.2, we evaluate the local convergence
rate of the following de-biased SSN iterations:

B =B (A(Bt)TS;rStA(Bt) + C(Bt))_l g, (10)

with de-biased S; = diag {\/m/(m — Eg (Bt)/m)}
S; as in Proposition 3.2, with £C(83,) the i*" leverage score
of A(3,) given C(B,). This leads to the following result.

Theorem 4.3 (Local convergence of de-biased SSN). Let
Assumption 4.2 hold. For p.d. A(8*)T A(8%) = V2f(B")
and p.s.d. C(B*) = V2®(3"), there exists a neighborhood
U of B* such that the de-biased SSN iteration in (10) start-
ing from B, € U satisfies, for U = {B: |8 — B*||a <
(pmaxdeffamin/m)3/2/L}’ step size pp = 1 — m’

(log(degT'/9)) that

m
S

m > C’pmaxd;;{”, and v > log,

eff

||BT—ﬁ*||HD”T Pimaxdett
E, |24 = 1= < ——1+¢), (11
<<[|ﬂo—ﬂ*|H ST (te, ab

holds for e = O(dgﬁl-'/ *) and conditioned on an event ¢ that
happens with probability at least 1 — §. Here, oy, is the
smallest singular value of H = A(B*)T A(B") + C(8"),
Pmax IS the max importance sampling approximation fac-
tor in Definition 2.3 for (€ = max;<<7(E(B,) and
dog = max;<;<7 deg(B,) with (€(B,) and deff(ﬁt) the
leverage scores and effective dimension of A(B,) given
C(B,), respectively.

The proof of Theorem 4.3 can be found in Appendix F.2.
The proof relies on a precise characterization of the second
inverse moment of the randomly sampled Hessian matrix,
extending beyond the first inverse moment result in Propo-
sition 3.2. Due to space limitation, this technical result is
presented in Proposition F.1 of Appendix F. For the sake of
practical implementation, we also present, in Corollaries F.5
and F.6 of Appendix F, local convergence rates of SSN it-
erations using scalar debiasing m/(m — deg) under exact
and approximate leverage score sampling as well as SRHT.

5. Numerical Experiments of De-biased SSN

In this section, we provide empirical evidence show-
ing the improved convergence (and a better “complexity—
convergence” trade-off as a consequence) of different de-
biased SSN methods proposed in Section 4, with respect to
several first- and second-order baseline optimization meth-
ods. We solve the following logistic regression problem

n

1 A
in =) log (1 —y;a 218115, a2
gneli@n; og (1+exp(—yia; B)) + 18], (12)

of the form (7), for regularization A > 0, where a] € R?
is the 7" row of data matrix A € R™*¢ sampled from both
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MNIST (LeCun et al., 1998) and CIFAR-10 (Krizhevsky,
2009) datasets, and y € {+1}" the response vector. Im-
plementation details are provided in Appendix G. Note that
the time reported in Figures 2 and 3 include both the input
data pre-processing time ( e.g., the computation of exact or
approximate leverage scores, and Walsh—Hadamard trans-
form) and the computational overhead associated with the
sketching process.

Figure 2 assesses the impact of the sketch size m on both
relative error (|| B — 3" ||3;/1|Bo — 3" ||3;) and running time
of de-biased SSN employing approximate ridge leverage
score sampling (SSN-ARLev), in comparison to the Newton-
LESS method (Derezinski et al., 2021a) based on random
projection. The results in Figure 2 demonstrate that the
proposed de-biased SSN consistently outperforms Newton-
LESS across all tested sketch size m, exhibiting a superior
convergence—complexity trade-off. Notably, while the run-
ning time for Newton-LESS increases significantly with m,
that of SSN-ARLev remains approximately constant.

—&— Newton-LESS

—@— SSN-ARLev

L 1077 < = z
o -~ L <
2 -8 Q2 =1 -9 2
£ 10 £ £ 10 e 2
& = & 10 5
s 10~ S
10-9 £ =905 *

500 1,000 s

Sketch size m. Sketch size m
(a) MNIST data (b) CIFAR-10 data

Figure 2: Relative errors (in solid lines) and wall-clock
time (in dashed lines) as a function of the sketch size m,
for Newton-LESS and the proposed de-biased SSN-ARLev
methods, applied to logistic regression on both MNIST and
CIFAR-10 data. Relative errors are obtained after a fixed
number of iterations (7" = 5 for MNIST data and T" = 7 for
CIFAR-10 data). Results are obtained by averaging over 30
independent runs.

Figure 3 compares the relative errors as a function of wall-
clock time across various optimization methods:

1. First-order baselines: Gradient Descent (GD) and
Stochastic GD (SGD).

2. De-biased SSN methods using different sampling
schemes: Approximate A-Ridge Leverage Score (AR-
Lev), Approximate Leverage Score (ALev), Shrinkage
Leverage Score (SLev) sampling (Ma et al., 2015), and
SRHT (see Definition 3.6 above).

3. Newton Sketch with LESS-uniform sketch
(LESS) (Derezinski et al., 2021a), which achieves
significantly shorter running times compared to the
original Newton Sketch with dense Gaussian sketches.

—&— GD —4— LESS —@— ARLev —%— SLev

—+— Alev

—%— SGD —il— SRHT

. 101

=
o
|

[

107° 1072

Relative error
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Wall-clock time (s)
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(a) MNIST data (b) CIFAR-10 data

Figure 3: Convergence—complexity trade-off between vari-
ous optimization methods on logistic regression for MNIST
and CIFAR-10 data, with sketch size m = 300 for MNIST
and m = 400 for CIFAR-10 data. Results are obtained by
averaging over 10 independent runs (except for GD that is
deterministic).

From Figure 3, we see that SSN methods, when prop-
erly de-biased, exhibit a significantly better convergence—
complexity trade-off than both first-order methods and the
Newton-LESS approach. The SRHT sampling outperforms
Newton-LESS but still lags slightly behind all other SSN
variants in speed. Among these, the SLev scheme edges out
ALeyv yet remains slower than ARLev. Across both datasets
tested, de-biased SSN with ARLev consistently delivers
the optimal convergence—complexity trade-off among all
methods evaluated.

6. Conclusions and Perspectives

In the work, we investigate the inversion bias inherent
in various random sampling schemes, including uniform
and non-uniform leverage-based sampling, as wel as struc-
tured random projections (e.g., the Hadamard transform-
based SRHT). Leveraging recent advances in RMT and
RandNLA, we provide a precise characterization of this
inversion bias and propose corresponding de-biasing tech-
niques. Notably, for approximate leverage sampling and
SRHT, this de-biasing reduces to a simple scalar rescaling.
We further show that our results enable an improved SSN
method, achieving local convergence rates comparable to
those of Newton Sketch with dense Gaussian projections.
Our theoretical insights are complemented by numerical
results on MNIST and CIFAR-10 datasets, underscoring the
practical relevance of the proposed approach.

It would be of future interest to see whether the proposed
debiasing technique, when wisely combined with adap-
tive sampling schemes, can achieve or even improve the
quadratic convergence in Lacotte et al. (2021). In addition,
it is also worthwhile to extend our debiasing framework to
dependent sampling methods (Cortinovis & Kressner, 2024),
such as volume sampling, which may further improve SSN’s
efficiency and convergence.
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Supplementary Material of
Fundamental Bias in Inverting Random Sampling Matrices
with Application to Sub-sampled Newton

The technical appendices of this paper are organized as follows.

* We recall a few technical lemmas that will be used in our proofs in Appendix A.

* The proof of Lemma 2.7 on the subspace embedding property for random sampling is given in Appendix B.

* The proof of Proposition 2.8 on coarse-grained debiasing of random sampling is given in Appendix C.

* The proof of Theorem 3.1 on fine-grained analysis of inversion bias for random sampling is given in Appendix D.
* The proof of Proposition 3.2 on fine-grained debiasing for random sampling is given in Appendix E.

 The proof concerning results on the application to de-biased SSN in Section 4 is given in Appendix F.

* Implementation details for the numerical results in Section 5 are given in Appendix G.

A. Useful Lemmas

In this section, we introduce a few technical lemmas to be used in subsequent sections.

Lemma A.1 (Singular value bounds of symmetric p.s.d. matrices, Zhan (2001, Theorem 2.1)). For real symmetric p.s.d.
matrices J, K € R**® having (ordered) singular values c1(J) > 03(J) > ... > 04(J) and 51 (K) > 05(K) > ... >
os(K), the singular values of the difference J — K are bounded as

J 0 .
O'j(J—K)SO'j<O K>, j:17...,8.
In particular, we obtain
|9 — K| < max{||J|[, K[}

Lemma A.2 (Intrinsic matrix Bernstein, Tropp (2015, Theorem 7.3.1)). Let Xy, ..., X,, be n independent real symmetric
random matrices such that E[X;] = 0, maxi<;<,, ||X;|| < p1, and 3", E[X?] < B for some symmetric p.s.d. matrix B.

Then, for any € > ||B||*/? + p1/3, we have
o) < 4trB < €2/2 )
>e| <——exp|————T-].
Bl B + p1e/3

d

Lemma A.3 (Sherman—Morrison formula). For an invertible matrix A € R™*™ and two vectors u,v € R, A +uv' is
invertible if and only if 1 + v A~'u # 0 and

n

>x,

=1

A luv A!
A -t -7 =
(A+uv) 1+vTA-lu
Besides, it also follows that
A lu
Ty—1, —
(A+uv) u =

Lemma A.4 (Burkholder inequality, Burkholder (1973)). For {y;}?_, a real martingale difference sequence with respect to
the increasing o-field F;, we have

E

n T n T/2
Syl | <Lr-E (Z yf) ;
i=1 i=1

for any integer T' > 2 and some constant Lt > 0 independent of n.
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We will use Lemma A .4 to establish concentration results for resolvent/inverse matrices. In that context, the increasing
o-field F; is defined with respect to the independent trials of random sampling (i.e., the rows of the random sampling matrix
S € R™*™ in Definition 2.1, see Lemma D.1 in Appendix D.3 and the discussion thereafter.

Theorem A.5 (Hanson-Wright inequality, Vershynin (2018)). Assume x = (z1,...,x,) € R™ be a random vector with
independent, mean-zero, sub-gaussian variables. For a matrix M € R™"*"™ and any t > 0, then we have

2 t
Pr(|x"Mx — E[x'Mx]| > t) < 2exp {—cmin ( , )] ,
( 21) K4 M3 K2||M]|

where || - || p denotes the Frobenius norm, K = maxi<;<p inf{s > 0 : E[exp(2?/s?)] < 2}, and c is a universal constant.

B. Proof of Lemma 2.7

In this section, we present the proof of Lemma 2.7. Recall that our objective is, for A € R"*? of rank d with n > d,
ps.d. C € R4 S some random sampling matrix with number of trials m and importance sampling distribution
{m;}7_, as in Definition 2.1, deg = tr(ALAc) the effective dimension of A given C with Ac = A(ATA + C)~1/2
as in Definition 2.2, and max importance sampling approximation factor py.x as in Definition 2.3, to show that for
m > Cpmaxdest 10g(de /5) /€2, ALSTSA( is an (e, §)-approximation of ALAc. That is

(1+e) 'ASACc < ALSTSAC < (14+6)ALAG, (13)
holds with probability at least 1 — 6.
First note that, for Ac = A(ATA 4+ C)~/2 € R"*%, we have

m T T m
ac;.ac; ALAc
ALSTSAc — ALA :§ o=t °C = § F,
C C ciC m £ 9

=1 mm;,

where agi € R? denotes the i*" row of Ac. Given A, it follows from Definition 2.1 that the indices i, are i.i.d. drawn
with replacement from the index set {1,...,n}. We would like to apply the Intrinsic matrix Bernstein, Lemma A.2, to
bound the sum of random matrices AGSTSAc — ALAc = 7, F,. To this end, note first that given A we have

E[F,] = 0,. (14)

It then remains to bound (i) the spectral norm || F || and (ii) the sum """ | E[F?] in the sense of p.s.d. matrices. By Lemma
A.1 and the triangle inequality, for s = 1,...,m, we get

1 - 1 ||aCi||2 _ Pmaxdeft _
,—p=—max { ——,1 p = ——— = py,
m m 1<i<n v m

where we recall ||ALAc| < 1 and ppax = maxi<i<y, |ac;||?/(mides) > 1 is the max importance sampling approxima-
tion factor in Definition 2.3.

ag,
IF. < g {2220

T 1<i<n

mm;

. T T
Further note that, per its definition F; = acr:j: (?15 - ACAC, we have
ALAG\?  lac ||I?-ac; ac) ALAc  AJA ALAG)?
<F5+ C C) _ || CZSH . 2015 Ci, :F§+F5 cAC + C CF5+( C 20) ) (15)
m mAm; m m m

Taking expectations on both sides of (15) and applying (14), we get

(ALAC)? & lacil?-aciac]  pmaxdes 4T
o+ (RSP _ 5 el sl sy,
=1 ?

