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Abstract

Federated learning (FL) is a popular distributed machine learning paradigm dealing with dis-
tributed and private data sets. Based on the data partition pattern, FL is often categorized
into horizontal, vertical, and hybrid settings. All three settings have many applications,
but the hybrid FL remains relatively less explored, because it deals with the challenging
situation where both the feature space and the data samples are heterogeneous. Hybrid FL
combines the advantages of both horizontal and vertical FL, addressing some of their indi-
vidual limitations such as the same-features requirement of the former and the same-entities
requirement of the latter. This work designs a novel mathematical model that effectively
allows the clients to aggregate distributed data with heterogeneous, and possibly overlap-
ping features and samples. Our main idea is to partition each client’s model into a feature
extractor part and a classifier part, where the former can be used to process the input
data, while the latter is used to perform the learning from the extracted features. The het-
erogeneous feature aggregation is done through building a server model, which assimilates
local classifiers and feature extractors through a carefully designed matching mechanism.
A communication-efficient algorithm is then designed to train both the client and server
models. Finally, we conducted numerical experiments on multiple image classification data
sets to validate the performance of the proposed algorithm. To our knowledge, this is the

first formulation and algorithm developed for hybrid FL.

1 Introduction

Federated Learning (FL) is an emerging distributed machine learning (ML) framework which enables het-
erogeneous clients — such as organizations or mobile devices — to collaboratively train ML models (Konecny!
et all 2016; |Yang et al., [2019). The development of FL aims to address practical challenges in distributed
learning, such as feature and data heterogeneity, high communication cost, and data privacy requirement.

The challenge due to heterogeneous data is particularly evident in FL. The most well-known form of hetero-
geneous data is sample heterogeneity (SH), where the distributions of training samples are different across
the clients (Kairouz et al.,|2021; Bonawitz et al., 2019)). Severe SH can cause common FL algorithms such as
FedAvg to diverge (Khaled et al., |2019; |[Karimireddy et al.l 2020b)). Recently, better-performing algorithms
and system architectures for distributed ML (including FL) under SH include Karimireddy et al.| (2020b));
Li et al.| (2018); [Wang et al.| (2020); [Fallah et al.| (2020); [Vahidian et al.| (2021).

Besides SH, another form of heterogeneity is feature heterogene-
ity (FH). Traditionally, we say the samples are FH if we can
partition them into subsets that bear distinct features. In the
FL setting, when the sample subsets of different clients have
different, but not necessarily distinct, features, we call it FH.
That is, under FH, different clients have unique and possibly
also common features. FH and SH arise in ML tasks such as
collaborative medical diagnosis (Ng et al., [2021), recommen-
dation system (Yang et al [2020), and graph learning (Zhang
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Table 1: Examples of applications that generate heterogeneous data

Application Client Feature Blocks Sample
Medical Diagnosis clinic output of different diagnostic devices patient
Recommendation System | retailer record of different product categories customer
Social Network SNS provider user activity & relationship SNS user
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Figure 2: The data distribution patterns of a) heterogeneous client data; b) HFL and c) VFL.

2021)), where the data collected by different clients have
different, and possibly overlapping features and sample IDs.
Next, we provide a few examples.

Medical diagnosis application (see Figure [If). The clients are clinics, and they collect data samples from
patients. Each clinic may have a different set of diagnostic devices, e.g., clinic A has MRI and ultrasound,
while clinic B has MRI and electrocardiographs (ECG). FH arises as the feature set of each sample collected
by clinic A may partially overlap with that done by clinic B. Besides FH, SH also arises as multiple clinics
may not have the chance of treating the same patient and each patient usually visit only a subset of clinics.

Recommendation system (Yang et al., |2020; | Zhan et al), |2010). In this case, the clients are large retailers,
and they collect samples (such as shopping records) from their customers. The retailers share a subset of
common products and a subset of common customers.

A third example pertains to an application of learning over multiple social networks (Zhang et all 2021} |Guo|
& Wang, [2020). Here the clients are social network providers (e.g., Twitter, Facebook), and the samples are
the set of participating users, their activities and relations. We summarize these three examples in Table.

In the previous three applications, client data can be heterogeneous in both feature and sample. Surprisingly,
none of the existing FL algorithms can fully handle such data. Rather, Horizontal FL. (HFL) and Vertical
FL (VFL) methods can handle data with only one heterogeneity, the former with SH and the latter with
FH. By keeping only the common features (and ignoring the other features), we can avoid FH and apply an
HFL method. By keeping only the common samples (and discarding the remaining samples), we can avoid
SH and apply a VFL method. Clearly, they both waste data.

Consider the HFL algorithms (Kone¢ny et al., |2016; Karimireddy et al. 2020bga; Dinh et al., 2021). The
clients perform multiple local model updates, and the server averages those updates and broadcasts the new
model to the clients. This scheme works when the clients share the same model and their data share an
identical set of features (see Figure for an illustration); otherwise, the server cannot average their models.

Consider the Vertical FL (VFL) algorithms (Liu et al. [2019; |Chen et al| 2020). They split the model
into blocks. Each client processes a subset of the blocks while the server aggregates the processed features
to compute training losses and gradients. They require all the clients to have the same set of samples
(see Figure ; otherwise, they cannot compute the loss and its gradient.

According to|Yang et al.|(2019); Rahman et al.|(2021)), the FL setting with heterogeneous feature and samples
is referred to as hybrid FL. To develop a hybrid FL method, we must address the following challenges:

1. Global and local inference requires global and local models. Hybrid FL makes it possible for a
client to make its local inference and also for all the clients (or the server) to make a global inference. The
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former requires only the features local to a client; the latter requires all the features and training a global
model at the server.

2. Limited data sharing. In typical HFL, the clients do not share their local data or labels during training.
In VFL, the labels are either made available by the clients to the server (Chen et al., [2020]) or stored in a
designated client (Liu et al., [2019)). A hybrid FL system may be subject to a “no sharing” requirement, so
it is desirable to develop a method in which the server has no access to any data, including the labels.

3. Sample synchronization. A technical challenge with VFL is that the server wants the clients to draw
the same mini-bath of samples at each iteration. This challenge is exacerbated in hybrid FL since not all
the clients will have the same samples. Therefore, to avoid idling clients, a hybrid FL method should allow
uncoordinated sample draws.

Our contributions: Towards addressing the previous challenges, this work proposes a novel model and its
training method. We summarize our contribution as follows.

1. We propose a new hybrid FL approach. For each client, the model consists of a feature extractor and
a subsequent classifier. The clients collaborate and share their knowledge through building a model at the
server that assimilates local classifiers and feature. The assimilation is achieved by a matching mechanism
inspired by the non-parametric modeling idea in [Yurochkin et al.| (2019)). This approach enables both global
and local inferences and can handle data with both SH and FH. To our knowledge, this is the first concrete
hybrid FL model in the literature.

2. We develop a hybrid FL algorithm that enables knowledge transfer among the clients. The algorithm
maintains data locality, so the server does not access clients’ data, and it allows uncoordinated sample draws
by the clients.

3. We evaluated the performance of the hybrid FL algorithm on a number of real datasets. The learned
model achieved an accuracy that was comparable to that of a centrally trained model.

1.1 Related work

Federated graph learning (FGL) is applied to molecular classification (He et al., |2021)), relation or node
classification for social networks (Zhang et all [2021; Ng et al. 2021) and financial network (Suzumura
et al.l 2019). In the first application, the graphs are relatively small and the clients have large amount of
graphs (Zhang et al., [2021; [He et al., [2021). In the last two application scenarios, the clients possess partial
yet overlapping data of a single large graph, including partial node and edge information (Zhang et al., |2021)).
However, existing FGL algorithms mainly focus on the first application scenario (He et al., 2021) and fail to
deal with the latter two scenarios. So we cannot apply them to our hybrid FL setting.

