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Abstract

Diffusion models benefit from instillation of task-
specific information into the score function to
steer the sample generation towards desired prop-
erties. Such information is coined as guidance.
For example, in text-to-image synthesis, text in-
put is encoded as guidance to generate seman-
tically aligned images. Proper guidance inputs
are closely tied to the performance of diffusion
models. A common observation is that strong
guidance promotes a tight alignment to the task-
specific information, while reducing the diver-
sity of the generated samples. In this paper, we
provide the first theoretical study towards under-
standing the influence of guidance on diffusion
models in the context of Gaussian mixture models.
Under mild conditions, we prove that incorporat-
ing diffusion guidance not only boosts classifica-
tion confidence but also diminishes distribution
diversity, leading to a reduction in the differential
entropy of the output distribution. Our analysis
covers the widely adopted sampling schemes in-
cluding those based on the SDE and ODE reverse
processes, and leverages comparison inequalities
for differential equations as well as the Fokker-
Planck equation that characterizes the evolution
of probability density function, which may be of
independent theoretical interest.

1 Introduction

Understanding and designing algorithms for generative mod-
els that adapt to certain constraints play a crucial role in
modern machine learning applications. For example, con-
temporary large language models — where a large model is
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pretrained and various natural language processing (NLP)
tasks are performed based on human prompts without re-
training — often demonstrate remarkable in-context learn-
ing abilities (); Text-to-image models contribute to major
successes in image generators like DALL-E 2, Stable Diffu-
sion and Imagen (Ramesh et al., 2022; Rombach et al., 2022;
Saharia et al., 2022), which offer remarkable platforms for
users to generate vivid images by typing in a text prompt.
Howeyver, it has been observed that these models can often-
times generate unrealistic or biased content, or not follow
the users’ instructions (Bommasani et al., 2021; Luci¢ et al.,
2019; Weidinger et al., 2021). For this reason, various
guided techniques have been developed to enhance the sam-
pling qualities in accordance with users’ intention (Ouyang
et al., 2022; Dhariwal & Nichol, 2021; Ho & Salimans,
2022). Despite the significant empirical improvements that
are observed using these guidance approaches, parameters
and models are trained mainly in a trial-and-error manner.
The theoretical underpinnings of these methods are still far
from being mature.

1.1 Training with guidance for diffusion models

To uncover the unreasonable power of these guided ap-
proaches and better assist practice, this paper takes the first
step towards this goal in the context of diffusion models. Dif-
fusion models, which convert noise into new data instances
by learning to reverse a Markov diffusion process, have
become a cornerstone in contemporary generative modeling
(Song et al., 2020b; Ho et al., 2020; Yang et al., 2023). Com-
pared to alternative generative models, such as variational
autoencoder or generative adversarial network, diffusion
models are known to be more stable, and generate high-
quality samples based on learning the gradient of the log-
density function (also known as the score function). When
data is multi-modal, namely, it potentially comes from mul-
tiple classes, a natural question is how to make use of these
class labels for conditional synthesis. Towards this direction,
(Dhariwal & Nichol, 2021) put forward the idea of classifier
guidance — an approach to enhance the sample quality with
the aid of an extra trained classifier. The classifier guid-
ance approach combines an unconditional diffusion model’s
score estimate with the gradient of the log probability of a
classifier. Subsequently, (Ho & Salimans, 2022) presented
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Figure 1. The effect of guidance on a three-component GMM in R?. Each component has weight 1/3 and identity covariance, and
the component centers are (v/3/2,1/2), (—v/3/2,1/2) and (0, —1). The leftmost panel displays the unguided density. We increase
the guidance strength from left to right. This plot imitates Figures 2 of (Ho & Salimans, 2022). Additional experiments on diverse

configurations of GMMs are presented in Appendix D.

the so-called classifier-free guidance, which instead mixes
the score estimates of an unconditional diffusion model with
that of a conditional diffusion model jointly trained over the
data and the label. For both guidance methods, adjusting the
mixing weights of the unconditional score estimate and the
other component controls the trade-off between the Fréchet
Inception Distance (FID) and the Inception Score (IS) in
the context of image synthesis. The resulting procedures
are empirically verified to generate extremely high-fidelity
samples that are at least comparable to, if not better than,
other types of generative models.

One interesting feature observed for these guided procedures
is an improvement in the sample quality and a decrease in
the sample diversity as one increases the guidance strength
(mixing weight of the other component). Specifically, (Ho
& Salimans, 2022) illustrates such phenomenon numeri-
cally via a simple two-dimensional distribution comprising
a mixture of three isotropic Gaussian distributions. In par-
ticular, with an increased guidance strength, the generated
conditional distribution shifts its probability mass farther
away from other classes, and most of the mass becomes
concentrated in smaller regions, as can be seen in Figure 1.
In this paper, we seek to theoretically explain this obser-
vation and provide some rigorous guarantees on how the
guidance strength affects the confidence of classification
and the in-class sample diversity.

1.2 Sampling from Gaussian mixture models

To allow for precise theoretical characterizations, we shall
focus on the prototypical problem of sampling from Gaus-
sian mixture models (GMMs). Specifically, we consider the
data distribution p, which takes the following form

pe £ w,N(1y, D). 0
yey

Here, we use y to denote the class label which takes value in
a finite set Y := {1,2,...,|Y|}. Given any class label y €
Y, (g, ) € R x R?*4 gives the center and the covariance

matrix for the Gaussian component that corresponds to y.
In addition, w, € R>¢ stands for the component weight for
class y € Y, which satisfies Zyey wy = 1.

In this work, we investigate two widely adopted sampling
methods for diffusion models, including a stochastic differ-
ential equation (SDE) based approach called the denoising
diffusion probabilistic models (DDPMs) (Ho et al., 2020)
and an ordinary differential equation (ODE) based approach
called denoising diffusion implicit models (DDIMs) (Song
et al., 2020a). An overview of these two methods under
both classifier guidance and classifier-free guidance is pro-
vided in Section 2. As shall be clear momentarily, both
methods involve a tuning parameter > 0 which controls
the strength of the classifier guidance (resp. full-model
guidance) in the classifier guidance (resp. classifier-free
guidance) approach. The overarching goal is to understand
how the guidance strength affects the sample qualities, in
particular, the confidence of classification and the in-class
diversity.

1.3 A glimpse of main contributions
In what follows, we highlight several of our key findings.

e Consider a Gaussian mixture models with general posi-
tions. For both DDPM and DDIM samplers with diffusion
guidance, we demonstrate in Section 3, that the classifica-
tion confidence — which measures the posterior probability
associated with the guided class given an output sample —
only increases when diffusion guidance is applied. These
quantitative results (Theorems 3.3 and 3.7) are further ac-
companied by qualitative results (Theorems 3.6 and 3.8),
titrating the exact level of influence of diffusion guidance
for posterior classification accuracy. These findings offer
theoretical validation for employing diffusion guidance to
enhance conditional sampling.

e As for the in-class diversity, in Section 4, we analyze
the impact of guidance strength on the differential entropy
of the resulting distribution for DDIM samplers. It turns
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Figure 2. The effect of guidance on a symmetric GMM: p, = %N(l7 1+ % N(—1,1). (a) In the left panel, we initiate the reverse processes
at the origin, and record the classification confidence (measured by the posterior probability of class label) under different levels of
guidance. For the DDPM sampler the output sample is random. We generate 10* samples for each guidance strength and plot the averaged
classification confidence for both the DDPM and the DDIM samplers, as well as the 97.5% and 2.5% quantiles for the DDPM sampler.
(b) In the right panel, we initiate the processes following a standard Gaussian distribution, and plot the differential entropy of the output
distributions. For each guidance strength we also generate 10* samples. We adopt the function scipy.stats.differential_entropy()
from the scipy module in Python to estimate the differential entropy based on these generated samples.

out that increasing the diffusion guidance always results
in a reduction in the differential entropy. This offers the
first theoretical explanation for the benefit of the diffusion
guidance in generating more homogeneous samples.

o Finally, we exhibit that the role of the guidance strength
can be complicated by an example of a three-component
GMM when their means are aligned. In this case, we reveal
both theoretically and numerically the existence of a phase
transition in the behavior of the classification confidence
as one increases the guidance strength. Cautions thus need
to be exercised in practice in terms of selecting a proper
guidance strength. More details can be found in Section 5.2.

Notation: For two random objects X and YV, we say X L
Y if and only if they are independent of each other. For
n € N, we define the set [n] = {1,2,--- ,n}, and make the
convention that [0] = @. We use opin (M) to denote the
minimum eigenvalue of a matrix M.

2 Preliminaries

In this section, we introduce the basics of diffusion mod-
els, both with and without guidance. Our investigation
encompasses both the SDE and ODE reverse processes. As
aforementioned, there exist two primary forms of guidance,
namely, the classifier guidance and the classifier-free guid-
ance. We shall delve into a separate discussion of these two
guidance forms below. As we will observe, these two forms
of guidance coincide when precise access to the ground truth
probability distributions is available. To enhance readers’
understanding, we initiate our investigation with continuous-
time processes. We later offer generalizations to discrete
processes in Section 5.

2.1 Diffusion model without guidance

We begin by revisiting the concept of diffusion model with-
out guidance. There has been a surge of recent interest and
theoretical advancements to understand sampling qualities
of diffusion models (e.g. Block et al. (2020); De Bortoli
et al. (2021); Liu et al. (2022); De Bortoli (2022); Lee et al.
(2023); Pidstrigach (2022); Chen et al. (2022b); Benton et al.
(2023); Chen et al. (2022a; 2023b;a); Mei & Wu (2023);
Tang & Zhao (2024); Li et al. (2023; 2024b;a)). In this
paper, we focus our attention on the task of conditional sam-
pling. More specifically, let p, denote the data distribution
over (z,y), where x is the data feature and y stands for
the data label. Our goal is to sample from the conditional
distribution p, (- | ), conditioning on a label realization y.
Throughout the paper, we use y to represent the label we
wish to condition on. The continuous version of diffusion
model consists of two processes: a forward process that con-
verts the target distribution into noise, and a reverse process
that sequentially denoises the process to reconstruct the tar-
get distribution. Throughout this paper, we set the forward
process to be an Ornstein—Uhlenbeck (OU) process:

dz? = —z7dt + V/2dB,, 2y ~pe(-]y), (2

where (By)o<i<7 is a d-dimensional standard Brownian
motion. For 0 < ¢t < T, we denote by p, the distribution
of z;7. The reverse process of (2) can be constructed using
either an ODE or SDE implementation, which we state
below:

dzi = (27 + Viegpr—i(z | y))dt,
Az = (27 +2Vlogpr—. (2 | y))dt + V2dB,.

In the above display, 2§, Z§~ ~ pinit for some initial dis-
tribution pinit, and (B;)o<¢<7 once again is the standard
Brownian motion in R%. Hereafter, unless stated otherwise,
we always take the gradient with respect to the first argu-
ment. Classical findings in probability theory (Anderson,

3)
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1982) implies that when pinis = pr(- | y), it holds that
—d o d -
At T R T Ar—g

As a consequence, if we can implement process (3), then
in principle we shall be able to generate new samples from
our target distribution. To design an implementable algo-
rithm, practioners not only apply discretization to processes
in Eq. (3), but also substitute the score functions and the
theoretically ideal initial distribution pr (- | y) with their re-
spective estimates. A standard approach for approximating
pr(- | ) is by setting pinie = N(0, I).

For the sake of simplicity, in the sequel we write
(zt)ost<t = (2 )ose<r and (Z)o<e<sr = (27 Jo<e<r
without introducing any confusion.

2.2 Classifier diffusion guidance

Classifier guidance was first proposed by (Dhariwal &
Nichol, 2021) to improve the quality of images produced by
diffusion models, with the aid of an extra trained classifier.
To achieve this, they modify the score function to include
the gradient of the logarithmic prediction probability of an
auxiliary classifier. To be definite, the SDE and ODE reverse
processes under classifier guidance are as follows:

daf = (xf + F_(af,y)) dt, 4
Az = (T§ + 2F5_,(af,y)) dt +V2dB,,  (5)

where F7_(2f,y) = s7—¢(xf,y) + 1V loger—¢(xf, y).
In the above display, 7 > 0 is a parameter that con-
trols the strength of the classifier guidance, z§,z§ ~
Dinit> ST—t(,y) is an estimate to V log pr_;(x | y), and
cr—¢(x,y) is a probabilistic classifier that is designed to
estimate the conditional probability pr—+(y | ). When
n=0and sp_¢(x,y) = Vlogpr_i(z | y), processes (4)
and (5) reduce to their unguided counterparts.

2.3 Classifier-free diffusion guidance

Classifier guidance effectively boosts the sample quality of
diffusion models. However, it requires an extra classifier,
potentially introducing complexity to the model training
pipeline. Classifier-free guidance is an alternative method
of modifying the score functions to have the same effect as
classifier guidance, but without a classifier (Ho & Salimans,
2022). To be concrete, classifier-free guidance involves the
following processes:

daf = (2 + Fl_y(al ) at, ©)

aof = (af +2F7f_(al,p) dt+ V2B, ()

where Ff._(«f,y) = (1 + n)sr—i(af,y) — nsr—i(a]),
and x{; , :Eg ~ Pinit- In the displayed content above, with

a slight abuse of notation, we use s;(x) without the sec-
ond argument to represent an estimate to the unconditional
score function V; log p:(x). Note that in situations where
we have exact access to the ground truth functionals (i.e.,
si(x,y) = Vilogp(x | y), se(x) = Vi logpe(z), and

. d
ce(z,y) = pe(y | )), one can verify that (CE{)ogth =

(l’?)OStST and (i{)ogth i (fg)OStST' This result is
independent of the choice of the initial distribution pjis.
Similarly, by setting = 0 and using the ground truth func-
tionals, processes (6) and (7) reduce to the unguided ones.