Thus,

= maxde
ZE[F?] = pmiﬁAgAc =P,

s=1
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: maxd dZ d
for which we have ||P|| = 2maxfett | A LA || and tr(P) = 222x%ett 5o that ﬁrPPl" = TATAST

Recall that | AGAc| < 1, applying Lemma A.2, we obtain
1
1—Pr (HEAI:AC <ALSTSAc < (1+ e)AgAC>
ZFS > e)
s=1

2
€*/2
S 4”1&gl&CH7ldeff exp d d
pmalx off HAEAC” pma;;L off 6/3

<Pr(J[ALSTSAc —ALAG| >¢€) =Pr (

2
= 4| ASAG| e exp | — < .
|| C CH eff €XP plna:’;;dcff (QHAEAC” + 26/3)

Clearly, Pr({--ALAc < ALSTSAG < (1 +€)AZAc) < 1 — & holds if

2
A|AGAc|| M degexp | — : =0
[AcAc|™ des exp Lmaxdett (9 AT A || +2¢/3) ) ~

that can be rewritten as

s Poaen 2IAEAC] +2/9) <4||A3A§|1deﬁ) |
€

Since ¢ < 1 and [ASAc|| < 1, (17) holds if m > 3%t Jog(AlAcAC] ™ de )

Lastly, let us check the condition € > ||P||'/2 4- p; /3 in Lemma A.2 is satisfied. Solving (16) for ¢, we get

2
T -1 ‘
4|AcAc]” degexp (‘ pmaxdert (9] ALA o[ 4 26/3)) =0

pmaxdeff HAI}AC || 1
3m

2pmaxdeff
3m
— €% — 2ve — 6]|AGAc]lv >0

= ¢ — 10g(4||AgACH_1deﬂ‘/6)€ —6

= e>v+ \/UQ +6||ASAc||v,

og(4|AGAC ™ der /) 2 0

(16)

7)

T - T -
where v = Lmaxdetr 10g(4“ACA§” 1de“). As § < 1and 4|ASAc|tdegr > e, we have log(%‘zulde“) > 1. As
such, we get v > p1/3 and 6[|AGAc|lv > |P||, so that € > ||P||*/2 + p1 /3 holds. This concludes the proof of Lemma 2.7.

O

Given the subspace embedding result in Lemma 2.7, it can be shown that the inversion (ATSTSA + C)~! also satisfies
a similar subspace embedding property and is close to the (population) inversion (AT A + C)~!. This is given in the

following result.

Lemma B.1. Under the settings and notations of Lemma 2.7, we have that (ATSTSA + C)~! is an (e, §)-approximation

of (ATA + C)~L.

Proof of Lemma B.1. Denote H = ATA + C (so that [H-2CH z|| < 1), it then follows from Lemma 2.7 that
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ASTSAc is an (¢, §)-approximation of AL A ¢, that is,
.
1+e

1
= ﬁ(AEAC +H 2CH ?) < ALSTSAc+H *CH * < (1+¢)(ALAc + H 2CH ?)
€

i H=<ATSTSA+C=(1+¢H.
€

ALAG < ALSTSAC < (1+e)AlAC

=
1
1
= ﬁH*I <(ATSTSA+C) ' <(1+e¢H,
€
where we recall the definition Ac = A(AT A + C)~'/2. This concludes the proof of Lemma B.1. O

C. Proof of Proposition 2.8

The proof of Proposition 2.8 follows roughly the same line as that of Dereziniski et al. (2021a, Theorem 6) and Derezifiski
et al. (2021b, Theorem 11). It is provided here for completeness.

Here, we focus on the differences from the proof in Dereziniski et al. (2021a;b) by considering now S under study is a
random sampling matrix as in Definition 2.1.

To start with, we introduce the following condition that is crucial to the proof in Dereziniski et al. (2021a;b) and of our
Proposition 2.8 here.

Condition C.1 (Concentration property of random vector s). Given V € R"*<, the n-dimensional random vector s satisfies
Var[sT VBV Ts] < a - tr(VB2V ) for all p.s.d. matrices B € R4*? and some a > 0.

The proof of Proposition 2.8 then comes in the following two steps:

1. construct a high probability event { (via subspace embedding-type results in Lemma 2.7), on which the inverse
(ATSTSA + C)~! exists (in particular for C = 0); and

2. conditioned on that event ¢, bound the spectral norm ||I; — E;[Q]H|| via “leave-one-out” type analysis, for H =
ATA+Cand Q= (yYATSTSA + C)~ ! withy = ™

m—dest *

Let us start with the first step, for random sampling in Definition 2.1, denote x] = e, /,/7;, A € R? the i*" row of the
sketch A, so that E[x,x] ] = AT A. Denote

m —1
H=A"TA+C, Q=(ATSTSA+C)!= ( T xox! + c) , 7= Ld, (18)
s:lm M = deft

and
-1

A v T
Q—s = ngjxj +C )
J#s

that is independent of x.

Without loss of generality, assume that ¢ = m/3 is an integer, and define the following events:

tj 3
1 1 .
Gy pxex] = ATA =123 (=[G (19)
s=t(j—1)+1 j=1
Recall that v = —%— > 1, the events ¢; imply
tjy 1
3 %xsx;r = ZATA, j=123.
s=t(j—1)+1
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Here, the event (; presents that the (weighted) average of the rank-one matrices x,x, over the corresponding j-th third of

indices 1, ..., n forms a sketch (of size t = m/3) of AT A that is a “lower” 1/2-spectral-approximation of AT A in the
sense of Definition 2.4.

In the case of random sampling in Definition 2.1, the events (1, (2, and (3 are independent. As such, foreach s € {1,...,m},
there exists an index j = j(s) € {1, 2,3} such that

1. ¢ is independent of x,; and

2. conditioned on ¢; one has Q < Q_, < 6H !, which, for m > 2d.g, further leads to YH'/2Q_ ,H'/? < 121,.

Following the decomposition of E. [Q] in Derezinski et al. (2021a;b) with 44 = 1 + %XJQ_SXS, we write

I, — EQH = E[Q_s(xsx] —ATA)+EJ[Q_. — QATA +E, [(7 - 1> Q_stxj] . (20)

Vs

Zo Z,

Zs

Recall that Q in (18) is p-s.d. symmetric, to establish the result in Proposition 2.8, it suffices to bound the spectral norm
T — HEE[QIH || < |[H2ZoH *|| + [HZ,H = | + [H:Z,H 2|, 1)
for Zg, Z1, Z defined in (20).

Without loss of generality, assume that the events (; and (, are independent of x4, and set ( "= ¢1) ¢z as well as
03 = Pr(—(3). To bound (21), we first recall the following results from the proof of Derezinski et al. (2021a;b).

Lemma C.2. Under the settings and notations of Proposition 2.8, we have,

1. for a p.s.d. random matrix M (or a non-negative random variable) living in the probability space of S,

B, 1M 1
Pr(¢) —1-9

Ec[M] = E[1,M] < 2E, [M], 22)

where 1., is the indicator of the event ;.

2. |[HY2Z H-V2| = O(2).

m

Next, we bound the terms invoking Zo and Z, in (21), particularly by emphasizing the difference between our proof of
Proposition 2.8 here from that of Dereziniski et al. (2021a;b). By d3 < % and
~ 1
Zy=—
T 14

Ec[Q_s(xsx] —ATA) 1],
it follows that

|H2ZeH || < 12E¢/[(1 4 x] H 'x,) - 1-¢,].
We now need to bound the (conditional) expectation E¢/[(1 + x] H™!x;) - 1-(3]. To do this, we resort to Condition C.1
with an appropriate choice of .. Note that

Elx/H 'x,] =tr(H 'ATA) = deg,
per Definition 2.2, it follows that
Var[x] H !x,] = Var[e;-';/. /mi. AH A Te; /\ /7]

" (a]H 'a;

— B H )% — (B H )2 = 3 .

s
i=1 v

S pmaxdgﬂC - dgff = O(pmaxdgff)a
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for max importance sampling approximation factor p,,,x in Definition 2.3, which implies that a in Condition C.1 satisfies
a = O(pmaxdeff)'
Further, by Chebyshev’s inequality, one has, for x > 2d.g, that Pr(x] H™'x, > z | C,) < adeg /2. This further leads to,
for 63 < 1/m3,
- o0 1
3 ZoH3|| < 12/ Pr(x] H %, 1o, > 2 | e+ 0 ()
O m

o0

< 24m?265 + 12/

2m?2
1 de de
<o(—)+ =4 =O<M).
m m m
We then move on to bound the last term concerning Zy in (21). Applying Cauchy-Schwarz inequality twice, we get

B2 ZoH 2 | < (/B [(5: — )2 Sup {‘/Ec [(UTH%Q*SXS)LL} e Q/EC {(HTH_%XSH ' =
s |lul|= wi=
T

T 1
-1 > /
Pr(x, H™ "x, x\C)dm—i—O(mS)

Ty T
We start by bounding the term T3 using Condition C.1 with B = AH~/2uu’H '/2A7T. Noting that tr(B) =
u'H 2ATAH ?u < 1, we get
E, [(uTH*%xs)‘*] < 2K, [(uTH%xs)ﬂ — 9E[(x/ H fuuTH ¥x,)?]
= 2 Vary [(x/H zuu H 2x,)?] + 2(E x.H 2uu H 2x,])?

n

< 22 (a; H 2uuTH za;)2

2
. . + 2(tr(B))
=1
n
< 2maxdes Y u' H 2a;a] H™3u + 2(tr(B))?
i=1
< 2pmaxdes tr(B) + 2(tr(B))? < 2(pdeg + 1) = O(a + 1),
for & = O(pmaxdesr) in Condition C.1. This results in Ty = O(Va +1). Similarly, we bound Ty by taking B =
AQ,NSHl/zuuTHl/2Q,SA—r in Condition C.1. Tt follows tr(B) < u' (H/2Q_,H"/?)?u < 62 and tr(B?) < 6%, so
that T = O(Va + 1).
It thus remains to bound the first term 7} in (23). Noting 7 = Ee[5s] =14 L tr(Ep [Q_,JATA), we write
e 2 ~\2 272 A ~ T 2
Ec [(3s =) <20y =9)* + — 5B [(tr(Q-s —E [Q- ) AT A)’]
EE /[(tr AQ_SAT — XTQ_SXS 2],
+ m2° S s
Analogously as above, letting B = AQ_SAT so that tr(B2) < 36d.g in Condition C.1, we have, for m > 2d.g that

_ 2

272 - N 2
LB [(tr(AQ_SAT) —ij_sxs> ] - "Lk,

z'm<tr<AQ_SAT>_azgzr-sazv)ﬂ
i=1 i

272 2 272
= LB, | (2(AQ-AT)*| + LK,

> (‘Q)] D, [(xaQAT))]

Vs
i=1 v

7272pmaxd§ 272 2
< Pl ZLg [(0(AQ-,AT))]

m?2
< 72’72pmaxd§ff < 288pmaxd§ff -0 adeﬁ
- m?2 - m?2 N m2 )’
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with again &« = O(pmaxdes) in Condition C.1.
This, following the line of arguments in Derezifiski et al. (2021a), further leads to

Ecuasaﬁ]g<a(“¢f),

m

which, together with |y — 5| = O(v/adeg /m), yields that Ty = O(v/adeg /m).

This allows us to conclude that

m

- . de
IH2Z,H 2| < T, Ty - T3 =0 (O‘ff) .