HFL has a popular algorithm FedAvg (Konecny et al) |2016), which adopts the computation-then-
aggregation strategy. The clients locally perform a few steps of model updates, and then the server ag-
gregates the updated local models and averages them before sending the updated global model back to the
clients. Beyond model averaging, PFNM (Yurochkin et al) 2019) and FedMA (Wang et al.l |2020) use a
parameter-matching-based strategy and FedGKT (He et all |2020]) uses a knowledge distillation strategy to
get better global model performance, and they do not require the global model to have the same size as the
local models. All HFL algorithms assume their data have the same set of features.

Personalized FL (PFL) has been studied as a potential way to tackle different levels of task heterogeneity.
MAML (Jiang et al. 2019} |[Fallah et al., 2020) uses meta-learning to build global model that can fast adapt
to heterogeneous data distribution; FedProx (Li et al., [2018) and LG-FedAvg (Hanzely & Richtarik, [2020)
regularize the distance between the local models and the global model. MOCHA (Smith et all [2017)
and FedU (Dinh et al., [2021) combine multi-task learning with FL to train models for personalized tasks.
FedPer (Arivazhagan et al.,|2019)) separates the model into base+personalized layers to decouple the common
and personal knowledge. However, most of the algorithms assume that all local models take the same input
size and format.
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2 Problem Formulation

In this section, we first provide a mathematical characterization of the heterogeneous data distributions of
interest to this work. We then propose a unified hybrid FL. model.

Notation: Due to the nature of hybrid FL, we must carefully set up its notation. We denote the all one
(column) vector of length d as 14; the identity matrix of size d as Iy; the positive integer set {1,2,..., N}
as [N]. Feature selection below uses a selector matrix of dimension d; x dz, which belongs to the following
set: Data description: See Figure for an illustration of a dataset with three clients, where the client
datasets has no fully overlapped sample or feature, so neither HFL nor VFL can be used. We consider a
hybrid FL system with M clients indexed by m € [M], and they collaborate to accomplish the same task.
For convenience, we index the server as m = 0.

First, assume that each sample can have at most dy feature blocks, and the ith block has the set D; of
features, i € [dol; client m has a set of d,, feature blocks indexed by Z,,, that is, we write (D;,,); 7 and
write the feature space of client m as X, = Him ez, Di,,, which is a Cartesian product of the subset of the

feature blocks possessed by client m. Similarly, we denote the “full feature” space as Xy = H?il D;, which
is the Cartesian product of all feature blocks.

m

Second, client m holds a private dataset with index set N, and the samples (2, n,yn) for n € N,,, where
Tm,n € X, denotes the features of the n*™ sample on client m, and y,, denotes the label of the n'" sample.
Collecting all the clients’ data together, we can define the (virtual) global dataset to have sample index set
No = [N], with samples (xg,,y,) where zo, € Xy denotes the “full feature” of the n'® sample (for the
precise relation between the full featured x¢ , and the local sample x,, ,,, please see the property P2 below).

The dataset defined above satisfy the following properties.

P1) The global index set is the union of the clients’ index sets:
M

Ny = U N,,, which implies N, C Np.
m=1

P2) For a given client m, the features of the n'® sample is a sub-vector of the “full features”. That is, there
exists a selector matrix P, such that it can map the global feature xg , to @, »:

Tmn = Pmxon, for some P, € S(dm,do), (1)
where P,, as a selector matrix that selects the feature blocks on client m from the full feature.

Remark 1. (Data structures of HFL and VFL) The data structure that the HFL deals with can be viewed
as a special case of what has been described above, where the clients have fully overlapping features, i.e.,
do =1, P, =1, Ym € [M]; Similarly, the data structure for VFL can be viewed as a special case that the
clients have fully overlapping sample indices, i.e., N, = Ny, ¥m € [M]. O

Model design: With the above description of data, we are ready to present the proposed hybrid FL. model
and the corresponding optimization problem.

Client and server model design: Similar to VFL, we split the ML model into feature extractors and
classifiers. Fach feature extractor takes a feature block as input and extracts an intermediate feature as
output; the classifier takes the concatenated intermediate features of multiple feature extractors as input
and outputs the prediction.

As illustrated by Figure on client m, the feature extractor h;_ (0 i, ;-) for input feature block D,  is
parameterized by 6., ; for all ¢,, € Z,,. The feature extractors can have different neural network archi-
tectures (e.g., CNN for CT/MRI images, LSTM/Transformer for medical records, and 1-D CNN for ECG
data). We denote the concatenated feature extractors and its parameters as:

Hm((_)ma ) = [hzm (am,im; ')]imGIma and @m = [em,im]imGIm~ (2)

The classifier F,(wy,;-) is parameterized by w,,, and we denote the prediction loss function as ¢(-,-). The
data processing procedure on client m is described as follows:
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(a) Data partition pattern and notations. (b) Block structure of client and server models

Figure 3: The partitioned data and notations, and the structure of the client and server models with heterogeneous
feature extractors and classifiers.

(1) The features x,, , of the n'® sample are passed to the feature extractors {hi, (Om.i,.;") i, ez

(2) The classifier F,,(wy,;-) makes the prediction based on the concatenated output of the feature extractors
Hm(®m§ xm,n);

(3) The prediction Fy, (Wi; Hi (Om; Tm.n)) and the true label y,, together evaluates the loss ¢(-,-).

With the specified data processing procedure, the prediction loss on client m is defined as:

fm(®m7wm = ‘N | Z K wma m(@m;xm,n))ayn)- (3)
neN,

Additionally, the server will have a model with full feature extractors, concatenated with a classifier; see
the top figure in Fig. [Bb] This model structure covers a wide range of ML models for classification and
regression problems, e.g., image classification, language processing, and recommendation system.

Remark 2. (Local and server models). A few remarks are ready. First, although the construction of the
client model has been partly motivated by the model splitting idea from VFL, one key difference with VFL
is that each client holds a complete model, capable of performing local inference without communication to
the server. Second, it is important to have a separate server model, because: 1) in case a test data with
“full feature” comes in, the server can deal with it; 2) in case a new client comes who needs to process a
new subset of features, it can directly download the corresponding feature extractors from the server, which
significantly reduces the complexity of building the local model; and most importantly 3) the server’s model
is instrumental in helping the clients to learn from each other’s data (as we will see shortly). O

At this point, we have defined the models and the prediction loss for each individual client. A key question
is: how the client can effectively collaborate and leverage each other’s data to train high-quality server/client
models? Unlike HFL, where all clients share the same model, the clients in this problem have local models
(i.e., feature extractors and classifiers) of different sizes to deal with feature heterogeneity. Therefore, one
cannot directly perform the conventional model averaging.

Model matching: To enable effective collaboration among the clients, our idea is to properly match different
parts of the model, by imposing a number of carefully designed regularizers.

First, it is natural to assume that when client m and m’ share the same feature block D;, the corresponding
feature extractors h;(0y, ;) should produce the same output, that is 6,,;, ~ 0y; = 0y, ;. Therefore, we
impose the following regularizer for the feature extractors, which matches the i*" feature extractor at user
m with the corresponding extractor at the server:

1 1
Tm,1(Om, Op) 1= Z ) [[6m,i — 90,%'”2 =3 [©m — Pm@Osz (4)
i€Ly,

where P, is the data selection matrix defined in and O,, concatenates parameters defined in .
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We then design the regularizer for the classifiers. As the classifiers on different clients share partially
overlapping input and identical output space, we model the client’s classifiers w,, as some “pruned” versions
of the server-side classifier wg, but with unknown pruning pattern. More specifically, assume that w,, €
Rm.w apq € R%.w  we impose the following regularizer for the classifier:

1
rm,?(wmanma wO) = 5 ||wm - HmwOHQa s.t. Hm S S(dm,undo,w)a (5)

where II,, is a selection matrix defining the unknown pruning pattern. It is important to note that, the
pruning pattern matrices II,,’s are unknown and need to be optimized. On the contrary, when in the
definition of the feature extractor regularizer , the matrix data selection matrices P,,’s are fixed, and they
are defined by the data partitioning pattern. Detailed discussion about the structure of the constraints on
the pruning matrix II,,’s and the regularizer 7, o are given in Appendix

Overall problem formulation: By combining the models discussed in the previous two subsections, we
arrive at the following training problem:

M

min P (frn(Omy W) + 1 7,1 (O, O0) + 2 + T2 (Wi, iy wo))
{emawm}%zoa{nm,}%zl 7nz—1 (6)
s.t. II,, € S(dm,wydo,w)a Ym € [M]7

where p1, o are hyper-parameters for the regularizers; p,,’s are the weights for each local problem satisfying

M _ . : _ 1 _ [Nl
Zm:l Pm = 1, with common choices p,, = 37 or pp, = T

Remark 8. (Relation with HFL). When dy = 1, that is, there is only a single feature block across all the
clients, then the data structure can be handled by the conventional HFL. Below let us discuss the relations
between our model @ and some popular HFL models. First note that when dy = 1, the feature extractor
regularizer reduces to 7,,,1(Om, Op) = % 19m — ®0H2.