It was observed that guidance for diffusion model, either
classifier-based or classifier-free, has the effect of increasing
classification confidence and decreasing sample diversity
(Ho & Salimans, 2022). This paper seeks to offer a theoreti-
cal explanation of this phenomenon within the framework
of GMM.

2.4 Guided diffusion for Gaussian mixture models

Under the GMM as stated in Eq (1), both the score functions
and the logarithmic class probabilities admit closed-form ex-
pressions, and we shall adopt these ground truth functionals
to construct our samplers. Namely, throughout this paper,
we set

si(x,y) = —Z[lm + e_tEjluy, )

V.loge(z,y) =e 'S, — Z e tq(z,y )5 g
y' ey

where 3y = 72 + (1 — e 2!)1,, and

@ (z,y) = ©))

Wy €XP (e_t<2;1,u,y7 x> - e_2t<uya E;luy>/2)
Zy’E)} Wy €Xp (e_t<zt_luy” $> - 6_2t<:uy” Zt_luy’>/2)
Note that ¢;(x, y) is the posterior probability of having la-
bel y, upon observing x = e tx, + V1 — e 2tg, where
Zy ~ Diy g ~ N(0,I) and 2, L g. When the function-
als listed in Eq. (8) are adopted to construct the diffusion
model samplers as listed in Eq. (4)-(7), obviously we have

d . _ d ,_
(2])oe<r = (2§)o<i<r and (F] o<i<r = (TF)o<i<r-

In fact, in this case the classifier-based and the classifier-free
diffusion models share the same diffusion and drift terms.
Due to this observation, in the remainder of the paper we
unify the notations by setting

(Zr)o<e<r = (T)o<t<r = (F] o<i<r,
(z)oze<r = (2)o<t<r = (] Jo<i<r,

treating classifier-based and classifier-free guidance as the
same algorithm.

Plugging Eq. (8) into Eq. (4)-(7), we get
doy = (v — 27l + (U +m)e "8 0, (10)
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— e Tt Z QT—t(mtay/)ZEituy’)dta
y' ey
Az = (& — 2570, 7 + 20+ n)e  THSL py, (1)

— 2pe~THt Z ar—:(Zs, y/)EEitﬂy/)dt +/2dB;,.
y' ey

3 Effect of guidance on classification
confidence

As our first contribution, we offer a theoretical explanation
for the phenomenon where a diffusion model with guidance
directs generated samples toward a region with higher con-
fidence, in contrast to samples generated by the unguided
counterpart. To measure such confidence, we propose to
examine the posterior probability

P(.Z,y) = QO(Iay) -
wy exp (57 py, ) — {1y, 27" pay) /2)
Zy’ey wyr exp (X gy, @) — (py, X7y ) /2)

along the trajectory of the diffusion process as defined
in Eq. (9). We show that diffusion guidance with a non-
negative guidance strength can only increase the posterior
probability, given that the component centers exhibit limited
correlation. Our formal assumptions are provided below.

(12)

Assumption 3.1. We impose the following conditions on
model (1):

1. There exists uo € RY, such that for all 3y € Y, it holds
that | (e, — o, thyr — to)| < €, for some small positive
constant . We further assume that & < ||, — p10||3/3.

2. Assume w,y is strictly positive for all y’ € .
3. The GMM has an isotropic covariance: X = 1.

Remark 3.2. 1f d is large, then the first point of Assumption
3.1 is typically satisfied when the component centers are
independently generated from certain prior distribution. For
instance, one can verify that the assumption is satisfied
with high probability if (ty)yrey ~ii.d. Unif(S?~1) with
a sufficiently large d, where S?~! is the unit sphere in R

The dynamics of P (x4, y) can be represented through either
an ODE or an SDE, depending on whether we utilize the
ODE or the SDE framework. We explore further details in
the remainder of this section.

3.1 Effect on the ODE reverse process

In this section, we analyze the impact of guidance on the
ODE reverse process, as defined in Eq. (10). Our main
result for this part delineates the impact of guidance on the
ODE reverse process in terms of classification confidence,
which we present as Theorem 3.3 below.

Theorem 3.3. We assume model (1) and Assumption 3.1.
Recall that xq and zy are the initializations of the ODE-
based samplers as defined in Eq. (3) and (10), respectively.
In addition, we assume (T, [ly — [by) > (20, fy — Hy) fOr
all y' € Y'. Then for any n > 0 and all t € [0,T), it holds
that

,P(:Cta y) Z P(Zta y)

Theorem 3.3 implies that when the processes have the same
initialization, the classification confidence associated with
the guided process remains no smaller than that associated
with the unguided process along the entire diffusion tra-
jectory. It therefore validates the empirical observation
regarding diffusion guidance.

Our main proof idea. In order to offer some theoretical
insights while at the same time maintaining brevity, we
present a proof sketch of Theorem 3.3 here, and delay the
majority of technical details to Appendix A.l. First, taking
the inner product of the derivative given in Eq. (10) and the
mean vector difference 11, — p1, for some 3y’ € Y, we obtain

d (T
&@t,ﬂy - Ny/> =e w”.“y”%
+ e T — gr_y(2e,y)) |1ty — poll3 (13)

+ne” T gy (24, Y iy — poll3 + &

— e Ty, )

where &; is a function of (z,t), which satisfies || <
3ne”T=9(1 — gr_¢(2t,9))e. A detailed derivation of
Eq. (13) is given in Appendix A. Using the assumption
that & < ||, ]|3/3, one can obtain

ef(Tft)<

d _(T—
*<xtyﬂy_ﬂy'> >e T w”ﬂy”%‘ Hyv.uy/>

dt

+0e” T — gr_y(24,9)) (l11y — 1012 — 3¢).
(14)

As for the unguided process (z;)o<¢<7, similarly we get

e Ty, ).

15)

d _(T—
&<zt,ﬂy_/iy’> =e (T ﬂ”ﬂy”%‘

Eq. (14) and (15) motivate us to employ the ODE compari-
son theorem (McNabb, 1986), which we present below for
readers’ convenience.

Lemma 3.4 (ODE comparison theorem). Suppose f(t,u) is
continuous in (t,u) and Lipschitz continuous in u. Suppose
u(t), v(t) are C* for t € [0,T), and satisfy

u'(t) < f(tu(t), () = ft ().

In addition, we assume u(0) < v(0). Then u(t) < v(t) for
allt € 0, 7).

"Note that this conditions is fulfilled when zo = zq.
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As a direct consequence of Lemma 3.4, Eq. (14) and (15),
we derive the following lemma:

Lemma 3.5. We adopt both model (1) and Assumption 3.1.
We also assume (2q, [ty — [by) < (o, by — Hy). Then, it

holds that (x4, jy — fuy) > (z¢, py — pbyy) forall t € [0,T].

Our proof of Theorem 3.3 makes key use of Lemma 3.5,
and offers a qualitative comparison between diffusion model
with guidance and the original diffusion model. We refer the
readers to Appendix A.1 for a complete proof of Theorem
3.3. We also prove a result below which quantitatively
measures the role of guidance. We provide the proof of
Theorem 3.6 in Appendix A.2.

Theorem 3.6. Under the assumptions of Theorem 3.3, for
any n > 0, it holds that

> P(zr,y)
~P(zr,y) + (1 = P(zr,y)) - exp(-U)
>P(zr,y).

P(xTvy)

In the above display, U € Ry is any real number that
satisfies

u <<$0 — 20, Uy — ,LLy’>
+ (1= ) ne 3|y — poll3 — 3¢)
X min {]:(Orél%XTP(Ztay)au)a fw}'

Here,
(1-—p)e ™
Fpu) = ——F—"—,
;) p+(1—pe
&w =1 —wy/(wy + minw,), (16)
y'#y

_ 2 2
A= g}gllluyllz — Ny 1131

Note that the lower bound above (with an optimal choice of
U) converges to 1 as n — oo. In addition, for a sufficiently
large n it holds that

~ —Co — logit(P(xo,y)) + logn

>
P(xTvy) = 1 7701

where Co = mingey(1 — e )y, py — piyr), C1 =
e /(|| uy — poll3 — 3¢), and logir(p) = log(p/(1 — p)).

The first part of Theorem 3.6 quantifies the effect of guid-
ance strength on P(x, y) and provides lower bounds with
respect to the non-guided process P(z:,y) everywhere
along the diffusion path. We note that this lower bound
serves as an initial attempt and might be still far from tight.
We leave the improvement to future works. The second part
of Theorem 3.6 implies that P(z7,y) — 1 as n — oo, and
the convergence rate is at least 1 — O(n~! log 7). In another
word, if the guidance strength is chosen to be very large,
then the classification confidence will be close to one.

3.2 Effect on the SDE reverse process

We then switch to consider the SDE reverse process, and we
compare in this section P(Z;, y) and P(Z;, y), where we re-
call that {Z; }o<<7 and {Z; }o<;<7 are defined respectively
in Eq. (11) and (3). A notable distinction with the ODE
result arises in the need for an SDE comparison theorem,
which we state as Lemma A.1 in the appendix. Lemma A.1
enables us to establish the following theorem, the proof of
which can be found in Appendix A.3.

Theorem 3.7. We assume the assumptions of Theorem 3.3,
then for any n > 0, almost surely we have P(Z,y) >
P(zt,y) forall t € [0,T].

We also develop a quantitative comparison, presented as
Theorem 3.8 below, the proof of which is deferred to Ap-
pendix A.4.

Theorem 3.8. We assume the conditions of Theorem 3.3.
Then, for any nn > 0, almost surely we have

> P(ZT7 y) _
_’P(ET7 y) + (1 - P(ETa y)) : exp(iu)
Z,P(va y)v

P(zr,y)

where U is any non-negative number that satisfies
U<e Mz - 20, [y = Hy')

2T\ —A/8 . - T7
+n(l—e"*")e min {f(ogaSXTP(zt,y), e Ll), §w}

x (lley = poll3 — 3¢),

where we recall that (F,&,,A) are defined in Eq. (16).
One can verify that the above lower bound (with an optimal
choice of U) approaches 1 as 1 tends to infinity. If we fix
the path initialization and the Brownian motion realization
and only set 1 — o0, then the convergence rate is at least

1— 0@ " (logn)> ).

Theorems 3.7 and 3.8 are counterparts of the results for the
ODE reverse process that we have established in Section
3.1, indicating that adding guidance only increases the clas-
sification confidence for the SDE reverse process. Due to
the stochastic nature of the SDE reverse process, the results
in this section only hold almost surely.

3.3 Special case: GMM with two clusters

The results presented in Sections 3.1 and 3.2 are derived
based on Assumption 3.1. It turns out that we can further
relax our assumptions when the number of Gaussian compo-
nents is two (i.e., | V| = 2), which we report in this section.

Without loss, we let Y = {1, 2}, and assume guidance is
towards the cluster that has label 1. Correspondingly, the
GMM considered here admits the following representation:

wiN(p1, Ig) + waN(u2, Iy),



Theoretical Insights for Diffusion Guidance

where wy, wa € R>q satisfies wi +wy = 1.

To summarize, in order to establish a similar set of results
for the two-component GMM, we only require the second
and the third points of Assumption 3.1. We collect results
for the ODE and the SDE reverse processes separately below
as Theorems 3.9 and 3.10. We prove them in Appendices
A.5 and A.6, respectively.

Theorem 3.9. We assume |Y| = 2, as well as the second
and the third points of Assumption 3.1. Then the following
statements regarding the ODE reverse process are true:

L If (xo,p1 — po) > (20,1 — p2), then P(x,1) >
P(zt,1) forall t € [0,T).
2. If (xo, 1 — p2) = (20, 1 — pi2), then

P(ZT, 1)
P(zr,1)+ (1 = P(zr,1)) - exp(—U)
P(ZT, 1),

’P(.’L'T7 ].) Z

\%

where U is any non-negative number that satisfies

U <2(xo — 20, ) + dne” 2|31 — ")
X min {]:(OréltangP(zt, 1),U), wa}.

In the above display, F(-) is defined in Eq. (16), and
A1 = |[|u1l3 = |lp2ll3]. The lower bound above ap-
proaches one as n — oco. Furthermore, the conver-
gence rate is at least 1 — O(n~1(log n)?).

Theorem 3.10. We assume the conditions of Theorem 3.9,
and consider the SDE reverse process. Then the following
statements hold almost surely:

L If (Zo, i1 — p2) > (20, 1 — p2), then P(Ty,1) >
P(z,1) forallt € [0,T).

