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Abstract

Large transformer models pretrained on offline reinforcement learning datasets have
demonstrated remarkable in-context reinforcement learning (ICRL) capabilities,
where they can make good decisions when prompted with interaction trajectories
from unseen environments. However, when and how transformers can be trained
to perform ICRL have not been theoretically well-understood. In particular, it
is unclear which reinforcement-learning algorithms transformers can perform in
context, and how distribution mismatch in offline training data affects the learned
algorithms. This paper provides a theoretical framework that analyzes supervised
pretraining for ICRL. This includes two recently proposed training methods —
algorithm distillation and decision-pretrained transformers. First, assuming model
realizability, we prove the supervised-pretrained transformer will imitate the con-
ditional expectation of the expert algorithm given the observed trajectory. The
generalization error will scale with model capacity and a distribution divergence
factor between the expert and offline algorithms. Second, we show transformers
with ReLU attention can efficiently approximate near-optimal online reinforcement
learning algorithms like LinUCB and Thompson sampling for stochastic linear
bandits, and UCB-VI for tabular Markov decision processes. This provides the
first quantitative analysis of the ICRL capabilities of transformers pretrained from
offline trajectories.

1 Introduction

The transformer architecture [66] for sequence modeling has become a key weapon for modern
artificial intelligence, achieving success in language [14, 11, 44] and vision [16]. Motivated by
these advances, the research community has actively explored how to best harness transformers for
reinforcement learning (RL) [12, 29, 34, 54, 30, 33, 75]. While promising empirical results have
been demonstrated, the theoretical understanding of transformers for RL remains limited.

This paper provides theoretical insights into in-context reinforcement learning (ICRL)—an emerging
approach that utilizes sequence-to-sequence models like transformers to perform reinforcement
learning in newly encountered environments. In ICRL, the model takes as input the current state and
past interaction history with the environment (the context), and outputs an action. The key hypothesis
in ICRL is that pretrained transformers can act as RL algorithms, progressively improving their policy
based on past observations. Approaches such as Algorithm Distillation [30] and Decision-Pretrained
Transformers [33] have demonstrated early successes, finding that supervised pretraining can produce
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good ICRL performance. However, many concrete theoretical questions remain open about the ICRL
capabilities of transformers, including but not limited to (1) what RL algorithms can transformers
implement in-context; (2) what performance guarantees (e.g. regret bounds) can such transformers
achieve when used iteratively as an online RL algorithm; and (3) when can supervised pretraining
find such a good transformer. Specifically, this paper investigates the following open question:

How can supervised pretraining on Transformers learn in-context reinforcement learning?

In this paper, we initiate a theoretical study of the ICRL capability of transformers under supervised
pretraining to address the open questions outlined above. We show that (1) Transformers can
implement prevalent RL algorithms, including LinUCB and Thompson sampling for stochastic
linear bandits, and UCB-VI for tabular Markov decision processes; (2) The algorithms learned by
transformers achieve near-optimal regret bounds in their respective settings; (3) Supervised pretraining
find such algorithms as long as the sample size scales with the covering number of transformer class
and distribution ratio between expert and offline algorithms.

Summary of contributions and paper outline

* We propose a general framework for supervised pretraining approaches to ICRL (Section 2). This
framework encompasses existing methods like Algorithm Distillation [30], where the expert and
context algorithms are identical, as well as Decision-Pretrained Transformers [33], where the
expert generates optimal actions for the MDP. It also includes approximate DPT variants where
the expert estimates optimal actions from full interaction trajectories.

* We prove that the supervised-pretrained transformer will imitate the conditional expectation of
the expert algorithm given the observed trajectory (Section 3 & Appendix C). The generalization
error scales with both model capacity and a distribution ratio measuring divergence between the
expert algorithm and the algorithm that generated offline trajectories.

* We demonstrate that transformers can effectively approximate several near-optimal reinforcement
learning algorithms by taking observed trajectories as context inputs (Section 4 & Appendix E).
Specifically, we show transformers can approximate LinUCB (Appendix E.1) and Thompson
sampling algorithms (Appendix E.2) for stochastic linear bandit problems, and UCB-VI (Ap-
pendix E.3) for tabular Markov decision processes. Combined with generalization error bounds for
pretraining and regret bounds of these RL algorithms, this provides regret bounds for supervised-
pretrained transformers.

* Preliminary experiments validate that transformers can perform ICRL in our setup (Appendix I).

 Technically, we prove efficient approximation of LinUCB by showing transformers can implement
accelerated gradient descent for solving ridge regression (Appendix F.4), enabling fewer attention
layers than the vanilla gradient descent approach in [6]. To enable efficient Thompson sampling
implementation, we prove transformers can compute matrix square roots through the Pade
decomposition (Appendix G.3). These approximation results are interesting in their own right.

Related work Our work is intimately related to the lines of work on meta-reinforcement learning,
in-context learning, transformers for decision-making, and the approximation theory of transformers.
Due to limited space, we discuss these related works in Appendix A.

2 Framework for In-Context Reinforcement Learning

Let M be the space of decision-making environments, where each environment M € M
shares the same number of rounds 7" and state-action-reward spaces {S;, A¢, R¢}iecr). Each
M = {T%,*, R, }eepr) has its own transition model T, : S; x Ay = A(S;11) (with Sp, Ag = {0}
s0 TY, () € A(S1) gives the initial state distribution) and reward functions R}, : S; x A; — A(Ry).
We equip M with a distribution A € A(M), the environment prior. While this setting is general, we
will later instantiate it on 7" rounds of bandits or K episodes of H-step MDPs with T = K H.

Distributions of offline trajectories We denote a partial interaction trajectory, consisting of
observed state-action-reward tuples, by Dy = {(s1,a1,71),...,(se,ae,7¢)} € Te = [[,<4(Ss %
As X Rs) and write D = Dy for short. An algorithm Alg maps a partial trajectory D;_1 € T;_1

and state s; € S; to a distribution over the actions Alg(-|D;_1, s;) € A(A;). Given an environment
M and algorithm Alg, the distribution over a full trajectory Dy is fully specified:

PYE(Dr) =TT, Tl (selse—1. ar—1)Alg(ar|Dy—1, s0)RY, (rese, ay).



In supervised pretraining, we use a context algorithm Alg, (which we also refer to as the offline
algorithm) to collect the offline trajectories Dr. For each trajectory D7, we also assume access
to expert actions @ = (a; € At)ter ~ Algg(-|Dr, M), sampled from an expert algorithm Alg :
Tr x M — ] te[T] A(A;). This expert could omnisciently observe the full trajectory Dy and

environment M to recommend actions. Let Dy = D U {a} be the augmented trajectory. Then we
have
Algo.Algp 7y Al e
PAr " (Dr) = Py (Dr) [T,y Alglp (@i Dr, M),

We denote P 80""8# as the joint distribution of (M, D7) where M ~ A and Dy ~ P48 and

]P’ "0 as the joint distribution of (M, Dr) where M ~ A and Dy ~ IP’AIgO

Three special cases of expert algorithms We consider three special cases of the expert algorithm

Alg , corresponding to three supervised pretraining setups:

(a) Algorithm distillation [30]. The algorithm depends only on the partial trajectory D,_; and
current state s;: Algh(-|Dyp, M) = Algh(-|D;_1,s;). For example, Algy, could be a bandit
algorithm like the Uniform Confidence Bound (UCB).

(b) Decision pretrained transformer (DPT) [33]. The algorithm depends on the environment M
and the current state s;: Alg’(-| Dy, M) = Alg’(|s;, M). For example, Alg; could output the
optimal action aj in state s; for environment M.

©) Approxlmate DPT. The algorithm depends on the full trajectory D but not the environment M :
Algh(-| Dy, M) = Algl,(-|D7). For example, Alg, could estimate the optimal action a} from
the entire trajectory Dr.

For any expert algorithm Alg,, we define its reduced algorithm where the ¢-th step is

Algp(|Di_1,5) = EAlgO [Algh(-| Dy, M)|D;_1,s;]. The expectation on the right is over

PR (Dp, M|D;_1,s,) = A(M) - P8 (D7) /PA (Dy_1, s;). Note that the reduced expert al-

gorithm Alg; generally depends on the context algorithm Alg,. However, for cases (a) and (b), Alg

is independent of the context algorithm Alg,. Furthermore, in case (a), we have Ailg?; = Algl,.

3 Statistical analysis of supervised pretraining

In supervised pretraining, we are given n i.i.d offline trajectories { D% = (s%,al,rt, ..., sk, ak,
T ~iid Pﬁlgo from the interaction of M*® ~;;; A with an offline algorithm Alg,. Given
an expert algorithm Algy, we augment each trajectory D, by {@; ~iiq Algp(-|Dj_1, s})} e
Supervised pretraining maximizes the log-likelihood over the algorithm class {Algy }oco

n T

~ 1
¢ = arg max — Z ZlogAlgo(at|Dt 15 51)- (1
S R g |

This section discusses the statistical properties of the algorithm learned via supervised pretraining.

3.1 Main result

Our main result demonstrates that the algorithm maximizing the supervised pretraining loss will
imitate Algp (| D¢—1,5¢) = Enpron, Dr~Alg, [AlgtE(-|DT, M)|D;_1, s¢], the conditional expectation
of the expert algorithm Alg; given the observed trajectory. The imitation error bound will scale with
the covering number of the algorithm class and a distribution ratio factor, defined in Appendix C.

We aim to bound the performance gap between Alg and Algy, in terms of expected cumulative
rewards, where the expected cumulative reward is defined as

Raag(T) = Ennn [Rarag(D)],  Rarag(T) = Ep pne[Si 7.
An intermediate step of the result is controlling the expected Helhnger dlstance between two algo-
rithms, where for distributions p, g, we have D (Vp(x) — /q(x))*da.

Theorem 1 (Performance gap between expected cumulatlve rewards). Let Assumptzon A hold and let
0 be a solution to Eq. (1). Take R = Ry g, aS defined in Definition 5, and No = No((nT)™2)



as defined in Definition 4. Then for some universal constant ¢ > 0, with probability > 1 — §, we have

log [Ne - T'/4] Jr\/@)_

2
Further assume that |ry| < 1 almost surely. Then  with probability at least 1 — 6, the difference of the
expected cumulative rewards between Algg and Alg g, satisfies

T
EDTNPIA\IgE |:ZDH (A|g§('|Dt—17St)ymE('|Dt—175t))} S CT\/ﬁ(
t=1

1 T/6
PRraigs (1) = Ry g, (T)] < T2VR ( M + \/srem). 3)

The proof of Theorem 1 is contained in Section D.1. We remark that when the expectation on the
left-hand-side of (2) is with respect to the measure ]P’ﬁlg" , standard MLE analysis will provide a bound
without the distribution ratio factor R = RATgE, Alg, in the right-hand side. The distribution ratio
factor arises from the distribution shift between trajectories generated by the expert algorithm Alg
versus the context algorithm Alg,. In addition, it should be noted that the result in Theorem 1 holds
generally provided Assumption A is satisfied, which does not necessitate that the algorithm class be
induced by transformers.

Implications for special cases Theorem 1 directly implies statistical guarantees for Algorithm Dis-
tillation [30], Decision-Pretrained Transformers [33], and its approximate version (Appendix C.1).

4 Approximation by transformers

As another main contribution of this paper, we demonstrate the capability of transformers to implement
various near-optimal reinforcement learning algorithms in bandits and MDPs. Due to the space limit,
the formal settings and theorem statements are deferred to Appendix E.

Theorem 2 (Approximating the soft LinUCB; Informal version of Theorem 12). For a soft version of
the LinUCB algorithm [13] for linear bandits, Algyy;,ucp(r), there exists a transformer TFS(-) with

D < 0O(dA), L =ONT), M <44, D' = O(d+ A\/Td/(re)), ||0]| = O(A + TVd/(re'/*)),
“)
such that taking Algg as defined in Eq. (7), we have
‘logAIgSLinUCB(T)(atHDt_l,st) — log Alge(at,k\Dt_l,st)‘ <e, VtelT],kelA].

Theorem 3 (Regret of LinUCB and ICRL; Informal version of Theorem 13). With probability
> 1 — 0, the learned algorithm Algé, a solution to Eq. (1), achieves regret bound

T
Earon {Zm}gx (g g, w") — %A{,Alga(T)} < O(dﬁlog(T) + 772 W),
t=1

where log No < O(L>*D(M D + D')logn) < O(T3°d? A3 logn).

Besides LinUCB, we also provide similar transformer approximation results and regret bounds for the
following algorithms, where near-optimal regret can be achieved by polynomial-sized transformers:

* Thompson sampling for linear bandit (Appendix E.2).
* UCB-VI [4] for MDPs (Appendix E.3).

5 Conclusions

This paper theoretically investigates the ICRL capability of supervised-pretrained transformers. We
demonstrate how transformers can efficiently implement prevalent RL algorithms including LinUCB,
Thompson sampling, and UCB-VI, achieving near-optimal regrets in respective settings. We also
provide sample complexity guarantees for the supervised pretraining approach to learning these
algorithms. The generalization error scales with the covering number of the transformer class as well
as the distribution ratio between the expert and offline algorithms. Simulations validate our theoretical
findings. Finally, we discuss the limitations of our results and provide additional discussions in
Appendix A.1.
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A Related work

Meta-learning and meta-reinforcement learning In-context reinforcement learning can be cast
into the framework of meta-learning and meta-reinforcement learning [60, 61, 7, 41, 28, 59, 65].
More recently, a line of work focuses on meta-learn certain shared structures such as the dynamics
of the shared tasks [21, 40], a task context identifier [51, 27, 80], exploration strategies [24], or the
initialization of the network policy [18, 25, 43, 57]. Theories for this last approach of model-agnostic
meta-learning have been explored by [70].

Our work focuses on a more agnostic approach to learning the learning algorithm itself [69, 17,
15, 39, 35, 47, 30, 33]. Among these works, [69, 17] focus on the online meta-RL setting with the
training objective to be the total reward. Furthermore, [15, 39, 35, 47] focus on offline meta-RL, but
their training objectives differ from the cross entropy loss used here, requiring explicit handling of
distribution shift. The supervised pretraining approach we consider is most similar to the algorithm
distillation methods of [30] and the decision-pretrained transformers of [33]. We provide quantitative
sample complexity guarantees and transformer constructions absent from previous work.

In-context learning The in-context learning (ICL) capability of pretrained transformers has gained
significant attention since being demonstrated on GPT-3 [11]. Recent work investigates why and
how pretrained transformers perform ICL [22, 36, 67, 3, 73, 6, 78, 2, 53]. In particular, [73] propose
a Bayesian framework explaining how ICL works. [22] show transformers can be trained from
scratch to perform ICL of simple function classes. [67, 3, 6] demonstrate transformers can implement
in-context learning algorithms via in-context gradient descent, with [6] showing transformers can
perform in-context algorithm selection. [78] studied training dynamics of a single attention layer for
in-context learning of linear functions. Our work focuses on the related but distinct capability of
in-context decision-making for pretrained transformers.

Transformers for decision making Besides the ICRL approach, recent work has proposed goal-
conditioned supervised learning (GCSL) for using transformers to make decisions [12, 29, 34, 54,
10, 62, 75]. In particular, Decision Transformer (DT) [12, 29] uses transformers to autoregressively
model action sequences from offline data, conditioned on the achieved return. During inference,
one queries the model with a desired high return. Limitations and modifications of GCSL have
been studied in [74, 45, 64, 9]. A key distinction between GCSL and ICRL is that GCSL treats the
transformer as a policy, whereas ICRL treats it as an algorithm for improving the policy based on
observed trajectories.

Expressivity of transformers The transformer architecture, introduced by [66], has revolutionized
natural language processing and is used in most recently developed large language models like BERT
and GPT [14, 11]. The expressivity of transformers has been extensively studied [77, 46, 26, 76, 8,
79,37,71, 20, 6, 3, 67]. Transformers have been shown to efficiently approximate various algorithms
including automata [37], Turing machines [71], and gradient descent [6, 3, 67]. Our work provides
efficient transformer constructions that implement accelerated gradient descent and matrix square
root algorithms, complementing existing expressivity results.

Statistical theories of imitation learning Our generalization error analysis adapts classical analysis
of maximume-likelihood estimator [23]. The error compounding analysis for imitation learning
appeared in early works [56, 55]. More recent theoretical analyses of imitation learning also appear
in [49, 50, 52].

A.1 Limitation and discussion
In this section, we discuss some limitations of our work and some potential future directions.

Distribution ratio In Theorem 1, our regret bound of the learned algorithms Algg depends on
the distribution ratio Rajg . Alg » While in cases like algorithm distillation [30] the distribution ratio
equals one since the offline algorithm matches the expert algorithm, in the worst case, the ratio
can exponentially depend on 7" or even become arbitrarily large. To control the distribution ratio
in practice, one approach is to augment the offline trajectory dataset with a portion of trajectories
generated by an expert algorithm or no-regret algorithms resembling the expert algorithm. On the
other hand, further research could investigate structural assumptions of decision-making problems
that avoid pessimistic dependence on the distribution ratio in regret bounds.

Guarantee of pretrained transformer Our statistical result (Theorem 1) only guarantees that the
pretrained transformer learns an “algorithm” matching the expert algorithm under the pre-training
distribution, even though our approximation results (Theorem 12, 14, 16) show the existence of a
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transformer approximating the expert algorithm over the entire input space. In our early experiments,
we noticed the learned transformers do not generalize well on out-of-distribution instances, such as
with shifted reward distributions or increased number of runs 7". Similar phenomena occur in other
in-context learning problems (e.g. [22]). Understanding the actual algorithm implemented by the
pretrained transformer through theoretical and empirical analysis is an interesting question for future
work.

Alternative pretraining methods Our theoretical results study pretraining the transformer by
maximizing the log-likelihood of i.i.d. offline trajectories as in Eq. (1). This aligns with standard
supervised pretraining of large language models. However, alternative pretraining methods may
also be effective. For instance, one could replace the log-probability in Eq. (1) with an /5 loss for
continuous action spaces, consider other objectives like cumulative reward [17], or explore goal-
conditioned reinforcement learning [12] for in-context RL. While our work focuses on log-likelihood
pretraining, theoretical investigation of alternative methods is an interesting direction for future work.

Possibility of surpassing the expert algorithm by online training Our work considers offline
pretraining by imitating the expert algorithm (i.e., Alg;;), which can only learn a transformer matching
the expert’s performance at best. However, through online training, where the transformer interacts
with the environment, the learned transformer may surpass existing experts by training to improve
itself rather than imitating a specific algorithm. Investigating whether online training enables
surpassing expert algorithms is an interesting direction for future work.

Implications for practice While the focus of our work is primarily theoretical, our results lead
to several practical implications for in-context reinforcement learning. One key implication is the
importance of training labels (i.e., expert actions @). When the expert algorithm depends solely
on past observations, we can learn Alg (see Theorem 13). In contrast, when Alg is the optimal
action a* (involving knowledge of the underlying MDP), we can learn the posterior average of this
algorithm given past observations. This corresponds to the Thompson sampling algorithm, as in
Decision-Pretrained Transformers (see Theorem 15).

Furthermore, as discussed previously, the distribution ratio between the offline and expert algorithms
may impact the generalization of the learned algorithm. Both our theory (see Theorem 12) and
simulations (see Figure 4) show that a small distribution ratio between the offline algorithm Alg, and
the expert algorithm Alg j; is essential, otherwise the online performance of the learned algorithm
may substantially degrade. This suggests that incorporating trajectories generated purely from the
expert (“on-policy ICRL”) into the offline dataset is advantageous, when feasible.

B Technical preliminaries

In this work, we will apply the following standard concentration inequality (see e.g. Lemma A.4
in [19]).

