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Abstract

An increasingly popular machine learning
paradigm is to pretrain a neural network (NN) on
many tasks offline, then adapt it to downstream
tasks, often by re-training only the last linear
layer of the network. This approach yields strong
downstream performance in a variety of contexts,
demonstrating that multitask pretraining leads to
effective feature learning. Although several recent
theoretical studies have shown that shallow NNs
learn meaningful features when either (i) they are
trained on a single task or (ii) they are linear, very
little is known about the closer-to-practice case
of nonlinear NNs trained on multiple tasks. In
this work, we present the first results proving that
feature learning occurs during training with a non-
linear model on multiple tasks. Our key insight
is that multi-task pretraining induces a pseudo-
contrastive loss that favors representations that
align points that typically have the same label
across tasks. Using this observation, we show
that when the tasks are binary classification tasks
with labels depending on the projection of the data
onto an r-dimensional subspace within the d > r-
dimensional input space, a simple gradient-based
multitask learning algorithm on a two-layer ReLU
NN recovers this projection, allowing for gener-
alization to downstream tasks with sample and
neuron complexity independent of d. In contrast,
we show that with high probability over the draw
of a single task, training on this single task cannot
guarantee to learn all » ground-truth features.
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1. Introduction

Recent empirical results have demonstrated huge successes
in pretraining large neural networks (NNs) on many tasks
with gradient-based algorithms (Crawshaw, 2020; Zhang
& Yang, 2021; Wang et al., 2023b). These works suggest
that the quality of the pretrained representation improves
with the number of pretraining tasks, yet this phenomenon
remains not well understood from a theoretical standpoint.
Specifically, the natural questions of why nonlinear NNs
learn effective feature representations when pretrained on
multiple tasks with gradient-based methods and how the
number of pretraining tasks affect the downstream perfor-
mance of these representations remain largely unanswered.

Significant progress has been made in theoretically under-
standing the dynamics of NNs trained with gradient-based
methods in recent years, especially in regards to proving that
shallow NNs can learn meaningful features when trained
with gradient descent and its variants (Damian et al., 2022;
Shi et al., 2022; Abbe & Sandon, 2020; Abbe et al., 2022;
Allen-Zhu et al., 2019a; Bai & Lee, 2019; Li et al., 2020;
Daniely & Malach, 2020; Barak et al., 2022; Telgarsky,
2022; Akiyama & Suzuki, 2022; Zhou et al., 2021). How-
ever, these results are limited to single-task settings, so they
cannot explain the improvements in model performance
seen by pretraining on many tasks. While a few studies
show the representation learning benefits of multi-task pre-
training with gradient-based algorithms (Argyriou et al.,
2006; Thekumparampil et al., 2021; Collins et al., 2022b;a;
Saunshi et al., 2021; Sun et al., 2021; Chua et al., 2021;
Bullins et al., 2019; Chen et al., 2022), these analyses study
only linear models; it is not clear whether they can general-
ize to even simple non-linear NNs.

In this work, we aim to bridge this gap by analyzing the
training dynamics of a two-layer ReLU network pretrained
with a generic gradient-based multi-task learning algorithm
on many binary classification tasks. Following the aforemen-
tioned line of work, we suppose the existence of a ground-
truth low-dimensional subspace that for all tasks preserves
all information in the input data relevant to its label. We ask
whether a variant of gradient descent applied to this multi-
task setting can learn a representation that projects the input
data onto the ground-truth subspace. Learning such a repre-
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sentation entails successful pretraining, since it reduces the
complexity of solving a downstream task to that of solving a
classification problem in the low-dimensional space, rather
than the potentially very high-dimensional input data space.

Figure 1 shows that gradient-based multi-task learning with
a two-layer ReLU NN with first-layer parameters (the rep-
resentation) shared among all tasks and last-layer weights
(the head) learned uniquely for each task indeed recovers
the ground-truth subspace with error diminishing with the
number of tasks. We theoretically justify this observation,
providing the first known proofs of multi-task feature learn-
ing with a nonlinear model along with a new explanation for
why multi-tasking aids feature learning. Our theoretical con-
tributions are summarized below, and verified numerically
in Appendix F.

* Proof of multi-task representation learning with two-
layer ReLU network. We consider binary classification
tasks whose labels depend on only r features of the input,
where r is much smaller than the ambient dimension d,
and a large class of task distributions that includes, e.g., a
uniform distribution over sparse parity tasks. We prove
that multi-task pretraining with a gradient-based learning
algorithm on 7T tasks drawn from such a distribution leads
the first-layer ReLU weights to approximately project
onto the ground-truth r-dimensional feature space, with
error diminishing with 7" and the number of samples per

task n as roughly 2" % (1+ %) (see Proposition 3.1 and
Theorem 3.2). The key to this result is showing that updat-
ing task-specific heads prior to the representation induces
a pseudo-contrastive loss function of the representation,
which encourages learning the ground-truth features to
align points likely to share a label on a randomly drawn

task (see Section 4).

* Generalization guarantees. We show that we can add a
random ReL U layer on top of the pretrained representa-
tion, then train a linear layer on top of this random layer
with finite samples, to solve any downstream task with bi-
nary labels that are a function of the r important features.
Crucially, we prove that the sample and neuron complex-
ity of solving the downstream task are independent of the
ambient dimension d (see Theorem 3.3).

* Negative results. We confirm the necessity of multi-
task pretraining by proving that using a random features
model (no pretraining) or pretraining on only a single,
randomly-selected task with high probability require neu-
ron or sample complexity scaling polynomially in d for
solving a downstream task (see Theorems 3.6 and 3.7).

Notations. We uppercase boldface to denote matrices, low-
ercase boldface to denote vectors, and standard typeface to
denote scalars. We employ Unif(S) to denote the uniform
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Figure 1. Representation learning error vs training iterations
with varying numbers of tasks 7. Here we sample tasks from
the uniform distribution over sparse parity tasks on r binary coor-
dinates determined by sign(Mx) for some row-orthogonal matrix
M and d-dimensional input x. Here d = 32, r = 3, and the learn-
ing model is a two-layer, m-neuron ReLU network with first-layer
weights W € R™*¢ (the representation). All cases use the same
total number of training samples, i.e. the number of samples/task
is inversely proportional to the number of training tasks 7. Still, as
T increases, the row space of W approaches that of M (smaller
representation learning error). Please see Appendix F for details.

distribution over the set S. We denote the zero vector in
R? as 0y, the identity matrix in R%%d 35 1,4, the standard
multivariate normal distribution over R? as A"(04,14), and
the Rademacher hypercube in R% as H? := {—1,1}%. We
denote the space of r x d matrices with orthonormal rows as
074, and use x{A} as the indicator function for the event
A. We denote the set {1,...,r} as [r]. We use (-), O()
and O(-) in the standard fashion, and Q(-), ©(-) and O(-) to
denote scalings up to logarithmic factors.

1.1. Related Work

Single-task learning with neural networks. A plethora
of works have studied the behavior of gradient-based al-
gorithms for optimizing NNs on single tasks in recent
years. Many of these studies consider the neural tan-
gent kernel (NTK) regime (Jacot et al., 2018; Arora et al.,
2019; Du et al., 2019; Allen-Zhu et al., 2019b; Oymak &
Soltanolkotabi, 2020; Ji & Telgarsky, 2019; Li & Liang,
2018; Du et al., 2020; Zou et al., 2018; Lee et al., 2019;
Chizat et al., 2019), in which a large initialization and small
step size mean that early layer model weights barely change
during training, so the algorithm dynamics reduce to those
of linear regression on fixed features. We are interested
in the feature learning regime of training neural networks,
wherein the representation weights change significantly and
the dynamics are nonlinear.
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Numerous works have studied feature learning in NNs, but
the vast majority consider optimizing only a single task
from a particular class of functions (Allen-Zhu et al., 2019a;
Bai & Lee, 2019; Li et al., 2020; Daniely & Malach, 2020;
Barak et al., 2022; Telgarsky, 2022; Akiyama & Suzuki,
2022; Zhou et al., 2021; Abbe et al., 2022; Ba et al., 2022;
Mousavi-Hosseini et al., 2022; Shi et al., 2022; Damian
et al., 2022; 2023; Wang et al., 2023a; Abbe et al., 2023;
Dandi et al., 2023). Among studies most similar to ours,
Abbe et al. (2022; 2023); Wang et al. (2023a); Dandi et al.
(2023) showed that gradient-based algorithms can learn
hierarchical features when training on single polynomial
tasks. Damian et al. (2022) proved that a gradient-based
method on a single r-index polynomial regression task with
two-layer ReLU network can learn all r relevant indices
as long as this single task satisfies a Hessian lower bound
assumption, and Nichani et al. (2023) extended this line of
work to three-layer networks. Shi et al. (2022) showed that
two-layer ReL U networks with activation noise can learn
functions of the sum of r inputs. Additional works consider
single-task feature learning in the mean-field regime with
infinitely-wide networks (Chizat & Bach, 2018; Mei et al.,
2018; Sirignano & Spiliopoulos, 2020; Nguyen, 2019).

Multitask feature learning. Several works have studied
whether multitask learning algorithms recover expressive
low-dimensional data representations shared across tasks,
but only consider linear models (Argyriou et al., 2006;
Thekumparampil et al., 2021; Collins et al., 2022b; 2021;
2022a; Saunshi et al., 2021; Sun et al., 2021; Chua et al.,
2021; Bullins et al., 2019; Chen et al., 2022; Yuksel et al.,
2023). Kao et al. (2021) noticed a similar phenomenon as
this work in that adapting task-specific heads induces a con-
trastive loss, but in the context of a particular meta-learning
algorithm, and they did not provide feature learning results.
Further studies including (Maurer et al., 2016; Tripuraneni
et al., 2021; Du et al., 2020; Tripuraneni et al., 2020; Xu
& Tewari, 2021) have provided statistical bounds on the
downstream task loss for multitask-pretrained representa-
tions. However, these representations are learned by exactly
solving an empirical risk minimization problem on the pre-
training tasks, not by executing a gradient-based algorithm.

2. Formulation

In this section, we formally define the multi-task learning
problem and the algorithms analyzed in Section 3. Our
motivation is drawn from classification problems where the
input data for all tasks share a common representation, i.e.
a small set of features that determine their labels. However,
the mapping from these features to labels varies across tasks.
Ultimately, the goal of the multi-task learner is to leverage
the large set of pretraining tasks to learn a representation
that captures the small set of label-relevant features, thereby

enabling strong performance on downstream tasks.

2.1. Pretraining tasks and data generating model

We consider pretraining on a set of T binary classification
tasks, each drawn independently from a distribution 7~ over
tasks. All these tasks share a common characteristic: their
labeling function depends solely on a projection of the input
features onto a low-dimensional subspace. Specifically, each
task 7 consists of a distribution D; on X x ), where the
input space is X = R and the label space is J = {—1,1}.
Samples are drawn from D; by first selecting a Gaussian
feature vector x € X, then computing its label f;(x) € )
as follows:

x ~N(04,14); fi(x) = gi(sign(Mx)) € {-1,1}. (1)

Here, M = [mi,...,m,]T € R"*? is a matrix with
orthonormal rows that captures the r label-relevant fea-
tures (sign(mj x),...,sign(m, x)) in x, and g; : H" —
{—1, 1} is the ground-truth link function for task 4 that maps
vertices on the r-dimensional Rademacher hypercube to bi-
nary labels. To model shared information across the tasks,
we assume that r < d. Thus, the complexity of solving a
new task can be drastically reduced by learning an appro-
priate low-dimensional projection onto the row space of M.
The question we ask here is whether gradient-based multi-
task pretraining can efficiently recover the r label-relevant
features expressed by M.

This setting is similar to the sparse coding model studied by
Shi et al. (2022), except we assume the input data is continu-
ous in R?, while Shi et al. (2022) assume the input data is on
the hypercube 7?. By assuming that the labelling function
is a function of “sign” of the r ground-truth features, we
make our model more similar to the one in (Shi et al., 2022),
as they assume the label for each task is a function of the
first r coordinates of the integer input data.

Critically, the set of label-relevant coordinates of the input
data are shared among all tasks, while the link functions
g; mapping from these coordinates to labels are specific to
each task. Thus, the goal of the multi-task learner is to re-
cover the shared label-relevant features, so that it may solve
a downstream task with complexity scaling only with the
number 7 of label-relevant features, rather than the much
larger ambient dimension of the data d. This model draws
inspiration from classification tasks in which labels are func-
tions of the presence (or lack thereof) of a small number of
features in the data. For example, whether or not a brain
MRI reveals cancerous tissue depends on the presence of
tumor-shaped structures in the image, indicated by a small
number of features relative to the MRI dimension.

More formally, the generative model in (1) implies that, for
any task, the sample labels are a function of the projection
of the data onto the r ground-truth features in M. We
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use 7 to denote the distribution over link functions g; :
H" — {—1,1}, and 7 (M) to denote the distribution over
functions mapping from R? — {—1, 1}, i.e. the distribution
over f;, where f;(x) = g;(sign(Mx)) and g; ~ T.

However, in order to recover all the r ground-truth features,
it is not sufficient that the labels simply depend on the r
ground-truth features — they must depend on all of them
in aggregate across tasks. For example, if the labels for
all tasks can be written as functions of only the projection
of the inputs onto the first » — 1 rows of M, there is no
hope to recover the r-th row of M. Thus, the tasks must be
“diverse” in the sense that in aggregate they depend on all
ground-truth features.

To formalize this idea, we make the following assumption
on the distribution of task link functions 7. Our condition
entails that for any pair of points with different sign patterns
on their r label-relevant features, it is equally likely for them
to have the same label as it is for them to have different
labels on a task link function drawn from 7.

Assumption 2.1. For any two points z,z' € H" such that
z # 7', the probability that the labels of z and z' are the
same for a task link function drawn from T satisfies:

@)

N

Pinr [9i(2) = gi(2)] =

Assumption 2.1 is necessary to ensure the task link func-
tions depend equally on all inputs. To see this, suppose
that all pairs of inputs z, z’ with identical first » — 1 coordi-
nates but differing r-th coordinates had the same labels, i.e.
Pi~7 [9i(z) = gi(2")] = 1. Then, all link functions in the
support of 7 would in fact only depend on the first » — 1
input coordinates, rather than all r inputs. So, we need
P; [g:(z) = gi(2")] < 1 for some dependence on all inputs.
We make a stronger assumption of % in the RHS of (2) that
ensures perfectly balanced dependence across all inputs. We
note that our results do not strictly require perfect balance,
rather it is useful for ease of exposition!.

Another interpretation of Assumption 2.1 is that it enforces
that the correlation of the labels of z and z’ across tasks, i.e.
E;~7 [9i(z)gi(z")], is 1 if z = 2’, and 0 otherwise. In other
words, the label correlation of x and x’ across tasks is 1 if
the ground-truth features of x and x’ are the same, and 0
otherwise. We will show in Section 4 intuitively why the
correlation of the labels of x and x’ need only be “roughly”
increasing with the similarity of the ground-truth features in

! Our results hold for finitely-many tasks drawn for training, so
the empirical distribution of tasks does not assign equal importance
to each of the r input features, in the sense that Assumption 2.1
does not hold exactly on the empirical task distribution. This
implies that our results can extend to cases in which the population
distribution of tasks 7 does not satisfy Assumption 2.1 exactly, i.e.
we can tolerate P; 7 [g: (sign(Mx)) = gi(sign(Mx'))] < 1 +e
for some small € > 0.

x and x’, a very natural condition, for gradient-based multi-
task training to recover row(M). For now, we describe two
examples of task distributions that satisfy Assumption 2.1.

Example 1: Uniform distribution over all tasks. Here we
have 7 = T, where

7;]] = Ul’llf({gl : HT — {—1, 1}}), (3)

i.e. Ty is the uniform distribution over all possible map-
pings from the r-dimensional +1 hypercube to {—1,1}.

Example 2: Uniform distribution over all sparse parity
tasks. Sparse parity tasks are a well-studied class of tasks
in which the label is the parity of a subset of the number of
—1’s among a particular subset of input bits (Kearns, 1998).
In this case we have 7 = 7, where T, is the uniform
distribution over parity functions on r input bits, formally
defined as follows:

Top. = Unif({g; : gi(z) = (=1)>sesi X571,
SiClrl, Vaen). @

Both T and s, effectively assign equal importance to all
r inputs, so they naturally satisfy Assumption 2.1 (please
see Appendix D for proofs).

2.2. Learning model and loss

We consider multi-task pretraining of a two-layer neural
network §(-) = 9(-; W,b,a) : R — R with m ReLU
neurons in the hidden layer, namely

§(x) = 9(x; W,b,a) := Y _ajo(w/x+b;) (5
j=1

where o(x) = max(x,0) element-wise, w; € R? and
b; € R are the weight vector and bias for the j-th neuron,
respectively, and a; € R is the last-layer weight for the j-th
neuron. We let W = [wy, ..., w,,] € R¥™™ denote the
matrix of concatenated weight vectors, b = [by,...,by] €
R™ denote the vector of biases, and a = [a1,...,an] €
R™ denote the vector of last-layer weights, which we call
the head. We use the hinge loss to measure the accuracy of
the predictions of this model:

0(G(x), fi(x)) := max (1 — f;(x)§(x),0),
and for each task ¢, we define
Li(W,b,a) = Ex, 1, x))~p; [((§(x), fi(x))]
L(WbaD) = 3 09,400

(x.fi(x))€D;

as the population loss on D; and empirical loss on a finite
dataset D; drawn from D;, respectively. Ultimately, the goal
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of multi-task pretraining is to learn a first-layer representa-
tion that generalizes to downstream tasks, in the sense that
we can easily train a new classifier on top of the first layer
in order to achieve small task-specific loss. To this end, we
consider optimizing the following multi-task objective:

}‘C(Wv b’ {ai ZT=1)

min
W.b,{ai,....ar

1 & A A
= = DLW, ba) + i3+ W, ©)
i=1

where A\, and ), are regularization parameters. Optimizing
L entails learning task-specific heads on top of a shared
representation, a widely used and empirically successful ap-
proach to multi-task learning (Zhang & Yang, 2021; Craw-
shaw, 2020; Ruder, 2017). By optimizing the above prob-
lem, we hope to find a W that projects input data onto the
row space of M and thus captures all r label-relevant fea-
tures, while disregarding all other spurious features. How-
ever, we cannot access L directly, and instead must approxi-
mate it via stochastic queries of finite samples from each D;.
So, we will use the gradient of L; instead of £ to update the
variables, as we discuss next.