Putting everything together, we conclude that
~ d,
1 - BB QY| - 0 (V)
m

with @ = O(pmaxdes) in Condition C.1. This concludes the proof of Proposition 2.8. O

D. Proof and Discussions of Theorem 3.1

In this section, we start by presenting in Appendix D.1 the intuition for the self-consistent equation in (4) of Theorem 3.1.
The detailed proof of Theorem 3.1 is given in Appendix D.2. In Appendix D.3, we provide discussions and auxiliary results
on Theorem 3.1.

D.1. RMT Intuition on the Self-consistent Equation in Theorem 3.1

Here, we present a heuristic derivation of the self-consistent equation in (4) of Theorem 3.1. Let us recall some notations
from Theorem 3.1. Let x| = eZ /+/Ti. A as in Appendix C. For the ease of further use, we denote

-1

Q=(ATSTSA+C)! ( szx +c>

and Q_; = (3, %% + C)~', for which we get

m

Z %E[xsxj] = i: a;a; =ATA.
i=1

s=1

Then, we follow the deterministic equivalent framework (see Couillet & Liao (2022, Chapter 2) for an introduction) and
show that ||E[Q] — H™!|| ~ 0, for H = ATDA + C, where D € R"*" is the diagonal matrix in Theorem 3.1. Note that

IE[Q] ~H™'| = ||E[Q]A 'DAH ™' — E[QATSTSAJH | ~0,

and using Sherman-Morrison formula in Lemma A.3, we further ascertain that
1

pon Q_sxsX, TH- i

1+ XIQ_SXS /m —

Q,saia;rﬁ’l
1+ ajﬁ*lai/mm '

E[QATS'SAH | =) "E

Sala—rﬁ_1
1+ aTQ sa;/mm;

Using the rank-one perturbation lemma in Silverstein & Bai (1995, Lemma 2.6), we obtain

.

E[QATSTSAH |~ ) E
1=1

—E[QA'DAH,

1+ a;erlai/mm 1+ aTH 1a /m;

n
so that D = diag {Mﬁ} . This leads to the self-consistent equation in (4) of Theorem 3.1.
ita, i) =1
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D.2. Detailed Proof of Theorem 3.1

As outlined in Appendix C, the proof of Theorem 3.1 also comes in the following two steps:

1. construct a high probability event ¢ as in (19); and

2. conditioned on that event ¢, bound the spectral norm ||I; — E [Q]H]| using “leave-one-out” analysis.
Furthermore, for each s € {1, ..., m}, there also exists an index j = j(s) € {1, 2, 3} such that, conditioned on ¢;, we have
Q=Q ,=<6H "

To complete the proof of Theorem 3.1, we first rewrite

Ty — H2E¢[QH? || = ||H? (E¢[QIH — I,)H |

1

W, we then get

Taking vs = 1 + %xj X, s=1,...,m, andf)s =

EC[Q}ﬁ —I; = (E[Q] — ﬁ_l)ﬁ =E, {Q (ATDA _ ATSTSA) ﬁ_1} H
—E.[Q(ATDA - ATSTSA)]

=E¢ Q- Q*S]ATDA + EC[Q*S(ATDA - DSXSXZ)] +EC[Q78(DS - i)XsX;—]a

S

VA z
1 2 Z,

which yields
Ty — H¥E¢[QIH? || = |[H?(Zy + Zo + Z3)H 2 ||
< |H:*Z,H % | + |HZ.H 3| + |[HZzH 2 |. (24)

Then, we bound the first term ||[H/2Z, H~1/2||. Together with the fact that the event ¢ is independent of x,, and using the
Sherman-Morrison formula in Lemma A.3 and (22), we get

EC [Qfs - Q] = EC[m,}/ Q*SXSX;Q*S] = 2E<’ [m’y Q*SXSXSTQfs]
9 9 n
= EEQ’ [Q—SXSXSTQ—S] j EEC’ [Q—s ;ajaj Q—s]

2
= *Eg’ [Q*sATAQfs] = *Eg’ [Q-sHQ_],
m m
which, by incorporating the fact that H < H and the event ¢ indicates H'/2Q_,H'/2 < 61, leads to

|3z, A} < [H¥E(Q - Q_JH*H *ATDAH ?|
< [HEH"2|[[HAE(Q — Q-.JH? ||[H *H?|||H *ATDAH #|

IN

~ 2
IFEH P HEEQ ~ @ JHY | < — By [HIQ  HAH:Q H]|
m
72
< —.
m

(25)

Further, we move on to bound the second term in (24). Recalling the assumption regarding (y, (2, ¢ " and &5 from Appendix C,
we have

EC[Q*S(ATDA - DSXSX;—)] = %(EC’ [Q*S(ATDA - DSXSXI)} - EC’ [Q*S(ATDA - bsxsx;r) ! 1“(3])
— U3
T : 5, B [Q_s(ATDA — Dyxox/) - 1-¢,].
— U3
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Then, it follows that

|FE3 Z,H 3 | <2Hﬁ%E<f[Q J(ATDA — Dx,x]) - 1-(;JH 3|
<2|E¢[HzQ_H>H 2(ATDA — D.x,x, ) - 1-(s]H 7|
< 12|HH'H? |[E¢[|H ?(ATDA - Dyx,x[) - 1-GH 7]
< 12E¢[|H 2 (ATDA — Dyx,x, ) - 1-¢sH 2]
< 12E¢[(1+ [H™ 7 Dyxox] H 2 ) - 1G]
<12B0[(1 4 Dex! H'x,) - 1-¢s] = 1205 + 12E [Dox] H™'x, - 1-(s].

It follows from Lemma D.3 and m > 2pyaxdes that

m + 2pmax eff m + 2pmaxdeff

||H%ﬁ*1H%|| < ||H H'H3 b = M 2Pmaxdet _ o 06)
m
so that
N o Tpr—1 M Ter—1 2 ~ maTI:I—laj 2
Vare [Dex, H'x] < Eer[(Dex, H 'x4)%] = Zﬁj
j=1 mﬂ-] +aTH la]
n -1 n l 1 _
_ N~ DafH ) Z HAH-HS | (a] Ha))?
j=1 T =1 Uy
< 4pmaxdeﬁ Z a.;rH_laj < 4pmaxdgﬁ7
j=1
and

mTl'j

) TH-15.
m7TJ—|—ajH a;

n
ajTﬁflaj < Z HH%ﬁle%HajTH*laj < 2deft .
j=1

n
Ee [f)sxjﬁflxs] = Z

j=1
Using Chebyshev’s inequality, we get, for x > 2d.g,

4pmaxdgﬁ
2 '

Pr(Dx/H 'x, >z | () <

This, together with §3 < 0 <- 3 and m > pmaxdes further leads to

1 ° = =
|HzZ,H | < O(?) * 12/ Pr(Dyx]H 'x, - 1-¢, > 2| (')da
m 0
1 > 5 T
< 0(7) + 24m265 + 12/ Pr(Dyx,H 'x, > o | (')dz
m 2m?2
1 24 o0 1 24 ma»xd2
< O(—) +— +48pmaxd§ff/ 2l = O( ) L
m3 m 2 l’2 m m2

3 3
pmaxdeﬁ
m3

|
Q
Y
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Using (22) and (26), we bound the last term in (24) as follows:

IH:Z,H 3 < sup ]EC“DS—7;1\|qu—VI%Q,SxSXIITI_%V|}

llull=1,]lv]=1

< swp 2By [IDy - HEQ k] HEv|
[[lull=1,]|v|=1 -

(1,7 1. TH-1
=X Qoexs — —-x, H'xg

-1 ~ 1
= sup 2E ./ = u'H2Q_,x,x, H 2v
¢ —1 §AhgAg
[lu]|=1,[Iv|=1 Ds Vs
T Tiy-1
a; Q_a;, —a;, H "a;, ~1 ~ 1 1 1
< sup E . Ls ts (uTH2Q,SxSxSQ,SH2u+VTH 2xsx;—H Zv)
[lull=1,]lv]=1 mmi,
n T 1
a;Q_sa;—a;H "a ~ ~1
. J s j J| T T L
= sup En E _ u H>Q_;aja; Q_;Hzu
[[lull=1 =1 mim;
n Tyr—1
a;Q_sa; —a;H "a; ~ ~
+ sup EC' J J v H 2ajaTH 2v
Iv]=1 =1 mim;
T TE-1 n
a;Q_sa; —a;H "a; 1 ~1
< sup Ey | max |- J E uTH2Q_saja] Q_;Hzu
lufl=1 1sisn L =1

Ivil=1

< sup EC/
lufl=1

+ sup Ep [max

TH-1
a;Q_sa;—a,H 'a ~
+ sup EC' max |2 Q-2 J JIvTH 2ATAH =v
Ivii=1 1sjsn mm;
alQ_a; —a Hla;/| -
<o | max (M TN g b B2 H P ATAR S|
1<j<n mm;
alQ .a,—aH'a;| - , 1 1
+E. | max s Q- — 3 LH TH2|2|H *ATAH 2 ||
1<5<n mm;
(a) alQ_,a,—aH'a;[] ® E {(aTQ,Saj - aTﬁ_laj)ﬂ
< max 38E. j Qs — 2 ‘|| < max 38 ¢ ! 2j
1<j<n mm; 1<j<n (m;)
E. [(aTQ,Saj —-E /[aTQ,Saj])Q} E.lal - _aTﬁ—la,
— max 38y — L7 Y + max sy @l ma o] o)
1<j<n (mmj) 1<j<n mm;
M- M

where in (a) we use the fact that AT A < H, H < H and the event ¢ indicates H'/2Q_,H'/2 < 61, along with (26), and
in (b) we use Cauchy-Schwarz inequality. Then, by Lemma D.1, we bound the term M, in (27) as

1
M; < max 2736L3
1<j<n

e (2] H1a;)? 1
\/'0 n (@ LA 645L3

(mm;)? 1<j<n
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Now, it remains to bound the second term M> in (27). Using again (26), we get

~1~ 1

[Ec-fa] Q-ay] — afH'ay| = [af H S HIE( [Q_, — H'[HIH Zay|
< a] ', [HE (Eq (Q-.] - HT)HE| < 2a]H™"a)|[HE (Ec[Q-. - HT)HY|

<2a/H 'a; | |[H?(Ee — Eo)[Q_yJH? | + |[HE[Q_, — QH | +|H2(E[QH - I)H || |. (28

G Ga

Noting d3 < g and

1
1—1463

E[Q-s] = (B [Q-s] = d5E [Q—s|—d3]),

we have, for the term (G; defined in (28), that

6

G1=

(Eq Q- ]_Eg[ s|_‘5d]) 2”

~ 1 24
g%g(HHfEC/[Q,s]HﬂHHHEEC[ ) < 2465 < =

For the term G5 in (28), it follows from (25) that Go = O(%) We thus have

ajTH’laj
M, <76 max ———
1<j<n  mm;

76 maxde 1 1 T2 S
<f’ff<o<3)+0<)+||ﬂ Z,H 2| + |H?ZoH 7| + |H?Z3H 2||>
m m

1
(O (m >+O< >+||H Z H"H+I|H ZQH“\|+||H Z.H 2 |>

m

76pmaxde 1 / d3 / a3
< P H<O< >+O( >+O( >+O< pmaxeff>+0< pmaxeff>+M2>
m m m m
which, for m > 76pmaxdest, yields that
M2 -0 pgmaxdsz 762p12naxdsz =0 p?naxdgff )
m3  (m — 76pmaxdefr)? m3

Putting everything together, we conclude that [|[HY/2E,[Q]H'/2 — I;|| = O (\/ Pax @/ m3). This concludes the proof
of Theorem 3.1. U

D.3. Discussions on Theorem 3.1 and Auxiliary Results

Lemma D.1. Under the seitings and notations of Theorem 3.1 and let Var [:] denote the variance conditioned on the event

¢ " with x independent of ". Then, we have

TEy—1, )2 TH 14.)2
Var ./ [a;ersaj] < S84 L 2pmaxcler(a; H a)) + 288Ly(a, H a;) .
m m

Proof of Lemma D.1. Use Q_g to denote the matrix (ATST _;S_y A + C)~! where S_y is the matrix S without the s*”
and [*" rows; let that, for each pair s, [, one of (1, (2 is independent of both x, and x;. Without loss of generality, we

assume that it is ;. Also, letE . [-] be the expectation conditioned on ¢ " and the o-field F; generated by the basic events
X1, .. ,%;. To apply the Burkholder inequality in Lemma A 4, we rewrite a Q_.a; — E [a] Q_,a;] as the martingale
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difference sequence

a; Q_.a; —Eyfa; Q_a;] =Eq . [a] Q_.a;] — Ey gla] Q_.aj]

= Z(E(/,l - Ecl,l—l)[a;rQ*Saj - ajTQfslaj} + Z(Ec’,z - Ec',z—l)[ajTQfslaj]
=1 =1
== (d+w),

=1

where ¢, = (Ep ; — Ecr,lil)[a;-rQ_slaj - a;-rQ_saj], and ¢, = —(Ep ; — ch)lfl)[ajTQ_slaj]. Analogous to (22), we
have the following result, the proof of which is straightforward.

