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ABSTRACT

Test-time algorithms that combine the generative power of language models with
process verifiers that assess the quality of partial generations offer a promising
lever for eliciting new reasoning capabilities, but the algorithmic design space
and computational scaling properties of such approaches are still opaque, and
their benefits are far from apparent when one accounts for the cost of learning a
high-quality verifier. Our starting point is the observation that seemingly benign
errors in a learned verifier can lead to catastrophic failures for standard decoding
techniques due to error amplification during the course of generation. We then ask:
can this be improved with more sophisticated decoding strategies?

We introduce a new process-guided test-time sampling algorithm, VGB, which
uses theoretically grounded backtracking to achieve provably better robustness to
verifier errors. VGB interprets autoregressive generation as a random walk on a tree
of partial generations, with transition probabilities guided by the process verifier
and base model; crucially, backtracking occurs probabilistically. This process
generalizes the seminal Sinclair-Jerrum random walk (Sinclair & Jerrum, 1989)
from the literature on approximate counting and sampling in theoretical computer
science, and a conceptual contribution of our work is to highlight parallels with
this literature. Empirically, we demonstrate on both synthetic and real language
modeling tasks that VGB outperforms baselines on a variety of metrics.

1 INTRODUCTION

Test-time compute provides a powerful lever for scaling and improving language models, driving
substantial improvements in reasoning capabilities (Brown et al., 2024; Snell et al., 2024; Wu et al.,
2024; OpenAl, 2024; DeepSeek-Al, 2025). At the heart of these advances lies a fundamental principle:
combining the generative power of language models with verifiers that can evaluate and guide their
outputs. Even simple approaches like best-of- N sampling, where a verifier selects the highest-scoring
response from multiple candidates, can yield non-trivial performance gains (Brown et al., 2024).
If one has access to a process verifier that can assess the quality of partial generations, additional
gains can be unlocked (Polu & Sutskever, 2020; Uesato et al., 2022; Lample et al., 2022; Lightman
et al., 2023; Wang et al., 2023; 2025)—and the space of possible algorithmic strategies becomes
considerably broader and less well-understood.

Empirical generation methods that incorporate process verifiers range from simple token-wise
reweighting (Yang & Klein, 2021; Mudgal et al., 2023; Khanov et al., 2024; Rashid et al., 2024) to
more complex strategies that expend additional parallel (Mudgal et al., 2023; Wang et al., 2025; Puri
et al., 2025) or sequential (Botta et al., 2025) computation. Many of these strategies are implicitly
trying to address the problem that process verifiers are imperfect; often, they are learned from data
(Yang & Klein, 2021; Lightman et al., 2023; Wang et al., 2025), and therefore seem subject to the
curse of horizon—a folklore belief in many subcommunities of machine learning (e.g. multi-hop
reasoning, dynamical systems/PDEs, and long-context LLMs) that long horizons tends to amplify
learning errors. Understanding the extent to which different strategies mitigate this issue—and
designing better strategies—requires making this problem explicit: in what ways are learned process
verifiers imperfect? And when—if ever—can amplification of these imperfections during generation
be algorithmically avoided?

In this paper, we propose a concrete model for imperfect process verifiers, in which error
amplification can be avoided. To do so, we connect the above problem with the classical algorithmic
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toolkit for sampling—specifically, a Markov chain Monte Carlo (MCMC) technique from theoretical
computer science that leverages approximate counting oracles to do approximate sampling (Sinclair &
Jerrum, 1989). This machinery lets us implement the empirical heuristic of backtracking (Botta et al.,
2025; Yang et al., 2025; von Riitte et al., 2025)—i.e. occasionally “erasing” generated tokens—in a
mathematically justified manner, and to establish rigorous guarantees for guiding generation with an
imperfect process verifier. Broadly, we believe that perspectives from classical theory on design and
analysis of Markov chains may bear additional fruits for language model reasoning, and we hope our
paper will stimulate further work to connect these areas. See Appendix A for additional related work.

1.1 THE PROMISE: TEST-TIME ALIGNMENT WITH VALUE FUNCTIONS

Let mrer : X — A()) be a pre-trained language model (or base policy) that maps a prompt z to
a distribution over responses y = (y1,...,yx) € Y = A, where each y, is an action (either a
single token, or more generally, a chunk of tokens). A basic goal of both post-training and test-time
interventions is to “align” ¢ according to a reward function r* : X x Y — [0, Rpax|, while
maintaining the capabilities of the base policy. In post-training pipelines, this task is typically
accomplished by learning the policy 7* that maximizes KL-regularized reward (Ziegler et al., 2019),
which for a temperature parameter 5 > 0 and a fixed prompt « is defined as

Jp(ma) = E [ (z,y)] = - Deo(w(- | @) | 7eee (- [ 7). @M

y~m(-|z)
Given prompt x, the analogous test-time problem is to sample from 7* (- | x), which has the form

™y | x) o< rer(y | ) - T(2,y) ()

where 7(z,y) := exp(8~1r*(x,y)) (Korbak et al., 2022). For a general tilt function 7 : X’ x J —
R, we call this problem fest-time alignment: given sample access to 7., query access to 7, and
a fixed prompt 2, how do we sample from the tilted distribution 7*(- | ) defined via Eq. (2)? This
central algorithmic problem subsumes many natural tasks like constrained generation (Scholak et al.,
2021), posterior inference (Zhao et al., 2024a; Puri et al., 2025), and test-time reinforcement learning
(Foster et al., 2025). Unfortunately, since the response space ) is exponentially large, it can be com-
putationally intractable without further information (see e.g. Proposition G.3 or Botta et al. (2025)).

True value functions mitigate computational intractability. While many formalizations of
process verifiers have been explored in the literature (Lightman et al., 2023; Wang et al., 2023; 2025),
arguably the most principled of these are value functions. The (ground truth) value of a partial
response y1.;, for prompt z is the conditional expectation'

Ve (@, y1n) == E™ [ (z, y1.1) | yr.nl- ©)
In the KL-regularized setting, V7, is closely related to the regularized value function Q7 (Zhou et al.,

2025). In general, Vi, enables exactly computing the next-action conditional probabilities of 7*
(Lemma F.5)—and, thus, efficiently sampling from 7* via autoregressive generation:

ﬂ—*(yh | x7y1:h—1) X 7Tref(yh | xaylzh—l) . ‘/:a:g(xvyl:h)~

We call this method action-level rejection sampling with V5 _; see also Yang & Klein (2021).

avg’
1.2 THE CHALLENGE: A TRUE VALUE FUNCTION IS HARD TO FIND

The preceding discussion paints an optimistic picture: given the value function Vi, test-time
alignment can be efficiently and exactly solved via action-level rejection sampling. But there is no
free lunch: typically, the task of evaluating V1, is itself computationally intractable. In practice, it is
more common to use some heuristic progress metric (Khanov et al., 2024; Loula et al., 2025)—or to
learn an approximation to V.. A popular recent approach is to fit an approximate value function 1%
through regression on Monte-Carlo rollouts (Yang & Klein, 2021; Mudgal et al., 2023; Chakraborty
et al., 2024; Setlur et al., 2024; Wang et al., 2025), solving some variant of the program

~

V :=arg min@[(V(z,ylzh) — 7(z, yle))2 , )
vey

which theoretically converges to V1, in the well-specified large-sample limit, but in practice will
incur errors due to misspecification, optimization bottlenecks, and finite samples. How do we design

algorithms that mitigate amplification of these errors across long horizons?



Under review as a conference paper at ICLR 2026

VGB vs Block Best-of-N VGB vs Block Rejection Sampling
140 140
_____________________ DN .
N

120 . o 130 \I
- N -
v N, v 1
@ 100 RN g120 i =~
M N £ 1
S a0 \\ S 110 ° ! oc V(a)
M N - !
2 o \ © 100 |
£ . \ £ i
® 0 \ % 9 ! o Trer(ala) o Trrer(b]a)
=) \ a 1 > S
#* \ % 80 ! -V(aa) -V (ab)

20 = VGB J VGB

N Block BoN Pareto Frontier i 70 © ---' BlockRS Pareto Frontier
L L
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8
Accuracy Accuracy

Figure 1: Left/middle: Accuracy (x) and diversity (y) of VGB vs. Block Best-of-/N and Block
Rejection Sampling on Dyck grammar task (Section 5.2) with pre-trained base model and trained
value function. Each circle is a baseline with specific hyperparameters (block length € {1,2,4, 8,16}
and # of candidates € {2, 4, 8, 16, 32}); darker red indicates larger block length. Right: Snippet of
the generation tree on which VGB walks, with transition probabilities from “a” (self-loop not shown).

1.3 OUR CONTRIBUTIONS

Pitfalls of naive action-level sampling (Section 3). As a starting point, we theoretically demon-
strate that when all we have is an approximate value function, action-level rejection sampling is no
longer the right alignment algorithm: even in the presence of evidently benign errors in the approxi-
mate value function V (Examples 3.1 and 3.2), action-level rejection sampling with 1% amplifies these
errors, degrading catastrophically with long generations. Other common process-guided algorithms
such as beam search (Wang et al., 2025) are also insufficient even without errors (Appendix C).

A new value-guided decoding strategy: VGB (Section 4). We give a new value-guided sampling
strategy, VGB, a simple one-line modification to action-level rejection sampling that provably mit-
igates error amplification for a broad class of value function errors—entirely avoiding degradation
in the generation length—through backtracking. VGB interprets the space of possible responses to
a prompt as a tree (with internal nodes as partial responses) and casts generation as a random walk
on the tree (Figure 1), which stochastically adds actions or backtracks, guided by the value function
and base model—and is designed so that the stationary distribution of the random walk is exactly
proportional to 7w* at the leaves of the tree, even with imperfect value estimates at internal nodes.

On a technical level, VGB can be viewed as a generalization of the seminal Sinclair-Jerrum random
walk (Sinclair & Jerrum, 1989), a tool originally developed in the approximate sampling community
of theoretical computer science. A core conceptual contribution of our work is to highlight parallels
between value-guided inference and approximate sampling and counting, opening the door for further
transfer of ideas. Beyond showing that the Sinclair-Jerrum walk adapts to test-time alignment, a
key technical contribution of our work is to establish correctness of the algorithm in the presence
of average-case errors—more akin to standard assumptions from statistical learning theory—using
modern techniques such as local mixing (Liu et al., 2024a).

Empirical results (Section 5). We evaluate VGB with a trained value function V' on Dyck grammar
generation, Python test case generation, and several instructive synthetic tasks. We find that VGB
outperforms naive sampling strategies on a variety of axes measuring distributional accuracy.
Also, in the classical constrained text generation setting where there is no trained value function,
VGB produces more coherent generations than the predominant algorithm (Scholak et al., 2021). Our
empirical results corroborate our theoretical thesis that VGB mitigates error amplification.

2 PRELIMINARIES

General framework: Test-time alignment. Fix sets X and Y := AX. Let mer : X — A(D)
be a base model. Let 7 : X x ) — Rx( be a tilt function, and let V' : X x A* — R>( be an

approximate value function (in subsequent sections, we will make assumptions about how V relates
to the true value function Vaf,g defined in Eq. (3)). We assume that, for any € X, h € [H], and

y1.n € A", we can (1) sample from the conditional distribution 7ref(- | @, %1.4_1), (2) query the

'We use the notation Viavg to avoid confusion with the optimal value function for the autoregressive MDP,
which in this setting would be V*(y1.n) := max,, . can-n 7(,y1.8).
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density mrer(yn | ,y1.n—1), and (3) query ‘7(95, y1.1). We discuss both the setting where 7 is known

(in which case we set V (x, y1.5) := 7(2, y1.1)) and the setting where 7 is unknown. Given z € X,
our primary goal is to sample from a distribution close to 7*(- | ) as defined in Eq. (2).

Special case: KL-regularized optimization. Suppose 7(x,7y) o exp(8~1r*(z,y)) for some
reward function r* : X X )V — [0, Ryax| and temperature parameter 5 > 0. Given z € X, the goal
of KL-regularized optimization is to sample from a distribution (- | ) with low KL-regularized
regret Jg(m*;x) — Jg(m; x) (see Eq. (1)). Since Jg(n*;2) — Ja(m;x) = BDp(w(- | z) || 7*(- | x))
(Lemma F.4), this goal is equivalent to approximate sampling. In this setting, we have that
Vi (@, y1.n) = exp(ﬁ’ng (z,y1:n)) where Q7 is the regularized value function (see Appendix F.2).

avg

Special case: Constrained sampling. In this particularly common setting, 7(z,y) = r*(z, y) for
some binary-valued reward function r* : X x ) — {0, 1}, so 7* is a conditional distribution (Yang
& Klein, 2021; Scholak et al., 2021; Lew et al., 2023; Wang et al., 2025).

2.1 BASELINE ALGORITHMS FOR TEST-TIME ALIGNMENT

Outcome-level rejection sampling with 7. Given prompt z, the algorithm OutcomelLevelRS
repeatedly draws y1. 7 ~ Trer(+ | ) and accepts with probability proportional to 7(x, 1.5 ).

Action-level rejection sampling with V. Given prompt z, the algorithm ActionLevelRS autore-
gressively samples y1, Yo, . . ., yp: foreach h € [H], after sampling y1.,,—1, it uses rejection sampling

to sample y;, from the distribution defined by pp, (yn) X Trer(yYn | , Y1:n—1) - XA/(ac, Y1:h)-

See Appendix G for formal pseudocode and analyses. OutcomeLevelRS is an exact sampler for 7*
(and doesn’t need 17)2 but its runtime scales with the sequence-level coverage coefficient Cseq() :=
maxy,ecy 7 (y | ©)/mrer(y | ). When V= Vg ActionLevelRS is also exact, and has runtime
O(Cact(x)H), where Coct(x) := maxy, y,.,, ™ (Yn | 2, Y1:h—1)/Trer(Yn | €, Y1:n—1) i8 the action-
level coverage coefficient.> We always have Cact () < Cseq(), but one can have Cseq(z) > 2 even
if Coet () < 2, so ActionLevelRS can be exponentially more efficient than OutcomeLevelRS.*

Remark 2.1 (Sampling vs reward maximization). As discussed in Section 1, we cast guided gen-
eration as a sampling problem, not a pure search/reward maximization problem, and thus largely
consider sampling baselines. This framing is motivated by similar considerations in post-training
(Ziegler et al., 2019), applications to constrained sampling (Scholak et al., 2021; Yang & Klein, 2021;
Botta et al., 2025), and empirical evidence that sampling is a more robust formalism for exploiting
imperfect process verifiers (Puri et al., 2025).

3 PITFALLS OF ACTION-LEVEL SAMPLING

Unfortunately, the computational benefits of ActionLevelRS may not be realized in the presence
of estimation errors. Suppose that we have access to an approximate value function V' that is
accurate up to some multiplicative error 1 + ey % €[1/(1+ev),1+ey]. The following
didactic example shows that even for small ey, = 0(1) ActionLevelRS can fail entirely (unless ey
is inverse-polynomial in the sequence length H). See Appendix H.1 for more details.’

Example 3.1 (Failure of ActionLevelRS under perturbation). Fix ey € (0,1) and H € N. Let
X = {1} (henceforth omitted from notation) and action space A : ]ga b c} Let Tref 1=
Unif({a, bAC} ) and 7(y1.ir) = l{c € y1.g}. Then Vavg(yl h) = 2/3 ¢ &y Let
us define V(y1.n) = (1 + ev)Vae(win)Hyn = a} + Vg (yin)H{yn # a}. Then the output
distribution T of ActionLevelRS satisfies Dyy (7, 7*) > Q(min(eyVH, 1)). <

Example 3.1 shows seemingly benign perturbations to the estimated value function V can com-
pound during the execution of ActionLevelRS. While it is tempting to imagine that this might be a

“More precisely, it can achieve approximation error ¢ in time O(log(1/¢))—see Appendix G.

>When |.A| is small, one can explicitly sample from iy, in time |.A|, for overall time complexity of O(|.A|H).
“See Setlur et al. (2024); Botta et al. (2025) for similar observations.

>We remark that Example 3.1 also has an analogue in the KL-regularized setting; see Example H.1.
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Algorithm 1 VGB: Value-Guided Sampling with Stochastic Backtracking (illustration in Figure 21)

Input: base model 7,.¢; appx. value function IA/, prompt x € X, horizon H € N, step count 7" € N.

1: If outcome-level reward/tilt is available, set ‘7(177 y1.1) = 7(x, y1.1).
2: Initialize y := @.
3: for0 <t < Tdo

4: Set h := |y™® “

, and define p as the distribution over neighborhood N (y{"} ) of 3"} where

Oy ) o ‘7(:1373/;”}1) if h >0, Backtracking
D \Wih—1 0 ifh =0, probability

and for each y, 11 € A,

p(t)(y(til yh+1) o {Wref(yhnLl ‘ xvy;t)h) V(xvy(lt;)}mthq) ifth < Ha
1:h°

0 ifh=H.
5: With probability 1/2, set y* ™ := y™®, else sample y*+ ~ p®. // See Remark 4.1.
6: return y@ (Thm. 4.1) or y@ for i ~ Unif([T]) (Thm. 4.2). // For analysis only.

fundamental limitation (i.e., the approximate value simply doesn’t contain enough information to
meaningfully guide the sampling process), we will see in Section 4 that this is not the case.

We give a second example in the language of the KL-regularized setting, which demonstrates that
ActionLevelRS can suffer 2(1) KL-regularized regret even when there are no “perturbations” in

V—but it is simply delayed one step compared to the truth. See Appendix H.1 for more details.

Example 3.2 (Failure of ActionLevelRS under delay). Let X := {1} (omitted from notation)
and A = {0,1}. Let mrer := Unif(AT), B := 1/H, and r*(z,y1.5r) = %Zthl Yn, SO that

* . * e\H—h =~
™ (y1.1) X exp(X:hH:1 yn) and, via Eq. (3), Vv, (y1.n) = (—1; ) exp(zzzl yk). We define V
by delaying the true value function by one step: V (y1.p) := V2

wvg(Y1:n—1), which satisfies ey := 1.
Since ‘A/(:c, y1.1) does not depend on yp,, ActionLevelRS samples from the uniform distribution

T = Tref, which has Jg(7*;2) — J3(T;3) = Do (T || 1) > . q

Example 3.2 is a negative result for ActionLevelRS, but also hints at an algorithmic intervention:

~

V(x,y1.) gives no guidance in selecting yy,, but can help detect whether the previous action yj, 1
was good or bad. Can we improve ActionLevelRS by propagating information backwards?

4 TAMING IMPERFECT PROCESS VERIFIERS: STOCHASTIC BACKTRACKING

We now present a value-guided sampling algorithm, VGB, that provably mitigates error amplification
through a principled stochastic backtracking strategy. We first describe the algorithm and motivation
(Section 4.1), then provide theoretical guarantees (Sections 4.2 and 4.3).

4.1 MAIN ALGORITHM: VGB

Our main algorithm, VGB, is displayed in Algorithm 1. To explain the algorithm, we view guided
sampling algorithms as implicitly traversing the exponentially-large tree 7 with node set U,ILO AP,
where y1.,—1 is the parent of y1.,. ActionLevelRS implements a random walk from the root & to a
leaf y;.f7, which only goes down the tree. As we saw in Example 3.2, such strategies seem limited in
their ability to correct for systematic errors in the value function estimates.

VGB as a one-line change to ActionLevelRS. VGB addresses the limitations of ActionLevelRS by
augmenting the random walk with the ability to backtrack up the tree. Formally, let A/ (y1.5,) denote
the neighborhood of .5, in 7', which contains its parent yy.;,—1 and all its children {y1.441}y,,,e4-

VGB now proceeds as follows. At each step ¢, given the current node y{'), we first (Line 4)

define a probability distribution p® over the neighborhood N (yy)h) The probability of selecting

a child node (%), yns1) is proportional to mrer(yni1 | 4 )V (@, 48, yns1)—just as in
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ActionLevelRS—while the probability of selecting the parent y!*, | is proportional to V(x, Y.

The random walk proceeds by sampling a new node y“* from p* with probability 1/2, and staying
at the current node otherwise (setting ™ < y®).% After T steps, in the version of VGB that we
analyze first, it returns the final node of the random walk.”

VGB as a generalization of the Sinclair-Jerrum walk. VGB can be interpreted as a generalization
of the Sinclair-Jerrum walk (Sinclair & Jerrum, 1989), which corresponds to the special case where
Tref is uniform and 7 is binary-valued.® This walk was originally used to show that approximate
sampling reduces to approximate counting in self-reducible problems such as SAT, without incurring
the error amplification of prior reductions (Jerrum et al., 1986). Value functions are precisely the
generalization of counting oracles to our setting.

Under Assumption 4.1 on 17, stated below, VGB inherits three key properties from the Sinclair-Jerrum
walk, formalized in Theorem 4.1: (1) the walk rapidly mixes to a stationary distribution 7; (2) 7
puts (1/H) mass on the leaves of 7; and (3) as long as exact outcome-level rewards are used (i.e.

V(z,y1.5) = 7(x,y1.1); see Remark 4.2), T is proportional to 7* at the leaves.

Remark 4.1 (Efficient implementation for large action spaces). When the action space A is small
(e.g., in token-level generation), the distribution p®* in Line 5 of VGB can be constructed explicitly
by enumerating all actions. When the action space is large (e.g., in block-level generation), this
enumeration is computationally infeasible, but we can still sample efficiently from p™ using rejection

sampling (in time O(Cact () )—see Theorem 4.1). See Algorithm 7 for the detailed implementation.

4.2 THEORETICAL GUARANTEES: UNIFORM ERROR

We present the first of our theoretical guarantees for VGB—the strongest and simplest—under the

assumption that the learned value function V satisfies a uniform error bound with respect to the true
value function V3, (as discussed in Section 3), and that we have query access to the outcome-level

reward 7; we will relax both assumptions in the sequel. The assumption is for a fixed prompt x € X

Assumption 4.1 (Uniform bound on value errors). We assume that the exact outcome-level reward is
available (i.e., V(z,y1.5r) = 7(x,y1.51)), and for each 1 < h < H, for each ., € A",

~

V(.’E ’ yl:h)
— e [1/(14+ev), 1 +ey]. 5)
Vive(@ yin) L ]
Under this assumption, we show that VGB rapidly converges to the target distribution 7*. The proof
closely follows the analysis of the Sinclair-Jerrum walk (Sinclair & Jerrum, 1989), which bounds the
mixing time of the walk by analyzing its conductance. See Appendix I for the full proof.