2.3. Algorithm

We consider a two-stage learning process: (1) Representa-
tion learning, in which we aim to learn effective features
using 7" available tasks, and (2) Downstream evaluation, in
which we encounter a new task and aim to efficiently learn
an accurate classifier on the pre-trained features.

Representation learning phase. The multi-task learning
algorithm we consider aims to solve the global objective (6)
with task-specific heads. We denote the j-th neuron weights
at initialization as W? € R4, and the global bias and head
corresponding to task i at time 0 as b® € R™ and a? € R™,
respectively. We initialize these parameters as:

w) ~ N(0g,v51a), a) =0,, b’=0, (7

where vy, € R>(. After initialization, we execute an al-
ternating gradient descent-based algorithm. We first opti-
mize the heads, i.e., ai, ..., ap, with one step of stochastic
gradient descent (SGD) on the corresponding task-specific
empirical loss on a batch of samples f)i,a for each task i:

al = (1-nXa)a) —nVaL;(WO b0 a%: D, ) Vie[T]

The same number of samples is used for each task, denoted
by n; = |T)i,a|' Next, we update the model weights W
with one step of SGD on the global empirical loss induced
by the updated heads, with a fresh batch of samples ﬁLW
for each task 4:

T
=1

n
T

Again all tasks use the same number of samples, denoted
by no = |ZA)1W| In Theorem 3.2, we show that this sin-
gle iteration of alternating stochastic gradient descent with
respect to {ay,...,ar} and W is sufficient to learn mean-
ingful features. Notably, it is standard practice in the feature
learning theory literature to consider only one gradient de-
scent step for the first layer weights (Daniely & Malach,
2020; Abbe et al., 2022; Barak et al., 2022; Damian et al.,
2022; Baet al., 2022). We later show empirically that in our
multi-task setting, it is necessary to first optimize the heads
before updating the first-layer weights in order to recover
the ground-truth features. In any case, following Damian
et al. (2022), we do not update the biases during pretraining.
Next we describe how we leverage the pre-trained weights
W for learning a downstream task.

Downstream evaluation phase. After the representation
learning phase, we consider learning a prediction function
to fit a downstream task that may have any link function on
the r ground-truth features, i.e. any function in the support
of Ta1. Since we consider such a wide range of possible
downstream tasks, we need to increase the model complex-
ity to allow for solving such tasks. Thus, we use prediction
functions with two hidden layers with first layer weights de-
termined by the output of the representation learning phase,
and second hidden layer parameters set randomly. This
random second layer is necessary to linearly separate the
classes induced by any binary function on the r coordinates
with high probability, without having to use a very wide first
layer; please see Remark 3.4 for more details.

In other words, the first hidden layer has m neurons and
the weights are a scaled version of W denoted by a W1,
and the bias term is b. Note that here o > 0 is a re-scaling
factor (see Appendix B for more details). The second hidden
layer of the classifier has m neurons with weights denoted
by W = [W1,...,W,]T € R™ "™ and bias by b € R"™.
Hence, the embedding of these two layers for input x, which
we denote by ¢(x) € R™, is given by

o(x)=0 (W o (onlx + b) + f)) 8)

Again note that W' is fixed from the previous phase; it
remains to set b, W, and b to create an effective embedding
for the downstream task. We do this by sampling W and
(b, 15) from mean-zero Gaussian and uniform distributions,
respectively, with variances that depend only on m; see
Appendix B for more details.

Next, given a dataset Dz == {(x;, fro1(x;))}, of N
i.i.d. samples from a distribution D7, corresponding to a
downstream task, we learn a task-specific head a and a bias
term 7 by solving the following problem:

1 N T )\a 2
N Zf(a (x1)+7, frea(x1)) + 7”3”2-
=1

min
acR™ reR
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We use the resulting head, i.e., ar4;, and bias term, i.e.
Tr+1, to define the prediction function for task 7"+ 1 as

F(X;aT+1aTT+1aW1abaW7B)
= a;Jrla‘ (W o (awlx + b) + E)) + Tr41-

For ease of notation, we denote the above function by F'(x).
We evaluate the performance of the prediction function on
the task population loss:

£§Y311(F) = E(x-,fT+1(x))~DT+1 [E(F(X)a fT+1(X>)]'

Note that E‘“’Tvﬂl is a random function of b, W, B, and @T—H
in addition to the randomness from pretraining. We upper
bound 6?311 with high probability in Theorem 3.3.

3. Theoretical Results

Feature learning guarantees. We start by showing that
the gradient-based multi-task learning algorithm described
in the previous section recovers the ground-truth features.
To do this, we first need the following proposition, which
shows that the projection of the initial features W onto
the subspace spanned by the label-relevant, or ground-truth,
features stays roughly the same after one step, while their
projection onto the subspace spanned by the spurious fea-
tures becomes very small.

Here, we let IIj (W) = WM ™M denote the projection of
the rows of the matrix W onto the ground-truth subspace,
and IT; (W) :== WM | M denote the projection onto the
spurious subspace. For brevity, we abbreviate the statements
of the theoretical results in this section and defer the full
versions, along with their proofs, to the Appendix.

Proposition 3.1. Consider the gradient-based multi-task
algorithm described in Section 2.3 that uses T tasks
and (n1,mn2) samples per task to update the (head, rep-
resentation), respectively, and suppose Assumption 2.1
holds. Further assume* m = O(d) and define ¢ =

0 (dlog(dTng/é) (1 i \/log(T/f?)) + Mlog(dm/é)) for

VT Vi VT
§ < land § = Q(e~?%). Then there is a setting of the
parameters 1, Ay and vy, s.t. with probability at least 1 — 0,

L o I (W) — eI (W)
—o (e 1),
-3.5 3.5
2 L (W = O (ZHE ) o))

Proposition 3.1 shows that with high probability (w.h.p.)
over the random initialization, the weights learned by the

*The m = O(d) condition in Proposition 3.1 and Theorem 3.2
is purely for ease of presentation; please see Lemma A.17 for a
complete statement of the errors for arbitrary m.

gradient-based multi-task learning algorithm satisfy two
properties, for sufficiently large 7', n, and no: (1) the pro-
jection of these weights onto the ground-truth subspace is
close to a slightly scaled down (by a factor of 27") version
of their projection at initialization, and (2) their projection
onto the spurious subspace is negligible. These two ob-
servations, combined with the fact that the neuron weights
have independent standard Gaussian initializations, imply
that the projection of the neuron weights onto the ground-
truth subspace dominates their projection onto the spurious
subspace. We formalize this observation below.

Theorem 3.2 (Representation Learning). Consider the set-
ting in Proposition 3.1 with d = Q(r%), m = O(d), and
€ defined the same way. Further suppose m = Q(r),
T = Q(22"dr) and Tny = Q(227d?). Let o,.(B) denote the
r-th singular value of the matrix B. Then with probability
at least 1 — 6,

o1 (I (W)

3.5 3.5
_ O (T +log®°(m/é) or ) ]
o, (T (W) arv e

Theorem 3.2 characterizes the representation learned by
multi-task pretraining in an intuitive manner. For d >> r4,
T > 2°"d and Tny > 2°"d?, we have o, (IIj(W1)) >
o1(IT; (W1)), meaning that most of the energy in each
neuron weight is in the column space of the ground-truth
subspace. This is equivalent to saying that applying W
to an input x essentially projects it onto the ground-truth
subspace spanned by the row space of M, as desired.

Downstream performance. Now that we have shown that
the learned representation recovers the ground-truth sub-
space, we use this result to show that the representation
generalizes to downstream tasks. We consider tasks with
input data sharing the same label-relevant r features as the
pretraining tasks, but here the input data is discrete. In
particular, each v € R? is generated as:

v=M'z+M!|¢& z~ Unif(H"), & ~ Unif(H?™")

where z is a latent vector whose coordinates indicate the
activations of the ground-truth features in the input x and &
is a noise vector whose coordinates indicate the activation
of the spurious features in the input. Again, labels for the
downstream task 7"+ 1 are generated by projecting the input
onto the row space of M as follows:

fri1(x) = gri1(sign(Mv)) = gri1(z) € {-1,1}

We formally show below that the features learned during
pretraining generalize to any such link function g7 1.

Theorem 3.3 (End-to-end Guarantee). Let W1 be the out-
come of the multi-task representation learning algorithm
described in Section 2.3 on the task distribution T (M),
where T satisfies Assumption 2.1. Consider a downstream
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task in the support of T (M) with link function gr41. Con-
struct the two-layer ReLU embedding ¢ using the rescaled
W for first layer weights as in (8), and train the task-
adapted head (ar 11,77 y1) using N i.i.d. samples from the
downstream task. Further, suppose d = exp(Q(r®)), T =
d?r exp(Q(r®)), Tng = d3exp(Q(r®)), n1 = Qlog(T))
m = O(r’), and m = exp (Q(r5))
setting of the parameters 1, Ay and vy, such that for any
§ € (e=%,0.05], with probability at least 1 — 6,

exp(O(r®))
N/

Then there is a

eval __
L% =

®

Theorem 3.3 shows that the features learned by multi-task
pretraining generalize to any downstream task that has the
same representation as the pretraining tasks, i.e., its labels
are a function of the input’s projection onto the row space of
M. Specifically, if we compose the learned representation
with a random ReL U layer, then learn a linear head using
exp(O(r?)) samples from the task, we solve the task w.h.p.
Crucially, the number of samples and neurons needed to
solve the downstream task do not depend on the ambient
dimension d.

The proof of Theorem 3.3 leverages Proposition 3.1 to show
that the embedding generated by multi-task learning is close
to the embedding of a coupled, “purified” two-hidden layer
random ReL.U network whose first layer weights project
the input exactly onto the row space of M. Then, the proof
applies Theorem 2 from Dirksen et al. (2022) which im-
plies that w.h.p. the purified network linearly separates two
classes of points on H" with margin and neuron complexity
scaling as functions of the input dimension r. The represen-
tation learning error from Proposition 3.1 is smaller than
this margin due to the lower bounds on 7', n1, no, and d in
Theorem 3.3, so the learned network also linearly separates
the two classes w.h.p. Then, the proof invokes a standard
linear classification generalization bound to control the final
error in learning the head (Livni, 2017). Note that Theorem
3.3 requires d? training sample complexity rather than the
d? complexity of Theorem 3.2 because Theorem 3.2 con-
cerns the spectral norm of the representation learning error,
whereas for the generalization result, we require a Frobenius
norm bound, which induces an extra d factor. Please see the
proof of Lemma C.3 for details.

Remark 3.4 (Necessity of second layer). In the ideal repre-
sentation learning scenario, the first-layer weights are i.i.d.
isotropic Gaussians in the ground-truth subspace row(M).
In this scenario we can think of the network as taking an
r-dimensional input (corresponding to the r ground-truth
features of the input) and having first-layer weights that
are i.i.d.isotropic Gaussians in R". Even in this ideal sce-
nario, existing results have not shown whether such a repre-
sentation is sufficiently expressive or generalization to all

downstream tasks w.h.p. There are several positive results
for the expressivity of a random, finite-width ReLU layer,
but these concern approximating low-degree polynomials
under the squared loss (Hsu et al., 2021; Ji et al., 2019;
Yehudai & Shamir, 2019; Bach, 2017). However, to our
knowledge, there are no analogous positive results show-
ing that one layer of random ReLU neurons can linearly
separate two arbitrary classes of points on the Boolean hy-
percube w.h.p., even with exponentially-many neurons or
exponentially-small margin.

Remark 3.5 (Tightness of exponential complexity in 7 in
positive results). Replacing d with r, Theorem 3.6 implies
that at least r*¥) samples or width is necessary to express
all k-sparse parity tasks on r inputs. So, even if we learn ex-
actly the correct representation, we require ") samples or
width to solve all 5-sparse parity tasks on the  ground-truth
features. Please see (Malach & Shalev-Shwartz, 2022; Abbe
& Sandon, 2020; Abbe et al., 2022; 2023; Shalev-Shwartz
etal., 2017; Hsu et al., 2021; Kamath et al., 2020; Ghor-
bani et al., 2020) for similar lower bounds. Nevertheless,
our complexity of exp(poly(r)) is larger than such lower
bounds. We leave to future work to investigate whether the
poly(r) complexity in the exponent can be reduced.

3.1. Negative Results

Next, we present two negative results that underscore the
tightness of our findings in the previous section. The first
result emphasizes the significance of representation learning
in achieving strong generalization guarantees. The second
result highlights the importance of multi-task learning by
demonstrating that single-task learning may fail to capture
all critical features.

Random features do not generalize. A consequence of
Theorem 3.3 is that multi-task pretraining improves the
sample and neuron complexity of solving downstream tasks
by an exponential factor in d. To show this, we consider
sparse parity tasks, and show that learning a linear classifier
on top of random features entails exponential complexity in
d to solve the task. Now, there is no feature learning, so the
learner has no knowledge of which few features are relevant
and needs to consider tasks on all d inputs. We model this by
considering a set of tasks sharing a single link function but
having many distinct representations. We consider a smaller
class of representations than in our positive results: here M
belongs to 07 Yy = {M: M € 0”4, M € {0,1}7*},
that is, the rows of M are standard basis elements. The
single link function we consider is the parity function on r
inputs, namely g(") (v := (—1)%i=x{vi=—1},

While there is a large literature demonstrating the hardness
of learning sparse parities in various settings (Kearns, 1998;
Abbe & Sandon, 2020; Telgarsky, 2022; Barak et al., 2022;
Malach & Shalev-Shwartz, 2022; Kamath et al., 2020; Goel



Provable Multi-Task Representation Learning

et al., 2019), the most relevant results to our setting show
that any data-independent, m-dimensional embedding of d
inputs can admit linear classifiers that solve all sparse parity
tasks on subset only if the dimension /m and/or the classi-
fication margin is exponentially large (small, respectively)
in d. In particular, the following result adapts Theorem 5
in (Barak et al., 2022), which in turn draws on the works of
Kamath et al. (2020) and Malach & Shalev-Shwartz (2022).

Theorem 3.6. Consider any embedding ¥ : H¢ — R™
such that |[¥(v)||2 < 1 forall v € H For any ¢ > 0,
if mB? < €2 (fﬂl)7 then there exists a representation M €

O7*? such that:

{0,1}
By ~vnifrd) [ﬁ (aT\D(V),g(")(Mv))} >1—e

inf
a:llal[2<B

Theorem 3.6 implies that any random feature model requires
a number of neurons and/or inverse margin that is polynomi-
ally large in d" in order to solve a downstream sparse parity
task with a linear classifier. Note that the margin (i.e. inverse
of B in Theorem 3.6) is inversely proportional to the num-
ber of samples that are required to learn the classifier (Livni,
2017). On the other hand, Theorem 3.2 guarantees that after
multi-task pretraining, the output embedding admits a linear
classifier that solves any sparse parity task on the extracted
r features, with the number of neurons and samples of the
downstream task of the order of exp(poly(r)).

Single task does not suffice for feature learning. Al-
though Theorem 3.6 shows that feature learning is essential
for generalization in our setting, we have not yet shown
that effective feature learning necessitates pretraining on
multiple tasks. We address this issue next.

Theorem 3.7. Consider any algorithm A that takes as input
infinite samples from any single task in Ty, (M) and returns
an m-dimensional representation ¥ : H¢ — R™. Then

there exists an M € @Eg‘li} such that for any k € [r], with

T

probability at least 1—-27" ., (;) over the draw of a sin-
gle training task fi ~ T;, (M), the representation ¥y, :=
A(f1) satisfies that for any € > 0, mB? > €2 (f:]]zﬁ) is
necessary to obtain

EVNUm'f(Hd)Wa;‘I’fl (v), fa(v))] > 1 —e

min
as:|jaz||2<B

Theorem 3.7 shows that w.h.p., a single task drawn from the
task distribution 7, (M) cannot be used to guarantee gen-
eralization with downstream neuron and margin complexity
smaller than the ambient dimension for all ground-truth
representations M. For example, if £ = r, then with proba-
bility at least 1 — 27", the number of neurons must be (d)
and/or the margin must be O(d~'/2) to allow for non-trivial
error. The underlying reason is that most tasks in 7, (M)
are “simple” in that they only depend on a strict subset of

the r ground-truth features, thus do not contain information
about all the important features (although they are still “hard”
by virtue of being sparse parity tasks), so single-task pre-
training cannot improve upon random features in terms of
recovering the remaining important features. Nevertheless,
Theorem 3.2 shows that multi-task pretraining aggregates
information across the tasks to learn a generalizable model.

Remark 3.8 (Single-task training with highly informative
task). Theorem 3.2 leaves open the possibility that training
on a highly-informative task could perform as well as multi-
tasking. Note that there is one task supported by Ty, (M),
the full parity task, that provides information abut all r
ground-truth features in M. While gradient-based training
on this task may allow for efficient generalization to any
downstream task on the r features (Barak et al., 2022), the
sample complexity of this training may be much larger than
multi-tasking. Additional prior results show that gradient-
based algorithms require at least Q(d") samples to solve
the full parity task on r inputs (Abbe et al., 2023; Abbe &

Sandon, 2020; Shalev-Shwartz et al., 2017). This complexity
~ 3

has worse dependence on d and T than the ny+ns = O(%)

training samples per task required by Theorem 3.3 for down-
stream generalization with the number of downstream sam-
ples independent of d. In fact, it is even worse complexity in
d than the T'(ny +ny) + N = O(d®) total samples across
tasks that Theorem 3.3 requires for multi-task pretraining
followed by downstream adaptation. Thus multi-tasking
reduces feature learning sample complexity compared to
training with any single task.

4. Proof Sketch

In this section, we sketch the proof of Proposition 3.1, which
is the key feature learning result that enables downstream
guarantees. The proof heavily leverages the fact that multi-
task pretraining entails updating the first-layer weights after
fitting a unique head to each task. Surprisingly, we show
that making one gradient-based update of the head for each
task induces a pseudo-contrastive loss that encourages repre-
sentations of two points to be similar if and only if they are
likely to share a label on a randomly drawn task. Since two
points are likely to share a label on a drawn task if and only
if they share the same sign pattern on their r ground-truth
features (by Assumption 2.1), the pseudo-contrastive loss
inclines the representation to extract these r latent features®.
For ease of exposition, in this setting we focus on the popu-
lation setting with infinite tasks and samples per task, and

3Barak et al. (2022) show that SGD on a two-layer ReLU
NN with batch size ©2(d") can solve the parity task on r features
with unknown M € @gf{, which suggests that the representation
learned during this process generalizes to simpler tasks on the
features in M.

“We also show in Appendix E that these intuitions can be
extended to the regression setting.
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defer the finite-task and samples proof to Appendix A.

