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ABSTRACT

Markov Decision Processes (MDPs) are a formal framework for modeling and
solving sequential decision-making problems. In finite-time horizons such prob-
lems are relevant for instance for optimal stopping or specific supply chain prob-
lems, but also in the training of large language models. In contrast to infinite
horizon MDPs optimal policies are not stationary, policies must be learned for
every single epoch. In practice all parameters are often trained simultaneously,
ignoring the inherent structure suggested by dynamic programming. This paper
introduces a combination of dynamic programming and policy gradient called dy-
namic policy gradient, where the parameters are trained backwards in time.

For the tabular softmax parametrisation we carry out the convergence analysis
for simultaneous and dynamic policy gradient towards global optima, both in the
exact and sampled gradient settings without regularisation. It turns out that the use
of dynamic policy gradient training much better exploits the structure of finite-
time problems which is reflected in improved convergence bounds.

1 INTRODUCTION

Policy gradient (PG) methods continue to enjoy great popularity in practice due to their model-free
nature and high flexibility. Despite their far-reaching history (Williams| [1992; |Sutton et al., [1999;
Konda & Tsitsiklisl [1999; [Kakadel |2001)), there were no proofs for the global convergence of these
algorithms for a long time. Nevertheless, they have been very successful in many applications,
which is why numerous variants have been developed in the last few decades, whose convergence
analysis, if available, was mostly limited to convergence to stationary points (Pirotta et al.l 2013;
Schulman et al., 2015; |Papini et al., 2018 |Clavera et al., 2018} |Shen et al.,|2019; Xu et al., [2020b;
Huang et al., |2020; Xu et al., |2020a; Huang et al., 2022). In recent years, notable advancements
have been achieved in the convergence analysis towards global optima (Fazel et al.l 2018}, |Agarwal
et al., 2021; Mei et al., |2020; Bhandari & Russol 2021} 2022; (Cen et al., [2022; Xiao) [2022; |Yuan
et al.; 20225 |Alfano & Rebeschini, [2023; Johnson et al., 2023). These achievements are partially
attributed to the utilisation of (weak) gradient domination or Polyak-t.ojasiewicz (PL) inequalities
(lower bounds on the gradient) (Polyakl |1963).

As examined in Karimi et al.| (2016)) a PL-inequality and S-smoothness (i.e. 3-Lipschitz continuity
of the gradient) implies a linear convergence rate for gradient descent methods. In certain cases,
only a weaker form of the PL inequality can be derived, which states that it is only possible to lower
bound the norm of the gradient instead of the squared norm of the gradient by the distance to the
optimum. Despite this limitation, O(1/n)-convergence can still be achieved in some instances.

This article deals with PG algorithms for finite-time MDPs. Finite-time MDPs differ from dis-
counted infinite-time MDPs in that the optimal policies are not stationary, i.e. depend on the epochs.
While a lot of recent theoretical research focused on discounted MDPs with infinite-time horizon
not much is known for finite-time MDPs. However, there are many relevant real world applications
which require non-stationary finite-time solutions such as inventory management in hospital supply
chains (Abu Zwaida et al.l |2021) or optimal stopping in finance (Becker et al.|[2019). There is a pre-
vailing thought that finite-time MDPs do not require additional scrutiny as they can be transformed
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into infinite horizon MDPs by adding an additional time-coordinate. Seeing finite-time MDPs this
way leads to a training procedure in which parameters for all epochs are trained simultaneously, see
for instance |Guin & Bhatnagar| (2023). While there are practical reasons to go that way, we will
see below that ignoring the structure of the problem yields worse convergence bounds. The aim of
this article is two-fold. Firstly, we analyse the simultaneous PG algorithm. The analysis for exact
gradients goes along arguments of recent articles, the analysis of the stochastic PG case is novel.
Secondly, we introduce a new approach to PG for finite-time MDPs. We exploit the dynamic pro-
gramming structure and view the MDP as a nested sequence of contextual bandits. Essentially, our
algorithm performs a sequence of PG algorithms backwards in time with carefully chosen epoch de-
pendent training steps. We compare the exact and stochastic analysis to the simultaneous approach.
Dynamic PG can bee seen as a concrete algorithm for Policy Search by Dynamic Programming,
where policy gradient is used to solve the one-step MDP (Bagnell et al., [2003; Scherrer, [2014).
There are some recent articles also studying PG of finite-time horizon MDPs from a different per-
spective considering fictitious discount algorithms (Guo et al., [2022) or finite-time linear quadratic
control problems (Hambly et al., 2021} |2023}; |Zhang et al.||2021};|2023bja; Zhang & Basar, [2023)).