2. If (%o, p1 — p2) > (20, 1 — p2), then forall t € [0, T

~ P(ET; 1)
P(zr,1) ZP(’T, )+ (1 —P(2zr,1)) - exp(~U)

1
Zp(iT, 1)7

where U is any non-negative number such that

U <2¢~"(@g — 20, p) + 4ne™ >3 |uf3(1 — e27)
X min {f( max P(z, 1), eTZ:{),wQ},
0<t<T

where we recall that F(-) is defined in Eq. (16), and
A1 = |||p1l|2 = ||p2l|3]. The lower bound in the the-
orem converges to 1 as n — oo. Furthermore, the

convergence rate is at least 1 — O(n=° " (logn)2° ).

The results above confirm that diffusion model with guid-
ance always promotes classification confidence in two-
component GMMs. It is interesting to note that augmenting
a center component to the two-component GMM leads to
complicated consequence in terms of guidance; see details
in Section 5.2.

4 Effect of guidance on distribution diversity

In this section, we investigate the impact of guidance on
distribution diversity. We propose to employ the differential
entropy of probability distributions to measure diversity
(Shannon, 1948). This section exclusively concentrates on
the ODE reverse process. To define differential entropy,
we denote by Q(t,z) the probability density function of
x¢, where we recall that (x;)o<:<7 is defined in Eq. (10).
For comparison, we also denote by Qo (¢, x) the probability
density function of the unguided process (z;)o<;<7 defined
in Eq. (3). We shall prove in appendix that the probability
density functions exist for all ¢ € [0, 7] if we assume it
exists at ¢ = 0. Our objective is to delineate the influence
of diffusion guidance on the entropy functionals, as defined
below:

H(t) := f/Q(t,m)log Q(t,x)dx, 0<t<T,

Hy(t) := —/Qo(t,x) log Qo(t,z)dz, 0<t<T.
a7

Intuitively, a high entropy indicates that the distribution is
spread in the space, while on the contrary, a low entropy is
oftentimes associated with relatively concentrated distribu-
tions.

We propose to analyze the evolution of the entropy using the
Fokker-Planck equation (Fokker, 1914), which characterizes
the distributional evolution of the ODE reverse process.
Readers may refer to Lemma 4.1 for a detailed exposure.

Lemma 4.1 (Fokker-Planck equation). Consider the d-
dimensional SDE

dXt = /,L(t, Xt)dt + O'(t, Xt)dBt,

where 1,0 : R xR — R satisfies || u(t, x) — p(t, y)||2+
lo(t, z)—o(t,y)lle < Cl|lz—y||2 for some constant C and
all z,y € R Assume that the probability density function
(w.rt. the Lebesgue measure) of X exists for all t € [0,T,
and denote by p(t, x) the probability density function for X.
We also assume all the relevant functions are continuously
differentiable, then
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where D(t,z) = o(t,x)o(t,z)" /2.

Our theorem is stated below. A heuristic derivation based
on the Fokker-Planck equation is in Appendix B.1, and a
formal proof of the theorem is postponed to Appendix B.3.

Theorem 4.2. We assume that both xo and zg have proba-
bility density functions with respect to the Lebesgue measure,
and the corresponding differential entropies exist and are
finite, satisfying Hy(0) > H(0). We also assume model
(1), X is non-degenerate, as well as the second point of
Assumption 3.1. Then for all 0 < t < T, it holds that
Hy(t) > H(t).

In contrast to the results presented in Section 3, Theorem 4.2
does not require an isotropic covariance matrix, and places
no assumptions on the component centers. Mild regularity
condition is imposed on the process initialization to ensure
the existence of the differential entropy.

Setting ¢t = T', Theorem 4.2 says that the generated distribu-
tion under diffusion guidance has lower entropy compared
to that without guidance. This corroborates the common ob-
servation displayed in Figure 1: diffusion guidance reduces
diversity of the generated samples.

5 Effect of guidance on discretized process

In practice, it is essential to employ discretization to approx-
imate the continuous-time processes. The widely adopted
exponential integrator sampling scheme takes the following
algorithmic implementations for DDIM (process (10)) and
DDPM (process (11)), respectively:

Xk+1 = eJka + (€6k - 1)(VJ, IngT—tk (Xka y)
+1-Velogpr—, (y | X)), (18)
Xpp1 = e Xp + (65’“ — 1)(X'k + 2V, logpr—1, (Xk,y)
+ 20V logpr—t, (y | Xk)) +V2e0% —2Wy. (19)
In the display above, Eq. (18) corresponds to the DDIM
and Eq. (19) corresponds to the DDPM, W, ~ N(0, I)
and is independent of the previous iterates, 0 =ty < 1 <

o <t ST, 0 > 0and tyyy = YF 6 forall k =
0,1,--, K —1.

Analogously, to set up comparison, we also consider the
discretized processes without guidance:

Zk+1 = e6ka + (66k - 1) (Zk + vz IngTftk (Zk7y)) ’
ZkJrl = eéka + (661" -1) (Zk + 2V, logpr_s, (Zk, y))

+ VvV 2edk — 2 Wi.

We unify the discretization schemes for both the guided and
the unguided processes to facilitate meaningful comparisons.
In the current regime, we are able to establish results related

to classification confidence and distribution diversity, which
we collect below.

5.1 Results for the DDIM sampler

We first investigate the prediction confidence, and estab-
lish the following theorem. We postpone the proof of the
theorem to Appendix C.1.

Theorem 5.1. We assume model (1) and Assumption 3.1.
We also assume (Xo, 1y — [by) > (Zo, fty — Iy ) for all
y' € Y. Then the following statements are true:

1. For all k € {0} U [K], it holds that P(Xy,y) >

2. We let Apax = maxjcioyuix—1) 9;, then for any n >
0, it holds that

P(Zk,y) + (1 =P(Zk,y)) - exp(—U)
>P(Zk,y),

where U > 0 is any number that satisfies
U —(Xo — Zos jty — y)
<(e7THR = e (e 31y — puoll3 — 3e)

X min{}'(ogﬁx[( P(Zk,y),U), ﬁw}) ;

where we recall that (F, &, A) are defined in Eq. (16).
Furthermore, as ) — oo, we have P(Xg,y) > 1 —

O(n~'(logn)?).

As can be seen, discretization preserves the boost of the
prediction confidence under guidance. Yet we note that
the discretization step size dy, interacts with the increment
of the prediction confidence: Large step size leads to a
marginal increase, as demonstrated by the second item
of Theorem 5.1. We can establish analogous results for
the discretized DDPM sampler, which is provided in Ap-
pendix C.3.

We can also establish results on differential entropy for the
DDIM sampler with discretization. For k € {0,1,--- , K}
we denote by H (k) the differential entropy of X}> and
denote by Ho(k) that of Zj,. Our main theorem for this part
shows that under mild regularity conditions, it holds that
H(k) < Ho(k) forall k € {0,1,---, K}. The proof of
Theorem 5.2 is postponed to Appendix C.2.

Theorem 5.2. We assume both Xy and Zy have probabil-
ity density functions with respect to the Lebesgue measure,

*Namely, H (k) = — [ pr(x) log px(z)dz, where py(-) is the
density function of Xj;. We shall prove in Lemma C.1 that with
mild assumptions this differential entropy exists.
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and the corresponding differential entropies exist and are
finite, satisfying H(0) < Ho(0). We also assume model
(1), the second point of Assumption 3.1, and that . is non-
degenerate. In addition, for all k € {0} U [K — 1], we
require the step sizes are small enough such that

s €1 (€~ Dnsupycy lluyll3
Omin(X) A1 Omin(2)2 A1 ’
ey €1 (@ = Dnsupyey [y |3
Omin(Z) A1 omin(X)2 A1
<1/2,

where opmin(X) is the minimum eigenvalue of 3. Then, for
all k € {0} U [K] we have H(k) < Ho(k).

Theorem 5.2 resembles the conclusion of Theorem 4.2 by
requiring relatively small step sizes. While the range of
the required step size is rather technical, we anticipate the
discretization error interacts with the differential entropy of
the generated distribution. Indeed, in the discretized DDIM
samplers, there is also complicated interplay between the
strength of the guidance with the discretization step size.

5.2 A negative example of strong guidance

We demonstrate a negative impact of strong guidance un-
der discretization. We focus on a three-component aligned
Gaussian mixture model:

a1 1 1
Hneg = gN(—N»Id) + gN(O,Id) + gN(ﬂJd), (20)

where p # 0 is the mean vector. Note that the first item
of Assumption 3.1 does not hold here. We study the gen-
eration of samples corresponding to the center component
N(0, I'). For simplicity, we focus on the discretized DDIM
backward process (18). The following lemma establishes
the divergence of (X, p) under strong guidance.

Proposition 5.3. Consider the Gaussian mixture model
in (20). There exist constants 1o and 1y, that depend on
the discretization step size, such that for any k verifying
e~ THte > 1/2,

o when ) < no, [ (Xpt1, ) | < | (X, p) [ for (X, p) # 0;

o when n > n,

| (X1, 1) | > [ (X, 1) |
| (X1, 1) | <[ (X, 1) |

where a,b > 0 are constants dependent on 1.

if [(Xe, ) | € (0,al;
if [(Xg,p)| >0,

The proof is deferred to Appendix C.5. A large | (X, p) | in-
dicates a strong likelihood that X will be classified into one
of the components N(=£g, I;). Therefore, Proposition 5.3
implies that there exists a phase shift on the generation of

the center component. With weak guidance, the center com-
ponent is condensed. However, under strong guidance, the
center component tends to vanish as the generated samples
are pushed towards side centers. This phenomenon entan-
gles with the discretization step size and is demonstrated
in Figure 4. As can be seen, using large guidance and dis-
cretization step sizes, the center component is split into two
symmetric components. We also note that larger guidance
strength is required as the discretization step size decreases
for the split phenomenon to occur.

=1 1= 100

=200 . E

s,
& A Stepsize = 0.1

K e ,,‘:
T\ e,
n=1 7=100 n=200

SO LT L. Stepsize=0.1
s, = ) \
.ol .

'.' 0 . Pnpie . 2,
- . .
Lo . - . v
e 2 ‘\ i
~

TET Stepsize = 0.04 Stepsize = 0.04 \-

W,

Stepsize = 0.1

Stepsize = 0.04

Figure 3. Negative effect of large guidance: We choose p =
[2,2]" in pneg. The upper row uses a large discretization step
size. Under strong guidance, the center component splits into two
clusters early. The bottom row uses a small discretization step size;
the center component splits under large guidance.

6 Conclusion and Discussion

In this paper, we establish the theoretical foundation for dif-
fusion guidance in the context of sampling from Gaussian
mixture models with shared covariance matrices. Under a
set of mild regularity conditions, we show that guidance in-
creases the prediction confidence along every realized path,
while decreasing the overall distribution diversity. Our anal-
ysis is based on ODE and SDE comparison theorems, along
with the Fokker-Planck equation that depicts the evolution
of probability density functions.

We list here several interesting future directions that deserve
further investigation. First, the quantitative lower bounds we
present in the paper might not be tight, and a more careful
examination of the guidance effect is worthy of future stud-
ies. Secondly, due to technical reasons, we currently lack a
characterization of the reduction in diversity that arises from
guidance for the SDE-based sampler. It is of great inter-
est to derive similar guarantees for the SDE-based sampler.
Finally, we expect our framework to go beyond sampling
from GMMs and we leave this extension to future work.
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Impact statement

Our research has various potential societal impacts, particu-
larly in enhancing fairness within text-to-image synthesis
using diffusion models. In practice, generative models may
inherit biases from the dataset, enhancing stereotypes and
limiting opportunities for minority groups (Seshadri et al.,
2023). Recent efforts such as Fair Diffusion (Friedrich et al.,
2023) propose fairness guidance, extending classifier-free
guidance by adding an additional term representing fairness
in the generation process. By tailoring guidance strength
with specific prompts on fairness, such methods result in
more diverse outputs. Our study provides a theoretical un-
derstanding of the impact of guidance strength and suggests
caution in proper choice of guidance in fairness-oriented
tasks.
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A Proofs related to confidence enhancement

This section contains proofs pertinent to results on guidance improving prediction confidence. We first prove Eq. (13). Note
that

d
7<xtauy - My’>

at
=e~ Ty 13 + ne™ Ty — poll3 —ne™ "> qr_i(w,y") iy — Ho, iy — po)
y//ey
o o e 21
— e Ty, ) = e Ty — o, gy — pro) +ne” T qry (e, y") (i — pos pyr — o) D)
y//ey

T — gr_i(z4, ) 1ty — poll3

:e_(T_t)HMy”% —e (T (fys pyr) + me
+ne” T Dgr_y(z, Yy — poll3 + &t
where

& =— 776_(T_t) Z ar—e(xe,y" )ty — 105 py — pio) — Ue_(T_t)(l — qr—¢(%¢,y))(tty — 1o, fyr — fho)
y"eV\{y}

e TN g (@Y )y — 0 1y — o).
vy eV\{yv'}

By triangle inequality and Assumption 3.1 it holds that |&;| < 3ne=(T=Y (1 — gp_;(z,y))e. This completes the proof of
Eq. (13).
A1 Proof of Theorem 3.3

Observe that

P(xt,y) S
i = )
Wy + 3y ey, y Wy €XP (e by — 1) — 1ty 13/2 + [y 113/2)
w
P(Zt7y) = .

wy + Zy/ey,y/;ey wyr exp ((2e, pyr — py) — |1ty 13/2 + ||Hy||%/2)

According to Lemma 3.5, we have (¢, fty — pby) > (2¢, ity — ftyr) forall y' € Y\{y}, hence P(x,y) > P(2,y) for all
t € [0,T)]. This completes the proof of Theorem 3.3.