Step 1: Derive pseudo-contrastive loss after head up-
dates. We first update the task-specific head with one
gradient step for each task ¢ given the initial parame-
ters (WY b’ al). Due to the symmetric initialization,
f(x; WO b0 al) = 0 for all x € RY, so the hinge loss is
affine in a? for all tasks (the max(-, 0) threshold is inactive).
Therefore, using the choice of A, = 1/n and b? =0,,,

alz1 =(1- nAa)a? - nVEZ-(WO,bO,a?)
= NEx[fi(x)a(Wx)] (10)

where we use W0 to denote a stop-gradient on W°. As a
result, the updated head for task ¢, ag, is proportional to the
average label-weighted neuron output over the dataset for
task 7. Now we can insert this value of a} back into the loss,
to obtain £;(W?, b al). For ease of notation we define
B(x,x") = E;[fi(x)fi(x")] for all pairs of inputs x, X, and
replace max(-, 0) with o(+) in the hinge loss (recall o (-) is
the ReLU). Taking the average over all tasks yields

LW, b0 {al},)
= Eix [0 (1= nfi(x)Ex [fi(x)o(WX)] "o (W'x))]
~ 1 =B [B(x,x)o(Wx')To(W'x)] (11)

where the approximation holds as
INEsr [fi(x)o (W) To(WP%)| < 1 whp. over x
and WO, The resulting loss in (11) encourages the first-
layer representation to align sample pairs (x, x’) that have
the same label for most tasks (8(x, x’) ~ 1) and penalizes
the representation for aligning pairs of samples that do not
have the same label on most tasks (53(x,x’) < 1). In this
way, (11) is reminiscent of a constrastive loss®> (Chen et al.,
2020) in which positive pairs are pairs with large 3.

To translate these intuitive connections with contrastive
learning to feature learning, we must leverage Assumption
2.1, which implies that 5(x, x") encodes information about
the ground-truth features Mx and Mx'. In particular, pairs
of points with the same sign patterns among the ground-
truth features have the same label, so 5(x,x’) = 1 almost
surely, while pairs of points with different sign patterns on
the ground-truth features have the same label for only half of
the tasks in the universe of tasks 7, meaning 5(x, x’) = 0.

>This analysis suggests that any 5(x, x') that is “roughly” in-
creasing with the similarity of Mx and Mx’ results in a pseudo-
contrastive loss, that, as we later show, results in representation
learning. As such, our observations suggest that Assumption 2.1
can be relaxed to the very natural condition that the correlation of
the labels of x and x across tasks is roughly increasing with the
similarity of their ground-truth features. We verify this conjecture
empirically in Appendix F.

As aresult, the loss can now be approximated as:
LW, b’ {a}}) ~ (12)
—Ex x [x{sign(Mx) =sign(Mx') }o(W%x') "o (W’x)]

We next show that a gradient descent step on (12) results in
W ! essentially projecting onto the row space of M.

Step 2: Update neuron weights. The proof of this step
requires computing the gradient of £L(W?° b, {al};) with
respect to each vector of neuron weights. For ease of nota-
tion, we from here onwards denote w; = w?. Using (12),
this gradient can be approximated by A(w;)w;, where
A(w) € R4 is defined as:

A(w) :=—Ex x [x{sign(Mx) = sign(Mx')}
X O'I(WTX)O'/(WTX/)X(X/)T] (13)

where ¢/(z) = 1if 2 > 0 and ¢’(2) = 0 otherwise. The
crucial reason why A (w;) has favorable structure is due
to the indicator x{sign(Mx) = sign(Mx’)} in the RHS
of (12). Intuitively, this indicator encourages the first-layer
weights to align only the representations of points with
the same sign pattern on the label-relevant coordinates, by
ensuring that only these pairs of points appear in the gradient.
With this indicator removed, we would have A(w;) =
WH%J'H%WJ'WI’ meaning the gradient would not put any
emphasis on the ground-truth projection. However, the
indicator means that A(w;) is an average outer product
over vectors whose signs agree on the r important features
and may disagree on all other features. This disagreement
results in cancellation during averaging, unlike the important
r features, leading to:

MA (w;)w; ~ —5-Mw; (14)
MJ_A.(WJ‘)WJ‘ ~ _ﬁMLW‘j (15)

meaning that the gradient up-weights the energy of w; in
the ground-truth subspace by a factor of roughly 2 compared
to the the energy in the spurious subspace. Moreover, apply-
ing A(w;) to w; does not change the direction of Mw,
meaning Mw; remains isotropic in R". These observations
are the crux of the proof; please see Appendix A for full
details.

5. Conclusion

We have provided the first results showing that multi-task
pretraining with a gradient-based algorithm on a non-linear
neural network learns generalizable features. Moreover, our
analysis reveals that updating the task-specific heads prior to
updating the first-layer weights induces a pseudo-contrastive
loss that encourages recovering the features indicative of
whether two points share a label. As a result, this work
suggests further exploring the role of adapting the head to
each task in order to learn more expressive features.
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Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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Provable Multi-Task Representation Learning

A. Proofs of Proposition 3.1 and Theorem 3.2

In this section we prove Proposition 3.1 and Theorem 3.2. Throughout, we will slightly abuse notation by reusing c, ¢, ¢’/
and C as absolute constants independent of all other parameters. The notations O(+), ©(-), and §)(-) describe scalings up to
absolute constants independent of all other parameters.

A.1. General lemmas

Lemma A.1. Suppose x ~ N(04,1,). Then for any w € R,

/ T _ g w
Ex [0/ (w'x)x] = 2wl
Proof. Forany u:w'u = 0, we have
u’ (Ex [0/ (w'x)x]) = Ex [0/ (W x)u'x]
= Ex [0/(wx)] Ex [u"x]
=0 (16)

by the independence of orthogonal projections of isotropic Gaussian vectors. So, Ex [U’ (wa)x} is parallel to w. Thus,

WWT

Ex [al(wa)x] = WEX [O'/(WTX)X]
= LQEX [0/ (wTx)w x|
[wliz

= 2 By [o(w )] (17)

ClwlzT

where o(w " x) is a half-normal random variable with parameter || w||2, so it has mean ||w||2/ 2, completing the proof. [

Lemma A.2. Suppose x ~ N (04,1;) and M, € Q4% gnd M € O"*¢ such that M, M = 0(q—r)xr» Le. the
rowspaces of M and M | are orthogonal. Then for any w € R,

1 (w MTMx)2\ M,w
Enm, x M x 0o (w'x)| = ex < 18
M [Max o/t )] Var b 2 ML wl| (1%)
Proof. We have

Em, x [M.ix al(wa)]
=Em,x [Mixo/(w M Mx+w' MM, x)]
=Em, x [Mix{w M 'Mx+w MM x> 0] Py, x[w' M Mx+w' MM, x > 0]
=Em, x [Mlx w M Mx > |wTMIMJ_x] Py, x[w M TMx > [w M| M, x]] (19)

where the last line follows by considering two cases: (i) WTMIMLX < 0 and (i) WTMIMLX > 0.
If case (i) holds, then 7WTMIMLX = |WTMIMLX| so Enm, x [MLX‘WTMTMX+WTMIMLX > O] =

Em, x |:MJ_X w MTMx > |WTMIMJ_X|] and Ppp, [w M TMx + WTMIMJ_X > 0] = Py, x[Ww MTMx >

13
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|wT M| M, x|]. Alternatively, if case (ii) holds, then by the law of total expectation,

Em, x [Mix|w M Mx+w MM, x > 0]
=Em,x [Mix{w M Mx >w MM x| Py x [w M 'Mx>w MM ;xjw M'Mx >-w' MM, x]
+Em.x [Mixlw MM x>w M Mx >-w M| M, x|
xParox [W M Mix>w M Mx>-w' M M xjw' M Mx >-w'M|M, x|
=Em,x [Mix{w M Mx >w MM x| Py x [w M Mx>w MM xjw M 'Mx >-w' M|M, x|
=Em, x [Mix|w M Mx > [w MM x|]Pm,x [w M'Mx >w MM xjw' M 'Mx >-w' MM, x|

(20)
Py, x [W M TMx > |w MM
=Em, x [Mix{w M Mx > |w' MM, x|] Mox [W x> |w - 1x]
Pm, x [WTMTMX > —WTMLMLX]
where (20) follows since w' M [ M x = |[w' M| M x|. Now we return to (19). Note that
Enm, x {MLX w' M Mx > |WTMIMLX|]
w MT M, w
=Em,x | Mix—20—-———"L M x) —— llw M'Mx|>|w' MM, x 21
N S A e R

by the symmetry of the Gaussian distribution and the fact that

™7 M
MJ_X—QO‘(—W lMJ_X) LW

IMLw2 ML wll

T T
is the flip of M| x across the hyperplane with normal vector % when w MM x < —|w M| M, x|. Using this,
we obtain

Em, x [MLXOJ(WTX)]
T T
w' M M, w
—Ep,x [Mix—20 (-l LT
M { - ”( ML wl> “‘) ML w2
x Pypx [w MM x> [w M Mx]|]

"WTMIMJ_X| > |w! M Mx|

WTMTMLX> ‘ M, w
=28m,x |0 ———E—" ) |lw MM, x| > wTMTMx]]P’ x[W MM x> |w M Mx|]| ———
s o (i) [T | Pt [ MM > s
WTMTMLX) ‘ M, w
=Em x |0 ———+—— ] |lw MM x<—wTMTMx}P x W MM x>|w M Mx|] ————
e |7 (R, LMx < | [ oo [ MM > | ) T
1 T T 2
ﬁexp(—(w M Mx)=/2) T T T AT M, w
= Pv,x [Ww MIM x> |w' M Mx|]| ——— 22
Bt (WM Mx < o METG]] M (W MM > wEMEM] e @
1 TagT 2 M, w
= exp(—(w M Mx)*/2)—— (23)
Vo LT,
where (22) follows by the definition of the inverse Mills ratio. O]

Lemma A.3. For any function f : RY — {—1,1} such that f(x) = g(Mx) for some row-orthonormal matrix M € Q">
and some function g : R" — {—1, 1} for all x € R%. Then for any vector w € RY,

1/2
VI (L VT [Mwls 1+||Mw||§>/. o

/ T
[Ex [f ()’ (w )] [l2 < <5~ (”anLwnz) *( o

Proof. Let M, € Q(4=7)%d be a row-orthonormal matrix whose rowspace is orthogonal to that of M. Using that

14
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M™ + MIM 1 = I, and Mx and M | x are independent standard normal multivariate random vectors, we have
Ex [f(X)O'/(WTX)X} =E, [Q(MX)U/(WTMTMX + WTMIMLX)MTMX]
+ Ex [Q(MX)U/(WTMTMX + WTMIMLX)MIMLX)]
= Enx [9(Mx)Enm, x [O'/(WTMTMX + WTMIMLX)] MTMX]
+ Enmx [9(Mx)Em , x [0/ (w M Mx +w ' MM, x)M] M, x)]]

@

50 ||Ex [f(x)o’ (W x)x] [|2 < H@H + H@H by the triangle inequality. First we consider (1). We have
2 2

Enmx [g(Mx)Em, x [0/ (w M Mx +w ' M][M,x)| M Mx]
= Emix [9(Mx)Pyt, « [Ww MM x> —w' M Mx| M Mx]

B 1 1 w' M Mx T
1

1 w MTMx
= —Enmx g(Mx)MTMX + —Enmx {g(Mx) erf () MTMXj|
2 [ I*3 V2[Miw

where (25) is due to the Gaussian CDF. Thus by the triangle inequality,

1 1 w! M Mx
@H < = || [g(Mx)MTMx] ||, + = H]EMX {g(Mx) erf <) MTMX] (26)
H 2 2 H [ ”|2 2 \/ﬁHMLWHQ )
For the first term,
|Enix [9(Mx)M " Mx]||, < Enx [||g(Mx)M " Mx||, ] (27)
= Enix [[[Mx],]
1/2
< Ene | [Mx]3] (28)
= Vr (29)
where (27) and (28) follow by Jensen’s inequality. For the second term in (26), we have
™™
HEMX {g(MX) erf (W X > MTMX}
V2[Miw|; 2
™™
< Epnix Hg(Mx) erf <WX> M Mx (30)
V2[[Miwl2 2
1/2
w MTMx 2 2
< | Enmx | |g(Mx) erf <) Emx |||M T Mx (31)
< N, )| | e [T
- 1/2
wTMTMx \ |*
- ‘g(Mx) xf () (32)
V2[Miw
- 971/2
ﬁWTMTMx)
SVrEMx ||~ (33)
Vi ( SV Wz
_ Vr [Mwll; (34)
2 Mol
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where (30) follows by Jensen’s inequality, (32) follows by the Cauchy-Schwarz inequality, and (33) follows since | erf(x)| <
|\/7/2 z|. Combining (26), (29) and (34) yields

@], < (1 B u”fﬁviv”@) G

Next we consider @ We have
Enx [9(Mx)Em , x [0/ (w M Mx +w ' MM, x)M| M, x)]]

1 (WTMTMX)2>] MM, w
= —FEmx |9(Mx)exp [ — 36)
S=Enax gV exp (- R (
by Lemma A.2, thus
w M Mx)?
@], = = Esoe [svx) e (- Sk @
2 T 2
Next we upper bound ‘EMX [g(Mx) exp (—M)} ’ We have
TMTM 2
‘EMX [g(MX) exp <(W 5 ) >”
TMTM 2
< Enx {exp (—“VQX))] (38)
1 (wIMTMx)?2 x"MTMx
=/ ——exp(-— - dM 3
/RT (2m)72 P ( 2 2 x 39
) KM (T, + Mww M7 ) Mx
= / exp | — dMx
- (2m)7/2 2
= det(I, + Mww ' M")1/2
) x "M (I + Mww 'M") Mx
X / = exp dMx (40)
rr (27)7/2det(L, + Mww MT)1/2 2
= det(I, + Mww ' M")1/2
1/2
= (1+ |Mw]3)" (41)

where (38) follows since exp() is positive, (39) follows since w | M T Mx is a Gaussian random variable with mean zero and
variance || Mw/||3, and (40) follows due to the multivariate normal distribution, and (41) follows by the matrix determinant
lemma. Therefore,

ol = (=)

completing the proof. O

A.2. Finite-task and finite-sample concentration results
Lemma A .4 (Initialization I). For any § € (0, 1), define the set
§) = {w e R?: [Mw]2 < cvw (V7 + \/log(m/d)),
cvw(Vd —1 — \/log (m/6)) < IM_iwl|s < cvg(Vd —1 + \/1og(m/5)),
v (Vd — \/log(m/6)) < |[wlla < cvw (Vd + /log(m/d) )} 43)

for an absolute constant c. Then with probability at least 1 — 0, W; € Gw/(9) for all j € [m)].
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Proof. Since each w; ~ N (04,v21,), each [ Mw; |2, [M | w;]|2, and ||w,||2 are sub-Gaussian with parameters vy /T,

vwVd— 7, and Vw\/;i. That is,
Py, [[[IMw; ][5 — v /7| < 1] < e/ (44)

for any ¢ > 0, and likewise for || M| w2 and ||w;||2 (With vy /7 teplaced by vy +v/d — r and vy,\/d, respectively).
Choosing t = ¢’vy,+/log(m/0) and union bounding over all j € [m] completes the proof. O

Lemma A.5 (Initialization IT). Suppose m > r. For an absolute constant ¢ and any 6 € (0, 1),

Tunin(MW?) > v,/ (1 - CMW) (45)

with probability at least 1 — 0.

Proof. The result follows from the fact that each row of WY is drawn independently from A/ (0,4, v21,), so each of the r
rows of MW? are drawn i.i.d. from A/ (0, l/‘?vlm) (recalling that the rows of M are orthogonal, so u;-er and uiT,Wj are
independent for any two distinct rows u; and u,, of M). A standard (sub-)Gaussian matrix concentration inequality yields
the result (e.g. Equation 4.21 in (Vershynin, 2018)). O]

Lemma A.6 (Initialization IIl). For an absolute constant ¢ and any ¢ € (0, 1),
Vd + +/log(1/5
W2 < vwvm (1 + \/ag(/) o

for some absolute constant with probability at least 1 — §.

Proof. As in Lemma A.5, the proof follows by standard (sub-)Gaussian matrix concentration (e.g. Equation 4.21 in
(Vershynin, 2018)). O

Lemma A.7. Forany § € (0,1) define the event Ey,(9) as follows:

Eu(6) := {w? € Gu(0), omin(MW®) > 1y /0 (1 - HW) |

WOz < v/ (1 + ‘/;”\F W) } 7)

Then P(Ew(5)) > 1 — 30.
Proof. The proof follows immediately from Lemmas A.4, A.5, A.6 and a union bound. O

Next we begin to analyze the first gradient-based update of the algorithm. Throughout, let ﬁLa = {(xik, fi(xik))}pt, and

Diw = {(xi,, fi(xi1))};2,, where all samples are drawn i.i.d. from D;, for each i € [T].

Lemma A.8. Let A\, = L and x ~ N'(04,1,). On the first iteration of the multitask learning algorithm described in Section
2.3, the locally updated head for task 7 is:

a; = il Z fi(xi k) (WOx; 1) (48)
k=1

for all tasks i € [T).

17
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Proof. Since a? = 0,, foralli, (a?) T o(W%x+b?) = 0 for all x and i. Therefore, max(1—f;(x)(a?) " o(W%x+b?),0) =
1 — fi(x)(a?) To(Wx), and

a; =a’ —nV/J(WObO7 a;;Dja)

- Z Va(max(1 — fi(x;x)(@?) To(WO, 1 +b°),0))

ni

Zv — fi(xi 1) (@) T o (WO, 1, + b?))

:glz.fz sz (W sz)
k=1

where in the last equality we have used b® = 0,,, by choice of initialization. O

Next, we substitute the updated heads in the global empirical loss. Since the gradient computation for the update of W does
not backpropagate through the update of the heads, we use () to denote the stop-gradient ReLU activation, meaning all
model parameters inside are treated as constants for the purposes of later gradient updates. In particular, from Lemma A.8
we have

n
ai= - Zfz xi k)0 (WOx; 1) (49)
k=1
forall ¢ € [T7.