Lemma D.2. Under the settings and notations of Theorem 3.1, we have, for a p.s.d. random matrix M (or a non-negative
random variable) living in the probability space of S,

E[(IT}-, 1¢,)M] 1

B M] = Pr(¢) “1=%

E[1,,M] < 2E¢, [M], (29)
where 1, is the indicator of the event (.

Conditioned on ¢ ' using (29) and the fact that

T T o ia;‘erlelX]TQfslaj
aj Q—Slaj - aj Q—sa] - 17T
m 1+ Hxl Q,Sle

we obtain the following bound on the second moment of ¢; as

) ) 1 a] Q_uxix/ Q_qa; ? " 1 a/Q_gaa) Q_ya; ?
Ep [oi] < 2B, [¢7] < 2B, || — <2, | m
=1

T T 1.7
1+ 5% Q_gx mm; 1+ Pty Q_ga;

n

1
< 2E, Z m2r (a;'rQ—Slaia;rQ_Slaj)z]

=1

2
ma

n
T T
Z a_j Q—slaiai Q—slaj

T
i=1 v

a;rQslHQslaja;rH_lai]

2pmax deff
m2

Ee,

ZajTQslaia:Qslaja;QslHQslaj]
i=1

2 m xd ff

el 2] Q gATAQ qaja] Q-uHQa)

2pm xd ff
Wil [(a] Q HQ ;)]

IN

IN

This, combined with the fact that H/2Q_,;H/2 < 61, results in
2592pmaxdeff —
Eofof] < PPt (T2
Subsequently, we proceed to bound |¢;|. Considering that ¢; is independent of x;, it follows that ECl’l[aJTQ_slaj] =

Eglyl,l[a;rQ,slaj]. Then, noting that, for §; = Pr(—(2) < %,

1 02
Ey ,[a] Q_qa)] = mEglal[ayQ*SZaj] - EEC1al[a;rQ*5laj|_‘<2]’
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and

02
721@41,171 [a] Q_qa;]-Cal,

.
CEeimlay Quaag] = 5

1
]Eg’,zfﬂagTQfslaj] =1_4,

so that

92
il = (e, — Eer yy)[a) Qaay]] < 1=, Bt E¢,1-1)[a] Q-siay|=¢]|
12a; H 'a;

< 252E<1 [a;rQ_slajh(Q] < 1252ajTH71aj < m

Consequently, let y; = —(¢; + @) such that 3"y, = a] Q_,a; — E. [a] Q_a,], it follows from the Burkholder
inequality in Lemma A.4 (for T' = 2) that

m
Z Y
=1

_ 5184 Lapmaxdes(a] H 'a;)? N 288L2(aJTH*1aj)2.

2 m m m
<Ly Eol(di+¢)?) <20y Ee[g7]+2L2 Y B[]
=1 =1 =1

Var,/ [a;rQ,saj] =Eq

m m

This concludes the proof of Lemma D.1. O

Below is the proof of the result in Footnote 2.

Lemma D.3 (On the self-consistent D). For a given matrix A € R"*%, let S be a random sampling matrix with number
of trials m and importance sampling distribution {m;}?_, as in Definition 2.1, and let C € R¥>*? be a p.s.d. matrix and
dest = >, L€ with leverage score (€ as in Definition 2.2. We have

i=1"1
_om . p<_.m™
m + 2pmaxdeff m + pmindeﬁ

s

in the sense of p.s.d. matrices, where we recall pmax = maxXi<;<n 6?/(7ridcff) and pmin = Mini<;<y, Kic/(mdcff).

Proof of Lemma D.3. For each D;;,7=1,...,n, it follows from its definition in Theorem 3.1 that
D.. — mi; > mi;
" mm+a (ATDA+C)ta;, ~ mm + D, al (ATA +C)~la;’

where Din = min;<;<, Dy < 1. Without loss of generality, let Dyin, = Dy, and use the fact that m > Cpmaxdeg >
CtC/r, = Cal (AT A+ C)~'a,/m,, we obtain a lower bound on D,,,, as

D - mm, S mm,
" mm, +a) (ATDA+C)la, ~ mn, + Drial (ATA + C)~la,
mm, C
> 1 = 1>
mmy + DpnC~imm, C + Dpn
so that D,,,, > % = A > 1/2, for some C > 2. Then, it follows that, fori = 1,...,n,

Dy; > i > m > m

T omm+ Al (ATA+C)la, T m+A-lal (ATA+C)ta/m — m+ A praxdes
This together with C' > 2 results in

.. m

m+ 2pmaxdeff .

i

On the other hand, we have

m m m
D, = < < .
" m+a/ (ATDA +C) la;/m; ~ m+a (ATA+C)la;/m ~ M+ pmindesr
Consequently, we have that —™"——1,, < D < —™ 1, this concludes the proof of Lemma D.3. O

M~+2pmaxdeff M+ pPmindeft
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E. Proof of Proposition 3.2

In this section, we start by presenting the RMT intuition for Proposition 3.2, and in particular how the exact leverage scores
(€ comes into play in the analysis and debiasing, in Appendix E.1. The detailed proof of Proposition 3.2 is then given in
Appendix E.2; and finally we provide discussions and auxiliary results on Proposition 3.2 in Appendix E.3.

E.1. RMT Intuition on Proposition 3.2

Here, we present the heuristic derivation of Proposition 3.2. First, let us recall some notations from Proposition 3.2: let
x] = e/ /\/Ti. A as in Appendix C, for the ease of further use, let

m el
I e;
T 1s z
S S § Tsts )
— mm;,
for some deterministic Fj; to be specified, and
s=1

m —1
Q=(ATSTSA+C) ! = (1 > Fiixex] + C) :
m

and similarly Q_, = (1 D F,i,x;x] + C)~1, for which we have

m

1
EZ;]E[ isis XsX ZFmaz T~
Our objective here is to find Q (and Fy;) such that |[E[Q] — H™'|| ~ 0, for H™! = (ATA + C)~!. This is

E[Q) - H ' =E[QATAH ' - E[QATSTSAJH ! ~0.

Using the Sherman-Morrison formula in Lemma A.3, we further ascertain that

E[QATSTSAH™!| =

Q—sFi iSATei eT/méAH_l 1 iE |: Q,SFiiATeie;rAH_l

1+ Fz el AQ_,ATe; /mm;, —~ |1+ Fue] AQ_ATe;/mm;
Z F”A €e; eTAHfl
— 1—|—F”eTAH 1ATe;/mm; |’
where we observe that the exact leverage score e] AH '!ATe; =a] (ATA + C)~!a; = (€ given C as in Definition 2.2

naturally appears in the denominator from this leave-one-out der1vat10n.
This, together with the rank-one perturbation lemma in Silverstein & Bai (1995, Lemma 2.6), gives that

Flle’b

——nmTi AH ' =E[QIATAH!
1+ Fl€ /mm [l ’

E[QATSTSAH ] Z

where we take the debiasing factor Fy; = mm;/(mm; — ZZC) such that F;; /(1 + F“-EZC /m;) = 1. This thus leads to

m

Szdiag{ m/(m—ﬁg/ms)} S, dse{l,...,n}.
1

s=

E.2. Detailed Proof of Proposition 3.2

The proof of Proposition 3.2 follows the same line of arguments as in that of Theorem 3.1. In the following, we presented
the proof for completeness. We specifically highlight the difference in the proof of Proposition 3.2 from that of Theorem 3.1,
where Q is replaced by Q.

The proof of Proposition 3.2 also comes in the following two steps:
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1. construct a high-probability event ¢, as in (19); and

2. conditional on the event ¢, derive a bound for the spectral norm || I; — E.[Q]H]|| using again the “leave-one-out” type
analysis.

For the second term above, we have, for m > 2p.xdes that

mm;,

F < <2,8=1,...,m. (30)

mm;, — 27 mm;,

This yields that, for given s € {1,...,m}, there exists an index j = j(s) € {1,2,3} such that Q < Q_, < 6H ! holds
on the event ;.

Denote ¥, = 1 + L F; ; x] Q_,x,, we then obtain

E([QH — I = (E¢[Q] —H ")H = E¢

Q <ATA -3 lFiSinst> Hll H
i,

s=1

Q (ATA Z = — Fii XX, )] EQATA] - E, [;Q_SFI-JSXSX:}

s=1

~EdQ - QJATA+EIQ L (ATA - xx)] +Be | (10754 ) Qx|
7 Zo >
Zs

which leads to
Ta — HEE[QIHF || = [H* (E¢[QH ~ T)H ™ # || < [HFZH 7| + [HAZ,H || + [H*ZsH 2. (D)
We first bound the first term ||[H'/2Z,H~'/2| in (31). Adapting the bound for E;[Q_, — Q] and |[H/2Z,H~'/2| in the

proof of Theorem 3.1 in Appendix D.2, and using (30) along with the fact that H'/2Q_,H'/? < 61, when conditioned on
¢ /, we get

. . Fii. - . 4 . .
Q. — Q] X E¢ | —==Q_.x.x] Q.| = —E./[Q_.HQ_,], (32)
Vs m
and
[EEZ,H ) = [HYE Q- Q}H%H-%ATAH-%H=O(1).
m

Next, we bound the second term |[H'/2Z,H~'/2| in (31). Note that E¢/[x] H™'x,] = deg and
(a/H™! aj " (a/ H™ aj)2

Z

Varg[x] H 'x,] < Ee[(x] H 'x,)?] Z 7r7 < pmaxdig-

Then, using Chebyshev’s inequality, we have, for x > 2d.g that

2
pmaxdeff

Pr(x/H 'x, >z | () < 2

Analogous to the bound on E¢[Q_(ATDA — D,x.x. )] and ||[H'/2Z;H~1/2|| in Appendix D.2, we get

. 1 .
E¢ [QfS(ATA - XSXI)} = - b3 E¢ [Q,S(ATA - sz;r) ) 1“(3];

1—
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and

IH?Z,H 2| < 1265 + 12E0 [x] H™'x, - 1¢3] = 1205 + 12/ Pr(x/H 'x, - 1.¢, > x| ¢')dz
0

p?naxdgff
:O< s )

Now, we move on to bound the last term |[H'/2Z3H~'/2|| in (31). Considering (30), it follows that

1 Fi . aZQ_SaiE - E? aZQ_SaiS - E? aZQ_saiS — Zlc
Ys | mm;, — ﬂ? + aZQ,Sais mm;, — E? fote mm;,
TC C T Ty-1
a, Q_za;, — ¢ a, Q_sa;, —a, H a,;,
<o|2Qe Tl )y Q. 2, : (33)
mﬂ'is mms
Following the bound on ||[H'/2Z3sH~'/2|| in Appendix D.2, and recalling (30), we further have
1y po 1 Fi Terd Ter_1
IH2Z;sH =2 || < sup  E¢||1-—= ’u H2Q_.x,x, H 2v’
[lafl=1,]lv]=1 Vs
E. [(alQ_.a;, —al H 1a;)2
< max 74 C[(JQ(j J ])}
1<j<n (mm;)?
Eq [(a;rQ_saj —Eq [a;‘rQ—saj])Z} ‘Ec’ [ajTQ—saj] - ajTHilaj
= max 74 + max 74 , (34
1<j<n (mm;)? 1<j<n mr;