A.2  Proof of Theorem 3.6

PROOF OF THE FIRST RESULT

The idea is to first establish an upper bound for g7_;(x¢, y), then in turn use it to lower bound the effect of guidance. Notice
that

Wy
) S oy o (=T (a1, oy — ) — 2T (e B — Tl 13)/)
B qr—+(Te, y)
S i@y (=G () - (e 2D — e T (B = D) 2P
< gr—it(xe,y)
“qr—t(z,y) + (1 — gr—i(zt,y)) - exp (—A/8)’
where
Gri(2e,y) = Cy (23)

wy + Zy/;ﬁy Wy’ €XP (e_(T_t) (@, py — i) — e T (|l |5 — HMyH%)/Q) '
1 xp (21, y) — 1y [3/2) = may e €xD((1s iy} — [y 3/2), then ome can verify that

wy exp (e*(T*t) <£Ct, /J,y> — e 2T ||uy||%/2> < P( )
>~ T, Y
> yrey Wy exp (e~ T =D (g, ) — e 2Ty [3/2)
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ant(xta y) =
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Plugging this upper bound back into Eq. (22), we get

P(xtay)
P(xe,y) + (1 — P(ar,y)) - exp(—A/8)

qr—t(ve,y) < 24

On the other hand, if exp({zt, uy) — ||pyll3/2) # maxy ey exp((xe, py) — |1y 1|3/2), then one can verify that
gr—i(x¢,y) < wy/(wy + ming 4, w,), which together with Eq. (22) further implies that

Wy

_ < ) 25
qr t(xh y) = wy ¥ miny’;éy wy/ exp(—A/S) ( )

Putting together Eq. (24) and (25), we conclude that
tr-1(o1.9) < max { G(PLa1,0). Gl /(0 + min )} 20

where G(z) := z/(z + (1 — ) - exp(—A/8)) is a function that maps [0, 1] to [0, 1]. Taking the derivative of G, we see that
forall x € [0, 1],

exp(—A/8)
o+ (1= ) - exp(—A/9)]

G'(z) = € [exp(—A/8),exp(A/8)]. (27)
Let &, := 1 — w,/(wy + miny .+, w, ) > 0. Note that G(1) = 1, hence by Eq. (27) we obtain that 1 — G(P(z¢,y)) >
exp(—A/8) - (1 —P(xt,y)) and 1 — G(1 — &) > exp(—A/8) - &,. Substituting these bounds as well as the upper bound
of Eq. (26) into Eq. (14), we are able to derive a lower bound for d(x, f1, — fty)/dt:

d< )
“r —
a ty My — My 28)

20 (g I~ gty 1) + ety — poll3 — 36) - ming1 — Pl ), €4)).

Equivalently, we can write Eq. (28) as

(o= 2y — ) = e T ne” ¥ ([l — o3 — 3¢) - min{1 — P, ), &}

Now suppose (¢, fhy — fbyr) — (2t, fty — fyr) € [0,U] forall t € [0, 7] and y" € V. Using this bound, we get

< P(zt,y)

“P(zt,y) + (1 = Pz, y)) - exp(—U)

< maxo<t<7 P(2t,y) (29)
T maxo<t<t P(2t,y) + (1 — maxo<i<r P21, 9)) - exp(—U)

-1 _ }‘( ogltangP(Zh Y), Z/l)7

Pz, y)

where we let F(p,u) = (1 —p)e=™/(p + (1 — p)e~™). Therefore, in order for such alf € R to serve as a valid upper
bound, it is necessary to have

U > (o = 20,y = ) + (1= €T e 23y = o3 = 32) - min { F( max P(,9).U), €. (G0)

For any U € R that does not satisfy Eq. (30), we know that (x1 — 27, jty — ) > U, hence

P(2T7y)
Plxr,y) > Plzr,y) + (1 — Plzr,y)) - exp(—U).

This completes the proof of the first result of the theorem.
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PROOF OF THE SECOND RESULT
We separately discuss two cases, depending on whether (f1,, 1, — ft,/) is non-negative for all y’ € ).

If (f1y, py — pto) > O forall y’ € ), then by Eq. (14) we know that ¢ — (x4, j1,) — f,) as a function of ¢ is non-decreasing,
which further implies that P (x4, ,y) > P(x+,,y) forall T > ¢, > to > 0. We denote by p(n) an upper bound for P(zr, y)
that implicitly depends on z. Following the analysis we have established to prove the first point (in particular, Eq. (31)), we
have

qr—¢(z¢,y) < max{G(p(n)), G(1 - &w)}
Putting together the above upper bound and Eq. (14), we obtain that
<.’L'T, Hy — My’> - <l’0,,l,ty - My’>
(1= ™) (g g — py) + nming1 = Gp(n), 1~ (1~ €)Y Iy — poll3 — 32)) .

where we recall that {,, = 1 — w, /(w, + min, x, w,/) and G(z) = z/(x + (1 — z) - exp(—A/8)). Note that G(1) = 1,
hence by Eq. (27) we obtain that 1 — G(p(n)) > exp(—A/8) - (1 —p(n)) and 1 — G(1 — &) > exp(—A/8)&,,. Plugging
this lower bound into Eq. (31), we get

€1y

P(z0,y)
P(x0,y) + (1 = P(z0,y)) - exp (—Co — nCr min{l — p(n), &w})’

where Cp = miny ey (1—e™ ) (uy, 1y — ) and Cy = e 2/3(||p, — po||2— 3¢). By definition we know p(1)) > P (2, ),
hence

P(IET, y) 2

P(zo,y)(1 = p(n)) < (1 =P(zo,y)) - exp (=Co — nCrmin{l — p(n), &w}) - (32)
When 7 > 1, we can write
_ —Co — logit(P(zo,y)) + 6, logn
B nCi ’
where logit(p) = log(p/(1 — p)), and §,, > 0. Plugging Eq. (33) into Eq. (32), we see that at least one of the following two
inequalities hold:

1—p(n) (33)

—Co — logit(P(xo,y)) + 6, logn 1

S T7
nCh nn
—Co — logit(P(z0,y)) + dylogn _ 1 —P(xo,y)
< -exp(—Coy — nChé&y).
nCy = P(zo,y) <p(~Co = 1C1Lw)

Inspecting the above formulas, we see that for a sufficiently large 7, it holds that J,, < 1, which implies that
_ —Cqo — logit(P(zo, y)) + logn

nCi .
On the other hand, if not all (s, f,, — ) are non-negative, then we denote the smallest one by —V = 1y, fty — fty,) < 0

for some y5 € ). We shall choose 7 that is large enough such that V < ne=2/8¢,, ||y — pol|2 — 3¢). In this case, for all
y' € ), it holds that

(34)

p(n) > 1

d _ .
3 (e sy = pry) 27TV, mmin{l = G(P(z1,y), 1 = G(1 = &) Hlliy = poll3 — 32))
>e”TH (Vs + e min{1 = P(ar,y), €0})(lluy — poll3 — 3¢)-
Therefore, if 1 — P(xz4,y) > Vie® 37 (|py — poll2 — 3¢)~! for all ¢ € [0,T], then (x4, j1,, — 1,/) as a function of
t is non-decreasing on [0, 7], hence P(x;,y) as a function of ¢ is also non-decreasing on [0, 7. Following exactly the

same route before, we are able to derive the lower bound as stated in Eq. (34). On the other hand, if 1 — P(x¢,y) <
Vee2807(||ly — pol|3 — 3¢) ! at some time point ¢ = t,, then for all ¢ € [t., T], it is not hard to see that

V,eD/8
n([liy — poll3 — 3¢)”

Putting together the above results, we conclude that for a sufficiently large  we always have Eq. (34). The proof is complete.

1- P(mtvy) <

14
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A.3 Proof of Theorem 3.7

We initiate the proof by presenting an SDE comparison theorem. Lemma A.1 is adapted from Theorem 3.1 of (Zhu, 2010)
Lemma A.1 (SDE comparison theorem). Consider the following two m-dimensional SDEs defined on [0, T):

t t
ngx1+/ bl(s,X;)dH/ o1(s, XHdws,
0 0

t t
Xf:a:Z—i—/ b2(s,X§)ds+/ o2(s, X2)dW,.
0 0

We assume the following conditions:
1. b(t,x),o(t,x) are continuous in (t, x),

2. There exists a sufficiently large constant p > 0, such that for all z,x' € R™ and t € [0, T, it holds that

I1b(2, @) = b(t, )2 + o (t, ) — o (t, 2)|l2 < plle — 2|2,
16, 2)ll2 + [lo(t, 2)[[2 < p(1 + [l]]2)-

Then the following are equivalent:

(i) Foranyt € [0,T] and x', 2> € R™ such that x* > z?%, almost surely we have X} > X} for all t € [0, T).
(ii) o' = o2, andforanyt € [0,T), k =1,2,--- ,m,

(a) o} depends only on xy,
(b) forall x', 6%z € R™, such that 6%z > 0, (6% x)y

bi(t, 0%z + ') > b2(t,2').

We then prove the theorem. To this end, we establish the subsequent lemma. Note that Theorem 3.7 follows straightforwardly
from Lemma A.2.

Lemma A.2. We assume the conditions of Theorem 3.7. Then for all y' € Y, almost surely we have (x, jty — [by) >
(zty poy — ) forall t € [0,T).

Proof of Lemma A.2. Note that

d<fta Hy — .Uy’>

(@4, py — i) + 267 Tt — gz (T, 9)) 1y 13 = 20e™ TN g (24,5 )y 11y

y' Ay

2¢" T (1t ) — nar—o(@e,9)) g 1) + 20T N7 g o(@e, v )y ) | dt

y'#y
+V2(dBy, y — py)

(35)

|Gty = pr) + 267 T 1y 13 = 26Ty ) + 206 T (1 = groa(@e, )ty — ol
+2ne= T Dgr_y (24, )ty — poll3 + ft} + V2(dBy, y — )

> [~y — 1)+ 26T 1y 13 = 26770 (g 1) + 20" T (L = gr—o(@s 1) iy — pollf = 32)|
+ V2(dBy, iy — )

where &; is a function of (Zy,t), and || < 6ne™ T~ (1 — gp_4(#,y))e. Note that the unguided process (Z;)o<t<r
satisfies the following SDE

d<5t>,uy - My’> = |:_<2tv Hy — My’> + 26_(T_t)||:uy”§ —2e~ (T <Nyvﬂy’> dt + \/§<dBta Hy — My’>' (36)

15
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Lemma A.2 then follows as a straightforward consequence of Lemma A.1.

O
A4  Proof of Theorem 3.8
Plugging Eq. (26) and (27) into the last line of Eq. (35), we obtain
d(Z¢, py — pyr)
> [ @0y — ) + 2670 (gl = (g ) +me™ 2 minf1 = P, y), €ty — poll3 = 32)) |
+ V2(dB, pry — ). G37)
Invoking the method of integrating factors, we see that
d [ (@, py — p1yr)]
22672 (|l I3 = (g 1)+ me™ 2/ mind1 = Pwe,y), €}y = poll3 = 3¢) ) At + VI (ABr, gy — ).
Note that
d [z 1y = )] = 26772 (g3 = (o pe) ) At + VI (B oy — )
Combining the above two equations, we obtain that
A [ (@0 — Zs 1y — )] = 20" T2 S min{1 — Plar, y), €}ty — ollf — 3¢)dt. (38)

By assumption (Zo — Zo, fty — ) > 0, hence (Z; — Z¢, puy — i) > 0 forall ¢ € [0, T]. Suppose we have e (Z;, p,, —
foy) — €(Ze, py — py) € [0,U] forall ¢ € [0, 7] and y' € Y. Then from Eq. (29) we know that for all ¢ € [0, 77,

Pz, y) <1— f(orgtaSXTP(Zny), u). (39)

Using Eq. (38) and (39), we see that in order for I/ to be a valid upper bound, we must have
U> (@0 — 50,y — pyy) + (" — D)™/ min {F( max P(z,y), U), &}y — poll3 —3¢). (40)

For any U that does not satisfy Eq. (40), we know that there exists ¢ € [0, 7], such that e*(Z; — Z¢, jt,, — p1,7) > U, hence
(T — Z7, fy — ,uy/> >e TUY. Asa consequence, we have

P(Zr,y)
P(zr,y) + (1 = P(zr,y)) - exp(—e~TU)

P(zr,y) > 1)

Setting i = e~ T/ completes the proof of the first result.