Lemma A.9. After updating the heads on the first iteration, the empirical loss averaged across the task datasets {f)i,w}le
used for updating the neuron weights is given by

T
LW, b0 {al}] :{D;w)iy) Z L;(WO,b% al;D; w)

’ﬂ \

n2 ni

= ZZZ‘}CZ Xi,l fz Xi, k‘) (Woxi,k)TO'(WOXi,l)

Tnn
02 520 1= k=1

T no T
%ZZX 77fi(Xu< Zfl Xik)0 WXm)) o(Wo%;1) > 1

i=1 [=1

ni T
x | 1T—nfi(xin) (1 fi(Xi,k)5(WOX¢,k)> o(W'; )

n
L=t

18
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Proof. First, by the fact that b® = 0,,, by choice of initialization, we have

T
‘é(WO7bO?{a’ i= 17{DZW}L 1 Z WO bo {a i= 17ﬁi7w)

’ﬂ \

:TnQZZmax L— fi(xi)(@}) o (Wx,1),0)

i=1 =1

= %m Z ZX {fi(Xi,z)(a})TU(Woxm) <1}(1- fi(xi}l)(ai)Ta(Woxm))

i=1 l=1

T no
1
— e D filxen) (@) o (W', )
i=1 [=1

no

ZZX{fz xi0)(ai) "o (Woxi1) > 1} (1~ filxig)(a]) "o (Wxi))

zlll

Substituting the value of a} from (49) completes the proof. O

Next we show that after one update of the heads, the model predictions are still close to zero, so max() in the hinge loss is
mostly inactive.

Lemma A.10. Suppose v, = With probability at least 1 — 9,

1
O( n2dmlog(T)(d+m) )

T no T
TL:;QZZX nfi(le ( Zfl sz szk)) lel

i=1 =1

c log(1/96) > (50)

=10 (exp (_ 2 m log(T/8)(d + log(m/8))(d + m))) o ( VT

for an absolute constant c.

Proof. Consider any fixed W0 satisfying E (61) for §; € (0, 1), which occurs with probability at least 1 — 36; by Lemma
A.7. For ease of notation we replace w} with w ;. Recall that

.
nfi(xiy ( Zfz Xi k)0 Xzyk)) o(W'%;,) = fi(xi1)(a}) o(Wx;)) (51)

by the computation of a} in Lemma A.8. For any fixed f; and fixed a}, x {f;(x;;)(a}) " o(Wx;,;) > 1} is a Bernoulli
random variable with parameter

Py, , (fl(xl (@) To(W° Xi1) > 1)

<Py, (|(a))To(W xll)f > 1) (52)

< qu‘,,l (|( zl)TU( xl l) Exi L[(al)TO’(WOXiJ)H >1- Exi’l[(a})TU(WOXi l)D (53)
(

2
ey (= B (@) 7o (WOxi))
T
2
(1 llat 2| W]l
cllal [3TWol3

_1-2faj] W0||2)
cllag[[3['Woll3

IN

\ /\
’U

| /\

(54)
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for some absolute constant ¢, where (52) follows since f;(x;;) € {—1 1} and (53) follows since (a}) " (Wox 1) —
Ex, [(a})To(WPx;,)] is sub-Gaussian with mean 0 and variance O(||a1 12][Wol3). Next, since for ﬁxed a; and f;, the

random variables {x{nf;(x;:)(a}) "o(W°x;;) > 1}}*, are i.i.d., we have by Hoeffding’s inequality

xlz< Zx{fzxzz To(Woi) > 1} — Px(fi(x)(a)) "o (Wx) > )>t>

< 2exp (—2n2t2) (55)

for any ¢ > 0. So ;=372 x{fi(xi)(a)) "o (W% 1) > 1} — Py(nfi(x )( HTo(WP) > 1) is sub-Gaussian
with mean zero and variance proxy L. Also, each random variable in {-- =02 xfilxi)(a DTo(W%;,) >
1} — Pu(nfi(x)(a}) To(Wo%) > 1)} 1s independent, so again by Hoeffdlngsmequahty,

> t>

x7l<

no

sz{fzx” (Wx”>>1}—fZP (fi(x) (@) Ta (W) > 1)

=1 1l=1
< 2exp (—2Tn2t ) (56)
Sett = O(%), then we have
iim (i) () o (WPxe) > 1) = = S BL(0al) To (W) > 1) 1 0 [ Y1)
Tn 121 o xXuJi\Xi)\a; ) o Xi,l - T s xJi\X)(q; o X T?’lg
T
1 log(1/d2)
< = i +0 | ————= 57
< T;v + ( T (57)

with probability at least 1 — §, over the sampling of {x; ; }; ;. It remains to bound each ;. Next, for any i € [T'], we have

< nv/m max

Zfz sz W Xi k) (58)
j€lm]

laj ]2 =

1 &
- — > filxip)o (W] %)
L=1

Each f; (Xi,k)a(w;rxi’k) is sub-Gaussian with mean O(ij ||2) and variance O(||w;3). Also, for fixed f;, the random
variables { f;(x; k)0 (W] x; 1) }L, are independent. So, we have [|af||> = O(ny/mt max;cy, ||w;||2) with probability
at least 1 — e~*" for any ¢ > 0. Union bounding over all i € [T] and setting t = O(y/log(T) + /log(1/d3)) yields
max;e(r [|a |2 = O(ny/mlog(T/d3) max;e(m) ||w;||2), with probability at least 1 — d3. Now applying Lemma A.4 and

the fact that Ey, (9) holds results in max; ¢ ||az |2 = O(nvw/mlog(T/é3)(Vd + \/log(m/51))) and
ma [ |2 [ WOl = O (e /m108(T/85) (Vi + /og(m/50)) (Vi + v/ + /1o (1/51)))
= O (1p/m10g(T/35) (Vi + \/log(m/81)) (Vd + v/m)) (59)

with probability at least 1 — d3 — 3d;. Set d3 + 361 + 6o < §, then from (54) and using vy, =
O( ), we have max;¢7) ||af [|2|WO||2 = O(1) and

1
ny/mlog(T/8)(Vd+/log(m/8))(Vd+/m)

1— 2||a12||W°||2>
i < max’yl = < C
T Z T Z rERE
1 — 2max;e[p) ||a%2||WO||2>
cmax;er [|at[|3][Woll3

< 2exp (—

1
< 2c exp (— )
cmaxc(r) [} [13][Woll3

C//
<2d -
ST ( v mlog(T/0)(d + log(m/0))(d + m))
with probability at least 1 — §, completing the proof in light of (57). O
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Lemma A.11. Forany 6 € (0,1), with probability at least 1 — 6, for all neurons j € [m], the gradient used to compute W}
satisfies

VWJE(WovbOa{a i= lv{DZW}z 1)

no ni
TTL 1Mo lzlz.fz le fz X k) (W Xi, k) (W le)XZ lXZ kW

i=1 k=1

=0 <nuw<ﬁ + v/log(m/6))/d1og(Tn2/0) (1 og T/ Viog(T/9) )

c

log(1/4)
% (exp (_ n2v2mlog(T/d6)(d + log(m/6))(d + m)> + VTns ) >

where c is an absolute constant and o' (x) = x{x > 0} denotes the derivative of the ReLU.

Proof. Consider any fixed W0 satisfying E, (1) for §; € (0, 1), which occurs with probability at least 1 — 35; by Lemma
A.7. For ease of notation we write w; = W?. Using Lemma A.9 and the chain rule,

‘é(wo bO {a = 17{D1W}1 1)

n2 ni

Tn1n2 ZZZfZ Xl fz X, k) (W X, k) (W;—Xi,l)xiﬁl

i=1 =1 k=1

T na T
+ Ting DO x g nfilxia) ( Zfz X,k )0 (W sz)) o(Wx;) > 1
=1 =1

X fi(xig) ( Zfz (xi1)7 (W} sz)> o’ (W %1%

no ni
TTLlTLQ p ;’;fz Xi,l fz X, k}) (W X; k) (W le)xz lXZ W
n T no T
" Tn ZZX nfi(xi0) ( Zfl Xik)0 WXHJ) (W) > 1

s

@
1 &
X fi(xi1) <n fi(Xi,k)U(WIXi,k)> o' (W] Xi1)Xi (60)

@

where (60) follows smce o(x) =o (x)x when & is the ReLU activation. By (60) and the triangle inequality we have
[V, LW, b0 {al}T_ 1 {Dsw}ry) — D2 < |@)]]2, so the result follows by bounding [|(2)]|2. To do this, note that
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by Holder’s inequality,

T
||@||2 ZZX nfz Xll < Zfz Xlk‘ W Xi k)) U(Woxi,l) >1

1=1 =1
X fi(xi ( Zfz Xi k)7 (W] %; k:)) o (W] % 1)%i

2

-
1 &
<n—22x nfi(xi) (Zfi(xi,ma(vvoxi,k)) (W) > 1
i=1 I=1 ™M
(nl Zfl Xi k)T (W) sz)) o' (W] Xi1)%i
no

.
<77Tn ZZX nfnm( Zszzk lek)> o(Wox,,) > 1
=1 =1

i 61
ey itz D

X max
1€[T],l€[nz2]

2

1 ni
X max | — Z fi(xi’k)5(w;rxi’k)
1
k=1

ie[T] | n

By Lemma A.10, we have

. log(1/63)
=10 (o (~ gt o)) 1 (Tn) ~

with probability at least 1 — d3. It remains to control . Fix w;, 4, and [, then each random variable f;(x; )& (WTX7 k) is

sub-Gaussian with mean O(||w ||2) and variance O(||w 3), and each random variable in { f;(x; )7 (W} X &) }pLy is i.id.

Thus, - ™ vl filxig)o (Wsz %) is sub-Gaussian with mean O(||w;||2) and variance O (%), so, by a union bound
over all i € [T,
log(T/d2)
i\ R, i @ j 1
?61%2( o E fi(xik) W Xi k)| = [will2 [ 1+ "
log(T/4
= 0 | v (Vi + Vog(myon) [ 1+ (/208 T/%2) (63)

ni

with probability at least 1 — 357 — Js. Zis sub-exponential with mean O (d) and variance O (d2). So, with
probability at least 1 — 44,

max _||x;]|3 = O (d(1 +log(Tn2/d4))) = O (dlog(Tna/ds)) =  max |
i€[T),1€[n2] i€[T),l€[n2]

=0 ( dlog(Tn2/64))
(64)

Combining these bounds via a union bound, applying (61), and setting d1, d2, 03, d4 = O(4) yields

@=o0 (UVW(\/g‘i‘ Vlog(m/5))/dlog(Tny/5) (1 + m)

N

c

_ log(1/6)
8 (eXp ( Pr2mlog(T/6)(d + log(m/))(d + m)) T, > )
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for an absolute constant ¢ with probability at least 1 — §, completing the proof. O

Lemma A.12. Forany § € (0, 1), with probability at least 1 — 6, for all j € [m],

Tn1 n9

no ni
fixi0) fi(xin)o' (W) Txi )0 (WD) Txi )%, oW
J y J
=1 k=1

=1

= EinEx, £, 600D, B o ey, [Fi(%) fi(x)o (W) T x)o" (wh) "% )x(x) Tw]

=0 (Vw\/cw log(d/9) ( rlog(m/d) + \/Z)) .

2

Proof. For ease of notation we replace E(y, f, (x))NDiIE(X/7 fi(x'))~D; With Ex x’ and E;7 with E;, and write w; = W?.
Consider any fixed W satisfying Fy, (1) for §; € (0, 1), which occurs with probability at least 1 — 36; by Lemma A.7.

We have

T n2 ni
T?’llng Z Z Z fz Xz l f’L X’L k) (WTXZ k) (WTXZ l)XZ lekWJ
i=1 =1 k=1
—EExx [fi(x)fi (x’)a’(ijx’)a’(Wij')x(x')ij]
2
1 T
= T qu - ]EiEx,x’ [fz( )fl( ) (WTX )UI(W;X/)X(X/)TWj] (65)
i=1 2
where q; == m Zk Vi) fi(xig)o (W;FXUC)(T/(W;Xi_’l)XLlXIij. By the linearity of the expectation,
na ni
Elai] = Z EiBa, s o i i (%00 fi (%i,0) 0 (W %500 (W 3,0)%0,0¢ W
1=1 k=1
=EiExx [fi(x) w;rx )0/(w]»TX/)X(X’)TWj] (66)

which means that the random vectors q; — EiEx s [fi(x)fi(x')o’(w] x')o’(w] x')x(x') "w;] = q; — E[q,] in (65)
are mean zero. Next we bound || 7 ZiT=1 q; — E[q;]||2 by bounding each coordinate of + ZiT:1 q; — E[q;] separately.
Let g, 5, denote the h-th entry of q;, and z;,; ; denote the h-th entry of x; ;. Note that each g; ;, is the sum of products
of two sub-Gaussian random variables (fi(xi)o’ (W, X 1)@, and f;(x; 1)’ (W] X 1), W;), 50 g j, is the sum of
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sub-exponential random variables and is therefore sub-exponential. Its variance is upper bounded by:

E [(Qi,h - E[Qi,h])ﬂ

2
=K <<n22fz Xi1)0 w X1 xun)( Zfl X )0 w xm) kaj> —]E[qi,h]>

<4E, p, l(( Zfz x;.1)0' (W) x”xlm)( Zfz Xi.)0" (W Xi k)X szWj>
®
Ex [fi(x)0’ (W] x)zn] (1 ml fi(Xi,k)U’(Wngi,k)XiT,ij> )T
@

+ 2 [ (Ex [£:(x)0" (w] x)an] Exe [£i( ) (w] X)) w5
®
B B [£600” (] 3)20] B [£6)0 (9] 2) (<) Tw,]] )] )
®

Where (67) follows from the triangle inequality and the fact that (a +b)2 < 2a% + 2b. To bound @, first let s; ==
Ex [fi(x)o "(w; Tx)zp,] and s;,, be its h-th element. Also denote s? = E; [sf »)- Observe that

2
O=E i D p/[< Zfzle (W, Xi) T — ,h) (nll

1

n 2
Zfi(Xi,k)a/(WjTXi,k)szWj> ]

k=1

441/2
< E; p, < Zfz xi1)o' (w; Txi )T — ,h) ]
491/2
( ZfL Xi k)0 (W] Xi )X kwj> (68)
491/2
=Eip, < Zfz ;)" (W] Xi0)2i1n — ,h> O (IIw;l3) (69)
_0 <||Wj|2) (70)
T2
:O(ng‘ﬂlc’g(m/él)> (71)
n2

where (68) follows by the Cauchy-Schwarz inequality, (69) follows since n% Sonky fi(xik)o! (W] x k)] w; is sub-
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Gaussian with mean O(||w;||2) and variance O (= lw; H2) and (70) follows since - Zz L fixia)o! (W] i )i — sinis
sub-Gaussian with mean zero and variance O( Ex[fi(x)%0’ (W] x)27]) = O( +; ). To bound (2), consider that

@:Ei,ﬁ’l [fi(x)o’ (w] x)a] < Zfz ()0 (W] ;0% W — B [fi(x)o (WJTX/)(X/)TWJ’D}

r 2
=E; < Zf’ X k)0 w X; k)X X; ij —Ey [fl(x') (WJTX')(X')TWj]>

<, |52 maxEs, ( oo (s = B L ) O T @)

=, [s?)h] Hﬁ-‘?‘XEﬁ;, ( Zfl X k W X, k)x v kWi — Ey [fl, (X’)g/(ijx’)(X/)TWj]>

=i [s3,] O (va a og mih) lofl(lm/ 51)) 73)
—O( 2d+log(m/51)>
ni

where (72) follows since s7;, > 0 and

2
B, [(m oy fir i )0 (W] xir 1) %] owy — B [fir (x/)g/(w]TX/)(x/)ij]) } > 0, and (82) follows since for all

i’ ﬁ Wi fr(xi k)0 (wal/ KX Wi —Ex [fir(x')o "(w; Tx")(x") "w] is sub-Gaussian with mean zero and variance

O(M) = O(%). To control (3), note that

ni

= O(s2v2 (d + log(m/d,))) (74)

Combining the bounds on (1), (2) and (3) yields E [(¢i,n — Elgi,n])?] = O(wZ(d+ 10g(m/51))(sh + n%)) therefore, since
each random variable in {¢; 5} 1 ; isi.i.d., Bernstein’s inequality gives

P{Qi,h,}i ( qu h — QZ h > th>

2
< 2exp | —cT'min th =1 th — (75)
v (d +1og(m/61))(sh + 77) v\ /d + log(m/81)y/52 + =

with probability at least 1 — 38; over the selection of WP for an absolute constant ¢ and any t;, > 0. Sett, =

1) (Vw \/M(sh n%) log(d/6)> for all h € [d], then as long as T' > log(d/d2), via a union bound over all
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h € [d] we have

1/2
T /

% Z q; — Ela]

i=1

- z(lz%,h Eq>

2 h=1 i=1

4 1/2
<e <Z , d+ log m/51) <ﬁ+ n1> log(d/62)> (76)
h=1

gt\:

2

1/2
\/d—HO BUM/0) 10 (d/5,) (Zsi+ j)
h=1 2
d+1lo (m/51 d i\
CVw\/ log(d/d2) <EL Lz_l sin| + 712)
1/2
\/T log(d/d2) (Ez [lIsill3] + Ti)

d + log(m/d1)
< du, \/d +log(m/01) |

= (U

= ClUy

1/2
THMWH@ 2 d)

Wiz viw |12 + & 77
IMLw;l[3 IV 2 N2

- d/o

o) +
gy 1/2
< C/VW\/W log(d/&2 < (1 +1log(m/d1)) + 71) (78)

—0 (Vw\/c”logT(m/‘m log(d/85) < log(m/o1) + \/Z»

with probability at least 1 — 357 — d for absolute constants c, ¢/, where (76) follows with probability at least 1 — 351 — d
due to (75) and our choice of t, (77) follows by Lemma A.3 and the fact that (a + b)? < 2a? + 2b2, and (78) follows since
W, € Gyw. Setting d1, d2 = O(J) completes the proof. O

)
)

Lemma A.13. Forany § € (0, 1), with probability at least 1 — 6, for all j € [m],
Ve, LW, b0 {al} 5 {Diw}iy) = —n2 "A(w))w) + e (79)

where

leflz = 1 O (W + \/log(m/5))/dlog(Tnz/5) <1 4 1523/@)

_ c log(1/4)
X <exp ( 772,/v2vm1og(T/5)(d+1og(m/5))(d+m)) T T, ) )

+ vy O (\/CHbjgim/é) log(d/5) ( rlog(m/8) + \/Z)) (80)

and for a vector w € RY,

A(w) =E, {Ex,x/ [a’(wa’)o’(wa)x(x’)T| sign(Mx) = sign(Mx') = u” (81)

where w ~ Unif(H") is a random vector drawn uniformly from the Rademacher hypercube in r dimensions.