1) Reduction to FedMA (Wang et al., [2020) and Sub-FedAvg (Vahidian et al., |2021)). If we set
O,, = I, i.e., the features are directly processed by the w,,’s, then (@ is equivalent to the problem solved
by FedMA and Sub-FedAvg.

2) Reduction to FedProx (Li et al., |2018) and LG-FedAvg (Hanzely & Richtarik}, [2020)). By
setting w,,, = I.py, = ﬁ and letting ©,, directly predict the labels, the problem reduces to

M
. 1
Qi 37 D (fm(Om) + 4171 (O, ©0)), ™)
mfm=0 m=1

which is equivalent to the formulation solved by FedProx and LG-FedAvg.

3) Reduction to FedAvg. Further by letting p; — oo in , the regularizer enforce ©,,’s to achieve exact
consensus, the problem reduces to the one solved by FedAvg.

4) Reduction to FedPer (Arivazhagan et al., |2019). By letting ps = 0 and u; — oo in @, the
regularizer on w,,’s is removed and ©,,,’s achieve exact consensus. In this case, ©,, serves as the base layers
while w,,’s serve as the personalized layers, which is equivalent to the model design of FedPer. O

Remark 4. (Relation with VFL). VFL assumes that the clients cannot perform prediction independently, so
it directly trains a global model with the local data (Liu et al., 2019; |Chen et al. [2020). In contrast, we
assume that each client has sufficient features for independent training and construct a local model, which
is further used to construct a global model. This way, we avoid data sharing and sample synchronization
issues that often limit VFL use in practice. O

3 Algorithm Design

In this section, we propose a training algorithm for the proposed Hybrid FL formulation @ This algorithm
will alternate between the server-side updates and the client-side updates. To proceed, we will first split
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Algorithm 1 Hybrid Federated Matching Algorithm (HyFEM)
1: IHPUt: w87® {Hm m 17777T7Q7P
2: fort=0,...,T —1do
3: for client m , M in parallel do
0Le wh? <—CllentUpdate (GO,an,wo, Q, )) // Local perturbed SGD solving

Sends client model ©4%, w4 to server
for server do

6“’1 (ZM 1meTP )71 (ZM—1 mwPret Q) //Exact minimization for
wh ™ (T M <—Mode1Match1ng({th I, } o 1,P) // Solving

9: Dlstnbutes server model w0+1 oLt (T2 _, to clients

10: Output: {wy,, OF }3_,, {1 M_

@ into a server-side problem and a client-side problem, and then develop algorithms to optimize each part.
One key consideration in our algorithm design is to ensure that the server-side model is optimized without
directly accessing any clients’ data.

{wm }M_, | O, wp and
{I,,,}_,. First we divide the parameters into two groups: 1) the server-side parameters ©g, wp, and
{I1,,,}*_, and 2) the client-side parameters {0,,}_; and {w,,}M_;.

Problem splitting: Notice that the problem contains parameter blocks {©,,

m17

By fixing the server-side parameters, @ decomposes into m independent problems, one for each client. The
problem related to client m is given by:

@ml’il fm(@ma wm) + M1 - Tm,l((_)mv 60) + w2 - ’]"m’Q(’LUm, Hm’ wo)' (8)

Similarly, by fixing the client-side parameters, the f,,’s in @ become constants, and the problem reduces
to the following server-side problem:

min (O 80) + iz o, T, ),
O0,wo (T }M_ lmz:lpm (1 m,l( m»©0) + p12 m,2( my m, Wo)) )

s.t. H'm S S(d7n,w7d0,w)a Vm € [M}

The above problem can be naturally separated into two sub-problems. The first sub-problems is:

M
min m * Tm,1(Om, Op), 10
. mZ:lP 1 0) (10)
and the second one is:
M
min > p P2 (Wen, My wo),  s.be My € S(dim s dow), ¥ € [M]. (11)
wo,{Tm } i 1 m=1

Algorithm design: We propose a block coordinate descent type algorithm called Hybrid Federated
Matched Averaging (HyFEM) in Algorithm (1] to solve @ with the above problem splitting strategy and
the sub-routines are given by Algorithm [2]in Appendix [A.2] In global iteration ¢, the clients first performs
Q local perturbed SGD steps on problem (8) to optimize client models w? , 0! (line 1 — 7 in Algorithm [2));
then the server aggregates the updated client models, updates global feature extractors by optimizing (|10)
that has a closed-form solution as line 7 in Algorithm [1} and match the classifiers by optimizing ; finally,
the server distributes the models and the selection matrices to clients.

The major step in the algorithm is solving the sub-problem ((11)). Wc optimize it by the ModelMatching
procedure descrlbed 1n line 8 — 14 of Algorithm I 2| in Appen 2t 1) for each client index m/’, construct
the server model wo P without the impact of the selected client; 2) apply the Hungarian algorlthm to solve a
parameter assignment problem and obtain IT%% *1in at most (’)((dm,w)?’) run-time complexity [Kuhn| (1955)).
With few rounds of updates, we obtain the server classifier and the selection matrices for each client. This
procedure is inspired by the model matching algorithms [Wang et al.| (2020)); [Yurochkin et al.| (2019) for
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matching parameters in deep neural networks of the same size. Our matching algorithm is a non-trivial
extension to the existing model matching algorithm. Because the server-side and client-side models do not
share the exact same functionality, we cannot replace the client-side models with the server-side model.
Such a special property introduces some significant challenges for model matching. The detailed matching
procedure is included in Appendix [A.2]

Remark 5.  Although Algorithm [I] seems to be complicated, it can be viewed as a problem with three
parameter blocks £(x,y,z), where x is the collection of {w,,,©,,}*_,; y is the collection of {II,,}»_, and
z is {wp, ©p}. Then the update can be viewed as follows:

xt «— x —nViL(x,y,2), y© + argmin L(x",y,2), z* < argminl(xT,y", z), (12)
y€Range(y) z
Q times
where V,£(-) denotes the stochastic partial gradient estimation w.r.t. x. ]

Theorem 1 (Informal) Suppose that for each m € [M], fn has Lipschitz continuous gradients w.r.t.
[Om, W] and that wo has a fixed dimension. Then with stepsize n = O(1/+/QT) and client update Q@ = O(T),
by running Algorithm the expected gradient norm square w.r.t. {O,,, w, YM_, converges with rate O(1/T)

and the successive update difference ‘wéﬂ — w HQ—G—H@SH — @6”2 converges with rate O(1/T). Alternatively,
if we assume the solution to {I1,,}M_, for sub-problem is unique, and we update client models with one-
step gradient descent, then Algorithm asymptotically converges to the first-order stationary point of (@

Remark 6. Theorem [1] is a non-trivial extension of the convergence results for traditional BCD-type al-
gorithms. The major challenges in the analysis of HyFEM are: 1) it runs multiple, yet fixed number of
stochastic gradient updates on (potentially nonconvex) blocks {©,,, w,, }*2_,, which results in non-strictly
decrease; 2) the problem w.r.t. block {II,,}¥_, is nonconvex and non-smooth and does not has a unique
global minima. Such a setting is different from existing work on BCD-type algorithms. The detailed con-

vergence statement and its proofs are given in Appendix O

We highlight the merits of the proposed approach: 1) Unlike the typical VFL formulations (Liu et al., 2019;
Chen et al.| |2020]), our approach keeps the data at the clients. Hence, the local problems are fully separable.
There is no sample-drawing synchronization needed during local updates; 2) By utilizing the proposed model
matching technique, we can generate a global model at the server, which makes use of full features. This
makes the inference stage flexible: the clients can use either partial features (by using its local parameters
(O, wp,)) or the full features by requesting (©g, wg) from the server or letting the server do the inference.