As for the proof of the convergence rate, note that if we set e™ = n~1(logn)2, then as n — oo, the left hand side of
Eq. (40) is of order O(log ), while the right hand side of Eq. (40) is of order O(n A (logn)?). Hence, for a large enough 1

Eq. (40) is not satisfied. Plugging such { into Eq. (41), we conclude that P(Z7,y) > 1 — O(n~¢ " (logn)2 ).
A.5 Proof of Theorem 3.9
PROOF OF THE FIRST CLAIM

Inspecting Eq. (21), (15) and setting po = (1 + p2)/2, 14 = 11 — o therein, we have

d (T— (T— —(T—

2w ) = e T3 — e (ua, ra) + dne™ T (1 = groa(e, 1) |3, (42)
d (T— —(T—

2z ) = Tl — T, o). (43)

16
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Applying the ODE comparison theorem (Lemma 3.4), we conclude that (x;, ) > (z¢, u) for all ¢ € [0, T']. The first claim
of the lemma then immediately follows, as in this case

wi exp((zs, p) — [ ll3/2)

wy exp({s, ) — [[l|3/2) + w2 exp(—(ze, ) = [lp2ll3/2)”
wy exp((ze, 1) — [|ml3/2)

wy exp((ze, ) — [[11l[3/2) + w2 exp(—(z1, ) — ||n2l3/2)

P(-’Et, 1) =

P(Zt, ].) =

PROOF OF THE SECOND CLAIM

Similar to the derivation of Eq. (22), we conclude that
ant(iUm 1)
ar—i(ze, 1) + (1 — qr—¢(z4,1)) - exp(—Aq1/8)’

where we recall that g7 _; is defined in Eq. (23), and Ay = ||| p1]|2 — ||p2 |3 If exp({z¢, p1) — || p1]|3/2) > exp({xs, p2) —
[|12(13/2), then

qr—i(xe,1) < (44)

gr—t(z, 1) < P(a4,1).
Plugging the above inequality into Eq. (44), we obtain that
< Pz, 1)
TP, 1) + (1= Pla, 1)) - exp(—=A1/8)

On the other hand, if exp({z¢, p11) — ||1|3/2) < exp((x¢, p2) — ||p2]|3/2), then gr_¢(z¢, 1) < wy. Putting together this
upper bound, Eq. (44) and (45), we conclude that

gr—t(zt,1) < max{G1(P(xt, 1)), G1(w1)},

where G1(z) := z/(x + (1 — x) - exp(—A1/8)) maps [0,1] to [0, 1]. Taking the derivative of G, we see that for all
x €10,1],

qr—t(we, 1) (45)

&) =g ixi))(i;/(g_) X7 € [on(-A1/8), en(a/8)]. (46)

Observe that G1(1) = 1, then by Eq. (46) we have
1—Gy(P(xy,1)) > e 2/8(1 — P(xy,1)), 1—Gy(wy) > e 281 —wy),

which further implies that

1—qr_¢(z,1) > e 2/ min{l — P(2y,1),1 —w }. (47)
Plugging the lower bound in Eq. (47) into Eq. (42) and (43), we obtain
d
@ =z 2 20e”THES S ming1 = Play, 1),1 - wi} |l (48)

The above equation together with the assumption (z¢ — zg, ) > 0 implies that (z; — z¢, u) > 0 for all ¢t € [0,7]. Now
suppose 2(x: — z¢, 1) € [0,U] for all ¢ € [0, T]. Similar to the derivation of Eq. (29), we conclude that

P(xi, 1) <1—F( OrgntangP(zt, 1),U). (49)

Plugging Eq. (49) into Eq. (48), we see that in order for I/ to be a valid upper bound, we must have
U > 2(xo — 2o, 1) + 4ne= 213 ul|2(1 — e 7) min {‘F((E&XTP(Z“ 1),U), 1—w}. (50)
If U does not satisfy Eq. (50), then 2{x7 — 27, u) > U, hence
P(ZT, ].)
Pxr,1) > .
) 2 P 4 (0 Plr, 1) o)
The proof of the first result is complete. We then prove the result regarding the convergence rate as 7 — oo. To this end, we
set e~ = n~1(logn)?. For such U, the left hand side of Eq. (50) is of order O(log n), while the right hand side of Eq. (50)

is of order O(n A (logn)?). Therefore, for a sufficiently large 1, Eq. (50) does not hold. Plugging such / into Eq. (51), we
deduce that P(z7,1) > 1 — O(n~*(logn)?) as n — oo.

(D
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A.6 Proof of Theorem 3.10
PROOF OF THE FIRST CLAIM

Similar to the proof of Theorem 3.9, we set 1o = (p1 + p12)/2 and g = p1 — po. Following the derivation of Eq. (35) and
(36), we obtain

2d(7¢, 1) = [*2@7 )+ 2¢= T |15 — 2T, o) + 8ne” T (1 — gy (20, 1)) ||l | dt
2d(z, p) = [—2@, )+ 2~ T 1 |13 — 26~ T (g, o) | At + 2v2(d By, ).

Note that g7_;(Z¢, 1) depends on Z; only through (Z;, 1), hence both equations listed above represent an SDE. Then, we
may leverage the SDE comparison theorem (Lemma A.1) to deduce that almost surely, (T, ) > (Z, u) forall ¢ € [0, T7.
This completes the proof of the first claim.

PROOF OF THE SECOND CLAIM

Plugging Eq. (47) into Eq. (52), we see that
2(Zy — 7y, 1) > [—2@ — Z, 1) + 8l 2 TH A min{1 — P(z,, 1),w2}] dt.
Multiplying both sides above by e, we get
d [2€t<{ft — Zt,,u>] > 8n||u||§e_T+2t_A1/8 min{1 — P(Z;, 1), wq }dt. (53)

Since by assumption (To — Zo, 1) > 0, we then conclude that almost surely we have (T; — Z;, 1) > 0 for all ¢ € [0, T. If
we assume 2e’ (T, — z;, ) € [0,U] for all ¢ € [0, 77, then it holds that 2(Z; — z, u) < U for all t € [0, T]. Following the
derivation of Eq. (39), we have

1—P(z,1) > ]—'(Orél%XTP(Zt, 1),U). (54)

Putting together Eq. (53) and (54), we see that for Uf to serve as a valid upper bound, we must have

U > 2(To — Zo, ) + 4n||p||2e 21/8(e? — e~ T) min {I(olgtiXTP(gt’ 1),U),w2}. (55)

If Eq. (55) is not satisfied, then for such I/ we have 2(Z7 — Zr, 1) > e~ TU, and

B 'P(ET, 1)

P(zr,1) > . 56

) 2 B I+ (1= Par, 1)) - exp(—e~T0) (0
Setting U = e~ U completes the proof of the first bound.

To prove the convergence rate, we simply set e~ = n~1(logn)?. Asn — oo, the left hand side of Eq. (55) is of order
O(logn), while the right hand side of Eq. (55) is of order O(n A (logn)?). For a large enough 7, we see that Eq. (55) does

not hold. Plugging such ¢/ into Eq. (56), we conclude that P(Zp,1) =1 — O(n’e_T (log 77)2€_T).

B Proofs related to diversity reduction

This section contains proofs related to diversity reduction. We present in Appendix B.1 a heuristic derivation of Theorem
4.2 based on the Fokker-Planck equation, and leave the establishment of a rigorous procedure to the remaining sections. In
Appendix B.2, we demonstrate the existence of probability density functions Q(+,t) and Qo (-, t) for all ¢ € [0, T7.

B.1 Derivation of Theorem 4.2 via the Fokker-Planck equation

We provide in this section a non-rigorous derivation of Theorem 4.2 via the Fokker-Planck equation. This part serves as a
motivation of our theorem, and a rigorous proof can be found in Appendix B.3 instead.
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Leveraging the Fokker—Planck equation (Lemma 4.1), on [0, T'] we have

8 zd:a (x-+ilo (z,y) + 0
Oz i 8.131' SPT—t\T,Y n 8.131

%

=1
9 0
QO t,x) Z p) [QO t,x) ( %longt(xvy)>:| .

€T
i=1 ¢

~(y )|,

Therefore,

G 9 0
%H(t) :_/ﬁQ(t,x)logQ(tax)dm_/&Q(t’x)dx
o d
@Z/ai» [Q(t,x)~(:ci+£long—t(%y)+” :
i=1 v !
d 9 0

8371‘
+Z/th 108 Q(1,2) - [1+ 20 towpr1(a.) 40 logpr-o(y | )] d
0%z 0%x;

| x))} log Q(t, )z

iy | x)} da

B
—t(w,y) +778xi

(i1 82
)Z/ (1 + 5 long t(m y) + 7782 long t(y | l’)) (t,l’)d$7

where (i) is because [ Q(¢,z)dz = 1, and (i) is via integration by parts. Applying a similar procedure to the diffusion
model without guidance, we obtain

Z/( long t(x, y)> Qo(t, z)dx

Note that

0? _
827% 1ngT—t(xa y) =—tr [ETit] ;

-

=1

2

d
0 _ _
Z 82% 1ngT—t(y ‘ 1') =—tr Z QT—t(y/ | x)ETit:uy/,u;/r’ETit - UUT )
i=1 v y'EY
v=Y " qro(y | 2)S5
y' ey

As a consequence, we have Zl 1 62 -log pr—+(y | ) < 0. Putting together this result and the ODE comparison theorem
(Lemma 3.4), we obtain the desired result. However, we emphasize that the above derivation is non-rigorous. For example,
it is unclear whether the Fokker-Planck equation has a solution, and also the exchange of integration and differentiation is
unjustified.

B.2 Existence of probability density functions

In this section, we justify the existence of probability density functions. Namely, we establish the following lemma.

Lemma B.1. We assume the conditions of Theorem 4.2. Then Q(t,-) and Qo (t, -) exist for all t € [0, T).

We prove Lemma B.1 in the remainder of this section. We separately discuss the guided process and the unguided process
below.
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PROOF FOR Qg

We first show that z; has a probability density function for all ¢ € [0,T]. Observe that (z;)o<:<7 is a solution to the
following ODE:

dZt -
o = Az o), (57)

where the symmetric matrix A(t) € R?*¢ and the vector b(t) € R? depend only on ¢. In addition, A(t)A(s) = A(s)A(t)
forall ¢, s € [0, T]. Solving Eq. (57), we conclude that

24 = exp ( /0 t A(s)ds) 20+ /O "exp ( / t A(i)dz’) b(s)ds.

The matrix exp ( fo ds) is non-degenerate. By assumption, zg has a probability density function with respect to the
Lebesgue measure. Therefore, z; also has a density. The proof is complete.
PROOF FOR @

We then prove the lemma for the guided process z;. Inspecting Eq. (10) and applying the triangle inequality, we obtain

dll]l2 -
T 2~ Ha=Sxhlopllzells = 1525 lloplliyll2 = 201572 lop sup 2y ]2

= (1 omin () ATl = omin(2) A 11 it 2 = 200000 () A 11 s ez
y'e
which by Lemma 3.4 further implies that

[zell2 > e |lwoll2 — —e ), (58)

¢ U
where C' = (14 [omin () A1) and D = [omin () A1) 7|y ll2 +20[0min () A1) sup, ey ||y 2. Now we consider
the set of initial values that lead to x;:

Ti(zy) :={xo € R? : ODE (10) with initial value ¢ has value x; at time t}.

Examining Eq. (58), we conclude that Z; (z¢) C B(f:(||7¢||2)), where B(r) stands for the ball in R? that has radius  and is
centered at the origin, and f;(r) = e“tr + C~1D(e“t — 1).

For the sake of simplicity, we rewrite Eq. (10) as dz; = F'(zy, t)dt. For any 6 > 0, we consider the approximation to the
ODE defined in Eq. (10) that has step size J:

s = By + OF (@1 (k= 1)3), ) = wo.

For t € [(k — 1)4, k6], we compute Z? by linearly interpolating ff‘(;k,_l) s and Z9 5. To simplify analysis, we consider only &
that takes the form 7'/ K for K € N, . Taking the Jacobian matrix of F'(x, t) with respect to x, we get

Vo F(z,t)=15— Z;it — ne_T+tQT,t(x),

-
QTt ZQTtmy Ttﬂyﬂy (Zthiﬂy Ttﬂy)(ZQTtxy Tt:“y’)

y' ey y'ey y' ey

Therefore, we conclude that F'(-,t) is Lipschitz continuous in its first argument, and the Lipschitz constant is uniformly
bounded for all ¢ € [0,7]. In addition, F' is continuous in its second argument. Leveraging a standard Gronwall type
argument, we obtain that for all » > 0,

limsup sup { sup Hﬁ&?—xtH?}:o. (59)
§—0t zoeB(r) * 0<t<T
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We can compute the Jacobian of the mapping xg — ff . To simplify presentation, here we let t = k. We comment that the
treatment for general ¢ € [0, T'] is similar, and we leave the homework to interested readers. We denote the Jacobian of this
mapping zo — Z) by J{_,.5(z0) € R¥?. Observe that

k—1

J0 ks (w0) = H (Id +0(la— 27k, - 77€_T+iéQT7ia(§?5)))7
i=0

where Hf;ol A; = Ap_1Ag—o - - - Ap. For a sufficiently small 6 we see that Jg _, s (Z0) is non-degenerate for all k£ and .
In addition, one can verify that for fixed 7', 7 > 0 (T' = K), it holds that

lim sup 15— ks (w0) = Joks(z0)| ,, = O,
0=0% 5€B(r),ke{0}U[K]

kS (60)
Jo—ks(o) = exp (/ (Iqg — E}it - ne_T"’tQT,t(xt))dt) € R4x4,
0

We write z; = Gy(x) and 2% = G?(z0). By Eq. (59) we have lim;_, o+ SUP,,eB(r) 0<t<T |Gt(T0) — G5 ()2 = 0.
Next, we prove that V. G (zo) = Jo—+(zo). To this end, it suffice to show

|Gi(xo + ') — Gel@o) — Joose(wo)a'||, = o([|2’[12)-

By triangle inequality,

|Ge(wo +2") — Gi(a0) — Jomse(z0)'||,

<||Gi(wo + ') = Gilwo) = Gi(wo +a”) + G (wo)ll2 + G (w0 +2') = G2 (o) = Jop(wo)a’l>  (61)

+ [l T0 e (x0)2” = Jose (o) ||2-

Note that
IG (20 + 2') = Gi(wo) — G (w0 + a') + G (wo) |2 = G IGY (o +2") = G () — G} (wo + &) + G (o) |2
Without loss, we may only consider 2’ € B(1). For all 61, d2 € (0, 6], by the mean value theorem
IGY (o + ') = G (w0) — G (w0 + @) + G2 (w0) |2
<| VG (20 + aa’) = VG (wo + aa’) op - [12” 15

< limsup  sup gL (@) = Jg2, (@)llop - [12']|2 = ¢(6) - [|2” ]2,
81,62€(0,8] z€B(xo,1)
where by Eq. (60) we have lims_,+ ¢(d) = 0. Also by Eq. (60), we see that || JS_,,(z0)x" — Jo—si(w0)z' |2 < ¢/(0) - ||2'||2,
with ¢/(§) — 0T as § — 0T. Plugging these results back into Eq. (61), we conclude that for any € > 0, there exists d. > 0
such that for all § < &,

|Ge(zo + ') — Gelwo) — Jose(@0)'||, < ella’ |2 + 1G (zo + ') — G (o) — Jo_yo(wo)a -

By definition, we have lim,/, o+ [|GS (0 + ') — G§(w0) — J§_,,(x0)a’||l2 = 0. Since ¢ can be arbitrarily small, we
then conclude that

Vo Ge(0) = Jo—t(T0) (62)
forall t € [0, 7] and 2o € R%.