This article can be seen to extend a series
of recent articles from discounted MDPs to
finite-time MDPs. In [Agarwal et al.| (2021), 52+
the global asymptotic convergence of PG is
demonstrated under tabular softmax parametri-
sation, and convergence rates are derived using 481
log-barrier regularisation and natural policy 461
gradient. Building upon this work, Mei et al.
(2020) showed the first convergence rates for
PG using non-uniform PL-inequalities (Mei
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et al., 2021)), specifically for tabular softmax 4.0

parametrisation. The convergence rate relies sl |
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lish upper bounds involving H® for simulta- number of gradient steps

neous PG, contrasting with H3 for dynamic
PG. Essentially, dynamic PG offers a clear ad-
vantage. Examining the PG theorem for finite-
time MDPs reveals that early epochs should be trained less if policies for later epochs are suboptimal.
A badly learned @-function-to-go leads to badly directed gradients in early epochs. Thus, simul-
taneous training yields ineffective early epoch training, addressed by our dynamic PG algorithm,
optimizing policies backward in time with more training steps. To illustrate this phenomenon we
implemented a simple toy example where the advantage of dynamic PG becomes visible. In Figure/T]
one can see 5 simulations of the dynamic PG with different target accuracies (blue curves) plotted
against one version of the simultaneous PG with target accuracy 0.1 (dashed magenta curve). The
time-horizon is chosen as H = 5. More details on the example can be found in Appendix [E]

Figure 1: Evolution of the value function during
training.

A main further contribution of this article is a stochastic analysis, where we abandon the assumption
that the exact gradient is known and focus on the model free stochastic PG method. For this type
of algorithm, very little is known about convergence to global optima even in the discounted case.
Many recent articles consider variants such as natural PG or mirror descent to analyse the stochastic
scenario (Agarwal et al.| 2021} [Fatkhullin et al.| 2023} [ Xiao} |2022; |Alfano et al., [2023). Ding et al.
(2022) derive complexity bounds for entropy-regularised stochastic PG. They use a well-chosen
stopping time which measures the distance to the set of optimal parameters, and simultaneously
guarantees convergence to the regularised optimum prior to the occurrence of the stopping time by
using a small enough step size and large enough batch size. As we are interested in convergence
to the unregularised optimum, we consider stochastic softmax PG without regularisation. Similar
to the previous idea, we construct a different stopping time, which allows us to derive complexity
bounds for an approximation arbitrarily close to the global optimum that does not require a set of
optimal parameters and this is relevant when considering softmax parametrisation. To the best of
our knowledge, the results presented in this paper provide the first convergence analysis for dynamic
programming inspired PG under softmax parametrisation in the finite-time MDP setting. Both for
exact and batch sampled policy gradients without regularisation.



Published as a conference paper at ICLR 2024

2 FINITE-TIME HORIZON MDPS AND POLICY GRADIENT METHODS.

A finite-time MDP is defined by a tuple (H,S, A, r,p) with H = {0, ..., H — 1} decision epochs,
finite state space S = Sp U --- U Sg_1, finite action space A = [J, g As, a reward function
r : S x A — R and transition function p : § x A — A(S) with p(Sp+1]s,a) = 1 for every
h< H-1,s € Spanda € A;. Here A(D) denotes the set of all probability measures over a finite
set D.