Proof. Letw; = W?. We have

ijﬁ(wo,b07{a i= 17{D1W}7, 1)

T no ni

Tn1n2 Z Z Z fz xz l fz xz k) (WTX’L k:) (WTXZ l)xz lxz kW] + nei (82)
i=1 I=1 k=1
= —nEinTE(x,, )i B 5 (x))~p; [fi(X) fi (x’)a’(w;rx)a’(w;rx')x(x’)—rwj] + ney + nesy (83)

26



Provable Multi-Task Representation Learning

where

levl> = 0<vw<ﬂ + log(m/61))/dlog(Tnz/5:) (1 + li%ﬂ‘))

c (1/01)
x<ﬁp<n%@mmywﬁnw+bgmmnmuwm>+ Tna ))

with probability at least 1 — §; by Lemma A.11 and

Jeall, = 0 (M 18I0 104 a1 5) ( Ploglm o) + ﬁ)) 84

with probability at least 1 — do by Lemma A.12. Set 1,02 = O(d) and apply the triangle inequality to complete the bound
on |lel|s = ||e1 + ez||2 in the theorem statement.

Next, for ease of notation we replace E(y r,(x))~D, E(x’, 1, (x'))~D; With Ex x» and E; 7 with E;. Also, let u ~ Unif(H")
be uniformly drawn from the r-dimensional Rademacher hypercube H" = {—1,1}". We have

E,Ex x [fi(x)fq;(xl)a’(w;rx)a (ij')x(x’)ij]
= B [Es[fi(x) f;(X)]o" (w] x)o’ (W] x)x(x') T w]

= Ex x/ [X{sign(Mx) = Sign(MX/)}O'/(W;FX/)O'/(W;FX)X(X/)TW]}
=2""E, [Ex’x/ [U’(W;—x')a'(w;x)x(x’)w sign(Mx) = sign(Mx') = u”wj

where (85) follows by the definition of A (w). O

A.3. Analysis of the population gradient

Next we define matrices capturing the energy of A(w) in the ground-truth subspace and its perpendicular complement.
Again let u ~ Unif(H") be a random variable drawn uniformly from the Rademacher hypercube in r dimensions, and x
and x’ be drawn independently from A (04,1;), then for any w € R the matrices A |(w), A (W), A ||(w), and
A | (w) are defined as

Ajj(w) = MAW)M T = Ey [Ex o [0 (wx)0"(w'x')Mx(x') "M | sign(Mx) = sign(Mx') = u]]  (86)
Ay (w)= MA(w)M| = E, [Ex,x: [UI(WTX)O'/(WTX)MX( ) TM | | sign(Mx) = sign(Mx’) =ul] (87)
A (w) = M, A(w)M'™ =E, [Ex,x/ [UI(WTX)O'/(WTX/)MJ_X(X ) TM | sign(Mx) = sign(Mx') = ]] (88)
A (w)= MJ_A(W)MI =E, [IE,X,X/ [O‘l(WTX)O'/(WTX/)MJ_X(X/)TMI| sign(Mx) = sign(Mx') = uH (89)

Next we control the matrices A (W), A} L (W), AL | (w),and A | (w).
Lemma A.14. Forany 6 € (0, 1) such that § = Q(me™%), then if w € Gy (5), we have

3 3
:o<r+bg“”®>. (90)
2

1
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Proof. Recall that u is drawn uniformly from H". From Lemma A.13, we have
An ||( W)
Eu [Exx [0/ (W' x)o’ (W' x)Mx(Mx') " | sign(Mx') = sign(Mx) = u]]
=Eu [Emx,Mmx’ [EMLX M, x [0/ (wTx)o’(w'x)] Mx(Mx') | sign(Mx') = sign(Mx) = u]
— &, {EMX,MX, {Mx(x )TM Pap, x [w MM, x> —w' M Mx]

X P, x! [WTMIMJ_X/ > —WTMTMX/} | sign(Mx') = sign(Mx) = u”

11 ™™
= Eu,Mx,Mx’ [MX(XI)TMT ( + 5 erf <VVX)>

2 V2| Miw|:
1 1 w ! Mx'
-+ cerf <)> | sign(Mx') = sign(Mx) = u 91)
(2 2 V2| M w2
1
= ZEu,Mx,Mx’ [MX(X')TMT\ sign(Mx') = sign(Mx) = u]
1 w! M Mx
+ —Ey mx,Mx’ {Mx(x’)TMT erf <> | sign(Mx") = sign(Mx) = u]
2 V2[MLiw|,
1 ™™™ T™MTMx'
+ Eu Mx, My {Mx(x’)TMT erf (Wx> erf <WX) |sign(Mx') = sign(Mx) =u| (92)
4 V2[MLiwl: V2[MLwll2

where (91) follows using the Gaussian CDF. For the first term in (92), we can re-write Mx conditioned on sign(Mx) = u
as diag(u)|Mx|, where | - | denotes element-wise absolute value, to obtain

iEme,Mx/ [Mx(x") "M | sign(Mx') = sign(Mx) = u]
= i]Eu,Mx,Mx/ [diag(u)|Mx||[Mx'|" diag(u)]
%]Eu [diag(u)EMx [[Mx|] Engser [[Mx'[] " diag(u)}
= %Eu [diag(u)lrl;r diag(u)] (93)
= %Eu [uuT]
1
= %Ir (94)

where (93) follows since each element of |Mx| and [Mx/| is a standard half-normal random variable. For the second term
in (92), we have

- %EU’MX’MX/ {diag(u)Mx|Mx’|'r diag(u) erf (WTI\\/I/;”CEZ?_SLMX >} 95)
L R e | o
= S Bunare [diag(u)|M><I|MX’|T diag(u) erf (WTl\gn(i\iaaf(vlvlﬁ LMX| )] .
o (98)

where (96) follows from the fact that u and —u have the same distribution, (97) follows since erf() is an odd function, and
(98) follows since ¢ = —x <— z = 0.
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The final term in (92) is

™™ ™ T Mx'
Eu, Mx, Mx’ {Mx(x’)TMT erf ( w X ) er <W x

V2[|M L wl|s V2[[Miwl
wTM'™Mx
\/§||MLW||2>
w MTMx’
\@MJ_WHz)

) | sign(Mx') = sign(Mx) = u

:Eu

Enmx {Mx erf <

sign(Mx) = u}

X Enmix {(XI)TMT erf <

sign(Mx') = u] ] 99)

. .. . . . T T
Again to remove the conditioning, we can equivalently write Eyjyx [Mx erf ( w M _Mx )

V2[MLwl2

sign(Mx) = u} as

MM M di M
Enx {Mxerf (WX) sign(Mx) = u] — Fnix {diag(u)|Mx| orf <W iag(u)| x|>} (100)
\/§||MLW‘|2 \/§||MLw||2
For all u € ‘H", we have
[ TMTdi M
HEMX diag(u)|Mx| erf <W iag(u)| X|>:|
. V2[Miw|: ,
i TM T di M
< Emx | ||diag(u)|Mx| erf (W 1ag(u)| x|>
V2| M wlls ,
[ T™M T di M
< Ennx | [[diag(u) M|l erf(w iag(u)| Xl)H
- V2 ML wll;
[ w M T diag(u)| Mx| ]
< Emx | ||diag(u)|Mx (101)
M _|| g(u)|Mxl||[, ML wls
TM " diag(u)||2
< lldiag(u)[l, Eare [[Mx]2] 1
< ||diag(u) ||, Enax [||Mx|3] Mowls
cr(y/r + +/log(m/6))
a Vd (102)

for an absolute constant ¢, where (101) follows since |erf(z)] < v/2|z|, and (102) follows since w € Gy (d) and
m/5 = O(e?), thus | M w]||o = Q(+/d). Therefore, using (99),

< 13 + ¢ log®(m/9)

™™ T™MTMx'
Eu, Mx, Mx’ {Mx(x’)TM—r erf ( w X > er <w X

sign(Mx') = sign(Mx u}
VaIMLwls \/§|le||2)' (869 = signiEs

2

103
< d (103)
completing the proof. O
Lemma A.15. Forany § € (0,1) such that § = Q(me~?), then if w € Gy (), we have
M3 ) M, ww M] ( +log4<m/6>)
Al i(w)—{1- <SO|——————). (104)
oo = (1~ o) St | z

Proof. We have

Al (w)=Ey [Exx [MLX(MLX/)TO’/(WTX/)OJ(WTX)| sign(Mx') = sign(Mx) = u]]
= EuMx,Mx' [EM, %M, x [MJ_X(MJ_X/)TU/(WTX/)UI(WTX)] | sign(Mx") = sign(Mx) = u]
T

= Ey MMy [EM,x [M1x0'(w %) Em,x [(M1x) "o’ (w'x')] |sign(Mx') = sign(Mx) = u] (105)
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Using Lemma A.2 to compute Eng, x [M 1 x0”’(wx)] and Envg, x [(M1X') "o’ (w'x')] yields

(x"™MTMw)2 + ((x')TMTMw)2>

sign(Mx') = sign(Mx) = u
2L w3 (M) = sien(M)

A (W) =Ey mx,Mx’ {GXP (

1
X e —
2m||[MLw(|3

M, ww' M| (106)

We analyze the scalar term in the top line. We have

(x"TMT™Mw)? + ((x')TMTMW)2>
Eu |Evix. vy [€xXp | —
{ MM { p( 2 ML w3

_E, [EMX [exp <<XTMTMW>2>

sign(Mx') = sign(Mx) = uH

sign(Mx) = u}

2| ML wlf3
()™M TMw)?\ | /
X Enixr [exp (— sign(Mx') = u

2| ML wlf3

2
(x"TMTMw)? )

=E4 | Emx [exp <— sign(Mx) = u (107)
l M w2 )

where, using the Taylor expansion of exp(—x?) and re-writing Mx conditioned on {sign(Mx) = u} as diag(u)|Mx|,

Enix [exp (—(XTMTMW)2>

sign(Mx) = u}

2| M w3
(Mdeiag(u)Mw)Q)]
= E x —
M {e’q’( 2[M w3
v T . 2 M
=1 2||MJ_WH§EMX [(\Mx\ diag(u)Mw) ] +0 ( 2 (108)

where (108) follows since |[M w2 = Q((Vd — /log(m/6))*) = Q(d?) and Enpy[(|Mx|"diag(u)Mw)?] <
Enax [| Mx||3][Mw |3 = O(r* 4 log®*(m/§)) since w € Gy,. To compute the second term in (108), note that

Enx [(|Mx|Tdiag(u)Mw)2] =w ' M 'diag(u)Engx [|Mx|\Mx\T] diag(u)Mw

2 2
= w M diag(u) (1T1;r + (1 - ) Ir) diag(u)Mw
77 71'

=w M' (2uuT + (1 — 2> Ir> Mw
T T

30



Provable Multi-Task Representation Learning

therefore
2
(x"MTMw)? )
Eu | Envix [exp (— sign(Mx) = u
l 2N w3
1 2 2 4+ log* (m/6)\\
=Eu|({l-=————w M (Zuu" + (1 -2, |Mw+0 | ———"~
< 2w <w““ *( 7r> > v Z

™ (ZEdu ) (1))
=1-——w' M —Eyuu' |+ (1—-—=1, | Mw
Vw2 ol .

1 2 2 2 2
+ W M'E, [(Zuu’ + (12 )L |Mww M (Zuu’ + (1- =1, || Mw
4| Mowl5 T v v v

r* 4+ log*(m/d)
+o (Tl )
_y o dMwl (=207 4 2 (1= 2)) IMwl
M Lw |3 4M_Lwli3
4 rt +log* (m/)
+ Sw ' M'E, [uu'Mww M uu'| Mw + O (d2>
71'
_ o IMwls (- 27+ 2 (1= 2) IMwl
M_Lw3 AV w3
1 TnT T T 2 r* 4+ log*(m/d)
———— W M E, M M o —m~~"1"
N 71'2HMJ_W||§LW [uu' (u'Mw)?*] Mw + 2

Mw(3 (= 2)+ 2 (1-2)) [Mw]]3

s

ML w3 4M w3
L TnT 2 TaaT 2 r* + log*(m/d)

_ o dMwl (- 2074 2 (1 - 2)) IMwl L 3IMwli; - IMwlii (T“ + 10g4(m/5)>

—1—

IMLw3 ML wll3 w2 [M w3 ?
Mw||2 4+ log*
_q_ W||22 L0 (T + & (m/5)),
ML w3 d
where we have used w € Gy (0) and m /3§ = O(e?). Combining this with (106) and (107) completes the proof. O

Lemma A.16. Forany 6 € (0,1) such that § = Q(me~%), then if w € Gy (5), we have

Mww M|
27 [Mw|3

HALL(W) (109)

3.5 3.5
<O(r + log (m/§)>
= dls

2

Proof. Arguing similarly to the previous two lemmas, we obtain

AL (W) =Eyxx [Mx(M X)) o' (w'x')o’(w'x)|sign(Mx') = sign(Mx) = u]
= Eyxmx [Mxo' (W' x)Env, 0 [(M1x) 7o' (w'x')] |sign(Mx') = sign(Mx) = u]
() TMTMw)?
2[M.ow|3

=By | Mxo'(w'x)exp (— ) |sign(Mx') = sign(Mx) = u

TMT
x _w M (110)
V2r [ ML wll5
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T

where (110) follows by Lemma A.2. Next, since the only term that depends on M| x is o’ (w ' x), we have

((X/)TMTMW)Q

= By, Mx,Mx’ MXEMLX[UI(WTX)] exp (— ) | sign(Mx') = sign(Mx) = u]

2[[M w3
y WTMI
V2r||[Mywll;
- / TMTM 2
=EumxMx |MxPy x[W MM, x> —w ' M Mx]exp (— () QW) ) | sign(Mx') = sign(Mx) = u]
I 2[|M L wl|3
y WTMI
V2r| M w|o
1 1 x"MTMw (x)T™M TMw)?2
= By, Mx,Mx’ [MX ( + —erf ()) exp (— ) | sign(Mx") =sign(Mx) :u}
22 \\V2|M. wl|s 2[Mwl3
TN T
WM (111)
V27| ML w2
where (111) is due to the Gaussian CDF. Note that
(x)"T™M"Mw)?\ | . N
Eu Mx.Mx | M — Mx') = Mx) =
u,Mx, M |: X exp ( 2||MLW“% |Slgn( X ) Slgl’l( X) u
, (IMx'|T diag(u)Mw)?
= Eu.Mx.Mx’ [dlag(u)|MX| exXp <_
o 2[M w3
, (IMx'|T diag(u)Mw)?  (|Mx'|T diag(u)Mw)*
= Enmix, mx’ [Eu {dlag(u)|Mx| (1 — — ... (112)
2[|Mwlf3 2[M_Lw3
=0 (113)

where (113) follows since each term in (112) is an odd power of u. Thus, from (111) we have

x ' M"Mw (x)TMT Mw)?
A ,L(W) = ]EU,MX,MX/ |:Mxerf (> P <_
” V2 M wl|2 2[|M w3
WTMI

>< S S
227 || M_Lw |2

) | sign(Mx') = sign(Mx) = u}
(114)

Next we take the Taylor expansions of erf(z) and exp(—x2) to obtain

x™™M™Mw  (x'MMw)?
A ,L(W) = Eu,Mx,Mx/ Mx ( - )
| Miwl> — 6[M w3
() "M Mw)? ) o wTM]
x| 1— + ... ) |sign(Mx') = sign(Mx) = u| ————
(1~ e (SN = stgn(ND) = 5N Wl
Mww M
= Ey Mx M |Mxx! M |sign(Mx') = sign(Mx) = u] ————=+
Mww M/
=Emx [Mxx M| —————=
v (Moo MU SN
M T™T
_MwwiM[ | o
2m|Mowl|3

where ||E[, = O (“57“"/5)) since [|[M, w||> = Q(v/d) and [|[Mw|js = O(y/7 + \/log(m/8)) as W € Gu(8) and
m/§ = O(e). O
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A4. Full results
Lemma A.17. Setn = O(1) and \y, —|— s-—. Consider any § € (0,1) such that § = Q(me~?). Then there is an

absolute constant ¢ such that for all j € [ ]

HMwl-— n Mw!
i ory2 j
2
< 0?0 M +1?vy O ilo (d/8) | /rlog(m/d) + 4
=1 ord 1w T & 12
+ 10w

log(T/é) c \/W
X O(d\/m (1 + \/771> (eXp (_n2ygvlog(T/5)dm(d+m)) * VT, ) )

(115)
and
HMLW;
2
35 4 Jog3® (m) d d
<2 L 108 U 2 = 1 =
<o 0 (T E ) i, 0 (S tosta/s) Vo) +
+ 772Vw

log(T/9) exo [ — c log(1/9)
XOG”%WW&G+ Vi ><p<W%mwmww+m>+\@@>>

with probability at least 1 — §.

Proof. First note that W° € E,(8;) with probability at least 1 — §; by Lemma A.7. We consider any fixed W satisfying
E(61) for the rest of the proof. Due to the computation of the gradient in Lemma A.13, we have

= (1= nAw)W) — Vo, LW, b0, {aj} i {Diw} o)

= (1= )W} + 027" A(w)w] + ne

( n)\w)MW + 7722 TA” ||( )MW]» + ’1722_TAH’J_(W2)MJ_W? + nMe

(1 )

— MAw)MLW] P27 AL (WHMW] 727 AL (WM W] + M e

1
J
le;

where, with probability at least 1 — &5 for d; = Q(me™?),

leflz = maw O (dm <1+ log\/g/fD)

c log(1/9)
X (eXP (_ n2v2log(T/§)dm(d + m)> + T ) >

+ nrw O ( %bg(d/é) ( rlog(m/d) + \/Z)) . (116)
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Next,
1 0, NP2 0 022" 0 O\T 0
Mw; = (1 = nAw)Mwj + ——Mw; + meg‘ (Miwj) Mywj
1
20— 0 0
+ n 2 <A|7|(Wj) — 27TIT> MWj
1
+n%27" [ A wh————  Mw!(M, w9 | M, w?+nMe
n < H,L( ]) 27T||MLW9||§ j( 1 ]) LW, n
2
_ (1 — Aw + 2777r> Mw! + 1122 "¢ + nMe (117)
where

1

— 0 1 0 0 0 oNT 0
||e||||2 = H (A”,H(W]-) — ﬁIT) MW]- + <A|7L(Wj) — 727T||MLW9H§ij (MJ_WJ-) ) MJ_WJ-

2
< [[(Ay(wh) = 5-1) Mwi|l,

1
A e Mw!(M, W) | M, w?
: ( 100 = S M) M

< [ Ay (w) = 52T, [Mwi]

2
1 0
" SRV Il

4 4
_0 (Vwrﬂogd(m/él)) 7 (118)

where (118) follows by Lemmas A.14 and A.16 and the fact that W? € Gw(d1). Similarly,

MLW?(MW?)T
2r | MLw?3

Ly IMWSIE Y o) Muwi(Miw))T
ML w3 2| ML w33

Miw) = (1 —nAw)MLw) +n?27" Mw?