Finally, we are ready to prove the existence of a probability density. Recall that Z;(x;) C B(f:(||x¢||2)). Therefore, for
any R > 0 we have G; *(B(R)) C B(f;(R)). We choose R € R+ large enough such that |z;||2 < R. By Eq. (62) we
know that the mappint xg — x; = G¢(z) has everywhere non-degenerate Jacobian matrix. Applying the inverse mapping
theorem (Rudin et al., 1976), we conclude that for all z € B(f;(R)), there exists an open set S(x) that contains z, such that
G is injective on S(x), and the inverse is continuously differentiable. We denote this mapping by hs,) that is defined on
S(z). By the Heine-Borel theorem (Borel, 1928), B(f;(R)) is covered by finitely many such S(x), and we denote by S
the collection of such S(z). As a consequence, we conclude that for all z; € R, there are finitely many z € R? that satisfies
Gi(z) =y, ie., |Ti(z1)| < oo. Therefore, py(21) = 3, c1, (s, Po(2) det(Jo_¢(x)) L. The proof is complete.
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B.3 Proof of Theorem 4.2

We present in this section a rigorous proof of Theorem 4.2. Recall that we have proved in the first part of Appendix B.2
that z; = M,z + &, where M; € R?*? and & € R? are functions of ¢ only. We define x} = M;x + &, and denote its
differential entropy by H'(¢). Through standard computation, we see that H'(¢) and Hy(t) exist and satisfy

H'(t) = H(0) + log det(M;) < Hg(0) + log det(M,), Hy(t) = Ho(0) + log det(M;).

Therefore, in order to show H (t) < Hy(t), it suffices to prove H(t) < H'(t). One caveat is that we still have to show H ()
exists (in the sense of Lebesgue measure).

Recall that G, is a collection of covering sets introduced at the end of Appendix B.2. We can in fact choose the coverings
appropriately such that for all m € Ny, &,,, C &,,41. Define S = U316, = = {S8; : i € N.}. Here, recall each S; is
an open set. For all i € Ny, we let §; = 8;\(U{Z}S;). Then it holds that §; N S; = @ for all i # j, and U2, S; = R
We denote by fx the probability density function of a random variable X. Recall that in Appendix B.2 we have defined

= Gy(20) and V,G¢(x) = Jo_s+(x). Furthermore, by Eq. (60) it holds that det(Jo_+(z)) < det(M;) for all x € R?,
Based on the derivations in Appendix B.2, we see that

fo@) =) EZMzGS}nA>¢MﬁHAar1

z€ZL¢(x) =1

Fori € N, we define Z; = {x € R?: M *(z — &) € S;}. Then Z; N Z; = @ fori # j, and UL, Z; = RY. In addition,

/ f:z: lngz ( / fzo 1og [fI[)( )det(Mt> ]d
(63)
_ /S fxo (2) ].Og [fzo(z> det(,]o*}t(z))_l] ds.

By Eq. (60) we know that there exist constants c¢1, ca > 0, such that det(Jo—¢(2)) € (c1,co) forall z € R4, By assumption,
the left hand side above has a finite Lebesgue integral, hence the Lebesgue integral in the second line of right hand side
above also exists and is finite. Adding up the above terms over ¢ € N (recall that hs is the restriction of G; on 5), we get

- /fac; (w)log fuy (w)dw
g o Z [ fmo (Z) log [fro (Z) det(‘]o—)t(z))il] dz

e Z/h fao(hg, (x)) det(Joe (b ()~ log [ fa, (b5 (x)) det(Joose(hg) (2))) '] da

(@—/2:M$QWMA%ﬂ@MW%%W§@m*bﬂhﬂ&%ﬂ*ﬂhwmiwm”Mw

iv)
(2—/hMM%M@M

In the above display, the summation on the right hand side of (¢) exists due to Lemma B.2, (i7) is by the change-of-variable
technique for probability density functions, (#i%) is also due to Lemma B.2, and (iv) is because

fa,(x Z]lhs (8 (@) fay (B3 (2)) det(Jose (hg) ()7
The proof is complete.

B.4 Technical lemmas

We collect in this section the technical lemmas that support proof in this section.
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Lemma B.2. We assume the conditions of Theorem 4.2. Then the following sum exists and is finite:

_ZL f;co(z) log [fao(z) det(,]o_n(z))fl] dz.

Furthermore, we can exchange the order of integration and summation, in the sense that
> / 1s,(2) fuo (2)10g [ fuo (2) det(Joe(2)) 1] dz = / Z Ls,(2) fro (2)10g [ fuo (2) det(Joe(2)) 1] dz.
i=1

Proof of Lemma B.2. By Eq. (60), we know that there exist constants ¢y, ca > 0, such that det(Jo_,+(2)) € (¢1,co) for all
z € RY. Using this together with the assumption that the differential entropy of x( exists and is finite, we conclude that
the function z — [, (2) log [ fz,(2) det(Jo—¢(z)) '] has a finite Lebesgue integral. The desired claims then immediately
follow from the properties of Lebesgue integral. O

C Proofs related to the discretized process
C.1 Proof of Theorem 5.1
PROOF OF THE FIRST CLAIM
Forallk =0,1,--- , K — 1, by Eq. (18)
(Xhg1s oy — pry) — (Ks py = pyr)
= (e — 1)e” =) ((1 Fllgld =0 D g (Xiea v e ) — (14 0) g, i)

y//ey
+n Y QTftk(Xk»y/I)<#y”>/~Ly’>)
y//ey
=(e% —1)e” Tt (Huylli — (s i) + 0ty — 0,y — ) =0 > a1 (X, 0'") g — p10, gy — uy'>))

y// cy

> (% = 1)e T (g1 = Gty ryr) + 11— ar—, (Ko ) (g = pioll3 = 32)).
(64)

On the other hand, by definition

S _ 1)6—(T—tk) (

<Zk+17My - My') - <ZkaMy - Uy’> = (e ”Ny”% - <Myaﬂy’>)

recall that we have assumed (X, pty, — ftyr) > (Zo, tty — f4yy). By induction, we are able to conclude that (X, p,, — f,7) >
(Zk, fy — gy ) forall y’ € Y and k € {0} U [K]. The first claim of the theorem then immediately follows.

PROOF OF THE SECOND CLAIM
The proof closely mirrors that of Theorem 3.6. Similar to the derivation of Eq. (28), we obtain that
(Xht1 = Zrgrs py — pry) — (X = Zos py — )
> (% = 1)e T (g I3 = g 1) +me ™2/ (lay = pioll3 = 32) - min{1l = P(Xy,p), €u})

where we recall that £, = 1 — w,/(wy + miny ., w,). Now suppose (X — Z, fty — i) € [0,U] forall k € {0} U [K]
and 3y’ € ), then like the derivation of Eq. (29), we get

P(Xkay) <1- F(O;I}CaéXKlP(Zkay),u)

forall k € {0} U [K]. For U to be a valid upper bound, we must have

u Z<X0 - ZOa,Uy - My’>
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K-1
Ok —T+tg 2 , —A/8 _ 2 . :
£ 3 0T (B ) Sy — ol = 39) i P20 20.60))
>(Xo — Zo, jty — fy) (65)

e =) (g1 = )+ 75Uty = ol = 32) - min (s P2 ) 601 )

For any U that does not satisfy Eq. (65), we know that (X — Z, ptyy — pty) > U, and

P(Zk,y)
P(Zk,y) + (1 = P(Zk,y)) - exp(-U)’

completing the proof of the first result. As for the proof of the convergence rate, we simply set e = n~!(log)2. For
such U, the left hand side of Eq. (65) is of order O(log ), while the right hand side of Eq. (65) is of order O(n A (logn)?).
We then conclude that for a large enough 7, Eq. (65) does not hold. Plugging such ¢/ back into Eq. (66), we are able to
deduce the desired convergence rate.

P(Xk,y) = (66)

C.2 Proof of Theorem 5.2
For k € {0} U [K — 1], we define
Fi(z,n) =z + (e’ — 1) - (”’ -t e e TR Sty — e T Y gy (a, y’)E%itkuy')'
y' ey
Observe that X1 = Fi(Xk,n) and Zx11 = Fi(Zk,0). We then take the gradient of F}, with respect to the first argument,

which gives

VoFi(z,m) = Ig+ (™ — 1) (Id —3pL, —ne TRy, (3«")>7

where
QT—tk (.Z‘)
.
-1 Ty—1 - -1
= ar @) iy Sk, — (2 arw @ y)S sy ) (D ar-n (@ y) STk )
y' ey y' €Y y' €Y

We then conclude that V, Fy(x,n) < V,Fi(z,0) for all n > 0. We denote by oy, (X) the minimum eigenvalue of a
matrix X. Observe that

Sk Ok 5
e 1 (e D)nsup, ey ||ty I3

min x 9 >7 ok E ’
ag ( k(m 7])) € Urnin( ) Al Urnin( )2 Ay!

Vol 6k§} / % (67)
ek

min(VaFi(2,0)) > 6’“—7’

Tmin ( k(2,0)) 2 e Omin(Z) A1

both are strictly positive under the current set of assumptions. Observe that z — Fy(z,0) is an affine transformation,
then it is also bijective, while F(x,7) is not necessarily one-to-one. For z € R? and > 0, we let Gy (z,7) =
Fy(Fy_1(-+ Fo(x,m) - ym),n). Then Xj41 = Gr(Xq,n) and Zj41 = Gr(Zp,0). Observe that there exists A;, € R**9
and B3 € R?, such that G, (z,0) = Az + Bx. In addition, one can verify that Ay is non-degenerate.

In the sequel, we use fx to represent the probability density function of a random variable X . Utilizing a change-of-variable
technique, we see that det(Ay) - fz,,, (Arz + Br) = fz, () for all z € R%. We can then express the differential entropy
of Zj+1 based on that of Zy:

H()(k + 1) = _/ka+1(w) IOg ka_H(.’L')d.T = HO(O) + logdet(Ak)

In the next lemma, we demonstrate the existence of probability density function of X} ; with respect to the Lebesgue
measure.
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Lemma C.1. We assume the conditions of Theorem 5.2. Then, for all k € {0} U [K], X, has a probability density function
with with respect to the Lebesgue measure.

The proof of Lemma C.1 is similar to that of Lemma B.1, and we skip it for the compactness of presentation. We define
X}.1 = ApXo + Bk, and denote the differential entropy of X, by H'(k + 1). Similarly, we have H'(k 4 1) =
H(0) 4 log det(Ax) < Ho(0) + log det(Ag). Therefore, in order to prove H(k + 1) < Ho(k + 1), it suffices to show
H(k+1) <H'(k+1).

The remainder proof follows analogously as that of Lemma B.1. Taking the Jacobian matrix of G (z,7) with respect to the
first argument, we get

VGi(xo,n) = VFy(xk, 1) - VFe—1(2k—1,7) - - - VEy(20,7),

where z; = G;_1(xo,n). By Eq. (67), we know that VG (zo,n) is everywhere non-degenerate. In addition, by induction
we conclude that || Xx11]|2 > ak+1]|Xoll2 — Ye+1, where a1 € Rs and v, € R. We define

Tit1(Xns1) = {Xo € R, G1(Xo,n) = Xpt1 }-

Then T+ 1(Xg11) € B(ajly (| Xks1ll2 + Ye+1)). By the inverse mapping theorem, we obtain that for all 2 € R?, there
exists an open set S(x) that contains x, such that Gi(-,n) is injective on S(z). We denote this injection by hs. By
Heine-Borel theorem, B(%:L(HXkH ll2 + Y%+1)) can be covered by finitely many S(z). Therefore, for all z € RY,
we have fx, (%) =X cq, () [X0(2) det(VGy(z,m))~L. In addition, Ixp (Arz 4 Br) = fxo(2) - det(A;)! and
det(Ax) ™! < det(VG(z,m)) ! By the assumption that the differential entropy of X, exists and is finite, we may also
conclude that the differential entropy of X ; exists and is finite.