Throughout the article 7 = (7h)1=;" denotes a time-dependent policy, where 7, : S, — A(A) is
the policy in decision epoch h € H with 7, (As|s) = 1 for every s € Sp,. It is well-known that
in contrast to discounted infinite-time horizon MDPs non-stationary policies are needed to optimise
finite-time MDPs. An optimal policy in time point h depends on the time horizon until the end of
the problem (see for example |Puterman| (2005)). The epoch-dependent value functions under policy
m are defined by
H-1
Vi () =B | D r(Sk, A, heH, M
k=h
where pyp, is an initial distribution, 7(;,) = (Wk)kH:_hl denotes the sub-policy of 7 from h to H — 1

and EZE” is the expectation under the measure such that Sy, ~ pp, Ap ~ 7 (+|Sk) and Skq1 ~
p(+|Sk, Ag) for h < k < H — 1. The target is to find a (time-dependent) policy that maximises
the state-value function Vj at time 0. In the following we will discuss two approaches to solve
finite-time MDPs with PG:

* An algorithm that is often used in practice, where parametrised policies are trained simul-
taneously, i.e. the parameters for 7, ..., mgy_1 are trained at once using the objective V.

* A new algorithm that trains the parameters sequentially starting at the last epoch. We call
this scheme dynamic PG because it combines dynamic programming (backwards induc-
tion) and PG.

In fact, one can also consider PG algorithms that train stationary policies (i.e. independent of h) for
finite-time MDPs. However, this violates the intrinsic nature of finite-time MDPs (optimal policies
will only be stationary in trivial cases). In order to carry out a complete theoretical analysis as-
sumptions are required. In this article we will assume that all policies are softmax parametrised, an
assumption that appeared frequently in the past years. It is a first step towards a full understanding
and already indicates why PG methods should use the dynamic programming structure inherent in
finite-time MDPs. This paper should not be seen as limited to the softmax case, but more like a
kick-off to analyse a new approach which is beneficial in many scenarios.

Simultaneous Policy Gradient. Let us start by formulating the simultaneous PG algorithm that
is often used in practice. The action spaces may depend on the current state and the numbers of
possible actions in epoch / is denoted by dj, = 3 . S | As|. To perform a PG algorithm all policies
7y, (or the entire policy 7) must be parametrised. While the algorithm does not require a particular
policy we will analyse the tabular softmax parametrisation

71'9(@\3;) _ exp(f(sp,a))
Y s exp(O(sh,a))’

where the notation S[*) defines the enlarged state space, containing all possible states associated to
their epoch (see Remark [A.T]| for more details). The tabular softmax parametrisation uses a single
parameter for each possible state-action pair at all epochs. Other parametrised policies, e.g. neural
networks, take states from all epochs, i.e. from the enlarged state space S!*!, as input variables.
The simultaneous PG algorithm trains all parameters at once and solves the optimisation problem
(to maximize the state value function at time 0) by gradient ascent over all parameters (all epochs)
simultaneously.

0= (0(3hva))5h68[7“],a€¢45h c th dh’ (2)

Most importantly, the algorithm does not treat epochs differently, the same training effort goes into
all epochs. For later use the objective function will be denoted by

H-1

JO.0) = Vi (1) =B | D r(Sn, An)] )

h=0
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Algorithm 1: Simultaneous Policy Gradient for finite-time MDPs

Result: Approximate policy 7* ~ 7*
initialise §(*) € RZn 4
Choose fixed step sizes n > 0, number of training steps /N and start distribution w

forn=0,....,N —1do
)

o(n
o) = glm) 4 nVeVy (:U)|.9<n)
end
Set #* = 7"
Furthermore, let pze (s) = H:_OI ]P’Ze (Sp = s) be the state-visitation measure on S and d;g (s) =

%pge(s) be the normalised state-visitation distribution. We denote by J*(u) = sup, J(6, 1) the
optimal value of the objective function and note that J* (1) = V5" (1) = sup,. pojey Vo' (1) under
the tabular softmax parametrisation, as an optimal policy can be approximated arbitrarily well.