Lemma 4. For any sequence of random variables (X;)i<r adapted to a filtration {F;}1_,, we have
with probability at least 1 — ¢ that

t t
D X, <) logElexp(X,) | Fooa] +log(1/6), forallt € [T).
s=1 s=1

Lemma 5. Adopt the notations in Definition 4. Then for any 0 € ©, there exists 0y € ©q such that
[Algg, (-|Di—1,5¢) — Algg (| Di—1, se)ll1 < 2p.

Proof of Lemma 5. For any § € ©, let 6y € ©g be such that | logAlgy (-|D¢—1,5:) —
log Algg (| Di—1, $t)|loc < pforall D;_1,s; and t € [T]. Then

[Algg, (- Di—1,5t) — Algg(-|Di1, 8¢)[11

> |Algg, (alDi1, s¢) — Algg(alDy—1, 5¢)|
ac€ Ay

§ : emax{log Algs0 (‘|D¢—1,5¢),log Algy (| D¢—1,5¢)}

a€A,
-|log Algy, (+|Di—1,5¢) — log Algy(-|D;—1, 5¢)|

IN
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<p Z emax{logAlgeo(~|Dt_1,st),logAlge(-|D1_1,s,,)}
ac A,
<p > (Algg, (1 Di1,51) + Algy (| Di-1, 1)) < 2p,
(lEAt
where the second line uses a Taylor expansion of e”, the fourth line uses the assumption on 6, the last

line uses e™>{#¥} < ¢ 4 ¢¥ and the fact that Algy, (| D1, 5¢), Algy(:|Di—1, s¢) are probability
functions. O

We have the following upper bound on the covering number of the transformer class {TFE 10 e
©p.1.M,D B}

Lemma 6. For the space of transformers {TF§ : @ € ©p 1 rr.pr 5} with

5 Lo _(plEl gLy . 0 < O <~ 1y 1l <
@D,L,M,D ,B - {0 (Hattm emlp) . ?El[aL}iM = M’ ?el?’[}ﬁD = D ) ”|0|” = B}u

where M), D’ ) denote the number of heads and hidden neurons in the {-th layer respectively, the
covering number of the set of induced algorithms {Algg,0 € ©p 1 pm.pr B} (¢.f Eq. (7)) satisfies

max{B, L, R})
p

log N (p) < cL2D(MD + D') log (2 +

D,L,M,D’ B
Jfor some universal constant ¢ > 0.

Remark of Lemma 6. Note that the transformer classes @DL’M’D/,B,@D’L,M,D/,B have the

same expressivity as one can augment any TFg € @D, r,M,p’,B such that the resulting TFg ay¢ €
Op,r,m,p’,B by adding heads or hidden neurons with fixed zero weights. Therefore, the same bound
in Lemma 6 follows for © p 1, ar,p’, 5, and throughout the paper we do not distinguish ©p 1, 1,0, B

and @D, .M, D', B and use them interchangeably. We also use M (Z), D' 1o represent the number of
heads and hidden neurons in the ¢-th layer of transformers, respectively.

Proof of Lemma 6. We start with introducing Proposition J.1 in [6].

Proposition 7 (Proposition J.1 in [6]). The function TFR is (LBL Be)-Lipschitz w.rt. 0 €
Op,r,Mm,p,B for any fixed input H. Namely, for any 61,02 € ©p 1, v, p. B, We have

|TFg, (H) — TFg,(H)||, . < LBf;Bol|61 — 6],
where |[All, ., = supicir) |A.t|ly for any matrix A € RE*T and Bg := BR(1 + BR? +
B3R?), By := (1+ B?)(1 + B?R?).

As in the Proof of Theorem 20 in [6], we can verify using Example 5.8 in [68] that the §-covering
number

log N (&; By.y(r), Il-) < L(3M D? + 2D D")log(1 + 2r/5), (5)
where Bj.; (1) denotes any ball of radius 7 under the norm ||-||. Moreover, we have the following
continuity result on the log-softmax function

Lemma 8 (Continuity of log-softmax). For any u,v € RY, we have

o Gg) v (o)

We defer the proof of Lemma 8 to the end of this section.

<2u—v|

oo

‘ oo

Note that Algg(-|Dy_1, s) corresponds to K entries in one column of H(X) applied through the
softmax function. Therefore, combining Proposition 7, Lemma 8 and Eq. (5), we conclude that for
any r > 0, there exists a subset Oy € Op 1 v, pr,p With size L(3M D? + 2DD’)log(1 + 2r /)
such that for any @ € Op 1, a7, p/, . there exists 8y € O with

|[log Algg (| Di—1, s¢) — log Algg, (-|Di—1,54)|| ., < 2LBj;Bed

for all Dp. Substituting r = B and letting § = p/(2LBLBg) yields the upper bound on
Ne, ;w5 (p) in Lemma 6.
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Proof of Lemma 8. Define w := u — v. Then

e" ev
log( ) —log( H
el ||€V||1> oo

< [lu = vl + [log e[|, —log[le¥]];]

1 6v+1§w
= [[lu—v| +/ < w> dt
* o \evt ™’

1 ev+tw
<l | | || - o
= Jo ey ¥, >
=2[u-vl,
where the third line uses the Newton-Leibniz formula. ]

O

We present the following standard results on the convergence of GD and AGD. We refer the reader
to [42] for the proof of these results.

Proposition 9 (Convergence guarantee of GD and AGD). Suppose L(w) is a a-strongly convex and
B-smooth function on RY. Denote the condition number = /o and w* := arg min,, L(w).

(a). The gradient descent iterates W&y = Wy — NV L(wk,p) with stepsize n = 1/5 and

initial point WOGD = 04 satisfies

t
Iwep — w3 < eXP(*;)IIWOGD - w3,

B t 0 2
L(wgp) — L(w") < 5 exp(=—)[wep — w3
(b). The accelerated gradient descent (AGD, [42]) iterates ijGlD = Vap —
1 1 -1 1 .
%L(VRGD)a VAGD = Wacp T ﬁﬂ( Acp — Whap) With Wiep = Vigp = Od
satisfies

t
IWhap — w'll3 < (1+5) eXP(—ﬁ)IIW%GD - w3,

L(whep) - Liw") < 24P

5 exp(—%)

IWaap — w3

Transformer architecture We consider a sequence of N input vectors {hi}fil C RP, compactly
written as an input matrix H = [hy,..., hy] € RP*N where each h; is a column of H (also

a token). Throughout this paper, we define o(t) := ReLU(t) = max {t,0} as the standard relu
activation function.

Definition 1 (Masked attention layer). A masked attention layer with M heads is denoted as Attng(-)
with parameters 0 = {(V,, Qm, Km)}mE[M] C RP*P_ On any input sequence H € RP*N | ywe
have H = Attng(H) = [hy, ..., hy] € RPXN ywhere

h; = [Attng(F)], = h; + Y0 _; 2 320 0((Qmhi, Kinhy)) - Vb € R

m=17

We remark that the use of ReLU attention layers is for technical reasons. In practice, both ReLU
attention and softmax attention layers should perform well. Indeed, several studies have shown that
ReLU transformers achieve comparable performance to softmax transformers across a variety of
tasks [72, 63, 6].

Definition 2 (MLP layer). An MLP layer with hidden dimension D' is denoted as MLPg(-) with
parameters 0 = (W1, Ws) € R %D 5« RP*D' " On any input sequence H € RP*N | we have
H = MLPy(H) = [hy,...,hy] € RP*N where

H’i =h, + W5 - O'(Wlhi) S RP.
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We next define L-layer decoder-based transformers. Each layer consists of a masked attention layer
(see Definition 1) followed by an MLP layer (see Definition 2) and a clip operation.

Definition 3 (Decoder-based Transformer). An L-layer decoder-based transformer, denoted as
TF5(~), is a composition of L masked attention layers, each followed by an MLP layer and a
clip operation: TFS(H) = H®E) ¢ RP*N where HY) is defined iteratively by taking H(®) =
clipg(H) € RP*N and for ¢ € [L),

H® = clipg (MLPe(f) (Attnem (H(efl))>) e RPN clipg(H) = [PTOj |||, <r (1i)]:-

Above, the parameter 0 = (O,Elitﬁ, OISPL)) consists of 0, mattn = {(V(D, o K(g))}me[M] -
RP*P and 0m1p (Wge),Wg )) € RD' XD x RPXD' W define the parameter class of transformers

as Op v p . = {0 = (Ha,lztﬁ), BﬁPL ) : ||8]| < B}, where the norm of a transformer TFY is

denoted as

M
14 14
01 = e { mavs {1QE oo 1K oo f + D IVE oo + W op + W5 lop | (©)
m=1

We introduced clipped operations in transformers for technical reasons. For brevity, we will write
TFg = TFE when there is no ambiguity. We will set the clipping value R to be sufficiently large so
that the clip operator does not take effect in any of our approximation results.

Algorithm induced by Transformers We equip the transformer with an embedding mapping
h @ UperSe U U (Ar X Ry) — RP. This assigns any state s, € S; a D-dimensional
embedding vector h(s;) = h(s;) € RP, and any action-reward pair (a;,7;) € A; x R; a D-
dimensional embedding h(a;,r;) € RP. The embedding function h should encode the time
step t of the state, action, and reward. With abuse of notation, we denote h(D;_1,s;) =
[h(s1),h(a1,71),...,h(as_1,7¢—1),h(st)]. We define a concatenation operator cat : RP>** —
R”** that concatenates its inputs cat(hy,...,hy) = [hy,...,hy] in most examples, but
it could also insert special tokens at certain positions (in MDPs we add an additional token
at the end of each episode). For a partial trajectory and current state (D;_1,s;), we input

H = cat(h(sy),h(a1,71),...,h(a;_1,71),h(s;)) € RP** into the transformer. This produces
output H = TFi(H) = [hl, h2 ,h_5, h_] with the same shape as H. To extract a distribution
over the action space 4, with |At\ A actions, we assume a fixed linear extraction mapping

A € RA*P_ The induced algorithm is then defined as: Algy(-|D;_1, s¢) = softmax(A - h_;). The
overall algorithm induced by the transformer is:

Algg(-|Dy_1, s;) = softmax(A - TFR (cat(h(Dy_1,5:)))—1). (7)

We will always choose a proper concatenation operator cat in examples, so that in the pretraining
phase, all the algorithm outputs {Algg(-|D¢—1, s¢) }+<7 along the trajectory can be computed in a
single forward propagation.

C Details for supervised pretraining results

Definition 4 (Covering number). For a class of algorithms {Algy, 6 € O}, we say ©¢ C © is an
p-cover of ©, if ©y is a finite set such that for any 0 € ©, there exists 0y € O such that

| log Algg, (:|Dt—1, 5¢) —log Algg(-|Di—1,5¢)||cc < p, forall Dy_y,s4,t € [T1.
The covering number Ng(p) is the minimal cardinality of ©¢ such that © is a p-cover of ©.

Definition 5 (Distribution ratio). We define the distribution ratio of two algorithms Alg,, Alg, by

|: Algl a/s‘DS laSS)
M~A DTNPM A|g2 ag‘Ds 1,S )

RA'glvAng = ]E j| =1 + X (PAlgl PA|g2>

Our main result requires the realizability assumption of algorithm class {Alg, }9co With respect to
the conditional expectation of the expert algorithm.
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Assumption A (Approximate realizability). There exists 0* € © and €5 > 0 such that for all
te[T)

I {mE(at|Dt—1a5t)
M DBy | Algg. (@ Dy 1, 1)

10gE i| S Ereal- (8)

C.1 Implications in special cases

Algorithm Distillation When we set Alg,; = Alg,, the supervised pretraining approach corre-
sponds to the Algorithm Distillation method introduced in [30]. In this case, it suffices to set @’ = a’
for every pretraining trajectory, eliminating the need to sample additional expert actions. The con-
ditional expectation of the expert algorithm is given by Alg, = Alg,, and the distribution ratio
RA|gE7A|go = 1. Under these conditions, Theorem 1 ensures that Algg imitates Alg, with a reward
difference bounded by

1 .T/S
ml\ﬁ'%g(T) - SRA,AIgO (T)’ < cTQ( M

+ Ve real) .
If the context algorithm Alg, does not perform well, we cannot expect the learned algorithm Algg to
have good performance, regardless of the number of offline trajectories.

Decision Pretrained Transformer When we set Algh, = Algh (s, M) = a} to be the optimal
action at time ¢, the supervised pretraining approach corresponds to Decision-Pretrained Trans-
formers (DPT) proposed in [33]. In this case, the conditional expectation of the expert algorithm
Algg(-|Di—1,8:) = E[Algg(-|st, M)|Dy—1, s¢] = Algpg(-|Di—1, ;) is the Thompson sampling

algorithm [33, Theorem 1], which samples from the posterior distribution of the optimal action a;

given by P(aj(M)|Di_1,s¢) < A(M) - ]P’/;If" (D¢—1, s¢). This implies that learning from optimal

actions effectively learns to imitate Thompson sampling. Furthermore, the context algorithm is
not required to perform well for the learned algorithm to be consistent with Thompson sampling.
However, a high-quality context algorithm Alg, may help reduce the distribution ratio R, thereby
learning Thompson sampling with fewer samples.

Approximate DPT In practical scenarios, the learner may not have access to the optimal action
a; of the environment M during pretraining. Instead, they might rely on an estimated optimal
action aj ~ Algg (-|Dr), derived from the entire trajectory D7. We can offer a guarantee analogous
to Theorem 1, provided the distribution of the estimated action closely aligns with its posterior
distribution:

E,), o0 KL(AIgE (1 D7) || Prs ¢ (1D1)) < €approx, ¥t € [T]. ©)

Here, Prs . (| D) represents the posterior distribution of the optimal action a} = a} (M) at time ¢,

given the observation D, where (M, Dr) ~ Pﬁlgo.

Proposition 10. Let Assumption A hold and let 0 be the solution to Eq. (1). Take R = Ralgrs,Alg,
as defined in Definition 5, and No = N ((nT)~?) as defined in Definition 4. Assume that for each
trajectory, an estimated optimal action is provided @} ~ Alg's(-|Dr) at each time t € [T satisfying
Eq. (9). Assume that the rewards |r¢| < 1 almost surely. Then for some universal constant ¢ > 0,
with probability at least 1 — ¢, the difference of the expected cumulative rewards between Algg and
Algrg satisfies

log [Ne -T/6
19Ra,a1g,(T) — R algrs (T)] < VR - T2( M + /Ereal + \/sapprox).

The proof of Proposition 10 is contained in Appendix D.2.

D Proofs in Section 3

In this section, ¢ > 0 denotes universal constants that may differ across equations.
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D.1 Proof of Theorem 1

Proof of Eq. (2) Note that we have
T

S Enronars s Aigpe | DAAER (Do 1. 50), Algg(1Di—1.50))

Alg(as|Ds_1,54) —
= 3 Enrenan i H Ao D2 VDA Rlgs(1Di1,50), Al |Dio,50)

T
AlgE as‘Ds 1;35) 2 T
< Z Ep AIgO<H Algy (a2 D 1,Ss)> -Ea,nig, DE(Alg (-] Di—1, 5¢), Algg(-| Di—1, s¢))

AlgE aS|D€ 1) S
< EAAIgO(H Algy (a2 Ds 1, 5,) ) \/EAAIgO (Alg(-|Dy—1, 51), Algz(:|Di—1, 5¢)),

where the second line follows from a change of distribution argument, the third line follows from
Cauchy-Schwartz inequality, and the fourth line uses the fact that

Q1 (z)Qa2(y|x) Q1 (2)2Q3(ylx) .
]Ew’yNPl%(Pl(I)PQ(yW)) B Py (2)Pa( Z/|x) dp(=:9)
Qi (x)? Q3 (y|x) Q1 B Qi(x))?2
Bute) (] Baiyle) 21010 w(w) = Banr, (Gy)

for any probability densities {Q;, P; };=1 2 with respect to some base measure (.

Continuing the calculation of the above lines of bounds, we have

T
Z Erfonar 1 ~Aigy,se \/D%I(A|gE('|Dt—17 5¢), Algg(-| D1, 5¢))

t=1

Alg as|Ds 1788) 2
< \/f Enren ,ar.7—1~Algg, Sf(H A|g§(a, |D ~1,S ))

> Enrenari~Atgy.s DE (A5 (-[Di1, 51), Algg(-|Di—1, 5¢))
t=1

AlgE(ae|Da 1, 85)
Algo(as|D5717 ss)

:\/T ]EMNAalT 1NA|gE Sf[

T
Z Eataar 1 ~Algy,s: Di (Alg g (+|Di—1, s¢), Algg(-| De—1, 5¢))

. CT\/M\/I%N@(U(”T:) +log(T'/9) + Ereal
o e fogwg(l/im?w oLy e,

where the first inequality follows from the Cauchy-Schwartz inequality, the first equality is due to a
change of distribution argument, the second inequality uses Lemma 11. This completes the proof of
Eq. (2).

Proof of Eq. (3) For any bounded function f such that | f(Dr)| < F' for some F' > 0, we have

‘]EMNA@NATgE [f(D1)] = Enrenanaig; [f (D))

T
= ‘ ZEMNA,al:tNATgE,at+1:T~A|g§[f(DT)] - ]EMNA,aM_1~ATgE,a,,:T~A|g§[f(DT)]
t=1
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T
< 2FZEA4~A,a1,t,1~TgE,stDTV(mE('|Dt—1v St)a Alg@\("Dt—la St))a

t=1

where the first equality uses the performance difference lemma, the last line follows from the
variational representation of the total variation distance

Dty (P,Q) = SUP:1EP[f(X)]/2 — Eq[f(X)]/2,

11l

and

Dy (P1(2)P2(y | 2)P3(2 | ), P1(2)Pa(y | 2)P3(2 | y)) = Exnp, Drv(P2(y | 2), Pa(y | w)()lo

~

for probability densities {P;};=1,2 34 with respect to some base measure y. Since Dy (P, Q) <
/D% (P, Q) for any distributions P, Q, it follows from Eq. (2) that

B o, [ (DD)] = Entn gy (D)

ur m.T(\/ log Wo /DN /2 3)

with probability at least 1 — ¢ for some universal constant ¢ > 0. Letting f(Dr) = Zle 7+ and
noting that | f(Dr)| < T concludes the proof of Theorem 1.

D.2 Proof of Proposition 10
By the jointly convexity of KL(P || Q) with respect to (P, Q) and the fact that D%(P,Q) <
KL(P || Q), we have
IE:D, g,N]p’*'goD%I(ATgEHDt—l»St)a]P’TS(‘|Dt—1,81:))
t—1,5¢~I 5
SEp | opteo KL(Algg(:|Di—1, s¢) | Prs(-|Di—1, 5¢))
t—1,5¢~
S EDTN]P/A\IgO KL(ZL\: H PTS,t('|DT)) S gapprox-

Therefore, applying Lemma 11 gives

T
> D (Algs(1Di-1,50), Algrpg (| Dy 1, St))]
t=1
T

> D (Algg([Di1,50), Algg ([ D1, 50)) + D (Algg ([ Di1,50), Algrs (-[Di1, 51))
t=1

Epien,nr ~P) %0

<2Ey Apr ~P) %0

< C<Tlog [N@(lé(nT)Q)T/é] + T(Ereal + €approX))

with probability at least 1 — §. Proposition 10 follows from similar arguments as in the proof of
Theorem 1 with &5 replaced by €eal + Eapprox-

D.3 An auxiliary lemma
Lemma 11 (General guarantee for supervised pretraining). Suppose Assumption A holds. Then the
solution to Eq. (1) achieves
T

> DR (Algg(|Di1,5:), Algp(-|Di—1, 5¢))
t=1

CTlog (Ne(1/(nT)?)T/6]

n

E S + Tsrea|~

Dy ~Ph%0

with probability at least 1 — ¢ for some universal constant ¢ > 0.