When oz,;ll( | Xx+1ll2 + vx+1) = R, we denote by S the collection of such S(x). We can construct S g for every positive
R. Ttis not hard to see that we can choose the coverings appropriately such that for all m € N, we have G,,, C &,,,41.
Consider the union of these covering sets: G, = UX_,&,, = {S; : i € N} }. We define S; = Si\(Ué;llSj), and let
Zi={r eR¥: A (z — Bx) € S;}. Note that S; N S; = @ for all i # j and UL | S; = R% Then, it hold that

ka-+1(‘T) - Z Z]]-{Z € Sl}on(Z) det(VGk(Zan))il

2€Tppq (2) i=1

Note that for all ¢ € N,
~ [ g log g (w)de = [ f (2)1og [, (2) - det(4) 1] ds
Z; Si
> — /5 fx,(%)log [fXO(z) -det(VGk(z,n))_l] dz.

Summing both sides of the above equality over ¢, we get
N / fX,’C_H (U)) log fX;c_*_l (’U.))dw
> - Z /S fx,(2)log [on(z) . det(va(z,n))_l] ds.

1ENL

=— Z /h . fxo(hs (x)) - det(VGr(hg! (x),n)) " log [fx,(hs! (z)) - det(VGr(hg! (z),n))~"] dz

1€ENL

= */ Y U € hs,(8)}Hxo (B! (2)) - det(VGy(hg (x),m) " og [ fx, (hs) (2)) - det(VGy (b5 (x),m) '] do

S\ ;
Z—/ka+1(£L‘)10ngk+1("E)d$7

where to exchange the order of summation and integration in (¢) we make use of the assumption that the differential entropy
of X exists and is finite. The proof is complete.
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C.3 Results for the DDPM sampler
As for the DDPM sampler, we can only establish results for classification confidence. The proof is deferred to Appendix C.4.
Theorem C.2. We assume the conditions of Theorem 5.1. Then we have the following results:

1. Forall k € {0} U [K], it holds that P(X},,y) > P(Zy, y).

2. If additionally we assume Ay ax = MaXye(oyuix—1] 0k < 1/2, then

o P(Zk,y) >
PRI 2 B e )+ (L= PZieu)) -expl e TH) = <Y

where U € Rxq is any number that satisfies

U— e T8max (X = Zo, pry — )
<A — Ty min{ F( max P(Zk,y),0), €}ty — o3 — 3¢).
We recall that (F, A, &,) are defined in Eq. (16). In addition, as 1 — oo, the convergence rate is at least 1 —
-7 —T
O~ (logn)* ).

Remark C.3. We can eliminate the assumptions on the component centers for Theorem 5.1 and C.2 when || = 2. The
proof is similar to that of Theorem 3.8 and 3.10, and we skip it for the sake of simplicity.

C.4 Proof of Theorem C.2
PROOF OF THE FIRST CLAIM

Observe that for the guided process,

(Xkt1, ty — )

=(2 — " ) ( X, py — pryy) +2(e” — 1) T~ t’“)( L n)lligll3 =1 Y qrn (Ko vy, pry) = (L1 (12, 1)
,lllley
+1n Z QT—tk(ka ) Hoy? 5 oy ) \/ 6k - 1 Wlmﬂy >
y//ey
>(2 = %) (K ty = ttyr) + 2™ = 1™ (11 I3 = () +1(1 = @71 (K, 9) 1ty = 013 = 32))

/20 — 1) (Wi — ).

As for the unguided process, we have

(Zisrsty = ) = (2= ) (D pry — puy) + 2™ = 1)e T (g |13 — (g, 1)) + /2069 = D)Wk, 1y — ).

By induction, we know that (X, f1y — i) > (Zg, pty — piyy) for all k € {0} U [K]. The first claim then immediately
follows.

PROOF OF THE SECOND CLAIM

Similar to the derivation of Eq. (37), we obtain that
(X1 = Xy py — )
>2(e% = 1)e T (g I3 = {ptgs 1)+ me /S minf1 = P(Ki, ), €ud ity — pol3 = 3¢) )+

= (% )y = ) /2P 1) (Wit — i)
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As for the unguided process, we have
(Zis1 — Z, [y — fyr) = — (eék - 1)<Zkvﬂy — fy) + 2(85k - 1)€_T+tk (HM’UH% — (y, Uy’>)
+/ 2(e% — 1)(Wi, pty — iy ).
Taking the difference, we see that

<Xk+1 - ZkJrl»ﬂy - ,uy/>

. o , _ (68)
>(2 = ) (X — Zis pty — 1)+ 2(% — e+~ 2/S min{1 — P(Xp, ), €0} 1y — pol3 = 32)-

From the above equation as well as our initial assumption we know that (Xj — Zx, 1y, — pyy) > 0 forall k € {0} U [K].
Now suppose (X, — Z, fty — o) € [0,U] for all k € {0} U [K]. Then similar to the derivation of Eq. (29), we know that

_ o _ _
P(Xky) < 1= F( max P(Zk,y),U) (69)
for all k € {0} U [K]. By Eq. (68) and (69) and induction hypothesis, we get the following lower bound:

<XK - ZKaMy - My’) - 6_3T<X0 - Zo,uy - My’)

K-1 K-1
5 - -A . 7 y 5
>3 afet = e S min{F( max P(Zy).U). Eu} iy — poll3 = 32) - [ (2= e™)
k=0 j=k+1
K—1 (70)
> —T42tp1—A/8 - 7 7 _ 2 _ Le 3T
> ;znaw min{ F( max P(Zxy),U), &wbllny — pollz = 3) - e
> e3¢ 2T — T min{ F( max P(Ze,y), 1), €0} Iy — pol3 - 32).
0<k<K
Then for U/ to serve as a valid upper bound, we must have
U— e (Xo = Zo, py — 1) (71)

eS¢ — e 4T min{ F( max P(Ze ). U)oy — ol — 3¢).

Hence, if Eq. (71) is not satisfied, then there exists k € {0} U [K] such that (X}, — Z, j1, — j1,7) > U. As a consequence,
we have (X — Zk, fiy — pyy) > H]K:_kl(Q — &%) > e=3TU, which further implies that

_ P(ZK,y)
PRRY) 2 5 U= P(Zr,y)) - expl—e )

The proof of the first result is complete. The proof of the convergence rate follows analogously as that of the second part of
Theorems 3.7 and 3.10. Here, we skip it for the compactness of presentation.

C.5 Proofs in Section 5.2

Assumption 3.1 does not hold for 1., It suffices to argue for the center component in fi,c. Suppose for contradiction
that there exists a vector pip and a positive ¢ satisfying

[(—po, b — po)| <&, [(—po, —p— po)] <&, |lpoll3/3 > e.

Rewriting the first two inequalities, we obtain
[(o: 19) + [lpol3] <& and | = (o, 1) + [loll3| < e.
Due to the symmetry, we assume without loss of generality that {(y, 1) > 0. By comparing

(o, i) + llpoll3 < e with lpol[3/3 > ¢,

we must have pp = 0 and € = 0. This contradicts the fact that ¢ is positive. Therefore, the first item in Assumption 3.1 does
not hold.
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Proof of DDIM  We focus on generating the center component N(0, I;). Setting the guidance strength parameter 1 and
using the discretized DDIM backward process yield

exp(e” T X 1) — exp(—e” T X )

X = e X, — (e — 1)pe~THtr .
k1 e e (e T [al[3/2) + exple T X ) & exp(—e T X1 )

(72)

Taking inner product with p on both sides of Eq. (72) gives rise to

(X1, 1) — (X, )

= (™ = 1) (X, p) — (€™ — D)pe™ "+ exp(e” T Xy ) — exp(—e” T X, p)

2
exp(e—2T+2t;c HMH%/Q) + exp(e—T-i-thkTu) + eXp(—e_T*'thkTu) ||:u||2

We denote vy, = (X}, 1) and cast the last display into

exp(e T Hteyy) — exp(—e Tty
exp(e~2T 24 | u]13/2) + exp(e=THruy) + exp(—e~THroy)

112113
(73)

Vit — 0 = (¢ — Do — (M — e T+

We show the following stronger version of Proposition 5.3.

Lemma C.4. Consider the Gaussian mixture model in Eq. (20). There exist positive constants 1o < and n),

1
7213 (max e —1)

that depend on discretization step sizes {Jk}kK:_ol, such that for any k verifying e~ T+t > 1/2, it holds that

1. when n < ng, vy, evolves towards 0, i.e., |vg41| < |vg| if i, # 0. Furthermore, for a small v € (0, 1) satisfying

_ 5 12112 )2
(v+ €% — D(exp(flul®/2) + 2exp(ju])* _ (e% — 1)e=2T+20 || 2 < (2-2y+2e )<2+6Xp( 5)
B = = 3
2exp(g-) +4 8+ (2+exp(”’glg))

)

we have |vi41] < (1 — )|vk|. One can verify the existence of such a v when &y, is sufficiently small.
2. when n > 1y, there exists positive a and b dependent on 1, and it holds that

[vg+1] > vkl i [vk] € (0, a];
[ves1| < o] if vkl > 0.

In particular, thresholds a and b increase as 1 increases.

Proof. We first discuss the case when v, > 0 and study the solution of the equation

exp(e” T uy) —exp(—e Ty

20 = —(e% — 1)y, + (e — L)pe T+t 2. (74
Vg (e Yok + (e )ne oxp (e~ [ u[3/2) + exple=T vg) £ xp(—e T ) lellz. (74)
Intuitively, the solution of Eq. (74) implies that for such a vy, after one iteration, it holds that vi4; = —vg. To simplify the
notation, we denote ¢, = e’* — 1 and
“Ttkyy) — exp(—e THiu,)
h k) = — —T+ty exp(e k 2 7
(vk, k) LUk + tk1e exp(e 2126k [[11]12/2) + exp(e~THruy) + exp(—e T Hruy,) ell2 (73)

To prove the lemma, below we will establish the following dichotomy for appropriate 79 and 7;: 1) when 1 < ng, v, = 0 is
the only solution to h(vk, k) = 0; 2) when 1 > 0, h(vg, k) = 0 has multiple solutions.
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Proof of the first claim Taking the derivative of h(vy, k) with respect to vy, gives

oh 2T 20 |12 exp(e” 220 || p13/2)[exp(e” T ug) + exp(—e™ ") +4

_ ,k —
3vk (Uk ) Lk + Lgne 2 [exp(e_QT"'th ||M||§/2) 4 exp(e‘T"‘tkvk) + eXp(—e_T""tkvk)P

2. (76)

We then choose 7 small enough, such that ¢;ne =27 +2¢x |42 < 1 for all < 1o, which allows us to set 179 < AT maxis
7 .

In this case, Eq. (76) is always negative for any vy > 0 and k. To see this, note that

O < DT R D fexple T ) + exple~ T eue))
Oue T [exp(em2 2 |u]13/2) + exp(e=THruy) + exp(—e~ T Hroy)]2
2exp(e2TH20 || 1||3) + 2 exp(2e~THtkyy,) + 2 exp(—2e T Htryy)
 [exp(e 2T+ [u][3/2) + exp(eTHiruy) + exp(—e~THiruy)]2
Bexp(e”?TH2%|u]|3/2) [exp(e” T ug) + exp(—eTHruy)]
[exp(e=2T20k[|u[|3/2) + exp(e=TFkvg) + exp(—e =Ty )]2
< 0.

—2—

= —Lk

As a consequence, h(vy, k) is strictly decreasing for vy, > 0 as demonstrated in the left panel of Figure 4. It is straightforward
to check that h(0, k) = 0. Therefore, 0 is the only solution to h(vg, k) = 0. We define h(vg, k) = h(vg, k) + 2vk. Then
h(vg, k) < 2y, for all v, > 0.

For the case when vy < 0, By symmetry, we have ﬁ(vk, k) = —E(—vk, k) and therefore, for vy > 0, it holds that
h(vg, k) = —h(—vk, k) > 2v;, given g < . As a result, we deduce that h(vg, k) < 2|vg| for all vy # O.

1
[1113 max v,

Observe thatﬁ(v;€7 k) > 0 for vg > 0, and h(vg, k) < 0 for all vy, < 0. Therefore, rewriting Eq. (73), we get
[vkt1] = [B(vk, k) — vi| < |vg| for v # 0.

Setting 179 = — proves the claim that [vi11| < |vg|if v # 0.

1
ll2113 max.
We can further show that when ;e =27 2| 14||3 is sufficiently small, we can guarantee a strict magnitude shrinkage of
|vgl, €., [vg+1] < (1 — 7)|vg| for some small vy € (0,1). To see this, we aim to show a sandwich inequality when vy, is
non-negative:

o < E(v;€7 k) < (2 —7)uvg.