Although we formulate the problem by adopting the idea of model splitting from VFL and model prun-
ing/matching from HFL, optimizing is still a non-trivial procedure. Specifically, we can only train
clients’ classifiers w,,’s of different sizes, and construct unknown server’s classifier wy with w,,’s and find
IT,,’s, while existing algorithms either require wy to be given (Vahidian et al.l [2021), or w,,’s to have the
same size (Wang et al. 2020} [Yurochkin et al., [2019).

4 Numerical Experiments

To evaluate the proposed algorithms, we have conducted experiments on a number of standard datasets,
and compared the results with several baselines including centralized training and stand-alone local training
(without any client-server communication). Since existing FL algorithms cannot be applied to our setting
that the client features are only partial overlapped, we do not compare HyFEM with other FL algorithms
in this section. However, we put an additional set of experiments in Appendix [C] comparing HyFEM and
FedProx with less heterogeneous features.

Dataset & data splitting: We consider the ModelNet40, Cifar-10, and EuroSAT datasets, the details of
which are explained below. We also consider an additional multi-modal dataset, we refer the readers to
Appendix for details.

ModelNet40 (Wu et al., [2015): ModelNet40 is a multiview object classification dataset that has 12
views from different angles as 12 feature blocks for each object. The dataset has Ny = 40,000 samples




Under review as submission to TMLR

Table 2: Experiment settings for each dataset. dg, d,, denote the # of feature blocks; Ny, N;, denote the #
of samples; M denotes the number of clients.

Dataset do Classes Ny | Client M d,  Classes/client N
ModelNet40:1 4 40 40k 4 3 20 20k
ModelNet40:2 | 12 40 40k 8 6 15 15k
Cifar-10 12 10 50k 9 6-8 5 25k
EuroSAT 12 10 27k 9 6-8 5 13.5k
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Figure 4: Test accuracy of server model trained with HyFEM compared with centralized training and stand-alone
training for a) ModelNet40:1, b) ModelNet40:2, ¢) Cifar-10, and d) EuroSAT datasets.

from 40 classes. Cifar-10 (Krizhevskyl [2009): Cifar-10 is an image classification dataset with N' =
50,000 samples from 10 classes. We manually split each image into (top left,top right,bottom left,bottom
right) X (red,green,blue) blocks, resulting in total dy = 12 feature blocks. EuroSAT (Helber et al., |2019):
EuroSAT is a land cover classification satellite image dataset with Ay = 27,000 samples from 10 classes, and
the images are split into 12 feature blocks the same as Cifar-10.

In the training phase of each task, we manually assign a few feature blocks and classes to each client, so
that the clients have partially overlapping features and samples and exhibit FH and SH. The settings are
summarized in Table It is worth pointing out that in setting ModelNet40:2, 12.08% of the data have
never been used by any of the clients during training, and in all settings, there is no feature or sample that
is shared by all clients, so VFL and HFL algorithms cannot be applied. We conduct two sets of experiments
on ModelNet40 dataset where setting 1 uses dy = 4 views and setting 2 uses full dy = 12 views. The first
setting has less features, so the classifiers are smaller and the matching procedure is easier and expected to
be more accurate. Thus the performance of the server model should be closer to the model obtained with
centralized training. In the second setting, the matching procedure is more complex than that of the first
setting and should result in worse server model performance. The illustration of the data assignment pattern
is given in Appendix [C.2}

In the testing phase, the clients evaluate their model on all testing samples with corresponding feature blocks
used in training phase. We average over the accuracies obtained by the clients to obtain the averaged local
accuracy. The global accuracy is evaluated using the matched server model on all testing samples with full
features.

Training settings: In the experiments, we use the MLP model with one hidden layer as the classifier
Sfm(wWm; ). We use the CNN part of ResNet-18 followed by one pooling layer as the feature extractors for
Cifar-10 and EuroSAT dataset; we use the CNN part of ResNet-34 followed by one pooling layer as the feature
extractors for ModelNet40 dataset. We use the following experiment settings as comparison: Centralized
training: we train a full-sized server model with all data. This setting serves as the performance upper
bound among all trained model. Stand-alone training: each client trains a client model only with local
data, and without any communication. This setting serves as the baseline (and the performance lower bound)
of HyFEM. In all settings, we fix the total number of updates (i.e., T - Q = 4096, with T' = 128, Q) = 32) for
fair comparison and tune the learning rate to achieve the optimal performance for each experiment separately.

Numerical results: The global accuracy is shown in Figure [f] under different settings. We can see that
HyFEM algorithm can train a server model with higher accuracy than stand-alone training in all settings.
Moreover, the server models can achieve comparable performance as models obtained with centralized train-
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Figure 5: Averaged test accuracy of all clients trained with HyFEM compared with centralized training and stand-
alone training for a) ModelNet40:1, b) ModelNet40:2, ¢) Cifar-10, and d) EuroSAT datasets.

ing, even none of the client has full features or full classes of the data. HyFEM can deal with data with
SH and FH. As expected, in setting ModelNet40:2, the server model accuracy is lower than in setting Mod-
elNet40:1, because the matching problem is harder for larger classifiers and 12.08% of the data have never
been used by any of the clients compared with centralized training.

The average client accuracy is shown in Figure [f for different settings. Client models have lower testing
accuracies compared with server models. This is reasonable as the client models are trained with partial
features and biased data with partial classes. We also observe that the stand-alone accuracy under setting
ModelNet40:1 is higher than ModelNet40:2, as each client has more samples. However, the accuracy im-
provement with HyFEM under setting ModelNet40:1 is less than setting ModelNet40:2, as the latter one
uses more features. Nevertheless, HyFEM algorithm can train much better client models than stand-alone
training even the clients do not share the same input space and classes. By using global model matching
algorithm, the local classifiers can share knowledge with other clients on unseen classes and deal with SH.

5 Conclusions

We propose a hybrid FL framework that handles a general collaborative-learning scenario with partially over-
lapped features and samples. We first clarify how the data are partitioned in hybrid FL scenario and propose
a generic problem formulation. We then show that the proposed formulation covers a number of horizontal
and personalized FL settings, and develop a BCD based HyFEM algorithm to solve the proposed problem.
Finally our numerical results on a number of image classification datasets demonstrate that the HyFEM
algorithm enables clients with partial features and samples to achieve performance that is comparable to
centralized training with full features.
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A Heterogeneous Model Matching Algorithm

In this section, we describe the details for the model matching algorithm. First, we describe the motivation
behind the design of the classifiers’ regularizer , which encourage w,,,’s to be matched together to construct
wy is designed. Then we present the detailed version of line 8—14 in Algorithm [2]for optimizing the regularizer

().

A.1 Regularizer Design

Recall the regularizer for the classifiers is given by:
1
rm72(wmaHma U)O) = 5 ||wm - 1_[1’nU}0||2 3 s.t. Hm S S(dm,wado,w)y

where d,y, 4, do,w are the dimensions of w,,,wy and Il,, is a selection matrix corresponds to the unknown
pruning pattern. In this section, we motivate why such a regularizer is used, and how the selection matrices
II,,,’s are constructed.

We note that the proposed matching method is a non-trivival extension of the neural matching
method (Yurochkin et al., [2019) (designed for horizontal FL) to the case of hybrid FL. In [Yurochkin et al.
(2019), the author considered the horizontal FL setting where the sizes and the functionalities of all the
clients’ models as well as the server’s model are identical, so after matching, the clients can use the matched
server-side model directly as their new model. However, in the considered hybrid FL setting, the input
dimension of each of the client’s inference block can be very different, and the serve-side and client-side mod-
els do not share the exact same functionality. Therefore we cannot replace the client-side models with the
server-side model. Such a special property of the hybrid FL problem introduces some significant challenges
for the matching procedure. This is the main reason that in our proposed algorithm, the matching matrices
and the client/server models have to be iteratively optimized.

