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Abstract001

Large Language Models (LLMs) exhibit strong002
mathematical reasoning when trained on high-003
quality Chain-of-Thought (CoT) that articu-004
lates intermediate steps, yet costly CoT cu-005
ration hinders further progress. While exist-006
ing remedies such as distillation from stronger007
LLMs and self-synthesis based on test-time008
search alleviate this issue, they often suffer009
from diminishing returns or high computing010
overhead. In this work, we propose COTEVOL,011
a genetic evolutionary framework that casts012
CoT generation as a population-based search013
over reasoning trajectories. Candidate trajec-014
tories are iteratively evolved through reflec-015
tive global crossover at the trajectory level016
and local mutation guided by uncertainty at017
the step level, enabling holistic recombination018
and fine-grained refinement. Lightweight, task-019
aware fitness functions are designed to guide020
the evolutionary process toward accurate and021
diverse reasoning. Empirically, COTEVOL im-022
proves correct-CoT synthesis success by over023
30% and enhances structural diversity, with024
markedly improved efficiency. LLMs trained025
on these evolutionary CoT data achieve an av-026
erage gain of 6.6% across eight math bench-027
marks, outperforming previous distillation and028
self-synthesis approaches. These results un-029
derscore the promise of evolutionary CoT syn-030
thesis as a scalable and effective method for031
mathematical reasoning tasks.032

1 Introduction033

Large Language Models (LLMs) have exhibited re-034

markable reasoning capabilities in solving complex035

mathematical tasks when prompted to generate036

step-by-step solutions (Wei et al., 2022; Renze and037

Guven, 2024; Jaech et al., 2024; Guo et al., 2025).038

One of the key reasons is the quality and avail-039

ability of curated Chain-of-Thought (CoT) training040

data (Luo et al., 2024), which empowers LLMs to041

construct logically coherent reasoning trajectories.042
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Figure 1: Comparison of CoT synthesis success rates of
Best-of-N, Self-Refine, and COTEVOL on the S1K and
LIMO training datasets.

However, such data are scarce and costly to pro- 043

duce due to the labor-intensive and time-consuming 044

annotation process, which limits the advancement 045

of reasoning-oriented LLMs. 046

Existing studies address data scarcity in two 047

main directions. One distills reasoning traces from 048

frontier LLMs, such as DeepSeek-R1 (Guo et al., 049

2025) or OpenAI o1 (Jaech et al., 2024), while the 050

other relies on test-time scaling to identify effective 051

reasoning trajectories through allocating more com- 052

putational resources (Snell et al., 2024; Levi, 2024; 053

Cobbe et al., 2021). Although both approaches 054

partially alleviate this problem, they suffer from 055

inherent limitations: distillation exhibits diminish- 056

ing returns1 and may propagate biases from teacher 057

models (Guo et al., 2024), while test-time scaling 058

relies on extensive repeated sampling (Diao et al., 059

2023; Madaan et al., 2023), with largely indepen- 060

dent trials that hinder the reuse of intermediate 061

reasoning signals and often cause the search to 062

stagnate in low-quality regions, resulting in poor 063

computational efficiency. 064

To overcome these limitations, we reformulate 065

CoT synthesis as a heuristic search and combina- 066

torial optimization problem. Given a question, it 067

1For example, OpenMathInstruct-2 (Toshniwal et al.,
2024) reports only a 3.9% improvement on MATH despite
using 8× more data.
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aims to efficiently discover CoTs as reasoning tra-068

jectories that lead to the correct answer. This opti-069

mization perspective naturally motivates the use of070

genetic algorithms (GAs), whose crossover and mu-071

tation operators can be explicitly adapted to explore072

complex solution spaces. The resulting trajectories073

can then be used to fine-tune LLMs, improving074

their reasoning capabilities.075

Inspired by this, we propose COTEVOL, a novel076

self-evolving CoT synthesis framework that adapt077

GAs to work directly on LLM-generated token078

sequences, overcoming their reliance on discrete079

symbolic representations. COTEVOL treats reason-080

ing trajectories as individuals in a population and081

iteratively improves them through genetic opera-082

tions. Specifically, we introduce reflective global083

crossover, which constructs high-level feedback to084

guide the recombination of complementary reason-085

ing structures, and uncertainty-guided local mu-086

tation, which identifies unstable reasoning steps087

via entropy and refines ambiguous parts of the rea-088

soning process. Lightweight, task-aware fitness089

functions further guide evolution by jointly eval-090

uating solution correctness and reasoning struc-091

ture. Through this population-based evolution,092

COTEVOL efficiently discovers a large set of CoTs093

that yield correct answers on mathematical reason-094

ing tasks. As shown in Figure 1, our method im-095

proves solution correctness in the synthesized train-096

ing data by over 30% while requiring less compu-097

tational cost. Fine-tuning models on these evolved098

CoTs yields an average 6.6% gain in inference ac-099

curacy. Overall, COTEVOL offers a cost-effective100

way for mathematical reasoning. Our main contri-101

butions can be summarized as follows:102

• We propose COTEVOL, a self-evolutionary103

CoT synthesis framework inspired by genetic104

algorithms, which exhaustively exploits the105

intrinsic reasoning potential of LLMs.106

• We introduce reflective global crossover107

for structural recombination and uncertainty-108

guided local mutation for targeted refinement,109

both navigated by lightweight, task-aware fit-110

ness functions.111

• Experiments show that COTEVOL improves112

synthesis correctness by over 30% and yields113

a 6.6% average accuracy gain across eight114

benchmarks, demonstrating an effective and115

cost-efficient approach to CoT synthesis.116

2 Related Work 117

Mathematical Data Synthesis. Synthetic math 118

data generation (Madaan et al., 2023; Guan et al., 119

2025; Guo et al., 2025; He et al., 2025) is an effec- 120

tive way to improve mathematical reasoning when 121

human annotations are scarce (Villalobos et al., 122

2022). Existing methods fall into two categories: 123

(1) distillation from powerful LLMs, produc- 124

ing high-quality datasets (e.g., OpenMathInstruct- 125

2 (Toshniwal et al., 2024)) but incurring high com- 126

putational cost and potential bias (Guan et al., 127

2025; Guo et al., 2024); and (2) self-synthesis via 128

test-time search, generating CoTs without exter- 129

nal supervision. Representative methods include 130

Best-of-N (Cobbe et al., 2021; Diao et al., 2023), 131

which samples multiple trajectories and selects 132

the best via an external reward model, and Self- 133

Refine (Madaan et al., 2023), which iteratively im- 134

proves CoTs based on model feedback. 135

However, these approaches often rely on external 136

reward models and are constrained by the capabili- 137

ties of the policy LLM, leading to low sampling ef- 138

ficiency and limited gains. In contrast, we propose 139

COTEVOL to elicit the model’s intrinsic reason- 140

ing potential while selectively invoking stronger 141

LLMs only for hard cases, thereby resulting in a 142

practical and scalable CoT synthesis framework 143

with controllable computational cost. 144

Language-based Genetic Algorithms for 145

Mathematical Reasoning. Genetic algorithms 146

(GAs) (Mitchell, 1998) have demonstrated 147

effectiveness in exploring complex solution 148

spaces under diverse constraints (Yao et al., 2025). 149

With LLMs, GAs can operate in a language- 150

centric paradigm, representing individuals as 151

natural language and performing crossover and 152

mutation through generation. Prior work has 153

applied these ideas to inference-time optimization. 154

FunSearch (Fawzi and Paredes, 2023) evolves 155

code-based programs to discover algorithmic 156

solutions. Mind Evolution (Lee et al., 2025) 157

applies GAs framework to planning tasks such as 158

TravelPlanner, and Meeting Planning. 159

By contrast, our approach evolves textual CoT 160

trajectories for training data synthesis rather 161

than inference-time optimization. Furthermore, 162

We design biologically inspired and fine-grained 163

crossover and mutation operators, where crossover 164

performs global recombination and mutation intro- 165

duces targeted local variations, distinguishing our 166

method from prior work in math reasoning. 167
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Figure 2: The framework of COTEVOL. COTEVOL evolves mathematical chain-of-thoughts through iterative
fitness-based selection, reflective global crossover, and uncertainty-guided local mutation.

