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the quality of spectral clustering results to satisfy users’ expectations. However, it is
challenging for users to find the prior information under unsupervised scenes. To get
rid of the deficiency, we propose a spectral clustering model with robust self-learning
constraints. In this model, we first extend the optimization problem of spectral clustering

Ic(lez:tv:rrd:ﬁalysis by seeing label constraints as variables to learn the constraints and the clustering result
Spectral clustering simultaneously. Furthermore, we add a robust term to the proposed model so that we
Self-learning constraints can learn multiple groups of label constraints to guide the clustering process and find a
Robustness robust self-constrained spectral clustering result. The robust term can reduce the impact

of uncertainty in the quality of a single set of label constraints on the performance of the
proposed model. An iterative strategy with update formulas for variables is proposed to
solve the self-constrained spectral clustering problem. We provide the theoretical analysis
to explain the importance of the learned constraints in spectral clustering. Furthermore,
we analyze the convergence of our optimization scheme. Finally, we have done many
experiments on benchmark data sets to illustrate the effectiveness of the proposed
algorithm.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

Clustering is an important field in machine learning and artificial intelligence [1]. The goal of clustering is to identify
objects that look similar into a common cluster and discover patterns from huge data like humans. To solve this problem,
various types of clustering algorithms have been developed in the literature (e.g., [2] and references therein).

Spectral clustering (SC) [3,4] is a representative of graph clustering. It has shown greater promise than other traditional
clustering algorithms in learning hidden nonlinear structures from data. It transforms a clustering problem into a graph-
partitioning problem and then uses the spectrum (eigenvalues) of the graph to learn the label features of data. Since it
exploits nonlinear pairwise similarity between data, it can recognize different shapes of clusters. Currently, many improved
spectral clustering methods have been developed to enhance the performance of spectral clustering, which can be found in
Section 2. However, since spectral clustering works without supervision information, its clustering result may differ from
the users’ expectations. Many studies [5] have demonstrated that even a small amount of supervision information can lead
to significant improvements in the performance of spectral clustering. In the field of machine learning, label and pairwise
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Fig. 1. Self-constrained spectral clustering.

constraints are two widely used types of supervision information. The relationship between these two types of constraints
has been explored by [6], where it was shown that label constraints may be converted into pairwise constraints. Compared
to label constraints, pairwise constraints are weak supervision signals. Currently, many semi-supervised spectral clustering
algorithms with different types of supervision information have been developed, which are detailed in Section 2. The super-
vision information can provide additional discriminative information to improve the clustering accuracy in semi-supervised
clustering algorithms. Unfortunately, the semi-supervised clustering results are sensitive to the quality of prior supervision
information. Inexact supervision information often can not improve the clustering result but reduce its effectiveness. Be-
sides, it is very challenging for users to obtain some prior supervision information from a data set under an unsupervised
scene.

To solve the problem, we try to learn label constraints automatically from unlabeled data and then convert a spectral
clustering problem into a self-supervised clustering problem. Based on the idea, we develop a spectral clustering model
with self-learning constraints, where label constraints are seen as variables and learned by using a sparse regularization
term. After label constraints are extracted automatically, this model can make use of semi-supervised learning techniques
to improve the clustering results. However, the performance of this model is very sensitive to the quality of the learned
constraints. Since there is certain uncertainty in the learning process of label constraints, we can not guarantee that the
learned constraints are of high quality. To overcome the shortcoming, we further build a robust self-constrained spectral
clustering model which can learn multiple sets of label constraints to guide the clustering process. Compared to a single set
of self-learning constraints, multiple sets can help us to get a more robust clustering result. The diagram of self-constrained
spectral clustering with single and multiple sets of self-learning constraints is shown in Fig. 1. According to this figure, we
can see their difference. Furthermore, we provide the theoretical and experimental analysis to illustrate the effectiveness of
the proposed model.

The main contributions of this paper are described as follows:

e We build a robust self-constrained spectral clustering model which learns multiple sets of label constraints to guide the
spectral clustering process and obtain the robust clustering result.

e We derive the update formulas for different variables and propose an iterative method to solve the optimization problem
of spectral clustering with robust self-learning constraints.

e We provide the theoretical analysis to investigate the importance of the learned constraints for spectral clustering.
Furthermore, we analyze the convergence of the proposed algorithm.

e By the experimental analysis, we illustrate the effectiveness of the proposed algorithm on the benchmark data sets.

The outline of the rest of this paper is as follows. Section 2 reviews the related work of spectral clustering. Section 3
introduces the preliminaries of spectral clustering and label propagation. Sections 4 and 5 present spectral clustering with
single and multiple sets of self-learning constraints, respectively. Section 6 shows the description of the proposed algo-
rithm. Sections 7 and 8 provide the theoretical and convergence analysis for the proposed algorithm, respectively. Section 9
demonstrates the performance of the proposed algorithm. Section 10 concludes the paper with some remarks.

2. Related work

According to the supervision scenarios, we introduce the related works from three parts, i.e., unsupervised spectral
clustering, semi-supervised spectral clustering, and self-supervised clustering, which are reviewed as follows.

(1) Unsupervised spectral clustering: There are two key factors influencing the performance of the spectral clustering al-
gorithm, namely, the quality of the pairwise similarity matrix and the expensive computational cost. Different definitions
of the similarity matrix often result in spectral clustering outputs of varying qualities. To address this issue, many studies
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have focused on learning an appropriate pairwise similarity matrix from data for spectral clustering. For instance, sparse
subspace clustering [7-10] utilizes a self-representation optimization model to learn a sparse similarity matrix. In [11], a
low-rank similarity matrix was learned for subspace clustering. Zhang et al. [12] further extended this method to learn the
affinity matrix from the low-dimensional space of the original data. In [13-15], the authors proposed to learn a Laplacian-
rank similarity matrix with precisely connected components. In addition to improving the similarity matrix, many studies
focus on how to reduce the calculation cost for spectral clustering. Dhillon et al. [16] demonstrated the equivalence between
spectral clustering and kernel k-means, and used the iterative optimization method of kernel k-means instead of Eigen de-
composition to solve the spectral clustering problem. Liu et al. [17] applied this technique to the cluster ensemble problem.
Moreover, various methods have been proposed to compress the original graph into a sparse sub or bipartite graph, in order
to reduce the time cost of spectral clustering, such as [18-25].

(2) Semi-supervised spectral clustering: Currently, different types of semi-supervised spectral clustering algorithms have
been developed, which can make use of additional prior information to improve the spectral clustering results. For example,
Zhou et al. [5] proposed a label propagation algorithm that can be seen as spectral clustering with Positive-Label constraints.
Zoidi et al. further extended the label propagation algorithm to propose a version with Negative-Label constraints [26].
Bai et al. proposed a label propagation with pairwise constraints [24]. Furthermore, they developed a spectral clustering
algorithm with the integration of different types of constraints [6]. Besides, other types of constrained spectral clustering
algorithms have also been developed in [27-29]. Although these methods can improve the spectral clustering results, their
performance depends on the quality of prior information. Poor supervision information often brings bad clustering results.
However, finding high-quality prior information requires high costs. Besides, it is difficult for users to discover good prior
information in many scenarios, especially unsupervised scenarios.