Dynamic Policy Gradient. First of all, recall that the inherent structure of finite-time MDPs is
a backwards induction principle (dynamic programming), see for instance (Puterman, [2005). To
see backwards induction used in learning algorithms we refer for instance to Bertsekas & Tsitsiklis
(1996, Sec 6.5). In a way, finite-time MDPs can be viewed as nested contextual bandits. The
dynamic PG approach suggested in this article builds upon this intrinsic structure and sets on top
a PG scheme. Consider H different parameters g, . ..,0y_; such that §;, € R% . A parametric
policy (Weh)hHgol is defined such that the policy in epoch h depends only on the parameter 6;,. An
example is the tabular softmax parametrisation formulated slightly differently than above. For each
decision epoch h € H the tabular softmax parametrisation is given by

exp(fn(s,a))
>areaexp(On(s,a’))’

The total dimension of the parameter tensor (6, . .., 60 —1) equals the one of § from the Equation

because 0, (sp,a) = 0(sp,a) for s, € Sy, C S, The difference is that the epoch dependence is
made more explicit in Equation 4]

7 (als) = On = (On(s,a))sesy aca, € R™. 4)

The main idea of this approach is as follows. The dynamic programming perspective suggests to
learn policies backwards in time. Thus, we start by training the last parameter vector 81 on the
sub-problem Vz_1, a one-step MDP which can be viewed as contextual bandit. After convergence
up to some termination condition, it is known how to act near optimality in the last epoch and one
can proceed to train the parameter vector from previous epochs by exploiting the knowledge of
acting near optimal in the future. This is what the proposed dynamic PG algorithm does. A policy
is trained up to some termination condition and then used to optimise an epoch earlier.

Algorithm 2: Dynamic Policy Gradient for finite-time MDPs

Result: Approximate policy 7* ~ 7*

L 0 0

initialise 6(*) = (0(() ... ,9}111) €0

forh=H—-1,...,0do
Choose fixed step size 1y, number of training steps /Ny, and start distribution iy,
forn=0,...,N;, —1do

n n (779"’7?* 1)
0, = 0 0V, v, T (1n) [ g

end

" (Ny)
Set 1} = won "
end

A bit of notation is needed to analyse this approach. Given any fixed policy 7, the objective func-
tion J, in epoch h is defined to be the h-state value function in state under the extended policy
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(W9h77~r(h+1)) = (70 T TH-1),s
N (7%h & (ht1)) (7 Fny1)) -
Jh(eha 7T(h+1)7,ulh) = Vh (’uh) = E‘uh [ Z T(Sk’Ak)] ©)
k=h

While the notation is a bit heavy the intuition behind is easy to understand. If the policy after epoch
h is already trained (this is T(h+1)) then Jp as a function of 0}, is the parametrised dependence of
the value function when only the policy for epoch h is changed. Gradient ascent is then used to find
a parameter 0} that maximises Jy (-, T(j41),ds), for all s € S, where J, the dirac measure on s.
Note that to train ¢, one chooses 7 (;41) = ﬁh +1) in Algorithm

A priori it is not clear if simultaneous or dynamic programming inspired training is more efficient.
Dynamic PG has an additional loop but trains less parameters at once. We give a detailed analysis for
the tabular softmax parametrisation but want to give a heuristic argument why simultaneous training
is not favorable. The policy gradient theorem, see Theorem[A.3] states that

VIO = Y 0% (sn) Y w(alsn)Vlog(n” (alsn))QF (sn.a).
sp€SIH] a€A;,

involving @-values under the current policyﬂ It implies that training policies at earlier epochs are
massively influenced by estimation errors of QZQ. Reasonable training of optimal decisions is only
possible if all later epochs have been trained well, i.e. QZO ~ ;. This may lead to inefficiency
in earlier epochs when training all epochs simultaneously. It is important to note that the policy
gradient formula is independent of the parametrisation. While our precise analysis is only carried out
for tabular softmax parametrisations this general heuristic remains valid for all classes of policies.
Assumption 2.1. Throughout the remaining manuscript we assume that the rewards are bounded in
[0, R*], for some R* > 0. The positivity is no restriction of generality, bounded negative rewards
can be shifted using the base-line trick.

In what follows we will always assume the tabular softmax parametrisation and analyse both PG
schemes. First under the assumption of exact gradients, then with sampled gradients a la REIN-
FORCE.

3 CONVERGENCE OF SOFTMAX POLICY GRADIENT WITH EXACT
GRADIENTS

In the following, we analyse the convergence behavior of the simultaneous as well as the dynamic
approach under the assumption to have access to exact gradient computation. The presented conver-
gence analysis in both settings is inspired from the discounted setting considered recently in|Agarwal
et al.| (2021); Mei et al.| (2020). The idea is to combine smoothness of the objective function and a
(weak) PL-inequality in order to derive a global convergence result.