Proof of Lemma 11.
Define

Ln:(0) := ZlogAlgg(EﬂDLl,si), and L, (expert) := Zlog/—\TgE(aﬂDLl, sh),
i=1 i=1

18



and let £,,(0) = Zthl L,+(0), L, (expert) = Zthl L,+(expert). We claim that with probability
atleast 1 — ¢

T
> Eb, [Dh(Algy(1Di-1,50), g (-|Di-1,50))
L, (expert) — L,,(0) Tlog No(1/(nT)?) Tlog(T/6) 4

< +2 +2 + = (11)
n n n n

-~

forall @ € ©,i € [T], where D follows distribution P Igo( -), M ~ A. For now, we assume this
tL,(0) > L
T

claim holds. Moreover, it follows from Lemma 4 and the fac »(0%) that

-~

Ly (expert) — L, (0) < Ly (expert) — L,(0°) Z L (expert) — L,:(6%)
t=1

n - n n
Tlog(T/(5 Alg (@ |Dy_1, st)
+ logE
n Z & {Algexat\Dt 1,st)}
T log(T/9)
n

+ T5rea| (12’)

with probability at least 1 — 4.

Choosing 6§ = 0'in Eq. (11) and combining it with Eq. (12) and a union bound, we obtain

T
>~ Ep, [Dh(Algs(|Di-1,50), Alg (-1 Dp-1,50))|
t=1

Tlog Ne(1/(nT)?) + 2T log(2T/5) + 2)
log No(1/(nT)?) +log(T'/9) )

n

< Tgreal + 2(

< Tereal + CT(

with probability at least 1 — § for some universal constant ¢ > 0. This completes the proof.
Proof of Eq. (11) Let ©g be a 1/(nT)?-covering set of © with covering number 1., = |©;|. For
k € [neov], t € [T],1 € [n], define
{ _ tog MEE(TIDLy. 5)
Algg, (@ Di_y, 1)

where (D}, a@') are the trajectory and expert actions collected in the ¢-th instance. Usmg Lemma 4
with X, = —/;, and a union bound over (k, t), conditioned on the trajectories (D%, ..., D%), w
have

1= = 4
3 Zékt + log(neovT'/6) > Z —logE{exp ( - %)}
i=1 i=1
for all k € [ncov], t € [T] with probability at least 1 — ¢. Note that
Al Di
¢ B0, @Dy ) | e
Alg (| Dj_y, s})

\/A|g0k (a| D} 1a5t) pla|Di_y,st),
aEAt

E[exp( )‘Dt 1,52} =Ep

where the last inequality uses the assumption that the actions @’ are generated using the expert
Alg(-|Di_,, st). Therefore, for any @ € © covered by 0y, we have
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>1-Ep:[ Y \/Aley, (alDj_, 5 Mg (alDj_, 50)|

a€A;
—1-Ep: [ 3 y/Algy(alDi_y, )RR p(alDi_y, 57)]
aEA,
~Ep:[ 3 \/ApalDi_y 5) (y/Alg, (0lDi_y, 1) — \/Algs(al Dy, 5D )|
ac A,
1 Ao i i i i
> 5Ep: DA} 1 57). Algy (1D} 1. 51)
- X - —\ 271/2
~Ep:[ 3 (/Ao (1DI_y.50) — /Ay, (1D}, 51)) |
ac A
1 Ao i i i i i i i iy 1/2
> §ED1 [D%{(AlgE("Dt—laSt)vAlge('|Dt—1vst))} - ”AlgO("Dt—let) - Algok('|Dt_1,st)H1/
1 V2

> QEDl [D%{(AilgE(‘D27178z)7A|g9(|szlvs;)):| - ﬁ

forall ¢ € [n],t € [T], where the first inequality uses — logz > 1 — z, the second inequality follows
from Cauchy-Schwartz inequality, the third inequality uses (v/z — /y)? < |z — y| for z,y > 0, the
last inequality uses the fact that 6 is covered by 85 and Lemma 5. Since any 6§ € © is covered by 6y,
for some k € [ncoy|, and for this k£ summing over ¢ € [T gives

n T
1

Z Z 0i, = Ln(expert) — L, (0)) < L, (expert) — L,,(0) + e < L, (expert) — L,(0) + 1.
i=1 t=1

Therefore, with probability at least 1 — 9, we have

%(ﬁn(expert) —L,(0)+ 1) + T'log(neoyT/8) + V2

T
n
> 5 Z ]EDT [D%I(Alge(LDt*l? St)7 Algexpert(.|Dt*17 St))

t=1

for all § € O, where Dr follows ]P’ﬁlgo. Multiplying both sides by 2/n and letting ncoy =
No(1/(nT)?) yields Eq. (11). O

E Approximation by transformers

In this section, we demonstrate the capability of transformers to implement prevalent reinforcement
learning algorithms that produce near-optimal regret bounds. Specifically, we illustrate the imple-
mentation of LinUCB for stochastic linear bandits in Section E.1, Thompson sampling for stochastic
linear bandits in Section E.2, and UCB-VI for tabular Markov decision process in Section E.3.

E.1 LinUCB for linear bandits

A stochastic linear bandit environment is defined by M = (w*, &, Ay, ..., Ar). For each time step
t € [T, the learner chooses an action a; € R? from a set of actions A; = {at1,...,a¢ 4}, which
consists of A actions and may vary over time. Upon this action selection, the learner receives a
reward r; = (a;, w*) + ;. Here,{e;} ~;;q £ are zero-mean noise variables, and w* € R¢ represents
an unknown parameter vector. Stochastic linear bandit can be cast into our general framework by
setting s; = A, and adopting a deterministic transition where s; transits to s, deterministically
regardless of the chosen action.

We assume the context algorithm Alg, is the soft LinUCB [13]. Specifically, for each time
step t € [T, the learner estimates the parameter w* using linear ridge regression W/, 4. , =
arg min,, cpa Z;;ll(rj — (a;,w))? + A|w]||3. Subsequently, the learner calculates the upper
confidence bounds for the reward of each action as v}, = (ayk, Wgge ) + @ (azk (Ng +
Z;;i aja;)*latk)l/ 2. Finally, the learner selects an action a; according to probability
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{P§ j}iera) = softmax({vy; /7} c[4)) for some sufficiently small 7 > 0. Note that the soft LinUCB
lgsrinucn(r) recovers LinUCB as 7 — 0.

We further assume the existence of constants o, b,, By, By, > 0 such that the following conditions
hold: |e;| < 0, by < [|ag k]|, < Ba,and |[w*|, < By, forallt € [T], k € [A]. Given these, the con-
fidence parameter is defined as: & = VAB,, + 0+/210g(2B, B, T) + dlog((d\ + TB2)/(d)\)) =

O(\/&) The following result shows that the soft LinUCB algorithm can be efficiently approximated
by transformers, for which the proof is contained in Appendix F.4.

Theorem 12 (Approximating the soft LinUCB). Consider the embedding mapping h, extraction
mapping A, and concatenation operator cat as in Appendix F.1. For any small €, 7 > 0, there exists
a transformer TFy(-) with log R = O(1),

D < O(dA), L =O(VT), M <4A, D' = O(d + A\/Td/(r¢)), [|0] = O(A + TVd/(re'/*)),
(13)
such that taking Algg as defined in Eq. (7), we have

log Alggrinucn(r) (@t k| Di—1, 5¢) — log Alge(at)k\Dt,l,st)‘ <e, VtelT],kelA.

Here O(-) hides some absolute constant, and O(-) additionally hides polynomial terms in
(0,071, By, By, AT1), and poly-logarithmic terms in (T, A,d,1/e,1/7).

A key component in proving Theorem 12 is demonstrating that the transformer can approximate
the accelerated gradient descent algorithm for solving linear ridge regression (Lemma 18), a result
of independent interest. Leveraging Theorem 12, we can derive the following regret bound for the
algorithm obtained via Algorithm Distillation, with the proof provided in Appendix F.5.

Theorem 13 (Regret of LinUCB and ICRL). Let © = Op 1 a,p’, B be the class of transformers
satisfying Eq. (13) withe = 1/T? and 7 = 1/ 1og(4T AB, (B, 420/ X)) /VAT = O(T~'/?), and
choose the clip value logR = (5(1) Let both the context algorithm Alg, and the expert algorithm
Alg g, coincide with the soft LinUCB algorithm Algg ;,ycp(-) With parameter T during supervised
pretraining. Then with probability at least 1 — 6, the learned algorithm Algg, a solution to Eq. (1),
entails the regret bound

T
Exrea| 30 max {au e, w*) — R nigy ()] < O (d\/f log(T) + T? logW@T/f”) ,
t=1

n

where log No < @(LQD(MD:F D')logn) < O(T3d? A3 logn). Here O hides polynomial terms
in (0,b; %, Ba, By, ATY), and O additionally hides poly-logarithmic terms in (T, A,d,1/e,1/7).

»Ya >

E.2 Thompson sampling for linear bandit

We continue to examine the stochastic linear bandit framework of Section E.1, now assuming a
Gaussian prior w* ~ N(0, \I;) and Gaussian noises {¢¢};>0 ~q N (0,7). Additionally, we
assume existence of (by, B,) such that b, < [|a; ||, < B,. In this model, Thompson sampling
also utilizes linear ridge regression. Subsequently, we establish that transformers trained under the
DPT methodology can learn Thompson sampling algorithms. We state the informal theorem in
Theorem 14 below, where its formal statement and proof are contained in Appendix G.

Theorem 14 (Approximating the Thompson sampling, Informal). Consider the embedding mapping
h, extraction mapping A, and concatenation operator cat as in F. 1. Under Assumption B, C, for

sufficiently small €, there exists a transformer TFS(-) with logR = (7)(1)
D= O(ATY*d), L=0NWT), M=O(AT'%),

) B (14)
16] = O(T + ATV 4 VA), D' = O(ATV d),

such that taking Algg as defined in Eq. (7), with probability at least 1 — &y over (M, D) ~ Pﬁlg for
any Alg, we have

log Algrg(as k| Di—1, s¢) — log Algg(ay x| Di—1,8¢) < e, Vte[T],kel[A]
Here, O(-) hides polynomial terms in (Mg, Co, N, 7% b1, B,), and poly-logarithmic terms in
(T, A,d,1/e,1/dp), where (Mg, Co) are parameters in Assumption B and C.
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Central to proving Theorem 14 is establishing that the transformer can approximate matrix square
roots via Pade decomposition (Appendix G.3), a result of independent interest. Theorem 14 thereby
implies the subsequent regret bound for transformers trained under DPT.

Theorem 15 (Regret of Thompson sampling and ICRL). Follow the assumptions of Theorem 14. Let
© = Op.1.m,p,B be the class of transformers satisfying Eq. (14) withe = 1/(RT?), o = §/(2n),
and choose the clip value logR = O(1). Assume the trajectories are collected by some context
algorithm Alg,, and we choose the expert algorithm Algg(sy, M) = af = argmax,,, (a,w") to
be the optimal action of the bandit instance M for each trajectory. Then with probability at least
1 — 9, the learned algorithm Algg, a solution to Eq. (1), entails regret bound

Eason [;mgx (a0, W") — R gy (T)] < O(dﬁlog(Td) +VR -T2 bg(N@T/‘S))

n

where R = Rpig,q Alg, and logNe < (7)(L2D(MD + D')logn) < (7)(T5/4A2d(|\/|0 +
AV/Td)logn). Here O hides polynomial terms in (\**, 7+ b1 B,), and O additionally hides
poly-logarithmic terms in (Mg, Co, T, A,d, 1/2,1/0).

E.3 UCB-VI for Tabular MDPs

A finite-horizon tabular MDP is specified by M = (S, A, H,{ Pi} ne[a], { B Y hem), 1), With H
being the time horizon, S the state space of size .S, A the action space of size A, and u € A(S)
defining the initial state distribution. At each time step h € [H]|, P, : S x A — A(S) denotes the
state transition dynamics and Ry, : S x A — [0, 1] gives the reward function. A policy 7 := {7, :
(S x AxR)"™ x & — A(A)}e(s) maps history and state to a distribution over actions. The value
of policy 7 interacting with environment M is defined as the expected cumulative reward Vi () =

IEMJ[ZhH:l Rp(sn,ap)]. A policy m* is said to be optimal if 7" = arg max, ¢ ) Vs (7).

We let the context algorithm Alg,, interact with an MDP instance M to generate K episodes, each
consisting of H horizon sequences (Sg.p,, Gk h, Tk,h)ke[K],he[H}- These can be reindexed into a single
trajectory D = {(s¢, at,7¢) breqr) Witht = H(k — 1) + hand T' = K H. The Bayes regret of any
algorithm Alg gives Eason [K Var (%) — Raraig(T)].

Near minimax-optimal regret for tabular MDPs can be attained through the UCB-VI algorithm

[4]. We demonstrate that transformers are capable of approximating the soft UCB-VI algorithm
Algsucrvi(r)» a slight modification of UCB-VI formalized in Appendix H.1.

Theorem 16 (Approximating the soft UCB-VI). Consider the embedding mapping h, extraction
mapping A, an~d concatenation operator cat as in Appendix H.1. There exists a transformer T FS( )
withlog R = O(1),

D =0(HS?A), L=2H+8, M =O0(HS*A),

D' =O(K’HS?A), 6] < O(K*HS*A+ K*+1/7),
such that Alggucpvi(ry(alDi—1,8t) = Algg(alDi—1,s¢) forall t € [T],a € A Here O(:) hides
universal constants and O(-) hides poly-logarithmic terms in (H, K, S, A,1/7).

15)

Leveraging Theorem 16, we can derive the following regret bound for the algorithm obtained via
Algorithm Distillation.

Theorem 17 (Regret of UCB-VI and ICRL). Let © = Op 1, ar,pr, B be the class of transformers

satisfying Eq. (15) with T = 1/K, and choose the clip value log R = O(1). Let both the confext
algorithm Alg, and the expert algorithm Alg ; coincide with the soft UCB-VI algorithm Alg i cpyi(r)
during supervised pretraining. Then with probability at least 1 — 6, the learned algorithm Algg, a
solution to Eq. (1), entails regret bound

EnrealKVar (%) — Rar agy (T)] < O (HWSAK F SR A T “g’W@T/‘”) ,

n

where log No < O(L2D(MD + D')logn) = O(H*S*A3(K? + HS?A)logn), and O(-) hides
poly-logarithmic terms in (H, K, S, A).



F Soft LinUCB for linear stochastic bandit

Throughout this section, we use ¢ > 0 to denote universal constants whose values may vary from
line to line. Moreover, for notational simplicity, we use O(-) to hide universal constants, O(-) to

hide polynomial terms in the problem parameters (o, b; ", By, By, AT!), and O(-) to hide both

»Ya

poly-logarithmic terms in (7', A, d, 1/¢,1/7) and polynomial terms in (o, b, B,, By, AT!). We

sYa

also use the bold font a, € R? to denote the selected action vector a; at time t € [T].

This section is organized as follows. Section F.1 discusses the embedding and extraction formats of
transformers for the stochastic linear bandit environment. Section F.2 describes the LinUCB and the
soft LinUCB algorithms. Section F.3 introduces and proves a lemma on approximating the linear
ridge regression estimator, which is important for proving Theorem 12. We prove Theorem 12 in
Section F.4 and prove Theorem 13 in Section E.5.

F.1 Embedding and extraction mappings
Consider the embedding in which for each ¢t € [T'], we have two tokens ha;_1, hy; € RP such that

0 a
e hg, Tt hy,
. gt 1 044 hgt
1= 0 = - = =
hy; 4 64 hgt71 ) hy; 04 hgt )
pOSQtfl h2t71 0 h2t
POSy;
T . . T
whereh, | =A,=[a/; ... a,] denotestheactionsetattime?, hy, = [a] 1] denotes

the action and the observed reward at time ¢, hS§, ; is used to store the (unnormalized) policy at

time ¢, 0 in h? denotes an additional zero vector with dimension O(dA), and pos, := (i,i2,1) " for
i € [2T7 is the positional embedding. Note that the token dimension D = O(dA). In addition, we
define the token matrix H; := [hy, ..., hy] € RP*2 forall t € [T].

Offline pretraining During pretraining, the transformer TFg takes in H}® := Hy as the input

token matrix and generates HY>™' := TFq(H5') as the output. For each step ¢ € [T, we define

exp(h5;*%)

T llexp(h525 )

the induced policy Algg (| D¢—1, s¢) : € A4, whose i-th entry is the probability of

selecting action a, ; given (D;_1, s;). We then find the transformer 6 € © by solving Eq. (1). Due
to the decoder structure of transformer TF g, the 2¢ — 1-th token only has access to the first 2t — 1
tokens. Therefore the induced policy is determined by the historical data (D;_1, s;) and does not
depend on future observations.

Rollout At each time ¢ € [T, given the action set A; (i.e., current state s;) and the previous data

D1, we first construct the token matrix HY'}, , = [H;_1,hy, 1] € RPX(2=1)_ The transformer

then takes HP'" | as the input and generates HP%, = [HP*', h5>*" ] = TFo(H} ). Next, the

roll,t roll,t roll,t
. . . . exp(h57>¢
agent selects an action a; € A, according to the induced policy Algg (:|D;—1, 8¢) := TepmELay ], ©
2t—1 1

A4 and observes the reward 7.

Embedding and extraction mappings To integrate the above construction into the framework

described in Section 2, we have the embedding vectors h(s;) := hgs—_1,h(a¢,r¢) := hyy, the
concatenation operator cat(hy,...,hy) := [hy,..., hy], the input token matrix H = HY}, | :=

cat(h(sy),h(ay,71),...,h(a;_1,7_1),h(s;)) € RP*(2=1) the output token matrix H = Hfgﬁft,

. . . = —post
and the linear extraction map A satisfies A - h_; = A - hy, | = h5>°.

F.2 LinUCB and soft LinUCB

Let T be the total time and A\, &« > 0 be some prespecified values. At each time ¢ € [T, LinUCB
consists of the following steps:

1. Computes the ridge estimator w;,, . y = arg ming cga 5; Z?; (rj —(aj, w))*+ 2 ||wl|3.

2. For each action k € [A], computes v}, = <at,k7wﬁidgc,/\> +ay/a) A ay g, where

Ay =)My+Y " "jajal.
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3. Selects the action a;, ; with j := arg maxj,caj vf-

Unless stated otherwise, in step 2 above we choose a = «(d) with 6 = 1/(2B,B,,T') and

a(8) := VAB,, + 01/210g(1/6) + dlog((dX + TB2)/(d)\)) = O(y/dlog T) = O(Vd).

In this work, to facilitate the analysis of supervised pretraining, we consider soft LinUCB (denoted
by sLinUCB(7)), which replaces step 3 in LinUCB with

3’ Selects the action a; ; with probability % for j € [A].

Note that soft LinUCB recovers the standard LinUCB as 7 — 0.

F.3 Approximation of the ridge estimator

In this section, we present a lemma on how transformers can approximately implement the ridge
regression estimator in-context.

Throughout the proof, for ¢t € [2T], we let th) denote the i-th token in the output token matrix
obtained after passing through an L-layer transformer. We also define readyw,,, : RP s R be the
operator that gives the values of d coordinates in the token vector that are used to store the estimation
of the ridge estimate.

Lemma 18 (Approximation of the ridge estimator). For any small € > 0, there exists an attention-
only (i.e., no MLP layers) transformer TFq(-) with

L =

2 ~
[ b (1B, (8o +.0)/06)] = OT), maax MO < 5. 0] < VE+ 375

such that ||readwridge(h;le) — Whiggenll2 < eforallt € [T).

Moreover, there exists a transformer TFg(-) with

2 2 "
’72\/ﬁ + )\ g ((QT(Ba + )‘) + )‘)TBa(Ban + U))—‘ _ O(\/T), max M(l) < 4
A2 Le(L]

A2
D’“><4d 0l < 10
max <4d, |0] < MR

=0(1)
such that ||readw”dge(h(221) ~ Wiagenll2 < eforallt € [T).