(3) Self-supervised clustering: Different self-learning paradigms, such as label learning and pairwise learning, have been
developed to tackle the insufficiency of discriminative information [30]. Each paradigm has its own application scenarios.
Pairwise learning, for example, is suitable when the number of clusters is unknown on a dataset. When learning pairwise
relations between objects, we do not need to know the number of clusters and only consider whether they belong to the
same clusters. However, if the number of clusters is given and is much smaller than the number of objects in a dataset,
the computational cost of learning labels is lower than that of pairwise learning. Based on these paradigms, several deep
clustering algorithms have been proposed that self-learn label or pairwise constraints from unlabeled data to train deep
neural networks for clustering tasks [31-34]. Deep embedded clustering (DEC) [34] and joint unsupervised learning (JULE)
[35] are the early representatives of deep clustering models based on label learning. Lv et al. [36] learned pseudo-labels
to train deep subspace clustering network [37]. Li et al. [38] adopted a confidence-based criterion to select pseudo-labels
for boosting contrastive clustering. In [39], a deep spectral clustering network was proposed to learn pairwise similarity
between data points to enhance the performance of spectral clustering. Chang et al. proposed a deep self-evolutionary clus-
tering (DSEC) [40] which uses the similarity between points as supervision information. Compared to traditional clustering
algorithms, these deep methods can enhance the clustering results’ effectiveness by self-supervision. However, their per-
formance strongly depends on the capability of deep neural networks for data representation, which requires expensive
training costs, such as parameter tuning, sufficient data, large storage space, and time costs.

3. Preliminaries

In this section, we first give some notations used in this paper. For any matrix M, its element of the ith row and the jth
column is represented by [M];j, its ith row is represented by [M];, its jth column is represented by [M] ;. The trace of M
is denoted as Tr(M), and the transpose of M is denoted as MT. diag(M) is the diagonal matrix of M. ||[M||r is Frobenius
norm of M. Next, we briefly introduce some base concepts of spectral clustering and label propagation.

3.1. Spectral clustering

Let X be a n x d data matrix with n objects and d features, x; be the ith row of X which is used to represent the ith
object. Given X, people can use a similarity measure to get its affinity matrix A. In general, Gaussian kernel is used to define
A as follows.

R 112
Ay = exp (_H[X]z. 6[X]J.u ) )

where § is a kernel parameter. Spectral clustering is to see A as a graph and find its partition such that the sum of weights
of edges between the two sets is minimized. Its objective function is described as

mHin Tr(HTLH),st,HTH=1, (2)

where L =1 — A is a normalized Laplacian matrix and H is a n x k membership matrix. A is the normalized similarity
matrix D~1/2AD~1/2 or D~1A, D is a diagonal matrix whose entries are row sums of A. The spectral clustering problem
is the standard trace minimization problem which is solved by the matrix H by containing the first k eigenvectors of L as
columns.
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3.2. Semi-supervised spectral clustering

Label propagation [5] is the representative of semi-supervised spectral clustering methods, which uses additional prior
information, i.e., label constraints, to enhance the performance of spectral clustering. Its optimization function €2 is described
as

mHinTr(HTLH)—i—allH—YH%, 3)

where Y is a n x k pre-given label constraint matrix, which reflects the relations between objects and clusters. If the ith
object belongs to the Ith cluster, Y; is set to 1; otherwise, 0. « is a parameter that is used to balance the importance of
each term in the objective function. It is set to 0.01 by default. If @ = 0, the function is equivalent to spectral clustering.
In [5], the authors provided the optimal solution of Eq. (3), which is described as follows. Differentiating Q with respect to
H, we have

@—2(H—AH +20(H-Y)=0 (4)
o ) +20/(H — Y) =0.

Its closed-form solution H is

- o 1
H=—(U-
1+« 14+«

Ay, (5)

Based on Eq. (5), we can get a clustering result H with pre-given label constraints Y. In general, people do not directly

compute (I — HLO[A)” but get H by iterative updating formula
A o
H=——AH+ Y. 6
1+« 1+ (6)

According to Eq. (6), we can see H is a non-negative matrix if Y is required to be non-negative. The non-negative property
corresponds to the meanings represented by H and Y. Because each element in H or Y reflects the membership of an
object to a cluster, which is assumed to be non-negative in many clustering algorithms.

From Eq. (6), it is evident that H is non-negative when we require Y to be non-negative. The non-negative property
corresponds to the meanings represented by H and Y. This is because each element in either H or Y represents an object’s
membership in a cluster, which is assumed to be non-negative in many clustering algorithms.

4. Spectral clustering with self-learning constraints

We can extend the objective function of spectral clustering by seeing label constraints as variables to simultaneously
learn the label constraints and the clustering result. The new objective function is defined as

rII}i}r}Tr(HTLH)JrOéIIH—YII%JHIIIYIIz,L (7)

where ||Y]|2,1 is a regularization norm of L 1 to make Y sparse and 7 is a parameter. L, 1-norm regularization was pro-
posed for multi-task feature selection [41,42]. It is a combination between Ly-norm and Li-norm to control the sparsity of
columns and rows of a feature matrix, respectively. For variable Y, each of its columns represents a class label. Since there
is some overlap between class labels, we need a smooth regular term, i.e., Ly-norm, to sparse the column values in each
row. Each row of Y represents an object. We only require some objects to get high-credible label constraints, and the label
constraints of other objects are deleted. Then we choose a strongly sparse regularization, i.e., the norm of L, to constrain
each row of Y.

This optimization problem forms a class of nonconvex optimization problems. To minimize it, we can randomly initialize
Y and iteratively update H and Y to get its approximate solution. Next, we introduce the specific update formulas for H
and Y, respectively.

Updating H: When Y is fixed, the optimization problem (7) becomes a label propagation problem [5], i.e.,, Eq. (3).
Therefore, the update formula of H equals to Eq. (5).

Updating Y: When H is fixed, the optimization problem (7) is reduced to a problem

min A = o [H = Y[ +nllYl2.1. (8)
Thus, minimizing it becomes a classical problem of L, 1-norm regularization whose solving method is described as follows
[11]. Differentiating Eq. (8) with respect to Y, we have

A

Gy =2e(Y —H)+2qUY, 9)
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where U =diag(1/]|[Y]i.|]2). Therefore, for 1 <l <e, Y is updated by the following formula

n
1-— 1 VHL, altHLlL > n.
Y] = ( aII[H]i.Ilz)[ I el iz =

0, otherwise.

(10)

As seen from Eq. (10), the updating formula of Y is equal to the sparsification of H. This operation enables us to extract
reliable label constraints from H, which we use to update Y. Moreover, we note that if the initial value of Y is non-negative,
then both the updated Y and H are non-negative.

5. Spectral clustering with robust self-learning constraints

The solution of self-constrained spectral clustering is sensitive to the initialization of Y. Before the proposed model runs,
we need to randomly initialize Y which will provide the first guidance for the clustering task. However, a poor initialization
may result in incorrect guidance and subsequently low-quality learned label constraints. If we only learn a group of label
constraints, the clustering result of the proposed model is sensitive to the quality of the learned label constraints. Therefore,
to mitigate this issue, we incorporate a robust function into Eq. (7). Learning multiple sets (groups) of label constraints can
correct erroneous initialization information to some extent that can guide the spectral clustering process in a more accurate
and robust manner.