3.1 SIMULTANEOUS POLICY GRADIENT

To prove convergence in the simultaneous approach we will interpret the finite-time MDP as an
undiscounted stationary problem with state-space S!*’] and deterministic absorption time H. This
MDP is undiscounted but terminates in finite-time. Building upon|Agarwal et al.| (2021); Mei et al.
(2020); |Yuan et al.| (2022) we prove that the objective function defined in Equation l is 3-smooth
with parameter 3 = H*R*(2 — W) and satisfies a weak PL-inequality of the form

0
min, cspg 7 (a*(sp)|sn)
h J* J(0 .
/7|8[,H| Hdﬂe ( (1) = J(O, 1))

Here 7* denotes a fixed but arbitrary deterministic optimal policy for the enlarged state space Sl
and a*(sp,) = argmax,c 4 7*(alsy) is the best action in state sj. The term
Sh

dy; (s)
B GES d”e( )

VIO, 1)l]2 >

(6)

|1

!'See Appendix |Al Equation [12|and Equation Efor the definition of the state-action value function ) and
the enlarged state visitation measure p.



Published as a conference paper at ICLR 2024

is the distribution mismatch coefficient introduced in|/Agarwal et al.[(2021, Def 3.1). Both properties
are shown in Appendix To ensure that the distribution mismatch coefficient can be bounded
from below uniformly in 6 (see also Remark [B.4) we make the following assumption.

Assumption 3.1. For the simultaneous PG algorithm we assume that the state space is constant over
all epochs, i.e. Sy, = S for all epochs.

As already pointed out in |[Mei et al.| (2020) one key challenge in providing global convergence is
to bound the term minges 7 (aj(s)|s) from below uniformly in 6 appearing in the gradient as-
cent updates. Techniques introduced in|Agarwal et al.| (2021) can be extended to the finite-horizon
setting to prove asymptotic convergence towards global optima. This can then be used to bound
c = ¢(0®) = inf, minges w0 (ay(s)ls) > 0 (Lemma . Combining smoothness and the
gradient domination property results in the following global convergence result.

Theorem 3.2. Under Assumption let 11 be a probability measure such that p(s) > 0 for all
se€ S, letn = ﬁ and consider the sequence (9(")) generated by Algorithm I\ with arbitrary

initialisation §(). For € > 0 choose the number of training steps as N = . Then

it holds that

10H®R*|S]|
cZe

12
4
m

oo

* 7r9<N)
Vo) =Ve (w) <e

One can compare this result to Mei et al.| (2020, Thm 4) for discounted MDPs. A discounted MDP
can be seen as an undiscounted MDP stopped at an independent geometric random variable with
mean (1 —~)~!. Thus, it comes as no surprise that algorithms with deterministic absorption time H
have analogous estimates with H instead of (1 —~)~!. See Remarkfor a detailed comparison.
Furthermore, it is noteworthy that it cannot be proven that c is independent of H. We omitted this
dependency when we compare to the discounted case because the model dependent constant there
could also depend on + in the same sense.

3.2 DyNAMIC PoLICY GRADIENT

We now come to the first main contribution of this work, an improved bound for the convergence of
the dynamic PG algorithm. The optimisation objectives are .J;, defined in Equation[5} The structure
of proving convergence is as follows. For each fixed h € H we provide global convergence given
that the policy after h is fixed and denoted by 7. After having established bounds for each decision
epoch, we apply backwards induction to derive complexity bounds on the total error accumulated
over all decision epochs. The /-smoothness for different J;, is then reflected in different training
steps for different epochs.