Results similar to Lemma 18 have been shown in [6] under a different scenario. However, we remark
that the second part of Lemma 18 has a weaker requirement on the number of layers as we prove that
transformers can implement accelerated gradient descent (AGD, [42]) in-context.

Proof of Lemma 18. Note that \I; < A; < (T B2 + \)1,. Therefore the optimization problem

t—1
. . 1 2 A 2
Wridger = argmin L(w) := arg min 5oy ;(” — @ W)+ gy vl

is A\/(2t — 1)-strongly convex and (B2 + \)-smooth and the condition number x < 27(B2 + \)/\.
Moreover, by the definition of w’, dge,) We have

t—1 t—1
[Whagenllz = [(ALa + Y aal) ' Qa2 < | Md+zag aj) - Hzaﬂ"ﬂb
j=1 j=1

TBa(BaBU, +0)
A

forall ¢t € [T].
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Proof of part 1 By Proposition 9, we see that L = [4T(B2 + \) log(TB,(BaBy + 7)/(Ae))/ ]
steps of gradient descent with stepsize 7 = 1/(B2 + \) starting from w&p, = 0, finds w&p, such

L t
that ”WGD - Wridge,)\HQ <
Now we prove that one attention-only layer can implement one step of gradient descent
0 t—1 -
041, ¢ ¢ Y
Wap (= Wap — E a;,w —rj)a; — Wap-
GD GD 2t71 . 1(< ] GD> ]) J 2t71 GD
j=

We encode the algorithm using the last token (i.e., the 2¢ — 1-th token). Denote the first d entries of
hy,_, by w and define readw,,. (ha¢—1) = W. Starting from WY = 04, for each layer ¢ € [L], we

let the number of heads M (Y) = 3 and choose Q1 2,35 Kf%& Vggg, such that for even tokens hy;
with j <t — 1 and odd tokens hy;_; with 7 <t

~ ro
0y (0—1 w1 0y (1—1 a; 0y (-1 0y (=1 04 (0—1
o =[] weong <[] v =[] o o veng <o

e O

- 1 1 r 1 0

0, (6— ¢ IR 0y (¢ ~q

e 1)] . KyngY = l 1,] CKYRGTY = | 1 ] , Vihy T = A (@
1 27 127 —1 0

Summing up the three heads and noting that ¢ = o(t) — o(—t), we see that the w part of ho; 4 (i.e.,

readw,,,,. (h2¢—1)) has the update

‘/7\\/'[ = {;\\/l—l _ QtL_l [O’(<aj7‘/)\\[l_1> — ’rj) — O'(’l”j —_ <aj7‘/7\Vl_1>)]aj
j=1
A t—1
j=1
VRN "
W e VORED
=w! 1_2t_1jz:;[<aj,wl 1>_7’j}aj—m hgt !
n t—1 77)\
= \/)\\/l—l _ 51 j71[<aj7®l_1> _ T']}a] _ T 1@[-1,

which is one step of gradient descent with stepsize 1. Moreover, it is easy to see that one can
choose the marices such that max;, ¢ ||Q££)Hop = MaX,e[3] HK%)HOP = /2 and ||V§Z)HOp =
HVé@) llop =1, HV:(f) lop = An. Therefore the norm of the transformer [|0]| < v/2+(A+2)/(B2+\).

Proof of part 2 Similarly, Proposition 9 shows L = [2,/27(B2+ X)/Alog((1 +
k)T Bo(BaBy + 0)/(Ae))] steps of accelerated gradient descent gives ||[w%qp — Whiggenll2 < €
Again, we encode the algorithm using the last token (i.e., the 2¢ — 1-th token). Denote the first
d,d+1~ 2d,2d + 1 ~ 3d entries of h%,_; by W,, W;, V respectively. Starting from W = W) =
vV = 04, AGD updates the parameters as follows:

wh=wit (9w - pVLETY), (16a)
ol i1 ¢, VE—1 R N

= — 16b
vi=vT 4w, + \f+1( W W, ) =V (16b)
Wy =wp 4+ (W —wp ). (16¢)

We show that one attention layer and one MLP layer can implement one step of AGD as above.
Namely, Eq. (16a) can be obtained using the same attention layer we constructed for gradient descent
with V replacing w, and an extra head with

)4 (6—1) 2t =1 04 (-1 ! ¢ 0
Q( )h2t 1= —(Qtl— D21, Kfl)hz(' V= 12 ) V() ét 1) = [v¢! 6VAV£;1
i
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for i < 2t — 1 that gives v/~! — w/~1. Denote the output tokens of the attention layer by h.

Eq. (16b), (16¢) can be implemented using one layer of MLP. Concretely, we choose Wy), Wée)
such that

k—1 /-~ ~f— ~]—
R e 0
N (r1 ol VRl i1 Se—1y ) Sl—1 ‘ O (0—1 w?
Wg )hgt_l) - Yo v (zva tz-‘1Vb )+ ) Wé )U(WE )hét—l)) = Gé’
Wo =Wy
—wfl —i—wﬁ*l

Since t = o(t) — o(—t) for t € R, it is readily verified that one can choose the linear maps such
that HWge)Hop < 4v/2, ||Wél) lop = v/2. Combining this with the attention layer for Eq. (16a)

and noting that ||fo) lop = V2, we verify that the transformer we constructed has norm [|@]| <
10 + (A +2)/(B2 + \). This completes the proof of Lemma 18. O

F.4 Proof of Theorem 12

We construct a transformer that implements the following steps at each time ¢ € [T] starting with
h%,_, =hb*7 forz € {a,b,c,d}

My, pre,{a,b.c}
hzt;l
—hpre,{a,b,c}_ Wridge
2¢—1 *
Wridge 1
pre,a hpre,{a,b,c} * At a1 post,a
hy, 2t-1 — . hy,”
b Wi AT : post,b
hb'® step 1 ridge step 2 ag 1 step 3 h ;
— 2t—1 P P t ) P — _. 2t—1
hgt_l = [pPrec —_— * E— . ” Afla = hpoat,c s
e 0 : 't /t’A 21
3 — v T post,
hs, 7 pos Al tl hyy "y
pos Vea/T
B N 0
L Pos |
(17)
—_—
L -9 T. A~ . . . . . t . —1
where pos := [t,i%,1]'; Wyidge iS an approximation to the ridge estimator Wiidge \> A¢ @t are

—_—
approximations to A, lat,k; Vgf, are approximations to vi, 1= (vAVridge, a i) +o <at,k, Al lat,k>,

which are also approximations to

Vg = <Wfidge,,\>at,k> +o <at,k7A;1at,k>

for k € [A]. After passing through the transformer, we obtain the policy

t,
exp(hy;”") A
©
Il exp(hz;=) 1

We claim the following results which we will prove later.

Alg@("thh 8t> =

Step 1 For any £ > 0, there exists a transformer TFg(-) with

I P\/ﬁ Bg):l—)\log((2T(B§+)\)+)\)TBG(Ban+J)ﬂ _ 6(T),

e
A+2
MO <4 D'V < 4d. 6] < 10 =0(1
?el?[ﬁ < 4, ?é?ﬁ > 5 ||| ”| = + B2+ )\ ( )

a

that implements step 1 in (17) with || Wyigge — Wfidge.AHQ <e.

Step 2 For any € > 0, there exists a transformer TFg(-) with

B2+ \ 2T (B2 +\) + M) B, 3
L:b\/ﬁ a,\Jr 1Og(< ( a§2€)+ : )W:O(ﬁ)’ %?L}?M(Z)SZM’
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A+
D'V <4dA. O] <10+ A
max <4dA, 6] <10+ A(55

SA +v2) = 0(4)

a

that implements step 2 in (17) with | A; *a; , — A, 'a, x|l2 < e for k € [A].

Step 3 Suppose that the approximation error in Step 2 satisfies o < b2 /[2(B2 + \)T B,]. For any
e > 0, there exists a one-layer transformer TFg(-) with

L=2, gn?ﬁM M) < 44, ?I%D' < O(AVTa/(re)), 18] < O(A+T (o) (re)) *+a/7)
€ e[L

that implements step 3 in (17) with [0y, /7 — ver /7] < € for k € [A].

Denote the errors € appear in each step by €1, €2, £3, respectively. Define for all k € [A] that

Uk = (Whageas atk) + ay/(ae e, Ay 'ag k),

which are the actual values used to compare across different actions in LinUCB. Then for all k& € [A],
we have the approximation error

ﬁ_%’<vtk_”tk) %_%
T T 1
1 t ~ 1 -1 1
< ;\ (Whidge.x — Wridge» @t k) | + *‘Oé\/ (age, Ay 'ay ) — <at,ka A; at,k>‘ +e3
< Basl aB,eo
27'm1n{\/ atk,A atk 1/ atk,A atk
B, T(B2+ NaB,
< Ly T(Bs + A)abocy €3,
T baT
where the last line uses Eq. (18). For a targeted approximation error €, choosing €; =
er/(12B,),e2 = min{b,7e/(124/T B2+/\ aBy) 2(B2 + M)TB,]} and e3 = £/12, we

obtain |v}y, /T — Uy /7| < /2 for all k: € [

From the proof of each step, we can verify that the token dimension D can be chosen to be of order
O(dA). Moreover, due to the convergence guarantee for each iteration of AGD in Proposition 9, it
can be verified that there exists some sufficiently large value R > 0 with logR = O(1) such that
we have th(.é) l2 < R for all layer ¢ € [L] and all token ¢ € [2T] in our TF construction. Therefore,

TFS and TFg° generate the same output for all the token matrices we consider, and w.l.o.g. we may
assume in the proof of each step that the transformers we consider are those without truncation (i.e.,
TFe = TFg).

Finally, combining Step 1—3 with o = (7)(\/&) and applying Lemma 8 completes the proof of
Theorem 12.

Proof of Step 1 We use the first d entries of th to represent v?zridge and the d + 1 ~ 3d entries
(denoted by *) to record intermediate results for computing Wyiqge. Step 1 follows immediately from
the second part of Lemma 18.

Proof of Step 2 Note that

_ . 1 1 i
A, 1at,k = aigeg}im mxTAtx - m (x,ap5) =: arxgeflgim Li(x)

is the global minimizer of a A\/(2t — 1)-strongly convex and (B2 + \)-smooth quadratic function
with the condition number x < 27°(B2 + \)/\. Moreover, we have

A,  ag kll2 < 1A lopllackllz < Ba/A.

It follows from Proposition 9 that L = [24/2T(B2 + \)/Alog((1 + k) B, /(Ae))] steps of acceler-
ated gradient descent finds At_latyk with HAt_latk — A tag e <e.
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Similar to the proof of Lemma 18, we can construct a transformer such that each (self-attention+MLP)
layer implements one step of the accelerated gradient descent (AGD) for all k € [A]. Denote the
(k+2)d+1~ (k+3)d,(A+1+2k)d+1~ (A+2+2k)d,(A+2+2k)d+1~ (A+3+2k)d
entries of hd, |, by W ik, Wi, Vi for k € [A]. Note that in the input vector h3*? we have
‘/’\Vg,tm"?’g,k»vg = 04.

For each layer ¢ € [L] and k € [A], we choose fol) 2. k3. k> K§f1) 52, k3. k4> V,(fl) %2 k3. ka SUch that for
even tokens hy; with j < ¢ — 1 and odd tokens hy;_; with j <t

-1 ‘ 0
et = [ s =[] s o Vit < fa ) it <o

k1 1 0
¢ 0 0 0) [4 (¢
0= -aff. )Y =K. Vi) =V
r 1 1 1 0
0), (6—1 1—2t 0, (6—1 1 04 (6—1 1 04 (6—1 ~r—
gc?y)h;tfl) = 1 ) Kgf?))héj )= 271 Kl(czs)hgj—l) ~l2i—-1]" Vl(c?y)hgtfl) =1 |aj — AV
0 0 0
[ 2t—1 1 1 0
£y (6-1 —(2t — 1)? 04 (¢ 1 0, (¢ 1 £), (-1 e
I(vék)hét—l) = ( 1 ) ) K}(cél)héj) = (29)%| Kl(czl)héj)fl = (25 —1)2|° Vlizl)hgt—l) = |Vk f-
0 0 0

where 7 = 1/(B2 + \) and the values V,(c?hé?_l), V,(c?h;?__ll), t =1,2,3,4 are supported on the
entries corresponding to W, . Summing up the M = 4A heads and noting that t = o'(t) — o(—t),
we see that the W, j, part of h; has the update

N Py N ~r— e nA 0y (-1 04 (01
Wi = Woil = g 2 lo((ay, 9i7h) — o= (a,, 91 ))lay — o Vighy Ty + ViR DY
j=1
—1
el : (a;,9¢ Y a; — nA VORED L yOpe-1
a,k 2% — 1 e 70 Yk ] 2% —1 k3 2t—1 k4 “72t—1
t—1
gt _ n Z<a, szl>a,_ nA Gy n a
S AT 2t — 1 0F

=V, L= nVL(vh),
which is one step of gradient descent with step size n (c.f. Eq. 16a). Moreover, it can be verified that
one can choose the matrices such that maxeca},me] ||Q,££3L||Op = MaXpe[A],mel4] ||K§f721||op <
[ ¢ ¢
V2 and maxgepa) [Vidllop = maxpera [Viglop = n, maxpepa [Viglly < (A +
1)n, maxye(q) ||V,(Q llop < V2. Therefore, the norm of the attention layer

61l < V2(A+1) + AN+ 3)/(BZ + N).

Following the construction as in the proof of Lemma 18, we can choose Wy), Wy) that implement
Eq. (16b), (16b) for all k € [A] simultaneously and we also have ||W§€) lop < 4V/2, Wée) =2
with D' = 44 A. 1t follows from combining the bounds for the weight matrices that

A+
B2 +

a

A+ 3
B2 + )\

a

10l < V2(A +1) + A( +V2) + V2 +4v2 <10+ A(

SA +V2) = O(A).

Proof of Step 3 Denote the i-th token of the output of step 2 (i.e., the input of step 3) by hgo).
We use the (3A + 3)d + 1 ~ (3A + 3)d + A entries of hg, ; to record Uy /7, ...,0s4/T and
use the (34 4+ 3)d+ A+ 1 ~ (34 + 3)d + 2A entries to store additional information (denoted
by vg41,...,Vqe,a) for computing vy /7,...,0.4/7. Concretely, for all k& € [A], we choose
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,(fl) B2 k3 k47K§fl) k2.3, k4>Vl(f1) w253 k4 Such that for even tokens ho; with j < ¢ — 1 and odd

tokens hy;_; Wlth] g t

Wridge a; 0g
(1)}, (0) 2t =1 W _ | B myu© _ [ -8B
Q hy” ) = 1 ’ Kkl h2j—1* B(Zj—l) ) Kkl h2j ~|2Bj |’
0 0 0
(1)1, (0) 0 (1)1, (0) )
Virhy = le N 11 ;» Viphyy = le] )
0 0
-*wridgc
1)1.(0 2t -1 1 1 1 1
n = | 2R =k Vi = i,
| 0
-Atfl;tk ajk 04
Wp® | 26=1 | gORO —B KOp© — | -8B
ghy, | = 1 J 2j—1 — B(2j —1)|> k372 — [2Bj|°
0 0 0
1)4.(0 0 1)4.(0 0
VOB, = |2 -1, VERY = [2]
0 0
*At_lat,k
1 0) — 1 1 1 1
Q( )hgt 1= 2t1 1 ) Kl(c4) = Kl(c?))’ Vl(c4) = _Vl(c3)7
0

where B := TB2(BoB,, + 0)/A + 2B2/X; VIVh” VIOh{” (¢ = 25 — 1,2) are supported
on the [(34 + 3)d + k]-th entry of h?; V,(Cli,))hgo)7 V,(il)hgo) (¢ = 2j — 1,2j) are supported on the
[(3A+ 3)d + A + k]-th entry of h?.

Since (Wridge, @j,k) < ||[Wridge||2]|aj,x[|2 < B, it follows that
(QVBEL KRS ) = (ridges ) + (25 — 1= (2t = 1))B <0

for j < 4. Likewise <Q(1)h£) 1,K,(611)h§(;)> < 0 for j < . Since we assume the error e <
b2/[2(B2T + \)B,] in Step 2, b, < ||as k|l2 < Bs and \XI; < Ay < (B2T + )1, it follows that

1 1 1 1
(2 AT k) > (e, A7 an) — el A7 ans — A7 al
b2 b2 1

> > = —
T2B2T 4N T2I(BZ2+)X) T

v

) ll) (18)
-1 —1 1 232

(ark, A7 'ark) + lakl2l| A7 are — A a2 < N lo. (19

Therefore, <Q(1)h(2(2) 1,K(l)hgj) 1> = <At_1at,k,aj7k> +(2j—-1—-(2t—-1)B>0iff j = 1.

Likewise <Q(1)h$) 1 K,(€3) hg;)> < 0 for j < 4. Similar results hold for the k2, k4-th heads. By

some basic algebra and noting that ¢ = o(t) — o(—t) for t € R, we see that the attention layer

/1\
<at,k7 At at,k>

IA

updates the position for Ty, /T, U, 11 With the values (Wyidge, ar.k) , { @t k, At_lat,k> forall k € [A],
respectively. Moreover, it can be verified that one can choose the matrices such that

(1) (1) (1)
o max Virllo 1, max K., llop < B.
e Qo = e Vi oy =1 K oy

Now, to compute the value of Uy /7 in step 3 in (17), what remains is to approximately compute
/g, 1k, add the result to the position for vy /7, and multiplied it by 1/7.
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Since Uy = <at,k7A;1at,k> € [l1/T,ls], to approximately compute <at,k,A;1at¢k>, it

suffices to approximate f(z) = \/z,x € [l1/T, ls]. For any level of approximation error €,pprox > 0,
let (z1,x2,...,2N) € [l1/T,15] satisfy
Iy = ll/Ta IN = l27 0< VIi+1 = /L5 < €approx; fOI'j € [N - 1]
Define the function
N-1

- 1
flz) = a1 + ; oz — zj)m.

Note that f(x) is a piecewise linear function on [I; /T, lo] with f(2;) = \/z; for i € [N]. By some
basic algebra, it can the shown that for e,ppr0x < 11/7, the difference between f(z) and f(z)

t
- = ] + - _ — ] + t ] - ] < approx
max |f(c) — f(c)] max] ‘./xj OES T \/xj (j41 — ;)| < €app

c€lxj,xjt1] te[0,1

when /T, 7 — /T < ¢y /sappmxll/T for some universal constant ¢ > 0 and all j € [N — 1].
Therefore, there exists a function f () with N = O(\/T'/capprox) that satisfies

flz) — < )
[l?/l%,)lz] |f(x) = f(2)] < approx

As a consequence, we verify that one can implement f (Va,uk) for all k € [A] simultaneously by
constructing a two-layer MLP with

W lop < O(VN), [W[lop < O(VTN), D' < AN.

Choose eapprox = T€/cv. Substituting the expressions for N, €,pprox into the upper bounds on the
norms, we obtain

W lop < O((aT/(re))Y), [[WE|lop < OT*4(af(re)V4), D' < O(A(aT/(r¢))?).

(2)
2

Lastly, we can construct another two-layer MLP with weights Wf), ‘W™ such that it implements

the summation and multiplication updates

PO A 1 . Q[ = — T Ty

V<Vt Wéz)o(Wgz)héi)_l) RV A+ (; — 1>v + g [\/vaﬂ, cey \/UMA} = %k
with ||Ug, /T — v /7|| < € for all k € [A]. We verify that the weight matrices can be chosen with

2 2
Wi lop < O(1). W3, < O(er/7)

and D' < O(A).
Therefore the norm of the transformer that implements step 3 satisfies

16 < O(B+1+4A4+T%*(af(re))/* + /1) = O(A+ T(af (1e))/* + /7).
This conclude the proof of Step 3.