The robust function is defined as

e
® =minTr(FTLF Y, — FG||%, 11
min Tr( )+ﬁ;||1 117 (11)

where f is a parameter, e is the number of learned label constraints, Y; is the Ith matrix of label constraints, F is the final
clustering result, G = [G,]f:1 where G; is a relation matrix between F and Y. Zf; 1Y) — FG;||% is a consensus measure to
evaluate the difference between the final clustering result F and each matrix of the learned label constraints Y;. We wish
to minimize the robust function to find the most consensus clustering result with all the label constraints.

Based on Eqgs. (7) and (11), the objective function of robust self-constrained spectral clustering is defined as

e
min Q= [Tr HTLH «||H —Y, 2] Y
H.Y,F,G (Hy LHY) +af|Hi = Yillg | +0lY 2.1

(12)

e
+Tr(FTLF) + B 11V — FGI[.
I=1
st,F>0,H>0,Y,>0,G>0,

where H = [Hl]f:] and H; is the eth clustering result based on Y;.

We need to iteratively update these variables to minimize Eq. (12). Next, we introduce the specific optimization process
of their update formulas, respectively.

Updating H: When updating H, other variables are fixed. In this case, each ®; for H; is independent and nonnegative,
where

© =Tr(H] LH) + a|[H| - Y|

) (13)
+ BIIYI — FGil|%.
Thus, the optimization problem is equal to minimizing each ®,. Differentiating ®; with respect to H;, we can obtain
00
—— =2LH;+2a(H;—Y)) =0. (14)
JH;
Thus, for 1 <l <e, H; is computed by the same equation as Eq. (5), i.e.,
o 1 -
H = I———A)y,. 15
=7 +a ( 1+« )Y (15)
Updating Y: Given other variables, the optimization problem becomes minimizing
e e
A=a ) [IH—=YillF +B)_IIFG=YilIF +nllYll21. (16)

=1 =1

Since
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e
Y IH =Yl =11H =Y} (17)
=1
and
e
Y IIFG = YillF =IFG = YIIf, (18)
=1
we have
A=alH=Y||}+BIIFG =Y +nllYl2.1. (19)

Thus, minimizing A becomes a classical problem of L; 1-norm regularization whose solving method is described as [11].
Differentiating A with respect to Y, we have

A
z—yzza(Y—H)+2ﬂ(Y—FG)+2nUY, (20)

where U =diag(1/]|[Y1i.|]2). Therefore, for 1 <l <e, Y; is updated by the following formula

n
1= ——— | [Wili, W] ;
Yl = < )[ i, NMWlill2>7n

Wil (21)
0, otherwise,
where W, =aH;+ BFG; and W = [Wl]f:1.
Updating F and G: According to Eq. (18), we have
e
tr(FTLF) + B Y _|IY1— FG|[z =tr(FTLF) + B||Y — FG|[3. (22)
I=1
When H and Y are fixed, the optimization problem becomes minimizing
I}licntr(FTLF)—i—ﬂHY—FGH%, st.F>0,G>0. (23)

This problem can be seen as a non-negative matrix factorization with graph regularization [43]. Therefore, we can get the
update formulas for F and G as follows.

[YGT + L AFj;

Flii Fliji———————
[ ]]<—[ ]][FGGT-F%F]U

(24)
and

FTy)l;j
(Gl < [Gz]u[[ i (25)

FTFG,]U '

Based on the above updating formulas of H, Y, F, and G, we can iteratively solve the optimization problem in Eq. (12).
6. Algorithm description

A spectral clustering with robust self-learning constraints (RSLC) algorithm is summarized in Algorithm 1. In this algo-
rithm, we consider two cases, i.e, e >1 and e =1. If e =1, we only need to learn a set of label constraints. Thus, in this
case, we only update H and Y to return H as the clustering results. If e > 1, we need to update H, Y, F, and G to learn
multiple sets of constraints and return F as a robust clustering result. For the initialization of Y;, we only randomly select k
objects from a data set and assign different labels for them.

The time complexity of the proposed algorithm is made up of three parts, computing similarity matrix O (n%m), self-
label propagation O (n?ket), non-negative matrix factorization O (nket), where t is the number of iterations. Therefore, its
overall time complexity is O (n2ket + nket + n®m). We know that the time complexity of classical spectral clustering with
fast eigenvalue decomposition is O (n*m + n2k). We can see that the proposed algorithm needs more computational costs
than traditional spectral clustering. These additional costs are used to iteratively compute update formulas, which can help
us to improve the performance of spectral clustering. However, since the time complexity is quadratic with the number
of objects on a data set, it can not efficiently deal with large-scale data sets. Therefore, we need to study the acceleration
mechanism of the proposed algorithm in future work to make it suitable for large-scale data.

6



L. Bai, M. Qi and J. Liang Artificial Intelligence 320 (2023) 103924

Algorithm 1: The RSLC algorithm.

Input: A, k, o, B, n, e and t
Output: F
Randomly initialize Y, for 1 <l <e;
Repeat
Ife>1
Update H and Y by Egs. (15) and (21);
Update F and G by Egs. (24) and (25);
Else
Update H and Y by Egs. (5) and (10);
F=H;
End
Until the desired number of iterations is reached;
Return F;

7. Theoretical analysis

In this section, we try to answer two questions: (1) Why do the learned constraints can improve the performance of spectral
clustering? (2) Is spectral clustering with multiple sets of constraints better than that with a single set of constraints? To address
these questions, we provide the generalization and robustness analysis to show the importance of the learned constraints.

7.1. Importance of single set of the learned constraints

We first use the relations between stability and generalization of a learning algorithm (which can be found in [44]) to
analyze the role of a single set of the learned constraints in spectral clustering. We first give the notations for the analysis.

Let X = {x1,X2,---,X;} and X® = {1, ,Xi—1,%, Xi11, -+, Xy} which differ at just the ith data point from X. We
assume all the data points in {x1,---,x,, X'} are independent and identically distributed and subject to the same data
distribution Z. For a data point x;, its prediction loss of spectral clustering is described as

f(H,x) =£(H, x;) + «R(H, x),
§ H(x)  [Hl
where £(H,x;) = [Alii _—
; ]”\/[D]u [D]jj||

R(H, x;) =||Hx) — [V |12,

; (26)

where H(x;) is the representation of data x; in gained Hilbert space formed by H, and we have H(x;) = Z’]L] [;\],-j[H]j_.
The overall prediction loss is the mean value of f(H, x;) for all the data points, which is described as

F(H, X) =~ > F(H,x) = £(H, X) + aR(H, X),
n

1 Xi€ 1 (27)
where £(H, X) = > L(H.x)), and R(H, X) = - > R(H, x).
xieX xjeX
It is easy to verify that this loss function f(H, X) is strongly convex, so we have
F(H,X) = f(H',X) = al|H—H'|I} (28)
where H and H’ are two different clustering results for spectral clustering. For H and H’, we have
f(H,X)— f(H, X)=[£(H, X) + a¢R(H, X)] — [E(H, X) + ¢ R(H’, X)]
. ; H,x;)— f(H,x
—(2(H, XO) +am, x©) 4 JEXZTEL,
X i H/, N H/, /
—[&(H', XDy + aR(H', XD) + J(H %) = I x)]
" (29)