The backwards induction setting can be described as a nested sequence of contextual bandits (one-
step MDPs) and thus, can be analysed using results from the discounted setting by choosing v = 0.
Using PG estimates for dicounted MDPs (Mei et al., 2020;|Yuan et al.,[2022) we prove in Appendix
m that the objective J;, from Equation is a smooth function in 0;, with parameter 8, = 2(H —
h)R* and satisfies also a weak PL-inequality of the form

IV Ih(On, T (na1ys bin) |2 > Tin 7o (ay ($)I8) (i (F(ns1ys in) = Jn(Ons F(ns1s 1in)-

It is crucial to keep in mind that classical theory from non-convex optimisation tells us that less
smooth (large ) functions must be trained with more gradient steps. It becomes clear that the dy-
namic PG algorithm should spend less training effort on later epochs (earlier in the algorithm) and
more training effort on earlier epochs (later in the algorithm). In fact, we make use of this observa-
tion by applying backwards induction in order to improve the convergence behavior depending on
H (see Theorem . The main challenge is again to bound minges 7% (a}(s)|s) from below uni-
formly in 0}, appearing in the gradient ascent updates from Algorithm[2] In this setting the required
asymptotic convergence follows directly from the one-step MDP viewpoint using v = 0 obtained in

Agarwal et al.[(2021, Thm 5) and it holds ¢}, = inf,,>¢ mingeg 7r9}(ln) ay(s)|s) > 0 (Lemma|B.10).
= h h

There is another subtle advantage in the backwards induction point of view. The contextual bandit
interpretation allows using refinements of estimates for the special case of contextual bandits. A
slight generalisation of work of [Mei et al.| (2020) for stochastic bandits shows that the unpleasant
unknown constants c;, simplify if the PG algorithm is uniformly initialised:
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Proposition 3.3. For fixed h € H, let uy, be a probability measure such that py,(s) > 0 for all
s € Spandlet) < ny < m. Let 9,(10) € R be an initialisation such that the initial policy

is a uniform distribution, then c, = \%ll > 0.

This property is in sharp contrast to the simultaneous approach, where to the best of our knowledge it
is not known how to lower bound c explicitly. Comparing the proofs of ¢ > 0 and ¢, > 0 one can see
that this advantage comes from the backward inductive approach and is due to fixed future policies
which are not changing during training. For fixed decision epoch h combining S-smoothness and
weak PL inequality yields the following global convergence result for the dynamic PG generated in
Algorithm

Lemma 3.4. For fixed h € H, let uy, be a probability measure such that py(s) > 0 forall s € Sy,
let ny, = m and consider the sequence (9,(Ln)) generated by Algorithm |2| with arbitrary

initialisation 9,(10) and 7. For € > 0 choose the number of training steps as Ny = 74(}[;2}:)1% . Then
h
it holds that

(Np)

V(ﬂ-}tvﬁ'(h#»l)) o V(ﬂ-gh 77~T(h+1)) <
f (kn) = Vi, (kn) < €

Moreover, if 0,(LO ) initialises the uniform distribution the constants cy, can be replaced by ﬁ

The error bound depends on the time horizon up to the last time point, meaning intuitively that an
optimal policy for earlier time points in the MDP (smaller h) is harder to achieve and requires a
longer learning period then later time points (h near to H). We remark that the assumption on i, is
not a sharp restriction and can be achieved by using a strictly positive start distribution i on Sy fol-
lowed by a uniformly distributed policy. Note that assuming a positive start distribution is common
in the literature and Mei et al.| (2020) showed the necessity of this assumption. Accumulating errors
over time we can now derive the analogous estimates to the simultaneous PG approach. We obtain a
linear accumulation such that an ;-error in each time point / results in an overall error of € which
appears naturally from the dynamic programming structure of the algorithm.

Theorem 3.5. For all h € H, let py, be probability measures such that puy,(s) > 0 for all s € Sy,
let np = m. For € > 0 choose the number of training steps as Nj, = w| /%h |Oo.

cle
o (No) -1

(N
Then for the final policy from Algorithm a* = (n% ... ,71'0Hf11 ), it holds for all s € Sy that

Vi(s) = Vg (s) <e.

If 9,(10) initialises the uniform distribution the constants cy, can be replaced by ﬁ.