Suppose that for each client m, its classifier f,(wy,;-) has L layers; then the inference block has the following
structure:

Yy = Jm,L(wm,L . Um,Lfl(wm,Lfl e Jm,l(wm,lvm) cee )); (13)

where o,,,;(-) represents the element-wise nonlinear activation function of layer I; wy,;’s are the weight
matrices of layer [, and v,, is the input of the classifier which is the stacked output of the feature extractors,
ie, v, = Hp(Op;2). Then w, = {wm’l}le; see Figure |§| for an illustration. Let us further define the
server’s output of feature extractors, activation functions and weights as vo {0¢,(- - - ) }/=, similarly as above.

Note that giving a selection matrix with appropriate shape II € &, left multiply the weight matrix w.,,; by
07 (T w,y,,;) results in selecting the rows of w,, ;, which is equivalent to selecting the output neurons of the
I*® layer. And right multiply the weight matrix wy, ; by II (w,, IT) results in selecting the columns of wy, ;,
which is equivalent to selecting the input neurons of the I*" layer.

The goal is to match w,,;’s with the corresponding parameters wg; at the server. Below, we discuss how
the first layer, the middle layers and the last layer are matched.

First, recall that the input of the classifiers have the following relation:
Hp(©; ) = P Ho(Oo; x0), thatis, v, = Py, vo,

where P, is the selection matrix defined by the feature overlapping pattern between x,, and xy. Then, let
us multiply P on both sides of the above equation, we obtain

PTP,vo=Plv,,. (14)

Note that PLv,, basically pads zeros in the missing feature indices of the v,,, so that it matches the size
of vo. Let us define II,;, 1 = P,,. By utilizing the fact that P,, € S(d,,do) is a selection matrix, it holds
PmPf,: = I; , then we have the following relation:

m?

Uml((wm,lnm,l)(ng,lvm)) = 0,1 (Wim,1Vm)-

13
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This process expands the input v, to the same size as vy, while keeping the output of the first layer
unchanged; see Fig. [7] for an illustration of this process.

Next, we would like to find a selection matrix Il,, » € S that compresses the output of the first layer of the
server to match the output of the first layer of client m, as follows:

amyl((wmylﬂmyl)(ﬂﬁ’lvm)) ~ IL,,.2 - 00,1(wo,1v0).- (15)

This output matching relation imposes the following assumption on the model parameters:
Wyn,1 = Hm,2w0,1nfn71- (16)

To see why implies , we can plug into the left hand side of , and obtain:

Um71((wm,lnm,l)(na,lvm)) = Um,l((Hm,QwOJH%JHm,l)(Hﬂ,lvm))
(4)
= M2 - 00,1 ((wo i T1, T 1 ) (ALY, Vi)
=2 - 00,1 ((wo,1 1T, T 1) (ALY, 1 T 1v0)) (17)
=1L, 0071(w0,1H%,1Hm71V0)
(74)
~ Ip,2 - 00,1(wo,1v0),

where (i) comes from the fact that projection only changes the order and pads zeros to the output, so applying
element-wise activation before or after the projection does not affect the final output; in (i¢) we use the fact
that H%,lﬂm,l is a diagonal matrix with 1’s and 0’s on diagonal that can be approximated by a identity
matrix. The above discussion suggests that, if holds approximately, then holds approximately.
As a result, we design the regularizer on the first layer between client m and the server, by approximately

enforcing as

1
2 [t — o 2wo 1115, ||

Let us now analyze the constraint for II,, . First, since the dimension of wp is larger or equal to that
of w1 for each client m, we require that each coordinate of w,,; is matched to one coordinate in wpq .
Therefore we need Il,, o to satisfy 1 = II,;, 21. Further, each coordinate in wg ; should match to a coordinate

in at least one clients m € [M]’s wy, 1, so this means Zn]\le 1THm72 > 1. The above process is illustrated in
Fig. 8

For the I*® middle layer, its input is the output of the previous layer. By fixing the projection matrices
{0, }M_, that match the output of the (I — 1)* layer at each client to the output of the (I — 1) layer
at the server, the matching problem for the I** middle layer takes the same form as the matching problem
for the input layer: the output of the previous layer o, ;_1(-) corresponds to the input v,,; the projection
matrices {IL,,;}}_, correspond to the input projection matrices {IL,, 1 }»_;; the goal is to find the projection
matrices {I1,, ;41 }2_; that match the output of the ' layer at each client to the output of the same layer
as the server.

By using the same argument that we used for the input layer, we design the regularizer on the I*" middle
layer between client m and the server as

1
3 | wiy — Hm,l—i-le,lH%,lHQ'

For the last layer, the output at each client is the same as the server, which are the predicted label. Therefore,
the projection matrix of the output for the last layer are identity matrices, and we design the regularizer for
the last layer as

1
3 meL - 'LUO,LHZ;,LH2 .

Next, by vectorizing wy, ;’s we have following relation:

vec(Hm7l+1w071H£L,l) = (Hm,l & Hm,l+1)vec(w07l)’

14
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Algorithm 2 Sub-routines for Algorithm
: ClientUpdate(0}, I1%,, wf, @, n)

. Initialize: 040 «+ P,,0b, wh0 « II%, w}

1
2
3: forq=0,...,Q0—1do

4: Uniformly sample n € A,

5: ORI 0L — 1) (Ve L(Fn (wis Himn (O30 2m,n)), yn) + 1 (05 — Prn©p))
6: Wi = wit =1 (Va (Fn (w58 Hon (O57; m,n)), Yn) + pi2 (wiz? — T, w))
7: Output: 5% wh®

8: ModelMatching({wﬁ,’LQ7 Hﬁn}%le, w§, P)

9: forp=0,...,P—1do

10: for m’ = 1,..., M in parallel do
-1
1 047 (s P (T)TTIER) (2, P (157 T2
12: Hfr’f“  argming | rm/,Q(w:;L?, Hm/,u?(t)’p), // Using Hungarian algorithm

130 wit « (fo:lpm(ﬂiap)THfhp)il (Xms P (M) Twip®) | T = TI7
14: Output: w5+1,{H5,T1}%:1

where ® denotes the Kronecker product. Therefore the regularizer for each layer can be rewritten as

1
5 [vee(wnn,1) = (It ® My g1 vee(uwo, )|

Finally we can stack the sub-vector {vec(wy, )}~ into w,,, and define the projection matrix of the long
vector as

II,, = diag((IL,,,1 ® ), ..., (L @ 1)).

Again, II,, is a block diagonal matrix, and it is easy to verify that it satisfies the following conditions:

M
nri1 =1, Z 111, > 1;11,, > 0. (18)

m
m=1

Finally, we obtain the final formulation of the regularizer

1
T2 (Wi, Hppwe) = 3 lwnm — Hmonz, vV m € [M]

M (19)
where II,,’s satisfy: II,,, € S(dw.m,dw.0), Z 1gw_’mHm > lngo.
m=1

A.2 Optimization Procedure

In this subsection, we describe the detailed procedures in line 8 — 14 of Algorithm [2]to optimize the classifier
matching problem or its more detailed formulation . The procedure with more details is given in
Algorithm [3]

We iteratively solve the matching problem for P iterations. In each iteration, we randomly pick a client
m/ to match it with the server’s classifier from the first layer to the last layer.