3 Methodology168

This section presents COTEVOL, a novel self-169

supervised CoT data synthesis framework that170

leverages fine-grained genetic operators and the171

self-reflective capabilities of LLMs to unlock the172

potential of test-time computation. Subsequently,173

these self-evolved CoT data are employed to train174

LLMs using supervised fine-tuning, enhancing per-175

formance on mathematical reasoning tasks.176

3.1 Framework177

COTEVOL has three components: population man-178

agement, an adaptive evolution strategy, and a179

fitness function. Figure 2 presents the overall180

framework, which evolves reasoning trajectories181

through a population-based optimization process.182

The framework begins with population initializa-183

tion. In each iteration, high-fitness solutions are184

selected as parents and refined through the strategy185

at two complementary levels: (i) reflective global186

crossover, which performs global knowledge trans-187

fer across reasoning paths via reflective feedback,188

and (ii) uncertainty-guided local mutation, which189

conducts targeted local refinement by revising high-190

uncertainty reasoning steps. The resulting offspring191

are incorporated into the population while main-192

taining a fixed population size. Iterations continue193

until convergence or a maximum number of steps,194

after which the highest-fitness solution is selected195

as the CoT data for supervised fine-tuning.196

3.2 Fitness Function197

The fitness function guides the evolution process by198

providing scalar feedback that evaluates the qual-199

ity of solutions. Recent advances in verifiable re- 200

inforcement learning (RLVR) (Guo et al., 2025; 201

Zeng et al., 2025) have highlighted the potential 202

of structured reward functions in enhancing the 203

reasoning capabilities of LLMs. Inspired by prior 204

work (Luong et al., 2024), we design three rule- 205

based verifiers tailored to evaluate mathematical 206

CoT data. 207

Answer Correctness Verifier. This verifier as- 208

sesses whether a CoT solution arrives at the correct 209

answer for a given problem. A correct solution 210

receives a fitness score Rac of 1, while an incorrect 211

one receives 0. To improve robustness in borderline 212

cases, we adopt a strategy from prior work (Luong 213

et al., 2024) by assigning a score of 0.5 to answers 214

that are numerically interpretable but incorrect. 215

Format Matching Verifier. This verifier checks 216

whether the generated answer adheres to a prede- 217

fined format. Specifically, our method requires all 218

final answers to be enclosed in /boxed{} notation. 219

If the format is correctly parsed and satisfies the 220

requirement, the reward Rfmt of 0.5 is given; oth- 221

erwise, the reward Rfmt is set to 0. 222

Length-based Reward Verifier. This verifier ad- 223

justs rewards based on the length of the generated 224

solution, aiming to balance efficiency with com- 225

pleteness. Concise and informative reasoning is 226

encouraged, while unnecessarily verbose outputs 227

are mildly penalized. Following prior work (Hug- 228

ging Face, 2025), we adopt a cosine-scaling re- 229

ward function that differentiates between correct 230

and incorrect answers. For a candidate solution 231

(qi, xi, ŷi, yi) within a population P , the reward is 232
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computed as:233

Rlen =

{
Cmin + 0.5 · (Cmax − Cmin) · (1 + cos(π · L

Lmax
)) if ŷi = yi

Wmin + 0.5 · (Wmax − Wmin) · (1 + cos(π · L
Lmax

)) if ŷi ̸= yi

(1)234

where qi is the i-th question, L denotes the length235

of the current CoT solution xi, ŷi denotes the pre-236

dicted answer, yi is ground truth, and Lmax is the237

maximum content length within the current popu-238

lation. The terms Cmin and Cmax define the reward239

range for correct answers, while Wmin and Wmax240

represent the corresponding bounds for incorrect241

answers. The cosine factor cos
(
π · L

Lmax

)
is intro-242

duced to smoothly modulate the effect of length. It243

maintains progressive penalization while mitigat-244

ing an excessive preference for shorter outputs.245

The final fitness score for candidate individuals246

is the sum of the scores of the above three verifiers.247

R = Rac +Rfmt +Rlen (2)248

3.3 Population Management249

Population management serves three core functions250

in our COTEVOL: (1) Population Initialization:251

constructing initial candidate solutions before evo-252

lution; (2) Elite Selection: selecting individuals253

based on fitness scores to serve as parents to gener-254

ate offspring; (3) Population Updates: dynamically255

controlling population size to ensure effective se-256

lection pressure and maintain diversity.257

Population Initialization. Given a specific math-258

ematical problem, we prompt LLMs to indepen-259

dently generate Npop initial individuals. To bal-260

ance solution quality and diversity, we set the sam-261

pling temperature to 0.6, encouraging variation262

among generated responses. After generation, we263

perform post-processing to filter out redundant or264

low-quality samples. Specifically, for any pair of265

individuals with a ROUGE-L (Lin, 2004) score266

greater than 0.7, we randomly retain one to elim-267

inate semantic duplicates. Meanwhile, responses268

that are incomplete, malformed, or indicative of269

model failure are discarded directly2. This process270

is repeated until Npop valid and diverse individuals271

are obtained for initialization.272

Elite Selection. To select parent solutions for off-273

spring generation, we adopt the Boltzmann Tour-274

nament Selection (Lin, 2004) strategy. Concretely,275

we normalize the fitness scores of all individuals276

2For example, if the model crashes or fails to produce a
complete, coherent solution.

using a softmax function to obtain a probability 277

distribution, from which we randomly sample a set 278

of parents. At each generation t, we select the top 279

k candidates from the current population Pt based 280

on their fitness scores. This selection mechanism 281

strikes a balance between exploitation and explo- 282

ration: high-fitness individuals are more likely to 283

be propagated, improving overall solution quality. 284

Meanwhile, low-fitness individuals retain a non- 285

negligible probability of selection, helping main- 286

tain population diversity and mitigate premature 287

convergence. 288

Population Updates. After each evolutionary it- 289

eration, we apply fitness-based population control 290

to maintain a fixed population size and keep selec- 291

tion pressure throughout the evolutionary process. 292

Specifically, all individuals are ranked based on 293

their fitness scores, and a selection mechanism is 294

employed to preferentially retain high-quality indi- 295

viduals while discarding less competitive ones. 296

3.4 Adaptive Evolution Strategy 297

We propose a novel adaptive evolution strategy 298

for reasoning self-improvement, which combines 299

reflective global crossover for global knowledge 300

transfer with uncertainty-guided local mutation for 301

targeted local exploration. By integrating struc- 302

tured feedback and uncertainty-aware refinement, 303

the strategy enables progressive improvement of 304

chain-of-thought data quality. 305

Reflective Global Crossover. Given candidate 306

CoTs, parent solutions are first selected according 307

to their fitness scores, which reflect overall solu- 308

tion quality. An answer correctness verifier Rac 309

assigns each selected parent a binary correctness 310

label, where Rac(x) ≥ 0.5 indicates a correct final 311

answer, and Rac(x) = 0 otherwise. These labels 312

are then used to condition reflection-based feed- 313

back during crossover. 314

We construct global feedback under three dis- 315

tinct cases: (i) Elite Merging: when both par- 316

ents are correct, the LLM synthesizes their shared 317

strengths and unique reasoning techniques into a 318

set of best practices, guiding the offspring to gen- 319

erate more concise and efficient CoTs; (ii) Success- 320

Error Fusion: when one parent is correct and the 321

other incorrect, the LLM extracts key successful 322

strategies from the correct parent while precisely 323

analyzing error patterns in the incorrect parent, re- 324

inforcing valid reasoning steps and avoiding known 325

mistakes; (iii) Failure Pattern Summary: when 326
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both parents are incorrect, the LLM identifies com-327