3.3 COMPARISON OF THE ALGORITHMS

Comparing Theorem [3.5] to the convergence rate for simultaneous PG in Theorem [3.2] we first
highlight that the constant ¢;, in the dynamic approach can be explicitly computed under uniform
initialisation. This has not yet been established in the simultaneous PG (see Remark and
especially it cannot be guaranteed that c is independent of the time horizon. Second, we compare
the overall dependence of the training steps on the time horizon. In the dynamic approach ), N},
scales with H2 in comparison to H® in the convergence rate for the simultaneous approach. In
particular for large time horizons the theoretical analysis shows that reaching a given accuracy is
more costly for simultaneous training of parameters. In the dynamic PG the powers are due to the
smoothness constant, the 7 error which we have to achieve in every epoch and finally the sum over
all epochs. In comparison, in the simultaneous PG a power of 2 is due to the smoothness constant,
another power of 2 is due to the distribution mismatch coefficient in the PL-inequality which we
need to bound uniformly in 6 (see also Remark [B.3) and the last power is due to the enlarged state
space |SU]| = |S|H. Note that we just compare upper bounds. However, we refer to Appendix
for a toy example visualising that the rate of convergence in both approaches is of order O(%) and
the constants in the dynamic approach are indeed better then for the simultaneous approach.
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4 CONVERGENCE ANALYSIS OF STOCHASTIC SOFTMAX POLICY GRADIENT

In the previous section, we have derived global convergence guarantees for solving a finite-time
MDP via simultaneous as well as dynamic PG with exact gradient computation. However, in prac-
tical scenarios assuming access to exact gradients is not feasible, since the transition function p of
the underlying MDP is unknown. In the following section, we want to relax this assumption by re-
placing the exact gradient by a stochastic approximation. To be more precise, we view a model-free
setting where we are only able to generate trajectories of the finite-time MDP. These trajectories are
used to formulate the stochastic PG method for training the parameters in both the simultaneous and
dynamic approach.

Although in both approaches we are able to guarantee almost sure asymptotic convergence similar to
the exact PG scheme, we are no longer able to control the constants c and c¢;, respectively along tra-
jectories of the stochastic PG scheme due to the randomness in our iterations. Therefore, the derived
lower bound in the weak PL-inequality may degenerate in general. In order to derive complexity
bounds in the stochastic scenario, we make use of the crucial property that ¢ (and c;, respectively)
remain strictly positive along the trajectory of the exact PG scheme. To do so, we introduce the
stopping times 7 and 7y, stopping the scheme when the stochastic PG trajectory is too far away from
the exact PG trajectory (under same initialisation). Hence, conditioning on {7 > n} (and {75, > n}
respectively) forces the stochastic PG to remain close to the exact PG scheme and hence, guarantees
non-degenerated weak PL-inequalities. The proof structure in the stochastic setting is then two-fold:

1. We derive a rate of convergence of the stochastic PG scheme under non-degenerated weak
PL-inequality on the event {7 > n}. Since we consider a constant step size, the batch size
needs to be increased sufficiently fast for controlling the variance occurring through the
stochastic approximation scheme. See Lemma[D.4]and Lemma[D.8§]

2. We introduce a second rule for increasing the batch-size depending on a tolerance § > 0
leading to P(7 < n) < ¢. This means, that one forces the stochastic PG to remain close to
the exact PG with high probability. See Lemma[D.5|and Lemma [D.9]

A similar proof strategy has been introduced in |Ding et al. (2022)) for proving convergence for
entropy-regularised stochastic PG in the discounted case. Their analysis heavily depends on the
existence of an optimal parameter which is due to regularisation. In the unregularised problem this
is not the case since the softmax parameters usually diverge to +/ — oo in order to approximate a
deterministic optimal solution. Consequently, their analysis does not carry over straightforwardly
to the unregularised setting. One of the main challenges in our proof is to construct a different
stopping time, independent of optimal parameters, such that the stopping time still occurs with
small probability given a large enough batch size. We again first discuss the simultaneous approach
followed by the dynamic approach.

Simultaneous stochastic policy gradient estimator: Consider K trajectories (s}, a})r—,', for
i=1,...,K, generated by s} ~ p, ai ~ w(-|si) and st ~ p(:|st _,,al ) for0 < h < H. The
gradient estimator is defined by

1 A
ZROESDY Z Vlog(n (ahs},)) Ri,, (7)
z:l h=0
where ]%}Z = ZkH;hl r(si,a}) is an unbiased estimator of the h-state-action value function

in (si,a}) under policy 7%, This gradient estimator is unbiased and has bounded variance

(Lemma|D.T)). Then the stochastic PG updates for training the softmax parameter are given by
gD = o) 4 T IE (O™ ). (8)

Our main result for the simultaneous stochastic PG scheme is given as follows.