=[&(H, XD) + aR(H, XD = [&(H', XD) + aR(H', XD)]
n f(H,x) ;f(H’,Xi) n f(H’,X’)n—f(H,X’)
£(H, x;) — &(H', x;) N S(H',X) — £(H,X)
n n

=[f(H, XDy — f(H', XD)] +
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Furthermore, we suppose Hy is a matrix that minimizes f(H, X), then Hy stands for the optimal result for minimizing
f(H,XD). Let H=Hyw and H' = Hy in (29). In this case, it is obvious that fyo (H) < fyo (H').
Then, we have

L(Hyaw, xi) — L(Hx, x;) . L(Hx,x) — L(Hxaw,X)

f(Hxo, X) — f(Hx, X) < ; " (30)
Comparing this equation with (28), we can get
L(Hya), xi) — L(Hyx, Xi L(Hyx,X)— L(Hyq, x’
ol |Hyo — Hy |2 < (Hxa, xi) — £(Hx 1)+ (Hx,x) — £(Hy, X)) (31)

n n
The loss term £(H,x;) is bounded for given data point x; and clustering matrix H, which is easy to verify, and we
assume the upper bound is M. Next, we analyze the upper bound for the right two terms in (31). The notations H and H’
are reused to clarify the following derivation.

. H(x Hl; H'(x; H';.
S(H, %) — S(H', xi) = ) _[Al;j (II ®) _ 1AL IIZ—IIJ%—\[/%IIZ)
ii Ji

j

V[Dli  /[Dljj

Hx)  [Hl), H@&)  [H1. g
<Y (Al - + - ]
Z o J[D]jj) /T J[D]jj)
[(H(xo _HL Hew  H
VvIDli  /[Dljj VIDli  /[Dljj (32)
<2VM ) " TALGIQ . vilHY. = BjIHI) — Q_ wlH'Yr. — BiIH'1))I
j r=1 r=1

<2VM Y pilItHL. — [H') ]
r=1

<2vMoai||H — H'||f

where y, = VI[Alij/~/[Dlii, Bj = 1/\/ [D1jj, V= Z] 1V [ALijvr — V[AlirBr, 0i = max(yr), and i, j,re{1,2,--- ,n}.
Then for H=Hys» and H' = Hy, we have

L(Hyaw, xi) — L(Hx, xi) <2v/Moil|Hxo — Hxl|F, (33)

L(Hx,X) — L(Hxw,X) <2vMo’'||Hxo — Hx||F, (34)
where o; and ¢’ are concerned with the data set, and we represent the biggest one as o, = max{o1,---,0n,0"'}.

Utilizing the above two equations, we can reformulate Eq. (31) as
4/ Mo

af|Hyo — Hx|[} < , “||Hxo — Hx|IF (35)

which yields
4+/Mo.
[lHxo — Hx|lF < - - (36)

Taking this back into Eq. (32), we have

M 2
L (37)
o

8
L(Hyai, %) — L(Hx, x) <
Since this equation holds for all data points X, using the theorem in [44], we have the following equation
E [£[(Hx,Z) — £(Hx, X)]= E [E(Hxa, i) — £(Hx, X1)] (38)
X~Zn (X,X)~Z"+1 i~U(n)
In our derivation, each data point x; is assumed to be chosen randomly and subject to a uniform distribution. Thus,

based on Eq. (38), we can calculate the expectations on the Eq. (37) to conclude

2

8Mo
XIE:Z”[E(HX, Z) —£(Hx, X)] < na* . (39)

The above conclusion shows that the constraint term influences the upper generalization bounds of the spectral clus-
tering loss. As « increases, the upper bounds decreases, which means that the learned constraints can promote the
generalization ability of the spectral clustering model.
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7.2. Importance of multiple sets of the learned constraints

Next, we analyze the role of multiple sets of the learned constraints in spectral clustering. The proposed algorithm uses
the robust function ® to integrate multiple self-learning constraints to obtain the final clustering result F. If we assume

1
—, if[X]ieC
Py = | g T (40)

0, otherwise,

where (; is a set of objects belonging to the Ith cluster, for 1 <[ <k.
By minimizing ®, we can obtain G; = FTY;. In this case, we have

1Y) — FGI1> = Tr(V,Y[") = Tr(FTY,Y] F)
< 1Tr(I) +TrY Yy = Tr(FTY Y] F)
=5 I 1y (41)
1 1
= iTr(YlYlT) + 5||Y1Y,T — FFT|2.

According to Egs. (40) and (41), we have

e
o =tr(FTLF)+ B Y _|IY; - FG/|}
=1

=Tr()+BY_ Tr(Y[) = Tr(FT(A+28) YiY[)F)

=1 1=1 (42)
e e
STri)+Tr(A)+ B Y Tr(ViY[) = Tr(FT(A+28) _ViY[)F)
I=1 =1
1 d 1 1
_ A T P T T2
=T +A +ﬁ§Y,Y, )+ 5l E(EA +28YY[) — FFT| 2.
When each Y; is given, minimizing & is equivalent to minimizing
_l e
cb’:||EZ(A+;/Y,Y,T)—FFT||%. (43)
I=1
If we replace B with a parameter y and assume g = ;—ey. @’ can be seen as
_l e
<I>’:||EZ(A+)/Y,YIT)—FFT||%. (44)

=1

If E(B)=FFT and Bj=A + yY,YIT are seen as the expectation and estimation of the final clustering result, respectively, we
have

.l e
®'=1-) B~ E®)I[. (45)
=1

According to the above equation, we can see that the larger e, the closer the mean of B; is to the expectation of B, and the
lower the value of ®’. Thus, we can conclude that the proposed algorithm with multiple sets of self-learning constraints
can better learn the final clustering result compared to that with a single set of self-learning constraints.

8. Convergence analysis

Minimization of the proposed objective function € forms a class of constrained nonlinear optimization problems whose
solutions are unknown. Therefore, we provide an iterative method to solve this optimization problem. In this section, we
apply Zangwill’s theorem [45] to discuss the convergence of the proposed algorithm. The theorem and its generalizations
can be used to obtain convergence proofs for almost all of the classical iterative optimization algorithms, e.g., steepest
descent, Newton’s method, etc. [46], by using this approach as an alternative to more conventional arguments. The theorem
is described as follows.
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Theorem 1.[45] Let f : Dy CR™ — R, S={x* € D¢ : f(x*) < f(y) Vy e BO(x*,r)}, where BOx*,r) ={y e R™:|| x* — y || <

r}, |- Il any norm on R™, A: Dy — Dy be an iterative algorithm, x;1 = A(x), and g be attached to sequences of iterations
generated by A to monitor the progress of A in seeking a solution x* € S. If the following conditions hold, g is a descent function
for {A, S}, A'is continuous on Dy \ S, and the iterative sequence {A(xy) :k=1,2,---;x1 € Dy} C K are contained in a compact

set K C Dy for arbitrary x € Dy, then for each iterative sequence {x.} generated by A, we have either {x.} terminates at a solution
x* € S or 3 a sequence {x;} € {xc} so that {xi;} — x*eS.