Theorem 4.1 (Main guarantee for VGB). For any prompt x € X and § > 0, under Assumption 4.1, let
T be the output distribution of VGB with step count T := O (H2 “(1+ey)* log(s—1 )) and let Ejeas be
the event thaty ~ T is a leaf node. Then P[ieas) > 1/(8(14ev)H). Moreover, D1y (T|g,,., 7*) < 0.
The total runtime (including evaluations of V and queries/conditional generations of Trer) is bounded
by O(|A| - T) in the small-action case and O(Cact(z)) - T in the large-action case.”

In the KL-regularized setting, we achieve an analogous bound on regret—namely, Jz(7*;x) —
J3(T| ;) < B6; see Corollary 1.1 for the full statement. While these guarantees are condi-
tioned on the event o, We can ensure that this occurs with high probability by simply rerunning
the algorithm O(H) times. Compared to ActionLevelRS, VGB avoids the error amplification
demonstrated in Examples 3.1 and 3.2, because these examples satisfy £y, = O(1). Compared to
OutcomelLevelRS, VGB is much more efficient: it avoids dependence on the sequence-level coverage
coefficient Cseq (), which should be thought of as potentially exponential in H. Nevertheless there is

room for improvement, as the overall time required for VGB to output a leaf node is 5(H 3).

SThis technique (staying at the current node with probability 1/2) is called laziness, and is needed to ensure
that the random walk has a stationary distribution. See e.g. Levin et al. (2009) for background on Markov chains.

"The chosen node may not be leaf, in which case we re-run the algorithm; this can occur at most 5(H ) times.

8See Bakshi et al. (2024) for a related generalization, applied to quantum Gibbs state preparation.

“This case requires (approximate) knowledge of Cact(z) and 1 + ev; see Remark L.1.
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Remark 4.2 (Access to outcome-level tilt 7). When VGB has exact access to T, its output distribution
(conditioned on Eeaf) converges to ™™ as § — 0, even for fixed value error y,. Without such access,
convergence to 7 is impossible, but VGB still provably avoids error amplification, as shown below.

4.3 GUARANTEES UNDER WEAKER AVERAGE-CASE ERROR

Theorem 4.1 shows that VGB can significantly improve over naive sampling in the presence of value
function errors, but the result requires the uniform error condition of Assumption 4.1. Such worst-case
bounds may not hold for value functions derived from standard learning techniques like Monte Carlo
estimation. To address this, we present a more refined analysis of VGB under a weaker, average-case
error assumption. We also drop the assumption that 7 is known.

Assumption 4.2 (Average-case bound on value errors). We assume that for each h € [H],

‘7(.’1?, yl:h)

‘/at/g(xa yl:h)
‘/a’\(/g(xa yl:h)

E =
V(J?, yl:h)

Yrr~T* (+|2)

§1+8V7

Y1~ ()

] <1l+4ey. ©6)

In the KL-regularized setting, this condition controls the moment generating function under 7* of the
error Q5 (z, y1:n) — Q(x, y1.1), where Q(x, y1.) := Slog V(z,y1.,). While still requiring control
over tail behavior, this significantly relaxes Assumption 4.1, which corresponds to a uniform bound
on that error. Similar conditions have been studied in Aminian et al. (2025); Yang & Wibisono (2022).

Under this weaker assumption, VGB still provides strong guarantees, though of a different nature
than Theorem 4.1. Instead of a direct bound on suboptimality, we show VGB provides good coverage
(Huang et al., 2025b; Foster et al., 2025) of typical responses from the target policy 7*:

Theorem 4.2. For any prompt © € X and & > 0, under Assumption 4.2, the runtime of VGB with
step count T := O(H® - (1 + ey )5 -07*) is O(T - | A|),'° and the output distribution 7 satisfies

Pr ™ (y1.1 | ) - 48H (1 + ey )?

\ <. 7
yra~m(z) | T(Y1.m) 0 M

That is, with high probability over y;.y ~ 7*(- | x), the policy 7 induced by VGB assigns y1.y not
much less probability than 7*. This guarantee does not directly imply low regularized regret in the
KL-regularized setting; however, it does enable achieving low unregularized regret against 7*, by
composing VGB with standard Best-of-N sampling (Cobbe et al., 2021); see Appendix B. We remark
that in Examples 3.1 and 3.2, ActionLevelRS does not achieve Eq. (7) (see Appendix H.1).

Overview of analysis. The analysis of VGB under the average-case error assumption in Assump-
tion 4.2 is considerably more challenging than in the uniform error setting. Classical techniques
such as global conductance are no longer applicable. Instead, our analysis leverages modern tools
for analyzing slowly mixing Markov chains, particularly the notion of local stationarity (Liu et al.,
2024a). We view this analysis as a key technical contribution, as it bridges the average-case guarantees
typical in statistical learning theory with the uniform guarantees traditionally required in the analysis
of approximate counting and sampling algorithms. We defer the full proof to Appendix 1.4.

Insufficiency of alternative assumptions. We show that several alternative assumptions (which a
priori may seem more natural than Assumption 4.2) are insufficient for any efficient algorithm to
achieve non-trivial samphng guarantees: average-case multlphcatlve error under mrer (Appendix D.1),

additive error bounds on ¥ (Appendix D.2), and MSE bounds on Q (Appendix D.3).

5 EMPIRICAL RESULTS

Our experiments focus on constrained sampling—perhaps the most common, concrete application of
test-time alignment (Yang & Klein, 2021; Scholak et al., 2021; Lew et al., 2023; Wang et al., 2025)—
where 7 := r* is a binary-valued reward function. We train value functions for tasks where 7 .f is
analytic (Section 5.1) or a pre-trained language model (Section 5.2), and demonstrate benefits of VGB
on a variety of axes measuring distributional fidelity. We also show that constrained text generation
(Scholak et al., 2021) can be interpreted as value-guided sampling with a weak value function—and

!%We have not sought to optimize the polynomial dependence on H. Also, for this result, we omit analysis of
the large-|.A| case; see Remark 1.2 for discussion.
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Figure 2: Estimated KL-divergence of VGB and ActionLevelRS to 7* in ABC task (Section 5.1) for
varied horizon length H and # of value function training samples N. We repeat the experiment 10
times for each (H, N) and report the mean and standard error. See Appendix E.2 for details.

that VGB improves coherence compared to the standard baseline for this setting (Section 5.3). These
benefits largely do come at added computational cost, but we view our findings as a promising step
towards understanding trade-offs between efficiency and error mitigation. For all omitted experiment
details, and additional results (e.g. improving the efficiency of VGB with momentum), see Appendix E.

Implementation details. The value functions are parametrized as MLPs—where the input features
are either one-hot encodings of the input sequence (for tasks with small |.A|) or pooled hidden states
from the pre-trained language model (for tasks with large |.A|)—and trained via regression onto Monte
Carlo roll-outs (Eq. (4)). To improve wall-clock efficiency, the implementation of VGB differs in two
ways from Algorithm 1. First, instead of fixing a step count 7" we simply stop the Markov chain as
soon as it reaches a leaf. Second, in settings where the alphabet is too large to efficiently enumerate,
we use a heuristic version of rejection sampling to implement each transition. In experiments where
the true rewards are provided at the final position, we allow ActionLevelRS to restart if all actions
have reward 0. See Appendix E for pseudocode and task-by-task implementation/training details.

5.1 SYNTHETIC GENERATOR WITH TRAINED VALUE FUNCTION

Our first tasks are synthetic tasks that we use to stress-test the theory; the base distribution mpes is
analytic rather than defined by a pre-trained language model, and the problem instances are small
enough that we can easily compute relevant metrics, but the value functions are trained via Eq. (4).

ABC task (Appendix E.2): distributional benefits. We follow the task defined in Example 3.1,
where we proved that errors in a specific V compound with ActionLevelRS, whereas VGB provably
avoids this error compounding. We show that the benefits of VGB persist when V' is trained. We
implement VGB and ActionLevelRS using the true rewards at the final position, so both algorithms
produce only reward-1 responses, but may have biased distributions. As shown in Figure 2, VGB
incurs lower KL-divergence to 7* than ActionLevelRS, with increasing benefits for large H.

The following task provides a setting where systematic training errors arise (a la Example 3.2)—and
induce an even starker separation between VGB and ActionLevelRS.

Parity task (Appendix E.3): wall-clock time benefits. This task instantiates common intuition
that estimating values may often be much harder at some positions than at others (Li et al., 2024).
Specifically, we design m.er and r* so that at many positions h, V;f,g(yl: r) 18 a parity function—
which is notoriously challenging for gradient descent to learn (Barak et al., 2022)—but many other
positions “reveal” the most recent parity. Intuitively, this effectuates delayed feedback in the trained
value function, as in Example 3.2. Indeed, on this task, VGB requires less wall-clock time than
ActionLevelRS to find a reward-1 response, with superior scaling as I increases (Figure 6).

5.2 LANGUAGE MODEL GENERATOR WITH TRAINED VALUE FUNCTION

We now turn to tasks where 7r is a Transformer-based language model. In these tasks, while it
is infeasible to empirically estimate KL-divergence as before (due to larger response space), we
demonstrate that VGB has benefits over baselines according to natural subjective metrics.

Dyck grammar task (Appendix E.4). The Dyck grammar (Schiitzenberger, 1963) is a classic
context-free grammar consisting of balanced parenthesis strings (e.g., [ ()] is valid but ([)] is not),
and a common theoretical sandbox for language modelling (Hewitt et al., 2020; Yao et al., 2021; Liu
et al., 2022; 2023a; Wen et al., 2023; Botta et al., 2025). Using code from Botta et al. (2025), we
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Figure 3: Comparison of VGB against ActionLevelRS for letter avoidance task (Section 5.3), with
varied backtracking weight « for VGB. Left: Winrate of VGB against ActionLevelRS under pair-
wise comparison of responses by GPT-40-mini (judging for coherence). Right: Average horizon-
normalized log-probabilities evaluated by Qwen-2.5-1.5B. See Appendix E.6 for details.

train (from scratch) a Transformer language model 7. on Dyck grammar sequences of length 32
with two bracket types. The training data is sampled from a distribution where square brackets [
and ] occur with probability 0.8 whereas round brackets ( and ) occur with probability 0.2. While
Trer has near-perfect accuracy at completing in-distribution prefixes, it has much worse accuracy at
completing out-of-distribution (OOD) prefixes, i.e. prefixes with many round brackets.

First, we fix a randomly-chosen length-16 prefix consisting of only round brackets, and train a value
function for 40 epochs on 10000 completions from 7. We compare VGB on two metrics—accuracy
and diversity (i.e. # of correct responses)—against two popular sampling algorithms: Block Best-of-
N (Mudgal et al., 2023) and Block Rejection Sampling (a generalization of ActionLevelRS). We
sweep over block sizes and number of candidate blocks, allowing up to 32 candidate blocks—which
equalizes the number of queries to 7. made by VGB and the baselines (Table 1). VGB achieves a
robustly non-dominated point on the Pareto frontier between accuracy and diversity (Figure 1).

Second, on 12 OOD prefixes, we measure how well VGB and ActionLevelRS match 7* in distribution,
using a tractable proxy for distributional error. True rewards are used at the final position, and the
value function is trained for a varied number of epochs. After initial epochs, VGB achieves lower ¢,
error than ActionLevelRS while being more query-efficient than OutcomeLevelRS (Figure 12).

Code generation task (Appendix E.5). In this task, the goal is to generate a valid test case for a
randomly-named Python function that implements append and is gi/yen in the prompt (Botta et al.,
2025). With base model Qwen-2.5-0.5B, a trained value function V', and true rewards at the final
position, we evaluate VGB and ActionLevelRS against 7* on three distributional metrics: (1) the
histogram of test case lengths, (2) the distribution of object types in the test cases, and (3) the number
of distinct test cases generated. We find that VGB substantially improves upon ActionLevelRS for
(1), and is comparable for (2) and (3); see Table 3 for full results and discussion.

5.3 CONSTRAINED TEXT GENERATION

In our final experiment, we demonstrate that VGB can be gainfully applied even without training a
value function. In many applications of constrained sampling, the reward function r* itself is used
as a process verifier (Shin et al., 2021; Scholak et al., 2021; Poesia et al., 2022; Lipkin et al., 2025).
The dominant algorithm is locally constrained decoding (Scholak et al., 2021), which is precisely
ActionLevelRS with V o r*. Recent works have observed that this algorithm does not sample from
m* (Lew et al., 2023; Park et al., 2024), and correcting this bias is an active research area.

Letter avoidance task (Appendix E.6). In this task, the goal is to generate an English sentence with
H = 32 tokens that does not use the letter “e”. We use base model Qwen-2.5-0.5B and approximate
value function V(yy.) := o =% (y1.,) for varied a € (0,1). Intuitively, a good choice of
should roughly represent the “average probability that 7..¢ errs at an average position”; the choice of
« effectively controls the backtracking probability of VGB, but is irrelevant to ActionLevelRS (it is
equivalent to locally constrained decoding regardless of o). We show that across a broad range of «,
VGB achieves superior coherence and log-probabilities to ActionLevelRS (Figure 3).
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ETHICS STATEMENT

We view our work as fundamental research on guiding Large Language Models (LLMs). While
LLM:s have capacity for harm, we believe that guided generation will ultimately be an important part
of the toolkit for aligning LLM behaviors towards societal interests—and, therefore, that the benefits
of this research outweigh potential harms.

REPRODUCIBILITY STATEMENT

We provide full proofs for all theoretical results in the appendix. We also provide extensive imple-
mentation details for all experimental results in Appendix E. We plan to release the codebase for our
experiments along with the camera-ready version of our paper.
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Part I
Additional Discussion and Results

A ADDITIONAL RELATED WORK

A.1 EMPIRICAL LITERATURE

Early empirical investigations into benefits of process verification for language models (Polu &
Sutskever, 2020; Cobbe et al., 2021; Lightman et al., 2023; Uesato et al., 2022) focused on intuitive
notions of intermediate progress, and explored various schemes for aggregating step-wise verification
judgments into a final outcome-level score, including taking products of probabilities, majority voting
(Li et al., 2023), or minimums of scores (Wang et al., 2023). A recurring theme in this line of work is
the question of how to define the “steps” or “blocks” for verification, and at what level of granularity
process-level feedback is most effective.

Many of these earlier works learned process rewards merely as a building block to more effectively
learn outcome rewards (and used the learned rewards with reinforcement learning rather than at test
time), but many recent works on language model reasoning have also directly used process reward
models at test time, with beam search or other tree search algorithms (Yang et al., 2022; Snell et al.,
2024; Wu et al., 2024; Wang et al., 2025). Several works have demonstrated empirical shortcomings
of greedy methods such as beam search with process rewards, and suggest introducing stochasticity
(Yu et al., 2025a; Puri et al., 2025) or uncertainty-awareness (Yu et al., 2025b) to robustify generation.

Value functions as process verifiers. A growing body of empirical work uses learned value
functions as (a specific instantiation of) process verifiers to guide language model decoding. These
works can roughly be categorized as employing either guided search-based methods (primarily for
mathematical reasoning or similar reward maximization tasks) (Snell et al., 2024; Setlur et al., 2024;
Wang et al., 2025) or guided sampling-based methods (for alignment or constrained text generation)
(Yang & Klein, 2021; Mudgal et al., 2023; Chakraborty et al., 2024; Khanov et al., 2024; Rashid et al.,
2024; Li et al., 2024; Liu et al., 2025). Both lines of work typically learn the value function through
Monte Carlo rollouts (a method that has also been employed in reinforcement learning pipelines
(Wang et al., 2023)) and then use it within search schemes such as beam search or (block-level)
best-of- N, or sampling schemes such as token/action-level sampling or block-level sampling.

Our work is most closely related to the sampling literature, and provides a formal theoretical model
for analyzing different value-guided sampling methods, but we hope that it may provide insights for
improving search as well. Empirically, we expect that VGB, by incorporating more deliberate search
and backtracking while preserving the base model’s diversity, could be beneficially combined with
the value function learning schemes from this literature.

Backtracking and tree search with process verifiers. While many approaches are based on
greedy decoding or beam search, several empirical works have explored more advanced backtracking
or tree search schemes with process verifiers (Scialom et al., 2021; Chaffin et al., 2021; Liu et al.,
2023b; Hao et al., 2023; Snell et al., 2024; Singh et al., 2025; Botta et al., 2025). These methods aim
to overcome the limitations of purely left-to-right generation by allowing the model to revise earlier
decisions. Compared to VGB, these methods may not preserve the base model’s diversity, as they
are designed with pure reward maximization in mind (cf. Remark 2.1). Our work demonstrates that
backtracking can be applied effectively (and in a mathematically justified manner) even for sampling.

Controlled decoding without learned process verifiers. Our work connects to a long line of
empirical and methodological work on constrained/controlled decoding that has developed largely in
parallel with the literature discussed above, but that does not actually /earn a process verifier (Shin
et al., 2021; Scholak et al., 2021; Poesia et al., 2022; Lew et al., 2023; Ahmed et al., 2024; Gonzalez
et al., 2025; Lipkin et al., 2025; Loula et al., 2025). This line of work primarily focuses on the setting
where the goal is to condition a base model 7. on some sequence-level constraint 7* (z, y) = 1 that
can also be evaluated on partial generations. These works forgo training a value function (which can
be computationally expensive), and instead use the reward function 7*(x, 1.5 ) itself as a process
verifier for partial generations. The dominant method in this literature is locally constrained decoding
(Shin et al., 2021; Scholak et al., 2021) (see also Lipkin et al. (2025) for additional references),
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which—as we discuss in Section 5—is equivalent to ActionLevelRS for a natural approximate value
function V.

Sequential Monte Carlo and particle filtering. Our work also connects to a body of literature
on using Sequential Monte Carlo (SMC) and particle filtering methods for inference-time decoding
under process-level guidance (Lew et al., 2023; Zhao et al., 2024a; Loula et al., 2025; Puri et al.,
2025).!" These algorithms bear some resemblance to VGB, in that they maintain a diverse set of
candidate sequences, sampling successors based on importance weights. However, they typically do
not incorporate backtracking, and lack finite-time/compute performance guarantees.

Additional context: diffusion models. Our work broadly shares some high-level motivations with
a few strands of work on diffusion models. Since the earliest days of diffusion models, strategies like
predictor-corrector (Song et al., 2020) were used at inference-time to tame the error accumulation
at inference time, accrued from simulating the reverse SDE. Variants of these strategies have been
developed also for discrete diffusions (Zhao et al., 2024b). Moreover, for the most popular type of
discrete diffusion model for language—absorbing noise diffusion models—the natural inference-time
sampling strategies will not revise a token once it has been set to some value. This has naturally led
to work on allowing the model to backtrack in a principled manner (von Riitte et al., 2025), with
promising gains in performance.

Another related area in diffusion models is sampling from tilted distributions of a distribution that
we have trained a diffusion model for. Notable applications of this flavor are classifier guidance
(Dhariwal & Nichol, 2021; Ho & Salimans, 2022) and inverse problems (Bruna & Han, 2024; Pokle
et al., 2023). However, the conceptual problem in this area is somewhat different: namely, we
have access to the denoiser for the base distribution (at any level of noise), but not for the tilted
distribution—and these two cannot be easily related to each other.

A.2 THEORETICAL LITERATURE

Theoretical understanding of process verifiers. On the theoretical front, our work is most closely
related to Botta et al. (2025), who show provable benefits of access to an exact process verifier in
a binary outcome setting without KL-regularization, a result analogous to our findings regarding
action-level versus sequence-level coverage in Section 3. However, their analysis is restricted to
perfect verifiers. Botta et al. (2025) also show empirical benefits of a backtracking heuristic with a
trained process verifier; one key obstacle that they face is deciding when and how often to backtrack,
which their method addresses by introducing several ad-hoc hyperparameters.

Foster et al. (2025) give guarantees for KL-regularized reinforcement learning in a setting where
Qj(w,y1:n) = (0%, #(,y1.n)) is linear in a known feature map. They show that by using deliberate
exploration, it is possible to provably learn a high-quality value function, with runtime controlled by
the action-level coverage coefficient C,.+. Conceptually this result highlights that process verifiers
can be learned end-to-end while maintaining the computational benefits we sketch in Section 3, but
the algorithm and analysis are quite specialized to the linear setting.

Other related works include Huang et al. (2025a;b), who provide algorithms and theoretical guarantees
for imperfect outcome-level verifiers, and Balcan et al. (2025), who study the sample complexity of
learning outcome-level verifiers for chain-of-thought reasoning. Finally, we mention in passing the
work of Jia et al. (2025), which shows that for general MDPs, the sequence-level coverage coefficient
we consider is controlled by a state-level coverage coefficient;'> we remark that these quantities
are equivalent for language models, i.e. the state-level coverage coefficient will also typically be
impractically large.

Approximate sampling in theoretical computer science. As discussed in Section 4, VGB can be
interpreted as a generalization of the Sinclair-Jerrum random walk (Sinclair & Jerrum, 1989) from
theoretical computer science. Sinclair & Jerrum (1989) developed this walk to show that for any self-
reducible constraint problem such as SAT, there is an efficient complexity-theoretic reduction from
approximately sampling from the uniform distribution on satisfying assignments to approximately

"SMC is also a common method for tilting diffusion models at inference time; see e.g. Skreta et al. (2025).
12Jia et al. (2025) use this observation to show that for offline reinforcement learning in general MDPs where

a reward rj, is available at every step, learning from the sum Zthl rp, s no harder than learning from the
individual rewards (r1,...,7H).
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counting the number of satisfying assignments. Crucially, the error in the approximate counter is
not amplified; to the contrary, the approximate sampler can achieve arbitrary (inverse-polynomial)
accuracy even when the approximate counter has polynomially-large error.

At a technical level, Sinclair and Jerrum (in the above work and Jerrum & Sinclair (1988)) developed
the foundations of (now classical) theory on the mixing time of Markov chains: specifically, the
method of using conductance to bound the spectral gap, which implies fast mixing. Our proof of
Theorem 4.1 follows the same method; however, our proof of Theorem 4.2 requires more modern
techniques such as local stationarity (Balasubramanian et al., 2022; Liu et al., 2024a), as discussed in
Appendix 1.4.

18



Under review as a conference paper at ICLR 2026

B APPROXIMATE COVERAGE ENABLES REWARD MAXIMIZATION

In Theorem 4.2, we showed that the law of the output of VGB approximately covers the optimal
distribution under Assumption 4.2. As a result, it is competitive with the optimal distribution in
terms of diversity (i.e., under Eq. (7), drawing O(nH/§) samples from VGB will tend to cover almost
as many responses as O(n) samples from 7*). Approximate coverage also enables approximate
(unregularized) reward maximization. This is achieved simply by applying the Best-of-/N algorithm
to multiple samples from VGB. In this section, we provide a formal statement of this implication for
completeness.