My Ma

Subsequently, like the bounds for M; and M5 in Appendix D.2, and using (30), we obtain the following bounds for M

and Ms:
. 3 d3
Ml _ O < pmaxgeff> :
m
and
. 74a;rH_1aj 1 - 1 1 = <1 1 < 1
M, < max. — o ([H2(E¢ — E¢)[Q-,JHZ|| + [H2E[Q-, — QJHz || + [|H= (E¢[QH — I,)H" =)
I J

_ plgnaxdgff
m3 '

Combining the above, we conclude that ||I; — H/2E,[Q]H'/2|| = O (\/ P2ax e/ m3), and thus complete the proof of
Proposition 3.2. ]

E.3. Discussions on Proposition 3.2 and Auxiliary Results

Here, we present some auxiliary results in addition to the fine-grained debiasing results in Proposition 3.2. Precisely, we
show in Appendix E.3.1 that by substituting exact leverage scores with some (computationally efficient) approximations
leads to a controlled inversion bias. We then provide the proof of Corollary 3.4 in Appendix E.3.2. A “counter-example” to
Dereziniski et al. (2021b, Theorem 10) that uses scalar debiasing to achieve zero inversion bias in the case of exact leverage
score sampling is given in Appendix E.3.3. Finally, we establish the proof of Corollary 3.7 in Appendix E.3.4.
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E.3.1. DISCUSSIONS ON DEBIASING S USING APPROXIMATE LEVERAGE SCORES

Corollary E.1 (Fine-grained debiasing S using approximate leverage scores). Under the setting and notations of Theorem 3.1,
if one uses approximate leverage scores /< in the debiasing matrix, instead of the exact leverage scores £€ in (5) in
Proposition 3.2, that is
S = diag{ m/(m — Zg/ﬂls)} .S, (1 —w)ﬁ? < Vic <(1 er)éic, w € 1[0,1].
s=1
Then, there exists C' > 0 independent of n, deg such that for m > Cpmaxdest (log(der /8) + max {w/e, 1/2/3}) with
5§ <m3, (ATSTSA 4+ C)~'is an (e, §)-unbiased estimator of (AT A + C)~L.

Proof of Corollary E.1. The proof of Corollary E.1 largely follows the proof of Proposition 3.2, and is presented here for
completeness. In the following, we emphasize the difference from the proof of Proposition 3.2, particularly regarding the
matrix S, which is constructed using the approximate leverage scores denoted by /€ as

S—diag{q/m/(m—ég/ms)} S, dse{l,...,n}.
s=1
This implies, in the proof of Proposition 3.2 that
’ITL?TZ‘S
Fii, = m (35)

Note that in this setting, we have, for w € [0, 1] that [/€ — ¢€] < w(€ and /€ < (1 + w)t€ < 2(€. As such, for
m > Cpmaxdet > CLE /m;. with C' > 4, we have
mm;,

tate = mm;, — 2@0

< 2.

Thus, adapting the proof of Proposition 3.2, we get the same bounds on ||[H'/2Z;H~'/?|| and |H'/2Z,H~'/?|| as in
Appendix E.2, that is

. 1 . 3 d3
iz =0 (). [rizE =0 ( ”I‘l) -
m m

Next, we establish a bound for the term ||[H'/2ZsH~'/2|| in the setting of Corollary E.1. Using (35), we obtain

L P al Q_,a;, —(C a/ Q_,a;, — (L a/ Q_,a;, — (L
Vs mm;, — ES + a;ZQ_sais N (1 - 6171)777//TiS mm;,
< 9 a;l; . —sQi, — EE +9 Zvcj - VE < 2 az—'EQ*Sais - EE + 2wpmaxdeff-
mms mms mms m
This, together with (34) yields that
3 g3
|H2ZsH 2| =0 (‘*’pmaxdeff + pm“feff> .
m m

Putting these bounds together, we conclude the proof of Corollary E.1. O

E.3.2. PROOF OF COROLLARY 3.4

The proof Corollary 3.4 largely mirrors that of Proposition 3.2, and is included here for thoroughness. For m > C'deg with
C > 2, we have
m mm;, mm;,

F . = = < 4 < 2.
S m—deg  mm, —degmi, ~ (1 —C~)mmy,
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Then, recalling 7; € [£€ /(dett pmax)s £/ (deft Prain )] Such that |7, — €€ /deg| < epéic/deff withe, = max{(p;]iln —-1),(1—
Pk )}, and (33) can be rewritten as

1 Fisis _ aZQ—sais - deﬂ"ﬂ-iS a;l; . —sQj, — deffﬂ-iS a;; . —sQi, — KS 4+ 2 eE - deffﬂ-zé
¥ | mm;, — degm;, + aZQ,SaZ-S (1-CYHYmm,, mm;, mm;,
TC C C T C C
a, Q_sa;. —{; 07 [deg — ;. a, sa;. — U3 13 /de
<9 ZSQ s is + 2 ZS/ ff ‘<9 i s is + 2€pdeff zs/ i
mm;, mm;, mi; mm;,
TG S
<9 alsQfsazs i | 4 26ppmaxdeff )
mm;, m
This, combined with the bound in (34), gives that
1 -~ 1 maxde 3 d3
||H§Z3H75|| -0 <epp ff + pmax3 eff) .
m m
Recall the proof of Proposition 3.2 that
1 1 1 , . 3
IH*ZH | =0 ()  HAZH 5| = 0 <\/ e e”) :
m m
Putting these together, we conclude the proof of Corollary 3.4.
In particular, taking pmax = 3/2 and pyin = 1/2, we have €, = 1 and thus an inversion bias of order O(dcg/m). O

E.3.3. A “COUNTEREXAMPLE” TO DEREZINSKI ET AL. (2021B, THEOREM 10)

Corollary E.2 (“Counterexample” to the lower bound in Derezinski et al. (2021b, Theorem 10) using exact leverage
sampling). For any n > 2d > 4, there exists A € R™*4 gn exact leverage score sampling matrix S € R™*™ in
Definition 2.2 and a high probability event ( (that ensures the invertibility of ATSTSA), such that when conditioned on (,
(YATSTSA + C)~' is an unbiased estimator of (AT A + C) ™! for v = ZE¢[1/b], b distributed as Binomial(m, 1/d),
and C = 04.

Proof of Corollary E.2. We begin by recalling the setup of the matrix A in Derezifiski et al. (2021b, Theorem 10). Without
loss of generality, assume n = 2d (otherwise, we pad A with zeros). The matrix A consists of n = 2d scaled standard
basis vectors, where consecutive rows are defined as az.T(Fl) = aQT(ifl) o = %ej for 4 > 2, and the first two rows are

T _ 1. T T _ 3 ,.T e s
ay —ﬁel,a2 —ﬁel.ThISIS

o0y
{)ZL 0
V2

0 0 L
0 0 %

In this case we have ATA = I, and C = 0y, so that the leverage scores satisfy 6? = i, 65 = %, and Zg(i_lH_l =

820(1.71) 4o = % for ¢ > 2. The leverage score sampling distribution {7;}!, as in Definition 2.2, used to construct the
sampling matrix S of size m > d, is thus given by

1 C
100 fori=1,

T = 4%, fori = 2,
1 .
5q, Otherwise.
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For any « > 0, the matrix YA "STSA is diagonal, with diagonal entries given by

[YATSTSA] Vfi, fori=1,...,d,

where b;’s are all identically (but not independently) distributed as Binomial(m, 1/d). Then, conditioning on any high
probability event ¢ that ensures the invertibility of ATSTSA., it follows that

E H(WATSTSA)’IM - %]EC {bl] fori=1,....d,
so that
Ec[(ATSTsA) | = (aTA)

m

with v = 2E, [1/b], where b is any one of the aforementioned {b;}¢_,. This completes the proof of Corollary E.2. O

E.3.4. PROOF OF COROLLARY 3.7

The proof of Corollary 3.7 comes in the following two steps:

1. construct two independent high probability events: (,, on which the randomized Walsh-Hadamard transform H,,D,, A
of A as in Definition 3.6 has approximately uniform leverages scores; and ¢ as in (19) to subspace embedding, but for
x, =e H,D,A/ /n7;, € R the i{" row of Agryr; and

2. conditioned on the event ([)(,, apply the bounds in Appendix E.3.2 to obtain inversion bias for
(== Aé'—RHTASRHT + C)7L, where dog = S Kf: is the effective dimension of A given C.

m—derr

We start by recalling some notations from (the proof of) Proposition 3.2. Denote Ac = AH~/2 with H = AT A + C and
let (€ (H,D,A/y/n) = |le] H,D,Ac|/?/n be the i*" leverage score of H,,D,, A /\/n. Define the following event (,:

Cuw

de
(C(H,D,A/\n) — nﬂ <w, Vi<i<n.

Note that this is equivalent to, for uniform sampling with 7; = 1/n that

EZC (HnDnA/\/ﬁ) — deg;

mim;

n
< —w, VI<i<n.

— )

Next, we verify that the event (,, holds with a controlled probability. Precisely, some C > 0, it follows from Lemma E.4
below and || Ac||% = deg that
Pr (

with w > max{C'y/deg log(n/d)/n,Clog(n/d)/n}, which is equivalent to
C - ; V/dest log(n/3)
0 (H,D,A/\/1n) — degr; < max { Cy/deogt og(n/é)7 C'log(n/d) } forl<i<n.
m m

(C(H,D, A /i) — : (36)

mi;

Further recall from Lacotte et al. (2021, Lemma 1) that a sampling size m > Cpax(degt + log(1/(€d)) log(deg /5)/€2),
Pmax = Max<i<, tfC(H,D,A/\/n)/des and € € (0,1/2] suffices to ensure that H~/2 Al r AsgarH /2 is an
(€, §)-approximation of AL A c. This leads to Pr(¢) < §/2. Combining the above results, we obtain Pr(¢ () ¢,) < §. This,
together with

(C(H,D,A//n) — degT;

m;

3 1<i<n

. 3 d3
|H?ZsH 2| =0 ( pm“eff> +0 (max
m
1~ ]. 1~ 1 3 d3
IH:Z,H 3| = O () , [H2Z,H" 2 =0 ( Faxcet eﬂ) :
m m
in Appendix E.3.2, concludes the proof of Corollary 3.7. (]
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Remark E.3 (SRHT inversion bias with different sampling sizes). Recalling (36), we observe that

Pmax = 1I£1_a<X nézc (HnDnA/\/ﬁ)/deff <2

holds with the probability at least 1 — §/2. Consequently, choosing m > C(deg + log(1/(€6)) log(deg/6)/€?) suffices
to ensure that H™'/2 A, .  AsrgrH /2 is an (e, §)-approximation (or subspace embedding) of AL A . On the other
hand, note from Corollary 3.7 that

1. by taking v = 0, a number of m = ©O(des) samples with nexp(—deg) < J < m~3, we have that
(e AlpgrAsrur + C)~Lis an (O(1), §)-unbiased estimator of (AT A + C)~!: This, in particular, agrees

with the above subspace embedding condition up to logarithmic factor.

2. taking v > 1 in Corollary 3.7 allows one to (further) reduce the inversion bias (to a level that is significantly smaller
than O(1)) by increasing the sample size m = ©(d +").