M, w)

_r ].VIJ_WO(I\/[WO>—r
+ 1?2 <A.J_’|(W-(j)) - I MW?

27| M w13

+ ,'722—7‘ AL,L(WO) _ 1— J J J
( ! IMLw?lI3 | 27 [ MLw|3
MLW?(MLW?)T
2m [ MLw?[3
MLW?(MW?)T Mw®
2m [ MLw?[3 ’

)leg—anle

=(1 —n/\W)MJ_WjO- + 7?27 MJ_W?

+ 7722_7‘ <AL’|(W?) —

012 0 0NT
+nP27 (AL (W) — [ 1- IMwjll> | Mow;(M.w;)
Y IMLwD3 ) 2| MLw][3

2

= (1 — Aw + 77) M, w! +n?27"e; + M e (119)
27"-&-171— J

>MJ_W?+77MJ_€

34



Provable Multi-Task Representation Learning

where

M, w?(Mw?) "
=|lA 0)— — 25— | Mw)
HeJ_” H( J_7”(Wj) 27THMLW]0H% Wj

IMw2([3 ) MLw)(M_ow9)T
A 0 B 1 j J J M O
+< ) ( MW ) zalnweg ) M

2
MLW?(MW?)T

< R RS KA
- 27| M w13

AL (wh) -

J

Vw2
2
IMw33 ) Myw) (M w))T
AL.L WO —[1- J J J MLWO
» ( J) ||MLW§)||% 27THMJ_W?||% 2” J||2

35 4 1og®®(m/d
=0 (/) (120)

+

where (120) follows by Lemmas A.15 and A.16 and the fact that w? € Gw(61). Applying the choice of Ay, and setting
91,02 = ©(0) completes the proof. O

Finally we are ready to prove Proposition 3.1 and Theorem 3.2. For convenience, we restate the statements in full detail here.

Proposition A.18. Consider the gradient-based multi-task algorithm described in Section 2.3 and suppose Assumption 2.1
holds. Further let n = ©(1), Ay = 1/ 4 1/(2"F'7), and v, = O(d=5/*(mlog(T/6))~1/?). Then for any m = O(d)
and § = Q(e~%), with probability at least 1 — § we have

1 o T (W) = ()T (W)

-0 (r4+102gjc§m/6) + dlog(dTns/4) (1 + log(T/é)) + \/dirloj,(%im,/ﬁ)>’

vV T’nz \/ﬁ

35 4log3%(m/§ dlog(dTns /5 log(T/6) Vdrlog(dm/§
2 MWl = 0“2ty destitouss) (1, VESETD ) 4 Siglanis) ),

Proof. The result is a direct consequence of Lemma A.17, the additional conditions on 7, m and v, (Which make the
exp <_n2u‘2"10g(T/%)dm(d+m)) term negligible), and the fact that [|B||2 < \/mmax;e(m) ||b;]|2 for any matrix B € R™*¢,

where b; is the j-th row of B. We use ab < a? + b* < (a + b)? for nonnegative a, b to combine log terms. O

Theorem A.19. Consider that 1, vy and My, are set as in Proposition 3.1 and let d = Q(r* + log*(m/é)), m =
Q(r 4 log(1/6)) and m = O(d), § = Q(e~%), T = Q(2*"drlog*(dm/$)), Tny = Q(227d? log®(dTny)), and Tning =
(2% d?(log? (dTny /6) log(T/5)). Let o,(B) denote the r-th singular value of the matrix B. Then with probability at
least 1 — 6, we have

o (IT, (W) o <7«3~5 + log®5(m/6) n 2"dlog(dTns /9) (1 n log(T/5)> n 2T\/%10g(dm/5)> (121)
- dl-s Tno \/TTl \/T

Proof. By Lemma A.7, we have that E,,(61) holds with probability at least 1 — 1, which entails that o.(I; (W?)) >
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U/ (1 _ YTEVIos(1/8) ”1\/%;(1/51)) for an absolute constant c. Thus we can invoke Lemma A.17 to obtain

o (I (W)
> 2L277 20, (I (W)

ri+log?(m/d2) dlog(dTns/d2) log(T'/d2) Vdrlog(dm/82)

> Loy, vm
Y
— 27 "vwvm
VT+4/log(1/81) ri4log?(m/82) 2"dlog(dTnz/582) log(T'/d2) 27/ dr log(dm/82)
x O ( VT a t T I+ =)+ VT
= Q(Qiruw\/ﬁ) (122)

with probability at least 1 — 30; — d-2. Likewise, we have by Proposition A.18

—r 3% +1og® % (m/é "dlo na /s \/1og(T/d2) m\/dr log(dm/§
o (I (W) = 2 VWJEO( Hog (m/%s) .y Zdlog(ilna/0a) <1+ e >+2 e /2>). (123)

with probability at least 1 — d5. Combining (122) and (123) and setting d1, 62 = O(J) completes the proof. O
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B. Proof of Downstream Guarantees

In this section we prove Theorem 3.3 and a corollary thereof. Given a function g : H" — {—1, 1} and representation
M € 0% we refer to the sets V* == {v = Mz' + M€ :2z € H',§ € H' ", g(z) = 1} and V™ = {v =
Mz ' + MI& cz € H", & € HI" g(z) = —1} as the inverse sets of g. Note that solving the task described by g entails
finding a classifier that separates the inverse sets of g. As in Appendix A, we will abuse notation by reusing ¢ and ¢’ as
absolute constants independent of all other parameters.

Proof summary. Informally, the proof of Theorem 3.3 follows six steps:

1. Construct a two-layer ReLU network embedding using the weights output by the during multi-task pretraining algorithm
for the first-layer weights, then randomly sampling first-layer biases and second layer weights and biases (calling this
the “learned” embedding),

2. Construct a nearby two-layer ReLU network embedding that is “purified” in the sense that it is only a function of the
the r label-relevant features of the input,

3. Show that the “purified” network linearly separates the pair of inverse sets corresponding to any binary function on
the r-dimensional hypercube with high probability as long as the number of neurons in each layer is larger than some
function of r,

4. Prove that the outputs of the learned embedding are very close to the outputs of the “purified” embedding, meaning the
learned embedding has the same linear separation capability with only slightly smaller margin,

5. Prove that the learned embedding linearly separates the inverse sets with lower bounded margin, and finally

6. Apply a standard generalization result for linear classification showing that the empirically-optimal head achieves loss
close to the minimal loss (zero).

Step 1: Construct downstream embedding. We start by fully describing the construction of the downstream classifier as
described first in Section 2.3. Let W' be the model weights resulting from one step of the multitask representation learning
algorithm.

The downstream classifier is a linear head composed with a two-layer ReLU network embedding with m neurons in the first
layer and 7 neurons in the second layer. For now, we focus on the embedding itself, excluding the linear classification head.
The weights of the first layer of the embedding are equal to the weights in W up to rescaling. The biases of the first layer
and weights and biases of the second layer are contained in b, W = [W1,...,Wy]T and b, respectively, where

e[ 2 V"
o[- )

2
wj~N<om,m1m> Vi=1,...,/m

R ’ _\/5’3/ \/ﬁﬁ/ m
b ~ Unif l \/%7\/%1

for some ~y, 4 > 0 to be defined later. The full embedding is given by:
d(viaW' b, W, b) := c(Wo(aW'v+b)+b) VveH? (124)

r+2.5 . . 7 i
where o := %77]2 is a rescaling factor. For ease of notation we denote ¢(v) := ¢(v;aW?', b, W, b).

Step 2: Construct purified downstream embedding. Next, the “purified” embedding also has m neurons in the first
layer and m neurons in the second layer, and is also parameterized by b, W and b, for the first layer biases and second
layer weights and biases, respectively, but has a different construction of the first layer weights. In particular, the first-layer
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weights are equal to the component of the corresponding weights in W0 in the rowspace of M, up to rescaling. Formally,
this embedding is given by
o(v; WM ™M, b, W, b) := 0o(Wo(a4W'M' Mv + b) + b) (125)

2
vwy/m’

For ease of notation we denote ¢~)(V) = gg(v; AWM ™M, b, W, E))

where & =

Step 3: Purified embedding linearly separates the two classes. We start by showing that for any function g :
{—#, #}T — {—1, 1}, with high probability qb linearly separates the pair of inverse sets VI = {v=M"z+M]¢:
ze{-J )6 e g(z) =1} and V" = {v=MTz2+M]&:z € {~, =} €€ H'" g(z) = 1} with
lower bounded margin by adapting a result of (Dlrksen et al., 2022). Note that we have not optimized the dependence of m
on log() and the dependence of 72 on log() factors in the exponent.

Lemma B.1 (Adapted from Theorem 1 in (Dirksen et al., 2022)). Let § € (0,0.05], v = O(log(r)), 4 = ©(r>°log*(r)),
m = Q(r°log®(r)log(1/6)), and 1 = exp (Q (m)). Consider any function g - {—%, \%}T — {—1,1}. With prob-
ability at least 1 — 6, ¢ makes the classes V© == {v = Mz + M ¢ : 7 ¢ {—#, #}T,é € HI " g(z) = 1}
and V- = {v = M'z+M][¢ : z

p = exp (—O(r® log®(r) log(log(r)/9))), i.e. there exists a vector a € R™ with ||a|ly = 1 and bias 7 € R such
thatforallv =M'z+M]¢&:z € {— T}Tﬁeﬂd "

e {- f f}r & € H¥ ", g(z) = —1} linearly separable with margin

Proof. First note that given v = M'z+M]g, ¢( )= ¢ (z) for a random network ¢ : R" — R. So, the problem reduces
to showing whether ¢’ linear separates the classes Z1 := {z € {—%, %}T :g(z)=1}and Z~ :={z € {—%, %}T :

G(z) = —1}. The construction of ¢’ matches that in Theorem 1 in (Dirksen et al., 2022), so we can directly apply this
theorem. Note that to compute the margin, we use that the distance between Z* and Z~ is f and [ZH]|Z7| <22, O

Next we extend the above result to the case in which z is on the Rademacher hypercube.

Lemma B.2. Ler v = O(y/rlog(r)), 4 = O(r3 log*(r)), and m, 1n satisfy the same conditions as in Lemma B.1, for any
§ € (0,0.05). Consider any function g : H" — {—1,1}. With probability at least 1 — 6, ¢ makes the classes VT = {v =
MTz+M[¢:zeH E e HI " g(z) =1} and V™ ={v=M"z+M ¢ :z € H" & € H'",g(z) = —1} linearly
separable with margin 1 = exp(—O(r® log® (1) log(log(r)/9))).

Proof. Let <;~$ Jr R? — R™ denote the version of é that was constructed in Lemma B.1, with v and ' set accordingly.

Construct the coupled network <;~5 : RY — R™ by scaling the biases up by /7, so the 7, v corresponding to qz~5 have the
scaling defined in the current lemma statement. Note that

(VM z+ M & WM M, Vb, W, /rb) = /7o (M'z + M| ),

thus if V¥ = {v=M"z+M[¢:z € {- f f}” EeH " gz)=1}and V- ={v=M'z+M[¢:7z€
{—7 7}’" & € "9, g(z) = —1} are linearly separated with margin 1/’ by ¢ /7, then V¥ = {v = \/fM 'z + M £ :
Viz € H' 6 e HY g(Vrz) = 1Jand V™ = {v = /iM 2 + M€ : \/rz € H",§ € H'7,g(\/r2) = —1} are
linearly separated by gi) with margin /7. So the result follows from Lemma B.1. O

Step 4: Downstream embedding is close to purified embedding. Next we compare the outputs of the “purified” embedding
¢ to those of the learned embedding ¢.

Lemma B.3. Suppose the same conditions as Lemma B.2 hold. Additionally, suppose n = (1), Ay, = 1/n+n/(2" 1),
and vy, = O(d=5/*(mlog(T/6))~1/?), m = O(d), 6 = Q(e~?) and Assumption 2.1 holds, then with probability at least
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1—6 forallv=M"z+M][€:z€H £ HIT,

[6(v) = (V)2
o 35 4 log®®(m/5) N Jral1~5log(dTnQ/5 log(T'/9) d\flog (dm/9)
N orvd Ty Vi VT .

Proof. Foranyv=M'Tz+M][¢:z € H", & € HI", we have
16(v) = 6(v)]l2

- 2 N A 2 .
= ||lO (WU (\/EVWWOMTMV‘FI)) +b> — 0 (WO' (\/lev-l-b) +b>

2

2

< ||We (\/%VWWUMTZ + b) e <lev + b> 2 (126)
< Wl ﬁiyw Z_#le 2 (127)
_ ﬁHWHQ WOM Tz — leMTM m%wlMIMLV 2 (128)
< \/T—?Ww W, [|[WOM Tz — WWlMT + \/TTQWW W |2 W (129)
= \/%Vw W]y [[WOMT — 77227L72 wimMT 2 llz||2 + N = 522472 W |2 ||W1MI||2 €]l (130)
P pwia W - w2 pw pwi
—0 ( i \/;leg (m/o) | fe) W], +0 ( e +l2og\3/‘ri(m/51) +Vde ) W], (131)
_0 (7"345 +1;)Tg;;(m/51) n \/&) (1 n 10?/%/‘@) (132)

where € = O (dlog(j%/él) 14 Ve T/él Mlo\g/ﬂmwl ) (126) and (127) follow since o () is 1-Lipschitz and by

the Cauchy-Schwarz Inequality, (130) follows by the Cauchy-Schwarz Inequality, (131) follows with probability at least
1 — 01 by Proposition A.18, and (132) follows with probability at least 1 — do over the random selection of W. Setting
41,02 = ©(0) completes the proof. O

Step 5: Downstream embedding linearly separates the two classes. Now we reason that ¢ linearly separates the two
classes with high probability.

Lemma B.4. Suppose the same conditions as Lemma B.3 hold. Additionally, suppose
d = Q(log” (m) exp(crd log® (r) log(log(r )/6))), T = Q(d*rlog®(dm/6) exp(cr® log®(r) log(log(r) /6))), and Tny =
log?(dTny/8)(1 + %)ﬂ(d‘3 exp(cr® log® (r) log(log(r)/9))) for an absolute constant ¢ and § € (0,0.05] such that

§ = Qe min(d, m)) Consider any function g : H" — {—1,1}. With probablllty at least 1 — &, ¢ makes the classes VT =
(v=Mz'+M[€:zcH £ cH ", gz) =1} and V™ ={v=Mz' +M|€:z2€ N, £cH" " g(z)=—1}

linearly separable with margin
p = exp(—O(r®log®(r) log(log(r) /4)))
i.e. there exists a vector a € R™ with ||a||s = 1 and bias T € R such that for all v € H?,
o) =1 = aTg(v) +7 > s
gv)=-1 = alp(v) +7 < —p
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Proof. The proof follows from Lemmas B.2 and B.3. In particular, for any point v = Mz +M] 1€:zeH e HI™T,
from Lemma B.2 we have with probability at least 1 — §, for absolute constants c, ¢/, there exists a € R™ with ||a|| =
and 7 € R such that
g(z) =1 = a' ¢(v) + 7 > exp(—cr® log® (r) log(log(r)/9))
— a' ¢(v) 4+ 7 > exp(—cr® log® (1) log(log(r)/8))
. (r3-5 +log”*(m/6) \/&) 14 Vios(1/9) 133)
27v/d Vi
— a' ¢(v) 4+ 7 > exp(—0(r° log® () log(log(r) /9))) (134)

Vv Tn2 \/71
B.3 and a union bound, and (134) follows since d, T', Tnq, n; and m are sufficiently large. Note that the input to gz~5()
is effectively r-dimensional since the first-layer weights immediately project the input onto an r-dimensional subspace.
Repeating the same argument for the case g(z) = —1 with the same a, 7 completes the proof. O

where ¢ = O (dlog(dw (1 4 Yo/ ) + \/Ek:%fflmm ), (133) follows with probability at least 1 — § by Lemma

Step 6: Complexity of learning the linear head. Now that we have shown that for any binary function on the r-dimensional
hypercube, g makes its inverse sets linearly separable with high probability, we complete the proof by bounding the sample
complexity of finding a linear separator. For convenience, we restate the theorem here in full detail.

Theorem B.5 (End-to-end Guarantee). Consider a downstream task with labeling function gr1. Construct the two-layer
ReLU embedding ¢ : R¢ — R™ using the rescaled W' for first layer weights as in (124), and train the task-adapted
head (aT_H, Try1) using N iid. samples from the downstream task, as described in Section 2, with regularization
parameter Ay = exp(—cr® log (r)log(log(r)/d)) for an absolute constant c. Further, suppose Assumption 2.1 holds,
m = Q% log®(r)log(1/0)), 1 = exp (2 (m)), d = Qlog” (m/8) exp(cr® log® (r) log(log(r)/8))),

T = Q(d?rlog?(d/8) exp(cr® log® (r) log(log(r) /6))), and

Tny = Q(log?(dTny /5)(1+ %)dg’ exp(er® log® (r) log(log(r)/6))), and set v = ©(y/r log(r)), 4 = O (13 log4(r)),
n=0(1), vw = O(d=5*(mlog(T/8))~?), and \yy = 1/ + 1/ (2" 7).