Formally, for proposal distribution 7 € A()), reward function r* : ) — R, and positive integer
N, the Best-of-NN algorithm draws N samples y®, ...,y ~ 7 and outputs y“’ where j :=
arg max;e(y) r*(y@). The following proposition shows that approximate coverage implies regret
bounds for any binary-valued reward function; see e.g. Huang et al. (2025b) for more general
guarantees.

Proposition B.1 (Best-of-V guarantee under approximate coverage). Let 7, 7" be two distributions
over set Y, and let v* : ) — {0, 1} be a binary-valued reward function. Suppose that 7,7 satisfy

R“”[:lﬁ

for some function F : R~g — R<q. Then for any €,6 > 0, the output y € Y of the Best-of-N
algorithm with proposal distribution w, reward function r*, and parameter N := ﬁ log % satisfies

> F(a)} <e ®)

E[r* ()] = E™ [r*(y)] — ¢ — 4.

Note that this is interesting in the context of Theorem 4.2 since the output of VGB satisfies the above

2
guarantee with F'(g) = 48H(tev) Thys, by applying the Best-of-N algorithm to O(H) samples
from VGB, we can compete with the optimal distribution 7* in expected reward (for any r* that we

can evaluate).

Proof. Let &£; be the event that r*(y) = 1, and let & be the event that 7*(y)/7(y) < F'(¢). By
assumption, we have 7% () > 1 — &, and thus 7 (£ N &) > E™ [r*(y)] — e. It follows that

1 *
EiNE) > ——(E™ [r* — ).
(& 2)_F(5)( [r*(y)] — )
Now recall the definition of the Best-of-N algorithm; let y™, ...y denote the candidates that it

draws from 7. The algorithm’s output ¥ satisfies
E[r*(y)] > P[Fi € [N]: y© € &]
>1—(1-n(&N&E)Y
> 1 e Ao E [ @I-e)
> 1 - 6B [ w)-e
>E7 [r*(y)] —e — 6

by choice of N and the inequality 1 — y* > « — y forall z,y € [0, 1]. [
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C REWARD MAXIMIZATION VERSUS SAMPLING

The main focus of our work is on the task of sampling, which is often used to balance reward
maximization and diversity / general capability (Ziegler et al., 2019). In practice, sometimes the
only goal is reward maximization: given a base policy s : X — ) and query access to a reward
function 7* : X x Y — [0, Ryax], the goal—given some prompt 2z € X—is to compute some y € )
achieving maximal reward.

Given some process guidance function G : X x A* — R, two classical, widely-used algorithms for
this task are greedy decoding and beam search (Khanov et al., 2024; Wang et al., 2025). For some
width parameter W, beam search with guidance function G proceeds as follows. At each h € [H], it
maintains W beams y\') _|,...,y\%y) | € AP=1 of length h — 1. It then computes the 1¥/|.A| beams
that are all possible one-token extensions (if |.A| is large, then instead the algorithm draws some
number of candidate tokens from 7). Finally, from these W|.A| extended beams, it selects the W
extended beams (y!)), |, yn) with the maximal values of G(y\) _,,yn). After step H, the output is
selected again by maximizing GG. Greedy decoding is simply beam search with width W = 1.

It is clear that these algorithms are not sampling from the distribution 7* defined in Eq. (2), nor do
they maintain diversity of generations in any sense, as their goal is pure reward maximization. In
certain settings, they are provably effective at reward maximization: in particular, it is straightforward
to see that with guidance function
G(z,y1.p) == max ™ (x,y1.H
(=, y1:1) o, max, (@, y1:1),

beam search finds some y7.;; € argmaxr*(z,y1.5) for any W > 1. This guidance function
is the classical (optimal, unregularized) value function in the autoregressive MDP defined by the
deterministic dynamics (y1.n—1,Yn) —> Y1:h-

However, our setting studies the benefits of the guidance function
G(Iv yl:h) = ‘/at/g(xv yl:h) - ]Eﬂ’ref [T*(I, yl:H) xZ, Z/l:h],

which is the value function for 7..¢ in the autoregressive MDP. This “averaged” guidance function
is natural since it can be directly estimated via regression onto Monte Carlo roll-outs, unlike the
preceding function, and this is commonly done in practice (Yang & Klein, 2021; Wang et al., 2025).
The following example demonstrates that with this value function, even in the absence of estimation
errors, beam search is not the “right” algorithm for reward maximization: it can be substantially
worse than algorithms that sample from 7*(y | z) o 7rer(y | 2)r* (z, y).13

Example C.1 (Greedy decoding and beam search are suboptimal with V7,). Let X := { L} (we

omit dependences on the prompt space henceforth) and Y := {0, 1} for some even H. Define
Tref := Unif(Y). Define r* : Y — [0,1] by

1 fy1=ya/241.5 =0
r(yrm) =2V H2 iy =1
0 otherwise

Then the distribution 7 (y) & mrer(y)r*(y) satisfies
. 2H/2-19—H 1
T H/2y _ I
E™ [r*(y)] > E 7T*(07?J2:H/270 ) = QH/2—-19—H | 9QH—19—H9l-H/2 ~ 3’

Y2:H/2

However, consider the execution of beam search for any W < 2H/2-1 Ry every h < H/2, we have

27H2ify; =0
* —
‘/avg(yl:h) - {21_}:1/2 zfy1 -1 .

In particular, V3, (0,y2.n) < Vig(1,45.) for all ya.p, ys.;,. Thus, by step H/2, beam search will
reject all beams with vy, = 0. So it will find a response with reward 2*=/2, which is Q(1)-suboptimal
compared to T*. q

BOf course, in some instances it can be better, so the algorithms are incomparable when the goal is reward
maximization.
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We can prove an analogous result in the KL-regularized optimization setting. In this setting, for a fixed
base policy and reward function, the regularized value function Qf(z, y1.n) = Blog Ve (. y1:1)
converges to the classical unregularized value function as 8 — 0, so in this limit beam search will
succeed. However, the following example demonstrates that even for 8 = O(1/H ), beam search can
fail unless it uses width W = 29(H)

Example C.2 (Greedy decoding and beam search fail with Q%). Let X' := {L} (we ignore the
prompt space henceforth) and Y := {0, 1} for some even H > 2. Define mrer := Unif()). Set
—1
8= m so that €#~ /2 = 21/2=1_ Define r* : ) — [0,1] by
1 ifyi =yuj2+1.8 =0
ryun) =q5 fyp=1
otherwise

o

similar to the preceding example. Then the distribution 7j(y) o< mrer(y) exp(B871r*(y)) satisfies

pH/2-19-Hef™" 4 LoH-1g-Hef™'/2 2

T [k _ = _
E 5[r (y)] - 2H/2,12,H6ﬁ—1 +2H,12,H6ﬁ—1/2 ¥ (2H71 72H/271)27H - 3 0(1)

However, for every h < H/2, we have

o 1 2H/2=2ifyy = 0
Vialun) = B loxp(5 an) L n) = { oy 021,

Thus, as in the preceding example, beam search will reject all beams with y, = 0 unless the width
exceeds 27/2=1 Therefore it will (deterministically) produce a response with reward only 1 /2. <
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D INSUFFICIENCY OF ALTERNATIVE ERROR CONDITIONS
In this section, we discuss issues with three natural alternative error conditions to Assumption 4.2.

D.1 AVERAGE-CASE MULTIPLICATIVE ERROR BOUND UNDER Ty

One plausible alternative to Assumption 4.2 is the following assumption, which is average-case over
Trer Tather than 7*: for each position h < H,

~

V(l’, yl:h)
Ve (T, y1:0)

Ve (T, y1:0)

~

V(l’, yl:h)

E

Y1:h ~Trer (-] )

<1l+ey, <1l+4ey. )

Y1:h ~Trer (-] T)

This modification seems particularly natural if V' is estimated via regression onto Monte Carlo
roll-outs from ¢, since typical statistical learning guarantees will be average-case over mrerf.
Unfortunately, as the following example shows, test-time alignment is information-theoretically
impossible with only this assumption, unless €y is exponentially small. The basic reason is that
distribution shift between 7. and 7* at earlier positions h can lead to the error bound being
essentially vacuous on the effective support of 7* at later positions ' > h.

Example D.1. Let X := {1} (we omit dependences on prompt henceforth) and Y := A" where
H € Nis even and A := {0,1}. Let mrer := Unif()). We define a family of test-time alignment
instances I, parametrized by a sequence g = grr/241.1 € AH/2 Each instance has base policy Tres
and tilt function T4 : Y — {0, 1} defined by

7o) = yra/2 = 0 Ay o108 = 9] + X - Ly1.a/2 = 0],
*

for a parameter A > 0 to be determined. The optimal distribution

X Tref - Ty Satisfies 7'(';(0, g) =

1+12J1r1/>2,\’ and
VA (i) = 2= H1[yy g, = 07] + 2= H/2 X[y, = 0"] ifh < HJ2
avg,g\Y1ih) = 2" =H[yy., = (0,9)1.8] + M[y1.p/2 = 0H/2]  otherwise
We define
_ Vi () ifh < H/2
Viynn) o= 4 289 ,
(y1:0) {)\H[yle/z = 0H/2]  otherwise
Then for any h > H/2, we have V (y1.5) < Vive.g(W1:n) for all yy.p,, and
Vive.g(Y1:n) oh—H 2~ H
! P h=(0,9)1) =1+ —.
s () <1+ h ymwrmef[yl.h (0,9)1:n] + 3

Set \ :=2=H/2 Then Eq. (9) is satisfied with ey := 2~ /2. Moreover, V does not depend on g, so
for any alignment algorithm, the law T of the output on instance 1, is independent of g. It follows

that there is some g such that 7(0, g) < 1/2H/2. But by choice of \, we have 75(0,9) > 1/2 for all
g. Thus, there is some g such that

*
. [?(yw) > o1 > L
YLH~TY W(yle) 2

i.e. there is a constant fraction of the mass of w; where T exponentially undercovers the responses. <

D.2 ADDITIVE ERROR BOUND FOR X7

Typical statistical learning guarantees for regression give additive error bounds rather than multiplica-
tive error bounds. Thus, it may seem natural to instead assume that for each position h € [H], for
each y., € A", R

IV (2, y1:n) — Vavg(®,y1:0)| < ev (10)
for a parameter ¢y > 0—or an analogous average-case bound. For simplicity, let us consider the
worst-case version; the same issues apply to the weaker average-case versions.

o> and V by 1/2
does not change the problem, but halves the additive error. Moreover, the following simple example
demonstrates that even in the constrained sampling setting, where 7 is binary-valued and therefore
has a natural scale, Eq. (10) is insufficient unless ¢y is exponentially small.

The basic issue is that Eq. (10) is not appropriately scale-invariant: rescaling 7, V;
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Example D.2. Let X = {1} and Y = A" where H € N and A = {0,1}. Let mrer := Unif(Y).
We define a family of test-time alignment instances I, parametrized by a sequence g = g1.q € AH,
Each instance has base policy Trer and tilt function 7, : ) — {0, 1} defined by

79 =1lly = gl.
Thus, the optimal distribution Ty X Trer - Ty satisfies 7,(g) = 1, and V3, (y1.n) = 2h=HT[yy.p, =
g1:1]- We define
- 0 ifh < H/2
V(yr.n) == - .
(w1:1) {‘/a\tg7g(y1:h) otherwise

Then Eq. (10) is satisfied with €1 := 2~ /2. However it is evident that observing a non-zero value of
v requires 2*F) queries, so for any algorithm that makes 2°") queries, there will be some instance
I, on which its output distribution T, will exponentially undercover 7, (in the sense of the previous
example) with high probability. We omit formal details of the query lower bound as such arguments
are standard. N

A scale-invariant additive assumption? The failure mode of the above example is that m..r has
extremely low average reward—and it seems natural that the accuracy of the value function estimates
in such a setting may necessarily have to be correspondingly more accurate. Motivated by this
observation, we briefly discuss a scale-invariant version of Eq. (10), which scales the error according
to the inherent “difficulty” of the problem:

Assumption D.1. For each position h € [H], for each yy.,, € A",
IV (@, 510) — Vi (@, 51| < ev Vg ().

avg avg

The following proposition shows that Assumption D.1 actually implies Assumption 4.2, with a slight
adjustment to the approximate value function—that can be tractably computed if V3, (z) is known
(i.e. we have some estimate of the “difficulty” of prompt = for 7 ef).

Proposition D.1. Let ey, > 0. Under Assumption D.1 with parameter €y, the (modified) approximate

value function V' (z,y1:) = V (2, y1.) + ev Vg () satisfies Assumption 4.2 with parameter 2y .

Proof. Since 7*(y1.p, | ) = mﬂ'ref‘(yl:h | 2)Vavg (%, y1:1), we have

‘7/(‘%, yl:h) - Vv;/g(x» yl:h)‘|

~

Viz,yin) | _
Vvat/g(‘raylzh) Y1:p~m* (| z)

V;{g((ﬂ’ yl:h)

Y1:a~m* (-|2)

V' (2, 1) — Ve (T, y1:1)
Y1:h ~Trer (-] ) Vaf/g(x)
-1+ ey + V(I7y1:h/) : ‘/a’\(/g(zhylih)
Y1:h ~Tref (+|T) ‘/avg(‘r)

<1+ 2y
and, for every y1.n € A", V' (2, y10) = V(@ y1) + ev Vaig(@) = Vg (@, y1a), so that
Vae(@yin) |
Y1~ () V/(mvyl:h>
which suffices. -

This result provides additional motivation for Assumption 4.2, and suggests a potential algorithmic
intervention to make an approximate value function more useful—namely, adding some estimate
of V3, () to the approximation. However, it remains unclear whether Assumption D.1 is sufficient
when V1, (2) is unknown. It is also unclear whether an average-case variant of Assumption D.1
could suffice for efficient test-time alignment (in the proof of Proposition D.1, the first part goes
through with an average-case error bound under 7., but the second part does not)—and in what
regimes of €y it would enable improving upon the error guarantees of ActionLevelRS. We leave
these interesting open questions for future work.
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D.3 MSE BOUND FOR @
As discussed in Section 4.3, in the KL-regularized setting, Assumption 4.2 corresponds to an MGF
bound on A(z, y1.n) = Q%(x, y1:n) — Q(z,y1.1); it is implied by:
IE*( ‘ )[eXp (B7HA(, yn))] < 1+ ev. (11)
Y1:n~T (T

While an average-case assumption, this is still stronger than typical statistical guarantees for regression
(e.g., Wainwright (2019)). One may naturally ask whether a mean-squared error bound suffices for
Theorem 4.2; we show that it does not.!* This result demonstrates a distinction between the H = 1

setting (Huang et al., 2025b) and our setting.

To state the formal result, we introduce the following oracle framework for KL-regularized optimiza-
tion, in which the algorithm has sample access to the base model and query access to the approximate
value function (but does not have access to the true outcome-level reward). Note that Theorem 4.2
applies in this setting. See Huang et al. (2025b); Foster et al. (2025) for similar models.

Definition D.1 (Oracle framework for KL-regularized optimization). Let 7 s be a base model, let
r* be a reward function, and let B > 0. We consider algorithms that have access to the following
oracles:

* Value function oracle: Given a prompt x € X and a partial completion y,.;, € A", returns
Q(z, y1.n) = Blog V(z, yr.n).

* Conditional density oracle: Given a prompt x € X and a partial completion y1.,—1 € Ah—1
returns Teer(Yn- | , y1.n—1) for all y;, € A.

We show that if Eq. (11) is relaxed to an £, error bound for any constant p, then there is no algorithm in
the above framework that achieves an analogous “approximate coverage” guarantee to Theorem 4.2.

Theorem D.1. Let p > 2 and let H € N be given. Set X := {L} A:=1{0,1} and Y = A" For

any algorithm in the above oracle framework with § 1= m, there exists a base model

Tref : X — A(Y), reward function r* : X xY — [0, 1], and approximate value function Q satisfying

Er| (@@, y1n) = Q(@,010))"| S by and By [(Qyrn) — Qi y1n))*] < b,
(12)

where e = O(3), and yet the output distribution T of the algorithm satisfies

*
P [Wﬁ(y) S 2H3] >

~

1
7(y) 4’
In other words, there can be a constant-fraction of the mass of 7% where 7 exponentially undercovers
the responses. This result can be contrasted with Theorem 4.2 and Assumption 4.2.

Note that this result is agnostic to the query complexity of the sampling algorithm in the above oracle
framework; there is simply not enough information in @ to achieve approximate coverage. However,
the result does not capture algorithms that have access to the true outcome-level rewards. In that case,
there is (existentially) enough information to sample from the true distribution—but since the above
result shows that the process verifier @ can be completely uninformative, we expect that there is a
query-complexity lower bound in this stronger setting.

Remark D.1. Consider the case p = 2. To interpret the result, we note the value function @ has
low mean-squared error (MSE) under two policies: 7™ and mes. Low MSE under 7 is the MSE
analogue of Assumption 4.2, which the above result shows is information-theoretically insufficient
to achieve a comparable coverage guarantee to Theorem 4.2; this is true even when H = 1 (if the
action space is large).

The mean-squared error condition with respect to Ter is more subtle. In the case of H = 1, Huang
et al. (2025b, Theorem 4.1) show that using an algorithm based on pessimism, one can achieve

"It is also not evident whether there is a statistical regression procedure that achieves an MSE bound on @
(rather than V'), but this result shows such a bound would still be insufficient.
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runtime that scales with Cyc () using only the assumption of low MSE under myer. Our lower bound
demonstrates that when H is large, MSE is no longer (even information-theoretically) sufficient to
achieve such a guarantee—essentially since distribution shift between s and 7 arises in multi-step
settings.

Proof of Theorem D.1. Set e := 1/HP*2. Fix mer := Ber(l — ¢) @ Ber(1/2)2H -1 and
B :=1/(2H log(1/¢)). We define a family of instances where the reward function r* and optimal
policy mj are indexed by a sequence g = go.i7 € AH Tnstance I(g) is defined by reward function

1 ng(yl:H)
r*(yin) = 5 + Blog ———,
(w211 2 Tref (Y1:1)
where 75 € A(Y) is defined as the law of the following process: sample y; ~ Ber(1/2). If y; = 1,

then sample yo.77 ~ Ber(1/2)®~1)_ Otherwise, independently sample y», . . .,y so that Py; =
gi] = 1 — €. By definition of *, we have that wg(ylﬂ) X Trer(Y1.1) exp(B~1r* (y1.1)), so r* and
7* define a valid instance of the KL-regularized optimization problem. Moreover, it is straightforward

to check that 7% (y1.1) /et (Y1) € [e7H,eH] for all y1.7, and therefore r*(y1.z7) € [0, 1] by
choice of .
‘We have
* Tref —1,.% 1 T‘—Z’(ylzh)
Q% (y1:n) = Blog E™ exp(B™ 7" (y1.1)) | y1:0] = 5 + Blog ————.
2 7Tref(yl:h)

Define the approximation @ by

Ao Q) ifp =1
Q(ylzh) = {QE(Omglh) otherwise '

Since r*(y1.1) € [0, 1] for all yq.5y, we have Qg(yl;h) € [0, 1] for all y;.5,, and therefore similarly

Q(y1.n) € [0,1] for all y;.;,. It follows that

B [(Quin) = Q3nn)| < Bl = 0]

Similarly,

E”E [(Q\(ylzh) — Qg(ylzh))p} < EJ;WZ% [yl =0Ayap ?g 92:h]
<ceH.

Note that (¢ H)'/? < O(1/(2H log(1/¢))) = O() so long as ¢ < 1/HP*+2. Thus, for each instance
I(g), the approximate value function satisfies the required accuracy guarantees. However, we can

observe that @ does not depend on g. Thus, the law 7 of the sampling algorithm’s output on instance
I(g) does not depend on g. For each g, in instance I(g) it holds that 75 (0, g2.:r) = t(1-e)f-1> 1

However, there is some go.77 such that 7(0, go.;r) < 2!~ . Thus, in instance (g), it holds that

as claimed. ]
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E FURTHER EXPERIMENTAL DETAILS AND OMITTED FIGURES

Basic setting. Our experimental tasks are instantiations of the following basic setup. Let A’ denote a
prompt space, and let ) := AH denote aresponse space. Let mcr : X — A()) be a generative model
from which we can draw autoregressive samples (and compute next-token conditional probabilities).
Letr* : X x ) — {0, 1} be a binary reward function that we can query (we will make it available to
the generation algorithms in tasks where we wish to measure distributional accuracy, but not in tasks
where we wish to measure pure reward maximization). Given a prompt z € X, our primary goal is to
sample from the distribution 7*(- | ) € A()) defined as the conditional distribution of 7ef (- | 2)
on reward-1 responses:
Ty | 2) x ey | 7)1 (2, ).

In different tasks, we will measure performance at this goal in different ways. As discussed in
Section 1, it can be checked that 7* satisfies

T (Yn | 2 Y1:n—1) X Trer(Yn | 5 y1:n—1) - Vavg (2, Y1:1)

where
‘/a’\(/g(xa yl:h) =[E"ref [T’*(I', yl:H) | yl:h]-

Value function estimation by Monte Carlo rollouts. For all but the last of our tasks, we will train
an approximation of Vi, via regression onto Monte Carlo rollouts. In particular, expanding on the
discussion in Section 1.2, the above expression for Vi, suggests the following natural way to train a
value functioPS, which approximates the common approach in prior work (Yang & Klein, 2021; Wang
et al., 2025):

N
i=1°

()

1. Draw samples (2, y{";;) where 29 ~ p is from some prompt distribution and vy’ ~

7Tref(' | x(i))-
2. Foreach i € [N], evaluate the reward r® := r*(z®, y{";).
3. For each h € [H], solve the regression problem

N

‘711 < argmin Z(Vh(x(i)’ y<1>h) _ 7a(z'>)2.
vev '

In specific experiments, we may deviate slightly from this formula, and we will describe such details
in the corresponding sections.

Organization of section. In Appendix E.1, we discuss in detail how we implement VGB and
baselines, focusing particularly on the differences from the theoretical versions of the algorithms
(made for efficiency and avoidance of unnecessary hyperparameters). In Appendices E.2 to E.6 we
provide details on the task setup, value function training setup, and evaluation protocol for each of
the ABC task, parity task, Dyck grammar task, Python test case generation task, and letter avoidance
task respectively. In Appendix E.7 we provide additional exploratory results.