Accordingly, we denote

“THteyy) — exp(—e THtruy)
ho (g, k) = pne” TTtx exp(e k 2_(2-— LE)V
29(0k k) = U7 exp(e=2T+2tk || 1]|2 /2) + exp(e~THtruy) + exp(—e~THtroy,) lielle = (2 = 4w, a7
exp(e”THteqy,) — exp(—e~THteyy)
=T+t k p k

p— 2 —
B (on, ) = e =gy I3 — (1 )i

exp(e=2T+2% | u]|3/2) + exp(e~ T+ vy) + exp(—
It is obvious that v, = 0 is a zero point of the two functions stated in Eq. (77). To show that |vgy1| < (1 — 7)|vg|, we
need to show that for a sufficiently small ¢;ne =27 +2tx || 1|2, ha—~ < 0and h, > 0 for all v, > 0. We adopt the notations
ar = exp(e 2T+20 | 1u||3/2), by = exp(e~ Tt vy,) and my, = vpne= 2728 || u||3. To ensure ho_- (vi, k) < 0, it suffices
to find a sufficiently small my, such that

ap(by +1/bg) +4
. <2-— . 78
(an+br+1/bp)2 = - T 78)

Since zy < (z + y)?/2, we have the following inequality:

ar(by + 1/b) +4 (ar +bx +1/bx)?/2 4 4
(ag + b + 1/by)? (ag + by + 1/by)?
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Therefore, to show Eq. (78), we only need to show

1 4
~ 4+ < 2—v+ 1.
mk(? (ak+bk+1/bk)2> =eTa T

2
Since by, + 1/by, > 2 and aj, > exp ( “‘éH? ), it suffices to ensure

(4 — 2y + 2up) (2 + exp ( ng\lg)>2

lle113

8+(2+exp( <

my <

On the other hand, in order to show hv(vk, k) > 0 for all vi, > 0, we only need to prove

. ak(bk + 1/bk) +4
(ag + by + 1/by)?

>+ g (79)

Note that ay (b + 1/bx) > 2exp(||pl|?/8) and (ay + by + 1/bk)? < {exp(||pl|?/2) + 2exp(|vx|)}?, then to establish
Eq. (79), it suffices to have
o () (exp(llpl?/2) + 2exp(|ux])*

2exp(””” )44

my >

The existence of v is ensured by making ¢, sufficiently small. For instance, we can set

(4 exp( \;;Hz) +8) (2 + exp (HHH2))
Ll = 7

8+ (2 0 (18))] cxplale/2) + 2exp(lo )2

which implies

vie(exp([|l1?/2) + 2 exp(|vg))? _ 2 (2 + exp (”“8”3)) 2 (44 2u) (2 + exp (llgli))
2eXp(||#H )+4 8+(2+eXp( p %)) 8+(2+exp(”“8”§)>

The proof of the first claim is complete, by plugging in ¢, = €% — 1.

Proof the second claim  We denote s(vy, k) = exp(e~ 7 Tt vy) + exp(—e T Ty, which is naturally lower bounded by
2. Revisiting Eq. (76), we have

oh ex 2T+2tk | 4|12 /2) s (vg, k) + 4
= (v, k) = veme 2T 200 )2 p(e —2T+2t,HM||§/ )s (v, k) ——
vy, [exp(e “llullz/2) + s(ox, k)]
1 2 exp(||l3/8)s(vk, k)
i — 2 —max¢
= 1 o Tl + 25(o, Ry exp(nlB/D) + (o k7 - (80
LY exp(||3/8)
> Z(O<I£I§Ir} 1 Lk)n”ﬁt”z exp HP«” ) : 9 -2- ml?x Lk
o s(vk,k) +S(Uk7k) +2exp(HM”2/2)

When ¢, # 0 for all £ € {0} U [K — 1], the lower bound in the display above first increases then decreases as s(vy, k)
increases from 0 to oo. We take 7, sufficiently large, such that for any n > 7, there exists so > 2 dependent on
(m, 1l {ex b regoyurr —1))» such that ah “(vk, k) > 0 forall 2 < s(vg, k) < spandall k € {0,1,---, K — 1}. In fact,
we can choose 7, large enough so that ah (vk, k)|v,=2 > 0. In this case, we may set sq to be the larger solution to the
following quadratic equation (with the varlable being s):

1 2/8
O ST L —nS T 2~ maxs, = 0, )
4 0<k<K-1 exp(|lull3) +s+2exp(||u||§/2) k
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One can verify that in order to have %Z (Vk, k)|v,=2 > 0, it suffices to choose

16 + 16 exp(||p||3/2) + 8 exp(||u]|3) + 8 maxy, ¢

/
Mo = - (82)
¢ 12113 exp([|]|3/8) mino<r<r—1 ti
The larger solution to Eq. (81) takes the form:
s0= g (_min_unlulFexp(ll3/8) — exp(lul3/2)
8(2 + maxy 1) 0<k<K—1
2
\/[4(2+m1a)<k oy (mino<rk< -1 we)llel3 exp(]|el3/8) — 2eXp(IIuIIE/?)} —dexp([ul3)
5 .
To ensure sp > 2, we may choose 7, satisfying
1 : e 2 2
— 2)>2
S T o o, bl exp(3/8) — expul3/2) > 2
which gives rise to
> (2 mase (16 + Sexp(l/2) )

|13 exp([|pl3/8) mino<r<r -1tk

Combining Eq. (82) with Eq. (83) leads to

16(2 + maxy, 1) (1 4 exp(||p)13/2)) + 8exp(|ul|3) + 8 maxy, tx
|13 exp([|l13/8) mino<r<x -1tk

o >

We observe that 7, > o (recall g = ), and also sq increases linearly as the guidance strength 7 increases.

1
1113 max vk

Similar to the derivation of Eq. (80), we get

oh exp(||pll3/2)s(vk, k) +4 .
—(vp, k) < ( max 1 2 : — 2 — min¢y.
o ) = Gt e 38 + 2o, ) exp(10lB/8) + s(om, B
For a sufficiently large s1, it holds that %‘k (vk, k) < 0 whenever s(vg, k) > s1. Indeed, we can solve for s; explicitly as

1
= 3oy (e sl 3 exp(13/2) — explul3/9)

2
\/[mTIHMH% exp([|13/2) — 2exp(l|pl3/8)| — 4exp(llull3/4) + 16 ZEE2 nllul3

2

Again s; increases as 7 increases, and we can ensure s; > 2 by choosing sufficiently large ;. In fact, we only require

4(2 + ming 1) + 2(2 + miny ¢, ) exp(||pl|3/8)
[12l13 exp([|el|5/2) maxg w,

o >

Given sg and s1, we solve for a constant a so that s(vg, k) < sp when vy, < a for all k. This is plausible since by assumption
e~ T+tx takes value inside the interval [1/2, 1]. We also solve for b’ so that s(vg, k) > so when vi, > b’ for all k. Checking
the definition of s(vg, k), we conclude that we can choose a, b’ appropriately, such that both of them increase as sy and s;
increase, respectively. Recall that both s and s; are increasing functions of 1. Therefore, we deduce that we can find a and
b’ that satisfy all the above desiderata. Furthermore, both of them get larger as we increase the guidance strength 7).

To summarize, we conclude that for any n > n{, h(vk, k) is strictly increasing for all k¥ when vy, € [0, a], and strictly
decreasing for all k when v, > b'. Since h(vg, k) is continuous in vy and h(co, k) < 0, there exists b > 0 such that
h(vk, k) < 0 when v, > b for all k. Hence, we have established that for all possible k, it holds that h(vg, k) > 0 for
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vg € (0, a] and h(vg, k) < 0 for vg, > b. An illustration of the h(wvy, k) curve can be found in the right panel of Figure 4.
Next, we apply the same argument that we used to derive the first claim, and deduce that

k1] > Jog| if [ue] < @
‘U}.@+1| < ‘Ukl if ‘Ukl >b.

We skip the proof details for the equations above to avoid redundancy. The second claim is verified and thus the proof is

complete. -
h(vg, k) h(v, k)
0 Vg 0 a b Uk
Magnitude Magnitude
n < o decrease n > 776 decrease

Figure 4. Illustration of the behaviors of h(vk, k) when constrained to the positive real line, under different ranges of guidance strength 7.
The left panel corresponds to a small strength 17 < 7. In this case, h(v, k) is negative and decreasing for all v, > 0. In contrast, the
right panel corresponds to a large strength 1 > 1, where h(vy, k) is increasing on [0, a] and decreasing on [b, c0).

D Additional numerical experiments

We collect in this section outcomes from additional numerical experiments. We first consider discretized samplers, and verify
the theoretical results in Section 5.2. Specifically, Figures 5 and 6 demonstrate the behavior of DDIM in 2D/ 3D symmetric
3-component GMMs, Figures 7 and 8 display the corresponding behavior of DDPM. As our theory (Proposition 5.3)
suggests, when the guidance strength is enormously large, the middle component splits into two clusters. Such phenomenon
is not limited to symmetric GMMs: as shown by Figures 9 and 10, for a large enough guidance strength, the middle
component becomes distorted under diffusion guidance even in the context of a non-symmetric GMM.

We then switch to continuous-time samplers, and the goal is in turn to justify the theoretical implications listed in Section 3.
More precisely, in Figure 11 we visualize the effect of diffusion guidance on a 3-component symmetric GMM in R3. This
can be regarded as an analogue of Figure 1 in the 3D setting. We further confirm our theoretical results by Figure 12, which
demonstrates how classification confidence and differential entropy evolve as guidance strength 7 increases.

Finally, we confirm our theoretical findings using real-world datasets.
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n=0 n=100 =500 n=1000

Figure 5. Illustration of the effect of guidance on a discretized DDIM sampler. For this experiment, we set p. = %N((O, 0,0),I3) +
IN((0,v/3,0),15) + £N((0,—+/3,0), Is), T = 10, and 6} = 0.01 for all possible k. From the plot, we see that the middle component
splits with a sufficiently large . To summarize, the numerical observations corroborate our theory.

n=0 n=10 n=100 n=1000

4 _ | m o

Figure 6. Illustration of the effect of guidance on a discretized DDIM sampler. For this experiment, we set p. = %N( (0,0),I2) +
IN((3,3),12) + £N((=3,-3),12), T = 10, and 6z = 0.01 for all possible k. The same splitting phenomenon is observed with a
sufficiently large 7).
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Figure 7. Illustration of the effect of guidance on a discretized DDPM sampler. The experiment setup is the same as that of Figure 5.

n = 1000

Figure 8. Illustration of the effect of guidance on a discretized DDPM sampler. The experiment setup is the same as that of Figure 6.
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Figure 9. Illustration of the effect of guidance on a discretized DDPM sampler. Here, p. = £N((0,0), I2) + £N((0.5,0,5), I2) +
%N ((47 4), I 2), T = 10, and 6 = 0.01 for all possible k. In this asymmetric GMM, the center component penetrates the left side
component (the left component is colored in red, and without any guidance is close to the center component) under large enough guidance.

n=0 n=10 n=100 7= 1000

Figure 10. Hlustration of the effect of guidance on a discretized DDIM sampler. Here, p. = £N((0,0,0), Is) + £N((0.5,0.5,0), Is) +

%N ((5, 5,0), I 3) , T =10, and §;, = 0.01 for all possible k. The observation is similar to Figure 8 for the 2D case. The center component
splits into two components under sufficiently large guidance.
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Figure 11. Hlustration of the effect of guidance on a continuous-time DDIM sampler. Here, p. = 1N((1,0,0), Is) + N((0,1,0), Is) +

%N ((07 0,1), I3). This setting satisfies Assumption 3.1, and we observe that the components become more separated as we increase the
guidance strength.
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Figure 12. The effect of diffusion guidance on continuous-time samplers. We consider a three-component equidistant GMM: p, =
EN((0,1),12) + 3N ((@, -1, L)+ %N((—@, —1), ). (a) In the left panel, we initiate the reverse processes at the origin and
record the classification confidence (measured by the posterior probability of class label) under different levels of guidance. For the
SDE-based sampler, the output sample is random. We generate 10* samples for each guidance strength and plot the 97.5% and 2.5%
quantiles. (b) In the right panel, we initiate the processes following a standard Gaussian distribution and plot the differential entropy of the
output distributions. For each guidance strength, we generate 10* samples. We adopt the function scipy.neighbors.KernelDensity
from the scipy module in Python to estimate the density function of the generated distribution using one half of the generated samples,

and use the other half for a Monte Carlo algorithm to estimate the differential entropy.
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Figure 13. We illustrate the effect of guidance on classification confidence on ImageNet 64 x 64. Here, we reproduce the classifier
guidance in (Dhariwal & Nichol, 2021). We vary guidance strength 7 in the set {0, 10/3,20/3,10}. We generate images by first randomly
sample an image label, and then conditioned on the label, we generate an image using the diffusion model. Once an image is generated, we
compute its classification confidence via a pre-trained classifier (Inception-V3). We report (1) the average logit (logarithm of classification
likelihood), (2) the Inception Score (Kynkddnniemi et al., 2019), which measures sample fidelity, and (3) the Recall metric (Kynkéddnniemi
et al., 2019), which measures sample diversity. All these metrics are calculated over 100 randomly generated images. From the plot, we
see that classification confidence and fidelity increase and the diversity decreases as we increase guidance strength from 0 to 20/3, which
corroborates our theoretical results in Theorem 5.1. Note that the classification confidence and fidelity decrease and diversity increase for
n = 10, suggesting the emergence of negative effects due to overly strong guidance.
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