According to the theorem above, the optimization algorithm needs to satisfy three conditions, i.e., non-increasing,
continuous, and compact set properties, to ensure that the algorithm can converge. In order to prove that the pro-
posed algorithm satisfies the three conditions, we give some symbolic definitions for clarity of proof. We assume that
Agq represents the proposed algorithm in the paper. Since the algorithm is updated by iteration with four matrices
(HO, YO FO GO) and the iteration of variables produces corresponding sequences {(H®,Y®O FO cOy.t=1,2,...}.
We define the domains of H,Y,F,G as My, My, My, Mg. As the updating formula of each variable is based on fixing all
the other three variables, we define Ny as the ranges of the fixed vectors Y, F, G. Similarly, we have Ny, Ny, Ng. Then we
define the updating functions for H as ®p : N, — My, i.e., ®,(Y,F,G) = H, and H in calculated by the Eq. (15). Likewise,
we can define the updating functions &y, ®¢, &, for Y, F,G. Now we have the updating algorithm Ag be defined as
.AQZ(Mh XMyXMf ><Mg)—>(Mh XMyXMfXMg), .AQ=<I>hO<I>yoq>fo<Dg.

Based on the Theorem 1, we will provide some theorems to prove the convergence of the proposed algorithm, i.e., it can
converge in the limited number of iterations. In the following, Theorems 2-5 show the descending property of the objective
function. Theorem 6 proves the iterative algorithm Ag is continuous on the (M x My x My x Mg), and Theorem 7 asserts
the iterative sequences calculated by the proposed algorithm are in the compact set.

8.1. Non-increasing property
To prove that the objective function is non-increasing under the updating rules, we essentially follow the idea in the

proof of NMF [47] and GNMF [43]. Our proof will make use of their auxiliary function and the corresponding lemma which
are described as follows.

Definition 1. [47] Q (v, V') is an auxiliary function for F(v) if the conditions

Qv,v)=F(v), Q(v,v)=F(v) (46)

are satisfied.

Lemma 1. [47]If Q is an auxiliary function of F, then F is non-increasing under the update formula:

v = argminQ (v, v®), (47)
v
where t denotes the tth iteration.
Proof.
FOOD) =™ v <@ v =Fu®) o (48)

Next, based on the above auxiliary function and lemma, we provide four theorems to prove that the objective function
is non-increasing under each updating rule.

Theorem 2. The optimization function in Eq. (22) is non-increasing under the update formula of F in Eq. (24).

Proof. The proof is mainly about designing a suitable auxiliary function that satisfies the inequality in Eq. (47). First, we
represent the objective function in Eq. (22) as ©f and the element-wise objective function as ©r);. We rewrite the update
formula for F as

[BYGT + AF);;

[F]ij <~ [F]ijm (49)
It is easy to get the derivatives of Of); as
0

Off) = ~—— = [2LF +2BFGGT —2BYG" | (50)

Jo 0[Fl]j

32O
et = ——— = 2B[GG 1j; + 2[Lii 51
[Flij 8[F]1-2j Bl 1jj [L1ii (51)

10
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We set the auxiliary function for @f as

[BFGGT + F],.(]F)

(552

Oy _ @ o/ _ ()
Qr(f, [F1;) = O[F]gp + O[F]§;>(f [F1;;) +

It is obvious that QF([F1{}, [F]}}) = ©

expansion of @ as follows.

(F©O Then we need to prove that Qr(f, [F]g)) > Oy. It can be derived using Taylor’s
ij

1
(t) _ / _ (t) oY _ ()2
QF(fs[F]ij )Z®f_®lFJg)+®[F]$)(f [F]ij )+2® *(f [F]ij )

(53)
= Oy + O/ o (f = [FIF) + (BIGG 1 + (LI (f — [FI))°.
ij ij
Based on the derivation, Q¢ (f, [F]g)) > Oy can be transformed as
[BFGGT + F]g) .
——— = (BIGG 1jj + [L]i). (54)
[FI
It is easy to obtain that
n
T4(0) () TH(0) () T4(t)
[BFGGT1 =B Y (FIPIGGTYY = BIFI GG, (55)
I=1
and
[F1§ > [L1alF1{} (56)

Therefore, Eq. (54) is clearly true, ie., Qr(f,[Flij) > ©f. We conclude that the optimization function is non-increasing
under the update formula for F. O

Theorem 3. The optimization function ©; in Eq. (13) is non-increasing under the update formula in Eq. (15).

Proof. We set ®y as the objective function for H and ®py; as the objective function with respect to the matrix element
[H];j in H. Then the first and the second derivatives can be calculated as

i = OO _ DLH 4+ 20H — 2aY]; (57)
U 9[HIj;
920

= [2L + 2l (58)

[Hl;j = 2
7 9[H] i
We design the auxiliary function as follows.

[H + H]®
Tﬁ)’(h — [HI{)? (59)

) _ /
QH(h,[H]U )—G[H]g) +®[ ‘
]

1= [HI;) +

Similar to the analysis in ®f, we can conclude that the optimization function is non-increasing under the update formula
of H. O

Theorem 4. The optimization function A in Eq. (16) is non-increasing under the update formula in Eq. (21).

Proof. For the convenience of proof, we use the symbol ®y for Y’s loss function and Oryy; for [Y];;'s loss function. We can
rewrite the update formula of Y in the element-wise form as

[eH + BFGl;j
[Y]ij < [Y]; - (60)
[+ B +nUY]j;
The derivative of ®y for each variable Y;; in Y can be calculated as
, 00y
Oy, = 7o = 2@+ B)Y +2nUY — 2aH — 2BFG]j; (61)
oo oYl

11
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320
E/Y]ij = B[T]g =[2(ax + B)I + 2nU]J;; (62)

Then we assume the corresponding auxiliary function for Y is

[(@+B)Y +nUYIY

— 1192 63
T v - IYI) (63)

)y _ ’ (t)
Qv 1) = Oy + Oy0 (v — V1) +

Like the proof in QF, we can conclude that the given formula of Y in Eq. (16) can guarantee the non-increasing property of
the optimization function. O

Theorem 5. The optimization function in Eq. (64) is non-increasing under the update formula of G in Eq. (25).

Proof. We have the following optimization function ®¢ for G

©c = BIIY — FGI[} (64)
that is similar to the NMF model in [47]. Then we can utilize the convergence analysis in [47] to prove the above theo-

rem. 0O

Given these theorems, we have
QD —Tr((HT D LHED) 4 g HED — Y(t-&-l)”% + 77||Y(t+1)||2,1
T(t+1 1 1 1 12
+ Tr([F ](H- )L F ¢+ ))+,3||Y(t+ ) _ pl+ )G+ )||F
<Tr(H'1OLH®) + a||[HO — YOI +nl]Y |2,
T 2
+ Tr((FI1OLFO) + BlIY® — FOGO 2.

(65)

According to Eq. (65), we conclude that the objective function in Eq. (12) is non-increasing with the updating formulas of
the H,Y, F, and G.

8.2. Continuous property

The second requirement of the Theorem 1 is to make sure that the algorithm Ag is continuous on the domain (M p).
We give the following theorem to prove the continuous property.

Theorem 6. The algorithm Ag is continuous on (M x My x My x Mg).