mon errors and reasoning pitfalls, producing a neg-328

ative knowledge list that directs the model to avoid329

these mistakes and explore alternative reasoning330

paths. The resulting feedback is provided as an ad-331

ditional Information to the LLM, which leverages332

it to perform crossover and generate the offspring333

CoT. The corresponding prompts are provided in334

the Appendix.335

Uncertainty-guided Local Mutation. To enable336

fine-grained local exploration within a single CoT,337

we introduce an uncertainty-driven mutation mech-338

anism that adaptively perturbs unstable reasoning339

steps. The core intuition is that high predictive un-340

certainty reflects unstable decision points, where341

alternative reasoning trajectories are more likely to342

yield improvements.343

We first estimate uncertainty at the token level.344

Given the model’s conditional distribution over the345

vocabulary V at token position j, the token-level346

entropy is defined as:347

Hj = −
∑
v∈V

p(v | x<j) log p(v | x<j) (3)348

which measures the uncertainty of the next-token349

prediction conditioned on the preceding context.350

A complete solution is represented as an se-351

quence of reasoning steps x = [x1, . . . , xs], where352

each step xs spans a contiguous segment of tokens353

indexed by Ts. Token-level uncertainty is then ag-354

gregated into step-level entropy by averaging over355

tokens within the same step:356

Hstep
s =

1

|Ts|
∑
j∈Ts

Hj (4)357

the most unstable reasoning step is identified as:358

s∗ = argmax
s

Hstep
s (5)359

starting from the identified step s∗, we apply mu-360

tation by increasing the temperature to encourage361

broader exploration, while preserving the prefix362

preceding s∗. Specifically, the mutation tempera-363

ture is adaptively scaled based on the step entropy:364

τmut = τ0 (1 + λH
step
s∗ ) (6)365

where τ0 is the base temperature and λ controls the366

strength of entropy-based amplification.367

By localizing exploration to high-uncertainty368

steps, entropy-driven mutation promotes effective369

refinement of reasoning trajectories without dis-370

rupting well-established intermediate conclusions.371

4 Experiment 372

4.1 Experiment Setup 373

Dataset. For training datasets, we se- 374

lect four representative datasets including 375

S1K (Muennighoff et al., 2025), LIMO (Ye 376

et al., 2025), Math (Hendrycks et al., 2021), 377

and DeepMath103k (He et al., 2025), to span 378

mathematical problems across different scales 379

and complexities. For evaluation datasets, 380

we benchmark COTEVOL on diverse math- 381

ematical reasoning datasets, including: (1) 382

Competition and olympiad-level benchmarks, 383

including AMC23 (AI-MO, 2024b), MATH500 (Light- 384

man et al., 2023), AIME24 (AI-MO, 2024a), 385

Minerva Math (Lewkowycz et al., 2022) and 386

OlympiadBench (He et al., 2024); (2) College- 387

level benchmarks, including CollegeMath (Tang 388

et al., 2024); and (3) Out-of-domain evaluations, 389

including GaoKao-EN 2023 (Liao et al., 2024). e 390

additionally report results on GSM8K (Cobbe et al., 391

2021) for comparison with prior work. Unless 392

otherwise stated, all evaluations use zero-shot 393

prompts with greedy decoding, and we report 394

the Pass@1 metric as defined in the SimpleRL 395

framework (Zeng et al., 2025). 396

Baselines. We benchmark COTEVOL against 397

two representative categories of baseline: (1) 398

Distilled Chain-of-Thought (D-CoT) meth- 399

ods, which distill high-quality CoT data from 400

stronger LLMs, including proprietary models (e.g., 401

DeepSeek-R1 (Guo et al., 2025), Gemini-2.5-Flash 402

(Comanici et al., 2025)) and open-source mod- 403

els (e.g., Qwen2.5-Math-72B-Instruct (Yang et al., 404

2024), DeepSeek-R1-Distill-Qwen-32B (Guo et al., 405

2025)). (2) Self-Synthesized Chain-of-Thought 406

(S-CoT) methods, which generate CoT using the 407

model’s own reasoning capability without external 408

models. We consider two representative methods: 409

(i) Best-of-N, which generates multiple reasoning 410

paths and selects the best using a reward model; 411

and (ii) Self-Refine, which iteratively improves ini- 412

tial CoT through feedback-based refinement. We 413

also include the original human-annotated CoT 414

(H-CoT) data from given training datasets, which 415

serve as an additional comparison. 416

Implementation Details. We adopt the Qwen2.5- 417

7B-Instruct (Yang et al., 2024) as our base model, 418

a widely used general-purpose LLM. To balance 419

generation quality and efficiency, we initialize a 420

population of Npop = 4 candidates per problem and 421
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Table 1: Performance comparison on mathematical benchmarks of models trained separately on the S1K and LIMO
datasets using different data synthesis methods, where the best results are highlighted in bold.

GSM8K MATH500 Minerva
Math GaokaoEn23 Olympiad

Bench
College
Math AIME24 AMC23 AVG.

Base Model Qwen2.5-7b-Instruct 79.6 69.4 35.7 55.3 34.7 35.8 13.3 47.5 46.4

S1K
H-CoT - 81.3 71.6 37.1 58.2 34.8 36.0 13.3 50.0 47.8

D-CoT

Qwen2.5-Math-72b-Instruct 90.4 75.2 39.3 62.9 35.3 41.0 10.0 47.5 50.2

Qwen-Distil-32B 82.8 72.7 37.1 59.2 35.4 35.0 16.7 50.0 48.6

Genimi-Flash-2.5 83.1 71.4 33.8 58.2 33.2 37.8 13.3 52.5 47.9

Deepseek-R1 87.0 71.4 37.9 61.0 34.5 38.5 16.7 55.0 50.6

S-CoT
Self-Refine 87.5 71.2 34.2 62.3 35.0 40.1 16.7 60.0 50.9

Best-of-N 88.8 74.6 34.9 61.8 35.7 38.9 10.0 50.0 49.3

COTEVOL - 90.8 75.2 39.3 64.4 36.0 40.8 16.7 62.5 53.2

LIMO
H-CoT - 78.6 67.8 34.2 57.7 33.9 34.1 10.0 50.0 45.8

D-CoT

Qwen2.5-Math-72b-Instruct 82.7 73.8 37.9 57.1 34.4 37.0 13.3 50.0 48.3

Qwen-Distil-32B 83.1 73.8 35.7 59.7 34.8 36.4 13.3 57.5 49.3

Genimi-Flash-2.5 83.1 71.2 37.9 58.2 34.4 35.9 6.7 57.5 48.1

Deepseek-R1 83.2 73.8 36.4 58.7 35.2 34.4 16.7 55.0 49.2

S-CoT
Self-Refine 90.4 73.8 35.7 64.9 34.5 40.7 10.0 55.0 50.6

Best-of-N 88.3 73.0 36.4 59.7 34.8 38.5 16.7 52.5 50.0

COTEVOL - 90.8 76.6 38.2 62.3 36.1 41.2 16.7 60.0 52.7

perform t = 3 evolutionary iterations, selecting422

k = 2 parents via a fitness function. We set the423

sampling temperature to 0.6 to encourage output424

diversity, cap the output length at 2048 tokens, and425

utilize the vLLM framework (Kwon et al., 2023)426

to accelerate inference. For cases where the model427

fails to generate correct answers, we progressively428

lower the temperature to narrow the search. If429

no correct solution emerges after evolution, we430

replace it with D-CoT3. For mutation stage, we431

set mutation temperature τ0 = 0.6 and λ = 5.432

During training, we perform supervised fine-tuning433

using the OpenRLHF framework (Hu et al., 2024).434

For all approaches, we conduct the hyperparameter435

search and adop configurations that yield the best436

performance. See the Appendix for more details.437

4.2 Main Results438

Table 1 summarizes the performance of various439

methods across multiple mathematical benchmarks440

on S1K and LIMO. Overall, COTEVOL consis-441

tently outperforms all baselines. Compared with442

the strongest D-CoT (DeepSeek-R1) and S-CoT443

(Self-Refine) approaches, CoTEvol achieves gains444

of +2.6 and +2.3 points on S1K, and +3.5 and +2.1445

points on LIMO, respectively. These results in-446

dicate that the synthesized CoT data effectively447

3This fallback is rarely used (6.8% on average).

activates the model’s latent reasoning capabili- 448

ties. From a task-level perspective, COTEVOL 449

yields consistent improvements across difficulty 450

tiers, with larger gains on foundational and interme- 451

diate benchmarks and stable gains on competition- 452

level tasks. This trend suggests that while the mag- 453

nitude of improvement may depend on the base 454

model’s capabilities, COTEVOL remains effective 455

across varying levels of problem complexity. More- 456

over, although the models are fine-tuned for math 457

data, evaluations on out-of-distribution benchmarks 458

show minimal performance degradation, suggest- 459

ing that the observed improvements do not compro- 460

mise generalization, as reported in Appendix. 461

COTEVOL with different models. We 462

evaluate the generality of COTEVOL across 463

four models with diverse scales and archi- 464

tectures: a recent model (Qwen3-8B (Yang 465

et al., 2024)), a mathematics-specialized model 466

(Qwen2.5-Math-7B-Instruct (Yang et al., 2024)), 467

a reasoning-distilled model (Deepseek-R1- 468

Qwen1.5B-Instruct (Guo et al., 2025)), and a 469

general-purpose model (Mistral-8B-Instruct- 470

2410 (Mistral AI, 2024)). As shown in Figure 3, 471

COTEVOL consistently outperforms all base- 472

lines across models, demonstrating strong 473

model-agnostic effectiveness. Notably, larger 474
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Figure 3: Peformance comparison on math datasets across different models including Qwen3-8B, Qwen2.5-Math-
7B-Instruct, Deepseek-R1-Qwen1.5B-Instruct and Mistral-8B-Instruct-2410.

Figure 4: Performance comparison of D-CoT, S-CoT
and COTEVOL across different data scales.

performance gains are observed for mathematically475

stronger models, suggesting that COTEVOL476

generates high-quality CoTs that better activate477

pretrained reasoning capacity.478

COTEVOL with different scale datasets. To479

evaluate the scalability of COTEVOL, we compare480

with S-CoT and D-CoT distilled from DeepSeek-481

R1 on four datasets ranging from 1K to 10K sam-482

ples, as detailed in Figure 4. The results demon-483

strate that COTEVOL can evolve effectively across484

datasets of varying scales, consistently achieving485

strong performance. Notably, we observe that486

merely increasing the volume of training data does487

not necessarily improve accuracy. Instead, data di-488

versity and quality play a more decisive role, as also489

observed in Ye et al. (2025). Consequently, we fo-490

cus our subsequent experiments on S1K and LIMO,491

two carefully curated and high-quality datasets.492

4.3 Further Analysis493

Ablation Study. We conduct ablation experi-494

ments on the S1K dataset to evaluate the contribu-495

tion of each component in COTEVOL. Table 2 re-496

ports the average performance across benchmarks.497

Removing any component leads to a consistent per-498

formance drop, demonstrating their complemen-499

tary contributions. Specifically, eliminating either500

the fitness function or crossover leads to a similar501

performance drop, highlighting the importance of502

Table 2: Ablation experiments trained on S1K dataset.
Detailed results arcoss all benchmarks is in Appendix.