Lemma E.4 (Row norms). Let H,, € R"*" be the Walsh—-Hadamard matrix of size n > 4 as in Definition 3.6 and
D,, = diag(v) € R™ " with v € R" a Rademacher random vector. Then, we have, for a matrix X € R™*4 withn > d
and t > max{||XX " ||p\/log(2n/8)/(cn?), | X]||? log(2n/8)/(cn)} that

o

where || - || denotes the Frobenius norm, and ¢ > 0 is a universal constant.

le/ H, D X|? X%
n n

>t,1<i<n><5

= U

Proof of Lemma E.4. Recall from Definition 3.6 that both H,, and D,, are orthogonal matrices such that HI DfLHn /n=1,.
Fix arow index ¢ € {1,...,n} and consider

”ezTHnDnX”2

= [lvTEX]]?,
n

where E = diag(e; H,,/\/n) is a diagonal matrix formed from the i*" row of H,, /\/n. Observe that E? = 11, we further
have

X 2
E[lv'EXX'Ev] = tr(E[X EvvEX]) = tr(X"E?X) = X
n
Note that
X 2
XX B = X Ex | = 2
n
XXT 2
|EXXTE|% = tr(EXX 'E’2XX"E) = tr(XX "E2XX"E?) = @
n
and
K = max inf{s > 0 : E[exp(v?/s?)] < 2} = (log(2))~'/2 > 1,
<i<n
where wv; is the 4*" variable of w. Apply Hanson-Wright inequality in Theorem A.5 with ¢ >
max{log(2)|| XX ||p1/log(2n/8)/(cn?),log(2)1X||? log(2n/d)/(cn)}, foreach i = 1, ..., n, we have
T 2 2
. < el LD, X|? X[ | t) 0
n n n
Taking a union bound over these n events, we conclude the proof of Lemma E.4. O
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F. Proof of the Results in Section 4

In this section, we present proof of the results in Section 4. Precisely, to establish convergence guarantees for the bias-
corrected SSN iteration in (9), we first introduce in Proposition F.1 a fine-grained non-asymptotic bound on second moment
of the normalized sub-sampled inverse matrix in Proposition F.1 and present its proof in Appendix F.1. Stemming from this
second inverse moment analysis, we also provide non-asymptotic bounds on the second inverse moment for the exact and/or
approximate leverage sampling and SRHT in Corollary F.2 and Corollary F.3, respectively, under scalar debiasing. Then, in
Appendix F.2, we provide the detailed proof of Theorem 4.3. Finally, further discussions and additional results related to
Theorem 4.3 are provided in Appendix F.3.

Proposition F.1 (Fine-grained analysis of second inverse moment). For a given matrix A € R™"*%, let S be a random

sampling matrix with number of trials m and importance sampling distribution {m;}?_, as in Definition 2.1, and let

C € R4 pe a p.s.d. matrix and Cp = (ATA + C)"'/2C(ATA + C)"1/2 ¢ Rxd, Define deg = tr(ALAc) with

Ac = A(ATA+C)'/2 € R™*? and the fine-grained de-biased sampling matrix S = diag { m/(m — K'S/m)} -S
s ’ s=1

as in Proposition 3.2. Then, for diagonal matrix F = diag{F;;}"_, with

mi;

and ac;r € R? the i row of Ac, there exists universal constant C' > 0 independent of n,deg such that for
m > Cpmaxdes (log( eff/(S) + 1/62/3) with § < m~2 and maxfactor Pmax = MaX1<i<p (€ /(mideg) in Definition 2.3,
(ATSTSAC + Ca) 2 is an (e, 8)-unbiased estimator of Iz + Ac'FAc.

Note that Proposition F.1 can be seen as a second-order extension of (the first-order inversion bias in) Proposition 3.2. As
we shall see below in Appendix F.2, this result is instrumental in establishing the convergence rate for SSN in Theorem 4.3.

F.1. Proof of Proposition F.1

Following the methodology of the proofs of Theorem 3.1 and Proposition 3.2, the proof of Proposition F.1 also comes in the
following two steps:

1. construct an high probability event ¢ as in (19); and

2. conditional on the event (, derive a bound for the spectral norm ||E:[(ASSTSAc + Ca) 2] — (Is + ALFAQ)|,
using again “leave-one-out” type analysis.

First, let us recall some notations from the proofs of Theorem 3.1 and Proposition 3.2. For the ease of further use, denote

S = dlag{FZsls};ﬂ:l -S, i € {]., . .,n}, Fisis = \/m/(m —fg/ﬂ'is)7

H=ATA+C Ac=AH "2 and %] = e/ Ac/ /7, such that E[x,x]] = AJAc. Further let
. n -1
Q= (ALSTSAC+Ca)™ (Z —F %%+ CA> yand Q= [ > EFjjfcjchT +Ca
is

To prove Proposition F.1, we first rewrite

Ec[Q?] — (Is + ALFAG) = Ec[Q — L] +E¢[Q(Q — 1))] - ALFAc. (37)
T
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Then, along with AEAC +Ca=Ijandletq, =1 + 1 —F;, i X Q sXs = s, s =1,...,m, we get

(G o](e - AFiiAfs)A(S)A(;—
EQ(Q - L) = EclQ(Q(ALAC — AZSTSAC)) = QAL AC] — E ZQ”?@]
A Fi Q% %x.x] mop2 Q*S)A(s
- BIQ°ARAC] B [y Tl | g |3 F
s=1 e s=1
; FiSiSQ%S&Sf{;— Fi2i Q*SisiIQ%SXsAT
= ElQiAchc] - Be | =Hme | K l R

Fing XX, Q2 X%/

B [QALAC - Q2 5] | B [Q (1—F) xxT] VE BNED)

T2

mys

T3

where the second and third equalities follow from the Sherman—Morrison formula. Further define F = dlag{F 11, with
F = aCT]EdQ sJaci/mm;. Using (37) and (38), we get

A _ F2. C XX, X xT _
E¢[Q%) — (s + AGFAc) = T1 + Ty + Ty + E¢ AL 2 - Q2. ] — ALFAC
=T, + Ty + T3 +E[Q - IJALFAC +E[(Q_. — QQALFA(]
Ty T
+EJQ_(ALF Ag — ALFAQ))
Te
(%7 Q2 %,Q_ %% ,
+ E¢ - —E¢[Q_o(ALF Ag)]
T7
F2 X Q2 ASA—GA‘;AT
[ () SR
o5 m
Ts

At this point, note from Proposition 3.2 that || T4|| = O (« /pfnaxdgﬁ/mf’). Using Q = H'/2QH'/2, and noting the fact
that ¢’ implies that

Q=<Q_, <6H, (39)
we have F; < aCiTEC[QZ]aCi/mm < 36pmaxdest/m < 1, which, together with Proposition 3.2 yields that | T4|| =
O (/P 07,

Now, we proceed to bound T'». We first write
IT:| = |E[Q*ALAC) - Ec[Q? (AGAC]| + [E¢[Q? L ACAC] - Ec[Q? %% ]|
< E[(Q® -~ Q2 )ALAC]| +|E¢[QZ (AGAC — %%, )]

Ta1 T2
Recalling ALAc = H_l/QATAH_l/2 =< I, we get, for the first term T, that
Tor < |E[Q% — Q21| < [E[Q(Q — Q-)]ll + IIE¢[(Q — Q-)Q-J]l|
a Fi;is A A T A ais A Y Toa
@ ’Ec {;Qq_sxstQ } HEC [ Q%% Q2, ‘
m’ys m/ys
Fz’ iA R F2 ~ ~ ~
up H]E< {i-‘QﬁsfcsfcI Q_s} ‘ n HEC { ;ﬁ'f;Q_gﬁsf«IQigxgﬁjQﬂ} , (40)
mvys m=ys
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where we used (again) Sherman—Morrison formula twice in the step (a) and (b), respectively. For the first term in (40),
using the fact that F;_;_ /s < F;_ ;. < 2, together with (22) and (39), we get

m7s

= sup [E {%uTst&S&jQSV]
lull=1,jlvil=1 = L7%s

IN

4 A .
— sup  Eo UuTQgsch&zQ,svﬂ

M Jjuf|=1,|lv|=1

2 N T A T oA
< — sup  Eo {UTQQ_SXSXZQ%SU + VTQ_SXSXZQ_SV}
M ju||=1,]|v|=1

2 A o A o
‘ TAH?2 T A2 T T
< — sup E. E u Q_sacjach_Squv Q_Sacjach_sv
M lufl=1,|v[=1

n
j=1

2 . . . .
<= s By [0'QALACQRu+vIQ ALACQ ]
M lufl=1,]v]=1

1
~o(1)
m
Analogously as above, we have, for the second term in (40) that

HE< [ e g %] stxstQs}

< SIE Q%% Q2 %% Q|

m=ys
_ 8 g Zn: Q-sac,ac] Q% .ac;ac] Q-s
T om2 ¢ |4 T
j=1
288pmaxdeff A T A pmaxdeff
= =B [@-asacQ ]| = ofFs).

We thus conclude that T2; = O(1/m).
Following the methodology used to bound ||[H'/2Z,H~'/2|| and |H'/2Z3H~'/2|| in Appendix E.2, together with (39), we

get similarly
3 & Xd3 ?naxdg
Ty _o< pm;ﬁ) . Il =0 (x/’) mf“) ~

Utilizing the fact that F,; < 36 pmaxder /M, together with (32) and (39), it follows that
A A = m. Xd i
T3] < IEQ-. - QI AGFA] <0 (P25t ).
Since (39) and T, = O(1/m), we can bound || Tg|| as

lac) (E¢[Q2.] — E¢[Q%)ac;]
m7rj

I Tl

A

. it =
, ~F| <
IE[Q-sllllAclIF —F| < 6 max

IN

6pmaxdeff A2 A2 o pmaxdeff
el |5 Q2] — Be[Q? = o (Pt ).

We then move on to bound ||T||. We start by rewriting

R _, %] Q2 %, %] , RIE[Q2 R %%/
IT7l| = ||E¢ | Q-s <AEF Ag— === < |Ee |Q-s [ AGF A Q=]
m m
T71
~ X(Eo[Q2 ] — Q2 )% %% . X (E —Eo[Q2 XXX
+ | g 3 EelQ] - Q2 )3k, +E<lq_gé<dqé] <[Q61>HSH'
m m
T72 Tr3
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%, Bc[Q2 J%. %%
m

Note that E+ [ Q- (A&F Ac —
Appendix E.2, for d3 < m =3, we further get

)} = 0. By adapting the techniques of bounding |[H'/2Z,H~1/2|| in

) _, TE]Q2 %%, %]
Tp <2|Ec lQ_s (AE-F Ag— = [Q;Z]X‘ X% ) .LCJ]
maxde AT]E 0?2 . ASATAS
m m

Furthermore, applying the Chebyshev’s inequality again, and considering E¢ [ﬁ;rIEC [QQ_S]&S&
alongside

Z)A(s/m} < 36pmaxdgff/m,

)

m?2 m?2

(f(;rEC[ 2—5}&8&;&8)2] < 64pilaxdgﬂ"

it follows that, for = > 72pmaxd?g/m, Pr(x] E¢[Q2 Jx.X] %, /m > x| (') < 693, d%:/(m>z?). Subsequently, by
55 < m~3, we deduce that

. 1ﬁC3 = Pr
0

m

1o, > ‘ c’) dx

oo ATE 2 ASATAS
§2m253+/ Pr (XS Q%% % >x‘§’> dx

2m?2 m
< 3 + 64p§naxd§ff /OO idm —_ 3 + 64p1311axdgﬂ =0 p?naxdgff .
—m m? om2 T2 m 2mA m3

This leads to T7; = O («/pf;laxdgﬂ/m3> .

Next, we show a bound on 7%5. Using again (22) and (39), we get

Tr9 < sup E¢
[luf|=1,||v]=1

5 (Ea[Q?,) - Q2 )%,

—S

<2 sup EC'
lull=1,llvl=1

}A(;r (]E(/ [QZ_J - Qz—s)&g

1 . A A2 e AL ATA ..
< — sup Ee HXST(EC’[ 2 1-Q%)%, (uTQ_SXSXSTQ_Su—FVTXSXSTV)}
M lull=1,[v|=1
1 n acT Eq o % — G % ac; o N
S - sup E.. Z | J ( S [Q S} Q S) ]| (uTQ—saCjaC;‘rQ—su + VTaCJac;rV)
M lul|=1,[v]=1 =1 Ty
T A2 A2 n
1 ac; (E~(Q~,.] —Q“,)ac; R R
< = sup ]EC’ max ‘ Cj ( ¢ [Q s] Q s) CJ| ZUTQ—saCjac;’rQ—su

m — 1<<n T
lull=1 <is j =

1 ac) (E«[Q%,] — Q2,)ac;| &
+ — sup ECI max | C]( C[Q } Q )C]|ZvTaCjacT

¢ j v
m [[v|=1 1<j<n T =
ac! (E~1Q2 . 1— Q2 )ac.,

S max ﬂEC/ [' Cj( C[ —s} Q—s) C_]|‘|

1<j<n m mj

E (ac] (Bo[Q2] - Q2 )ac,)?]

< max 37 .