Then for any ¢ € (0,0.05], with probability at least 1 — & over the random initializations, draw of T pretraining tasks, draw
of n1 + no samples per task, and draw of N downstream samples, we have

Lo — exp(—0(r° log\(/%log log(r)/9))) (135)

Proof. By standard Gaussian matrix concentration, we have that with probability at least 1 — 41, ||GW'MT|, =

0 (*” Vlf%f(w) Similarly, with probability at least 1 — ds, [W]s = O (1 + Vl%@) Let 65 == 6, + 0o

Thus, by Lemma B.3 and the triangle inequality, for any v € V(M) := {M 'z + M £ :z € H",& € H?™"}, we have

[o(v)ll2 < 2||<5( )ll2

<2 (\F WM Mv + b) +b

MUy )
§4cHWH W'M Mv + b 2

2
log(1/6 log(1/6

<4c<1+ o\g/(T/ 3)> <T+ i/%g(/S)-i-W)—i—Qc@

m

log(1/6
< y/rlog(r) o:g/(%/ 3) + c’ﬁlokiizés) + 2P log* (r) (136)

=1
for absolute constants ¢ and ¢, where (136) follows by choice of v and 4.
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Let (a7, ,,77,,) be the linear head that separates the inverse sets of gr,; with margin p =
exp(—O0(r® log®(r) log(log(r) /6))), whose existence is guaranteed with high probability by Lemma B.4. We

have |75 ;| < max,cya|(a®)"¢(v)| < ¢ Thus, \/||ai_;+1||% + (7541)% < V20 =: B. Since (a},, 7}, ) linearly
separates the two inverse sets with margin p, (&%, ,/p, 77, /p) linearly separates them with margin 1. Define

Ji={@7):acR" reR,,/laf, 3+ (r;al)? < B/}

L= min_ — Y L(frp(Mv),a’é(v)+7)

d
(am)ed 2 vev(M)

D (@) () i+ Ty /1 g (MV)
vev(M)

=0 (137)

where / is the hinge loss, as usual. Recall that

(ar41,7r41) € argmin *Zf To(vi) + 7, 9011 (Mvy) + Z2(Jlall5 + 72) (138)

+ 2
acR?,rcR T =1 2

for a set of N random samples {v;, fr+1(v;)}1¥.,, where each v; is drawn by independently sampling z; ~ Unif(#") and
&, ~ Unif(H?~"). Equivalently, for A, = 11/ B we have

n

1
(ary1,7r41) € ?(Lrg;mnf Zé a'g(vi) + 71,9711 (Mv))) (139)
ar)eg 1 =1

Thus, by applying a standard generalization bound for 1-Lipschitz loss functions (Livni, 2017), we obtain, for an absolute
constant C,

gfvf‘h = Z £ aT+1¢ )+ 141, 9741 (MV))
VEV(M)
B/log(1/44)
VN
_ o BV108(1/5))
VN
_0 (exp(O(r5 log® (r) log(log(r) /55)))
VN

with probability at least 1 — 64 — 05 where 05 > 03, and where we have used the lower bound on x from Lemma B.4 and
the choice of A, (which determines the choice of B). Setting & = ¢4 + d5 for some § € (0, 0.05] completes the proof. [

<Ly, +C

log(1/54)> . (140)

To conclude, we state and prove a corollary of Theorem B.5.

Corollary B.6 (Generalization to set of tasks). Consider a set of possible downstream tasks S with cardinality |S¢"*| = D
Construct the two-layer ReLU embedding ¢ : R® — R™ using the re-scaled W for first layer weights as in (124), and
train the task-adapted head (ari1,Tr41) usmg N i.i.d. samples from the downstream task, as described in Section 2, with
regularization parameter Ay = exp(—cr® log (r)log(D log(r)/d)) for an absolute constant c. Further, suppose Assumption
2.1 holds, m = Q(r5 logg(r)log(D/é)), = exp (Q(m)), d = Q(log” (mD/8) exp(cr® log® (r) log(D log(r) /6))),

T = Q(d?rlog®(Dd/5) exp(cr® log® (Dr) log(D log(r )/(5))) and

Tns = Q(log?(DdTns/8)(1 + LI 3 oxp(er® log® (Dr) log(D log(r)/5))), and set

7L1

v = O(y/rlog(Dr)), 4 = O(r3log*(Dr)), n = O(1), v = O(d=%/*(mlog(DT/8))~V?), and Ay, = 1/n+n/(2" 7).
Then with probability at least 1 — 6, any task T + 1 in S satisfies

Eeval _ eXp(O(T5 IOgG (T) 10g(D log(r)/é)))
T+1 \/N )

41

(141)
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Proof. Note that in the proof of Theorem B.5, ¢ upper bounds the probability of a bad event occurring that depends on the
choice of downstream task. Thus, setting 6" = ¢/ D applying a union bound over all tasks implies

e _ exp(O(r® log®(r) log(log(r) /6™))) _ exp(O(r® log(r) log(D log(r)/9)))

reval
T+1 \/N \/N
for all tasks T' 4 1 € T°" with probability at least 1 — 6"V D = 1 — §, as desired. O
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C. Negative Results

The proof of Theorem 3.6 follows directly from Theorem 5 in (Barak et al., 2022). We formally re-state and prove Theorem
3.7 below.

Theorem C.1. Consider any algorithm A that takes as input infinite samples from any single task in T, (M) and returns an
m-dimensional representation ¥ : H? — R™. Then there exists an M € @géf} such that for any k € [r], with probability

atleast1 — 27" Z;Zk (;) over the draw of a single training task f1 ~ Ts, (M), the representation Uy, := A( f1) satisfies

that for any € > 0, mB? > €2 (d_k+1

—k +1) is necessary to obtain

min By g [€a] g, (v), fo(v))] > 1—c.
as:||az||2<B

Proof. The proof is an extension of the argument in Section 4 of (Malach & Shalev-Shwartz, 2022) to the case wherein the
representation is not fixed, but depends on a training task that provides partial information about the target (test) task. First,
we establish notations.

Recall that any task f € 7, (M), satisfies that for all v € H¢, f(v) = g(Mv) where g(Mv) = [[,.5(Mv); where
S C [r]. Thus, sampling f ~ 75, (M) is equivalent to sampling S ~ Unif(P([r])) where P([r]) is the power set on [r] and
Unif(P([r])) is the uniform distribution over P([r]).

We condition on S being a strict subset of [r]. In particular, for any k& € {1,...,r}, define the set S, := {S C r: |S| < k}.
k—1 (r . —r k—1 —r T

Note that 1Skl = 22521 (]) Thus, for § ~ Umf(?([r])), Ps(S € Sp) =273, (;) =1-2"7"%" 4 (;) In the

following, we assume S € Sy, unless stated otherwise.

Next, recall that the algorithm .4 maps infinite training samples from a single training task f to a representation ¥ : H? —

[—1,1]™. Thus, the choice of training task (equivalently, the choice of M and S) determines the resulting representation.

Let fm,s denote the task in 7, (IM) with support S, and U s := A(fm,s) denote the resulting representation.

The test task is taken to be the parity task on all r bits specified by M, i.e. fur,[,). For ease of notation, we write this task as
fat. and for for any representation ¥ : H¢ — [—1,1]™, define

Lnm(a,¥) =By yall(a" ¥(v), fm(v))] (142)

where £ : R — R is the hinge loss and U 4 is the uniform distribution over the d-dimension Rademacher hypercube
H? == {—1,1}%. We need to lower bound this loss for all a € R™ : ||a]l, < B some representation resulting from
single-task training.

To do so, we now follow a similar argument as in Section 4.1 in (Malach & Shalev-Shwartz, 2022). Consider any

M e @7{'5‘11}, S € S, and resulting representation Wpg s : H? — [—1,1]™. Since the hinge loss is convex, for any a € R™

such that ||a]|2 < B, we have:

Lv(a, Ym,s) > Lv(0,YMm,s) + (VIMm(0, Vv s), Q)
>1— B|VLMm(0, Y\ s)l2 (143)

where (143) follows by the Cauchy-Schwarz inequality and the fact that Lyg(0, ¥) = 1 for all ¥. Next, we motivate
considering random M. We have

max min LM(a, \I/M73) Z ]EMNMd |: min LM(a, \IJM,S) (144)
Me0!; T, allal<B " aillall<B

where M denotes the uniform distribution over all (d) possible choices of M € @({“T It remains to lower bound the

T 0,1}"
RHS of (144). For ease of notation, we write Epg := Epgo M- Using (143), we obtain

EM HIIT|1H<BLM(a, ‘I’M7$):| > 1-B EM[HVaLM(07 \IJM,S)H2]- (145)
a:||al[2<
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The crux of the proof is to upper bound En[||VaLm (0, ¥ni.s)l2]- Note that
m

Ent [[IValm(0, Unms)[l3] = Enrs | D (Bymyalfaa(v) Ut s(v);))?

j=1

= ZEMEv~udEv'~ud M) (V) Uas (V) Un,s (V)]

j=1
= EmEy.v l(H(Mv)i(Mv/%) Uns(v); Um,s(v); (146)
j=1 i=1

where (Mv); and ¥(v); are the i-th and j-th elements of Mv and ¥(v), respectively. Next, let Mg denote the rows of
M picked out by S, and M, s denote the remaining rows. Further, let vy s = Msv € {—1, 1}151 denote the bits in v
specified by M, let vy \s = Mysv € {—1, 1}7~1S1 denote the bits specified by M, . Also let v\ (m,s) € {—1, 1}4-1S]
denote the bits in v not specified by Ms. We have, for any j € [m],

EmEy v/ (H(Mv)i(Mv')i> qJM,s(v)ij,S(v')j]
=1
S|
= ]EMSVVM,‘&V{V[YS [(H(VM,S)i(VM,S)i>
=1
r—|S]
X ]EM\s,V\(M,S)N'\(M,S) [( H (VM,\S)i(Vi\/L\S)z) TM,S(V)jWM7S(V/)j]] (147)
=1

Note that for fixed S, M, and vi,s, Unm,s(V); is a function of v\ (np,s), namely Ung s vy, s (V\(m,5));- For ease of
notation, denote this function as 1)(v\ (m,s)). We have:

i=1

r—|5|
EM, s vy o) v ) K 11 (VM,\s)i(Vi\/I,\s)i> ‘IfM,s(V)j‘I’M,s(V')j]
r—|S|
= EM\S,V\(M,S),V'\(M& K H (VM7\S)i(Vi\/I,\S)i>¢(V\(M,S))¢(V/\(M,S))‘|
=1

= En s v ) [hM1\S(V\(M75))hM>\$(V,\(M,S))w(v\(Mvs))w(vl\(M,S))]

Byt 151 ettt [hB<u>hB<u’>¢<u>w<u'>]

r—|S|’

-1l

= EBNMﬁ*IS\ [(h& "/J>z%{ds:| (148)

where hyp \ s is the sparse parity task on input bits specified by M\ s, hp is the sparse parity task on input bits specified by

(d=|S)x (r=|S])
Be @{0,1} , and
(hB, Y)ya-1s1 = Eyya-isi [hs (0)¥ ()] (149)
Note that (148) is exactly the variance of the task distribution Mf:ll;‘ with respect to the function . Since Mf:llgll isa
uniform distribution over (f:\lgl‘) orthonormal tasks, and sup,, [¢/(u)| < 1, we have by Parseval’s identity:
1 sup,, [¢ ()] 1
EBNMtl\gl\ |:<hB7"/)>22,1dS:| = m > (hg,)ya-1s1 < (;7\3\) < ) (150)
r=IsV Beo(dshxr-isD r—|8] r—|8|
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Please see Section 4.1 of (Malach & Shalev-Shwartz, 2022) for more details. Now combining (150) with (148) and (147),
we obtain via Cauchy-Schwarz:

- 2
EME‘,N: (H(MV)AMV’L) \I/M’S(V)j\I/Mys(V/)j‘|
i=1
S| 2
< EMsvms vigs KH(VM,S)i(VivLs)i) ]
i=1
r—|S| 2
X EMg v s, vig s l(EM\s,v\(M,s),v'\(M)S) l( H (VM,\s)i(V{v[,\s)i> ‘I’M,S(V)j‘I’M,S(V')j]> 1
i=1
S| 2 1
SEMS»VM,va{\/Ls [(H(VM,S)i(VM,S)i> ‘| X d—|SN\2
=1 (r7|3\)
_
~ /d—|S|\?
(r—|$|)
Therefore, returning to (146), we obtain
9 ™
Ent [IValm(0, Uns)llz] < —= s (151)
(r7|8|)
thus
Vi Vi
Em [[[VaLam (0, Um.s)ll2] < Zs < a=ra (152)
(7«_|$|) (r—k—i—l)

where the last inequality follows since S € Si. Combining this with (144) and (145) yields that for any S € Sy,

nB
max  min  Ly(a, Upps) > 1— dL,L (153)
Me0?x7, aillall:<B (!
completing the proof. [
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D. Distributions That Satisfy Assumption 2.1

Lemma D.1. The task link function distribution Ty satisfies Assumption 2.1.

Proof. The set of all functions Ty := {g : H" — {—1,1}} has a bijection with the power set on H", denoted by Par,
where each element of Pyr is paired with the positive inverse set (i.e. {z € H" : g(z) = 1}) for some function g € Ty. So,
sampling uniformly from 7y is equivalent to sampling uniformly from Py, which is equivalent to the following procedure:
for all z € H", independently assign z to Bin 1 (the ‘keep’ set) with probability 0.5 and Bin 2 (the ‘discard’ set) with
probability 0.5. If z # z/, it is equally likely that z and z’ are in the same bin as they are in different bins, completing the
proof. O

Lemma D.2. The task link function distribution Ty, satisfies Assumption 2.1.

Proof. First note that there are (f)) subsets of [r] of size 0, (7) subsets of [r] of size 1, and so on, thus there are ({) + (}) +
-4 () = 2" sparse parity tasks in total. Let dg (v, v') = >7_; x{v; # v]} be the Hamming distance between two

Boolean vectors of length r. If dgy (v, v') = 0, then clearly g;(v) = g;(v') forall g; € T.

On the other hand, if dg (v,v’) =« forany v € {1,...,7}, then v and v’ share the same values for r — -y coordinates, so
must share the same label on all sparse parity tasks on subsets of these coordinates, of which there are 2777 = 2"~7 (g)
Next, there are 2" 7 x G) sparse parity tasks on one coordinate on which v and v’ differ and other coordinates on
which v and v’ agree. Since these tasks are sparse parities on a set of coordinates on which v and v’ differ on an odd
number of coordinates, g;(v) # g;(v’) for each of these 2"~ x (7) tasks. Similarly, there are 2"~ x (J) tasks on
two coordinates on which v and v’ differ, and since two is even, g;(v) = g;(v’) for all such tasks. Extrapolating this

argument, if 7 is even, then there are 2"~ 7((J) + (3) + -+~ + (,Vy)) = 2r=727=1 = 271 tasks for which g;(v) = g:(v'),

and 2" (1) + (3) +- + (vzl)) = 2777271 = 271 tasks for which g;(v) # g;(v'). Likewise, if 7 is odd, there are
27+ Q)+ + (711)) = 2" tasks for which g;(v) = g;(v/),and 2" ((}) + (3) +--- + (vzl)) = 27! tasks
for which g;(v) # g;(v'). O
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E. Informal Extension to Regression

In this section, we show informally that our insights also apply to multi-task regression. In the regression setting, the global
loss is given by (consider infinite samples per task, and ignore the bias parameters for simplicity):

T
Loa(Woar,. o) = 5 3" Balla] o (W) — 1)) + 3% W3

=1

For any fixed W, the optimal a; is a} (W) = Ex[0c(Wx)o(Wx) "] Ex[f;(x)o(Wx)], which is an average of the current
features weighted by labels (as in the classification case we study), that is now additionally multiplied by the normalizing
matrix E, [0(Wx)o(Wx)T]~L. Note that this optimal a} (W) can be attained by one step of gradient descent.

Let Zw = Ex[o(Wx)o(Wx) ']. Substituting the optimal a} (W)’s from above into the loss, we have

LesW) = g 3 B (Bl (I (W] 200 (Wx) = £:60)°| + 5 I3

-
= % Z Ex[fi(x)0 (Wx)] T S Ex [0 (Wx)o(Wx) TSt Ex [ fi (%) 0 (Wx))]

2R )0 (W] T Sl B i) (Wix)] + Ex[2(0)] + 220 [ W
= o D ERl Ao (W S Bl ()0 (W] + Exl£266)] + 235 [ W2
3B [305, X))o (W) TSl o (Wx')] + 22 [W2 + ¢

where, as in the classification case, 3(x,x’) 1= + Z?:l fi(x) fi(x), and here, ¢ := 5 Z?:l Ex[f?(x)] is a constant
independent of W. This loss is very similar in form to the pseudo-contrastive loss we derived in (11) for the classification
case: we again have the negative average of 3(x,x’) times a proxy for the similarities between the representations of x and
x’. For ﬁreg to encourage learning the ground-truth features, 3(x,x’) must be a proxy for the similarity of the ground-truth
features of x and x’.

This is a reasonable condition for the following reason: suppose the tasks are normalized such that E ;7 [f(x)] = 0 and
E¢7[f?(x)] = v for all z. Then in the limit T — oo, B(x,x’) = v2E¢7[f(x)f(x’)] is proportional to the correlation
between the labels of z and x/, which we expect to be a proxy for the similarity between the ground-truth features of = and
2'. Intuitively, inputs with similar ground-truth features should have more correlated labels (across tasks) than inputs with
dissimilar ground-truth features.

Consider for example f(x) = sin(h’ HI\I>I/I;\| ) (the following argument would also hold analogously for f(x) =

sin(h'sign(Mx)), where f ~ T is induced by drawing h ~ AN(0,,I.). Then for all x, E;r[f(x)] = 0 and
E 7 [f?(x)] = v2 for some v > 0, and, with T = oo,

Mx Mx!
B(x,x") = VE;or [sin (hT> sin (hT>}
! [[Mx[[5 [
V2 Mx Mx’ Mx Mx!
= —E; [co& (hT < — )) — Ccos (hT ( + ))}
2 \IMXI\z ||| ||MX||2 ||Mx ||
Tevon o (|3 ~ el 2) ~o (e * el 2|
= 2~N (0,1 z
2 N Mx[ls— [[Mx']]2 |, |\Mx||2 [[Mx Izl
V2 Mx' |? Mx!
£~ |exp /2| —exp H /2
4 H IMx][;  [[Mx][2 ||, ||MX||2 |[Mx|]2 ],
y vl . , . ,
= T (exp (cossim(Mx, Mx")) — exp (—cossim(Mx, Mx)))
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where a follows by a Gaussian integral calculation.

Observe that the expression in the RHS of b is monotonically increasing in the cosine similarity of the ground-truth
features of x and x’, as desired. Therefore, freg encourages aligning the normalized representations of pairs of inputs (i.e.,
making 0(Wx) T 2} 0(Wx') large) that have similar ground-truth features (cossim(Mx, Mx') ~ 1), and encourages
the normalized representations of pairs of points with dissimilar ground-truth features (cossim(Mx, Mx') ~ —1) to also
be dissimilar (i.e., making o(Wx) T 2 o(Wx') small). The same intuitions hold if E s..7[f(x)] = u # 0 for all z. So
just as in the classification setting, ljreg(W) again behaves as a pseudo-contrastive loss that encourages recovering the
ground-truth representation. Here, since 5(x, x’) is smooth, we may refer to ﬁreg as a “soft” contrastive loss.

Please see Tables 1 and 2 in Section F for empirical results verifying this conclusion.
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Representation Learning Error vs # Tasks
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Figure 2. Representation learning error. (Left) Version of Figure 1 showing the benefit of pretraining with additional tasks that includes
the standard deviations (shaded regions) of each statistic around the plotted means over 10 trials. Note that d = 32,7 = 3 and all cases
use the same total number of samples. (Right) Representation learning error vs number of training iterations when tasks are sampled from
either 7sp. (‘Uniform Distribution’) or a skewed distribution over the support of 7, (‘Skewed Distribution”). In this case d = 32,7 =4
and T = 32.