Component AVG.
Crossover Mutation Fitness

✓ ✓ 51.2
✓ ✓ 52.0
✓ ✓ 51.3
✓ ✓ ✓ 53.2

both effective selection and reflective recombina- 503

tion. In contrast, removing mutation results in a 504

smaller yet consistent decrease, indicating its role 505

in fine-grained local exploration. Overall, these 506

components jointly enable effective evolutionary 507

synthesis of high-quality CoT data. Detailed results 508

and case study are provided in the Appendix. 509

Effect of different iteration rounds. We ana- 510

lyze the effect of evolutionary rounds on model 511

performance using the S1K and LIMO datasets. 512

As shown in Figure 5a, performance consistently 513

improves as the number of evolutionary rounds in- 514

creases, reaching gains of 6.8 and 6.3 points on S1K 515

and LIMO at iter = 3, respectively. The largest im- 516

provement occurs in the first round, indicating that 517

early evolution rapidly enhances reasoning quality, 518

while additional rounds mainly refine and stabilize 519

performance with diminishing returns. 520

Effect of hyperparameter λ . Figure 5b presents 521

the effect of λ in uncertainty-guided mutation. We 522

find that as λ increases, higher mutation tempera- 523

ture enables broader exploration and helps escape 524

uncertain reasoning steps. Performance peaks at 525

λ = 5, which balances exploration and stability. 526

Further increasing λ leads to overly aggressive ex- 527

ploration, enlarging the search space and reducing 528

performance. We thus set λ = 5 in all experiments. 529

Mixed Data Strategy. Figure 1 shows that 530

COTEVOL consistently achieves over 80% 531

7



(a) (b)

Figure 5: (a) Comparison of iteration rounds; (b) impact
of λ on model performance.

Figure 6: Comparison of different data fusion strategies
using Qwen2.5-7B-Instruct on S1K and LIMO datasets.

problem-solving accuracy, highlighting the effec-532

tiveness of COTEVOL. For samples that fail to533

evolve, we explore three strategies: (1) discarding534

failed samples, (2) substituting them with manually535

annotated H-CoT, and (3) replacing them with536

distilled D-CoT. As illustrated in Figure 6, the hy-537

brid D-CoT strategy delivers the best performance,538

benefiting from the strong reasoning ability of539

frontier LLMs on complex problems. On LIMO,540

however, gains are limited since the training-stage541

success rate is already high and fewer failures542

need to be patched. These results suggest a543

practical synthesis paradigm: generate most data544

via COTEVOL, and selectively patch failures with545

high-quality distilled traces. This hybrid approach546

striking the balance between quality and cost,547

making it well-suited for real-world deployment.548

Effect of Test-Time Methods during Inference.549

we compare our method with Best-of-N and Self-550

Refine in terms of their effectiveness in searching551

the solution space during inference, as shown in552

Table 3. Best-of-N achieves relatively strong perfor-553

mance by leveraging repeated sampling and an ex-554

plicit reward signal. In contrast, Self-Refine yields555

only limited improvements, as it operates on a sin-556

gle reasoning trajectory through iterative critique557

and refinement. Our method, by contrast, combines558

global recombination with local mutation, enabling559

more thorough exploration of the solution space560

and a higher likelihood of reaching correct solu-561

tions. These results demonstrate that our approach562

remains effective even during inference.563

Table 3: Comparison of different test-time search meth-
ods during inference under the Pass@10 metric.

Method MATH500 AMC23

Qwen2.5-7B-Instruct 69.4 47.4
+ Best-of-N 85.4 82.5
+ Self-Refine 85.4 85.0
+ COTEVOL 86.2 87.5

Table 4: Comparison of different synthesis strategies in
terms of FLOPs (values ×1012).

Method Best-of-N Self-Refine COTEVOL

FLOPs 1689.53 733.95 453.83

Efficiency Comparison of Synthesis Strategies. 564

We compare the computational cost of different 565

reasoning synthesis strategies in terms of FLOPs 566

(Table 4). Both Best-of-N and Self-Refine generate 567

10 reasoning paths using Qwen2.5-7B-Instruct, 568

whereas COTEVOL begins with 4 initial solutions 569

and produces 10 candidates through three itera- 570

tions. Best-of-N incurs the highest cost due to the 571

additional Qwen2.5-Math-RM-72B reward model. 572

Self-Refine reduces generation cost but still per- 573

forms critique and refinement on all solutions. In 574

contrast, COTEVOL maintains low computational 575

cost by applying crossover and mutation only to 576

the top 2 solutions selected via fitness functions. 577

Despite three iterations, the combination of a small 578

initial population and precise selection significantly 579

reduces FLOPs. Furthermore, as RL provides an 580

alternative approach for CoT generation, we also 581

include a comparison in the Appendix. 582

5 Conclusion 583

This paper presents COTEVOL, a genetic 584

algorithm-based reasoning framework for the au- 585

tomatic synthesis of high-quality chain-of-thought 586

data in mathematical reasoning. Our method for- 587

mulates reasoning as a structured search problem 588

and integrates fitness-guided selection with reflec- 589

tive global recombination and uncertainty-aware 590

local mutation, enabling effective exploration of the 591

solution space. Experimental results demonstrate 592

that COTEVOL consistently outperforms prior ap- 593

proaches across multiple benchmarks and model 594

scales. These results underscore the potential of 595

evolutionary search as a scalable and principled 596

framework, paving the way for further improve- 597

ments in reasoning-centric language models. 598
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6 Limitations599

Although our evolutionary framework is able to600

generate structurally diverse and effective reason-601

ing trajectories, the current supervised fine-tuning602

(SFT) stage adopts a relatively conservative strat-603

egy, retaining only the highest-fitness solution for604

each problem. While this “best-only” selection605

ensures high-quality supervision signals, it also dis-606

cards other valid alternative reasoning paths discov-607

ered during population-based search. As a result,608

the model may not fully absorb the rich reasoning609

manifold synthesized by COTEVOL, leaving room610

for further improvement in leveraging the diversity611

of evolved CoTs.612

References613

AI-MO. 2024a. Ai-mo: Aime 2024 dataset.614
https://huggingface.co/datasets/AI-MO/615
aimo-validation-aime. Accessed: 2025-07-21.616

AI-MO. 2024b. Ai-mo: Amc 2023 dataset.617
https://huggingface.co/datasets/AI-MO/618
aimo-validation-amc. Accessed: 2025-07-21.619

Karl Cobbe, Vineet Kosaraju, Mohammad Bavarian,620
Mark Chen, Heewoo Jun, Lukasz Kaiser, Matthias621
Plappert, Jerry Tworek, Jacob Hilton, Reiichiro622
Nakano, and 1 others. 2021. Training verifiers623
to solve math word problems. arXiv preprint624
arXiv:2110.14168.625

Gheorghe Comanici, Eric Bieber, Mike Schaekermann,626
Ice Pasupat, Noveen Sachdeva, Inderjit Dhillon, Mar-627
cel Blistein, Ori Ram, Dan Zhang, Evan Rosen, and628
1 others. 2025. Gemini 2.5: Pushing the frontier with629
advanced reasoning, multimodality, long context, and630
next generation agentic capabilities. arXiv preprint631
arXiv:2507.06261.632

Shizhe Diao, Pengcheng Wang, Yong Lin, Rui Pan,633
Xiang Liu, and Tong Zhang. 2023. Active prompt-634
ing with chain-of-thought for large language models.635
arXiv preprint arXiv:2302.12246.636

Alhussein Fawzi and Bernardino Romera Paredes. 2023.637
Funsearch: Making new discoveries in mathematical638
sciences using large language models. DeepMind639
Google.640

Xinyu Guan, Li Lyna Zhang, Yifei Liu, Ning Shang,641
Youran Sun, Yi Zhu, Fan Yang, and Mao Yang.642
2025. rstar-math: Small llms can master math reason-643
ing with self-evolved deep thinking. arXiv preprint644
arXiv:2501.04519.645

Daya Guo, Dejian Yang, Haowei Zhang, Junxiao646
Song, Ruoyu Zhang, Runxin Xu, Qihao Zhu, Shi-647
rong Ma, Peiyi Wang, Xiao Bi, and 1 others. 2025.648
Deepseek-r1: Incentivizing reasoning capability in649

llms via reinforcement learning. arXiv preprint 650
arXiv:2501.12948. 651

Yufei Guo, Muzhe Guo, Juntao Su, Zhou Yang, 652
Mengqiu Zhu, Hongfei Li, Mengyang Qiu, and 653
Shuo Shuo Liu. 2024. Bias in large language models: 654
Origin, evaluation, and mitigation. arXiv preprint 655
arXiv:2411.10915. 656

Chaoqun He, Renjie Luo, Yuzhuo Bai, Shengding 657
Hu, Zhen Leng Thai, Junhao Shen, Jinyi Hu, 658
Xu Han, Yujie Huang, Yuxiang Zhang, and 1 oth- 659
ers. 2024. Olympiadbench: A challenging bench- 660
mark for promoting agi with olympiad-level bilin- 661
gual multimodal scientific problems. arXiv preprint 662
arXiv:2402.14008. 663

Zhiwei He, Tian Liang, Jiahao Xu, Qiuzhi Liu, Xingyu 664
Chen, Yue Wang, Linfeng Song, Dian Yu, Zhen- 665
wen Liang, Wenxuan Wang, Zhuosheng Zhang, Rui 666
Wang, Zhaopeng Tu, Haitao Mi, and Dong Yu. 2025. 667
Deepmath-103k: A large-scale, challenging, decon- 668
taminated, and verifiable mathematical dataset for 669
advancing reasoning. 670