E.1 IMPLEMENTATION DETAILS FOR SAMPLING ALGORITHMS

Implementation details for VGB. Recall that the provable guarantees for VGB require repeatedly
running the Markov Chain for a fixed number of steps, until the resulting generation is a leaf node of
the autoregressive tree (Algorithm 1). For our practical implementation of VGB, we instead return the
first leaf reached during the random walk.'® We also remove self-loop transitions, as these now have
no effect. For tasks with small alphabet size (ABC, Parity, and Dyck grammar) these modifications
are the only changes made for the implementation; see Algorithm 2.

For tasks with large alphabet size (Python test case generation and letter avoidance), we make one
additional change. Enumerating the alphabet at each step would be computationally infeasible.
Instead, we implement the transitions using an implicit approximation of rejection sampling (that

'5One difference is that these works typically do not train a separate value function for each position h € [H];
we revisit this detail in the Python test case generation task (Appendix E.5).

1We enforce a fixed generation length in all of our experiments (so all leaves of the tree are at the same height
H), but we expect that our methods can be adapted to settings where generation lengths vary. We treat EOS as a
normal token.
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avoids needing to estimate a normalization constant, unlike Algorithm 4). At iteration ¢, we sample
K = 32 candidate tokens from (- | 2, 9", ). Append each of these to ") and let the resulting K
sequences be denoted by z2[1],.. ., z[K] € A"*1. Also define z[0] := y*), . We define a probability
distribution p over z[0], ..., z[K] by

ﬁ(t)(z[o]) x K - ‘7(937 al:h)
and, for1 <1 < K, R

P (2[i]) oc V(a, 2[d]).

We then sample y“+ ~ p®. It can be checked that as K — oo, this distribution approximates the
ideal distribution over the entire neighborhood of y{')h

Implementation details for VGB-Momentum. We implement a version of VGB with momentum,
analogous to the modification made by Hayes & Sinclair (2010) to the original Sinclair-Jerrum chain.
This means that there are two copies of each node of the generation tree, and each transition of
the original undirected Markov Chain is replaced by a directed cycle; the crossing flows are then
cancelled out to decrease diffusive behavior. See Hayes & Sinclair (2010) for the details of the
modification, which carries over readily to our setting. The only practical modification we make is to
stop the Markov Chain as soon as it reaches a leaf (as with VGB). We only implement this algorithm
for settings with small alphabets, but one can see that it would readily extend to large alphabets by
the technique described above.

Implementation details for ActionLevelRS. When the true rewards are used for leaf nodes of the
generation tree, ActionLevelRS may get “stuck”, i.e. all continuation probabilities may be 0. In this
case, we simply restart the algorithm at the root node. See Algorithm 3 for the implementation of
ActionLevelRS for small alphabets. The implementation for large alphabets is the same as described
above for VGB (again with K = 32) except that the transition distribution puts zero mass on the
backtracking candidate 2[0] =y}, _,. We do not tune the choice of K for either algorithm.
Implementation details for OutcomeLevelRS. This algorithm is particularly simple in the con-
strained sampling setting: it simply repeatedly draws responses from 7..¢ until we find a response
with reward 1.

Implementation details for Block Best-of-B and Block Rejection Sampling. In both algorithms,
we generate via an iterative procedure: sample B blocks of length L, from 7.er conditioned on the
current partial generation. Then choose one of the resulting continuations by either (a) choosing the
continuation with the largest estimated value (Block Best-of-B), or (b) sampling the continuations
proportional to their values (Block Rejection Sampling).

Efficiency metric: step count. Besides various error, diversity, and accuracy metrics, we will often
measure the efficiency of different algorithms. Our main efficiency metric is step count. For VGB,
this is the number of transitions of the Markov chain until it reaches a leaf node; for ActionLevelRS,
this is exactly the horizon H (i.e. length of responses) unless it gets “stuck” and either restarts or (in
the large-|.A| setting of Appendix E.6) has to redraw and evaluate new candidate tokens. For Block
Best-of-B and Block Rejection Sampling, this is BH where B is the number of candidate blocks.
For Outccl);neLevelRS, this is nHH where n is the number of repetitions required to find a reward-1
response.

E.2 ABCTASK

Task setup. Let H € N be a fixed horizon length, and define alphabet A := {a, b, c}. Define
X = {L} to be the trivial prompt space, and define the response space to be ) := A", Define
Tref € A(Y) to be uniform over ). Define reward function r*(y) := I[y, € {a,b}Vh € [H]]. Thus,
7* is uniform over {a, b}#. This task, following Example 3.1, is designed to measure the effect
of benign training errors on the sampling algorithms; note that there should be no computational
obstacles to learning the true value function.

""We do not argue that step count is the only efficiency metric one might care about; indeed, in practice
there are numerous other factors that heavily influence wall-clock time, including but not limited to the number
of language model queries per step, number of value function queries per step, key-value caching, and ease
of parallelization; some of these are the focus of entire bodies of research in guided generation (Lipkin et al.,
2025). These considerations are largely orthogonal to the focus of our work, for which step count is a simple
theoretically-aligned metric. We do nevertheless demonstrate that VGB can outperform ActionLevelRS in strict
wall-clock time, albeit in the synthetic setting of the Parity task (Appendix E.3).
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Algorithm 2 Practical implementation of VGB for small alphabets

1: input: Reference model 7.¢; approximate value function 17, prompt z € X, horizon H € N.

// If outcome-level reward is available, set V(z,y1.m) = 7" (x,y1.1).
2: Initialize y©© := @ and t = 0.
3: while [y < H do
4: Set h := |y™®]|.
5: Define p® as the distribution over neighborhood A (y}'},) of y{') where
V(a,yl,) ifh>0
() (5,(8) »I1:h )
. x .
P Wrn) {0 ifh =0,
and for each yp 1 € A,
® 1/ ®) :
() [, (8) 7rref(ZUthl ‘ xvylzh) V($»y1;h7yh+1) ifh < H,
P (Yihs Ynt1) {0 ifh = H.
6: Sample y“+V ~ p®, and increment ¢.

7: return y®.

Algorithm 3 Practical implementation of ActionLevelRS for small alphabets

1: input: Reference model 7.cf; approximate value function v, prompt x € X, horizon H € N.

// If outcome-level reward is available, set V(z,yi1.m) =7"(z,y1.1).
2: Initialize y©® := @ and t = 0.
3: while [y < H do
4 if th+1€A Tref (Yn+1 | x’y(lt:)h)v(xvy;t:)h’yh+1) = 0 then
5 Set y**+Y < & and increment .
6
7

Set h := |y™].

(t) (t)

Define p® as the distribution over neighborhood A (y}’}, ) of 3’} where for each y541 € A,

)\ 17 (®) :
() [, (8) Tref (Yn+1 ‘ x7y1:h) V($7y1:h7yh+1) ifh < H,

8: Sample y“+ ~ p®, and increment ¢.
return y*.

0
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Figure 4: Average step counts for ABC task (Appendix E.2). Each experiment is repeated 10 times
and we plot the mean and standard error.

Value function training setup. Let V € N be the number of training samples. We train a separate
value network for each generation length h € [H — 1] (at length H we use the true rewards). Each
network takes as input a one-hot encoding of the generation and has one hidden layer of width 128;
the internal activation function is a ReLU and the final activation function is a sigmoid. Each network
is trained with 100 steps of Adam, and learning rate 0.01, on the binary cross-entropy loss from the
N Monte Carlo roll-outs.

Evaluation protocol and results. For fixed H and NV, we train the value functions as described
above, and then draw 10 - 27 samples from VGB (Algorithm 2) and ActionLevelRS (Algorithm 3).
For each sampling algorithm, we compute the KL divergence of the empirical distribution to 7*.
We repeat this experiment for 10 seeds, and all combinations of N € {500, 1000, 10000} and H €
{5,6,7,8,9,10}. We observe that VGB robustly achieves lower KL-divergence than ActionLevelRS,
with particularly pronounced benefits for larger H (Figure 2). We also record the average steps
used by each algorithm (Figure 4), and observe that the step count of VGB appears to grow roughly
quadratically in H for large N, as predicted by the theory, but may scale considerably worse for
small V.

E.3 PARITY TASK
Task setup. Let K, M € N. Let H := M K be the horizon length, and define alphabet A := {0, 1}.

Define X := {1} to be the trivial prompt space, and define the response space to be ) := A".
Define 7ror € A(Y) by

]I[yhEyh+1_K+~--+yh_1mod2} ifhE{K,QK,...,MK}
Tref (Yn | Y1:n—1) = .

1/2 otherwise
Define reward function 7*(y) := [[y:x = 0Vt € [M]].

Theoretical intuition for task. Intuitively, this task is designed so that a decision has to be made
at each position h = K — 1 mod K, but the correctness of this decision is only made obvious at
position h + 1 (a la Example 3.2). This is motivated by the common empirical observation that in
language model generations there is often natural “segmentation” where a complete segment is easier
to score than an incomplete segment (Li et al., 2024).

More precisely, with this setup, we observe that the true value function is

I[yp = 0] ifh =K mod K
Vi) = 2 K1=MIfy e — 0W1 <t < [h/KT] QT[S0 5 gy =0mod2| ifh=K—1mod K .
1/2 otherwise

For any position h = K — 1 mod K, learning the value function requires fitting a parity of K — 1
variables (as well as an AND clause)—a task that is notoriously challenging for gradient descent (Barak
et al., 2022). In contrast, for any position h = K mod K, learning the value function only requires
learning an AND clause. Thus, we hypothesize that there is a broad training regime in which a value
function trained via gradient descent will approximately have the following form:
Iy, =0] ifh=K mod K
V(yn) = 2/ K1=M1ly e —0v1 < t < [h/K[]{ 1/2 ifth=K—1mod K . (13)
1/2 otherwise
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If this is the case, then ActionLevelRS will make a mistake at each position h = K —1 mod K with
probability 1/2, and will therefore be exponentially unlikely to find any reward-1 response—let alone
sample from the distribution 7* over reward-1 responses—whereas VGB may be able to automatically
use the values at positions A = K mod K to correct earlier errors (this is not a priori obvious from
the theory, since V (y1.1)/ Vaf,g(yhh) can be infinite, so Assumptions 4.1 and 4.2 are not technically
satisfied, but a formal theoretical guarantee can likely be proven under Eq. (13)). This intuition is

borne out by the experiment—where we train V' as discussed below.

Value function training setup. We use the same network parametrization as in the ABC task, with
a separate network for each generation length (and true rewards at length H). We train each network
with Adam for a single epoch, with 10* batches of size 128 and learning rate 0.001, on the MSE loss
from the batch of Monte Carlo roll-outs. We checkpoint the value functions every 1000 batches.

Evaluation protocol and results. We set X' = 4 and vary M € {8,9,10}. For each N €
{1000, 2000, . . ., 9000}, after training the value functions for N batches, we draw 100 samples each
from VGB and ActionLevelRS, and we record how long each algorithm takes on average (in wall
clock time), and how many steps it used. If the algorithm takes longer than 1 minute to generate a
single sample, we call that sample a timeout, and we track the number of timeouts. We repeat the
experiment for K = 5 (this time with N € {5000, 6000, ..., 14000} for computational reasons).
Results are shown in Figs. 5 and 6.

We see that after early checkpoints, VGB robustly improves upon ActionLevelRS in all metrics, with
increased benefits for larger K and M (and therefore larger horizon ). To illustrate the source of
this improvement, for K = 5 and M = 8, we visualize the error in the trained value function at each
position h € [H] (Figure 7). As theoretically predicted, training is substantially more efficient at

positions A = 0 mod K than at positions h = —1 mod K. VGB improves upon ActionLevelRS in
the regime after the value function has been learned at positions h = 0 mod K but before the value
function has been learned at positions h = —1 mod K.

E.4 DyYcK GRAMMAR TASK

Task setup. The basic setup for this task follows Botta et al. (2025). Define A :=
{(,),[,1,B,E,P,S}. Define prompt space X := A'" and response space ) := A7, We de-
fine a reward function r* : X x Y — {0, 1} where a pair (z,y) € X x ) has reward 1 if and only if
it has the form xy = Bsy.32E where s1.32 € A3? lies in the Dyck grammar for {(,), [, 1}.

We train a transformer-based language model 7.+ on a distribution of strings in A x ) that have
reward 1. This distribution is designed so that square brackets appear with probability 0.8 whereas
round parentheses appear with probability 0.2. Following Botta et al. (2025), tokens “P” and “S” are
extraneous tokens that do not appear in the training data and are not present in reward-1 strings. '8

While 7..¢ typically achieves high reward on in-distribution prompts, as we will see subsequently,
there are out-of-distribution prompts on which it achieves low average reward. These are the prompts
on which we will train value functions and use value-guided samplers.

Value function training setup. We train a separate value network for each generation length
h € [H]. The network parametrization is the same as in previous tasks except the hidden layer has
width 64 (this was not tuned, but simply chosen to mitigate overparametrization since the input layer
has much larger width than in previous tasks). Each network is trained for 40 epochs on 10, 000
Monte Carlo roll-outs, using the Adam optimizer with learning rate 0.003, weight decay 0.1, batch
size 32, and the MSE loss. We checkpoint the value functions at the end of every epoch.

Accuracy/diversity tradeoff: protocol and results. First, we fix the length-17 prefix z :=
B((O) (CCCCCCO (G which was randomly chosen subject to the constraint that m..¢ has low success
at producing reward-1 completions, i.e. Ey r  (.|z)[r*(z,y)] is small. We train value functions,
via the procedure described above, on Monte Carlo rollouts from this specific prompt. For e €
{1,2,3,5,10,40}, we draw 3000 completions of this prompt from VGB, using the learned value
function checkpointed at e epochs of training. For this first experiment, we do not use the true
rewards, so the algorithm may produce incorrect completions. We do the same for VGB-Momentum,
ActionLevelRS, the base model 7r, Block Best-of-N, and Block Rejection Sampling. For the

18This is consistent with practical LLMs: the vocabulary typically includes a few unused token IDs. Our
results show that VGB is robust to unseen, irrelevant tokens in the vocabulary.
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Figure 5: Efficiency of VGB and ActionLevelRS at finding a reward-1 response in Parity task
(Appendix E.3) with K = 4 and M € {8,9,10} (so that H € {32,36,40}), across training
checkpoints N € {1000, 2000, . ..,9000} of the value function. We cap the time to draw a single
response at 60 seconds. Top row: wall-clock time (in seconds), conditioned on not timing out;
middle row: step count, conditioned on not timing out; bottom row: fraction of time-outs. For
each M and each training checkpoint, we report mean and standard error over 100 samples drawn
from each algorithm. We plot wall-clock time and step count on a log scale to make evident that the
multiplicative benefit of VGB over ActionLevelRS increases with M.

latter two algorithms, we sweep over block lengths in {1,2,4, 8,16} and # of candidate blocks in
{2,4,8,16, 32}.

The results comparing VGB against the baselines are summarized in Figs. 8 and 9. We see that after
the first few epochs, VGB achieves an accuracy/diversity tradeoff outside the Pareto frontier of Block
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Figure 6: Efficiency of VGB and ActionLevelRS at finding a reward-1 response in Parity task
(Appendix E.3) with K = 5 and M € {8,9,10} (so that H € {40,45,50}), across training
checkpoints N € {5000, 6000, ..., 14000} of the value function. We cap the time to draw a single
response at 60 seconds. Top row: wall-clock time (in seconds), conditioned on not timing out;
middle row: step count, conditioned on not timing out; bottom row: fraction of time-outs. For
each M and each training checkpoint, we report mean and standard error over 100 samples drawn
from each algorithm. We plot wall-clock time and step count on a log scale to make evident that the

multiplicative benefit of VGB over ActionLevelRS increases with M.

Best-of-/V and Block Rejection Sampling. While we do not plot ActionLevelRS on these plots,
we remark that it is comparable to Block Rejection Sampling with block length 1 and 32 candidate
blocks. See Table 1 for a breakdown of the results for all baselines, including ActionLevelRS and
Trer itself, when using the value function trained for 40 epochs. We observe from this table that the
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Figure 7: Visualization of training error for value function at each position h € [H| in Parity task
(Appendix E.3) with K = 5 and M = 8, across training checkpoints of the value function. For
each h € [H|, we compute the probability that ActionLevelRS makes a mistake at position h of
generation, on average over 100 roll-ins y3.;,—1 ~ 7*. Since ActionLevelRS would never make a
mistake with the true value function V1, this quantifies the effective training error at each position
(while producing a more informative visualization than directly measuring MSE, as this metric is
appropriately normalized across h). For clarity, we only plot positions h = —1,0 mod K.

result is “query-equalized”, i.e. we are allowing the baselines as many (in fact, slightly more) queries
than used by VGB.

The results comparing VGB-Momentum against the baselines are summarized in Figs. 10 and 11. In
these figures we only compare against baselines with # of candidate blocks in {2, 4, 8}, since these
are the baselines with competitive query efficiency to VGB-Momentum.

Distributional comparison: protocol and results. In this experiment, using the same prompt
as before, and varying the training epochs over {1, 2,5, 10,40}, we draw 1000 samples each from
VGB, VGB-Momentum, and ActionLevelRS, this time using the true rewards at the last position so
that each algorithm only produces reward-1 generations (as discussed previously, this requires
restarting ActionLevelRS if it gets stuck). For each algorithm and epoch, we compute the empirical
histogram of where open parentheses/brackets are located in the completion. To estimate the
ground truth histogram, we draw 10000 samples from 7* (i.e. from 7 s conditioned on reward
1). We then compute the ¢; error of each histogram compared to the estimated ground truth. For
statistical power, we repeat the experiment for 11 other out-of-distribution prompts. As shown in
Figure 12, for all epochs e > 5, VGB achieves robustly lower distributional error than ActionLevelRS;
however, VGB-Momentum is comparable to ActionLevelRS. While OutcomelLevelRS (i.e. sequence-
level rejection sampling from 7..¢) would yield exactly the correct distribution, we see that this naive
method is less query-efficient than VGB. See Table 2 for a prompt-by-prompt breakdown of the results
at training epoch 40.

E.5 PYTHON TEST CASE GENERATION TASK

Task setup. Let m..¢ be the pre-trained language model Qwen2.5-0. 5B, which has a token space
A of size roughly 150, 000. We set H = 32 and define the response space to be A%, so responses
are fixed-length (however, in this task the prompts may have varying lengths). Following Botta et al.
(2025), we define a distribution over prompts as follows. Pick a random three-letter function name
(we draw from a pool of 10 possible names). The prompt first gives an in-context example of test
case generation: (1) the Python implementation of the addition function f(a,b) := a + b, (2) a text
prompt to produce a test case for f, and (3) a valid random test case for f. The prompt then gives the
Python implementation of the list append function, but with the random function name, and asks for
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Figure 8: Accuracy (x) and diversity (y) of VGB vs. Block Best-of-N on Dyck grammar task
(Appendix E.4) with pre-trained base model and value function trained for varied number of epochs.
Each circle indicates performance of the baseline with specific hyperparameters (block length
€ {1,2,4,8,16} and # of candidates € {2,4, 8,16, 32}); darker red indicates larger block length.
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Figure 9: Accuracy (x) and diversity (y) of VGB vs. Block Rejection Sampling on Dyck grammar
task (Appendix E.4) with pre-trained base model and value function trained for varied number of
epochs. Each circle indicates performance of the baseline with specific hyperparameters (block length
€ {1,2,4,8,16} and # of candidates € {2,4, 8,16, 32}); darker red indicates larger block length.