For the first L — 1 layers, we first fix II,,, ;—1 and construct an assignment cost matrix C; that computes the
cost to match ;' row in client m’ to i*" row in the server of layer [ for all (i, j). The element C;(i, j) of the
cost matrix is defined as:

Cili, ) = disty (wo  IT7, ;4 [i], wmalg])  wo ITY, ,_([i] # O (20)
7 dist (wm,[j]) otherwise,

where wOTlHﬂl_l[i] and wy, [j] denote the i** and j*® row of the matrices, dist; is the similarity cost for

matching wy, ;[j] to an existing row, and dists is the dimension penalty to match w, ;[j] to a new row in

1 1
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Algorithm 3 Model Matching Procedure
1: ModelMatching
2: Input: {wh?, 5,12, wh, P
3: forp=0,...,P—1do
4: Uniformly sample m’ € [M]

—1
0§ (s P (T ) (2, P (157 02
fori=1,...,L—1:do

Construct cost matrix C; with (20).

et « arg ming Z” I,/ (4,5) - Ci(3,5), // Using Hungarian algorithm

m/’,l

M ,P\TT7t,P) L M P\T, t, P
9: wt+1 A (Z:mzlpm(r[%’L ) Hin ) (Zmzl pm(an ) w'f"Q) ? Hﬁl - Hin
10: Output: wit! {51,

wo,;. One specification of the cost functions is PENM (Yurochkin et al., [2019) that uses the MAP loss of
the Beta-Bernoulli process, where dist; is based on the Gaussian prior and disty follows the Indian Buffet
process prior. Then we can solve the assignment problem to obtain I, ; with the celebrated Hungarian
algorithm (Kuhnl [1955)).

Note that for the first layer, the matching pattern Il,, o is given by Il,, o = P,. And we do not need to
match the output layer.

B Convergence Analysis

In this section, we analyze the convergence property of Algorithm[I] We first make the following assumptions
on the problem:

A 1 (Block Lipschitz Gradient) For each parameter blocks in {wy,, ©m}M_,, there exists an L., such
that the following holds:

||V9mfm(®mvwm) - V@;nfm(e;naw;n)u + vam,fm(gwmwm) - Vwin,fm(@;mw;n)n
< Lm (H@m - @:n” + ”wm - w:n”)’ v @m’@fmvwﬂ%w;m

A 2 (Lower Bounded Loss) There exist finite lower bounds for each client classification loss, i.e.,
3 fn > =00, St frn(Om,wm) > fin, VO, wpm,m.

A 3 (Bounded Variance) The stochastic partial gradient estimation has bounded variance o2 and o2,
i.e.,

IEn ||V®m€(Fm(w'm; Hm(@m;x'rn,n)); yn) - VG)m,fm(w’rm @7n)||2 < O'é,v @m, Wi,y Vme [M],
E, ”Vme(Fm(wm?Hm(®m§mm7n))ayn) - vwmfm(wngm)HQ < 0121,7V O, W, VM E [M]

We can abstract HyFEM to a BCD-type algorithm by redefining the model parameters and the problem as
follows:

1. Define x := [O1;...;Op;w1;. . .;wp), y := [vec(Ily); ..., vec(Ilpr)], and z := [Og; wo].
2. Define L(x,y,2) := Zf\f:l P (fn (Oms W) + 11 - T 1 (O, O0) + p2 - T2 (Wi s Iy, wp))
Then the optimization problem @ can be simplified as:

min£(x,y,z), s.t. y € Range(y). (21)

xX,y.z
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Moreover, the algorithm can be simplified as:

xbatl = xba gV, L(xHyt 2t forg=0,...,Q — 1 (22a)

y'™l = argmin £(x"9,y,z"), (22b)
y€Range(y)

2!l = argminL(x"9, y'*1 z), (22¢)

where we assume x'T10 = x*t1 = x4@ and V,£(-) denotes the stochastic partial gradient of x.

We make the following assumptions to problem .

A 4 (Block Lipschitz Gradient) £ is block smooth, and for parameter x and z, there exists positive
constants Ly, L, and Cx such that the following holds:

IVxL(x,y,2) — Vo L(X,y,2)|| < Lx ||x — X'||,V x,%, 2, Vy € Range(y).
IVxL(x,y,2) — VxL(x,y,Z)| < Cx ||z — 2|,V 2,2, x,Vy € Range(y).

A 5 (Block Strong Convexity of z) For parameter z, there exists a positive constant u such that the
following holds:

L(x,y,2') > L(x,y,2) + (V. L(x,y,2),2 —2z)+ % |z’ —z|*,V x,2,7/,Vy € Range(y).

A 6 (Unbiased Stochastic Partial Gradient) The stochastic partial gradient of x is unbiased:
EVxL(x,y,2) = VL L(X,y,2),Y x,2,Yy € Range(y).

A 7 (Bounded Variance of Stochastic Partial Gradient) The stochastic partial gradient of x has
bounded variance o?:

E H@xﬁ(x,y, z) — VxL(X,y, z)”2 <02,V x,z,Vy € Range(y).
A 8 (Lower Bounded Function) The problem L is bounded from below, i.e.,
AL > —oo,s.t. L(x,y,2) > L, Vx,z,Vy € Range(y).
A 9 (Compact Constraint Set) For parameter y, the constraint set Range(y) is compact.

Note that in and we only assume blocks x,z are smooth, and only block z is strongly convex while
block y can be non-smooth and non-convex and x can potentially be non-convex. Further we assume that
VL is smooth w.r.t. z, which is non-standard, but we can prove that it hold for problem @ The rest
assumptions AGFAQ] are common assumptions when analyzing stochastic algorithms. Further we can verify
that the above assumptions hold for the original problem @

Lemma 1 Suppose @ satisfies assumptions A@ then it satisfies A@ with the constants in the as-
sumptions given as:

Ly = mgX{mem +max{p, pa}}, Cx = max{p, p2},
M
p > min{py} - minfpn, po}, 0% = 04 + 02, L=3" o

m=1
The proof is given in Section

Then we have the following result:

17



Under review as submission to TMLR

Theorem 2 Suppose the problem satzsﬁes Al-Alg and run (22|) for T iterations with stepsize n <
mln{L ) rc2} Then the sequence {X 4yt 7t generated by (22 satzsﬁes

T—1 Q
% > E (;‘ 2+t — 2t |* o+ [Vl (et y 2P+ S Hvxaxf’q,yﬁzt)n?)
t=0

q=0 (23)
10 9L2n2
< — (£(x%,y%,2°) - L +(5L X )0’2,
(e~ £) x
and |V,L(xt, yt,z")||> =0, V¢ € [T].
This result indicates that by setting Q@ = T,n = %, the right-hand-side (RHS) of

1004/2(L xf’,y ,20)—L) Ly + 2Lx(z(x0,33,°,z°)—g
T

becomes = O(5). Let us analyze the left-hand-side (LHS) terms

of . First, we have
1 = W 2 W — 2 1
TQ tz; E n Hzt ' Zt T Z Hzt ' Zt ’ =0 () ,

indicating that E ||z+! — thQ = O (7). Second, we have

T—1 Q
o 2 (It ety ) 0 (7).
=0 q=0

where the LHS is the sum of T(Q + 2) terms of ||Vyi£L|* divide by T'Q, which also indicates that
E ||Vx£(xt’q,yt,zt)||2 = O (4). Together we have that algorithm finds a stationary solution of 1]
w.r.t. x,z with rate O (T) Combining Theorem [2| with Lemm we have that by running Algorith
parameters {w,,, O, }M_, converges to their stationary point of (6], while {II,,,}}/_, stays in a compact set.

Alternatively, if we assume the solution to y is unique, and update on x is a one-step gradient descent, i.e.,
@ =1 and
Xt+1 _ Xt _ anﬁ(xt,yt, Zt)7

then by applying (Razaviyayn et al.l 2013, Theorem 2), Algorithm |1| asymptotically converges to the first-
order stationary point of @

B.1 Proof for Theorem

We begin with proving the following descent result:

Rt ﬁ(xt+17yt+17zt+1) _ E(xt,yt’zt) < _g & ’|vx£(xt,q7yt7zt)||2 o
q=0 24

[ 2 | QLxn’o?