Dan Hendrycks, Collin Burns, Saurav Kadavath, Akul 671
Arora, Steven Basart, Eric Tang, Dawn Song, and 672
Jacob Steinhardt. 2021. Measuring Mathematical 673
Problem Solving With the MATH Dataset. arXiv 674
preprint arXiv:2103.03874. 675

Jian Hu, Xibin Wu, Zilin Zhu, Weixun Wang, De- 676
hao Zhang, Yu Cao, and 1 others. 2024. Openrlhf: 677
An easy-to-use, scalable and high-performance rlhf 678
framework. arXiv preprint arXiv:2405.11143. 679

Hugging Face. 2025. Open r1: A fully open reproduc- 680
tion of deepseek-r1. 681

Aaron Jaech, Adam Kalai, Adam Lerer, Adam Richard- 682
son, Ahmed El-Kishky, Aiden Low, Alec Helyar, 683
Aleksander Madry, Alex Beutel, Alex Carney, and 1 684
others. 2024. Openai o1 system card. arXiv preprint 685
arXiv:2412.16720. 686

Woosuk Kwon, Zhuohan Li, Siyuan Zhuang, Ying 687
Sheng, Lianmin Zheng, Cody Hao Yu, Joseph Gon- 688
zalez, Hao Zhang, and Ion Stoica. 2023. Efficient 689
memory management for large language model serv- 690
ing with pagedattention. In Proceedings of the 29th 691
symposium on operating systems principles, pages 692
611–626. 693

Kuang-Huei Lee, Ian Fischer, Yueh-Hua Wu, Dave 694
Marwood, Shumeet Baluja, Dale Schuurmans, and 695
Xinyun Chen. 2025. Evolving deeper llm thinking. 696
arXiv preprint arXiv:2501.09891. 697

Noam Levi. 2024. A simple model of inference scaling 698
laws. arXiv preprint arXiv:2410.16377. 699

Aitor Lewkowycz, Anders Andreassen, David Dohan, 700
Ethan Dyer, Henryk Michalewski, Vinay Ramasesh, 701
Ambrose Slone, Cem Anil, Imanol Schlag, Theo 702
Gutman-Solo, and 1 others. 2022. Solving quan- 703
titative reasoning problems with language models. 704

9

https://huggingface.co/datasets/AI-MO/aimo-validation-aime
https://huggingface.co/datasets/AI-MO/aimo-validation-aime
https://huggingface.co/datasets/AI-MO/aimo-validation-aime
https://huggingface.co/datasets/AI-MO/aimo-validation-amc
https://huggingface.co/datasets/AI-MO/aimo-validation-amc
https://huggingface.co/datasets/AI-MO/aimo-validation-amc
https://arxiv.org/abs/2504.11456
https://arxiv.org/abs/2504.11456
https://arxiv.org/abs/2504.11456
https://arxiv.org/abs/2504.11456
https://arxiv.org/abs/2504.11456
https://github.com/huggingface/open-r1
https://github.com/huggingface/open-r1
https://github.com/huggingface/open-r1


Advances in neural information processing systems,705
35:3843–3857.706

Minpeng Liao, Wei Luo, Chengxi Li, Jing Wu, and707
Kai Fan. 2024. Mario: Math reasoning with code708
interpreter output–a reproducible pipeline. arXiv709
preprint arXiv:2401.08190.710

Hunter Lightman, Vineet Kosaraju, Yuri Burda, Harri-711
son Edwards, Bowen Baker, Teddy Lee, Jan Leike,712
John Schulman, Ilya Sutskever, and Karl Cobbe.713
2023. Let’s verify step by step. In The Twelfth Inter-714
national Conference on Learning Representations.715

Chin-Yew Lin. 2004. Rouge: A package for automatic716
evaluation of summaries. In Text summarization717
branches out, pages 74–81.718

Liangchen Luo, Yinxiao Liu, Rosanne Liu, Samrat719
Phatale, Meiqi Guo, Harsh Lara, Yunxuan Li, Lei720
Shu, Yun Zhu, Lei Meng, and 1 others. 2024. Im-721
prove mathematical reasoning in language models722
by automated process supervision. arXiv preprint723
arXiv:2406.06592.724

Trung Quoc Luong, Xinbo Zhang, Zhanming Jie, Peng725
Sun, Xiaoran Jin, and Hang Li. 2024. Reft: Rea-726
soning with reinforced fine-tuning. arXiv preprint727
arXiv:2401.08967.728

Aman Madaan, Niket Tandon, Prakhar Gupta, Skyler729
Hallinan, Luyu Gao, Sarah Wiegreffe, Uri Alon,730
Nouha Dziri, Shrimai Prabhumoye, Yiming Yang,731
and 1 others. 2023. Self-refine: Iterative refinement732
with self-feedback. Advances in Neural Information733
Processing Systems, 36:46534–46594.734

Mistral AI. 2024. Ministral-8B-Instruct-2410: An735
instruction-tuned language model. Hugging Face.736

Melanie Mitchell. 1998. An introduction to genetic737
algorithms. MIT press.738

Niklas Muennighoff, Zitong Yang, Weijia Shi, Xi-739
ang Lisa Li, Li Fei-Fei, Hannaneh Hajishirzi, Luke740
Zettlemoyer, Percy Liang, Emmanuel Candès, and741
Tatsunori Hashimoto. 2025. s1: Simple test-time742
scaling. arXiv preprint arXiv:2501.19393.743

Matthew Renze and Erhan Guven. 2024. Self-reflection744
in llm agents: Effects on problem-solving perfor-745
mance. arXiv preprint arXiv:2405.06682.746

Charlie Snell, Jaehoon Lee, Kelvin Xu, and Aviral Ku-747
mar. 2024. Scaling llm test-time compute optimally748
can be more effective than scaling model parameters.749
arXiv preprint arXiv:2408.03314.750

Zhengyang Tang, Xingxing Zhang, Benyou Wang, and751
Furu Wei. 2024. Mathscale: Scaling instruction752
tuning for mathematical reasoning. arXiv preprint753
arXiv:2403.02884.754

Shubham Toshniwal, Wei Du, Ivan Moshkov, Branislav755
Kisacanin, Alexan Ayrapetyan, and Igor Gitman.756
2024. Openmathinstruct-2: Accelerating ai for math757
with massive open-source instruction data. arXiv758
preprint arXiv:2410.01560.759

Pablo Villalobos, Jaime Sevilla, Lennart Heim, Tamay 760
Besiroglu, Marius Hobbhahn, and Anson Ho. 2022. 761
Will we run out of data? an analysis of the limits of 762
scaling datasets in machine learning. arXiv preprint 763
arXiv:2211.04325, 1:1. 764

Jason Wei, Xuezhi Wang, Dale Schuurmans, Maarten 765
Bosma, Fei Xia, Ed Chi, Quoc V Le, Denny Zhou, 766
and 1 others. 2022. Chain-of-thought prompting elic- 767
its reasoning in large language models. Advances 768
in neural information processing systems, 35:24824– 769
24837. 770

An Yang, Beichen Zhang, Binyuan Hui, Bofei Gao, 771
Bowen Yu, Chengpeng Li, Dayiheng Liu, Jian- 772
hong Tu, Jingren Zhou, Junyang Lin, Keming Lu, 773
Mingfeng Xue, Runji Lin, Tianyu Liu, Xingzhang 774
Ren, and Zhenru Zhang. 2024. Qwen2.5-math tech- 775
nical report: Toward mathematical expert model via 776
self-improvement. arXiv preprint arXiv:2409.12122. 777

Shunyu Yao, Fei Liu, Xi Lin, Zhichao Lu, Zhenkun 778
Wang, and Qingfu Zhang. 2025. Multi-objective 779
evolution of heuristic using large language model. 780
In Proceedings of the AAAI Conference on Artificial 781
Intelligence, volume 39, pages 27144–27152. 782

Yixin Ye, Zhen Huang, Yang Xiao, Ethan Chern, Shijie 783
Xia, and Pengfei Liu. 2025. Limo: Less is more for 784
reasoning. arXiv preprint arXiv:2502.03387. 785

Weihao Zeng, Yuzhen Huang, Qian Liu, Wei Liu, Ke- 786
qing He, Zejun Ma, and Junxian He. 2025. Simplerl- 787
zoo: Investigating and taming zero reinforcement 788
learning for open base models in the wild. arXiv 789
preprint arXiv:2503.18892. 790

10

https://huggingface.co/mistralai/Ministral-8B-Instruct-2410
https://huggingface.co/mistralai/Ministral-8B-Instruct-2410
https://huggingface.co/mistralai/Ministral-8B-Instruct-2410