Theorem 4.1. Under Assumption n 3.1} let pu be a probability measure such that u(s) > 0 for all
s € S. Consider the final policy using Algorithm[I|with stochastic updates from Equation[8|denoted

(V)
by #* = %", Moreover, for any 6, > 0 assume that the number of training steps satisfies
w* 14
21|S|H°R*\2|| 4} _ 1 10 max{R*,1}2N? .
N Z (T) - OO, letn = m and K Z Y - E— Then it holds true that

P(Vy () = Vg (p) <€) >1—34.
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Dynamic stochastic policy gradient estimator: For fixed h consider K trajectories
(si,ai)ft fori=1,..., Ky, generated by si ~ puy,, a, ~ 70 and aj, ~ 7, for h < k < H. The

estimator is defined by

K,
~ 5 1 o
VIO, Ty, in) = 5o 3V log(w”(ai|sh)) B ©
=1
where Ri = Y 1r(si ai) is an unbiased estimator of the h-state-action value function in

(st,at) under policy 7. Then the stochastic PG updates for training the parameter 6, are given
by

0 =0 + VI 0 F iy ) (10)
Our main result for the dynamic stochastic PG scheme is given as follows.

Theorem 4.2. For all h € H, let py, be probability measures such that i, (s) > 0 for all h € H,
s € Sp. Consider the final policy using Algorithm [2] with stochastic updates from Equation

R A(Ng) F(Np—1
denoted by m° = (7T00 ’ e ,7T9H*1 ). Moreover, for any 6,¢ > 0 assume that the numbers of
. o Ny > 12(H—h)R"H?|| ;L |oo 2 1 K, > ONiH?
training steps satisfy Ny > ( 5eZe ) , let np, = AR R VN, and K, > BT

Then it holds true that

P(Vs €Sy Vir(s) — Vi (s) < e) >1-4.

Comparison In both scenarios the derived complexity bounds for the stochastic PG uses a very
large batch size and small step size. It should be noted that the choice of step size and batch size
are closely connected and both strongly depend on the number of training steps N. Specifically, as
N increases, the batch size increases, while the step size tends to decrease to prevent exceeding the
stopping time with high probability. However, it is possible to increase the batch size even further
and simultaneously benefit from choosing a larger step size, or vice versa.

An advantage of the dynamic approach is that ¢;, can be explicitly known for uniform initialisation.
Hence, the complexity bounds for the dynamic approach results in a practicable algorithm, while
c is unknown and possibly arbitrarily small for the simultaneous approach. Finally, we will also
compare the complexity with respect to the time horizon. For the simultaneous approach the number
of training steps scales with H'°, and the batch size with H3°, while in the dynamic approach
the overall number of training steps scale with H’ and the batch size with H?°. We are aware
that these bounds are far from tight and irrelevant for practical implementations. Nevertheless,
these bounds highlight once more the advantage of the dynamic approach in comparison to the
simultaneous approach and show (the non-trivial fact) that the algorithms can be made to converge
without knowledge of exact gradients and without regularisation.

5 CONCLUSION AND FUTURE WORK

In this paper, we have presented a convergence analysis of two PG methods for undiscounted MDPs
with finite-time horizon in the tabular parametrisation. Assuming exact gradients we have obtained
an O(1/n)-convergence rate for both approaches where the behavior regarding the time horizon and
the model-dependent constant c is better in the dynamic approach than in the simultaneous approach.
In the model-free setting we have derived complexity bounds to approximate the error to global
optima with high probability using stochastic PG. It would be desirable to derive tighter bounds
using for example adaptive step sizes or variance reduction methods that lead to more realistic batch
sizes.

Similar to many recent results, the presented analysis relies on the tabular parametrisation. However,
the heuristic from the policy gradient theorem does not, and the dynamic programming perspective
suggests that parameters should be trained backwards in time. It would be interesting future work
to see how this theoretical insight can be implemented in lower dimensional parametrisations using
for instance neural networks.
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