F.5 Proof of Theorem 13

By Theorem 1 and Theorem 12 with €51 = € = 1/773, it suffices to show soft LinUCB with parameter
7 has the regret guarantee

T
Enreon [Zm]?x (aek, W*) = Rar g, ven (T)} < O(dVTlog(T)).

t=1

This follows directly from a regret analysis similar to that for LinUCB (see e.g. [13] or Theorem 19.2

in [31]). Concretely, note that v}, = <Wfidge N at’k> + ay/(arr, A 'ay ) is the solution to the

optimization problem

maximize (w,ay )
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subjectto W € Cy 1= {W|(W — Whiguon) | At(W — Whigpen) < 0%,

where we recall « = «(dy) with 6o = 1/(2B,B,,T') and

a = a(dy) == VABy, + 0v/21log(1/6y) + dlog((d\ + TB2)/(d\)). (20)

Moreover, standard analysis as in the proof of Theorem 19.2 in [31] shows with probability over
1—-1/(2B,BT) we have w* € C, for all ¢ € [T]. Denote this event by &. Moreover, let p; j
denote the probability of soft LinUCB selecting the action a, ;, at time ¢ for all k& € [A]. For any
£>0,letS(e) := {k € [A] : v}, — max;cqvy; < €}

Therefore, on the event £y at time ¢ we have

max vj; vam— D perlmaxvly i)+ Y0 peslmaxef; — vf)
k€St (20) k¢S (<o)

<eo+ Z exp ( — %)(maxvfj —v3)
kS, (<0) !

<50+2Aexp< )B (By + 20/VN),

where the second line uses

€0 €0
Pik < €Xp ( - *) “max pg i < exp ( - *>,
T T

and the last line follows from that |v};| < B.(Buw + 2o/ v/)) on the event &. Choosing £y =
£1/2 := 1/+/4T and noting that T = £/ log(4T ABy(B,, + 2a/vV/)) = O(1/V/T), we obtain

maxvtj g D KV < €1

Now, on the event £,, we have
A A

max (wh,ay ;) < max 05 <Y peavi e = prk (Wr,ak) + a1
J k=1 k=1

for some wy, € Cy, k € [A]. Therefore, on & for each ¢ € [T

Helﬁé}ﬁ w",az ;) Zptk w",a k) <51+Zptk —w*,as )
J

A
et Y porlWr - wHa, -
k=1

ol g

Moreover, note that max;cpa) (W*, a; ;) — (W*, a; ) < 2By, B, and ||atJ€HA;1 < By/V\. Sum-
ming over ¢t € [T] and using the tower property of martingales, we obtain

T
Enren [Z mliiX <at,/€’ W*> - mM>A|gsLinUCB(T) (T)}

:ELHEI%Z(] w",ay ;) Zptk w* atk]

T
E2)  aEkup, [aiklla, 1 + 1T + 2By BaT - 1(g5)]
t=1

T
22&( Aakllar) +a1T +2ByBaT - 1igg)]
t=1
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T
<9R {a\f )| (A llakls ) +eiT| + 2B, B,TR(ES)
t=1 ‘

< \/8d(Bu/VA +1)2Ta? log((dA + TB2)/(dN)) + 1T + 1,

where the fourth line uses the fact that

D2\ lagellare < (22
24 Alla . Za
VY
and Cauchy-Schwatz inequality, the last line follows from Lemma 19.4 of [31]. Plugging in¢; =
1/+/T and Eq. (20) gives the upper bound on expected regret

+1) - (LA flarkly )

T
Enrn [Z max (g W) = Rar Al yy0mr) (T)} < O(dVT log(T))
t=1

for soft LinUCB with parameter 7.

Moreover, the second part of Theorem 13 (i.e., the upper bound on log Mg) follows directly from
Lemma 6 and Eq. (13).

G Thompson sampling for stochastic linear bandit

Throughout this section, we use ¢ > 0 to denote universal constants whose values may vary from

line to line. Moreover, for notational simplicity, we use O(-) to hide universal constants, O(-) to
hide polynomial terms in the problem parameters (A*!,7*1 b1, B,), and O(-) to hide both poly—

logarithmic terms in (Mo, Co, T, A,d, 1/¢,1/80) and polynomial terms in (A1, r*! b1 B,). W
also use the bold font a, € R? to denote the selected action vector a; at time ¢ € [T].

This section is organized as follows. Section G.1 describes the Thompson sampling algorithm for
stochastic linear bandits. Section G.2 introduces some additional definitions, assumptions, and the
formal version of Theorem 14 as in Theorem 19. We prove Theorem 19 in Section G.3 and prove
Theorem 15 in Section G.4. Lastly, the proof of Lemma 20 used in the proof of Theorem 19 is
provided in Section G.5.

G.1 Thompson sampling algorithm

Consider the stochastic linear bandit setup as in Section E.1, but instead we assume a Gaussian
prior distribution w* ~ N(0, AI;) and Gaussian noises {&;}+>0 ~iia N (0, 7). Furthermore, we
assume there exist (b, , Bg) such that b, < [|a; ||, < Bg. Ateach time ¢ € [T'], Thompson sampling
consists of the following steps:

1. Computes
, t—1 -1 , t—1
T T
= (XId+Zajaj ) Zajyj, 3= XId"‘Zaja] .
j=1 j=1 =1
2. Selects the action a; = a; j, with probability

wa/\/(uf ) (k = arg max <afj,wt>)
Jj€[A]

Note that Thompson sampling is equivalent to the posterior sampling procedure in our stochastic
linear bandit setup, i.e., we select an action with probability that equals the posterior probability of
the action being optimal. We allow A to be either some constant independent of 7', d, or has the form
A = A\p/d for some constant Ag > 0. The latter case is considered so that the bandit parameter vector
w* has ¢5 norm of order O(1) with high probability In this case, we use O(+) to hide polynomial
terms in the problem parameters (AT, 7*' b1, B,), and O(-) to hide both poly-logarithmic terms

»Ya

in (Mg, Co, T, A,d,1/g,1/3p) and polynomial terms in ()\("7Ll rE bl B,).
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G.2 Definitions and assumptions

For any actions a; 1,...,a;4 € R9, we define

fk(at,lv tee aat,A;NJtﬂAEt_l) = IOgPWtNN(ut,rx;l) (k = argmax <at1j7“~,t>)'
’ jelA]

Forany k € [A], x1,...,x4 € R%, y1,...,ya € R, we introduce

gr(X1, . XA, Y1, -5 Y4) = 10g Pyon(o,10) ( (xx —xj,2) +yp —y; >0, forall j € [A])
It can be verified that
felar, . aas p, rS ) = ge(Vrsy Pags, VIS Paga, (s an) s (s aga)).

For any 7); € [0, 1], we also define the truncated log-probabilities

From (@e1y - ag a5 g, 727 1) = log [P(k = argr[n]ax <at7j7V~Vt>) \% 771},
jelA

Gl (X1, ., X4, Y1, ..., Ya) := log [P((xk —x;,2) +yr —y; >0, forall j € [A]) \/771]

Define in addition the region D, := {x1,...,X4,Y1,..., Uk : [|Xi — Xj[2 > 7, forall i # j}.
We verify that on the set D,,, the function gy, ,,, is Lipschitz continuous in any of its arguments (see
Lemma 20 for more).

We adopt the following definition in [6].

Definition 6 (Approximability by sum of relus). A function g : R? — R is (e, R, Mg, Co)-
approximable by sum of relus, if there exists a “(Mg, Co)-sum of relus” function

Mo Mo
o ,co(2) = mzz:lcma (Wlz:1])  with mzz:l [em| < Co, max [[Wenlly <1, wm € R cm € R,

such that Supze[—R,R]d ‘g(Z) - meCo (Z)| <e

Assumption B (Approximation of log-posterior probability). There exist Mg, Co > 0 depending
on (1/e,1/n1,1/n2, Rs, A) such that for any € > 0,1, € (0,1),12 > 0,0 € (0,1/2) and k € [A],
Gy (X1, .-+, X4, Y1, - - -, ya) is (€, Rs, Mo, Co)-approximable by sum of relus on D,,, with Rs :=

2B, V(1 +24/10g(2/0) + Vd) = O(VAd).

Assumption B states that the (truncated) log-policy of Thompson sampling can be approximated via
a two-layer MLP on a compact set with O(V/d)-radius when A\ = O(1) (or with O(1)-radius when
A=Xo/d=0(1/d)).

Assumption C (Difference between the actions). There exists some 11 > 0 such that for all instances
M and any time t € [T, we have ||a; j — a; |2 > nforalll < j <k < A.

With the definitions and assumptions at hand, we now present the formal statement of Theorem 14 as
in Theorem 19.

Theorem 19 (Approximating the Thompson sampling, Formal statement of Theorem 14). For any
0 < 0o < 1/2, consider the same embedding mapping h and extraction mapping A as for soft
LinUCB in F1, and consider the standard concatenation operator cat. Under Assumption B, C, for

£ < (7 A1)/4, there exists a transformer TFR(-) with log R = O(1),
D =0O(TY*Ad), L = O(NT), M = O(ATY*), D' = O(A(TY*d + My)) ,
6]l < O(T + AT"* 4 \/MoA + Co), 1)
such that with probability at least 1 — 6 over (M, D) ~ Pﬁlg for any Alg, we have
log Algrg(as, x| Di—1,5:) — log Algg(ay kx| Di—1,s¢) <€, forallte [T, ke [A]

Here Mo, Co are the values defined in Assumption B with 1 = ¢/(4A),n2 = 1,6 =
S0, and O(-) hides polynomial terms in (\F',r*1 b1 B,) and poly-logarithmic terms in
(M07C07T7A7d71/5071/5)'
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G.3 Proof of Theorem 19 (and hence Theorem 14)

We construct a transformer implementing the following steps at each time ¢ € [T'] starting with
h3,_, = hY*] forx € {a,b,c,d}

pre,{a,b,c} 7]
h2t 1
e (o) e
2t—1 —1/2
o VrEy T ag
pre,a hPre {a,b,c} ﬁQ\ :
hgt 1 2t—1 Et ag o
b
hpre step 1 'ut step 2 : step 3 —1/2
hy; 1 = hp‘%eé s * = : = \/;gt aA (22)
—_—
pz)frefll 0 »i/2 {firs 1)
h2t—1 pos t At A .
* .
0 <:ut7 at,A>
pos | *
0
L pos J
pPre{a.b}
2t—1 hpost ,a
Vi1 ostlb
step 4 . . hgt71’
? : = post,c | »
=~ hy, "7
UtA post,d
d hy, "7
hg,
where pos := [t,t2,1]"; ps, 3¢ are the mean and covariance of the distribution we sample W

from; ¥y, are approximations to v}y, = log P(j = argmaxc4) (as,k, W¢)). In addition, we use
h*, x € {a, b, ¢, d} to denote the corresponding parts of a token vector h. After passing through the
transformer, we obtain the policy

ex hpost c ~
Algg(:|Dy—1,5;) == p( 2ct>stlc) = eXp(/Yt) c A4,
lexp(hy )1 lexp(Vo)la

In step 1—3 of (22), we use transformer to approximately generate the arguments

(\/;Et_l/zat,l, ceey \/;2;1/2at,A, <,Utaat,1> ) <ﬂt; at,A))

of the function gy, (or g y,), and in step 4 of (22), we use transformer to approximate the truncated
log-probability g, ,, for some 71 € (0, 1) by exploiting Assumption B, C.

For any 0 < &y < 1/2, define B,, := vVA\(Vd + 2,/10g(2/d0)) and the event

&5, = {maxc|eu] < V/2rlog(@T/o0)} U {lw" |2 < B}

Then by a standard tail bound for gaussian variables {¢;}7_, a union bound over ¢ € [T], and
Eq. (4.3) in [32], we have
P(&s,) > 1 — dp.

We claim the following results which we will prove later.

Step 1 Under the high probability event s, , for any € > 0, there exists a transformer TFg(-) with

2@ | B 10 2T (B2 4+ X) + AT B, (ByB., + \/2r10g(2T/8)) ﬂ _ 6T,

)\2

max M" < 4, maXD/( <4d, 0] <10+ (A+2)/(B2+ N,
telL] relL]

where X :=r /A that implements step 1 in (22) with ||fi; — ]2 < e.
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Step 2 For any € > 0, there exists s transformer TFg(-) with

L=0(VT), maxM® = OAT'"), maxD'"® = O(T*4d), 16] < OT+AT"/)

that implements step 2 in (22) such that ||21/2at7;C - Etl/2at,k||2 <ceforall k € [A].

Step 3 Under the high probability event &s,, for any € > 0, assume Step 1, 2 above are implemented

with the approximation error less than /B, ) /V/4r respectively, then there exists a
transformer TFg(-) with

L =[2+2y/2T(B2+ \)/Xog((1 + #)4y/r\/ T(B2 + \)B,/¢)] = O(VT), max MW =44,

max D' < 44d, ||6] < O(T + A)
Le[L]

that implements step 3 in (22) with HﬁE;lﬂaM — ﬁE;l/QamHg <e,|(H, ap k) —
(e ag ) | < eforall k € [A].

Step 4 Under Assumption B, C and the high probability event £, suppose the approximation error
€3 in Step 3 satisfies €3 < R50 /2=0( )\d) and suppose the vector

(\[2 at Iy-- \[E at As (i, ap1) . (g, a4))
lies in D,) /5, for any € > 0 there exists an MLP-only transformer TFg(-) with

L=1, = M4, [[Willop < VMod, |[Walep <Co

that implements step 4 in (22) such that |Uy, — g, (V)| < e forall k € [A] amd 1, = ce/A
for some universal constant ¢ > 0.!

To complete the proof, we in addition present the following lemma.

Lemma 20. Foranyn € (0,1),n7 >0, grn, (X1,...,%X4,Y1,...,Y4) is 1/2-Holder continuous in
its arguments on Dy, namely,

|gk_,m(x1,...,xj,...,xA,yl,...,yA)fgkml(xl,...,x;-7...xA,y1,...,yA)|
< %( 2|lx; — x| . 2||x; —X}||2)
M Ui Ui
|gk:,771(xl7"'7XA>y1a"'7yj7"'7yA)_gk;n1<xl""XA’yh""y;""’yA)l
- nm
for any
(X1yee ey Xy ooy XA, YLy, YA, (Xl,...,x;-7...,XA,y1,...,yA)EDm

(K15 XA Y15 Yoo YA), (X1 XA, Y1, Uy -+, Ya) € Dy
SJorallk,j € [A].
See the proof in Section G.5.
Now, we complete the proof by combining Step 1— 4 and using Lemma 20.

Let €1, €9, €3, €4 denote the approximation errors € appearing in Step 1, 2, 3, 4, respectively. W.l.o.g.,
we assume £1, €9, €3,64 < 1/4 A n/4. Define the vector

v = (VS Pagn, VIS Paga, (s an) - (e A a))-

By Assumption C and a triangular inequality, we have v, v* € D, /5. By the Lipschitz continuity of
f(z) = exp(z) on (—o0, 1.5], we have

| exp(Vix) — Algps(

se)| < |exp(Ve) — Algrg(ag k| Di—1,5¢) V| +m

"Note Mg, Co in the formula implicitly depend on 1/¢.
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< 63/2(|i}\tk — Jk,m (V)l + |gk,771 (v) - k,m (V*)D + s

24% /1 [2e3  2¢ 2A%
< (e + 2 (224 22+ 2 gy =i,
m Vo .

Gk,m (V*) = IOg[AlgTS (at’klpt*b St) \ 771]7

where the second inequality uses

and the third inequality uses Lemma 20 and Step 4. Therefore,

A

1> exp(Bir) — 1] < Aes.
k=1

and the constructed transformer TF g satisfies (assume Aes < 1)

log Algpg(ag k| Di—1, s¢) — log Algg(ay k| Di—1, St)
A

< (log[Algrg(a k| Di—1,5¢) V m] — Dix) + log(Y _ exp(Dy))
k=1

< |0tk = ey (V)| 4 |Gregn (V) = Greny (VF)| + Aes

S (A + 1)85,

where third line uses log(1 4+ ) < x. Finally, for the prespecified ¢ > 0, choosing €1, €2, €3, 4,71
such that 5 < €/(2A) gives

log Algrg(as k| Di—1, s¢) — log Algg(ay x| Di—1,s¢) < €

This can be done via choosing e1 = cie?, 65 = cae?, 63 = c3e*,64 = cae,m = ¢/(4A), where
¢; (i =1,2,3,4) hide values that could depend polynomially on (A4, 1/7), such thate5 < e/(4A).

Combining the construction in Step 1— 4 yields Theorem 19.

Similar to the proof of Theorem 12, from the proof of each step, we can verify that the token dimension
D can be chosen to be of order O(T"*/* Ad) (see the proof of Step 2b for details). Moreover, due to
the convergence guarantee for each iteration of AGD in Proposition 9, we can be verified that there

exists some sufficiently large value R > 0 with log R = O(1) such that we have th({) l2 < R for all

layer ¢ € [L] and all token i € [27T7] in our TF construction. Therefore, TFl and TF° yield identical
outputs for all token matrices considered, and hence we do not distinguish them in the proof of each
step.

Proof of Step 1 Note that y, is a ridge estimator of w, with parameter A=r /A and the noise
sup, |et| < /2rlog(T'/dy). Step 1 follows immediately from the second part of Lemma 18.

Proof of Step 2 By the boundedness assumption of the actions, we have

5\ < Umin(zt) < Umax(zt) < T(Bg + S\)

Define the condition number & = T(B2 + A)/X and p := /TA(B2 + \). Using the Pade de-
composition for the square root function in Theorem 3.1 and the discussion afterward in [38], we
have

t—1
~ >, —ul 1/2
Ei/2:()\1d+ E a]ajT)l/2:\/pl(Id_A'_(t‘uMd))
=1

u b () — )\ ~1aS™ (B — pily)
= Va4 Y (u ) L E,
~ o ju
for any m > 0, where
9 . .
al™ = sin? —2 " , bt = cos? 27 ,
J 2m + 1 2m +1 J 2m +1
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and the error term E,,, satisfies
[ |op

—1
2m+1 2m—+1 -1

< max<{ 2¢/T(B2+X) |1+ TBat N+ Ve ; 2v/3 (M) -1
T(B2+\) — /i V=V

— max {2/ T(BZ + )1 + (%)Mﬂrl, 2\5[(%)%“ -1}

< 2max{\/T(B§ A+ %_12/4)*27”*1, \5[(1 + %12/4)2m+1 - 1}_1}.

Since (1 + 2/&Y/4)F/"/2+1 5 ¢ it follows that choosing

= (P2 1 e {[row (VPN g (2 )]y oo,
gives |E,, [lop < e forany 0 < e < 1.

Thus, using Pade decomposition, we can write
m -1
E%/Qat,k = \/ﬁ[at,k + Z (MId + b§m)(2t - NId)) a§7”)(2t - NId)at,k} + Eﬁz
j=1

with ||[EX ||, < e forall & € [A] and some m = O(T'/*). Next, we show that there exists a
transformer that can implement the following intermediate steps that give Step 2.

re,{a,b,c
hg;o {0
Ht
hpre_7{a,b7c} 044
N //}t step 2a (Et B MId)at’l
* =3, :
0 (Et - MId)at,A
pos *
0
L pos i
i hg;e!ia,b’c} 1
Mt M. pre,{a,b,c}
044 hgtfi ’
(Bt — plg)ag _He
Etl/Qam
(B¢ — plg)ag 4 ;
step 2b (m) -1 (m) step 2¢ - (23)
— (uId ol (s, - ,uId)> A" —plagy | T | w1z, |
+ t,A
P :
(,UId + M (2, - uId)) al (B — pla)asa 3
(*) L pos |
L pos i

where % denotes additional terms in h? that are not of concern to our analysis.