A Appendix791

Dataset Details792

We provide an overview of the datasets used in793

our training and evaluation pipelines. The training794

datasets include S1K, LIMO, MATH, and Deep-795

Math103k, covering a wide range of math problem796

types and quantities. Notably, both S1K and LIMO797

are carefully curated benchmark datasets. From the798

larger MATH dataset, we select a representative799

subset of 7.5k examples, while for DeepMath103k,800

we sample 10k problems stratified by difficulty.801

We leverage this setup to assess the impact of802

dataset scale and complexity on the effectiveness803

of our method. For evaluation, we select diverse804

benchmarks including GSM8K, MATH500, Min-805

erva Math, GaoKao-EN 2023, OlympiadBench,806

AMC23 and AIME24. This diversity ensures807

a comprehensive assessment of model capability808

across difficulty and domain boundaries. Table 5809

summarizes the number of samples, difficulty lev-810

els, data sources and description for each dataset.811

812

Implementation Details813

For our method, we mainly adopt Qwen2.5-7B-814

Instruction as the base model, which is a widely815

used and general-purpose LLM. For each ques-816

tion in the training set, we initialize a population817

of 4 candidate solutions and perform 3 rounds of818

self-evolution. Each iteration produces two new819

offspring: one via crossover and the other via mu-820

tation. We set the batch size to 32, use a sampling821

temperature of 0.6 for both response generation822

and variation operations, and cap the maximum823

output length at 2048 tokens. Furthermore, we824

set Cmin = 0.5, Cmin = 1.0, Wmin = 1.0 and825

Wmax = 0.5 for length-based reward verifier. Dur-826

ing mutation, we set λ = 5 to improve temperature827

to enhance exploration. Finally, we obtain a pop-828

ulation of 8 candidate solutions and select the one829

with the highest fitness score as the final solution.830

For data distillation methods (D-CoT), we adopt831

a two-stage distillation strategy. Specifically, we832

first set the temperature to 0.6 and generate five833

responses for each question using the target model834

(eg. Qwen2.5-Math-72B-Instruct). If any of the835

responses produce the correct final answer (verified836

against the ground truth), we retain the correspond-837

ing reasoning trace as a valid distilled CoT. If none838

of the responses are correct, we fall back to the839

Deepseek-R1 solution and prompt the model to840

rewrite it in its style to generate a valid CoT data. 841

For self-generated methods via test-time compu- 842

tation (i.e., Best-of-N and Self-Refine), we adopt a 843

standardized computation budget based on the max- 844

imum number of output tokens to ensure fair com- 845

parison. Specifically, we constrain the total number 846

of generated tokens to 16,384 (i.e., 8 × 2048). In 847

the Best-of-N setting, we independently generate 848

eight candidate responses and select the highest 849

quality solution among the correct ones using the 850

Qwen2.5-Math-72B-RM reward model. For Self- 851

Refine, we generate four initial responses and apply 852

two iterations of refinement, prioritizing correction 853

of erroneous solutions, followed by selection of the 854

best correct response using the same reward model. 855

Figure 1 illustrates the success rates of different 856

methods on the S1K and LIMO benchmarks. For 857

incorrect problems, we also utilize distilled data 858

from Deepseek-R1. 859

All experiments for COTEVOL and baselines are 860

conducted using PyTorch 2.5.1 and CUDA 12.4 861

with vLLM version 0.6.4 for efficient batched de- 862

coding on 4×NVIDIA H100 GPUs with 80G mem- 863

ory. During the SFT training stage of each method, 864

we experiment with batch sizes of 16 and learning 865

rates of 1e-5, 5e-6, 7e-7, with the number of train- 866

ing epochs set to 1 and 3. During the testing stage, 867

we set the temperature to 0.0 and conduct a hyper- 868

parameter search to select the configuration that 869

yields the best performance. The code is provided 870

in the supplementary materials and will be made 871

publicly available in the near future. 872

Compared with Mind Evolution 873

In this section, we highlight three key differences 874

between our approach and Mind Evolution: (1) 875

task differences. Mind Evolution primarily fo- 876

cuses on planning tasks, such as TravelPlanner, 877

Trip Planning, and Meeting Planning. In contrast, 878

our method targets mathematical reasoning, which 879

presents fundamentally different challenges and 880

objectives. (2) goal differences. Our approach 881

is designed to synthesize high-quality CoT data, 882

aiming to enhance both the quality and diversity of 883

generated solutions. This data is then used to im- 884

prove model accuracy and generalization through 885

supervised fine-tuning (SFT). Mind Evolution, on 886

the other hand, is a test-time computation that op- 887

erates only during inference and does not involve 888

any model parameter updates. (3) differences in 889

module design. For the fitness function, we in- 890

corporate multiple verifiers, including an answer 891
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Table 5: Statistics, sources, and descriptions of training and evaluation datasets.

Datasets Split Samples Difficulty Source Description

S1K Train 1,000 Hard (Muennighoff et al., 2025) A curated math dataset with structured reasoning paths.

LIMO Train 817 Medium (Ye et al., 2025) A high-quality reasoning dataset with rigorous reasoning chains.

MATH Train 7,500 Hard (Hendrycks et al., 2021) Benchmark with 12.5k high-school competition problems.

DeepMath103k Train 10,000 Hard (He et al., 2025) A competition-level dataset spanning difficulties from Level 1 to Level 10.

GSM8K Test 1,319 Easy (Cobbe et al., 2021) Grade school-level problems requiring basic arithmetic and logic.

MATH500 Test 500 Medium (Lightman et al., 2023) Hard competition-style problems from the MATH benchmark.

Minerva Math Test 272 Hard (Lewkowycz et al., 2022) High-school to undergrad-level problems sources from Google’s corpus.

GaoKao-EN 2023 Test 385 Medium (Liao et al., 2024) English-translated Chinese National College Entrance Examination

OlympiadBench Test 675 Hard (He et al., 2024) High-level math olympiad problems requiring deep reasoning.

CollegeMath Test 2,818 Medium (Tang et al., 2024) Math problems from college-level exams.

AMC23 Test 40 Hard (AI-MO, 2024b) Problems from the 2023 AMC math contest.

AIME24 Test 30 Hard (AI-MO, 2024a) Problems from the 2024 AIME I and II math contest.

correctness verifier, a format matching verifier, and892

a length-based reward verifier, which jointly as-893

sess solutions from the perspectives of correctness,894

formatting consistency, and response length. In895

contrast, Mind Evolution relies on strict constraint896

checking, applying penalties and feedback when897

conditions are violated. For the genetic operations898

design, we propose reflective global crossover and899

uncertainty-guided local mutation to effectively use900

self-reflective ability and and uncertainty estimates901

to perform fine-grained optimization over reason-902

ing paths. This reflects the classical evolutionary903

mechanism, with crossover enabling global struc-904

tural recombination and mutation introducing tar-905

geted local variations. (4) different challenges.906

Mind Evolution leverages the significantly larger907

Gemini 1.5 Flash model, whereas our approach is908

based on smaller LLMs of varying scales. While909

large frontier models can more easily support evo-910

lutionary processes due to their capacity and ro-911

bustness, enabling self-evolution in smaller models912

presents a substantially greater challenge. How-913

ever, in real-world scenarios where computational914

resources are limited and application-specific con-915

straints exist, our method offers a more practical916

and deployable solution. Overall, while both ap-917

proaches adopt an evolutionary framework, our918

method is different from Mind Evolution in both919

problem setting and methodological goals.920

Prompt Details921

During the evolutionary process, we design a set922

of specialized prompts to explicitly guide differ-923

ent stages of solution generation and refinement.924

Specifically, the framework includes a base re-925

sponse prompt for initial solution generation, a 926

set of crossover prompts for feedback-driven re- 927

combination, and a set of mutation prompts for 928

uncertainty-guided exploration. For the crossover 929

stage, we first generate structured reflection-based 930

feedback according to the correctness patterns of 931

the selected parent CoTs. Three distinct feedback- 932

generation prompts are employed, corresponding to 933

Elite Merging, Success–Error Fusion, and Failure 934

Pattern Summary, which handle the cases where 935

both parents are correct, only one parent is cor- 936

rect, or both parents are incorrect, respectively. 937

The resulting feedback is then injected into a dedi- 938

cated critique-and-refine prompt, which guides the 939

LLM to perform crossover and synthesize a new 940

offspring CoT that integrates high-quality reason- 941

ing patterns while avoiding known errors. For 942

the mutation stage, we employ two refinement 943

prompts. One performs localized mutation from 944

the reasoning step with highest uncertainty, identi- 945

fied via step-level entropy, encouraging alternative 946

trajectories while preserving preceding stable steps. 947

The other performs global mutation by regenerat- 948

ing the entire CoT from the beginning, targeting the 949

step with highest uncertainty, which corresponds 950

to the initial reasoning step. Finally, to evaluate the 951

quality of the evolved reasoning traces, we prompt 952

GPT-4.1 to perform pairwise comparison between 953

the evolved CoT from COTEVOL and the distilled 954

CoT, selecting the preferred solution based on over- 955

all reasoning quality. All prompts is shown in Ap- 956

pendix Figure 8-14. 957

More Ablation Experiments 958

The ablation results of each component across all 959
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Table 6: Ablation experiments across different mathematical benchmarks trained on S1K dataset.

Component Benchmarks
Cros. Mut. Fit. GSM8k MATH500 MinervaMath GaokaoEn23 OlympiadBench CollegeMath AIME24 AMC23 AVG.

✓ ✓ 87.5 72.2 39.3 62.6 35.3 39.4 16.7 53.5 51.2

✓ ✓ 88.6 74.2 38.6 63.9 35.8 39.4 13.3 62.5 52.0

✓ ✓ 88.9 74.0 38.2 60.5 36.0 38.6 16.7 57.5 51.3

✓ ✓ ✓ 90.8 75.2 39.3 64.4 36.0 40.8 16.7 62.5 53.2

Table 7: Comparison of out-of-distribution generaliza-
tion across different dataset.