1<j<n (mm;)?
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Observe that adapting the proof of Lemma D.1, we can readily ascertain the following:

) . “ T )2 maxdc
Ec |(ac) (Ec[Q,] - Q2 )ac))?| = Vare |ac] Q% ac;| = O ((a% e ) ’

sothat Ty = O (\ /D3ax @/ m3). Recalling (39) again, we derive

iI(EC[QES} —Eo Q2 ,))%.%] %, acI(Eg[QQ_S] —E¢& [QQ_S])acjaC;racj

Trz < 12K,/ ] <12)
m = mTj
12pm xd T u A A
< ~Pmefl S ] (BelQ?,] — B [Q? )acy|.
j=1
Along with
A2 Ao 03 A2 93 A2
EC[Q—S] - EC/ [Q—s] - — ]EC [Q—s] - _ EC' [Q—s | lﬁ(:s}?
1 (53 1 63

we obtain, for §3 < m~3,

144ac;|—acj

lac; (E¢[Q2,] — E¢ [Q% ))ac;| < 20sac ac; (B¢ [Q7 ]Il + IE¢1Q2, | 1-¢]II) < 3

This results in 773 = O(pmaxdZg/m*).

Now, it remains to bound || Ts||. Noting (39) and FT < 2, it follows that

ITsll < sup B¢ ’ 2221 . qucIAstchsksk;rv]

[lull=1,lIvi=1 Vs

< sup E¢ ’Ffs%s <-F'i5is_1> uTxTQQ_Sst_SﬁSf(ZV]
[lull=1,lIvi=1 Vs Vs m

v o E UF 71 HT*IQ%&J-MJV]
lufl=1,lv]=1 Vs m

S xQxxv]
lull=1,lIv]=1 Vs m

108 maxde F‘2 i
< P maxCefl sup E¢ H“ ~1
m lull=1,]]v]=1 Vs

‘uTstcs&sTvH .

Further, applying the techniques of bounding |H'/?Zs;H~'/2|| in Appendix E.2 again, we get ||Tg| =
0 (« /Do o/ m5> . Putting the above together, we conclude that

8 L p?naxdg
IE[Q%] — (Is + AGFAC)| =0 ( msff> :

This thus concludes the proof of Proposition F.1. (|

Based on the second inverse moment result in Proposition F.1, we follow the line of arguments in Corollary 3.4 and Corol-
lary 3.7,to derive the following fine-grained second inverse moment results for exact and/or approximate leverage score
sampling and SRHT using scalar debiasing. The proofs of these results follow from a direct combination of the proofs of
Corollary 3.4, Corollary 3.7 and Proposition F.1, and are omitted here.

37



Fundamental Bias in Inverting Random Sampling Matrices with Application to SSN

Corollary F.2 (Second inverse moment using scalar debiasing under approximate leverage). Under the settings and notations
of Proposition F.1, for any random sampling scheme with sampling distribution m; € [EC /(deoft pmax)s 6? /(doft prmin)] with
some pmin € [1/2,1] as in Definition 2.3 and diagonal matrix F = diag{F;;}"_, with

_ aci TE[(72 )" 2]fﬂlcri_

mi;

Then, there exists universal constant C > 0 independent of n,deg such that for m > C_’pmaxdcﬁs log(des /0) with
5 < m3, (77 — ATSTSAC + Ca)~2 is an (e,0)-unbiased estimator of 15 + Ac"FAc with inversion bias

€ = max {O («/pmaxdgﬁr/m3> , O(€pPmax eg/m)}for €, = max{p i —1,1—pl }.

Corollary F.3 (Second moment for SRHT using scalar debiasing ). Under the settings and notations of Proposition F.1, for
ASRHT € R™*™ the SRHT of A as in Definition 3.6, and diagonal matrix F= dlag{Fu} ', with

e/ H,D, AcE:[(-" deffH‘l/QAgRHTASRHTH‘l/Q +Ca) 2A{D,H,e;
i1 )
nmm;

then there exists universal constant C > 0 independent of n,deg and nexp(— deﬁ‘) < § < m3
such that for m >  Cpmaxder10g(deg/8) with max factor pmax = maxi<i<y, S (H,DpA/\/N)/des,
(5 —H~ 1/QAérRHTASRHTH 12 4 Ca) 2 is an (e, 6)-unbiased estimator of 1y + iATDnH FH, D, Ac with

inversion bias € = (\/pmaX g /m3 + \/degt 10g(n/5)/m>.

These results are extension of the results in Corollaries in 3.4 and 3.7, and can be used to derive SSN local convergence rates
under exact/approximate leverage and SRHT similar to Theorem 4.3. See Corollaries F.5 and F.6 in Appendix F.3.

F.2. Proof of Theorem 4.3

Here, we prove Theorem 4.3 by adapting the proof approaches of our Propositions 3.2 and F.1 and Derezinski et al. (2021a,
Theorem 10). The proof of Theorem 4.3 comes in the following two steps:

* we first establish Lemma F.4 that connects the de-biased SSN iterations 3, 1 to the true 3, , ;; and

 perform detailed convergence analysis of de-biased SSN.

To begin, we define a high probability event (; foreach ¢ = 0,...,T — 1, as defined in (19). These events are established
independently for each iteration, and we denote ( = ﬂ?;ol C¢. Under the setting of Theorem 4.3, it follows from Lemma 2.7
that Pr(¢;) > 1 — /T and Pr(¢) > 1 — 4. These events will be constantly exploited in the remainder of the proof of
Theorem 4.3.

Proceeding to the core of our proof, we present an auxiliary lemma, which uses Propositions 3.2 and F.1 to connect the
de-biased iteration 3, ; to the true Newton iteration 3, , ;. This is pivotal to prove Theorem 4.3. Note that this result is
universally applicable to any de-biased Bt and is independent of the smoothness assumption on F' in, e.g., Assumption 4.2.
Lemma Fd. Let H, = V2f(B,) + C(B,) with V2 f(8,) = A(B,)"A(B,) and C(B,) = V>®(B,) a p.s.d. matrix,
and let ﬁtﬂ be the de-biased SSN iteration as in (10) with de- bzased S, as in Proposition 3.2. Denote A; = 3, — 3*
and A; = ﬂt B". If the exact Newton step 3, = ,@t uth g; (with g; the gradient of F at ﬂt) is a descent

direction, i.e., A |le,, then, there exists universal constant C' > 0 independent of n, deg such that for
m > Cpmaxdes (log(degT/6) + 1/€2/3) with € > 0, § < m™3, we have

36pmax eff |

Ec, [ Aes1llr,] < [Aesalfr, + el Aellfr, + Besr = Bill%e s,

Here, pmax is the max importance sampling approximation factor in Definition 2.3 for EC = maxi<;<r E (,Bt) and
dot = max<i<7 dog (B,) with (€(B,) and deg(B,) the leverage scores and effective dlmensmn of A(B,) given C(B,),
respectively.
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Proof of Lemma F:4. In both this proof and the subsequent proof of Theorem 4.3, to simplify the notation, we abbrev1ate
Ac(B,) as Ac. We first recall some notations from (the proof of) Proposition F.1. Let p; = 3, 11 - B, = —uth gt

and Q; = (AES] S;Ac + Ca)~! with the de-biased sampling matrix S, = diag {\/m/ m— Ec(ﬂt)/wzé)} - S:

as in Proposition 3.2 and Ca = Ht_l/QC(Bt)Ht_l/Q. Define the diagonal matrix F = diag{F};}"; with F}; =
aciTECt [(AESTSAC + Ca)~?Jac;/mm; as in Proposition F.1 and ac; € R? the i*" row of Ac.

Building on the results from Proposition 3.2 and Proposition F.1, for ¢ = O (\/ P axdog/ m3), we obtain

Ect[”AtH”%{t] - ||At+1||%1t = ECt[HBH—l ﬂt+1HHt] + 2At+1HtIECt [Btﬂ - ﬂt+1]

= 2/~LtA;r+1Ht%EQ[(Qt - Id)]Ht%H;lgt + 1 g:Hile Ec,[(Qi — Id)2}H§Hflgt

< 2 I B, [ Q0] — Ll + 7 H B [QF — L = 2(Qu — Lo/

< 2||At+1||Ht||Pt\|Ht||E<t[A J = Lall + 20pell3, IE¢, [Qe] — Lall + py HPE(, [QF — Ly — AGF, Ac]H; p,
erf H ACFtAcH P:

< 26| Aviallen Ipe e, + 26lpellir, + el B, (QF) — Lo — AGF Ac] + [pel3e g, IF
T 2
ac; E¢[Qjlac;
< el| Al il + ellpelf, + 1PelGe s, max =S—rt =
2

36pmax eff
m

< ell Al [pellm, + ellpellz, + IPell3 s s,

which combined with [|p |, < [ Aer1lm, + |Adlm, < 2 A¢e, and [A¢]r, e, < 2] A, leads to

X X X 36pmaxd T
E¢ [[1Ae1lf,] — Al < 26l A, +4el| Adllf, + Tellpt\lézf(g‘)

A 36p x Weff
:€||At||%-lt %”ptnvzf(ﬁ

This concludes the proof of Lemma F.4. O

Proof of Theorem 4.3. First note that by Assumption 4.2, we have the following result

m3

y . P2 a2
||HtAt - gt”H:1 < U”AtHHm H; =, H, forv=0 e (41)

Letting A, = Bt — 3% and A; = B, — 3%, we then show (41) holds under Assumption 4.2. Consider Bt € U forall t, we
get the following condition:

3/2
X pmaxdcf‘fgmin
Il < (Lot )

where o,i, denotes the smallest eigenvalue of H. We further derive

-3 1 L 3 * L A L A p?naxdgff
72 (L~ HMH2 | < 27 [H — HI < 2718, = 87l = A < 5l < f 205 = v,

which leads to that H; ~,, H. We now advance to verify the second part of (41). Recalling that the standard analysis of
Newton’s method (Boyd & Vandenberghe, 2004), we have

1 1
IH:Ay — g = HHtAt - (/ V2F(B* + mgm) Al < 1A / |IV2F(B,) — V2F(B* +TA,)||dr
0 0

1
. . L <
1A [ a=n)DiAdar = FIALR
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which together with v < 1/2 and the fact that H; ~,, H implies that || H; *|| < LY achieves

1+wv 2(1+w) +U < vv1+wv
H A = gellgg 1 < IIHtAt gtH<\/ HA 1> < 4 )I\Atllﬂ 7\\At\\H

- (1—i—v)32
- 2

1A, < ol A,

Thus, (41) holds.

Next, we proceed to the main part of the proof. We first rewrite || A; 1|3, as

||At+1||%1t = A;:LlHt(IBH-l - Bt + /Bt - /3*) = AzIrlHtAt - :“tAtTHgt
=(1- Mt)AtTJrlgt + A75T+1(HtAt —gt)
(1= p)A t+1HtAt -(1- Nt)AtTﬂ(HtAt —gt)+ AtT+1(HtAt —gt)
(1— ) (AT H A — g Ay) + HfAt+1(HtAt —gt)
(1= )21 Ay, + pe(Arr + (1= ) Ar) T (H A, — g1).

Invoking (41) and triangle inequality, we get

[Alfr, < (1 — pe)?(|Adllzy, + vaell Aralle, [|Ad b, + vpe(1 — pe) [ A, -

With the fact that if 22 < az + b then 22 < a? + 2b, it follows that:

1A+l < O*pillAelf, + 200 = ue) | Aellfy, + 20 (1 — pe) [ Aellfy,
= (2(1 = pe)® + 2ope + 1 (v* = 20)) | A3y,
< 2((1 = pe)® + vpe) [ A1y, -

It then follows from Lemma F.4 and the inequality V2 f(3,) < H; that

36pmaxdeff | ‘
m

B, (1A lf1,] = 1Al < vl A, + Pelfa, - (42)

For the second term in (42), we rewrite

36pmaxdeff

TAt ;1(HtAt _gt))

Ipilfzy, = 20Pmaxtert 2
t H; — m

36 0maxde . B .
= DPmaxCell 2 ATH,A, — A] (HA, — g,) — g/ Hy (HA, — g)))

36 pmaxdef < 36 pmax et .
— Sl Ay, — PRS2 A, 4+ ) (HLA — g1).