35



Under review as a conference paper at ICLR 2026

= VGB-Momentum --- Pareto Frontier of Block Best-of-N

Epoch 1 Epoch 2
140 1 1

120 1
100 77T T N

801 o o AN 1 AN

601 **e s 1 R
401 N ] AN

201 N ] \

0 1 1
T T T T T T T T

1401 ]

120 . Tttt =

100 e - ] . .
801 N ] \

601 o \ 1 o \

# distinct correct

20 \ 1 \
0 . . . . 1 . . . . 1

Epoch 10 Epoch 40
140 A 1

120+ ] ] .
100+ S S 1
80
60 © N 1 \
40 \ 1 \
201 \ ]

T T T T T T T

0 .
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8
Accuracy

Figure 10: Accuracy (x) and diversity (y) of VGB-Momentum vs. Block Best-of-N on Dyck grammar
task (Appendix E.4) with pre-trained base model and value function trained for varied number of
epochs. Each circle indicates performance of the baseline with specific hyperparameters (block length
€ {1,2,4,8,16} and # of candidates € {2, 4, 8}, to equalize query complexity); darker red indicates
larger block length.
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Figure 11: Accuracy (x) and diversity (y) of VGB-Momentum vs. Block Rejection Sampling on Dyck
grammar task (Appendix E.4) with pre-trained base model and value function trained for varied
number of epochs. Each circle indicates performance of the baseline with specific hyperparameters
(block length € {1,2,4, 8,16} and # of candidates € {2, 4, 8}, to equalize query complexity); darker
red indicates larger block length.
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Algorithm # Candidates Block Len. Avg. Steps Accuracy # Distinct Correct
BlockLevelBoN 8 1 136.000 0.975 18
VGB-Momentum 77.617 0.964 120
BlockLevelBoN 16 1 272.000 0.957 3
BlockLevelBoN 16 2 272.000 0.941 10
BlockLevelBoN 32 2 544.000 0.936 2
VGB 393.471 0.932 137
BlockLevelBoN 32 1 544.000 0.926 1
BlockLevelBoN 32 4 544.000 0.924 25
BlockLevelBoN 16 4 272.000 0.902 53
BlockLevelBoN 32 8 544.000 0.899 70
BlockLevelBoN 8 2 136.000 0.880 41
BlockLevelBoN 4 1 68.000 0.868 79
BlockLevelBoN 16 8 272.000 0.762 98
BlockLevelBoN 8 4 136.000 0.726 104
BlockLevelRS 32 8 544.000 0.693 132
BlockLevelRS 32 4 544.000 0.645 140
BlockLevelBoN 4 2 68.000 0.644 78
BlockLevelRS 32 2 544.000 0.596 130
BlockLevelRS 16 4 272.000 0.591 132
BlockLevelBoN 32 16 544.000 0.584 130
BlockLevelRS 32 16 544.000 0.580 137
ActionLevelRS 17.000 0.580 132
BlockLevelRS 16 8 272.000 0.568 128
BlockLevelRS 16 2 272.000 0.561 135
BlockLevelRS 16 1 272.000 0.552 131
BlockLevelRS 32 1 544.000 0.546 129
BlockLevelRS 8 1 136.000 0.527 131
BlockLevelRS 8 2 136.000 0.498 126
BlockLevelBoN 8 8 136.000 0.492 114
BlockLevelRS 8 4 136.000 0.451 124
BlockLevelRS 4 1 68.000 0.430 125
BlockLevelBoN 4 4 68.000 0.407 103
BlockLevelBoN 2 1 34.000 0.381 109
BlockLevelRS 8 8 136.000 0.377 112
BlockLevelBoN 16 16 272.000 0.355 116
BlockLevelRS 16 16 272.000 0.355 121
BlockLevelRS 4 2 68.000 0.339 112
BlockLevelRS 4 4 68.000 0.257 107
BlockLevelBoN 4 8 68.000 0.238 105
BlockLevelBoN 2 2 34.000 0.236 79
BlockLevelRS 2 1 34.000 0.207 98
BlockLevelBoN 8 16 136.000 0.206 106
BlockLevelRS 4 8 68.000 0.199 102
BlockLevelRS 8 16 136.000 0.197 112
BlockLevelRS 2 2 34.000 0.158 95
BlockLevelBoN 2 4 34.000 0.153 84
BlockLevelRS 2 4 34.000 0.114 85
BlockLevelBoN 4 16 68.000 0.113 73
BlockLevelRS 4 16 68.000 0.113 83
BlockLevelBoN 2 8 34.000 0.089 77
BlockLevelRS 2 8 34.000 0.073 65
BlockLevelRS 2 16 34.000 0.059 64
BlockLevelBoN 2 16 34.000 0.054 55
Tref 17.000 0.028 43

Table 1: Detailed results for accuracy/diversity tradeoff experiment in Dyck grammar task (Ap-
pendix E.4) with value function trained for 40 epochs. BlockLevelBoN denotes Block Best-of-N
and BlockLevelRS denotes Block Rejection Sampling.
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Average Steps () Distributional Error ()

Prefix Tref VGB ActionLevelRS  VGB
CCCCCCCCCCCrInIC 276.303  314.998 0.485 0.327
(CCeCaIco e 403.232 330.082 0.536 0.179
OO 426.003 437.812 0.344 0.187
(O CCCCCCLICCCCC 442204  396.146 0.416 0.283
OO e 505481  445.886 0.347 0.149
CCO O e 608.796  410.510 0.475 0.387
(OO L 639.817  422.092 0.364 0.272
OO 670.543 - 462.700 0.435 0.259
CCCLCCCUCLCOOC 706.200 508.182 0.409 0.263
O CCCCCECCO e 739.038  446.574 0.265 0.176
(CCOLCLOCCCOO  852.620 378.564 0.239 0.193
(CCCODCCO L 981.361  440.922 0.324 0.300

Table 2: Prefix-by-prefix breakdown of distributional comparison experiment for Dyck grammar task
(Appendix E.4) at epoch 40, sorted by the average steps used by 7er to produce a correct generation.
On each prefix, VGB achieves lower distributional error (compared to 7.¢) than ActionLevelRS, and
on 10 of 12 prefixes it uses fewer steps on average than 7..¢. See Figure 12 for the aggregated results
for all epochs.
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Figure 12: Distributional comparison between VGB, VGB-Momentum, and baselines in Dyck grammar
task (Appendix E.4), across training epochs for value function, and using true rewards at final position.
Left: Error of histogram of open-bracket positions (not distinguishing between square and round
bracket types), using OutcomelLevelRS to estimate the ground truth. Right: Average step count.
The experiment was independently repeated for 12 OOD prefixes (chosen randomly subject to the
constraint that 7. has accuracy in [0.01, 0.1]), and we report mean and standard error—see Table 2
for the prefix-by-prefix results.

a test case for this function. We define a reward function that checks if the response is a valid Python
test case (in the desired format).'® See Figure 13 for an example prompt and a correct response.

Value function training setup. Since this task has large alphabet size, training value networks on
one-hot encodings of generations is infeasible. Instead, we train a single value network that can be
applied to generations of any length € [H]. We generate a dataset by drawing 50, 000 prompts from
the distribution described above; for each prompt =, we sample a response y from 7..¢ and evaluate
the reward. We then pick a random index & ~ Unif({1,2,...,|y[}), and compute + Zle d(z,y1:4),
where ¢(z,y1.;) is the final-token hidden state at the penultimate layer of Qwen2.5-0.58.%

“More precisely, the reward function parses each line of the response and returns reward 1 if there is exactly
one valid response. Of course, there are many other reward functions that may be natural (e.g. at least one valid
response) but we did not explore these possibilities. We used the parser developed by Botta et al. (2025) for this
purpose.

1t has been previously observe by Botta et al. (2025) that the final layer does not necessarily lead to the best
performance. We did not tune the layer index, since our goal is to compare different guided sampling algorithms,
not to optimize the end-to-end pipeline.
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def f(a, b):
return a + b

List 1 test case of the above function f, in one line:
assert f(7, 7) == 14

def ovs(l, item):
assert type(l) is list
1.append(item)
return 1

=T N - . I NIV R SR

S8 = 2

List 1 test case of the above function ovs, in one line:

1 |assert ovs([3,2], "asd") == [3,2,"asd"]

Figure 13: Example prompt and reward-1 completion for Python test case generation task (Ap-
pendix E.5). See Botta et al. (2025) for additional details on prompt distribution.

Algorithm Length hist. error (|)  Type hist. error ()  Frac. distinct generations (1)

VGB 69.7500 (7.9782) 0.0172 (0.0018) 0.3741 (0.0033)
ActionLevelRS  92.2000 (6.6375) 0.0157 (0.0031) 0.3700 (0.0036)

Table 3: Distributional comparison of VGB and ActionlLevelRS for Python test case generation task
(Appendix E.5). For each metric, we evaluated based on 1000 reward-1 generations from each
algorithm. We repeated the experiment with 20 independent seeds and report the mean and standard
error (in parentheses). While ActionlLevelRS outperforms VGB on the histogram of types, note that
the discrepancy is within the standard error. We hypothesize that VGB achieves a better distribution
over test case lengths for a similar reason that it achieves a better histogram over open parentheses in
the Dyck grammar task: there is substantial heterogeneity in the difficulty of generating different
lengths, leading ActionLevelRS to have a biased distribution.

Since the hidden states of Qwen2.5-0.5B have dimension 896, the value network has input dimension
896 as well. It is fully-connected with a single hidden layer with 8 neurons; the first activation
function is a ReLU and the second activation function is a sigmoid. We train the value network on the
dataset described above for 100 epochs using the Adam optimizer with learning rate 10~4, weight
decay 10~*, and batch size 100.

Evaluation protocol and results. We draw 1000 fresh prompts and sample a completion for each
prompt from VGB and ActionLevelRS, using the true rewards at the last layer. We also sample a
completion for each prompt from 7*. We compare the empirical distributions produced by VGB and
ActionlLevelRS to that of 7* using three metrics: (1) the histogram of lengths of the final Python
list in each generated test case, (2) the fraction of strings in the final lists in the test cases (the most
common object type is an integer, and the second most common is a string; the remaining types
have negligible occurrences, so this essentially tracks the histogram of object types), and (3) the
fraction of distinct final lists in the generated test cases. For (1) and (2) we compute the error of
each algorithm compared to 7*; (3) is a measure of diversity, and from examination we saw that 7*
had greater diversity than both algorithms. We repeat the experiment for 10 independent seeds (the
dataset generation and value function training are independent as well), and in Table 3 we report the
mean and standard error across seeds for each metric.

E.6 LETTER AVOIDANCE TASK

Task setup. Let . be the pre-trained language model Qwen2.5-0.5B, as in the preceding task.
We set H = 32 and define the response space to be A7, where A is the token space for the language
model. We fix a prompt, which asks the model to generate a sentence without using the letter “e”
(Figure 14), and we define a reward function r* that checks (1) the letter “e” was not used (in the
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1 | Generate a one-sentence story without using the letter 'e':

1 | Vicky is having a party and wants to buy two hamburgars. A sub
sandwich costs $1.00 and a ravioli costs $3

Figure 14: Prompt for letter avoidance task (Appendix E.6), and an example generation from naive
locally constrained decoding (i.e., ActionLevelRS).
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Figure 15: Comparison of VGB against ActionLevelRS-Reset for letter avoidance task (Sec-
tion 5.3), with H = 32 and varied backtracking weight « for VGB. Left: Winrate of VGB against
ActionlLevelRS-Reset under pairwise comparison of 1000 responses from each algorithm, using
GPT-40-mini to judge writing quality. We report the 95% binomial confidence intervals. Right:
Horizon-normalized log-probabilities of generated responses, evaluated by Qwen-2.5-1.5B; for each
algorithm, we report the mean and standard error over 1000 responses.

response), and (2) the EOS token for the language model was not used. We find that 7 .r only
produces 6 reward-1 responses out of 10, 000.

Value function. In this task, we do not train a value function. Instead, for @ €
{0.1,0.2,0.3,0.4,0.5}, we define

Va(w,y) := a1 (@, y).

Note that with ActionLevelRS, all of these value functions are equivalent, and induce a standard
algorithm for constrained generation called locally constrained decoding (Scholak et al., 2021; Lipkin
et al., 2025): at each generation step (z, y1.1 ), the next token yp, 41 is drawn from e (- | 2, y1.5)
conditioned on the event 7*(x, y1.n+1) = 1. However, these value functions are not equivalent for
VGB, as they essentially vary the probability that VGB will backtrack.

Evaluation protocol and results. With the prompt shown in Figure 14 and for each a €
{0.1,0.2,0.3,0.4,0.5}, we draw 1000 responses from VGB using V,,. We also draw 1000 re-

sponses from ActionLevelRS using Vj 1 (as we discussed above, the choice of « is irrelevant
for ActionLevelRS). Recall that in our implementation of ActionLevelRS with large alphabets, we
draw K = 32 candidate tokens at each generation step, and sample proportional to their estimated
values. Since in this setting the estimated value can be exactly 0, this can be ill-posed. We implement
two natural heuristics for dealing with this: the first is to simply draw K = 32 more candidate tokens,
which increments the step count (we simply refer to this algorithm as ActionLevelRS, since it is
roughly comparable to sending K — o0); the second is to restart the response from the beginning
(we refer to this algorithm as ActionLevelRS-Reset). We remark that the first method can get
“stuck” if the base model, conditioned on some prefix, puts almost all mass on tokens containing the
letter “e”. This is why the step count of ActionLevelRS has higher mean and standard error than
ActionLevelRS-Reset (Figure 16).

We evaluate VGB against ActionLevelRS and ActionLevelRS-Reset using two metrics. The first
metric is winrate according to GPT-40-mini: given 1000 completions from two algorithms, we pair
up the completions and ask GPT-40-mini to judge which is more coherent, using the prompt template
in Figure 17. We present the two completions in a random order to avoid (positive or negative)
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Figure 16: Step count comparison for VGB against ActionLevelRS and ActionlLevelRS-Reset for
letter avoidance task (Appendix E.6), with H = 32 and varied backtracking weight o for VGB.

1 |You are a writing quality judge. You will be given a pair of

text fragments. Say ONLY 'A' if the first fragment is more
coherent, or ONLY 'B' if the second fragment is more

coherent.

2 | Fragment A:

4 | Fragment B:

Figure 17: Template of prompt fed to GPT-40-mini for winrate computation in letter avoidance task
(Appendix E.6).

primacy bias. The second metric is the average horizon-normalized log-probability of the completions
(conditioned on the prompt) as computed by Qwen2.5-1.5B. See Figs. 3 and 15 for the comparisons
with ActionLevelRS and ActionLevelRS-Reset respectively. For completeness, we also plot the
average step count of each algorithm; see Figure 16.

To quantify how the benefits scale in H, we repeat the experiment for H € {8,16} (this time
only evaluating against ActionLevelRS for computational reasons). As shown in Figure 18, we
broadly see that VGB has larger benefits for larger H, particularly in the (horizon-normalized) log-
probabilities—the winrate increases from H = 8 to H = 16 but seems roughly comparable between
H =16and H = 32.

E.7 ADDITIONAL EXPLORATORY EXPERIMENTAL RESULTS

Value function parametrization matters. In the Dyck grammar task, we saw that the single-line
change from ActionLevelRS to VGB—adding a probability of backtracking—robustly improves
accuracy across training epochs. In this case, the value function was trained on the concatenation
of one-hot encodings of the partial generation. In the code generation task, this parametrization is
infeasible due to the large token space. Instead, the value function is trained on the mean-pooling
of the hidden states (in the base model) of each token in the partial generation. Again, VGB has
robustly higher accuracy than ActionLevelRS. But if the value function is trained on the hidden
state of just the last token in the partial generation, then this effect disappears (Figure 19). While in
principle the last hidden state should encode all relevant information about the partial generation,
this finding suggests that in practice it may heavily attend to recent tokens —thus, some benefits of
backtracking-based algorithms can be contingent on exactly what features they are trained on.

Momentum improves the query complexity of VGB. A classical method for accelerating Markov
chains like VGB is to add momentum, which decreases the likelihood that the chain will “switch
directions” (from going down the tree to going up, and vice versa) while preserving the stationary
distribution. Hayes and Sinclair (Hayes & Sinclair, 2010) theoretically investigated the benefits of
momentum specifically for the Sinclair-Jerrum walk, and showed that it provably improves runtime
if the approximate counts are (1 4 o(1))-accurate (specifically, the accelerated chain mixes to 7*
in time ey H? under Assumption 4.1). We implement this Markov chain (with the practical tweak
of stopping it as soon as it reaches a leaf), and find that it improves the query complexity of VGB
by nearly an order of magnitude, while achieving comparable (or even higher) accuracy (Table 1).
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Figure 18: Comparison of VGB against ActionLevelRS for letter avoidance task (Appendix E.6)
with varied horizon H € {8,16,32}. Top row: Winrate of VGB against ActionLevelRS under
pairwise comparison of 1000 responses from each algorithm, using GPT-40-mini to judge writing
quality. We report the 95% binomial confidence intervals. Middle row: Average horizon-normalized
log-probabilities of generated responses, evaluated by Qwen-2.5-1.5B; for each algorithm, we report
the mean and standard error over 1000 responses. Bottom row: Step count comparison; we note
that the average step count for ActionLevelRS is higher at H = 16 than H = 32 due to an outlier

generation that required 148251 steps.
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Figure 19: Window length of mean-pooled input features for value function (X) against accuracy
of VGB and ActionLevelRS (y) for Python test case generation task (Appendix E.5). We repeat the
experiment for 3 independent seeds and report the mean and standard error. All algorithms generate
at most 32 new tokens per prompt, so window length 32 corresponds to mean-pooling over all tokens
generated so far (the method used for the main experiment in Appendix E.5). We never pool over the
tokens in the prompt.
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Figure 20: Average estimated values (y) in the Dyck grammar task (Appendix E.4), by position of
first error (hue) and position in completion (x). We pick a single prefix and value function trained for
20 epochs. We generate 1000 completions using ActionLevelRS and record the estimated value at
each step of each generation, as well as the first position in the generation at which a mistake has
been made (i.e. it becomes impossible to complete to a valid string); if the generation is correct, we
record this as “None”. For each of the most common error positions {4, 5, 6, 8, None}, we plot the

average estimated value at each position of the completion. We see that errors early in the completion
can be witnessed (at least, at a population level) well before the final position.

However, it does not enjoy the same distributional benefits as VGB (Figure 12), suggesting a potentially
fundamental statistical-computational tradeoff.

Backtracking can help throughout generation. One might wonder whether e.g. backtracking
only helps at the last position, where the value function is likely most accurate (or even perfect, if the
true rewards are being used). In Figure 20, we demonstrate that for the Dyck grammar task, for a
prefix where ActionLevelRS achieves average reward roughly 0.5, it often makes mistakes fairly
early in the generation sequence: the most common error indices are {4, 5, 6, 8} out of 17. Moreover,
Figure 20 shows that these errors can be detected early: conditioned on a particular index for the
first error in a generation, we see that the average estimated value at subsequent indices rapidly drops
off (compared to the average estimated value for sequences where ActionLevelRS makes no error).
Thus, it is (at least at a population level) possible for backtracking to be useful before reaching the
leaves of the generation tree.
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Part 11

Proofs and Supporting Results

F PRELIMINARIES

F.1 PROBABILITY THEORY

In this section, we collect some standard definitions of probability divergences, relations between
them, and other useful probabilistic facts.

Definition F.1 (Probability divergences). Let p,q be distributions on a common domain X, with
p < q. The x*-divergence from p to q is defined as

De(plla):= E [(%)21 ~1

The KL-divergence from p to q is defined as

Dri(pllg) = E [log 5(5)} :

The total variation distance between p and q is defined as

Dry(p.a) = sup lp(4) ~ (4)| = 5 E

wnq

Proposition F.1 (Divergence inequalities (Sason & Verdd, 2016)). For any two distributions p, q on
a common domain, with p < q, we have

2 Drv(p,a)* < Dia(plla) < Dy (p || 9)-
LemmaF.1. Letn € Nand A € (0,1/2). Then
D1y(Bin(n, 1/2),Bin(n,1/2 + A)) = Q(Ay/n).
Proof. Let p := Bin(n, 1/2) and ¢ := Bin(n, 1/2 + A). Then

q(X)
Drv(p,g) 2 E 11— p(X)‘

_ _ X _ n—X
_XI[EP|1 (T+A)*(1—2A)"|

_ _ _ 2\ X _ n—2X
_Xlgp|1 (1-A%)%(1-A) |

E [1—(1—2A)""*]1I[X < n/2

_ —(n—2X)A
E {1 e } 1[X < n/2]

> XI% min((n — 2X)A, DI[X < n/2]

v

Y

using the fact that 1 — e~ > J min(t, 1) for all ¢ > 0. It follows that

Drv(p,q) 2 E min(Av/n, DIX <n/2 —/n] 2 min(Ay/n,1)

X~p

where the final inequality is by a standard anti-concentration bound for the central Binomial
distribution (Matousek & Vondrak, 2001, Proposition 7.3.2). O
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Lemma F.2. Let p, q be distributions on finite domain X and let £ C X be an event. Then

DTV(pv q)
Drv(ple, qle) < W

and
Dy2(p |l q)

a(€) = 2\/q(€)Dy2(p [ @)

e (le |l gle) <

Proof. We have

2D1v(ple, ale) = Z

p(z) q(z)

p(€)  q(€)

1 1
PN q<x>|+\p(5)—q( | oo
_ . Ip(€) — q(€)]
N
s%zwpm—q Z|p
el T€€5
= %Dw(p,q)

which proves the first claim. For the second claim, we note that

NGO
(ole [ ale) = (E)Zq@)(l <>q<x>>

z€E

q(€) < (l’ ( q(€) )2

2
p(g) :EEE .1‘ 5
q(€)

< D .
Now observe that by data processing inequality, M D,2(p || ¢), and therefore [p(£) —
E) < Va(€)Dy2(p || q). It follows that p(E) > (8) q(é‘)DX2 (p |l g), and so

q(E)Dyz2(p || q) < Dyz(p |l q)
(@(&) = \/a(€)Dy2(p [l 9))* — a(€) — 24/a(E)Dy2(p | q)

where the first inequality requires D,2(p || ¢) < ¢(€) (the final bound is vacuous if this is false, so it
holds unconditionally). O

D,2(ple || gle) <

Lemma E3. Let T € Nandey.7,0 > 0. and let Z1, . .., Z1 be nonnegative random variables with
Pr[Z; < 0] < ¢, foreachi € [T). Then
T
1
727
i=1

Pr

2T
<72

Proof. Define the random variable N := #{i : Z; < §}. Then E[N] < ZiT:1 €5, SO
Pr[N >T/2] < 2 S°7_ | &i. Moreover, if N < T/2 then * ST Z; > §/2 as needed. O
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F.2 KL-REGULARIZED REINFORCEMENT LEARNING

In the KL-regularized setting introduced in Section 2, the optimal KL-regularized value function 07
(e.g., Rafailov et al. (2024); Xie et al. (2024)) is often defined via the following inductive procedure.
For step H, we set Qg(fc,yle) ‘=71*(z,y1.z). Then, forh=H —1,...,1:

Qp(x,y1:n) = sup ( E [Q(x,y1n41)] — B Dee(p || Tres(yngr = - | x,yl:h))> (14)
pEA(A) \Yr+1™P

2510g< E [GXP(B_lQE(%yl;thl))])- (15)
Yht1~Trer (| 2,91:0)

Eq. (15) can be viewed as a soft Bellman update; as 5 — 0, this update recovers standard dynamic
programming (over those actions for which mrer(yn+1 = - | &,y1.n) > 0). The optimal policy

satisfies 75 (yn | @, y1:n—1) X Tree(yn | 2, y1:n-1) - exp(/a’_lQ;}(x,yl:h)), and we further define
Ag(x, Y1.p) = Qg(x, Y1:h) — Q% (2, y1:n—1) as the optimal advantage function. It can be checked
that with the above definition, Qg also satisfies

Qx(x,y1:n) = Blog( [exp(ﬁ_lr*(x,ylﬂ))]). (16)

Yht1:H~Tref (| T,91:1)

The following standard fact relates KL-regularized regret with KL-divergence to the optimal policy.

Lemma F.4 (See (Foster et al., 2025, Lemma F4)). Fixanyx € X and 7 : X — A(Y). It holds that
Jp(r%x) = Jp(Ti@) = B D (7(- | @) | 77(- [ @)

F.3 VALUE FUNCTIONS

The following lemma states the key property of the true value function V., which relates it to the

next-action conditional probabilities of 7*. It has been observed previously by e.g. Yang & Klein
(2021). We will use this fact throughout the paper.

Lemma F.5. Forany x € X, h € [H), and y.,, € A", it holds that

‘/;\(/g(l', yl:h)

7T*(yh \ xz yl:h—l) =T f(yi \ z yl:h—l)i
’ * ' ’ Vva’\(/g(xaylzh—l)

Proof. We have
Ty lz)= Y 7 (ym | @)

Yht1:HEAT N

1
= V* Z 7"'Fef(yl:H | x)T(xay1:H>

avg('r) Yh41:HEAHT N

7T'ref(ylzh 37) .
= E™[r(z,y1.0) | Y11
Vie(@)

_ 7Tref(ylzh | 1')

Vave (@)

avg

‘/a’\(/g(z7 yl:h)~

It follows that

Tr*(ylih | $) V:;\(/g(xvyl:h)

* _ — g
™ (yn | T, y1:n-1) = U 12) Tret(Yn | 2, Y120 1)‘/;*Vg(m,y1:h—1)

as claimed. O
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G OMITTED RESULTS AND PROOFS FROM SECTION 2

In this section, we give formal pseudocode and analyses for the baseline alignment algorithms
OutcomelLevelRS (Proposition G.2) and ActionLevelRS (Propositions G.4 and G.5), which were
informally introduced in Section 2. We also show that any algorithm that does not have access to a
process verifier must incur a similar time complexity to OutcomeLevelRS (Proposition G.3). Finally,
we show that if the approximate value function satisfies Bellman consistency, then ActionLevelRS
avoids error compounding (Proposition G.6).