Lt = S

where we denote the expectation conditioned on the information up to iteration t as E'. First, we write the
LHS of the above equation into three terms as below:
,C(Xt+1, yt+17 Zt+1) o ,C(Xt, yt’ zt) _ (,C(XtJrl, yt+1 t+1) ﬁ(xt+1’ yt+1, Zt))
+ (L(Xt+17yt+l’zt) _r
+ (L(x"ty'2") — L(x

w/\
>
~
+
=
B
~
N
~
~—
S~—
~~
[N}
Ut
S~—"

We bound the three terms on the RHS of the above equation separately.
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1) The first term (L(x*1,y"t 2!T1) — L(x'T, y' 2")) can be bounded by applying

ﬁ(xt+1’ yt+1

3

Zt+1) o E(Xt+1,yt+17 Zt)

&

S <v£z(xt+1,yt+l7zt+1)7zt _ Zt+1> _ % Hzt+1 _ ZtH2 (26)

(@ K |2+ — th?
2

)

where in (a) uses update rule ([22d) that by exact minimization V,£(x! ¥ =) = 0.
2) By the update rule (22b), the second term (L(x**!,y'*t z') — L(x'T1,y’ z")) can be bound by

E(Xt+1,yt+1,zt) — E(xt"'l,yt,zt) <0. (27)

3) The third term (L(x"*!,y!,z") — £L(x’,y",2")) can be further decompose into:
L(x"y'2') — L(x'y' 2") = L(x"9y',2") — L(x"0,y', 2")
-1

(L:(Xt’q+l,yt7zt) o E(Xt’q,yt, Zt)) ,

)

(28)

Q
Il
o

where the first inequality uses the definition that x™? = x"*! and x™° = x”. Then we bound each term in
the summation as:

Adl L

2
B (Tatlx v, 2), Tl (x, 3, 2) 4 P ([Tl (609,321 |

Taking expectation on (¢, q), we have:
EH L(xb1tE yt 2t) — L(xB9 vt 2t)

2
< (Vi L(xbyt 2t), BV, L(x yt 7)) + L"T" BN ||V L(x", !, 2")||?

(;)

2
n’|vx£(xt’q7ytazt)||2+ Lyn ||Vx£(Xt’q,yt,Zt)H2

2
2
b L | x5, ) — VL0, 20

2 2 9
Agm_ (77_ Lx277 ) ||Vx£(xt’qaytazt)”2 " Lxg o 7

where (a) first applies the fact that E(X?) = (E X)? + E((X — E(X))?) to the second therm, then applies
Alf] to the first and the second term.

By picking n < i and substituting to 7 we have:

Q-1

Lx 2.2
E E(Xt+17yt’zt) _ E(Xt’yt,zt) < 7% Et ||Vx£(xt,q’yt,zt)||2 + Q%. (31)
0

q=

Then we substitute (26]), and back to (25), then we obtain (24).
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To prove Theorem we need to further bound ||V L(x*!, y!, z") H2 and || Vi L(x"1, y"*, zt)HZ. We bound

them as follows. Term HVx[l(xH‘l, v, zt)H2 can be bound as:

Et7Q_1 “Vxﬁ(xt+17ytvzt)"2 (%) 2 ’|vx£(xt7Q_l7yt7Zt)H2
L ERQ-19 VL9, 3t 2t) — Vi L(xH@1 Zt)HQ
A§|Z|2L,2c E-Q~! th’Q —xhel ||2 +2 ||Vx£(xt’Q_1, v’ zt)H2 (32)

2L>2c772 Et7Q_1 ||@x£(xt’Q71,ytvzt)||2 +2 ||Vx£(xt’Q71ayt,Zt)H2

A<III(2+2L)2(772) ||Vxﬁ(xt’Q71,yt,zt)||2-|-2L,2(7720’2,

where in (a) we add and subtract V,£(x"®~1, yt, z!) and apply Cauchy-Schwarz inequality. Similarly, term
||Vx£(xt“‘17yt‘*‘17 zt)H2 can be bound as:

(a)
2 <9 ||Vx£(xt+17yt+1,zt) _ Vxﬁ(xt+1,yt+1,zt+1)||2

4 ) Hvxﬁ(xt-i-l’yt—&-l’ zt+1)H2

||vx£(xt+1’ yt—i-l’ Zt) H

Adl
<202 ||z — 2| + 2| VaL (T y T 2t (33)
where in (a) we add and subtract V,£(x!*!, y!*1 z!*1) and apply Cauchy-Schwarz inequality.
Then we sum the above results as X 24 x &+ x ¢ and obtain the following:
2E! £(xFL, yt 2 — 2L (xt, vt 2t) + g]Et,Q—l ||Vx£(xt+17yt’zt)||2
Q-1
2 VL Ty || < o Y B[Vl 2| - g2 -
q=0 (34)
202 2
£ QL?0? + 5x77 Hzt+1 B zt||2 + %7 Hvxﬁ(xt+1’yt+1,zt+1)“2
2 2L2 3 2L2 342
I n+2L5n |‘Vx£(Xt’Q71»yt,Zt)||2+ x"o”
5 5
Rearrange the terms, notice that we choose 7 < %7 so that 2n + 2L2n3 < 47, we have:
7 2 2 202y 2
S [ (= | ]
q=0 (35)
t 2L3n°
< 2 (,C(Xt,yt,zt) - E E(Xt+1,yt+1, Zt+1)) 4 (g + QLx772) 0_2.

2
Sum the above equation from t = 0 to T'— 1, choose p — 26;;‘" > % (n< 8—”), and devide both side by %,
then Theorem [2]is proved.

B.2 Proof for Lemmal/l]

In this section, we verify the assumptions Al4}Al9] for the original problem () under assumptions
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Recall that we have the following corresponcance:

x:=[01;...;On; w15 .. wa], y = [vec(Ily);. .., vec(Ilar)], z := [Og; wo],
M
E(X,y,z) = Z Pm (fm(@mawm) + w1 - Tm,l(@rm @0) + p2 - 7‘r)@,Z('LUTml_[rmwO)) ,
m=1

1
"m,1 (O, 00) = 5 [Om — P60l

1
Fin 2(Wim, Wi, ) = 5 e wol, st Iy € S(dw.ms duwo), 1, My >17

1=

1) For we have

M
_ pmv@mfm(gmvwm) +pm/141(®m - PmGO)
vxz:(x’y’ Z) N |: pmvwmfm(®m7wm) +pmﬂ2(wm - Hmwo) -1 '

Therefore we have the following bound:

||vx£(x> Yy, Z) - vXE(X/7 Yy, Z) H
M

=Y 2 llVo, fm(Om, wm) + 11Om = Ve, fn (O}, w),) — 10}, |

m=1

M
+ Z Pm ||vwm,fm(@ma wm) + oW, — vwmfm(@/ w;n) - ,U2w:n||

m?

m=1
M
<Y P IV, fn(Om, wim) = Ve, frn (O wi)|| + 1 ©m — O, )

[

NE

+ Pm (vamfm(@m7 wm) - Vwmfm(@;ww;w)H + p2 me - w:nH)
m=1
AQl M
< Z pm ((Lm + p1) - [|[Om — 6/mH + (Lin + p2) - [wm — w;n”)
m=1
M
< max{pm L +max{p, p2}} Y (10m = 07l + [[wim — wy,|I)
m=1
=Ly |x =X

where we obtain Ly = max,,{pm L., + max{ui, u2}}. Also, we have

M
IVxL(x,y,2) = VxL(xy,2)| = Y P (11 1P (O0 — ©4) | + pra [T (wo — wp)|)

m=1

M
< > 2o (1 | Pl 180 — O5 | + piz || w0 — i)

N

(a)
= o (1 180 — Of || + p2 [|wo — wi|)
m=1

(b)

< max{py, p2} ([|©0 — Ogll + [lwo — wyl)

~ Culla—7.
where in (a) we use the fact that P,, € S(dm, do), L, € S(dw,m,dw,0) are selection matrices so that || Pp,|| =
1, I ]l = 1; (b) uses the fact that Zf\le Dm = 1. Therefore Al4|is verified.
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2) Next, we verify We proceed by directly computing the second derivitive of z:

ViL(x,y,2)
M
_ Zp Véoﬂl “Tm,1 2 Tm2 Voo Vw1 * Tm,1 + f2 - Tm,2
— " VooVt - Tma + 12 Tma Ve b Tm,1 + f2 - Tm,2
M
I D Dt merEPm 0

0 2 ZrAr/L[:l pmﬂﬂﬂm .