Step 2a There exists an attention-only transformer TFg(-) with
L=2 maxM¥ =34, 0] <T+2+u<0O(T)

that implements step 2a in (23).
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Step 2b Denote (2; — plg)a; 1 by qi and (,uId + b%”)(zt — ,uId)) by M,,,. For any € > 0, there

exists a transformer TFg(+) with

L =2,/2T(B2 + \)/Aog((1 + 7) B, T (B2 + \)/(e))] = O(VT),

ma MO = 44m = O(TY* A), ma D' < 0(Adm) = O(T*Ad), ||6]| < O(Am) < O(T'/*A)
€ €

—

approximately implements step 2b in (23) such that the output component M, q;, satisfies

||a§.m)M;L1qk - a§-m)M;1Qk||2 <eforall j € [m]and k € [4].

Step 2¢ There exists an MLP-only transformer TFg(-) with
L=1,D"=2Ad(m+1) = O(TV*Ad), |Willop = V2, [Wallop < a(1+m) = O(T**)
that implements step 2c in (23).

Combining the intermediate steps with the approximation error in Step 2b chosen as €/m gives Step 2
as desired.

Proof of Step 2a For all k € [A], we choose Q,(Cll) 2.3 Kéll) k2.k3 V,Sll) k2 k3 such that for even
token indices 25 with j < ¢ — 1 and odd token indices with 57 < ¢

r 0
1),.(0 a 1)y (0 a; 1),.(0 1), (0 1), (0
Qgcl)hgt)fl = (t)k} ) Kl(cl)hgj) = {Oj} ) Vl(ﬂ)h(zj) = [3631 ) Kl(ﬂ)h;j)—l = [0}» Vl(cl)hgj)—l = [O]
1 1 1 1 1 1
l(cz) = l(cl)7 Kl(cz) = Kl(cl>’ Vl(€2) = _Vl(él)’
i 1 1 1 0
1)4.(0 —(2t—-1 1)4.(0 1 1)4.(0 1 1)4.(0 %
Q5c3)hét)—1 = ( 1 ) J K}$c3)héj)—l ~l2j—1] K,i;héj) = 25| Vl(c3)hét)—1 =1\ _(l)l)at,k )
0 0 0

where for each k € [A], V](:l)hg;), V,%)hgz)fl are supported on the same d entries of h?. It is readily
verified that summing over the attention heads and k € [A] gives the updates
(Et - MId)at,k
2t—1
for all k € [A]. We assume the updated vectors are supported on some Ad coordinates of

04—

hg, ,. Moreover, one can choose the matrices such that HQ%{kQ’MHOP <1, ||K§€11)7]€2,k3||Op <

1, HVI(cll),kaB”OP < max{1, |\ — p|} <1+ u. Therefore the norm of the first layer of the attention-
only transformer |||0(1) Il <2+ p

The second layer is used to multiply the updated vectors by a factor of 2¢ — 1, namely, to perform the
map
(Et - MId)at,k:
2t—1
for all k € [A], where the output vectors are supported on coordinates different from the input vectors
(therefore we need 2Ad coordinates for embedding in step 2a). This can be achieved by choosing
1Q® lop < T 1K@l < T, [V < 1 such that

— (Et — ,U/Id)auk

(2t —1)2 1 1
(2)1,() —T(2t —1)? @p0 1 o _ | 1
Qi hy”y = 1 » Ky h2j—1 - T(2j—1)2 » Kis h2j - T(2j)2 )
0 0 0
0
(B¢ —plg)as,:
(2t-1)
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Therefore |6 || < T + 1 and hence the two layer transformer we constructed has norm [|6]| <
+ u.

Proof of step 2b  The construction is similar to the construction in Step 2 of the proof of Theorem 12.

Hence we only provide a sketch of proof here. Note that

(MM qy — ; 1 7 1 mg \ . ;
a; "M; qp = al;(gél@m mx M;x — %1 <X,aj qk> =: aig;l?;n Ly ;(x)
is the global minimizer of a A/(2t — 1)-convex and (B2 + \)-smooth function with the conditional
number & < 27(B2 + \)/\. Since

1S M arll2 < (o™ VT lopllarllz < BaT(B2 + X)/A.

Therefore by Proposition 9 we have L = [24/2T(B2 + \)/Xlog((1 4+ &)B,T (B2 + :\)/(5\5))1

steps of accelerated gradient descent with step size n = 1/(B2 + \) gives ||a 1\/[ ‘aqr —
(JL§-m)Mj_1q;C |l2 < e. Now, it remains to construct a transformer that can implement the accelerated
gradient descent steps. Here we only provide the construction of the gradient V Ly, ;(x) at the I-th iter-
ation x = x Iy ! € R? which belongs to the output after £ — 1 transformer layers. The full construction
of AGD steps follows from similar techniques as in Step 2 of the proof of Theorem 12. Concretely,
for each layer £ € [L] and k € [A],j € [m], we choose Qé§)17kj27kj37 K,(fj)l,ka’kj:,), V(])1 kj2.kj3 Such
that for even token indices 25 with s < ¢ — 1 and odd token indices with s < ¢

-1
-1 X7, - 4 -1 Aag 4 -1
Qmét8=[@},K&N >=[},K&w =0,

0
0
0 (-1 m 0 4 (-1
Vl(cj)lhés ):_77 b§' )as ) Vl(cj)lhésfl):(h
0
¢ ¢ ¢ ¢ ¢ ¢
Qgcj)Q = *Ql(cj)v K/(cj)Q = Kgcj)l’ Vl(fj)Q = *Vz(gj)p
1 1
(0) 1. (£—1 —(2t—1 0) 4 (¢ 1
Qk33h2t 1) = ( 1 ) KI(CJ)Bth) 1= (2s—1)|"
0 0
0
Vioshs Y =0 [ — (1 - 0 )+ b N
0

Similarly, it can be verified that the constructed attention layer generates

na§m)qk

J 2t —1

14 n m m
—1 - VLj(x,;) =~ ﬁ[[(l—b( ))N1d+b A +b Zas ;.
Therefore, a construction similar to Step 2 of the proof of Theorem 12 ylelds Step 2b. Moreover, note
that for the construction to exist we need the embedding dimension D = O(Adm) = O(T'/* Ad)

and the number of hidden neurons D’ = O(Adm) = O(T/* Ad).

—

Proof of Step 2c  Note that step 2c is a linear transformation from ay aﬁm)Mj_lqk, kelA],je

-1

[m] to /1| ay,k —1—2?;1 (uId—Q—b;m)(Et — uId)) a§-m)(§]t — ,uId)at_,k} and we have the fact z =
o(x) — o(—x). One can thus choose W1 = [Ta(mt1)da  —Lamsna 0] with D' = 24(m + 1)d
and Wy with [|[Ws|o, < \/f(1 + m) that implements the linear map.

Proof of Step 3 Similar to the proof of Step 2b, given Ei/ 2at,k we can apprxoimate

¥, 121/ ap ~ X, 1/2 a; i, using accelerated gradient descent. Concretely, note that

1 1 —
S5/ = n—— x'Ox— — {x,/ru/? = in L
VrE S Tay alz(geflgim 202 1)x X = 57 (X VrE Tag g allgeg}im k(%)
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is the global minimizer of a A/(2t — 1)-convex and (B2 4 ))-smooth function with the conditional
number & < 27(B2 + \)/\. Since

VPSS Packlls < VIIMG lopl S *a il < 207/ T(B2 +3)B
where the last inequality uses the assumption in Step 3. Therefore for any ¢ > 0, it follows

from Proposition 9 that L = [21/2T(B2 + X\)/Alog((1 + &)2+/r\/T(B2 + \) B, /c0)] steps of

accelerated gradient descent with step sizen = 1/(B2 + 5\) gives
IvVrEs ! —VrEg lz/atki|2<50

Following the construction in Step 2 of the proof of Theorem 12 it can be verified that there exists a
transformer TFg(-) with

= [2/2T(B2 + X)/Alog((1 + #)2y/r\/ T(B2 + \)Ba/g0)] = O(VT), max MY = 44,

Le[L]

max D' = 44d, 6] < O(A)
¢e[L)]

that implements the AGD steps. Therefore, the approximation error

||\[E atk—\[z atk||2

< VS Pas — ST S g + VST e — S S
<eo+ ﬁnz;lnopuzi”at,k B SHE

T‘ —_—
<ep+ %HEimat E— Ei/Qank”Q <ep+ 6/2,

where the last inequality uses the assumption on the approximation error in Step 2. Letting eg = £/2

yields ||/7; " at > at,kii2 e

—

In addition to the calculation of /7 E_l Qat k> We construct a two-layer attention-only transformer
that computes (fi;, a; ). Namely, we choose Q. b k2> Kgl) 2> V,(Cll) %o such that

Rz (0] [ ajk | 0
1),.(0 —(2t—-1 1),.(0 B 1),.(0 B 1),.(0
g2, = V| iy = |5 w15 v, - ]
o | 0] o | 0
[ = ] [0 [ ajr ] 0
1),.(0 2t —1 1),.(0 B 1),.(0 B D41 (0
Q( )hgf) 1= ( B ) ) Kic2)hgj) ~ 124 Kic2)héj)71 |21 Vl(€2)hét)—l == iEki )
L ] L 0| L 0 | 0
where B = 2T B2(B,B,, + \/2r1og(T/5)))/\ = O(T) is an upper bound of (fi;, a; ;) for all
k € [A] under the event &, and e, = (0,0,...,1,0,...,0) € R is the one-hot vector supported
on the k-th entry. Summing up the attention heads gives the update
<ﬁt) ag k>
0 22
2t — 1

Note that one can choose the matrices such that
1
19 kollop < B, KLY pollop < B, Vi pallop < 1.
Thus the norm of the attention layer H|0(1) ||| <B+2

Finally, as in the proof of Step 2a we can construct a single-layer single-head attention-only trans-
former with |0 < T+ 1 that performs the multiplication

</“/‘Zt7 at,k)
2t—1
To estimate the approximation error, note that ||a; ;|| < B, and ||fi; — pll2 < €/B, by our
assumption in Step 3, it follows immediately that | (fi;, a, k) — (p, ax) | < e for all k € [A].
Combining the construction of the transformer layers above gives Step 3.

= <l/’zt7 at,k)>'
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Proof of Step 4 By Assumption B, g;, ,,, (v) are (&, R5,, Mg, Co)-approximable by sum of relus for
some Mg, Co depend polynomially on (1/¢,1/91,1/n,1/d0, A). Since

IVrsy Pagills < VIS lallacklls < VABa, | (e ans) | < llullallacklls = BuBa

and Rs, = 2(B,,B,+ VAB,), it follows from the assumption 3 < Ry, /2 and a triangular inequality
that ||v|| < Rjs. Therefore, using Assumption B and stacking up the approximation functions for
each coordinate k € [A] we construct a two-layer MLP with [[W||op < v/AMo, [W1llop < Co,
D’ = MgA such that

AO
Vi1
W2U(W1h$)f1) =
Via
0,
where (V41,...,V¢a) is supported on hs, _; and [0, — gr,p, (V)| < e forall k € [A].

G.4 Proof of Theorem 15
Denote the transformer constructed in Theorem 19 by TFg. From the proof of Theorem 19, we have

Algrs(ai| D1, st)
Algg(@i|Di-1, st)

log

under the event

Esy 1= {m% let] < v/2rlog(2T/00)} U{||lWw*|l2 < By} forallt e [T
te

with probability at least 1 — Jy, where B,, := VA(Vd + 2,/10g(2/dy)). Note that due to the
unboundedness of the noise ¢; and parameter vector w*, Assumption A may not be satisfied.
However, setting 09 = d/(2n) and applying a union bound gives

Al | Di i
gTS(:lit‘ itfl’it) <e, fortel[T],ie[n]. @4
Algg(@;|D;_4, st)

with probability at least 1 — §/2. From the proof of Theorem 1 we see that Assumption A is only
used in Eq. (12) in the proof of Lemma 11. Moreover, it can be verified that the same result holds
with Assumption A replaced by the condition in Eq. (24). Therefore, we have

1 -T/6
%AA.%(T) — m/\ngTs (T)‘ < CT2\/7>€< M + \/5rea|>

< sy (| TA)

with probability at least 1 — § as in Theorem 1, where the second inequality follows as in our setting
Ereal = € = 1/(T3R). Now, it suffices to show Thompson sampling has the expected regret with

T
Ear~n [Zm}gx (i, W") — Ras Alg g (T)} = O(dV'T log(Td)).

t=1

The proof follows similar arguments as in Theorem 36.4 in [31]. Define

Ai=7/\, fB:= ﬁ( 2rdlog(4d/érs) + \/2 log(2/dTs) + dlog(1 + TB(%/S\d)),

T

where dpg will be specified later, and recall ¥, = AI; + Zé;i ajaj. Since [[w*[z <

v/2X\dlog(4d/d1g) with probability at least 1 — d1g/2 by a union bound, it follows from The-
orem 20.5 in [31] that

P(|lw*|l2 < v/2Xdlog(4d/érs), and |pu: —w*||s, > B, for somei € [T]) < drg,
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where the probability is taken over the both randomness of the noise and of the bandit instance M.

Let & be the event where ||u; — w*||s, < (8 forall i € [T, and let & be the event where {||w*|2 <
V/2Adlog(4d/d1s)}. Then P(E N &y) > 1 — drs and the expected regret

T
Eprmn [Z max (ak, W) — RarAlgrg (T)}

=E[> max (w* a,,) — (W, a)]
=1 J€lA]
T T
= ]E[ (max (W™, a; ;) — <W*,at>)15mgo} + E[ max ((W*,a; k) — (W*,a:)) 1 (engy)e
i=1 I€A — jelA]
T
SB[ Y (max (wh 2] = (', a) e, | + ERBLT w121 ereoy]
t=1
T
SB[ Y (max (wh ) = (w20 Lere, | + 2B TE[w 21 ey
t=1
Since
o0
E[|w*|l21(gnee)e] < P((E N E)°)v/2Mdlog(4d/drs) —|—/ P(||lw*||2 > t)dt
\/2Adlog(4d/d1s)
(o)
< VA Tog(1d/ors)brs + &2 [ P(lwi] > t)dt
\/2Xlog(4d/drs)

oo
< V/2X\dlog(4d/drs)drs + 2v/2d%/2\/? / exp(—t2)dt

\/log(4d/é1s)
1
< V/2Xdlog(4d/61s)drs + V2d* /P A1/? / Vel
log(4d/6rs) t
S 2\/ 2>\d10g(4d/§Ts)5Ts,

where the second line follows from a union bound over [d], and the third line uses properties of
subgaussian variables. Therefore, choosing d1s = 1/[T'V/d] gives

exp(—t)dt

T

E]V[NA {t_zl m]?uX <at,k, W*> - %MvAIgTS (T)}
T
< E[ (m% (w*,ans) — (W, at>)1gmgo] + 6By\/Mog(4d2T). (25)
=1 7€

Now define the event & := {||u: — w*||s, < 8}, then we have & € F;_; and N, & = &. Also,
we define the upper confidence bound U;(a) := (u, a) + B||a||2t 1, which does not depend on the

true parameter w*. Let (F;);>( denote the filtration generated by the data collected up to time ¢ and
the random parameter vector w*.

Let aj denote the optimal action at time ¢. Due to the construction of Thompson sampling, we
have the distribution of aj and a; are the same conditioned on F;_;. Therefore, E[U;(a})|Fi—1] =
E[Ut(at)p:t,ﬂ and

E[((w",a) = (W"a)) Lene, | Foo| < E[((w*,a7) = Ui(a}) + Unlar) = (w*,a0) )1, | Fii]
E{( (w* at>)1gt | .7-},1}
E

[( [l e = w1, + Blladllsoo) e, | Fii
PE[lall s +[Fe-1]-

IN

IN

I /\
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Moreover, we have
ladlg < Ba/VA.

Combining the last two displays, we obtain
T
B3 (s (w7, a1, = (", 20 ey
J
t=1

T
<Y E[28ladlz A (Ba/ V)]

~

2(BV (Ba/VA))E [Z ladlg- A1) ]

t=1

<2(8V (Bu/VI)VT [i (a2 AD)]

< 2(8V (Ba/ V) VT 2dl0g(1 + TBZ/ (M)
= O(dVT log(Td)),

where the fourth line uses Cauchy-Schwartz inequality and the fifth line follows from Lemma 19.4
in [31]. Combining the last display with Eq. (25) completes the proof of first part of Theorem 15.
Moreover, the second part of Theorem 15 (i.e., the upper bound on log Ng) follows directly from
Lemma 6 and Eq. (14).

G.5 Proof of Lemma 20
For any j # k, by definition of gy, ,,,

|9k,n1(X17~-~>Xj7~-~,XA72Ul7~--ayA) _gkml(xlv---;X;';-~-XA7y17"'7yA)|

1
< —'P((xk —x;,2) +yr —y; >0, foralli € [A])
m

_]P)(<Xk_xzaz>+yk_y2 207 foraui#j7<xk_X;'7Z>+yk_yj 20)

< 7711 ([P’(<xk—x3-,z>+yk—yj > 0> (xk —Xj,2) + Yk — Y;)
+P((xp — X}, 2) Fyr —y; <0< <Xk*XJ’Z>+y’“*yj)>
< Lot 2 2 (e —5) -1 20)
+P((xk = xj,2) +yp —y; SO <Xk—xj’z>+y’“_yj))
< 7711 (P(<Xj —Xj,2) > (X — X},2) +yi —y; > 0) + P((x; — xj,2) < (x1 —X},2) + Y — Y SO)'

Note that conditioned on x;, x; ; we have

P(] (x; —x;-,z> | < llx; — xjll2y/210g(2/01)) > 1 -6,

for any 6; > 0. Therefore we further have

|gk,n1(xl7' .. 7Xj7~ s XA Y1, 7yA) _gk}ﬂ’]l(Xl?' o ;X;‘; XA Y1, 7yA)|
1
<, [P(<xk —x,7) + gk — y; € [=IIx; — X} [l23/210(2/1), |x; — x;-|\2\/210g(2/51)]> + 51}
1
1
<

— sup P((xx — x},z) € A) + 1]
M AeF u(A)=2lx,; —x} |l2y/210g(2/51)
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2|lx; — <% 21og(2/6 2||lx; — <’
L2 =XV EIoRR 1 2 =Xl
m \V2mn m N1
for any §; > 0, where the last inequality follows from the fact that standard Gaussian has probability

density less than 1/+/27 everywhere, |[x; — x[2 < 1 and log(2/61) < 4/6,2. Choosing §; =

2%, 12

+01)

1A gives

|gk7n1(xlﬂ"'ana"'aXAayla"'ayA)7gk,?71(x17"'7xg'7"'XA7y17"'ayA)|

<2(/2&—Xﬂy+%%—XNﬁ
T m Ui Ui

Similarly, for x;, # x) , we have

|Gk (K1s e Xy ooy XA YT, -5 YA) — Gy (Koo s Xy o XA, Y15 - YA)]

1
n—(IE”((xk — X4, Z) + Yk — i > 0> (X}, — X;,2) + Yk — yi, for some i € [A])
1

+P((x —x;,2) + yr — yi <0< (X}, —X;,2) + yr — y;, for some i € [A}))

IN

1
< Z*(P(<xkfxi,Z>+yk*yi > 0> (X}, — X, 2) + Yk — Yi)
.
i#£k
+ Pl = xi2) 4y — s <0< (G —Xi2) + 30— )
A
< o (P(<Xk—X%»Z> > (Xi — X4, 2) + Y — Yr = 0) + P((xp — X, 2) < (X5 — X}, 2) +¥i — Uk S())-
1 1

Following the same argument, we have

|gk77l1(xlw~~7Xka~~~aXA7y1a~"ayA) _gk,m(xlw~~7X;€7~~~XA;y1,~-~,yA)|

2 [2l e 2y
T m Ui n

Likewise, for any j # k we have

|Gy (X1 s XA YL 5 Y YA) = Gy (X0 -5 XA YL, 5 Yoo, YA
1 .
< E<P(<Xk —x;,2) € [min{yr — y;, yr — ¥} max{yrx — y;, yr — yﬁ}])

1
< — sup P((xx — x;,2) € A)
M AeF p(A)=2ly;—vjl

1 20y —yil 2y —

<
“m V2 T nm
and
|Gk (K1 ooy XA YLy ey Uhy oo s YA) — Ghomy (Xs ooy XA Y1y e oy Yhr oo -5 YA)]
1 .
< Z *(P(<Xk —xj,2) € [min{y —y;, yr — y; }, max{y; — y;, yr — yj}])
el
A
< — sup P((xx — x;,2) € A)

M AeF u(A)=2ly; )]
’ /
< é2|yj *yj| < 2Aly; 7yj|
m  2my nm
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H Learning in-context RL in markov decision processes

Throughout this section, we use ¢ > 0 to denote universal constants whose values may vary from
line to line. Moreover, for notational simplicity, we use O(-) to hide universal constants, O(-) to hide
poly-logarithmic terms in (H, K, S, A, 1/71).