G.1 PRELIMINARIES

We present a guarantee due to Foster et al. (2025) for (a slight variant of) rejection sampling, which
is used as a subroutine in OutcomelLevelRS, ActionLevelRS, and the full (large-|.4|) version of VGB.

The only difference between this algorithm and the standard rejection sampling algorithm is that it
automatically estimates the normalization constant for the target distribution so that the rejection
threshold can be set purely as a function of the density ratio between the target and base.

The basic setting is that we have sample access to a base measure 1 € A(Z) and query access
to a tilt function g : Z — R>(, and we would like to sample from the distribution with densities
proportional to 1(z)g(z). The algorithm pseudocode is given in Algorithm 4 and the guarantee is
given in Proposition G.1. We remark that Foster et al. (2025) consider the case where g(z) > 0
(specifically, they write g(z) = exp(8~1f(z)) for a function f : Z — R and temperature parameter
B > 0, motivated by KL-regularized optimization), but the algorithm and guarantee extend unchanged
to the setting where g(z) > 0.

Algorithm 4 RejectionSampling; variant of SoftmaxRejectionSampling (Foster et al., 2025)

input: Function g : Z — R, base measure ;1 € A(Z), rejection threshold M > 0, failure
probability 6 € (0, 1).

1: Let N :=4M log(451).
/* Estimate normalization constant */

2: Sample 21, ...,z2ny ~ piid.

Set Z == L3N g(z).

/* Rejection sampling */

w

4: for iteration7 = 1,2,..., N do

5: Sample z ~ p(-) and & ~ Ber(min (9(z)/Zm,1)).

6: If £ =1, return y.

7. return z ~ ,u() // Failure event; occurs with low probability.

Proposition G.1 (Guarantee for Algorithm 4; see Foster et al. (2025)). Let g : Z — R be given, and
define

()

u() Hoo

Fix 6 € (0,1), and fix any M > 4Cw,. Then there is an event £ that occurs with probability at least
1 — 0, such that the output z € Z of Algorithm 4 with inputs (g, i, M, ) satisfies

Pl = | €] = n().

m(z) o u(z) - g(2), and Cuy := 17

As a consequence, the unconditional law of z satisfies D1y (7, ) < . Moreover, if g(z) € [1,G] for
all z € Z, then Dy (7 || m) < 40 log(4M G log(4/0)). The total number of sampling queries y ~
and function evaluations g(-) used by the algorithm is at most 8M log(46—1) + 1.

Proof. See (Foster et al., 2025, Lemma E.1). O

G.2 ANALYSES OF BASELINE SAMPLING ALGORITHMS

We now formally describe and analyze the baseline sampling algorithms OutcomeLevelRS and
ActionLevelRS, in the general test-time alignment setting where 7. : X — ) is the base model,
T : X x Y — Ry is the tilt function, and given € X we would like to sample from the model 7*
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Algorithm 5 OutcomeLevelRS: Outcome-Level Rejection Sampling

Input: base model 7f; tilt function 7, prompt z € X, threshold M > 0, error € > 0.
1: Sample 1.y ~ RejectionSampling(7(z, ), Trer (- | ), M, ). > Algorithm 4
2: return y;.p.

Algorithm 6 ActionLevelRS: Action-Level Rejection Sampling

Input: base model 7..r; appx. value function V, prompt z € X.
1: Additional input for large-|.4| regime: threshold M > 0, error € > 0.
2: for1 < h < Hdo
Small-|A| regime: explicitly compute uj, € A(A) defined by

:uh(yh) o8 7Tref(yh | $>y1:h71) . ‘7($7y1;h)7

and sample yp, ~ pp.
Large-|A| regime: sample > Algorithm 4

yn ~ RejectionSampling(V (z, (y1:n—1,")), Tret (- | @, y1:n—1), M, /H).

3: return y;.p.

defined by 7* (y | )  7rer(y | )7 (z,y). We also give specialized analyses for the KL-regularized

—1,.%

setting where 7(x, y) = exp(S~'r*(z,v)).

Recall that we defined the sequence-level coverage coefficient and action-level coverage coefficient
for a prompt x as

* *
Cseq() := maxw, and Cact(7) := max max ™ (| 2 y1a)
veY Trer(y | ) he[H] y1:n€EA Trer (Yn | , Y1:h—1)

Formal pseudocode for baseline algorithms. See Algorithms 5 and 6 for pseudocode of the
versions of OutcomelLevelRS and ActionLevelRS that we theoretically analyze below. We remark
that the versions that we implement in experiments differ slightly—see Appendix E.1.

Proposition G.2 (OutcomeLevelRS). Given a prompt x and parameter ¢ > 0, let (- | x) be the
output distribution of OutcomelLevelRS(7rer, T, , 4Cseq (), €). Then

Dry((- | o), 7*(- | 2)) <e. (18)

Moreover, in the special case where T(x,y1.51) = exp(8~2r*(z,y1.1)) for some r* : X x Y —
[0, Ryax] and 8 > 0, it holds that

Jg(m*5x) — Jg(T;2) S (Rmax + 810g(16Cseq(z) log(4/2))) - €. (19)
The algorithm uses 6(Cseq(a¢) -log(e™1)) reward evaluations and generations y ~ meef (- | ).

To interpret the second guarantee, which bounds the KL-regularized regret of the law of
OutcomelLevelRS, note that a natural parameter regime is Ry,x = 1 (e.g. binary rewards) and
B < 1. In this case, it holds that Jg(7*; z) — Jg(7; z) < O(elog(Cseq())). Note that Cseq(z) can
in practice be exponentially large in H ; however, since the time complexity of OutcomeLevelRS only
depends logarithmically on ¢, in this regime one can achieve Jg(7*; x) — J3(7; x) < € while paying
only a factor of log(H/¢) in the time complexity. In any case, the time complexity is dominated by

Cseq().

Proof of Proposition G.2. The first inequality Eq.(18) and the efficiency guarantee both
follow immediately from Proposition G.1, using the choice of M and é. The second inequality
Eq. (19) follows from Proposition G.1 together with the choice of M and the algebraic equality
Js(n*;2) — Jg(7;2) = BDk0 (7 || 7*), which is shown in (Foster et al., 2025, Lemma F.4). O

The following result shows that time complexity dependence on Cseq() is unavoidable when only
outcome-level rewards are available; the proof is standard but included for completeness.
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Proposition G.3 (Lower bound for outcome-level algorithms). Consider the KL-regularized opti-
mization setting, where the algorithm only has access to Trer and r* (but no value function). Let
X ={Ll}andY = {0,1}, and set w et = Unif(Y). Forany C € [1,2H], set B := 1/10og(C). Any

algorithm that satisfies Jg(n*;x) — Jg(7;z) < SToa(cy Jor all instances with Cseq() < C must use

at least N = Q(C) reward evaluations. Similarly, any algorithm that satisfies Dy (n*,7) < 1/4
for all instances with Cseq(x) < C must use at least N = Q(C) reward evaluations.*!

Proof of Proposition G.3. Without loss of generality assume that C' is a power of 2. Fix x € X
and ) = {0, 1}¥; we ignore the dependence on x henceforth. Let 7. = Unif())). We construct
a random instance of the alignment problem as follows. Set 8 := 1/log(C) and let S C ) be
a uniformly random set of size 10 - 29 /C. Define r(y) := Iy € S], and let 7% be the desired
distribution, i.e. 7% (y) o mrer(y) exp(B371r%(y)). Then

2= 3wl (55 (0) = €+ (1- 5 ) e 10,11
yey

Therefore for any y € Y,
ms5(y) _exp(Bry) _

7Tref(y) ’ Z

and hence this instance satisfies the desired bound Ceeq(2) < C on the sequence-level coverage
coefficient. Let Ts € A(Y) be the law of the algorithm for this instance.

Consider also the “null” instance in which 7*(y) := 0 forall y € ). Let 7, € A()) be the law of
the algorithm for this instance. The desired distribution for this instance is 7} := 7pef.

Suppose that the algorithm uses at most N < C'/40 reward evaluations. Then on average over the
choice of S, the probability that the algorithm observes any reward-1 generation is at most 1/4. Thus,
there is some specific S such that the probability that the algorithm observes a reward-1 generation is
at most 1/4. For this S, it holds that D1y (7, 7o) < 1/4.

We now consider the two cases of the lemma’s assumption: either the algorithm is accurate in TV-
distance, or in KL-regularized regret. We show both are impossible under the preceding assumption
that N < C/40.

1. IfDTv(%S,’/Tg«) < 1/4 and DTV(%O;'/Tref) < 1/4, then DTv(ﬂ'gv,’/T,«ef) < 3/4 Butwref(y\S) =
1—-10/C > 0.9, whereas 75(Y \ S) < 1/Z < 0.1. Thus Dyy(7E, mrer) > 0.8, which is a
contradiction.

2. Similarly, suppose that Jg(7%;S) — Jg(7s; S) < 1/(8logC) and Jg(ns;0) — Jg(Tos0) <
1/(8log C), where J3(+;.S) is the KL-regularized regret for the instance parametrized by .S, and
Jg(+; 0) is the KL-regularized regret for the null instance. It follows from (Foster et al., 2025,
Lemma F.4) and choice of 5 that Dx| (7g || 75) < 1/8 and Dk (7, || 75) < 1/8. From Pinsker’s
inequality, we get Dy (Ts, 7%5) < 1/4 and Dvy (7, %) < 1/4. The proof completes as in (1).

This completes the proof. O

Proposition G.4 (ActionLevelRS; large-|.A| regime). Ler V be an approximate value function
. v(%?ﬂ:h) Vat (z,y1:n) . . . ~(.
with maX{Van(w,yl;h)’ ‘7?537?!1:)1) } < K for all h € [H|. The output distribution 7(- | x) of

~

ActionLevelRS(mref, V, 2, 4Cact (2) K2, €) in the large-| A| regime satisfies

Dry(@(- | z),7*(- | ) < e+ H/2log(k). (20)
Moreover, in the special case where T(x,y1.51) = exp(B8~ " (2, y1.1)) for some r* : X x Y —
[0, Ruax] and 3 > 0O, it holds that

Ja(m*;x) — Jg(T;2) S (Rmax + Blog(16Cace () log(4H [e))) - € + 2H B log(k).  (21)

In either case, the algorithm uses 6(Cact(1’)n2 - Hlog(He™")) value function evaluations and
generations yp, ~ Trer(- | T, Y1:n—1)-

' Formally, this result holds in the “sample-and-evaluate” model of computation (Huang et al., 2025a;b),
where 7rrer and r* are initially unknown to the algorithm, and can only be accessed through black-box reward
evaluation queries r* (z, y) and generation queries y ~ Trer (- | ).
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To interpret Eq.(21), we remark that if @(m,ylzh) = QSlog 17(:57y1:h) satisfies |@(x7y1:h) —
Q’[;(x,ylzh)| < gg for all z,y1.5, then the condition of Proposition G.4 is satisfied with k :=
exp(eq/fB), and if Rpax, B, Cact(x) < O(1) then Eq. (21) reduces to

Jp(n*2) — Js(Fi2) S Ole +eq - H).
While the term € can be efficiently reduced by increasing computation, the term £ - H is inherent
for this algorithm, as we will see later.

Proof. We have (by the fact that TV-distance is a metric and satisfies the data processing inequality)
that

H
Dry(@(- | @), 7*(- | x)) < Z [Drv(@n (- | 2 yrn—1) 7 (- | 2, 91:0-1))] (22)
h=1 Y1:h— 1~TF |z)
where 7, (- | «,y1.n—1) is the marginal distribution on y; under 7(- | x,y1.n—1), and similarly
for 7*. Fix any h € [H] and condition on y;.,_1. We invoke Proposition G.1 with base measure
w(yn) = Trer(Yn | ,y1.n—1) and tilt function g(yp,) := V(x y1.1). Define m € A(A) by 7(yn) x
u(yh)V(x, Y1:n)- It holds that

Vi(x,y1.n)
max 1Ny /
o yrhEA Zy;LEA ‘u(yh)V(x;ylzh—layh)

— Vg, 1)

yn€A Zy eAM(yh)Vavg(m Y1:h—1,Y),)
— KQ . max ‘/;vg(x Yi: h)
€A D S e A ™ (Y | 2, y1:n-1) Vig (€, y1:n-1)
— 2. max ™ (yn | T, y1:n-1)
un€A Trer(Yn | 2, Y1:n-1)

- Cact (l‘)

where the inequality is by the assumption on ‘A/, the second and third equalities are by Lemma F.5,

™

I

IN

IA
BN
N

and the final inequality is by definition of C,ct ().

ﬁ , so Proposition G.1 gives
oo

that Dy (Tr (- | 2,y1:h-1), ™) < 6 = ¢/ H. Moreover, we have
DTV(TFu ﬂ—;z( ‘ xvylzhfl))
< /D | 7| 2 01))

< 4/ max log m(yn)
€A (Y | T, Y1:n-1)

_ max log ref‘(yh | 1‘,y1:h,1)‘7(l‘,y1;h) ) Zy'heA 7Tref(y;l | I?yl:h—l)vaf/g(l‘ayl:h—hy;l)
€A Trer(Yn | T, Y1:n—1) Vibg (€, y1:n) Zy;LGA Teet (Y | 2 y1:0— 1)V (2, y1:0-1, 93,

< +y/2logk

by Pinsker’s inequality and the assumption on V. It follows that

~ €
Drv(@n(- | 2, y1:n-1), 7 (- | 2, y1:n—1)) < H + /2log k.

Substituting into Eq. (22) completes the proof of Eq. (20).

The proof of Eq.(21) proceeds via an analogous argument but starting with the chain rule for
KL-divergence:

H
Dy (7(- | z) || 7* Zy [Dec(Tr (- | 2, y1n—1) | 73 [ 2 y1n-1))] . (23)
T Ve 1~7(|z)
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Fix h € [H] and condition on y;.,_1. As before, the conditions of Proposition G.1 are satisfied, but
in this special case, the proposition also gives a bound on the error induced by Algorithm 4 in terms
of KL-divergence, instead of just TV-distance:

D (@n(- |, y1in—1) || 7) < 4%(Rmax5_1 +10g(16Cace (2)* log(4H /¢))).

As before, we have

max log ()
uneA o (yn | 2, y1n-1)

< 2log k.
It follows that

Dy (Th(- | 2, y1:n—1) | 77 (| 2, Y1:0—1))

E log — 7(yYn)
Yn~Th (| 2,Y1:n—1) 7Th(yh ‘ xvyl:h—l)

€

< 4E(Rmaxﬁfl + log(16Cact(x)n2 log(4H/¢))) + 2log(k).

= Dk (7n(- | 2, y1:n—1) || 7) +

Substituting into Eq.(23) and applying the fact that Jg(n*;z) — Jg(myz) =
BDkL(7(- | ) || 7*(- | z)) (see (Foster et al., 2025, Lemma F.4)) gives Eq. (21). O

In the small-|.A| regime, we avoid the error incurred by approximate rejection sampling, but retain
the main error term incurred by inaccuracy of the approximate value function (and incur time
complexity scaling with |.A|). We omit the proof as it is a strict subset of the argument used to prove
Proposition G.4.

Proposition G.5 (ActionLevelRS; small-|.A| regime). Let V be an approximate value function

; V(@,y1:) ‘/a:g(‘/r#ylth)} < R
with max{v;tg(z’yl:h), G | S k for all h € [H). The output distribution (- | z) of

~

ActionLevelRS(7rer, V', x) in the small-|A| regime satisfies

Drv(R(- | @), 7*(- | 2)) < Hv/2log(w). 24)

Moreover, in the special case where T(x,y1.57) = exp(B~1r*(x,y1.11)) for some r* : X x Y —
[0, Rnax] and 3 > 0O, it holds that

Ja(m"52) — Ja(T2) < 2HBlog(k). (25)
In either case, the algorithm uses O(H|A|) evaluations of V and conditional density queries to Tes.

G.2.1 ACTION-LEVEL SAMPLING FOR IMPLICIT VALUE FUNCTIONS
In order to better appreciate the advantage of VGB, it helps to consider the case when the approximate

value function V' used by ActionLevelRS is in fact the (exact) value function for some policy 7.
This condition is equivalent to a Bellman consistency condition, which is the formulation we use

below, and it can arise if 1 is an implicit value function: that is, if it is implicitly defined via

V % 7’? h| T, th—
V(xayl:h) = V(xvyl:h—l) . (y | Y1:n 1)
Wref(yh | xaylzhfl)

for an explicitly-learned policy 7 (this is essentially a rephrasing of the basic equality from
Lemma F.5).

In this case, ActionLevelRS is simply sampling from the distribution 7 (up to the error due to

rejection sampling), and the closeness of 7 to 7* depends only on the multiplicative ratio between v
and V¥, and not on H.

avg’

There is empirical evidence suggesting that implicit value functions may be more effective at fine-
grained action-level guidance than explicit value functions (Liu et al., 2024b). The following result,
contrasted with Proposition G.4 and the failures discussed in Section 3, provides a theoretical
explanation for this observation. Moreover, it provides another perspective on the advantage of VGB:
it can achieve comparable results for explicit value functions as ActionLevelRS achieves for implicit
value functions.
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Proposition G.6 (ActionLevelRS: Improved guarantees for implicit value functions). In the setting

of Proposition G.4, suppose that the approximate value function 1% additionally satisfies Bellman
consistency: forall x € X, h € [H], and y1.;,_1 € A",

V(@ yin-1) = D Trer(un | 2,911V (@, y1n).
yn€A

Then the output distribution 7(- | x) of ActionLevelRS satisfies
Drv(@(- [ 2), 7" (- | 2)) < &+ /2log(k).

Proof of Proposition G.6. From Bellman consistency, we have that

~ ~

V(x7y1:h) = E [V(‘T>y1:H)]7

Yht1:H~Trer (| T,Y1:10)

so V is the value function for the tilted distribution 7 : X — A(Y) defined by 7(y1.p | z) o
Tref(Y1.1 | ©)V (2, y1.1). Then Lemma E.5 applied to 7 gives

~

T(yn | ,y1:0—1) X Trer(Yn | T, Y1:0—1)V (2, Y1:1)-

We now analyze ActionLevelRS using this fact. Fix any h € [H] and condition on y;.,—1. We
invoke Proposition G.1 with base measure ((yp) := Trer(Yn | 2, y1:.n—1) and tilt function g(yz) :=

~

V(z,y1.n). We define 7 € A(A) by 7(yp) < p(yn)V (z,y1.)- As in the proof of Proposition G.4,
we get that Drv(7h(- | 2,91.n-1),7) < ¢/H. But now we observe that 7 coincides with 7, (- |
Z,Y1:.n—1), .. the conditional distribution of y;, under 7(- | =, y1.,—1). Therefore

H
Dry(@(- | z),7(- | x)) < , EL(‘ )[DTV(?hC | 2, y1:0—1), Th(- | T, 91:n-1))] < €.
p=1 JupTCIE

‘We now observe that

Dry(@(- | 2),7*(- | 2)) < VDo (7 (- [ @) [|7*(- | @)

%(yle ‘ .17)
max log —————*
yin€y - 7 (y1.g | x)

max log ?(l’,yl;H) .Zylleey ‘/a,\(/g(xvyll:H)
vin€y V(2 y1.m Zyi-yey V(z,yl.q)

< +/2logk

by the assumption that the multiplicative ratio between V and Vg is bounded by £ (see the statement
of Proposition G.4). The triangle inequality for TV-distance completes the proof. O

IN

IN
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H OMITTED RESULTS AND PROOFS FROM SECTION 3

In Appendix H.1 we provide computations omitted from Examples 3.1 and 3.2, formally proving that
ActionLevelRS incurs £2(1) TV-error in Example 3.1 and €2(1) KL-regularized regret in Example 3.2.
We also demonstrate that OutcomeLevelRS requires exponential time in these examples, and that
ActionLevelRS achieves exponentially poor coverage over 7* (in contrast with the guarantee of
Theorem 4.2 for VGB).

In Appendix H.2 we demonstrate that Example 3.1 can be adapted to the KL-regularized setting.

H.1 DETAILS FOR EXAMPLES 3.1 AND 3.2

Details for Example 3.1. The calculation of V7, is straightforward from the definition
VaeWin) = E™ [7(y1.8) | y1:1)-

Moreover, by construction it is clear that ‘7(y1;h)/vaf,g(y1;h) € [1/(1 +ev),1 + €] for all yy.p.

Note that 7* = Unif({a, b}#) whereas the output distribution 7 of ActionLevelRS is a product
distribution that puts mass (1 + ey)/(2 4 €v) on a for each coordinate.

First, we lower bound Dty (7, 7*). By the data processing inequality and Lemma F.1, we have

Dy (7, 7*) > Drv(Bin(H,1/2),Bin(H, (1 +ev)/(2+¢ev)) > Q(min(svx/ﬁ7 1))
as claimed.

Second, we observe that me¢(y1.z7) = 3~ for all y1.;y € ), whereas 7*(a,...,a) = 2~ Thus,
Cseq > (3/2)H, so OutcomelLevelRS requires exp(Q(H)) time in this example.

Third, in the regime ey = O(1), we show that 7 does not approximately cover 7* (in the sense of
Eq. (7) in Theorem 4.2). Suppose without loss of generality that H is even, and £ C ) be the set
of y1.p that contain at most H/2 occurrences of a. Defining A := ey /(4 + 2ey ), we have for any
y1.5 € & that

%(yl:H) _ (1 + A)#{h:yh:a}(l _ A)H—#{h:yh:a} < (1 _ AQ)H/Q — exp(—Q(H))
7"'*(yer) -

since A = Q(ey) = Q(1). It follows that for some constant ¢ = ¢(ey),

7T*(yl:H) 1
Py, o | o > H)| > (&) = =,
Y1:H~T ﬂ-(yl;H) eXp(C ) ZT ( ) D)
i.e. 7 has exponentially poor coverage of a constant fraction of the mass of 7*. O

Details for Example 3.2. We calculate that the optimal regularized reward is

Js(my;w) = Qb (w, 2) = log((1 + ¢)/2).