Proof. Since Ag = ®; 0 @, 0 & o ®g, and the composition of the continuous functions is also continuous, it suffices to
show that &y, ®,, O, d, are each continuous. Then we prove that &y is continuous in the (kn) variables {[H];;}. Note that
@y, is a vector field, with the resolution by (kn) scalar field like the domain of H. Thus, it can be described as

= [q)l(-lﬂ)’ (I)}(112), e cb]ilj)v e qD}(lkn)] . Rkn — ]Rkn’ (66)
where d),ﬁlj) :R¥" - R defined in Eq. (15) can be calculated as

[eYT + AHJj;

)
oW [HY;
wo < [ [oH + H];j

(67)

It is evident that [H];;, [eYT + AH]U, [aH + H]J;j are element-wise functions and are continuous, and the denominator of
@, never vanishes under the given constraints of H. Therefore, the &y is a continuous function. Next, we prove that ® is
also a continuous function of the (2kn + k%) variables {[Y1;}. @y is a vector field with the resolution by (kn) variables

oy =[0)'V, !? ... oWl ... o). gk _, ghn (68)

where <I>§,U) :Rk@nth) _, R is given in Eq. (60). Likewise, we know that each part of such element-wise updating function
is continuous, so the @, is continuous on their entire domains. Next we show that @ is also a continuous function of the
(kn + kk) variables {[F];;}, and & is a vector field with the resolution by (kn) variables

op=[0f" o ... o ... @M Rk _ gln (69)

12



L. Bai, M. Qi and J. Liang Artificial Intelligence 320 (2023) 103924

Table 1

Description of benchmark data sets.
Data sets Objects Dimensions Clusters
ORL 400 1024 40
Umist 575 1024 20
COIL20 1440 1024 20
Yale-B 2424 5120 38
OpticDigits 5620 10 63
Statlog 6435 36 6
COIL100 7200 1024 100
MNIST 10000 728 10
PenDigits 10992 16 10
USPS 11000 256 10

where d>(flj) Rk R is given in Eq. (24). Likewise, since each part of such element-wise updating function is continu-
ous, &y 1s continuous on their entire domains. Next we prove that ®; is also a continuous function of the (2kn) variables
{[G1;j}, and @ is a vector field with the resolution by (k?) variables

(Dg = [(Dg]), qD(g‘lz), cee, ¢gj)7 ce ¢ékn)] : R(an) — sz (70)

where Cng) :R@m _ R is given in Eq. (25). Likewise, since each part of such element-wise updating function is continuous,
®, is continuous on their entire domains. Hence, Ag = ® 0 &y o O o O is continuous on (My x My x My x Mg). O

8.3. Compact set property

The third condition in the Theorem 1 is to judge the compactness of (M x My x M x Mg), which contains all of the
possible iterate sequences generated by Agq. Based on the idea of [48], we give the following theorem to prove the compact
set property.

Theorem 7. (M, x My x My x My) is a compact set.

Proof. Given the initial values of H® € My, Y© e My, F© e My, G e M. Then we can iteratively calculate the values of
the vector D as

)
[BYGT + AF]¢
(FIY = [F)) .

| (71)
Y [BFGGT + FIf}

According to Eq. (12), we know M = {F : [F];; > 0} and F®® € M. We also can see that each element in Y©, G® and A is
non-negative, according to their definitions. Therefore, from Eq. (71), we have [F*D]; > 0 and F®*D e M. Based on the
same way, we can infer that H®D e My, YD e M, G+ € M,. Therefore, we can conclude that My, My, My, Mg are all
compact sets. Then according to the Heine-Borel theorem [48], we can conclude that (M; x My x My x M) is a compact
set. O

9. Experiment analysis
9.1. Experiment settings

To examine the performance of the proposed algorithm, we compare it with other eight versions of spectral cluster-
ing algorithms, including standard spectral clustering (SC) [3], bipartite graph clustering (ESCG) [18], spectral clustering
using k-means-based landmark selection (LSC-K) [20], spectral clustering with approximate eigenvectors (FastESC) [22],
ultra-scalable spectral clustering (U-SPEC) [25], constrained Laplacian rank clustering (CLR) [14], low-rank representation
clustering (LRR) [11], graph regularized nonnegative matrix factorization (GNMF) [43]. Besides, we also compare the pro-
posed algorithm with label propagation with different sizes of label information [5].

The comparisons are carried out on ten widely used benchmark data sets [49] whose detailed information is described in
Table 1. We employ three clustering indices [2]: accuracy measure (ACC), the adjusted rand index (ARI) and the normalized
mutual information (NMI) to evaluate the effectiveness of clustering results on each data set. If the clustering result is close
to the true partition, its ACC, NMI, and ARI values are high. The experiment equipment is a personal computer with Intel
i9-10900K, 64G RAM, Matlab R2018a, and windows 10.

Before the comparisons, we need to set some parameters as follows. For each algorithm, we set the number of clusters
k to its true number of classes on a data set, and use the Gaussian kernel function to produce the similarity matrix and test
each of these algorithms with different y value of the kernel parameter, i.e., § = ¢x/g, g € [10, 100] with a step length of

13
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Fig. 2. Comparison of the proposed algorithm with semi-supervised spectral clustering. (For interpretation of the colors in the figure(s), the reader is
referred to the web version of this article.)

Table 2

ACC values of different algorithms on benchmark data sets.
Dataset SC ESCG LSC-K Fast-ESC U-SPEC CLR LRR GNMF RSLC
ORL 6136 + 126 60.51 + 141 5813 + 1.67 59.64 + 324 5778 +£ 1.61 64.75 £ 0.00 6114 + 1.53 5922 + 152 67.88 £ 1.65
Umist 71.04 +£ 044 60.09 + 1.35 6021 + 331 52.03 £2.69 5017 +£1.08 7510+ 115 3826 £ 0.76 71.09 + 241 77.37 £+ 2.40
COIL-20 73.70 £ 1.24 7423 £ 098 7225+ 246 6112 +3.88 61.95+3.04 7835+ 223 5504+ 119 84.30+ 133 88.86 + 0.61
Yale-B 3613 £ 075 2933 + 142 16.24 + 0.88 2348 + 1.08 10.56 + 0.38 3227 £ 056 40.62 + 1.30 27.06 + 125 4212 + 1.38
OpticDigits  95.25 + 0.00 98.21 + 0.01 92.08 &+ 1.23 7798 &+ 3.47 82.88 £ 5.07 96.53 £ 0.00 80.53 £ 0.02 93.76 + 3.20 98.27 + 0.19
Stalog 66.16 + 0.01 76.00 £ 0.03 74.69 + 0.82 68.80 + 3.60 74.96 £ 0.72 66.08 + 0.00 67.79 & 0.00 60.78 +4.55 8217 + 0.72
COIL-100 49.86 + 1.01 59.61 &+ 0.58 60.82 &+ 1.26 42.62 £+ 2.31 53.10 + 1.26 66.64 £ 094 4722 £099 6730 + 132 7513 £ 0.81
MNIST 4790 £ 0.01 70.73 + 0.81 68.66 &+ 1.98 56.50 £+ 3.22 59.69 + 2.58 72.62 + 020 48.67 + 0.03 63.67 +3.14 8552 + 3.16
PenDigits 7151 £ 0.00 7341 £0.01 80.18 +3.39 6866 + 1.70 7436 + 247 6779 £0.00 72.59 + 0.01 7639 + 410 86.90 + 2.33
USPS 56.13 & 0.02 61.81 +2.36 54.38 +£2.02 49.04 +£220 4860 + 190 64.60 + 117 5440 + 0.00 54.35 + 4.24 74.87 + 2.94

10, where ¢x is the variance of data set X, to select the highest ACC, ARI and NMI values for comparisons. In the proposed
algorithm, we set « =0.25, 8 =0.5, n=0.1, e =10, and t = 100. In the following experiments, we explain the parameter
settings. For other parameters of the compared algorithms, we set them according to the suggestions of their references.