This section is organized as follows. Section H.1 discusses the embedding and extraction formats of

transformers for Markov decision processes. Section H.2 describes the UCB-VI and the soft UCB-VI
algorithms. We prove Theorem 16 in Section H.3 and prove Theorem 17 in Section H.4.

H.1 Embedding and extraction mappings

To embed MDP problems into transformers, we consider an embedding similar to that for linear
bandits. For each episode k € [K], we construct 2H + 1 tokens. Concretely, for each ¢ € [T in the
k-th episode, we write t = H(k — 1) 4+ h and construct two tokens

Gk, h
a i)
0441 h3, 1y ok hg, .,
Sk,h ht o ;
2(t—1)+k s _
hy(1) 4k = 04 =t 120 hyy gy = 0 =: hgt Itk
0 3(t—1)+k 64 §t71+k
h h
POSy(+_1)+k 2(t—1)+k 2t—1+k
ot POSy; 11k

where sy, 1, ar,;, are represented using one-hot embedding (we let s, 11 = 03), hg(t71)+k is used

to store the (unnormalized) policy at time ¢ given current state s, ,, 0 in h? denotes an additional
zero vector. At the end of each episode k, we add an empty token
T
hiopine =hy™ = [0 POSiayi1)]
to store intermediate calculations. We also include in the tokens the positional embedding pos, :=
(k, h,v;,i,i2, 1)T fori € 2T+ K], where v; := 1he=o} denote the tokens that do not embed actions

and rewards. In addition, we define the token matrix H; := [hy, ..., ho,_144] € RP*@=14k) for
all ¢ € [T).

Offline pretraining Similar to the bandit setting, during pretraining the transformer TFg takes in
HP'® := Hy as the input token matrix, and generates HY>*' := TFo(H.') as the output. For each

post,c

i ) .
2 hdkl o A4 whose i-th
Texp(h5 ), )l

entry is the probability of selecting the i-th action (denoted by the one-hot vector e;) given (D;_1, s¢).
We then find the transformer € € O by solving Eq. (1).

Rollout At each time ¢ € [T'], given the current state s; and previous data D;_;, we first construct

the token matrix HY | | € RP*2(t=1)+k that consists of tokens up to the first token for time . The

transformer then takes HLf | as the input and generates Hbu\', = TFo(HL,; ). Next, the agent

. . . exp(h
time ¢ € [T, we define the induced policy Algg(:|Dy—1, $¢) :=

t,
I L) g

I exp(hg(off'fHk)Hl

and observes the reward r; and next state s;41 (s¢+1 ~ 1 if ¢ is the last time step in an episode).

selects an action a; € A following the induced policy Algg (-|D;—1, 5¢) :=

Embedding and extraction mappings To integrate the above construction into our general frame-
work in Section 2, for t = (k — 1)H + h, we have the embedding vectors
h(st) := ho—1)1k, h(as,7¢) :=hor 144
For N > 1, write
[(N+1)/2]=(kn —1)H + hn

for some hy € [H], and define the concatenation operator

cat(hy,...,hy) = [hy, ..., hop, hS™ hog i1, . g, BS™ hyp g, hy] € RNFEN L
where we insert an empty token h{™ (i.e., a token with h{®?<} = 0) at the end of each episode k.
In this case, we have the input token matrix

H =H, = cat(h(s1),h(a1,m1),...,h(a_1,7¢1),h(s;)) € RP¥BEEDHH
post

the output token matrix H = HPT",,

and the linear extraction map A satisfies

- o T-post __ n.post,c
A-hoy =4 hyq 1)1 = h2(t—l)+k'
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H.2 UCB-VI and soft UCB-VI
We show that transformers with the embedding in Section H.1 can approximately implement the
UCB-VI algorithm in [4]. Namely, UCB-VI implements the following steps:

for each episode k € [K] and eachsteph = H,...,1

1. Compute the estimated transition matrix Py (s'|s, a) := %, where N, (s, a,s) de-

notes the number of times the state-action-next-state tuple (s, a, s’) has been visited in the
first & — 1 episodes, and Nj,(s,a) = Y., Nu(s,a,s") (we assume N (s,a,s’) = 0 and let
N (s, a) be the number of times (s, a) is visited at timestep H).

2. Calculate the estimated Q-function

Qn(s,a) = min{H,ry,(s,a) + bu(s,a) Z Po(s' | s,a) Vg (s)1,
s'eS

where the bonus by, (s,a) = 2H %, Virga(s) == 0forall s € S and Vj,(s) :=
maxge A Qn(s,a).
Throughout this section, we choose the small probability § = 1/(K H).

During policy execution, at each step h € [H], UCB-VI takes the greedy action ap :=

arg max, Q(sn,a) and observes the reward and next state (1, sp41). To facilitate pretraining,
in this work we consider a soft version of UCB-VI, which takes action a;, following the softmax

policy
exp(Qn(sn,a)/7)

7h(alsp) =
HeXP(Qh(Shaa )/T) H1

using the estimated (-function for some sufficiently small 7 > 0. Note that soft UCB-VI recovers
UCB-VIas 7 — 0.

H.3 Proof of Theorem 16

Throughout the proof, we abuse the notations h} for x € {a, b, ¢, d} to denote the corresponding
positions in the token vector h;. For any t' € [T], we let k(¢'), h(t') be the non-negative integers
such that ¢ = H(k(t') — 1) + h(t') and h(¢') € [H]. For the current time ¢, we use the shorthands
k = k(t),h = h(t). For a token index ¢ € [(2H + 1)K], let k(4), h(i) be the episode and time
step the i-th token corresponds to (for the empty tokens we set h = H + 1). Given the input token

matrix Hroll ;» We construct a transformer that implements the following steps on the last token.
hy, = hgff’_*l)+k forx € {a,b,¢c,d}
B pre,{a,b,c} 7
h, 2(t—1)+k (b}
N [ 1.pre,{a,b,c} T
1(5.(1 »5) h2(t D+k
. r 1.pre,{a,b,c} 7 Ql(s a, S)
Ny (s,a,s") h, 2(t—1)+k :
hPre:e Nl(s’a) Pl(S a,s ) ~ ’
hggi 1)+k | : i : . Qu (s a, s’)
St 1)+k | Step . step N . step 3 Vl ( )
h2(t71)+k NH(S7a'? Sl) PH(S,G,7S/)
hered Ni(s,a)ri(s,a) * U
(=D : 0 Vi (s)
Ng(s,a,8)ru(s,a) LPOS2(¢—1)+k] 8
*
0 | POS2(t—1)+k |
POSy(t—1)+k |
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oot |
2(t—1)+k hpost,a
Qn(st,a1) 2(t—1)+k
step 4 T hg?;t’f”k
—_— = hpost,c s (26)
~ 2(t—1)+k
Qn(st,a1) hpost,
d 2(t—1)+k
DS 1))

where N (s, a, '), Pa(s,a,5'), Qn(s,a,s') € RSXA Ny (s,a) € RS*A Vi (s) € RS forall h €
[H], and * denote additional quantities in hg( 1)tk Given the current state s;, the transformer
TFg(-) generates the policy

exp(h2%"¢ )
Algg (| D1, 51) := 2(t—1)+

|| exp(hgz’tsi’chk) Hl

e A4,

We claim the following results which we will prove later.

Step 1 There exists an attention-only transformer TFg(-) with

L =4, max MY < O(HS?*A), ||0] < O(HK + HS?A)
4]

that implements step 1 in (22).

Step 2 There exists a one-layer transformer TFg(-) with
L=1, M <O(HS%A), D' <O(K*HS?4), |0 <O(HS?A+ K*+ KH)
that implements step 2 in (22).
Step 3 There exists a transformer TFg(-) with

L=2H, maxM® <2SA, maxD'"V <3S4, ||6] < O(H + SA)
2€[L] Le[L]

that implements step 3 (i.e., value iteration) in (22).

Step 4 There exists an attention-only transformer TFg(-) with

L=3, max MY = O(HA), 0] < O(H(K + A)+1/7)
€

that implements step 4 in (22).
From the construction of Step 1—4, we verify that one can choose the constructed transformer to have
the embedding dimension D = O(H S?A). Moreover, due to the boundedness of the reward function,
Q-function and the fact that the bonus b(s, a) < O(H), we verify that there exists some R > 0 with
log R = O(1) such that ||h§a |l < R for all layer ¢ € [L] and all token ¢ € [K(2H + 1)]. Therefore,

similar to what we do in the proof of Theorem 12, 14, we may w.l.0.g. consider transformers without
truncation (i.e., R = 00) in our construction of step 1—4 in (26).

Proof of Step 1 We prove this step by constructing a transformer that implements the following

two steps:

Step la Foreacht’ < ¢t with ¢’ = (k' — 1)H + k' for some b’ € [H], we add sy 7, (@ b Thr 1)
from hg(t,_1)+k, and hgt,71+k, to hgt,+k,.

Step 1b Compute Ny (s, a, s"), Nh(s, a) for h € [H| and assign them to the current token hg(tlek.

For step 1a, we can construct a two-layer attention-only transformer with Qﬁ%ﬁ, K:(Ll% 3 Vglg 3 such

that forall¢ < 2(¢t — 1)+ k

k(i) +1—v; -B 0
(1)1.(0) _ B WO _ | k(2) (1)1,(0) _ 0441
1 b= 1 , Ky'h " = i+3|’ Vi h2(t’71)+k’ R EY
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0
(N

1 ,
V( )h(t,) 1ok = | Tk W
Os

0,

where we choose B = 4 and Vh(?) are supported on some entries in h(?):¢. Moreover, we choose
él) = (1) Q(l), Vél) = Vgl) V(l) and K(Ql),K( ) such that

-B -B
W0 _ | k(i) W0 _ | k(i)
Ky'him =1, ol Kethim =170
-1 —1.

We verify that ||Q ) ||Op, ||K(1)||0p =4, ||V(1 llop = 1 for x € [3]. Summing up the heads, we
obtain the following update on a subset of coordinates in hét, f e

3 2t'4+k'
OS+A+1 — OS+A+1 —+ Z o <Q(1)h(2?52 kI7K§1)hEO)>)V]hEO)
Jj=1 =1
L Dp© 11,0 1), (0
= 2t/ + k/ [( % hét2+k’72 + 2V( )hét’)ﬁ»k’fl + 3V( )h;t/)+k/)

1)4.(0 1), (0 1)q.(0
— (ViVR5) o +2viVRg) ) - ViIVRG), )]

1 0 1),.(0
= o + k' (V( )hét’)+k’ 2 +V( )hgt’) k' — 1)
1 ak’,h"|
= ﬁ Tk',h’ .
WA |

Note that <Q(1)h£0)7 K(l)h§0)> < 0fori=2t' —1+k’ (i.e., all tokens that embed the action and

reward) since v; = 0, it follows that no update happens on the tokens in which we embed the action
and reward (i.e., the corresponding part of h? remains zero). Moreover, it should be noted that no
update happens on tokens with A = 1.

We then use another attention layer to multiply the updated vectors by a factor of 2¢' + £/, namely, to

perform the map
Qg ' Qg b
Tk',n' | /= |Tk’,n' |,

Sk/,h’ Sk/,h’

1
2 + K

where the output vector is supported on coordinates different from the input vectors. This can be
achieved by choosing | Q¥ lop < (2H + DK, | K'? |lop < 2H + DK, [V'?||op < 1 such that

2 1 0
. ag’ p'
@y, _ |—(2H + 1)Ki? (2)1,(1) _ 1 @pm L
Ql hL — 1 3 Kl h] — (2H + 1)KJ2 9 V h2t/+k/ — 2t/ + k/ Tk; ,h
0 0 Skr b

0
(27)

and noting that <Q§2)h§1), Q§2)h§.1)> = ¢ when j = ¢ and otherwise 0.
For step 1b, we show that it can be implemented using a two-layer attention-only transformer.

To compute Ny (s, a,s’), in the first layer we construct M = 10H S? A heads with the query, key,
value matrices {Qukh g, {Kukh i, {VI(JB] JJi2, such that for all ¢ < 2(t — 1) + k and
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i,k € [S],j€[A],h e [H]

B(v; — 1) L
Be; SE(i),h(i)—1 0
Be; %), h(i)—1
1 0 1 0 ' 1 0 &N
Q.(szm 1h( ) = Bey ) Ki(jk21,1h1< ) = OO E Vigka,lhz(‘ )= - ey |
1 —3B 0
1 1— h(i)
h L1

where we choose B = 2H and ei'}k denotes the one-hot vector supported on the (i, j, k)-entry in
Ni(s,a,s"). We similarly construct

B(v; — 1) L
Be; SE(4),R(i)—1
Be; % (i), m(3)—1 0
1 0 1 0 , 1 0 N
QI(Jk?‘I 2h( = Bex ) K.(szm 2h( )= SOVONE VISkZ] Qh( ) = € | -
1 -3B 0
1 —h(i)
L h 1
B(’Ui — 1)' I 1 i
Ee; SEG),h(3)—1 0
€j L), h(i)—1
(1) L ) 1 0 : (1) 1.(0 N
Qukzl 3 T = Bex ) |(Jk21 3h( ) = SEG)RG) | 0 Vuk21 3h; ) = — lei | >
1 —-3B 0
1 h(i)—1
L —h 1
B(v; — 1) oL
Be; SE(4),R(i)—1
Be; %), h(i)—1 0
1 0 1 0 ’ 1 0 N
Qlﬁk% 4h( )= Bex ) Ki(jkLAhz(' ) = SEG),RG) | 0 Vi(jka,4hz(‘ ) = e |
1 —3B 0
1 h(i) — 2
L —h 1
_B(’Ui — 1)_ [ 1 1
Be; Sk(i),h(i)—1 0
DINO 1 0 S 1 0 N
QI(Jki‘I s, = Be; ) KI(Jk% 5h( )= (i), h(i)—1 | Vigk%ﬁhz(‘ ) = Ukh
Bex ST(3),h(0) 0
. | 3B |

Summing up the first five heads, we verify that such attention updates the token with h{ = 0 and has
the form

1~
0 — 0+ —Nu(i,j, k)efy"
(3

on h¢, where Ny (i, ], k) denote the number of visits to the state-action-next-state tuple (i,j, k) at time

step h before token i. For x € [5], we choose Vskf1 wts = Viﬁ]’*% and Qukh —t5? Ki(ja’*ﬁ be
such that
Qjid jkh, Ky h.”
1 0 ij * z 1 0 ijkh,x ™
Qi(jkil,*+5hl(' ) = ) K.(JkL *+5h(' = k(i)
—k;( ) B

which adds positional embedding about the current episode k(7). We verify that summing up the
sixth to the tenth heads gives the update

1 .. N (o
0—>0+g(Nh(lvhk)_Nh(la.jvk))ei]j\lih
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on hf fori < 2(t — 1) + k with h{ = 0. Therefore, combining all the heads together we have the
update

1
0 = 0+~ Ni(i,j, ke forallik € [S].j € [4].h € [H]
2

on h¢ fori < 2(t — 1) + k With h? = 0, in particular when ¢ = 2(¢ — 1) + k. Moreover, notice

that the matrices {Qukh s {KI(Jlkfl 2, can be constructed with the operator norm less than

517

10B = 10H, and {Vﬁ] <122, with the operator norm equals 1.

Following a similar construction, we can also compute Ny (s, a), Ny(s,a)rh(s,a) forall h; s, a, s’ on
different supports of coordinates in h¢ via adding additional M = O(H S A) heads to the attention-
only layer.

Next, we construct the second attention layer to multiply the token vector by the index number ¢ as in
the proof of Step 1a. The construction is similar to that in Eq. (27) and we omit it here. Moreover,
note that Step 1b can be implemented with the embedding dimension D < O(H S?A) as we need
O(1) dimensions for each quadruple (i, j, k, h). Combining Step 1a, 1b concludes the proof of Step 1.

Proof of Step 2 After Step 1, for the current token ¢ = 2(t — 1) + k, we have
Ni(s,a,s"),mh(s,a), Nn(s,a), Nn(s,a)ry(s,a) lie in h¢ for all h € [H]. Given these vectors that
store the number of visits and rewards, note that

Ny(s,a)rn(s,a)

= hen NV, >1
rh(s,a) NeGa) VI when Ny(s,a) > 1,
log(SAT/d
bn(s,a) = 2H J\W’
~ Ni(s,a,s)
Pu(s,a,8) = Ni(s,a) V1’

Therefore, we may compute ﬁh, by, via using a transformer layer to implement the functions f; (z,y) =
o1 foly) =2H M  f3(zy) = gv1 HH1ly=o forz,y € {0} U[K]. We demonstrate the
computation of B, (s, a, s ) (i.e., the computation of f; (z, y)) here. We start with constructing an atten-
tion layer with M = O(H S? A) heads such that it implements = + 2% for z = Ny (s, a, s'), Nu(s, a).

For Ny (s, a, s), this can be done by choosing ||Qi(jﬁ1||Op <K, HKS&HOP <K, ||Vi(ji,)1|\Op =1 such
that

K j 0
1 0 . 1 0 1 0
QLY [ 5 ] Kn® — [ i ],vgk;hw H

Ni(ei, €, ex) Ny (ei, e, ex) 0

where e;, e, denote the 4, j-th states and e,; denotes the k-th action. Similarly, we can construct
H S A additional heads to compute Ny (s, a)? for all possible s, a.

Next, we compute the exact values of ]3(3 a,s’) using an MLP layer. Namely, we construct

ng) = Wg)Wﬁ),ng) = W( )W%)Wél) such that for all h, s, a, s’, on the corresponding
vector component we have

_ 1 - _ 1 _
Nh(55a75/)2 Nh(57a75/)2
ngl)hEO) = (Nh(S,CL, S/) _K)2 = Nh(87a75/)2+K2 _2KNh(Saa75/) )
Ni(s,a)? Ni(s,a)?
L (Nn(s,a) — K)? | | Ni(s,a)? + K2 — 2K Ny (s,a)
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1 — Nu(s,a,5")? — Ny(s,a)?
WEWIRD = | 1- (Ni(s,a,8) —2)2 = (Nu(s,a) — )* |,

1 — (Nin(s,a,s) — K)? — (Ny(s,a) — K)?
where z,y € {0} U [K]. Moreover, we construct Wéll) so that on the entries corresponding to
h, s, a, s" it implements

W o (W) =[S, o1 = (Vi(s,0.8) = 2) = (Nu(s,0) = 1)%) - 55| = [Rbzes) |

It can be verified that we can find such W§1)7 Wél) with
W llop < W oW1 llop < O(K?) - O(K) = O(K?),

HWS) lop < O(K), and the number of hidden neurons D' = O(K2*HS?4). Simlarly, we can

compute fo(-) (or f3(-)) exactly following the same construction but with a different ng) that
records all possible values of f2(-) (or f3(-)). Combining the upper bounds on the operator norm of

the weight matrices, we further have ||0]] < O(HS?A + K* + KH).