Then we analyze the range of the eigenvalues of this matrix. First we know that II,,, P,,’s are selection
matricies, therefore PP, TILTI,, are diagonal matricies, indicating that V2L(x,y,z) is also a diagonal
matrix.

For the first block p; - Zf\:{:l pmPL P,,, we have that P,,’s are the feature selection matrix, i.e.,

do
Tm = Ppxo, Ty € X = H D;, .’K()GX():HDi.
eI, i=1

It is clear that if client m has the i feature, then the i*" diagonal entry of PLP,, is PLP,,(i,i) = 1, and
PI P, (i,i) = 0 otherwise. That is, the following holds:

1,i € Z,,,
Prjrzpm(zvl): ’Z.e
0,i ¢ L.

Further we have that the full feature space Xy is the union of the clients’ feature spaces, i.e., UmE[M] I =
[do]. Therefore, we have

M M
15, > PLP, >1}, and Zin > PmPrPu(i,i) > min{py, }.
m=1 m=1

Similarly, the constraint on II,,’s that Zn]\le 1dTw_mHm > 151“ , indicates that the following holds:

M
z‘er[%gl,o] m:1pm mlln (1) 2 mnan{pm}

Therefore, the Hessien matrix V2£(x,y,z) is positive definite, with smallest eigenvalue p > ming, {p.,} -
min{pq, po}. Thus A|is verified.

3) Al holds true as in Algorithm [I] we uniformly samples n € A, for all m € [M], therefore

E, vemé(Fm(me Hm(@m;xm,n)), yn) = v®mfm(@mvwm)v
E, Vwmg(Fm(wm§ Hm(®m§ mmﬂ’b))v yn) =Vu,, fm(@mv wm)v

Further, from A3] we can obtain Alﬂ with 0% = 02 + 02.

4) To verify we apply that:

M
‘C(Xv Yy, Z) = Z Pm (fm(@ma wm) + p1 - Tm,l((-)ma 90) + o - rm,2(wma I, wO))

m=1

(@) M aM

> > pnfn(Omswm) = Y pnfm =L,
m=1 m=1
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Client index m | Assigned features Z,,, Assigned class #
1 1,2,3 25
2 1,2,3 25
3 1,3,4 25
4 1,3,4 25
5 1,3 25
6 1,3 25

Table 3: The data assignment pattern for MultiView40 dataset. Note that 6.88% of data has never been
used.

Client index m | Assigned features Z,,, Assigned classes
1 1,2,3 15
2 1,2,3 6-10
3 1,3,4 1-5
4 1,34 6-10
5 1,3 1-5
6 1,3 6-10

Table 4: The data assignment pattern for Cifar-10 and EuroSAT dataset.
where (a) uses the fact that 7., 1(0n,,00) = % 19 — Pm@OH2 > 0 and 72 (W, I, wo) =
L lwy, — Mool > 0.

5) A|§| directly comes from the constraint on II,,’s that

Hm S S(dw,madw,o)v 15

w,m

T
Hm Z 1dw’0 )

1=

which is a compact set.

At this point, we have verified AULA[] for problem (6)) with Algorithm [I] and the corresponding constants
are summarized below:

Lo = max{pm Lin +max{p, p2}}, Cx = max{p, p2},
M
p > min{py} - minfur, p2}, 0® =0f +on, L= Pufm.

m=1

This completes the proof for Lemma

C Additional Numerical Experiments

In this section, we include additional sets of numerical experiments. In the first set of additional experiments,
we reduce the feature heterogeneity of the data on the clients by allowing clients to have common features,
so that HFL algorithms such as FedProx and Fed Avg applies. Further, we include an additional multi-modal
dataset with both image and text features.

C.1 Comparison with HFL

In this section, we conduct numerical experiments to compare FedProx (Li et al., [2018) with HyFEM. In
the experiments, we split the features into dy = 4 blocks for the datasets and assign the first and the third
blocks as the common blocks for all M = 6 clients. Then we can apply FedProx to train a model with the
overlapped features and compare with the models trained with HyFEM with more features. The detailed
data assignment patterns for different datasets are described in Table [3] - @] Note that in MultiView40
dataset, there are 6.88% of the data has never been used by HyFEM and 50% of the data has never been
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used by FedProx. For Cifar-10 and EuroSAT datasets, all data has been used by at least one client with
HyFEM while 50% of the data are dropped by FedProx.

For Cifar-10 and EuroSAT datasets, we split each image into (top left, top right, bottom left, bottom right)
total dy = 4 feature blocks. For MultiView40 dataset, we choose four views of different angles of the objects
as the full feature space. The total communication round is 7' = 64 and local update # @ = 32 are fixed
for all experiments. We conducted line search on the learning rate n and ps for the algorithms to obtain the
best performance.

The results for the datasets are shown in Figure [9] and Figure From the results, we can see that the
models trained with HyFEM can obtain better performance than FedProx. This is because HyFEM is able
to use more data than FedProx by using heterogeneous models.

C.2 Data Partitioning Pattern

In this subsection, we provide the data partitioning patterns for each settings. Notice that in Figure b),
and Figure (a), the black boxes with 0 inside them indicate that the corresponding feature block of the
samples in this class has not been used for training by any of the clients.

C.3 Experiments on HeriGraph Dataset

HeriGraph (Bai et all [2022) dataset is a multi-modal dataset for heritage site classification. This dataset
comsists of total Ny = 41,621 samples from 9 classes. Each sample has at most dy = 4 preprocessed feature
blocks, including one text feature block and three different image feature blocks. Note that not all samples
have all features. For example, only 25,325 samples have text features, and the rest do not. We will include
the result for this dataset in the revised manuscript.

In the experiments, we use the MLP model with one hidden layer as the classifier f,, (wm;-). We use MLP
of different sizes as feature extractors for each feature block. We set client number M = 6, client feature
block number d,, = 2 and each client has 6 out of 9 classes.

The result is shown in Figure The server model trained with HyFEM has comparable performance as
the centralized trained model. The average performance of the clients’ models has worse performance than
full model due to lack of full features and classes, but the accuracy is 20% higher than the models obtained
with stand-alone training.
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Wi1

Figure 7: Aligning the input of the first layer by rearranging and padding the corresponding coordinates of
the input v,, and the first layer wy, ;.

Figure 8: Aligning the output of the first layer by rearranging and padding the corresponding coordinates
of the first layer wy, 1.
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Figure 9: Test accuracy of server model trained with HyFEM compared with FedProx for a) ModelNet40, b) Cifar-

10, and c¢) EuroSAT datasets.
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Figure 10: Averaged test accuracy of client models trained with HyFEM compared with FedProx for a) ModelNet40,

b) Cifar-10, and c) EuroSAT datasets.
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(c) Cifar-10 & EuroSAT

Figure 11: The illustration of how many clients (the numbers in boxes) possess the training data of each feature
block in each class for the settings in Section |4} with a) ModelNet40:1 with do = 4 features, M = 4 clients, and 40
classes; b) ModelNet40:2 with do = 12 features, M = 8 clients, and 40 classes; ¢) Cifar-10 & EuroSAT with do = 12
features, M = 9 clients, and 10 classes. The z-axis of each plot is the class axis and y-axis is the feature axis.
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(b) Cifar-10 & EuroSAT

Figure 12: The illustration of how many clients (the numbers in boxes) possess the training data of each feature
block in each class for the settings in Appendix with a) ModelNet40 with do = 4 features, M = 6 clients, and

40 classes; c¢) Cifar-10 & EuroSAT with do = 4 features, M = 6 clients, and 10 classes. The z-axis of each plot is the
class axis and y-axis is the feature axis.
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Figure 13: Test accuracy of a) server model, b) client models trained with HyFEM compared with Centralized
training and stand-alone training for HeriGraph dataset.
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