9.2. Comparison with other versions of spectral clustering algorithms

We first analyze the difference in the clustering effectiveness between the proposed algorithm and the other eight spec-
tral clustering algorithms. Tables 2, 3, and 4 show the mean and standard deviation of ACC, ARI, and NMI for the clustering
results produced by each algorithm running 20 times on the tested data sets. According to the evaluation results, we can ob-
serve that the mean values of the ACC, ARI, and NMI for the proposed algorithm are obviously superior to other algorithms
on the tested data sets. The experimental results tell us that the self-label learning operation of the proposed algorithm
can very effectively improve the performance of spectral clustering. Besides, we can see that the standard deviation of the
proposed algorithm on each data set is less than 0.04. Therefore, we can conclude that the proposed algorithm is robust to
deal with these data sets.

14
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Fig. 3. Three clustering indices against parameter 7.

Table 3

ARI values of different algorithms on benchmark data sets.
Dataset SC ESCG LSC-K Fast-ESC U-SPEC CLR LRR GNMF RSLC
ORL 40.14 &+ 1.70 4235 + 199 39.26 £+ 2.23 35.04 £ 5.08 40.51 &+ 1.61 3757 £ 0.00 4042 4+ 2.30 36.89 £ 249 48.39 + 242
Umist 59.03 £ 0.76 45.48 + 1.03 44.89 £ 3.59 3552 +3.79 33.66 £ 097 6215+ 097 1342 £ 0.88 58.60 &+ 5.18 70.05 £ 3.81
COIL-20 65.67 +£ 141 64.09 + 116 6332 £ 2.68 49.06 + 465 5412 +262 7334 +312 3433 +214 76,50+ 1.60 86.04 + 0.93
Yale-B 15.05 £ 0.51 13.74 £ 026 5.85 £ 042 11.34 £ 053 1.66 + 0.23 7.78 + 0.21 13.50 &£ 0.57 08.26 £ 0.78 23.72 + 1.24
OpticDigits 90.43 + 0.00 96.11 &+ 0.02 84.01 +2.13 63.32 +£3.77 7090 + 6.11 93.15 + 0.00 6791 £ 0.04 88.73 +£5.59 96.23 £+ 0.40
Stalog 42.60 £ 0.01 5316 £ 0.05 5290 + 1.60 43.44 + 646 53.85 £ 147 42.67 +£0.01 4562 + 0.00 32.81 +£3.93 6126 + 2.52
COIL-100 36.03 £ 0.87 3847 + 119 5043 £+ 149 24.09 + 355 4323 £ 110 5695+ 115 3090 £+ 1.53 4643 + 1.37 6710 £ 0.81
MNIST 2574 £ 0.00 55.05+ 098 50.29 £+ 293 33.16 £ 2.88 38.61 £ 3.34 59.74 + 0.09 2522 £+ 0.02 4942 + 6.55 76.24 + 3.61
PenDigits 56.40 + 0.01 58.29 £ 095 6536 £4.62 50.66 + 2.10 57.75 +236 5597 £0.00 54.86 &+ 0.01 6154 +6.07 77.06 £+ 2.30
USPS 2949 + 0.04 4707 £2.77 3786 £ 180 2777 £195 30.01 + 140 4701 £ 1.69 3394 +£0.00 3729 £+ 2.86 59.44 + 467

Table 4

NMI values of different algorithms on benchmark data sets.
Dataset SC ESCG LSC-K Fast-ESC U-SPEC CLR LRR GNMF RSLC
ORL 7932 £ 056 7592 +£ 091 74.70 £ 1.02 75.89 +£2.59 75.20 £ 0.66 80.15+ 0.00 7939 £ 0.73 75.67 + 1.24 81.87 £ 0.70
Umist 80.00 +£ 0.28 73.36 +£ 0.71 7338 +£2.08 66.15+ 2.50 6524 +0.85 86.17 £ 0.55 40.59 + 0.91 83.69 £+ 2.02 86.07 + 147
COIL-20 84.87 £ 0.60 83.53 +£0.76 80.24 + 134 7316 £244 7451 + 168 88.14 + 142 62.83 + 133 89.36 £ 091 93.03 + 049
Yale-B 4740 £ 0.79 38.64 + 037 23.46 £+ 0.61 39.30 £ 0.29 3930 +£0.29 37.07 £ 099 1332 +0.54 36.37 £ 226 53.34 + 049
OpticDigits 92.79 £+ 0.00 95.77 + 0.02 85.82 4+ 1.08 7116 +£2.26 7720 & 3.10 94.95 +£ 0.00 7434 4+ 0.03 92.23 £ 2.52 96.12 + 0.25
Stalog 5291 £ 0.02 6494 +£0.09 6247 £ 0.86 56.05+ 3.08 62.08 £0.57 53.00+ 0.00 49.16 + 0.00 44.53 + 3.55 68.29 + 0.76
COIL-100 7911 £ 038 7947 £ 035 79.28 £ 052 72.00 &+ 140 74.73 £ 044 8469 + 036 6780 £+ 0.77 86.50 +0.73 88.91 + 0.38
MNIST 42.01 £ 0.00 69.16 £ 043 60.57 = 1.65 44.92 £ 210 5029 + 189 72.01 £0.23 38.02 +0.02 6724 £+ 3.35 80.96 + 140
PenDigist 72.89 +£ 0.01 77.04 £ 048 76.81 £ 195 6541 +149 6845+ 115 73.73 £0.00 63.95+ 001 7522 + 313 84.81 + 1.21
USPS 48.88 + 0.02 64.27 + 148 5290 £+ 1.35 4137 £ 1.86 4489 + 135 65.08 £ 043 46.20 & 0.01 56.71 £ 1.99 7045 + 2.74
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Fig. 4. Three clustering indices against parameters o and f.

9.3. Comparison with semi-supervised spectral clustering

We analyze the difference in clustering effectiveness between the proposed algorithm and the semi-supervised spectral
clustering algorithm, as shown in Fig. 2. We test spectral clustering with different sizes of label information. Let s be
the proportion of labels to a whole data set. We select s from 5% to 50% with a step length of 5%. In these figures, the
curves show the relations between the clustering indices of label propagation and the sizes of labels, and the lines reflect
the clustering indices of the proposed algorithm. According to these figures, we can see that the clustering results of the
proposed algorithm can reach or approach the semi-supervised results on four out of ten data sets. On other data sets,
there are no small gaps between the clustering results of the proposed algorithm and label propagation with some labels.
Therefore, we need to study further how to improve the proposed algorithm.