Using again (41), we further get

36pmax deff 2 (

A+ H, gt) (HtAt —g) = _MtQAt + pe(Aggr — At))T(HtAt —gt)

< 36pmax defTU

36pmax deff (
m

pe (e + 2)l1 A3y,

m

Then, putting the above together, we have

A 36pmaxdeff 36pmaxdeﬁ"U .
Ec. 1Az, < ((2(1 = ) 2upy v+ = = (4 2) ) (A,

36 maxde 36 Inaxde x
= <(2(1 — ) + pmﬂﬂf> +v <2Ht +1+ %ﬂt(ﬂt + 2)>> 1A,
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which along with v = O (\/pf’mxdgﬂr / m3) and piy = 5 —5— < Lresults in

A 36pmaxdeff 37pmaxdeff X
e ll8realie] < (20— 2+ 220 2 4 o) g, < (B2 )

Applying v < § and the fact that H, ~,, H indicates ||v||;, ~. [|v||f;. we get the following bound:

37pmaxdcﬁ" X
e [1Arsa ] < (14 ) A ] < (o) (2240 ) 40 1,

37 m xd X maxd A
< (1+v)? (”mff + u) A5 = ("mﬁ + v) 1A 15, (43)

where the constant “(1 + v)? - 37 is absorbed into m.

Now, it remains to check that Bt € U for all t when conditioned on the event ( = ﬂtj:ol (¢. Assuming that this holds
for ¢ = 0, then it remains to prove that, conditioned on the event (, || A1l < ||A¢||z holds for each ¢ almost surely.
Following the fact that Proposition 3.2 implies that, conditioned on (;, we obtain

1Q: — Laf| <,

where Lemma 2.7 guarantees that € is small. Adapting the techniques used in the proof of Lemma F.4 and by the analysis of
the exact Newton step A1, we arrive at

- A PN 1
A1l < Aellfr, + 20 Avllm, [Pelle, |Qe — Lall + p, HP (Q: — 1a)H7 pe

X A pmaxdcff X
< 80l + 81800 1~ Tal = (= 222 40 1,

From Lemma 2.7, it is deduced that € + p""“%ndm + v is sufficiently small. Using H; =, H again, we deduce || A, || <
| A¢||;. Consequently, we infer that every iterate lies within U, and the result (43) holds for t = 0,1,...,T — 1. Putting
the above together, we conclude that, conditioned on the event ( that holds with probability at least 1 — §, the union bound
(11) is achieved, thereby completing the proof. ]

F.3. Additional Results on SSN and Further Discussions

Based on the above analysis, for any sampling method whose sampling probabilities are close to the exact approximate
leverage scores, we then show that using scalar debiasing m/(m — deg) yields a slightly weaker local convergence
result for SSN than that in Theorem 4.3, yet achieves enhanced computational efficiency. The result naturally follows by
recalling Corollary 3.4 and Corollary F.2, and adapting the proof of Theorem 4.3 with a neighborhood U = {3: ||3 —
B|la < tevo /2 /L} in place of U = {B: |8 — B* |1 < (PmaxdeiOmin/m)3/2/L}, and the corresponding proof is
omitted for brevity.

Corollary F.5 (Local convergence of SSN using scalar debiasing under approximate leverage ). Under the
settings and notations of Theorem 4.3, for any random sampling scheme with sampling distribution ©; €

[0€(8,)/ (dos (By) pmax (B:)), £€(B,) ) (degi (B;) pmin (B;))] as in Corollary 3.4, there exists a neighborhood U of 3* such
. . . . . -1 .
that the de-biased SSN iteration B3, = B; — i (#ﬁ(mA(ﬁt)TS:StA(,Bt) + C(ﬂt)) g: starting from B, € U

satisfies, forU = {B: |8 — 8" ||z < ulevafn/ii/L}’ step size iy = 1 — o — and m > Cpmaxdest 10g(deT/0),
that

||BT _/B*HH:l)l/T pmaxdeff
Ee |l ig—— < (1+ete,),
( ‘ {Hﬁo - B n m (Itete)

holds for e = O (\/pmaxdeﬁ‘/m) ,€p = max{p;iln — 1,1 — pLt.} and conditioned on an event ( that happens with
probability at least 1 — 6. Here, Uey = (Pmax eﬁ/m)3/2 + €pPmax dor /M, Omin is the smallest singular value of
H = A(B")TA(B") + C(B"), der = maxi<<r dot (B,) with (€ (B,) and d.g(B,) the leverage scores and effective

dimension of A(Bt) given C(,Bt) respectively, pmax = Maxi<i<T pmax(ﬁt) and pmin = minj<¢<r pmm(ﬁt) with
pmax(ﬁt) and pmm(ﬁt) the (max and min) importance sampling approximation factors (of A(,Bt) given C(ﬁt) ) in
Definition 2.3.
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Similarly, for SRHT, applying the scalar debiasing m/(m — degr) to SSN also leads to a slightly weaker local convergence
than that in Theorem 4.3 but offers greater computational efficiency. This follows readily by recalling Corollary 3.7
and Corollary F.3, and adapting the proof of Theorem 4.3 with a neighborhood U = {3: ||8 — 8*||u < usruro 4 /L}
instead of U = {B: ||8 — B8*||l1 < (PmaxeftOmin/m)>/?/L}, and we omit the detailed proof for brevity.

Corollary F.6 (Local convergence of SSN for SRHT using scalar debiasing). Under the settings and notations of Theorem 4.3,
for Asgur(8,) = S:H, D, A(B,)/v/n € R™*" the SRHT of A as in Definition 3.6, there exists a neighborhood U

y } —1
of B* such that the de-biased SSN iteration B, = B; — |u (mASRHT (B,)S) S/ Asrur(B;) + C(ﬁt)) g

starting from B, € U satisfies, for U = {B: |8 — B*|a < USRHTO’mm/L}, step size iy = 1 — m/d’;‘;ﬁ, m >
C pmaxdos 10g(de T /6), and Tn exp(—deg) < § < T'm ™3, that

1/T

HBT _/8*||H:|> pmaxdeff
B, [1Z0r — 7 1 < Pmax@eft (| | oy 44
( ‘ [Hﬁo—ﬂ*HH ST (e 9

holds for e = O <« / Praxott /M + pols di1 log(nT/ 6)) and conditioned on an event ( that happens with probability

at least 1 — 0. Here, usruT = (Pmaxdes/m) 3/2 + \/deg log (nT/8)/m, omin is the smallest singular value of H =
A(B" )TA(ﬁ )4+ C(8), degr = maxi<i<r do(B,) with £€(B,) and deg (ﬁt) the leverage scores and effective dimension

of H,D,,A(B,)//n given C(3,), respectively, pmax = MaX1<t<T Pmax (B;) with pumax(B;) the max importance sampling
approximation factor (of H, D, A(B,)/+/n given C(B,)) in Definition 2.3.

Remark F.7 (Comparison between Corollary F.6 and Lacotte et al. (2021, Theorem 2)). Using Corollary 3.7 and Corollary F.3
with v = 0, it follows, by adapting the proof of Theorem 4.3, that for a number m > C'dg of samples, the linear convergence
rate in Corollary F.6 holds but with a right-hand side term of O(1) in (44). That is similar to the problem-dependent linear
convergence rate obtained in e.g., Lacotte et al. (2021, Theorem 2) for self-concordant f, ®, and F' in (7). Notably, using
a larger number of samples m as in Corollary F.6 (than O(d.g)), the (linear) convergence rate in Corollary F.6 becomes
dependent on pmaxdesr/m, whereas the linear or quadratic rates stated in Lacotte et al. (2021, Theorem 2) cannot be
characterized using n, deg or m.

G. Additional Numerical Experiments and Implementation Details

Here, we provide in Appendix G.1 and Appendix G.2 implementation details of the numerical experiments on SSN in
Section 5, and then in Appendix G.3 additional numerical results on the inversion bias under approximate versus exact
leverage score sampling.

G.1. Sketching Matrices and Step Size

For a data matrix A € R™"*?, the approximate ridge leverage scores and leverage scores are computed using the method
provided in Drineas et al. (2012) and Cohen et al. (2017). The LESS-uniform sketching matrix is constructed as in
Derezinski et al. (2021a, Section E.1). Further implementation details, including those for the SRHT, are available in the
public repository provided by Derezinski et al. (2021a) athttps://github.com/lessketching/newtonsketch.
Additionally, the Shrinkage Leverage Score sampling probability is formulated by combining uniform sampling probability
and approximate leverage score sampling probability in equal proportions.

In our experiments, the first-order methods, Gradient Descent and Stochastic Gradient Descent, are used with a fixed step
size. As done in Derezinski et al. (2021a), second-order methods, specifically Sub-sampled Newton and Newton Sketch
with Less-uniform Sketches, employ step sizes that are dynamically adjusted using a line search algorithm based on the
Armijo condition (Bonnans et al., 2006, Chapter 3).

For a fair comparison of the “convergence-complexity” trade-off across different optimization methods, the time reported in
Figures 2 and 3 include the time for input data pre-processing, e.g., the computation of exact or approximate leverage scores,
and Walsh—Hadamard transform, as well as the computational overhead associated with the sketching process. And we fix
in Figures 2 and 3 the ridge regularization parameter to A = 10~2 for both MNIST and CIFAR-10 data in Section 5.
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G.2. Datasets

For MNIST data matrix, we have n = 212 and d = 27, and for CIFAR-10 data, we have n = 2 and d = 28. We use
torchvision.transforms from PyTorch to pre-process each image. We divide the ten classes of MNIST and CIFAR-10
datasets into two groups, assigning them labels of —1 and +1, respectively.

G.3. Inversion Bias for Exact versus Approximate Leverage Score Sampling under Scalar Debiasing

In this section, we present empirical experiments to compare the inversion bias of exact versus approximate leverage score
sampling under scalar debiasing m/(m — deg ), as shown in Corollary 3.4 and discussed in Remark 3.5, for both MNIST
and CIFAR-10 data.

Figure 4 depicts the inversion bias (with and without the scalar debiasing m/(m — des) measured in spectral norm:
IHY2(E[(;;2%—=ATSTSA + AL;) '] — (ATA + M)~ )H'?| and |[H'/2(E[(ATSTSA + AL;)~!] — (ATA +
AMy)~Y)HY2||,H = ATA + M) as a function of the sketch size m, using the following random sampling schemes:

1. RLev: Exact A-ridge leverage score sampling with scalar debiasing m/(m — def).

2. NO-RLev: Standard exact \-ridge leverage score sampling without scalar debiasing m/(m — deg).

3. ARLev: Approximate \-ridge leverage score sampling (identical to that used in Section 5) with scalar debiasing
m/(m — deg), where the approximate ridge leverage scores /€ ~ ||e] A(ATS]S; A + A\I;)~1/2||? are computed
using sparse Johnson Lindenstrauss transform (SJLT) (Clarkson & Woodruff, 2017) S; € R™*" of size m.

4. NO-ARLev: Standard approximate A-ridge leverage score sampling without scalar debiasing m/(m — deg).

5. DARLev: A more efficient double-sketches variant of approximate A-ridge leverage score sampling, together with scalar
debiasing m/(m — deg ), where the approximate ridge leverage scores /€ ~ |le] A((ATS] S1A + \I;)~1/28])]|]?
are constructed using two SJLT matrices S; € R™*" and Sp; € R™2 *d with mo < my, see (Drineas et al., 2012;
Cohen et al., 2017).

6. NO-DARLev: As DARLev but without the scalar debiasing m/(m — deg).
We observe from Figure 4 that the inversion bias of all random sampling methods consistently decreases as m increases.
Comparing solid to dashed lines, we see that the proposed scalar debiasing effectively reduces the inversion bias by a

significant margin. We also find that RLev yields a lower inversion bias compared to its approximate counterparts ARLev
and DARLeyv, under the scalar debiasing. These results corroborate the conclusions in Corollary 3.4 and Remark 3.5.
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Figure 4: Inversion bias as a function of the sketch size m, for various sampling methods on both MNIST and CIFAR-10
data, with ridge parameter A = 10~! for MNIST data and A = 10~ for CIFAR-10 data. The results are averaged over 500
independent runs.

44