Method ARC-c GPQA-diamond MMLU-Pro

Base 90.02 31.82 56.69
Ours 90.58 31.82 56.41

Table 8: Comparison of COTEVOL and D-CoT based
on GPT-4.1 and human judgment.

S1K LIMO
Win (↑) Tie (↑) Lose (↓) Win (↑) Tie (↑) Lose (↓)

GPT-4.1 6 50 44 13 47 40
Human 11 52 39 15 52 33

datasets are presented in Table 6, where Cross. de-960

notes the reflective global crossover, Mut. denotes961

the uncertainty-guided local mutation, and Fit. de-962

notes the fitness function.963

Out-of-Distribution Performance. Since our964

training primarily targets mathematical reason-965

ing, we further evaluate the generalization capa-966

bility of our method on three out-of-distribution967

(OOD) benchmarks: ARC-c (open-domain rea-968

soning), GPQA-diamond (graduate-level science969

knowledge), and MMLU-Pro (reasoning-focused970

questions from academic exams and textbooks).971

These benchmarks differ substantially from the972

training distribution in both domain and reasoning973

style. To mitigate potential answer pattern bias or974

contamination, we randomly shuffle the multiple-975

choice options for all evaluations. Results in Ta-976

ble 7 show that while our method substantially im-977

proves mathematical reasoning performance, it pre-978

serves generalization ability on out-of-distribution979

benchmarks without degradation.980

Quality Analysis. We compare the reasoning981

quality of CoT generated by COTEVOL with D-982

CoT distilled from DeepSeek-R1 on the S1K and983

LIMO datasets, using win/tie/loss judgments from984

both GPT-4.1 and human evaluators. As shown in985

Table 8, although COTEVOL yields slightly lower986

average scores, it matches or outperforms D-CoT 987

in over half of the test cases, indicating competitive 988

reasoning quality. Notably, COTEVOL achieves 989

this without relying on external models, instead 990

improving reasoning chains through verifiable an- 991

swers and genetic search. Detailed reasoning ex- 992

amples of COTEVOL are provided in Figure 15. 993

Comparision with RL method. Reinforce- 994

ment Learning (RL), especially recent policy opti- 995

mization methods such as GRPO, has been widely 996

adopted to improve the reasoning capabilities of 997

LLMs by optimizing policies through reward sig- 998

nals. In contrast to RL-based approaches that re- 999

quire iterative gradient updates and careful hyper- 1000

parameter tuning, COTEVOL is a training-free evo- 1001

lutionary search framework. It formulates CoT 1002

synthesis as a combinatorial optimization prob- 1003

lem and directly evolves reasoning trajectories via 1004

crossover and mutation, guided by lightweight and 1005

verifiable fitness signals. This design avoids com- 1006

mon challenges in RL, including training instability 1007

and entropy collapse, while enabling stable conver- 1008

gence within three iterations. We further conduct 1009

a comparison between COTEVOL and GRPO on 1010

the DeepSeek-R1-Distill-Qwen-1.5B model using 1011

the S1K dataset. Under the same hardware setup 1012

(4×A100 GPUs), GRPO requires 4.7 hours of train- 1013

ing over three epochs, whereas COTEVOL reaches 1014

a higher performance level in only 1.3 hours, re- 1015

ducing the time cost by 72%. Despite the signifi- 1016

cantly lower computational overhead, COTEVOL 1017

consistently outperforms GRPO in Pass@1 accu- 1018

racy, achieving 23.3% vs. 21.3% on AIME24 and 1019

60.0% vs. 58.1% on AMC23. These results demon- 1020

strate that evolutionary search offers a more cost- 1021

effective and practical alternative to policy opti- 1022

mization for large-scale CoT synthesis. 1023

Case Study 1024

To more intuitively illustrate the advantages of 1025

COTEVOL, we present a case study in Figure 15. 1026

The solution produced by COTEVOL exhibits a 1027
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highly structured problem-solving process, fre-1028

quently incorporating reflective cues such as “ver-1029

ify,” which suggest a stronger degree of internal1030

self-checking and deeper reasoning. As a compara-1031

tive baseline, we analyze distilled solutions derived1032

from the frontier DeepSeek-R1 model. We observe1033

that even state-of-the-art LLMs may occasionally1034

exhibit logical inconsistencies, where the final an-1035

swer is correct but intermediate reasoning steps1036

are flawed or insufficiently grounded. These results1037

indicate that using powerful LLMs alone is not a sil-1038

ver bullet solution, as they may still exhibit flawed1039

reasoning despite producing correct answers.1040
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Model Response Prompt
Please solve the following math problem step by step, and provide a clear final answer in following format:
The final answer is \boxed{}.

[Problem]
{problem}

[Solution]
Let’s think step by step:

Figure 7: Model response prompt.

Elite Merging
Instruction:
You are a mathematics reasoning critique and fusion expert. Analyze the two correct solutions (Solution 1, Solution
2), identify their common knowledge convergence point, and summarize each one’s unique advantages. Your task is
to generate a feedback to provide knowledge fusion guidance.

Case for Analysis:
[Math Question]
{problem}

[Math Solution 1 (S1)]
{solution_1}

[Math Solution 2 (S2)]
{solution_2}

Task Details:
1. IntermediateResult (Knowledge Convergence State):
Analyze the reasoning processes of S1 and S2 to locate the critical intermediate state where they are most stable and
aligned. Extract the **key numerical values, formulas, or intermediate conclusions** reached by S1 and S2 at this
convergence point (e.g., "h=5" or "Eigenvalues of Matrix A are 1, 2").
2. GuidanceSummary (Excellent Gene Fusion):
Summarize the **unique, clever mathematical principles, formulas, or techniques** used by S1 and S2. Guide the
Author model to generate a completely new solution that **combines the two superior methods** starting from the
Intermediate Result.

Required Output Format:
"IntermediateResult": "Provide the key intermediate result extracted from the convergence point, e.g., ’The interme-
diate conclusion from S1 is x=5, and from S2 is y=10.’",
"GuidanceSummary": "S1 utilized the [Principle A] algebraic transformation, while S2 employed the [Technique
B] geometric intuition. Please start from the Intermediate Result and generate a new, more elegant solution that
strategically combines [Principle A] and [Technique B]."

Figure 8: Elite merging for feedback generation during crossover.

Success-Error Fusion
Instruction:
You are a mathematics reasoning critique and correction expert. Analyze one correct solution (Correct Solution) and
one wrong solution (Wrong Solution). Your task is to diagnose the flaw in the wrong solution and extract the key
logic and knowledge state of the correct solution, generating a feedback for guidance.

Case for Analysis:
[Math Question]
{problem}

[Correct Solution (SC)]
{solution_1}

[Wrong Solution (SW)]
{solution_2}
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Success-Error Fusion
Task Details:
1. IntermediateResult (Knowledge Convergence State):
Extract the **key intermediate result** reached by SC at the **most stable/accurate** convergence point. This result
must serve as the foundational knowledge state for the new solution.
2. GuidanceSummary (Error Diagnosis and Path Correction):
Diagnose the **specific error step** in SW (e.g., calculation error, formula misuse, logical flaw) and summarize the
**core correct formula or logic** from SC. Guide the Author model to **avoid** SW’s error and **adopt** SC’s
correct logic, continuing from the Intermediate Result.

Required Output Format:
"IntermediateResult": "Extract the key intermediate result from the Correct Solution at the knowledge convergence
point, e.g., ’The area to be computed is 1/2*base*height.’",
"GuidanceSummary": "The Wrong Solution made an error in [Step X] by misusing [Formula A]. Please continue
from the Intermediate Result, strictly avoiding this error, and adopt the [Key Formula B] used by the Correct Solution
to complete the correct reasoning."

Figure 9: Success-error fusion for feedback generation during crossover.

Failure Pattern Summary
Instruction:
You are a mathematics reasoning critique and exploration expert. Analyze the two wrong solutions (Solution 1,
Solution 2). Your task is to diagnose their distinct fundamental errors, extract their consensus intermediate result, and
generate a feedback to guide the Author model toward exploration.

Case for Analysis:
[Math Question]
{problem}

[Math Solution 1 (S1)]
{solution_1}

[Math Solution 2 (S2)]
{solution_2}

Task Details:
1.IntermediateResult (Knowledge Convergence State):
Extract the **key intermediate result** reached by S1 and S2 at the convergence point (where total entropy is lowest).
This result represents their shared, most stable knowledge state.
2.GuidanceSummary (Error Avoidance and New Path Exploration):
Diagnose the **distinct fundamental cause of error** for both S1 and S2 (e.g., S1 has a computation error, S2 has a
formula error). Generate the feedback to **avoid both known errors** and to **explore a totally new** reasoning
path from the Intermediate Result.

Required Output Format:
"IntermediateResult": "Extract the intermediate result reached by S1 and S2 at the consensus convergence point, e.g.,
’Two equations have been derived: 2x+3y=7 and x-y=1.’",
"GuidanceSummary": "S1 incorrectly performed [Algebraic Calculation A], and S2 incorrectly applied [Formula
B]. Please continue from the Intermediate Result, strictly avoiding both of these known errors, and explore a unique
reasoning path using a [Different Mathematical Method/Technique]."