F. Numerical Simulations

In this section we verify our analysis with numerical simulations. We aim to both confirm that the alternating stochastic-
gradient descent algorithm for multi-task pretraining that we study recovers the ground-truth representation and further
explore the mechanisms by which it does so. To this end, all experiments are conducted on synthetic data generated according
to the model described in Section 2. To generate M, we sample each of its elements independently from the standard normal
distribution, then orthonormalize its rows via a QR decomposition. All experiments use 7., as the distribution over task
link functions. The pretraining algorithm is the pretraining algorithm described in Section 2 but repeated for many iterations.

Benefit of training with many tasks. Figure I in Section 1 shows that increasing the number of pretraining tasks improves
representation learning, even though all cases in this experiment use the same total number of samples. In particular, for each
number of pretraining tasks 7', gradients for each task are computed with n; = ny = 1024 /T fresh samples per iteration,
so the more tasks, the fewer samples per task. Representation learning error is measured using the metric from Theorem

32: p(M, W) := % This metric captures the extent to which the row space of W covers that of M (measured by

o.(WM ")) and the extent to which the row space of W lies only in that of M (measured by oy (WM | )). Figure 1 shows
the mean values of p(W? M) across 10 independent random trials, including independently sampled sets of pretraining
tasks; Figure 2(Left) plots the same results plus shaded regions indicating + one standard deviation across the 10 trials. Here
d=32,r=3,and m = 16.

Role of task distribution diversity. Figure 2(Right) motivates Assumption 2.1 by demonstrating that the quality of the
learned representation degrades with the diversity, or balancedness, of the task distribution. Here we use d = 32, r = 4,
T = 32, m = 16 and ny = ny = 16 (so larger r and fewer total samples than in Figure 2(Left). ‘Uniform Distribution’
means the task link functions are sampled from 7, as usual, and ‘Skewed Distribution’ means the link functions are
sampled from a non-uniform distribution over the set sparse parity tasks on 7 inputs as follows: (1) sample |S;| from
{0,1,...,r}, weighted by the number of sparse parity tasks on support sets of that size, i.e. proportionally to the binomial
coefficients (same as in sampling from 7, ), (2) sample |S;| elements without replacement from {1,...,r} weighted by
[0.3,0.3,0.3,0.1], noting that r = 4 (this step differs from sampling from 7, , which would apply uniform weights to the r
features). We see that sampling tasks from the uniform distribution leads to much smaller representation learning error than
sampling from the skewed distribution, since the skewed distribution de-emphasizes one feature ground-truth feature. Again
the experiment is repeated over 10 independent random trials and means and standard deviations are shown.

Generalization to downstream tasks. We also investigate whether learning an approximation of the ground-truth
representation leads to strong downstream performance. To evaluate the downstream performance of a learned representation,
we follow the same procedure from Section 2 by first randomly sampling /m neuron weights W from the multivariate
standard normal distribution and b and b from the uniform distribution on [~10~,10~3]. Then, we run gradient descent
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Figure 3. Downstream task performance. (Left) Downstream task performance for multi-task pretrained, single task, and random (‘No
pretrained’) representations W with varying dimension d. Unlike single task pretrained and the non-pretrained representations, the
downstream performance of representations trained with multiple tasks does not degrade with d. Note that for multi-task, 7" = 16 4+ d and
n1 = na = 16 and for single task, n1 = na = 16 X (16 +d), and r = 4 and m = 16 in all cases. (Right) Downstream task performance
for multi-task-trained representation with 7" = 32,d = 32,7 = 3,n1 = n2 = 16 and m = 16, and with m = 32 for downstream linear
probing, with varying number of downstream training samples V.

on the regularized empirical hinge loss on a fixed set of NV samples to learn the last layer head, i.e. linear probing. We run
this gradient descent with step size n = 0.1 and /> —regularizer A, = 0.01. After this linear probing on N samples, we
evaluate the performance of the returned classifier on a distinct set of 1000 test samples for each task.

Figure 3(Left) plots the number of misclassified test samples after this linear probing with N = 32 training samples averaged
across 10 randomly drawn tasks from 7, (M) with varying d. In particular, for each value of d, we randomly generate an
M, execute multi-task and single task pretraining on task(s) drawn from 7, (M) to learn W, then execute linear probing
with N = 32 samples for 100 iterations on the head of the random ReLU network with 1 = 128 second-layer neurons
generated from these trained W's, as well as a randomly generated W (‘No pretraining’), on each of 10 new downstream
tasks sampled from 7, , and save the average percentage of misclassified samples. We repeat this process end-to-end 10
times, and plot mean and standard deviations across these 10 trials. Again we use m = 16 neurons and execute pretraining
for 1600 rounds. To mitigate the effect of representation learning error, we scale 7' with d for multi-task pretraining,
specifically 7' = 16 + d. For fair comparison with single task pretraining, we scale n; and ng with d for the single task
case, specifically n; = no = 16 x (16 + d) for single task, whereas nq; = no = 16 for multi-task. While the percentage of
misclassified samples grows with d for single and no pretraining, it does not for multi-task pretraining. This confirms that
multi-task pretraining reduces the effective dimension of the downstream task from d to r, unlike single task pretraining,
which effectively confers no downstream benefit as it performs similarly to no pretraining.

Figure 3(Right) explores the role of N in downstream performance. Here we pretrain a single W on T" = 32 tasks from 7,
for 1600 rounds with d = 32,r = 3,n; = ng = 16, and m = 16. Then we execute linear probing for 200 iterations on the
random three-layer ReLU network with first-layer weights W. We fix either /i = 32 and vary NN. The results shown are the
mean and standard deviation of the percentage of misclassified test samples across 25 tasks drawn from 7, , with 5000
test samples used per task. The classification accuracy improves with IV, as predicted by Theorem 3.3, and even reaches
perfect test classification accuracy (when N = 128).

The role of head updates. Next, we explore why multi-tasking leads to better feature learning. We are motivated by
our discussion in Section 4 regarding the similarity of the multi-task loss induced from updating the task-specific heads
to a constrastive loss (Chen et al., 2020), which encourages representations that align points sharing semantic meanings
and dis-align arbitrary points. Recall that in the population setting, the multi-task loss is approximately of the form of
—Exx [B(x,x")0(W'%') To(W'x)], where 3(x, x") = E;[f;(x) fi(x')] is a scalar that either encourages the representa-
tion to align x and x’ (if 8(x,x’) = 1) ornot (if 3(x,x’) < 1). The intuition is that 8(x, x’) ~ 1 if and only if x and x’ share
the same label on most tasks and thereby share important features. The gradient of Ex x [3(x, x')o(W°x") T o(Wx)]
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Figure 4. More tasks isolate important features. From the discussion in Section 4, the loss induced by multi-task training with
task-specific heads as a function of the representation is approximately £(W) =~ —E, . [8(x,x")o(Wx) " ¢(Wx')], where #(x,x') =
E:[fi(x) fi(x")] is the average product of the labels of two points across tasks. This loss is pseudo-contrastive in that it encourages
representations of two points to be similar if and only if they share the same label on most tasks (8(x, x') & 1), which is equivalent to
saying that they share important features. Here we consider the gradient of £(W) with respect to one neuron weight w ;. The gradient
takes the form —Aw , and we plot finite-task and finite-sample approximations of A. We set d = 16 and the ground-truth features to be
the first 7 = 4 coordinates of the data, i.e. M = [I4, 04x12]. Roughly speaking, if the finite-task approximation of 5(x,x’), namely
T SF L fi(x) fi(x'), serves as a proxy for whether x and x” share ground-truth features, as does ;[ fi(x) fi(x')], then the terms with x
and x’ having the same ground-truth features will dominate the loss, and these features themselves will dominate A. The above plots
confirm this; as the number of tasks T increases and = 3| fi(x) f:(x") approaches E;[fi(x) f:(x")], A becomes dominated by its top
4-by-4 submatrix, i.e. A =~ ¢cM ' M for a scalar c. So, A behaves more like a projection onto the row space of M, as desired.

o

w

o
o

with respect to one neuron weight w; is of the form Aw; where

A = Exx[B(x,X)0’ (W] x)o’ (w] x")x(x')T].

See Appendix A for a rigorous derivation. In Figure 4 we plot finite-sample estimates of A with varying numbers of tasks T’
drawn from 7, (M), where here M = [I,,04x12] for ease of visualization. We use d = 16, = 4 and n; =n,=100. We
repeated each computation 10 times for each value 7', each with independent draws of w, T' tasks, and n1 +no samples per
o1 (AM I )
or(AMT)
4 shows that as the number of tasks increases, the finite-task approximation of §(x, x’) increasingly acts like an indicator for
whether x and x’ share the same ground-truth features, evidenced by A approaching M™M= [I4,04%12;012x4,012x12] -
Thus, A acts increasingly like a projection onto the row space of M as T increases.

task, and plotted the matrix A matrix that achieved the smallest value of p(A, M) = among these 10 trials. Figure

To further assess the importance of adapting the heads to each task, Figure 5(Left) compares the representation learning
performance of the multi-task pretraining algorithm we study along with a modified version that learns only one shared head
across all tasks. In particular, W and a are updated simultaneously on each iteration by averaging the task-specific gradients.
Since this algorithm does not involve task-specific head adaptation prior to the update of the representation, it does not
induce a feature-learning-encouraging contrastive loss, and therefore does not lead to learning the ground-truth features. In
this case d = 16,7 = 2,m = 8,11 = ny = 16, and v, = 0.001 (note increasing vy, does not improve the performance of
single-head training).

Finally, Figure 5(Center) plots the dynamics of Mw ; for four neuron weights w; during multi-task pretraining with 7' = 25,
r = 2,d = 8, m = 4 (and task-specific heads). The projections Mw ; fan outwards from the origin and remain roughly
isotropic in the row space of M. Conversely, Figure 5(Right) shows that the projections of w; onto the first two rows of M |
contract towards the origin for each of the four neurons, as desired.

Extension to relaxed version of Assumption 2.1 and regression. We empirically verify that the special cases of the new,
weaker condition discussed above result in learning the ground-truth features. We also evaluate whether optimizing the loss
derived in the regression setting also leads to recovering the features. All cases consider 7' = oo for simplicity. In particular,
the settings we consider are:
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Figure 5. (Left) Training with a single head, i.e. a; = a2 = ... = ar = a, fails to recover the ground-truth representation, as this does
not induce an appropriate contrastive loss. (Center) During multi-task pretraining with task-specific heads, the projection of four neurons
onto the » = 2-dimensional ground-truth subspace fan outwards from the origin such that they remain large and isotropic in this space,
whereas (Right) their projections onto the spurious subspace contract towards the origin.

1. The standard hinge-loss classification setting with

. . o /
Bx,x) = 1 if sign(Mx) = sign(Mx') ’ (154)
0 olw

for various choices of ¢.

2. The standard hinge-loss classification setting with
2
B(x,x") =1 — = arccos (cossim(Mx, Mx")) .
™

3. The regression setting from Section E with

B(x,x") = exp (cossim(Mx, Mx")) — exp (—cossim(Mx, Mx")) .

To focus on the role of 3(x, x’), we run SGD with a batch size of 10 (x,x’) pairs on the loss £ for the classification cases,
and SGD with a batch size of 10 (x,x’) pairs on the loss ﬁreg for the regression case. We set d = 10, 7 = 2, M = [I5, 025,
and m = 6. In the regression case, we used 10 i.i.d. samples each round to approximate 3y . We do not differentiate
through functions of W that arise from solving for the optimal a}(W)’s. We use the same hyperparameters in all cases

(learning rate = 0.005, regularization parameter = 0.1). We evaluate Ul(x/'(t‘)(éfl\_/ll\f;/ll;@) and Z%giﬁ:ﬁg every 5000
rounds of training over 20000 rounds. All values are means plus or minus standard deviation over 5 independent random

trials.

We can see that in all cases, W' becomes approximately a rank-r matrix whose row space aligns with the row space of
M, and whose projection onto the row space of M is well-conditioned, confirming recovery of the ground-truth features.
As expected, the convergence is slower for larger values of § in Case 1, since the loss E(W) puts lets of an incentive on
increasing the representation similarity of positive pairs ((x,x’) : sign(Mx) = sign(Mx")) relative to the similarity of
negative pairs. Nevertheless, all values of § result in a representation tending towards the ground-truth.

We can see that in all cases, W' becomes approximately a rank-r matrix whose row space aligns with the row space of
M, and whose projection onto the row space of M is well-conditioned, confirming recovery of the ground-truth features.
As expected, the convergence is slower for larger values of  in Case 1, since the loss E(W) puts lets of an incentive on
increasing the representation similarity of positive pairs ((x,x’) : sign(Mx) = sign(Mx")) relative to the similarity of
negative pairs. Nevertheless, all values of § result in a representation tending towards the ground-truth.

Separation between training with a fully-informative single task and multi-tasking. Finally, we empirically verify
the improved sample complexity of multi-tasking vs single-tasking in the same setting as Figure 1 (whose full version is
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o (WhHI3-MT M)
or(WEtM T M)
deviation over 5 independent random trials.

Table 1. Subspace learning error ( ) vs number of training iterations ¢. All values are means plus or minus standard

t=0 t =200 t =400 t =600 t =800
(1H)é=0 229£0.72 0.784+£0.26 0.2424+0.089 0.0947 £0.029  0.796 £ 0.025
(Hd=0.1 2.29+£0.72 0.879£0.29 0.308 £0.11 0.116 £0.031  0.0825 £ 0.018
(1)6=0.5 229£0.72 1.35+0.38 0.807 +£0.23 0.450 £ 0.12 0.250 £+ 0.60

(2) LINEAR TASKS  2.29+£0.72 0.323+0.11 0.0761 £0.021 0.0665 £ 0.031  0.0581 £+ 0.012
(3) REGRESSION 2.95+0.89 0.382+£0.23  0.268 £ 0.080 0.218 - 0.038 0.421 + 0.266

o (WM M) ) vs number of training iterations ¢. All values are means plus

or minus standard deviation over 5 independent random trials. The closer the condition number is to 1, the better.

Table 2. Condition number of W in ground-truth subspace (

t=0 t =200 t =400 t = 600 t =800
(Ho=0 1.45+£0.28 1.37+£0.23 1.34 +£0.22 1.30+£0.25 1.29£0.33
(I)é=0.1 1.45+£0.28 1.38+0.23 1.35+£0.30 1.30£0.20 1.244+0.22
(1)é=0.5 1.45+£0.28 1.40£0.21 1.41+0.14 1.34+£0.14 1.25£0.12

(2) LINEAR TASKS 1.45+0.28 1.43+0.25 1.44+£0.24 1.45£0.29 1.45+0.29
(3) REGRESSION 1.83+0.41 1.05+0.041 1.07£0.031 1.03+0.011 1.11+£0.11

Figure 2 in this Appendix F) with T' € {1, 16}, but always using the full sparse parity task as the single training task in
the T' = 1 case, unlike the figure in in the paper, in which tasks were drawn from 7, in all cases. In each case we vary
n = nj = ng, where n; is the number of samples used per batch to compute the gradient with respect to the head a and
ns is the number of samples used per batch compute the gradients with respect the neuron weights W and bias b. We use
d = 32,7 = 3 and m = 16 neurons. All cases use Gaussian initialization. We alternate between updates of the head and
representation, as we did not observe any significant change in performance by running simultaneous updates of the head
and representation for the single-task case. Learning rates and regularization parameters were tuned separately for 7' = 1
and T = 16, resulting in (n = 0.01, A,y = 0.05, A\, = 0.5) for "= 1 and ( = 0.5, A,y = 0.05, A\, = 0.5) for T' = 16. We
run S independent random trials for 800 iterations and plot means plus or minus standard deviations. As in Tables 1 and 2,
we evaluate the subspace learning error %m in Table 3 and the condition number of the learned representation
o1 (WM M)
o, (WEMTM)
is much closer to a projection onto the ground-truth subspace, achieving 10 — 100x smaller subspace learning error and
approximately 5x smaller condition number in the ground-truth subspace than single-task training on the full parity task.

in the ground-truth subspace in Table 4. We can see that for all n, multi-tasking leads to a representation that

Additional hyperparameters. Unless otherwise noted, we used Ay, = 0.05, A\, = 0.5 and y = 0.1 (learning rate for both
a; and W). after tuning each parameter in the set {0.01,0.05,0.1, 0.5, 1}, separately for single task and multi-task cases,
unless r = 4. We tuned v, € {0.001,0.01,0.1, 1}, and used vy, = 0.01 for r < 3, unless otherwise noted. For rr = 4, we
found that setting Ay, = 0.1 and vy, = 0.001 improved performance, but did not see improvement by changing the other
parameters, so kept them the same. We used a smaller learning rate of 0.001 for the bias in all cases, although we reset the
bias randomly before downstream evaluation.
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Table 3. Subspace learning error (%m

deviation over 5 independent random trials.

) vs number of training iterations ¢. All values are means plus or minus standard

t=0 t =200 t =400 t =600 t =800
T=1n=8 2.89£0.36 2.86+036 280+0.39 281+£0.38 2.86+0.37
T=1n=064 2.89+0.36 2.87+£0.37 2.81+£037 280£037 2.84£0.34
T=1n=0512 2.89£0.36 2.86+036 280+0.37 279+£0.37 2.83+0.35
T=16,n=8 2.89+0.36 0.50+£0.33 0.27£0.03 0.26£0.02 0.27£0.03
T =16,n = 64 2.89£0.36 0.23+£0.14 0.08+£0.01 0.08£0.01 0.08+0.01
T=16,n=512 289+0.36 0.11+0.07 0.03+0.01 0.03+0.01 0.03+0.01

.
Table 4. Condition number of W* in ground-truth subspace (%) vs number of training iterations ¢. All values are means plus

or minus standard deviation over 5 independent random trials. The closer the condition number is to 1, the better.

t=0 t =200 t =400 t =600 t = 800
T=1n=28 1.724+£0.25 191+0.13 260+0.36 3.94+1.08 6.72+2.81
T=1n=064 1.724+0.25 1.924+0.13 259+0.35 3.98+1.08 6.70+2.61
T=1n=>512 1.724+£0.25 1.924+0.13 257+£0.36 3.93+£1.08 6.61+£2.63
T=16,n=28 1.724+£0.25 263+189 1.31+0.22 1.27+0.18 1.27+£0.19
T=16,n =64 1.724+£0.25 3.38+£2.68 1.31+0.28 1.25+0.21 1.23+£0.18
T=16,n =512 1.72+£0.25 3.38+2.69 1324+030 1264023 1.244+0.20
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