For the distribution 7 produced by ActionLevelRS, it is clear that 7(x) = mrer(x) = Unif ({0, 1}),
and hence

1
>
0

1
as claimed. Next, we observe that 7% = Ber(1/2 + A)®H for some A = (1), whereas
7 = mrer = Ber(1/2)®H . Thus, the fact that OutcomeLevelRS requires exp(€2(H)) time follows by
an analogous argument as in Example 3.1, as does the fact that ActionLevelRS fails to approximately
cover m*. O

(26)

| =

Jp(n;2) = Jp(ms ) = Jg(mh; @) — Er o [r" (2, y1:1)] = log((1 + €)/2) —

H.2 KL-REGULARIZED ABC EXAMPLE

Example H.1 (Failure of ActionLevelRS with approximate Q%). Consider the following construc-
tion for g € [0,1] and H € N. We have a single prompt X = { L} (henceforth we will omit the
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prompt from the notation) and action space A = {a, b, c}. We define m.or = Unif({a, b, c}*) and
™ (y1.m) = {c € y1.1 }. Then it can be checked that

Qj(yin) = Blog (14 (2/3)" (" = D)lle ¢ yua)

Let us define
~ Q* )+ € i h=0a
Q(yl:h) — f(yl ) Q fZ R
Q% (Y1:n) otherwise
Then ActionLevelRS satisfies Jg(n5) — J(7) > Q(min(eq, 8) - H).> 4

Details for Example H.1. We first deduce the claimed expression for (). For any y1., € APl if
¢ € Y1.n, then

Q5(y1:n) = Blog E™* [exp(8~"7* (y1.1)) | Y1:1]
= flogl
since 7*(y1. ) will be almost surely 0. On the other hand, if ¢ & y;.5, then
Q5 (y1:n) = Blog E™ [exp (8~ r* (y1:1)) | y1:1]

= Blog ((2/3)" - exp(871) + (1 - (2/3)"7") - 1)

= Blog (1+(2/3)""(exp(57") — 1)) .
Thus, it holds for all 3., € A" that

Qb (y1:n) = Blog (1+(2/3)" " (exp(B™") — 1)I[e # y1.a])

as claimed. Next, we observe that by construction, |Q(y1.1) — Q*(y1.n)| < eq forall h € [H] and
y1.n, € AP, Tt remains to verify the lower bound on KL-regularized regret. By (Foster et al., 2025,
Lemma F.4) and the chain rule for KL-divergence, we have

H

Jp(ms) — Jp(7) = BZ]EMF Dy (T (- | yr:h—1) | 75 (- | Y1:n—1))-
h=1

Fix h € [H] and condition on y;.,—1. We consider two cases.
1. Suppose that ¢ € y1.,—1. Then exp(8~'Q%(y1.1)) = 1 for each y, € A, so m (- | y1.n—1) is
uniform over A. However, exp(3~Q(y1.1)) = exp(egBHyn = a]), so Th(a | 2, y1.n—1) =
e2@/B /(2 + es@/B) > 1/3. It follows that
e/B /(2 + esa/P)
1/3

log > Q(min(cq/6.1)). @7)

~ 1
D (@n (- | yrn—1) | 75 ( | yrin—1)) = 3
2. Suppose that ¢ & y1.;,—1. Then exp(8~ Q% (y1:n)) = 1+ (2/3)H="(eB™" — 1)I[yp, # c|. On the
other hand, exp(8-1Q(y1.1)) = exp(B7'Q%(y1:n)) - exp(eq S 'Tyn = a]). Therefore
D (T (- [ yrn—1) |77 | y1:n-1))
1 ) eEQ/ﬁ/(eﬁ_lQE(y1:h—1,a)+5/ﬁ + BT QE(Wrn—1,b) + eﬁ_lQE(yl:h—1,C))

308 T (P @i 10 | B Qa1 ®) | B QWi 1))

> 1log <1 + efcz/ﬁ_1>
-3 ece/B + 9
> Q(min(sq/8, 1))
where the penultimate inequality uses the fact that Q3(y1n-1,0) = QF(Y1.p-1,b) >
Q5 (y1:n—1,0).
Substituting into Eq. (27) gives that Js(7j) — J5(7) > Q(min(eq, ) H) as claimed. O

“The sequence-level coverage coefficient is also exponential in H, Cseq > 29U and hence OutcomeLevelRS
requires an exponential computational budget.
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At each step ¢, for y¥) = y1.5:

1. With prob. 1/2, stay: y+D « y®.
2. With prob. 1/2, move to a neighbor in
N (y1.n) with weights shown on the

arrows

Figure 21: Illustration of execution of VGB at each step .

I OMITTED RESULTS AND PROOFS FROM SECTION 4

In this section we formally prove Theorems 4.1 and 4.2. Specifically, this section is organized as
follows. In Appendix I.1 we formally discuss how VGB is implemented in the large-|.A| regime
(Algorithm 7). In Appendix 1.2 we show that Theorem 4.1 follows from a more general guarantee for
the small-|.4| regime, Theorem I.1. We also give a regret guarantee for VGB in the KL-regularized
setting (Corollary I.1). In Appendix 1.3 we prove Theorem I.1. In Appendix 1.4 we prove Theorem 4.2.

We also include a high-level illustration of VGB (Figure 21).
Notation. Recall that we let 7 denote the autoregressive tree of generations, which has node set

H

U A". In the proofs in this section, we will typically omit dependence on the prompt x, therefore
h=0
writing e.g. Trer(y1.57) instead of 7rer(y1. 5 | ). Moreover, we will consider both distributions over
the set A (leaves of the autoregressive tree) as well as distributions over the entire tree 7. To avoid
confusion, we will notate the former as 7 .¢, 7, 7, etc. whereas we will use other characters for
the latter. Thus, T ef(y1.1,) refers to the marginal density of 7ef € A(A) on yy.1,, whereas v(y1.5)
refers to the single-point density of v € A(T) at y1.5.

1.1 DETAILED IMPLEMENTATION OF VGB FOR UNIFORM-ERROR RESULTS

In this section we present Algorithm 7, which gives more detailed pseudocode for VGB (compared
to Algorithm 1). In particular, Algorithm 7 shows how to efficiently implement the transitions
of the random walk in VGB via rejection sampling in the large-|.A| case. For any node y;.5, in the
autoregressive tree 7, it is convenient to define the following distribution gf(- | y1.,) over the
neighborhood N (y1.1,).

Definition I.1 (Unweighted neighborhood distribution). Let y1., € T (so that0 < h < H). We
define qvef (- | y1.1n) € AN (y1.1)) as follows:

* Ifh =0, then Gret(Y1:n+1 | Y1:0) = Trer (YUnt1 | Y1:0) for all yp11 € A.
* If h = H, then qref(Y1:n—1 | Y1:1) = 1.

° Ifo <h< H; then qref(yl:hfl ‘ yl:h) = %and qref(y1:h+1 | yl:h) = %ﬂ—ref(yh+1 | y1:h)f0’” all
Ynt1 € A

In other words, ¢, represents a transition distribution on 7 that transitions to the parent node with
probability 1/2 (if possible), and transitions to a random child node with probaiblity 1/2 (if possible,
and under the distribution induced by 7). Notably, sampling from gyef(- | y1.5) is tractable with
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Algorithm 7 Detailed Implementation of VGB for Uniform-Error Results

1: Input: Reference model 7,.¢, estimated value function 17, prompt x € X, horizon H € N,
step count T' € N, sampling regime (“large-|.A|” or “small-|.A]”).

2: Additional input for large-|.A| regime: rejection threshold M > 0, rejection error d; € (0,1).
3: Initialize y© := @.

4: for0 <t <Tdo

5: Set h := |y™|.

6: Set g2t := Grer (Y ™). > Definition I.1
7:

Let g(t) . N(y(lt)h) — RZO be defined by

99 W) = V(@ 91)

and, for all y}, 1 €A

g® (yit}w y;z+1) = V(z, yit)hv y;z+1)

8: With probability 1/2, set y** := y™® else:
Small-| A| regime: explicitly compute p € A(N(y\"},)) defined by

P(2) < gee(2) - 9 (2),

and sample y“t ~ p®,
Large-|A| regime: sample > Algorithm 4

y“*Y « RejectionSampling(g, q'%, M, drej)-

9: return y™.

a single conditional sampling query to ... To implement the transitions of VGB at step ¢ in the
large-|.A| case, we use RejectionSampling (Algorithm 4) with base distribution gyef(- | yi”h) and

tilt function defined using V. See Algorithm 7 for details.

1.2 PROOF OF THEOREM 4.1: UNIFORM ERROR BOUNDS

In this section, we state Theorem I.1—our general guarantee under uniform error bounds—and use
it to prove Theorem 4.1. Notably, Theorem I.1 does not require exact access to the outcome-level
reward 7, and also implies a regret bound in the KL-regularized setting (Corollary I.1). It requires

the following assumption on the multiplicative error of V, which reduces to Assumption 4.1 in the
special case that kje,f = 1. We assume that ke < & for convenience.

Assumption I.1 (Uniform bound on value errors; generalization of Assumption 4.1). Let K > Kjeaf >
1. Forallx € X, h € [H), and yy.;, € A", it holds that

o Vi (e
max ‘i(l,th) , f\vg(x Yrin) < K. (28)
Vae@yin) V(x,yin)

Moreover, forall x € X and y1.; € AH it holds that

= *
e ‘i(x»yle) 7Vivg($’y1:H) < Kieaf (29)
Vie@ yim) V(z,y.m)

We remark that in general, xeof can be interpreted as capturing the quality of the estimated reward
model, while « captures the quality of the estimated value function. If the estimated reward model is
perfect, we have that Kjear = 1.

To state the formal guarantee of VGB under Assumption 1.1, we must introduce the following model 7,
which is defined by tilting 7..¢ by the estimated values at the leaves.

Definition L2 (Ideal information-theoretic sampling distribution). Let 7 : X — A(Y) be defined by

Fyr | 2) = Tret (Y | 2) V(@ y1.1r) . (30)

Zyi:HEAH 71—re‘c(ylle | "E) V(x7y/1H)
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While it is not generically possible to sample from a distribution arbitrarily close to 7* when Kjear > 1
(even information-theoretically), we will show that it is possible to sample from a distribution
arbitrarily close to 7 (with time complexity of the sampling algorithm scaling logarithmically in the
sampling error). Moreover, 7 is close to 7* in the sense of coverage:

Fact 1.1. Under Assumption 1.1, the density ratio between 7 and T is bounded as

- {%(Jf,yle)7 T (Y1) } < K2 (31)
7r*(y1;H) W(xayle)

forallx € X and y1.z € AY.

Specifically, we will show that VGB can be used to sample from a distribution that is close to 7 in
x2-divergence (Definition F.1). Note that the output of VGB is a node of 7, which may or may not
be a leaf node, whereas 7 (and 7*) are distributions over leaf nodes. However, the following result
demonstrates that VGB produces a leaf node with reasonable probability, and that conditioned on this
event, the output distribution is close to 7.

Theorem 1.1 (Main accuracy guarantee under uniform errors). There is an absolute constant Cy1 > 0
with the following property. In the general test-time alignment setting (Section 2), suppose that
Assumption I.1 holds with parameters k > Kieat > 1. Fixx € X, T € N, and € € (0,1), and let
v € A(T) be the distribution of the output y‘™ of Algorithm 7 with inputs ¥, V,2, H T, and ¢,
in the small-| A| regime.

Let & be the event that |y ™| = H. If T > Cy1k*H?log(kH /<), it holds that

1
>
V(g) o 8Kleaf"fI{ (32)
and
sz(V‘g H %) <e. (33)

The proof of Theorem 4.1 from Theorem 1.1 is largely straightforward. The main technical detail is
to extend the accuracy guarantees to the large-|.4| regime, which we do by approximately coupling
the execution of VGB in the large-|.A| regime to its execution in the small-|.A| regime.

Remark 1.1 (Hyperparameters for rejection sampling in large-|.A| regime). We remark that in the
large-|A| regime, as shown in Algorithm 7, NGB formally requires two additional hyperparameters
(which were omitted from the statement of Theorem 4.1), in order to use RejectionSampling
(Algorithm 4) to implement transitions in the random walk: (1) a rejection threshold M and (2)
an error tolerance dyej. In the proof of Theorem 4.1 below, we assume that 6, Cact(2), and ey are
known, and moreover M := 4C,ct(x)(1 + ev)? and 6yej := 6/(16(1 + ey )HT). In the practical
implementation of VGB, we use a heuristic approximation of RejectionSampling that only requires
a single hyperparameter—see Appendix E. 1.

Proof of Theorem 4.1. We observe that under Assumption 4.1, Assumption I.1 is satisfied with
k =1+ ey and Kjear = 1. Also, by Fact .1, we have 7 = 7*.

First, we consider the execution of VGB in the small-|.A| regime (as formally described in Algorithm 7).
Invoking Theorem L.1 with e = §2 /4, we get P[Ejeas] > 1/(8(1 + v ) H) and

D1v(Tlge, ™) </ Dy (Tl | 7%) <6/2 <6,

where the first inequality uses Proposition F.1. The time complexity bound of O(T - |.A|) is evident
from the algorithm description.

We next extend the analysis to the large-|.A| regime where each transition is implemented using
RejectionSampling (as described in Algorithm 7). Fix some step ¢t € [T']. To invoke the guarantee
for RejectionSampling (Proposition G.1), we must bound ||p* /qi¢}|| . Suppose that h := |y
satisfies 0 < h < H (the edge cases follow by analogous and simpler arguments). We have

P (Y1)

() ¢, ()

=2p" (yy_1) < 2,
Gret (Y1 1) '
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and, for any y, € A,
PO W Ynr1) V(2,4 ynr1)

(t) (,,(D) i7 17 ¢
qr;f(ylt:h’thFl) %V( ayiwh) +3 th cA ref(yh+1 ‘I’ yl h)v(z7yii)}pyﬁl+1)

2‘/:\(/g(‘r yl hvyh+1)
évaf/g(x yit)h) + % Z €A ref(yh+1 | x yl h)Va*vg(CE y(lt)h7yh+1)

Qvat/g(x y(1t>h> yh-i-l)
3 Vave (@ 910) + 5 Va2, 910
o T (yh-l-l | x, yl;h)
7"'ref(yh+1 | mvyit)h)
< KQCact (.’L‘)
where the first inequality is by Assumption L.1, the second equality is by definition of V5, (Eq.(3)),
the third equality is by Lemma F.5, and the final inequality is by definition of C,ct(z). It follows
from Proposition G.1 (so long as the hyperparameters in Algorithm 7 are set appropriately—see
Remark I.1) that in the event that RejectionSampling is invoked at step ¢, the distribution p*® of its
output satisfies Dty (p™, p™) < §/(16(14¢eyv)HT'). Let ™ denote the distribution of the output ™,
and let 7sma) denote the distribution of the output in the small-|.A| regime; then a standard coupling
argument gives D1y (7T, Tsman) < 0/(16(1 + ey )H), and therefore D1y (7|e, Tsmanle) < §/2 by
Lemma F.2. By the above analysis, we have D1y (Tsmanle, 7) < §/2, so we get Dyy(7|g, %) <6
as needed. The time complexity bound claimed in the theorem statement is evident from the choice
of M (Remark I.1) and the pseudocode for RejectionSampling (Algorithm 4). O

I A

Remark 1.2 (Large-|.A| regime with average-case error bound). A key step in the analysis of Theo-
rem 4.1 for the large-|A| regime was to show that every transition can be efficiently implemented with
rejection sampling. This required showing that at every step t, the desired sampling distribution p™®
has bounded density ratio with respect 1o a tractable proposal distribution (to invoke Proposition G. 1).
Since p'? is defined in terms of V', this in turn requires some uniform assumption on V. Above, we
showed that Assumption 4.1 suffices to control the density ratio in terms of the action-level coverage
coefficient (and the assumption parameter k = 1 + €y ).

However, with only the average-case bound Assumption 4.2, it is unclear how to make a similar
argument work. For this reason, we only state Theorem 4.2 in the small-| A| regime. One could easily
extend it to the large-|A| regime by introducing an additional assumption that explicitly controls the
density bounds in the above analysis. It may also be possible to avoid extra assumptions via a more
delicate average-case argument that allows the rejection sampling procedure to occasionally fail. We
leave this question for future work.

In the KL-regularized setting, we get the following additional guarantee on the KL-regularized regret
(Section 2). We only provide this guarantee in the small-|.4| regime, but we believe it may be possible
to extend to the large-|.4| regime using a similar argument as in the analysis of ActionLevelRS
(Proposition G.4).

Corollary 1.1 (Regret guarantee for VGB in KL-regularized setting). In the KL-regularized alignment
setting (Section 2) with temperature parameter 3 > 0 and reward function r* : X x Y — [0, Rpax),
suppose that Assumption 4.1 holds with parameter v > 0. Fix prompt x € X and T € N, and

let v € A(T) be the distribution of the output y'™ of Algorithm 7 with inputs Tref, V, z, H,
and T, in the small-|A| regime. Let £ be the event that |y | = H. Then, for any § € (0,1), if
T > Cy1x*H? log(kH/d), it holds that

Ja(n*; @) — Jg(v|es ) < 0. (34)

Proof. As above, Assumption 1.1 is satisfied with kK = 1 + ¢y and kK = 1, and 7 = 7*. Invoking
Theorem 1.1 with ey, := §, we have

Jp(r* @) — Jp(vlgsw) = B Due(vle [ 77)
< B Dy(vle || 7)
<ps
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where the equality is by Lemma F.4 and the first inequality is by Proposition F.1. O

1.3 PROOF OF THEOREM I.1: UNIFORM ERROR BOUNDS

This proof largely follows the template originated by Sinclair & Jerrum (1989), generalized appro-
priately to the test-time alignment setting: we show that VGB implements a reversible Markov chain,
compute its stationary distribution, and use a conductance argument to bound its mixing time. See
also Bakshi et al. (2024) for a related but incomparable generalization (using a slightly different
random walk).

Fix a prompt x € X. Since we will be working with the same prompt throughout the proof, we
will drop it from the notation in the remainder of the section, and define quantities that implicitly
depend on . In particular, we will write V. (y1.n) := Vo (%, y1:8), \A/(yl;h) = 17(1:, y1:n)> and
Tref(Y1:1) := Tres (Y11 | ) as shorthand.

Recall that 7T is the tree with node set A% U - - - U A and with edge set defined by setting the parent

of y1., tobe y1.p,—1. Forw, v € T, we will write w ~ v if w and v are adjacent in the tree, i.e. if one
is the parent of the other as defined above.

In order to prove Theorem 1.1, we will use standard notions from the theory of Markov chains, such
as reversibility, stationary distributions, and conductance. For a detailed introduction to Markov
chains, we refer the reader to Levin et al. (2009).

Definition 1.3. For any yy., € T with h > 0, define

f(ylzhflaylzh) = f(y1:h7y1:hf1) = ‘7(1/1:h)7fref(y1:h)-

Define a Markov chain P on T where, for any v, w € T, the probability of transitioning from v to w

[A)
f(v,w)

5w ey Swrv
P(w [v) :== ¢ 1/2 ifw=wv
0 otherwise

Note that this Markov chain exactly corresponds to a step in Algorithm 7 (in the small-|.4| regime).

Definition L.4. Define n € A(T) by

where Zp := ) 7> cTwmn | (U, W) is the normalizing constant.

The next lemma shows that the Markov chain PP is reversible with respect to  (Levin et al., 2009),
and thus y is the unique stationary distribution.

Lemma 1.1. The Markov chain P is reversible with stationary distribution (.

Proof. Recall that for w, v € T with w ~ v, the transition probability is

f (v, w)
23 e f0,0)

(N fow) ) fww)
W()B(w | v) = < 7 > 1w )) (Gl ) -1

By the same calculation with v and w swapped,

P(w | v) =

Hence

flw,v) _ f(v,w)
27y 2Zp

p(w)P(v | w) =

using f(v,w) = f(w,v). Therefore u(v)P(w | v) = p(w)P(v | w) for all adjacent v, w, verifying
detailed balance and hence reversibility with stationary distribution p. O
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We begin by showing that the stationary distribution p has sufficient mass on the leaves of the tree
and the root of the tree. The first part is a specific claim of Theorem I.1; the second part is important
in bounding the mixing time of the random walk in Algorithm 7, since it starts at the root node of the

tree.
Lemma 1.2. Under Assumption 1.1, it holds that for

> wlyrn) > B
T 2KKieat H

y1.HEAHT

and

Proof. We observe that

> > fww) = ) Tree (1.t V (y1:1r)

v=y1.g EAH WET :w~v y1.HEAHT

1
Z Tret (Y1:8) Vg (Y1:H)

" Kleaf
A meAH

- L),

Kleaf ¢
where the final equality uses Eq. (3), and

Zi=Y. Y [flow)

vET weT :w~v

H
S 2 Z Z 7Tr‘e\"(yl:h)‘/}(ylzh)

h=1Yi1:n

H
S 2K Z Z 7Tr‘e\"(yl:h)‘/:::/g(yl:h)

h=1Yi1:n
= 2kHV ()

avg

again using Eq. (3). It follows from Definition 1.4 that

Z M(ylH) = Zlf Z Z f(v,w) > m

y1. g €A v=y1.g EAH WET w~wv
which proves Eq. (35). Similarly, Eq. (36) follows from the fact that

S 5(@0) = 3 wrer@) V(@) 2 - 3 mrerl@)Vingla) = Vi (2)

acA acA acA
together with the previously-derived upper bound on Z.

(35)

(36)

O

In order to bound the mixing time of the Markov chain P, we will bound its conductance. Conductance

is a standard measure of the bottlenecks in a Markov chain, and is formally defined as follows.

Definition L.5 (Conductance). The conductance of a Markov chain P with stationary distribution 1

is defined as

[ORES min dg
SCT:0<u(S)<1/2

Zuesmgs p(u)P(v | )
> ues 1(w)

where

[OFSES

Lemma 1.3. The conductance of the Markov chain P defined in Definition 1.3 satisfies

1
b > ——.
~ 4k?H
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Proof. Let S C T be any subgraph with 0 < u(S) < 1/2. Suppose that & € S. We know that
p(S) < pu(T\ S), and thus &5 > &\ g. We have @ ¢ T \ S. Hence, it suffices to prove that
bs > 1/(8x%H) forall S C T with 0 < p(S) and @ ¢ S.