Figure 10: Failure pattern summary for feedback generation during crossover.

Crossover Prompt
Instruction:
You are the author in a collaborative process to improve a mathematical solution. Your task is to take into account the
two candidate solutions [Math Solution 1/2] and the feedback from the critic [Criticism and Feedback] to create an
improved, refined solution. Follow these steps:

- Review the critic’s feedback: Carefully read the critique provided by the critic. Understand the key points of
improvement, including errors, missing steps, or areas where clarity can be enhanced.

- Incorporate the feedback: Modify the candidate solutions based on the feedback. This may involve correcting
mistakes, simplifying or clarifying steps, or adopting a more efficient approach where suggested by the critic.
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Crossover Prompt
- Create a final, refined solution: Using the feedback and the insights from the critique, combine the best aspects of the
candidate solutions to generate a final solution. Ensure that your solution is mathematically sound, clear, and concise.

Your solution should be well-structured, easy to parse (the answer is in
boxed), and fully address any issues pointed out by the critic. It should reflect improved accuracy, efficiency, and
clarity based on the previous feedback.

Case to be improved:
Please provide an appropriate [Refined Solution] for the following case.

[Math Question]
{problem}

[Math Solution 1]
{solution_1}

[Math Solution 2]
{solution_2}

[Criticism and Feedback]
{critic_feedback}

Response:
Please strictly follow the structured process below and output your response in the format:
step1:
step2:
step3:
...
(Use at most 10 steps in total.)

Figure 11: Crossover prompt for generating offsprings.

Uncertainty-guided Mutation Prompt (Local)
Instruction:
You are a mathematics expert completing a problem-solving process. You have analyzed your previous attempts and
identified the last step you completed as a reliable starting point. Your task is to continue the mathematical derivation
from this point to arrive at the correct final answer.

Carefully analyze the given problem and the provided partial solution. Then, **continue the solution** by
constructing the remaining steps.

- **DO NOT** restart the problem from the beginning.
- **DO NOT** repeat the steps provided in the partial solution.
- The derived path must be mathematically rigorous and logically sound, leading directly to the correct final answer.
- Structure your remaining reasoning clearly, continuing the step-by-step articulation.

Case to be completed:
[Math Question]
{problem}

[Partial Solution Prefix]
{partial_solution_prefix}

[Math Answer]
{answer}

Response:

Figure 12: Uncertainty-guided mutation prompt (Local) for generating offsprings.

Uncertainty-guided Mutation Prompt (Global)
Instruction:
You are a mathematics expert. A previous attempt to solve the given problem failed at the initial stage, indicating a
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Uncertainty-guided Mutation Prompt (Global)
fundamental flaw in the chosen approach. Your task is to generate a **completely new and distinct** solution for the
math problem that leads to the provided reference answer.

- Your solution must arrive at the correct final answer provided.
- Your approach must be **distinct** from any known previous attempts while remaining mathematically rigorous
and logically sound.
- The reasoning should be well-structured and articulated step by step.

Case to be solved:

[Math Question]
{problem}

[Correct Answer]
{correct_answer}

Response:

Figure 13: Uncertainty-guided mutation prompt (Global) for generating offsprings.

GPT4.1 Judgement Prompt
Instruction:
Act as a professional math evaluator. You will compare two different student solutions to the same math question and
determine which one is better.

[Question]
{question}

[Solution A]
{solution_a}

[Solution B]
{solution_b}

Your evaluation consists of the following steps:

1. **Correctness Check**: For each solution, state whether the final answer is correct or not, and whether there are
any logical/math errors.
2. **Step Quality Comparison**: Evaluate the clarity, logical flow, mathematical soundness, and efficiency of the
steps in each solution.
3. **Overall Comparison**: Decide which solution is better based on correctness, clarity, and reasoning quality.
4. **Preference Reasoning**: Clearly consider the main reasons why one solution is preferred over the other.

Please Note: Do not explain your reasoning.
Only output in the following format:

Better Solution: A
or
Better Solution: B
or
Better Solution: Tie

Response:

Figure 14: GPT4.1 judge prompt.

Case Study: Our Evolutionary Solution vs Distilled Solution from Deepseek R1
Math Question: A student steps onto a stationary elevator and stands on a bathroom scale. The elevator then travels
from the top of the building to the bottom. The student records the reading on the scale as a function of time.
How tall is the building? (A) 50 m (B) 80 m (C) 100 m (D) 150 m (E) 400 m
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Case Study: Our Evolutionary Solution vs Distilled Solution from Deepseek R1
Our Evolutionary Solution:
To determine the height of the building, we need to analyze the motion of the student in the elevator. We will use the
information given about the scale reading to find the acceleration of the elevator and then use that to calculate the
height of the building.

1. **Identify the forces acting on the student:**
- The gravitational force acting downward is mg.
- The normal force N from the scale acting upward.

2. **Set up the equations of motion:**
- When the elevator is stationary or moving at a constant speed, the scale reading is equal to the student’s weight,
N = mg.
- When the elevator is accelerating, the scale reading changes. If the elevator is accelerating downward, the scale
reading will be less than mg. If the elevator is accelerating upward, the scale reading will be greater than mg.

3. **Analyze the given data:**
- The student records the scale reading as a function of time. Let’s assume the scale reading at t = 0 seconds is mg
(when the elevator is stationary).
- At some point, the scale reading increases to 1.2mg. This indicates that the elevator is accelerating upward.
- At some point, the scale reading decreases to 0.8mg. This indicates that the elevator is decelerating (accelerating
downward).

4. **Determine the acceleration of the elevator:**
- When the scale reading is 1.2mg, the net force on the student is 1.2mg −mg = 0.2mg. According to Newton’s
second law, F = ma, so 0.2mg = ma. Solving for a, we get a = 0.2g.
- When the scale reading is 0.8mg, the net force on the student is 0.8mg −mg = −0.2mg. According to Newton’s
second law, F = ma, so −0.2mg = ma. Solving for a, we get a = −0.2g.

5. **Calculate the height of the building:**
- The elevator starts from rest and accelerates upward at 0.2g for some time t1, then decelerates at 0.2g for the same
time t1 to come to rest at the bottom.
- The total time for the trip is T = 2t1.
- The distance traveled during the acceleration phase is d1 = 1

2
at21 = 1

2
(0.2g)t21 = 0.1gt21.

- The distance traveled during the deceleration phase is the same, d2 = 0.1gt21.
- The total distance traveled is d = d1 + d2 = 0.1gt21 + 0.1gt21 = 0.2gt21.

6. **Determine t1:**
- The maximum speed of the elevator occurs at the end of the acceleration phase, which is v = at1 = 0.2gt1.
- The time t1 can be found by considering the total time T = 2t1. Since the elevator starts and ends at rest, the total
time is the time it takes to reach the maximum speed and then return to rest. Therefore, t1 = T

2
.

7. **Calculate the height of the building:**
- The height of the building is h = d = 0.2gt21.
- Since the total time T is not given directly, we need to use the information that the scale reading changes at specific
times. However, we can use the fact that the maximum speed is the same for both the acceleration and deceleration
phases.
- The height of the building can also be found by considering the total distance traveled in terms of the maximum
speed. The maximum speed is v = 0.2gt1, and the distance traveled is h = vt1 = 0.2gt21.

8. **Given the correct answer is 50 meters:**
- We need to find t1 such that h = 50 meters.
- Therefore, 50 = 0.2gt21. - Solving for t1, we get t21 = 50

0.2g
= 50

0.2×9.8
= 50

1.96
≈ 25.51. - t1 ≈

√
25.51 ≈ 5.05

seconds.

9. **Verify the height:**
- The height of the building is h = 2× 1

2
(0.2g)t21 = 0.2gt21 = 0.2× 9.8× 25.51 ≈ 50 meters.

Therefore, the height of the building is 50 meters.
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Case Study: Our Evolutionary Solution vs Distilled Solution from Deepseek R1
Distilled Solution from Deepseek R1:
Let the mass of the student be m. The weight of the student is mg = 700N, so m = 700/9.8 ≈ 71.4 kg.

The reading on the scale is N = m(g + a), where a is the elevator’s upward acceleration.

Phase 1 (0–2 s): Scale reading 595N.
595 = 71.4(9.8 + a1) ⇒ a1 = −1.467m/s2 (downward).
d1 = 1

2
|a1|t2 = 2.934m, v1 = |a1|t = 2.934m/s.

Phase 2 (2–12 s): Scale reading 700N.
Constant velocity v2 = 2.934m/s for 10 s.
d2 = v2∆t = 29.34m.

Phase 3 (12–15 s): Scale reading 805N.
805 = 71.4(9.8 + a3) ⇒ a3 = 1.474m/s2 (upward).
Stopping distance: 0 = (−2.934)2 + 2(1.474)(−d3), yielding d3 = 2.919m.

Total height: d1 + d2 + d3 = 35.19m.
This does not match any option, indicating a conceptual or calculation error.

Final Answer: 50

Figure 15: Case study: our evolutionary solution vs distilled solution from Deepseek R1.
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