Proof of Step 3 Given \A/H_H = ‘7H+1 = 0, we show the there exists an transformer with

L=2 maxM® <254, max D' < 3SA, |0l <O(H + SA)
Le[L] te(L]

that implements one step of value iteration
Qn(s,a) = max{min{H, (s, a) + ba(s,a) + D Bu(s' | ,0)Visa (')}, 03,
s'eS
Vh(s) = maux Qn(s,0)

for some h € [H]. Namely, we start with constructing an-attention layer with A/ = 2SA and
{Quh - {KI(th i S {VIJh J}2_qsuchthatforalli <2(t—1)+k

o= | % [ xemo=| 6| vimo - [
Va1 (+) Poya(tls, a) 0,
B
Qun” = | —i | K=K vi)=-v{)
~Vht1()

where B = 3H and eﬁ-’g" € R4 is a vector supported on some coordinates in h¢ reserved for @h.
Moreover, we have QS lop, IS llop < B, [V llop = 1. Since
| (1 () P Cls, @) | < |[Toa O [BenaCls )| < B
as Vi1 (s) € [0, H] and “ﬁh+1(-\s, a) H = 1, it follows that summing up two heads gives the update
1
fori <2(t—1)+k

00+ [o((Qfn” K1) — o((QIn® K{{n))|e
— (Q{ I KIhO) &

1)

Denote the resulting token vector by hg . Moreover, we can construct a two-layer MLP with

W oo = O(H), W |op <3, D' =354
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such that for any state-action pair (s, a) € S X A on the corresponding coordinates

o | TImisa) Tols, a)+23, cs (s | 5,0)Vapa(s))]
Wi h; " = [ry(s,a) +bu(s,a) + 3, esPh(S | s, a)Vthl( N H

Th (s, @) + bn(s, a)+des h(s' | 5, @) Vi (s))

and
W o(WIVhY) = o(=[rn(s,a) + bn(s,a) + > Bu(s’ | 5,0)Vhia(s)])
s'eS
—a(rn(s,a) +ba(s,a) + Y Pa(s' | s,0)Vhga(s) — H)
s'eS
+ o(ra(s,a) + bu(s,a) + Z ﬁh(s’ | s, a)f/hﬂ(s’))
s'eS
= max{min{H, (s, a) + ba(s,a) + Y _ Fu(s' | 5,a)Vhy1(s)}, 0} = Qn(s. a).

s'eS

2)

Denote the resulting token vector by hg . Next, we construct a second MLP layer with

W lop < 2. [WE[lop < VA, D' = AS

such that for any s € S on the corresponding coordinates we have

W - | |

K2

where a; denotes the j—th action, and
A
WP o(WPn?) = (5,a1)) + Y o(Qn

?

(s,a;) — Qn(s,a;-1))

j=2

~

= max Q1 (s, 0) = Fi(s).

ac

Using the upper bounds on the operator norm of the weight matrices, we further have ||@| <
O(SA + H). Combining the steps concludes the construction in Step 3.

Proof of Step 4 we start with constructing an-attention layer with M = 2HA and
{Qj(hll} 1 {Kj(hl)é} —1 {Vj(hl)b} _, such that for all the current token¢ = 2(t — 1) + kand j <1
SE(i),ﬁ(i) @h (-, a;) . 0
Qj(hl)1h(0) —1 ) Kj(hl,)lh;()) = B ) Vj(r},)1h§0) = |*Cjh
| B J 0,
W0 _ | FOR0 M) _ @y ()
th oh; _BZ ) th 2= th 15 th,z = _th,p

where we choose B = 2H and Vj(,}’)lhl(.o) is a one-hot vector supported on some entry of h¢. We

verify that summing up the heads gives the update

0~ @h(sk,}u aj)ejn
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for all h € [H],j € [A]. Moreover, we have ||Qj(hl,)s||0p < 2H, ||Kj(}117)s||0p < 2H, ||VJ-(hl,)SHOp < 1 for

s = 1, 2. Through this attention-only layer, we extract the values @h(SkJL, a;) for all h € [H] from
the Q-function.

Similar to the proof of Step 1b, we construct a second attention-only layer with attention heads
2 2 2
{Qj(h,)s Ay {Kj(h,)s p {Vj(h,)s 51 that

S

2) 1 (1 El() 2) ,.(1 }11 2),.(1 0
—h(i ~

Qj(h,)1h§ = —i | Kj(h,)lhg' )= B| - Vj(h,)lhg = — [ Qn(spp ay)es |

B j 0

h—1
2 2 2) 1.(1 1 2 2
Qj(h,)Q = Qj(h,)17 Kj(h,)2h§' )= B |° Vj(h,)Q = _Vj(h,)2’
J

where Vj(h2,)1 hgl) are supported on some entry of h¢ for s = 1,2. Summing up the heads gives the
update

1 ~
0~ — = i)
Z iQs(Sk,han)
s=h(i)+1
Similarly, we can construct attention heads {Qj(h2 )5 (‘gl:g,{Kj(h2 )& ;1:3,{Vj(h2 )S 4_, that implements
h(i)—1
0— —= s ,0qj).
i ; Qs(sk,n, a5)
Moreover, we construct Qf,?w Kj(h2 )5, VJ-(h2 )5 with
(2) (M ! (2) 1, (M) ! )M -
Qjsh; 7 = EZ » Ky shy ' = B v Vi 7 = | Qn(sk,n, a))e
J 0,

that implements

1z
00— — s , Q).
ZZQ (Sk,h>05)

s=1

Therefore, summing up the M = 5H A heads we obtain the update
1~
04— EQh(Sk,ha )

Note that ||Q(1) lop < 4H, ||K'(1)

1
o llop < 4H, [V

in.sllop < 1fors € [5].

Finally, we apply an attention-only layer to implement the multiplication by a factor of i/7 using
a similar construction as in Eq. (27) with HQ?) llop = O(HK), ||K§3) lop = O(HK), ||V§3) llop =

O(1/7), and assign the resulting vector Q (s p, -)/7 to h. Combining the three attention-only layers
completes Step 4.

H.4 Proof of Theorem 17
By Theorem 1 and 16, it suffices to show the regret of soft UCB-VI satisfies

E[K Vi (7%) — Rar gy opey () (T)] < O(H*VSAK + H*S?A)
for all MDP instances M, where 7 = 1/K and O(-) hides logarithmic dependencies on (H, K, S, A).

Throughout the proof, we may drop the dependence on M for notational simplicity when there is no
confusion. For each episode k € [K], let N}, Pk, QF, Vik, bk denote the corresponding quantities
Ny, Py, Qn, Vi, by, introduced in UCB-VI (see Section H.2).
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For a policy 7 and time step h € [H|, we define the Q-function Qf and the value function V™

H
Qn(s,a) = E[Zr(st,at) | sh = s,an = a, 7],
t=h
H
Vir(s) :== E[Z r(st,a) | sh = s, 7.
t=h
We use n* = (nf,...,7f), 7k, = (xk.,,..., 7k ,...7k ) to denote the policies given

by UCB-VI and soft UCB-VI in the k-th episode, respectively. Note that we have Vj (7w) =
Egsp, [Vi7(s)] and cumulative the regret

k
Sk 1) 1 (Skl)]

Mx

E[KVJW (W*) - ER1\/11A|85U0Bv1("") [

i
I

where the expectation is taken over the collected data

Dy = {(Skhs Qk,h Tk h)}kE[K LhelH] ~ IP SUCBVI(r)

For any function f = f(s,a), we abuse the notation f(s,7(+)) := Eqr[f(s, a)]. Lastly, we define

Esfmax = & max [Qh (5 7Th( )) Qh( sm h( ))]

€[K),he[H],s€S
We claim the following which we will prove later

Esfmax < Ar. (28)

The proof follows from similar arguments as in the proof of Theorem 1 in [4] (see also Theorem 7.6
in [1]). Hence we only provide a sketch of proof here. First, from the proof of Theorem 7.6 in [1] , it
can be shown that

Vi (s) = Vi (s)

for any k, h, s with probability at least 1 — §. Thus with probability at least 1 — ¢ for all h € [H], k €
(K]

k

/ANEN h) - Vhﬂsm (8k,n)
Vi (sn) — (Sk h)
(st (- )) — Qb (st T () + QF (51, T () = Q™ (5110, Wy (1))
(s
(

I /\

=Q
-~ ﬂ_k

Q k)h7 sm h( )) _thm(sk haﬂ-fm h()) +€sfmax
Skhy Gkh) — Qh " (Sky Qp) + MD;(C })1 + Estmaxs

A

k
h
k
h
h

/\

where the first equality uses V¥ (sg.n) = arg max, QF (sx.n, ax.n) = QF(sk.n, 7(-)), and in the last
line

k

MDgh [QF (51 Ty () — Q:;‘(Sk,haﬁfm,h('))] — [@F (s1hy arn) — Qe (S1hy an)]-

Note that for any fixed h € [H], {MD hoh K is a bounded martingale difference sequence. Following
the proof of Theorem 7.6 in [1], we further have

* Tl'k
Vi (skn) — Vo (Sk h)
< QF (s arn) — Qh (Sk.hy @k ) + MDSc —
1 Iy
( + ﬁ) [Vhﬂ(s’“h*l) - Vhfi(‘sk,thl)} + 2b (Sk s Qi)

C()L()HQS

——— + MD( ) + MD( , + Esfmax,
Ny (S s @ n) wh
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with probability at least 1 — ¢d for some universal constant ¢ > 0, where Ly = log(SAKH/J),
co > 0 is some universal constant and

2 ™ o, T L
MDI(@,E\ =P | sehoarn) - (Vi — Vish) — (Vi (Skhe1) — Vi3 (Skht1)

is a bounded martingale difference sequence for any fixed h € [H]. Using the recursive formula and
the fact that (1 + 1/H)# < e, we obtain

K

* ﬂ,k
B[ DIV (ska) = Vi (i)
k=1
K H H—-1
C()L()H2S (2)
< cE [Qbk St ) + 222 MD?) 4 MDY } E[K L.
LX_:UZ_; o ) NE(81hs arn) o h:O e
K H
coLoH?S @) (1)
< ¢E [Qbks Japp) + —20= 2 L MD® 4 MD } t eKHAT
L bt TS b

< O(H*VSAK + H3S?A) + cKH AT
< O(H*VSAK + H3S?A),

where ¢ > 0 is some universal constant, O(-) hides logarithmic dependencies on (H, K, S, A), and
the last line follows again from the proof of Theorem 7.6 in [1], and the assumption that 7 = 1/ K.
We omit the detailed derivations here as they are similar to those in [4, 1]. Therefore, we conclude
the proof of the first part of Theorem 17. Moreover, the second part of Theorem 17 (i.e., the upper
bound on log Ng) follows immediately from Lemma 6 and Eq. (15).

Proof of Eq. (28) By definition of @ﬁ and W,]f, me,h, we have

xD(Qh(5:0)/7) gk o

Ok (s, 7 () — QF s, L = max Qf (s, a) — =
Qh (8,7 (+)) = Qn (8, Ty () = max Qi (s, a) zajzexp(c)’;(s,a)/r)

_ Z exp Qh S, a)/T) . [maax @E(S, a) - @E(‘S’ a)]

o exp(Qy(s,a)/7)

exp( Qk a)/7) max QF (s,a) — QF (s, a
<Zexp maxa {f( 5. )/T) [ pt Qh( ’ ) Qh( ) )]
< A-[suptexp(—t/T)] < AT.

t>0

I Experiments

In this section, we perform preliminary simulations to demonstrate the ICRL capabilities of trans-
formers and validate our theoretical findings. We remark that while similar experiments have been
conducted in existing works [30, 33], our setting differs in several aspects such as imitating the entire
interaction trajectory in our pretrain loss (1) as opposed to on the last (query) state only as in Lee
et al. [33].

We compare pretrained transformers against empirical average, LinUCB (or UCB), and Thompson
sampling. We use a GPT-2 model [22, 33] with L = 8 layers, M = 4 heads, and embedding
dimension D = 32. We utilize ReLU attention layers, aligning with our theoretical construction. We
pretrain the transformer with two setups: (1) Both context algorithm Alg, and expert algorithm Alg
use LinUCB (the Algorithm Distillation approach); (2) Context algorithms Alg, mixes uniform policy
and Thompson sampling, while expert Alg, = a; provides optimal actions (DPT). See Appendix J
for further experimental details.

In the first setup, we consider stochastic linear bandits with d = 5 and A = 10. Ateach ¢ € [200],
the agent chooses an action a; and receives reward r; = (a;, w*) + &; where ¢, ~ N (0, 1.52). The
parameter w* is from Unif([0, 1]¢). The action set A; = A is fixed over time with actions i.i.d. from
Unif([—1, 1]¢). We generate 100K trajectories using Alg, = Alg;, = LinUCB and train transformer
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Figure 1: Regrets of transf(T)erSer (TF), empirical average (Emp), TTlllrS(Ienpson sampling (TS) and
LinUCB or UCB (LinUCB reduces to UCB for Bernoulli bandits). Left: linear bandit with d = 5,
A =10, 0 = 1.5, Alg, = Algg = LinUCB. Right: Bernoulli bandit with d = 5, Alg, =
(Algnir + Algrg)/2 and Alg; = a*. The simulation is repeated 500 times. Shading displays the
standard deviation of the regret estimates.

TF5(+) via Eq. (1). Figure 1 (left) shows regrets of the transformer (TF), empirical average (Emp),
LinUCB, and Thompson sampling (TS). The transformer outperforms Thompson sampling and
empirical average, and is comparable to LinUCB, agreeing with Theorem 13. The small regret gap
between TF and LinUCB may stem from the limited capacity of the GPT2 model.

In the second setup, we consider multi-armed Bernoulli bandits with d = 5. The parameter w* is
from Unif ([0, 1]¢). The fixed action set A; = A contains one-hot vectors {e;}¢; (multi-armed
bandits). At each ¢ € [200], the agent selects a; receives reward r; ~ Bern({(a;, w*)). Let Alg,.;¢
be the uniform policy. We use Alg,,,.;s and Algrg as context algorithms to generate 50K trajectories
each. The expert is fixed as Algp = a*. We train transformer TF4(-) via Eq. (1). Figure 1 (right)
shows regrets for the pretrained transformer (TF), empirical average (Emp), UCB, and Thompson
sampling (TS). The transformer aligns with Thompson sampling, validating Theorem 15. However,
TS underperforms UCB for Bernoulli bandits, as shown.

J Experimental details

This section provides implementation details of our experiments and some additional simulations.
Our code is available at https://anonymous.4open.science/r/in-context-rl.

J.1 Implementation details

Model and embedding Our experiments use a GPT-2 model [48] with ReLU activation layers.
The model has L = 8 attention layers, M = 4 attention heads, and embedding dimension D = 32.
Following standard implementations in [66], we add Layer Normalization [5] after each attention
and MLP layer to facilitate optimization. We consider the embedding and extraction mappings as
described in Appendix F.1, and train transformer TF4(-) via maximizing Eq. (1).

Online algorithms We compare the regret of the algorithm induced by the transformer with
empirical average, Thompson sampling, and LinUCB (or UCB for Bernoulli bandits).

(Emp) Empirical average. For time ¢ < A, the agent selects each action once. For time ¢ > A, the
agent computes the average of the historical rewards for each action and selects the action
with the maximal averaged historical rewards.

(TS) Thompson sampling. For linear bandits with Gaussian noises, we consider Thompson
sampling introduced in Appendix G.1 withr = ¢ = 1.5 and A = 1 (note that in this case TS
does not correspond to posterior sampling as we assume w* follows the uniform distribution
on [0, 1]%). For Bernoulli bandits, we consider the standard TS sampling procedure (see, for
example, Algorithm 3.2 in [58]).

(LinUCB) Linear UCB and UCB. For linear bandits, we use LinUCB (Appendix F.2) with A = 1
and o = 2. For multi-armed Bernoulli bandits, LinUCB reduces to UCB, which selects
a; = arg maXaeA{ﬂt,a + +/1/Ny(a)}, where (1, , is the average reward for action a up to
time ¢, and N;(a) is the number of times action a was selected up to time ¢.
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J.2 Additional experiments and plots

We provide additional experiments and plots in this section. In all experiments, we choose the number
of samples n = 100K.

Additional plots of suboptimality (a; — a;, w*) over time are shown in Figure 2 for the two experi-
ments in Section I. In both cases, the transformer is able to imitate the expected expert policy Alg s,
as its suboptimality closely matches Alg; (LinUCB and TS for the left and right panel, respectively).
While the empirical average (Emp) has lower suboptimality early on, its gap does not converge to
zero. In contrast, both LinUCB and Thompson sampling are near-optimal up to O (1) factors in terms
of their (long-term) regret.

Linear bandit Bernoulli bandit
1.2 — Emp — Emp
—— LinUCB 0.3 — ucB

210 TS Fry Ts
© © — TF
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2.0.6 Q
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Ke) Neo]
> 0.4 =]
(V)] ()]

0.2

0.0 .

0 50 100 150 200 0 50 100 150 200
Time Time

Figure 2: Suboptimalities of transformer (TF), empirical average (Emp), Thompson sampling (TS),
and LinUCB (or UCB). Left: linear bandit withd = 5, A = 10, 0 = 1.5, Alg, = Algy = LinUCB.
Right: Bernoulli bandit with d = 5, Alg, = (Alg,;r + Algrg)/2, and Algy = a}. The simulation is
repeated 500 times. Shading displays the standard deviation of the sub-optimality estimates.

Additional simulations were run with Alg, = Alg; = UCB for Bernoulli bandits, which has fewer
actions (A = 5) than linear bandits (A = 10). Figure 3 shows the regret and suboptimality of UCB
and the transformer overlap perfectly, with both algorithms exhibiting optimal behavior. This suggests
the minor gaps between LinUCB and transformer in the left panel of Figure 1 and 2 are likely due to
limited model capacity.

Bernoulli bandit Bernoulli bandit
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Figure 3: Regrets and suboptimalities of transformer (TF), empirical average (Emp), Thompson
sampling (TS), and UCB. Settings: Bernoulli bandit with d = 5, and Alg, = Algy = LinUCB. The
simulation is repeated 500 times. Shading displays the standard deviation of the estimates.

J.3 The effect of distribution ratio

We evaluate the effect of the distribution ratio R = RATgE Alg, (Definition 5) on transformer per-
formance. We consider the Bernoulli bandit setting from Section I with expert Alg; = a* giving
optimal actions. The context algorithm is

AIgO = aAlgTS + (1 - Q)Algunifa
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mixing uniform policy Alg,;r and Thompson sampling Alg g, for & € {0,0.1,0.5,1}. The case
o = 0 corresponds to the context algorithm being the i.i.d. uniform policy, and o = 1 corresponds
to the context algorithm being Thompson sampling. Note that the distribution ratio R may scale as
O((1/a) A ACT)) in the worst case.

Figure 4 evaluates the learned transformers against Thompson sampling for varying context algo-
rithms. The left plot shows cumulative regret for all algorithms. The right plot shows the regret
difference between transformers and Thompson sampling. The results indicate that an increased
distribution ratio impairs transformer regret, as expected. Moreover, it is observed that the transformer,
even with the uniform policy (i.e., « = 0), is capable of imitating Thompson sampling in the early
stages (Time < 30), exceeding theoretical predictions. This suggests the transformer can learn
Thompson sampling even when the context algorithm differs significantly from the expert algorithm.

Bernoulli bandit 5 Bernoulli bandit
25
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20 a=0.1 54 a=0.1
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Time Time

Figure 4: Regrets and difference of regrets between transformers and Thompson sampling, for
different context algorithms. Settings: Bernoulli bandit with d = 5, Alggy, = a; and Alg, =
aAlgrg + (1 — a)Alg,,i¢ with a € {0,0.1,0.5, 1}. The simulation is repeated 500 times. Shading
displays the standard deviation of the estimates.
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