9.4. Parameter analysis

According to the description of the proposed algorithm, we can observe that there are three important parameters 7, «,
and B, which are used to balance the roles of main terms in the objective function. We first analyze the effect of n on the
performance of the proposed algorithm. In the experiment, we test 1 in the interval [0, 1] with the step length of 0.1 while
o and B were fixed. Fig. 3 shows the relation between clustering indices and the parameter n on each data set. Based on
these figures, we can see that the clustering quality decreases on all data sets except Statlog as the value of 7 increases.
We know 7 is used to control the importance of the regularization term. The more 7 is, the more sparse Y is. We can also
observe that if 7 = 0.1, we can get good clustering results on most of the data sets.

Furthermore, we analyze the co-influence of o and 8 on the performance of the proposed algorithm. We test the two
parameters in the interval [0, 1] with the step length of 0.1, while 7 is fixed. The tested results are shown in Fig. 4. According
to these figures, we can observe that if o« and g are close to O, the performance of the proposed algorithm is very bad.
The conclusion tells us that the self-learned constraint and consensus terms play important roles in the proposed algorithm.
Besides, we can see that setting o and S to more than 0.2 can bring good clustering results on most of the data sets.
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Fig. 5. Comparison of clustering accuracy between single and multiple sets of constraints.

9.5. Comparison of different numbers of constraints

We first randomly produce ten different initialized Y;. Then we test the proposed algorithm with every single set of Y;
and multiple sets including all the Y;. In Fig. 5, ‘Max’ and ‘Mean’ denote the maximum and average values of clustering
indices for the proposed algorithm with different Y;, and ‘Robust’ represents the clustering indices for the proposed algo-
rithm with all the Y;. According to the figures, we can see that the proposed algorithm with multiple sets of constraints is
obviously better than that with a single set of constraints. Besides, we also compare their robustness. In Fig. 6, we show the
standard deviation of the clustering indices for the proposed algorithm with single and multiple sets of constraints. We can
see that using multiple sets of constraints can enhance the robustness of the proposed algorithm.
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Fig. 6. Comparison of robustness between single and multiple constraints.

Additionally, we analyze the effects of the number of sets of self-learned constraints on the performance of the proposed
algorithm. Fig. 7 shows the ACC, ARI, and NMI indices against different e on ten data sets, respectively. According to these
figures, we can observe that the performance of the proposed algorithm basically increases as the value of e grows. However,
the values of clustering indices increase slowly after the e value grows to a certain extent. The experimental results tell us
on most tested data sets that (1) learning multiple sets of constraints is better than a single set; (2) learning a few sets of
label constraints can effectively enhance the clustering results.

9.6. The effect of Y on the performance of the proposed algorithm

The performance of the proposed algorithm depends on the initialization of Y. In this paper, we need to select sev-
eral objects and then use the relations between them and other objects to initialize Y. In this experiment, we employ
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Fig. 7. Three clustering indices against the number of constraints.

three selection strategies to initialize Y, i.e., random initialization (where we randomly select k objects from X), K-means
initialization (where we implement k-means on X to produce k cluster centers and select the nearest objects for each
of them from X) and K-means++ initialization (where we implement k-means++ on X to select k objects from X). We
compare the proposed algorithm with the above three initialization methods on these data sets. The experimental results
are shown in Fig. 8. We can see that the performance of the proposed algorithm with k-means++ initialization is better
than the other two initialization methods. We can also see that random initialization is a better choice for simplicity and
effectiveness.

Furthermore, we discuss the effect of the diversity of these constraints on the proposed algorithm. To detect the effect,
we use overlapping ratios of different initial Y; to reflect the consensus of the constraints. We assume the higher the
overlapping ratio is, the smaller the difference among these constraints is. In Fig. 9, we show the clustering indices for
the clustering results of the proposed algorithm with different overlapping ratios of the initial constraints on each data set.
According to these figures, we can see that the overlap rate has less influence on the algorithm when it is less than a certain
value on a data set. However, as the overlapping ratio continues increasing, the clustering quality is obviously decreasing on
most of the data sets. The experimental result indicates that excessive overlap can lead to poor performance of the proposed
algorithm. The main reasons are as follows. (1) The more consistent the different groups of the label constraints are, the
closer the clustering performance with multiple groups of label constraints is that with the single group. Due the fact that
we can not ensure the high quality of each group of the learned label constraints, the diversity of multiple groups can help
us to reduce the effect of the quality of label constraints. (2) If a cluster is very comple, it is very difficult to learn a label
column to represent it. We may need to learn multiple labels to describe it. Therefore, reducing overlapping between label
matrices can help us to use multiple label columns to constrain the assignment of data objects to a cluster. Besides, the
conclusion about the effect of the overlapping ratio of label constraints is dependent on the number of clusters. According
to our experiments, we can see that the clustering quality is decreasing, as the overlapping ratio increases on the tested
data sets with different numbers of clusters.

Finally, we analyze the quality of the self-label constraints in the proposed algorithm. In Figs. 10, we show the visu-
alization of YYT on each data set. According to these figures, we can see that the cluster structure can be easily found
from the diagonal of the matrix YYT on each of the tested data set. The experimental result indicates that the self-learned
constraints have good quality, which can effectively guide the clustering process.
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9.7. Convergence study of the proposed algorithm

In this paper, we have proved that the proposed algorithm is convergent. In this subsection, we further provide the
experiment analysis to show the changing trend of the overall loss function 2 against the number of iterations, as seen in
Fig. 11. According to the figures, we observe that as the number of iterations increases, the loss value decreases. We also
see that the proposed algorithm can usually converge within 100 iterations.
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Table 5
Comparison of running times (seconds).
ORL Umist COIL20  Yale-B OpticDigits  Statlog COIL100 MNIST PenDigits ~ USPS
SC 0.2085  0.0895  0.1358 0.3414 0.1406 0.1412 3.5807 0.3260 0.4491 0.4712
RSLC-Single  0.2315  0.1023 0.1876 0.6551 0.5036 0.4473 6.1504 11658 1.1648 11683
RSLC-Multi 3.3347 1.6462 5.9965 21.9037 15.2059 10.6775 186.6335  32.7420  36.9136 32.2853

9.8. Comparison of computational costs

We compare the computational costs of the classical spectral clustering (SC) algorithm with fast Eigen decomposition and
the proposed algorithm with single and multiple sets of self-learning constraints on each tested data set. The comparison
result is shown in Table 5. According to the table, we can observe that the proposed algorithm needs additional time costs to
iteratively update variables compared to the classical spectral clustering algorithm. Besides, we also can see that if we need
to get a robust clustering result, we take more time costs to learn multiple sets of constraints compared to the proposed
algorithm with a single set of constraints.

10. Conclusions

We proposed spectral clustering with robust self-learning constraints (RSLC) in this paper. In the new algorithm, we ex-
tend the objective function of the classical semi-supervised spectral clustering model by seeing label constraints as variables
and adding a robust function. We wish to minimize the new objective function to learn multiple sets of label constraints
and guide the spectral clustering process. We propose an iterative method to solve the optimization problem with update
formulas for variables. The new algorithm can get robust self-constrained clustering results under unsupervised scenes. Fur-
thermore, we provide the theoretical analysis to show the importance of the learned constraints in spectral clustering and
then prove the convergence of the proposed algorithm. Finally, by experimental study, we show that the proposed algorithm
performs well on benchmark data sets.
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