Fix any S C T with0 < p(S) and @ & S. Let Sy, . .., S, be the (maximal) connected components
of S'in 7. Then

k k
_ D1 ZuGSi,UQS p(w)P(v | u) . 2z ZueSi,UQSi p(w)P(v | u) > min ®
B K - F =1 S:
Zi:l EuESi p(u) Zi:l Zuesi p(u) i€[k]
where the second equality uses the fact that if u € S; and v € S; for ¢ # j then v ¢¢ v and so

P(v | u) = 0. The above inequality implies that it suffices to prove 5 > 1/(8x?H) for all connected
subgraphs S C 7 with 0 < p(S) and @ ¢ S.

Fix any connected subgraph S C T with 0 < p(S) and @ ¢ S. Let v := y;.;, be the shallowest node
in S. Then v # @, so v has a parent u := y1.;,_1. Moreover, since S is connected, every v’ € S is a
descendant of v. Hence,

o, > _MOP@[Y)

B Zv’ET:v’jv ,u(v/) .

bg

Here, we use the notation v’ =< v to denote that v is an ancestor of v’. Using the definition
wlw) := Zif Yo eTw ~ow | (W, w") (Definition 1.4) and the definition of P (Definition 1.3), we get
f(v,u)
p)P(uv) 27

T v 1
Zv €T 2 ,U( ) Z Zv/eTtv/jv ZwGT:wwv’ f(’U/, w)

_ f(v, ) |
2 Zv’ET:v’jv ZwET:wNU’ f(?]/, UJ)

By Assumption 1.1, we have

~ 1
fo,u) = meer(V)V (v) = - Trer (V) Vg (V).
To bound the denominator, note that f(v', w) = mrer(v' V w)\V (' Vv w) where v/ V w € T is the
deeper node among {v’, w}. Moreover, for every node u in the subtree rooted at v, there are only two
ordered pairs (v, w) € T2 with v’ ~ w and u = v’ V w: namely, (u, ) and (v, u) where v’ is the
parent of u. It follows that

> Yoo fw) <2 Y mer(W)V) <26 Y meer () Vg (V).
v eT v v weT w~v’ v eTw' v v eT:w' v

Combining the preceding displays yields

Dy > Wref(”)va:/g(v)
- 4K2 Zv’eT:v’jv 71—Wf(rl)/)‘/va’\(/g(v/)

Expanding the denominator using Eq. (3), and noting that the depth of the subtree rooted at v is at

most H, we get
1

ds > .
S = 42l
It follows that ® satisfies the same bound. O

Let P!(- | 2) denote the distribution of the Markov chain after ¢ steps starting from state 2. We recall
the following fundamental result that relates the conductance with the mixing time of the Markov
chain. This result can be derived from Cheeger’s inequality, which relates the conductance of a
Markov chain to its spectral gap; see e.g. (Montenegro & Tetali, 2005, Chapter 3).

Theorem I.2 (Conductance implies mixing in x2). For any ergodic reversible Markov chain P with
stationary distribution p and conductance ®, for any initial state z and any t € N, it holds that

b

2(PH(- | 2 @41)2”2 .
Dy (P'(- | 2) || ) £ o

(38)
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We can now conclude the proof of Theorem I.1.

Proof of Theorem I.1. Recall that the stationary distribution y of our algorithm was
) flo,w) =Y V(o)mer(v (39)
wn~v wn~v
Let v denote the distribution of the output of Algorithm 7. Then v = P7 (- | &), so by Theorem 1.2
(note that the chain is ergodic since it has self-loops and, without loss of generality, is connected),
2 1
De(v | p) e ™ TP——. (40)
* (@)
Since 1/u(9) < 4x*H (Lemma .2) and ® > 1/(4x*H) (Lemma 1.3), we have for any &’ > 0, if
T > 32k*H?log(k*H/¢"), then
Dl | 1) S ' 1)
Sete’ := e/(8KkKieat H )2; the condition on 7' is satisfied so long as C7 1 is a sufficiently large constant.
Let L be the set of leaves of 7. Since (L) > 1/(2kKieaf H) (Lemma L. 2) we have that

V(L) > ,U/(L) - DTV(V’ M) Z ,U/( ) \/7 = Tt 4/€/€IeafH

using Proposition F.1, which proves the first claim of the theorem.
Next, by Lemma F.2, Eq. (41), and Lemma 1.2, we have
(v |l 1) €

/

Dy (vle || ple) < % < (42)
* -2 V ” M 2fm|eafH Z\F
Now note that for any leaf v = y1.5 € T,
pw(v) < f(yrm-1,y1.8) = ?(yle>7Tref<y1:H) o< T(Y1::)
by Definitions 1.2 and 1.4. Therefore p|¢ = 7, and so
Dy(vle||7) <e (43)
which proves the second claim of the theorem. O

1.4 PROOF OF THEOREM 4.2: AVERAGE ERROR BOUNDS

The proof of Theorem 4.2 analyzes the same Markov chain [P as the proof of Theorem 4.1 (modulo
returning y‘ for a random ¢ € [T'] rather than returning y™), but the analysis requires substantially
different techniques. In particular, under Assumption 4.2, it is no longer true that the Markov chain
mixes rapidly to the stationary distribution, since there may be branches of the tree where Vis
extremely inaccurate. We instead proceed using the machinery of local stationarity / meta-stability
(Balasubramanian et al., 2022; Liu et al., 2024a), which is a weakening of fast mixing (to the “globally”
stationary distribution), analogous to how, in optimization theory, local critical points are a weakened
solution concept compared to global optima.

For a broad class of Markov chains, the sampling analogue of an approximate zero-gradient condition
is a low Dirichlet form condition, which implies that the sampling law “locally” resembles the
stationary distribution (Liu et al., 2024a). To prove Theorem 4.2, we apply this idea to P and use
local stationarity to show that the marginal distribution of the Markov chain at a random timestep
approximately covers the true stationary distribution (which, in turn, approximately covers 7*).

As before, we will fix the prompt x € X and drop it from the notation. Throughout, we will
assume that Assumption 4.2 holds with parameter ¢y, and for notational convenience we will write

k := 1+ ey. Thus, for each h € [H], we have the following bounds on V with respect to V1,

max (E”* Va*vg(ylih)] g | VY Win) D < K. (44)

V(yl;h) Vaf/g(fUl:h)
Let 1 be a parameter to be chosen later. In this setting, it is no longer true that every cut has large
conductance (with respect to the Markov chain IP). We define a set of “bad” nodes at each layer of
the autoregressive tree 7, where “bad” roughly means that the subtree rooted at that node has small
conductance, and formally is defined as follows:

63



Under review as a conference paper at ICLR 2026

Definition 1.6. Let 7 > 0 and h € [H]. Define

2

.
4K2

Yo Treryrm)V(yin)

Yht41:HEAH -

Bh,n = Yi:h S Ah : 7Tr(—)’F(ylzh)‘//\v(yl:h) <

Lemma I4. Foranyn > 0and h € [H] it holds that

T (Bh,y) < n.

Proof. We know that 7* (y1.57) = mﬂref(yl;[—[)‘/atg(yl;[—[), and so

1 N 1
7T*(ylzh) = Vaf,g(@) Z 71-ref(/‘lll:lll)‘/vavg(yl:H) = mﬂref(ylzh)v:/g(ylzh)
Yht1:HEAH N
by definition of V3, (Eq. (3)). Thus, for any fixed y;., € AP,
> * V(yim)
th+1;HEAH*h Trer(y1:m)V (y1.1) - Zy}LJrl:HEAH’h T (Y1) Ve (y1:m) 45)
Tres (Y1:0) V (Y1:1) T (Y1:n) VVE?;;’Z)
Ve (y1: | Vi
_ i\/g(yl.h) E™ *(yl.H) | vinl . (46)
Vyi.n) Vavg(yl:H)
We conclude that
Va (yl:h) T* ‘7 : 452
PI‘ *[ylzh S Bh,n] - . ivgi E M | Y1:h > v (47)
Y1:h VT Y1~ V(ylzh) Vvavg(yle) n
Ve (1 2 | Vi 2
< aWin) 26| o e ‘i(yl.H) P
Y~V (ygp) n Y1:p~Tr V;vg(yl:H) n
(48)
| Vi (yr | Vi
< Mg wWin) | 1 g V*'(yl.H) “9)
2 V(y1:n) 2K Vave(yr:m)
<n (50
where the final two inequalities are by Markov’s inequality and Eq. (44) respectively. O

Recall the definition of Markov chain P from Definition 1.3. It will often be convenient to interpret P
asa 7 x 7 matrix, i.e. with P, := P(y | ). We will denote by v the initial distribution which puts
all the mass on the root node &, i.e. v5(&) = 1. Denote by v; := vglP* the distribution of the Markov
chain after ¢ steps starting from 1. Recall, from Lemma 1.1, that the Markov chain P is reversible
with stationary distribution p defined by

uw) =z 3 flw) (51)

weT w~wv

where Z¢ 1= 3 c7.p (Vs w). Furthermore, we have the following lower bounds on (1) the

mass that y places on the root node @, and (2) the mass that 4 places on the set of leaves A7 C T
Lemma L.5 is the analogue of Lemma 1.2 for the average-case setting.

Lemma LS. The stationary distribution y satisfies (@) > 1/(2x*H) and p(A") > 1/(2x2H).
Furthermore, it holds that Zy < 2V} (&)HE.

avg
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Proof. First, we observe that

H
Zp=3% > [flouw)<2 Z D Trer(yrn)V (yin)
vET weT w~v h=1y;, hG.A’L
V(yn)
avg(yl:h)

=2V (@ Z]E“

<2V (9)Hr

by Eq. (44). Next,
Z fm, y1a-1) = Z Wref(yl:H)‘/}(yl:H)
y1.H €AY y1.mEAHT

= V(o) E7

avg

‘7(y1:H)
‘/at/g(yle)
V3e(9)

> avg
- Eﬂ'* { ivg(yl:H)}
V(yer)
ATCH

K

by Jensen’s inequality (r — 1/r is convex on (0, 00)) and Eq. (44). It follows from this bound and
the preceding bound on Z; that

Z f(y1:H,y1;H—1)> 1

Zs ~ 2:%2H
y1.H €AH
Similarly,
i * T* ‘7 y Vx (@)
S F@y) =D mer)V(mn) = Vig(2)E *( 1) w(?)
‘/;v ( ) K

y1€A y1EA -

which, together with the bound on Z, implies that u(@) > 1/(2x*H). 0

For the analysis, we will look at the action of the Markov chain on the space of functions g : 7 — R.
Specifically, we will work with the space L?(u), which has inner product defined as follows.

Definition 1.7 (Inner product with respect to the stationarity distribution). For any functions g, g’ :
T — R, we define the p-inner product (g,9'), by (9.9') = Eul9g'| = 9" Dg’ (where D =
diag(p)).

Next, we recall the notion of the Dirichlet form corresponding to a Markov chain, which can be seen
as a generalization of the Laplacian. This is a measure of how a function varies locally with respect
to the transitions of the Markov chain.

Definition 1.8 (Dirichlet form). For any functions g,g' : T — R, we define the Dirichlet form of
g, g’ (with respect to kernel P and stationary distribution ) to be

E(g,9") = Y n(w)P(v | u)(g(u) = g(v)) - (¢'(u) = ¢'(v)).

u,veT

The following lemma gives a standard expression for the Dirichlet form. The proof can be found in
(Montenegro & Tetali, 2005, Section 1.1).

Lemma 1.6. For any function g : T — R it holds that
€(g,9) =2(9,(I =P)g)y

where I is the identity operator.
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Rather than directly working with P as a matrix, it is more convenient to work with the following
similar matrix—which is symmetric and PSD due to the laziness of the random walk, as shown in
Lemma L.7.

Definition 1.9. Define Q € R7*7 by Q. := P(y | 2)\/u(x)/u(y), so that Q = D/2PD~1/2
where D = diag(u).

Lemma L.7. The matrix Q) is symmetric and positive semi-definite.

Proof. The first claim follows from reversibility of P (Lemma I.1):

1 1
Quy =Py | z)pu(x) @) =Pz | y)u(y) @) = Qya-

Since () is similar to P, it has the same eigenvalues as IP (which are real-valued since () is symmetric).
By construction, we can write P = £ (I + P’) where [ is the identity matrix and P’ is the Markov
kernel corresponding to the non-lazy random walk (that is, the Markov chain conditioned on moving
to a neighboring state at each step). All eigenvalues of any Markov kernel (and in particular, P') have

magnitude at most 1, so all eigenvalues of P lie in [0, 1]. Thus, @ is positive semi-definite. O

The next lemma is a key technical ingredient in the proof of Theorem 4.2; it is a local stationarity /
metastability-type bound. It shows that the Dirichlet energy & (v, /1, V- /1) must be small at average
timesteps r, by showing that this form measures the change in y2-divergence. See Balasubramanian
et al. (2022); Liu et al. (2024a) for similar bounds and additional references.??

Lemma L.8. Forany T € N, it holds that

:Fz_:lg(m vy

) < 4HK?.
r=0 HoH

Proof. Since @ is positive semi-definite (Lemma 1.7), the square-root of () is well-defined. Define
matrix A := D~1/2Q1/2D'/2 and, for each 0 < t < 27T, define function g, : 7 — R by g; := At%o
(i.e. for any node v, g¢(v) := eUTA“’j“). Then, by Lemma L.6,

1

5€(96:90) = (g6, (1 = P)ge),. (52)
= (91, 9t) — (Age, Age) (53)
= (9t 9t)p — (9t+1, 9e+1) 54)

where the second equality uses the fact that g, DPg; = g, D'/2QD'/?g, = g/ AT D Ag,. Therefore
271
1
5 > E(ge,9t) = (90, GoYu — (921, 921) 1 < (905 90D — 1 = D2 (vo || 1)
=0

by telescoping and the fact that
14 14 14 14 _
(gots Gat)p = (;‘))T(A%)TDA%Tf = <;°>TDIP”;° =1 P'D Y (P") vy = Dy (v || ) + 1

for any nonnegative integer ¢. The penultimate equality uses the fact that DP = PT D by reversibility.
Next, since £(gy, g¢) > 0 for all ¢, it holds that
T-1

Z 5(927"7927") < 2DX2 (VO || /1‘)
r=0

BThese works use KL-divergence as the potential rather than y2-divergence, and so they get that
E(vr/u,log(vr/p)) is small on average rather than E(vy/u, vr/p). For our purposes, it will be slightly
more convenient to have bounds on the latter quantity.
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Now observe that for any even ¢ = 27,

g = Azr@ — A D 1y = D—l/QQrD—l/ZVO _ D—l(Pr)TVO _ U
1

Here, again we used the reversibility via Q" = (Q")". Thus,

Ze(”r ”’“) < 2D (1 || ).

r=0

To complete the proof we observe that D, 2 (vp || i) < —) < 4Hk? by Lemma 1.5 and the fact that
v only puts mass on the root. O

We will use Lemma I.8 to show that at a typical timestep ¢, the density ratio v,/ is roughly constant
on (most of) the autoregressive tree 7—namely, on the subgraph carved out around the root node by
the “bad” sets By, ,,. The following lemma formally relates the deviations in the density ratios on this
subgraph to the Dirichlet energy at a particular timestep.

Lemma L9. Let n > 0 and fix any r € [T). Then,

> wlyn) l(i:(yu{) - Vr(g)))Q LVh < H :yin & Bh,n]] < 8Hﬂ2€ (Vr, V’") .

y1.mEAH (Wn) w2 " peop

Proof. For any h € [H] and y;., € A"\ B, write v = y1.5 and u = yy.;,—1. Then we have
pyrn)P(yrn—1 | yin) FYn, yin-1)/(2Z5)

thJrl:HeAH—h N(ylH) N thJrl:He_AH—h f(yl:H7y1:H71)/Zf
Wref(ylzh)‘/}(yl:h)

2 thﬂ:HGAH*h 71'ref(yle)V(yLH)

2
n
> 55
> 25 (55)
where the final inequality is by definition of B}, ,, (Definition 1.6). Thus,
2
Ve(Y1: |Z84%]
> o) (28 Y i < g ¢ 1)
y1.aEAH HYLH H
S (velyin)  ve(raen) \?
<H Y M(%:H)Z( DELk l:k_l> 1y1.k & Br,y]
rom CAH 1 1(y1:x) w(Y1:k-1)
S ve(yin) _ velyinen) )
r\Y1l:k r\Yl:k—1
—aY S| | (S ) g )
k=1 gy € AR \ yposrir EAH—E M\Y1:k M Y1:k—1
8H/~c Vr(Y1. Vpr(Y1:— 2
Z Z () P(yre—1 | y1:k)< ((yl k)) - ((ylk 1))) L[y1:k & Bi,y)
=1 gy p e A H\Y1:k M Y1:k—1
< 8H§” £
n woop
where the second inequality is by Eq. (55). O

The preceding lemma shows that (at timesteps where the Dirichlet energy is small), the density ratios
v,/ are near-constant on a certain subgraph of the tree (which, via Lemma 1.4, we will show is
“most” of the tree, under the measure of 7*). However, ultimately we wish to show that v,./u is
not too small on most of the tree (which we will use to lower bound v,./7*). The following lemma
ensures this by lower bounding the density ratio at the root node &.
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Specifically, it makes formal the intuition that if (1) the random walk starts at &, and (2) the stationary
distribution puts reasonable mass on &, then the marginal law of the random walk at any particular
timestep should put reasonable mass on the root—even before the random walk mixes to the stationary
distribution. This, of course, requires the walk to be sufficiently lazy, which implicitly comes into the
proof via the fact that IP is similar to a PSD matrix ¢ (Lemma 1.7).

Lemma 1.10. For any non-negative integer t, it holds that ((g)) > 1.

Proof. Define g : 7 — Rby g(z) := v(@)=1@) Thep gince @ is positive semi-definite (Lemma 1.7),

V u(z)
we have that Q! is positive semi-definite and hence

0<g'Q' (56)
= (o —p) DPQ'D2 (1 — p) (57)
= (o —p) "P'D" (v — p) (58)
=, DYy — "Dy — v, D 4 "D (59)
_ g 2@ g7, vo—vl 1441 (60)

yve iy
_ g W, 61)

vve p(y)
where the third equality uses the fact that 4 = P'u. Rearranging terms and observing that
vo(y) = 1]y = @] completes the proof. O

To formally compare distributions on 7 with 7* (which is a distribution on the leaves of 7)), it is
convenient to zero-extend 7* to 7T :

Definition 1.10 (Extension of 7* to 7). Let u* € A(T) be the distribution on T that agrees with T*
on the leaves and is zero on the internal nodes.

We show that p* is not too far from p in y2-divergence, which is equivalent to an average-case
density ratio bound:

Lemma L.11. It holds that
1+ Dy (p* || p) < 2HE?.

Proof. We have
*(y1 H)
1+ D | )= E (62)
Y1:H~T y1 H
(Y1)
=7 (63)
T HN’T* [f (Y1:1, Y11 — 1)]
yl H (64)
T HN” Tret (Y1:1)V (Y1.11)
V.
. E avg(yl H) (65)
V;vg( ) 1:H~T V(yle)
< 2HkK* (66)
where the fourth equality is by definition of V_j,, and the final inequality is by Lemma 1.5 and
Eq. (44). O

We can now formally conclude the proof of Theorem 4.2.

Proof of Theorem 4.2. Observe that the distribution of ¢ in Algorithm 1 is precisely v; for each
0 < t < T, and moreover the distribution of the output is v := Zthl ve. Setn :=6/(6H) and
§' := §/(48H~K?). Fix any r € [T)]. Define events F*, F2, F2 C AH by

_Fl = {yl:H . Hh S H7 yl:h S Bhﬂ?}’
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F2i=Ayrm : ve(yrn) /n(yrn) < 1/2},
Foi=A{yvn - plyrm) /7 (yr.m) < 46"}
By Lemma I.4 and a union bound over h € [H], we have

Pr [yrg € F'] < Hy. (67)
Y1:H~T

Next, for any y1.;7 € F2 \ F!, observe that ;. satisfies

<IZ((yyll::5)) ; l:(f;)2 1[Vh < H : y1.p & Buyg) > (; _ 1)2 _ i

by definition of the events F', 72 and by Lemma 1.10. It follows from Lemma 1.9 that

32 H k2 Vv, U
=H)A(ve F2\FYH < 5() 68
o [(Iv] ) A (v \ FH)] e P (68)

Therefore

Pr_[yun € F\F = Pr [(o] = H) A0 e P2\ F)]

Y1:H~

— pr(v) vl = v 2\ 7l
_'U]Eu{,u(u) 1[jv|=HA e]—'\f}}

\/(1 +Dya(p* I w) Pri(jv] = H) A (v e 72\ F1)]

2
< BHR e (”T, ”T) (69)
7 pop

IN

where the first inequality is by Cauchy-Schwarz and the second inequality is by Lemma I.11 and
Eq. (68). Finally,

* ] 1
Pr [yny € F% = ) L

T2 H2/

by Lemma I.11 and Markov’s inequality. In the event that neither of 72, 73 occur, we have
Ve(y1.1) > 20"7* (y1.1). Thus, by Egs. (67), (69) and (70),

2
Pr {”(y”’) < 25'} < Hy4 e <”T ”’) + 8HK2.
) 7 pop

Recall that r € [T was chosen arbitrarily. Since v = 7 Zle vy, it follows from Lemma F.3,
applied to the random variables Z; := v;(y1.)/7* (y1.) (for y1. ~ @), that

v(yi.m) 16HK? Vp U
1:H / 2 ¢ T T
T ——— < ¢ | <2Hn+ 16HK"0" + 5( )
Y1 ~T* [ﬂ*(yle) ] n nT Z

16H
< 2Hny + 16HK2 + ——" \IT o )
r= 1

16H~K? [4HK?
T

< 2Hn+ 16HK?*8' +
<6

where the third inequality is by Lemma 1.8, and the fourth inequality is by choice of 1 and ¢’, and
holds so long as T > C'H®k%5~* for a sufficiently large constant C. Substituting in the choice
of ' := §/(48H~k?) and our definition of k := 1 + ¢y into the left-hand side of the inequality
completes the proof of Eq. (7). The claim that the runtime of VGB is O(T - |.4]) is immediate from
inspection of Algorithm 1. O
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J LLM USAGE STATEMENT

We used LLMs to help us write and refine small fragments of code—specifically, code for program-
matically generating Matplotlib and TikZ figures—and as a general-purpose aide for learning syntax
for specific Python libraries.
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