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Abstract

We investigate the fundamental optimization question of minimizing a target function f(x),
whose gradients are expensive to compute or have limited availability, given access to some
auziliary side function h(x) whose gradients are cheap or more available. This formulation
captures many settings of practical relevance, such as i) re-using batches in SGD, ii) transfer
learning, iii) federated learning, iv) training with compressed models/dropout, etc. We
propose two generic new algorithms that apply in all these settings and prove that we can
benefit from this framework using only an assumption on the Hessian similarity between the
target and side information. A benefit is obtained when this similarity measure is small, we
also show a potential benefit from stochasticity when the auxiliary noise is correlated with
that of the target function.

1 Introduction

Motivation. Stochastic optimization methods such as SGD (Robbins & Monro, [1951) or Adam (Kingma
& Bay, 2014)) are arguably at the core of the success of large-scale machine learning (LeCun et al., 2015;
Schmidhuber} 2015). This success has led to significant (perhaps even excessive) research efforts dedicated to
designing new variants of these methods (Schmidt et al.l |2020]). In all these methods, massive datasets are
collected centrally on a server, and immense parallel computational resources of a data center are leveraged to
perform training (Goyal et al.,|2017; [Brown et al., |2020)). Meanwhile, modern machine learning is moving away
from this centralized training setup with new paradigms emerging, such as i) distributed/federated learning,
ii) semi-supervised learning, iii) personalized /multi-task learning, iv) model compression, etc. Relatively little
attention has been devoted to these more practical settings from the optimization community. In this work,
we focus on extending the framework and tools of stochastic optimization to bear on these novel problems.

At the heart of these newly emergent training paradigms lies the following fundamental optimization question:
We want to minimize a target loss function f(x), but computing its stochastic gradients is either very
expensive or unreliable due to the limited amount of data. However, we assume having access to some
auxiliary loss function h(x) whose stochastic gradient computation is relatively cheaper or more reliable. For
example, in transfer learning, f(x) would represent the downstream task we care about and for which we
have very little data available, whereas h(x) would be the pretraining task for which we have plenty of data
(Yosinski et al., 2014). Similarly, in semi-supervised learning, f(x) would represent the loss over our clean
labeled data, whereas h(x) represents the loss over unlabeled or noisily labeled data (Chapelle et al. 2009).
Our challenge then is the following question:

How can we leverage an auxiliary h(x) to speed up the optimization of our target loss function f(x)?

Of course, if f(x) and h(x) are completely unrelated, our task is impossible and we cannot hope for any
speedup over simply running standard stochastic optimization methods (e.g. SGD) on f(x). So an additional
question before us is to define and take advantage of useful measures of similarity between f(x) and h(x).

Contributions. The main results in this work are

o We formulate the following as stochastic optimization with auxiliary information: i)Re-using batches
in SGD, ii) Semi-supervised learning, iii) transfer learning, iv) Federated Learning, v) personalized
learning, and iv) training with sparse models.
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e We show a useful and simple trick (E to construct biased gradients using gradients from an
auxiliary function.

« Based on the above trick, We design a biased gradient estimator of f(a) which reuses stochastic
gradients of f(x) and combines it with gradients of h(x).

o We then use this estimator to develop algorithms for minimizing smooth non-convex functions. Our
methods improve upon known optimal rates that don’t use any side information.

Related work. Optimizing one function f while having access to another function h (or its gradients) is an
important idea that has been used in special cases in machine learning and optimization communities. To
the best of our knowledge, this problem was never considered in all of its generality before this time. For this
reason, we can only cite works that used this idea indirectly. Lately, masked training of neural networks was
considered for example in (Alexandra et al., [2019; |Amirkeivan et al., [2021)), this approach can be understood
as a special case of our framework, where the auxiliary information is given by the sub-network (or mask). In
distributed optimization, (Shamir et al., [2013) define sub-problems based on available local information, the
main problem with this approach is that the defined sub-problems need to be solved precisely in theory and
to high precision in practice. In Federated Learning (Konecny et al.| |2016; McMahan et al.l 2017a; |Mohri
et all 2019)), the local functions (constructed using local datasets) can be seen as side information. Applying
our framework recuperates an algorithm close to MiMe (Karimireddy et al.l [2020a). In personalization,
Chayti et al.| (2021)) study the collaborative personalization problem where one user optimizes its loss by using
gradients from other available users (that are willing to collaborate), again these collaborators can be seen as
side information, one drawback of the approach in (Chayti et al., [2021)) is that they need the same amount of
work from the main function and the helpers, in our case we alleviate this by using the helpers more.
There is also auxiliary learning (Baifeng et al.; |Aviv et al.; [Xingyu et al.) that is very similar to what we are
proposing in this work. Auxiliary learning also has the goal of learning one given task using helper tasks,
however, all these works come without any theoretical convergence guarantees, furthermore, our approach is
more general.

The proposed framework is general enough to include all the above problems and more. More importantly,
we don’t explicitly make assumptions on how the target function f is related to the auxiliary side information
h (potentially a set of functions) like in Distributed optimization or Federated learning where we assume f is
the average of the side-information h. Also, it is not needed to solve the local problems precisely as expected
by DANE (Shamir et al., |2013]).

2 General Framework

Our main goal is to solve the following optimization problem:

min f(x), 1
in f() (1
and we suppose that we have access to an auxiliary function h(x) that is related to f in a sense that we
don’t specify at this level.

Specifically, we are interested in the stochastic optimization framework. We assume that the target function is
of the form f(x) := E¢, [f(x;&5)] over & € R? while the auxiliary function has the form h(x) := Ee, [h(z;&)]
defined over the same parameter space. We will refer to these two functions simply as f and h and stress
that they should not be confused with f(-;{s) and h(-;¢s). It is evident that if both functions f and h
are unrelated, we can’t hope to benefit from the auxiliary information h. Hence we need to assume some
similarity between f and h. In our case, we propose to use the hessian similarity (defined in assumption .

Many optimization algorithms can be framed as sequential schemes that, starting from an estimate x of the
minimizer, compute the next (hopefully better estimate) ™ by solving a potentially simpler problem

xt carg ;Ié]and{f(z7 z)+ AR(z;x)}, (2)

where f (-;x) is an approximation of f around the current state x, R(z;x) is a regularization function that
measures the quality of the approximation and ) is a parameter that trades off the two terms.
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For example, the gradient descent algorithm is obtained by choosing f(z;x) = f(x) + Vf(x) (z — x),
R(z;x) = 3|z — |3 and A = % where 7 is the stepsize. Mirror descent uses the same approximation f but a
different regularizer R(z;x) = Dy(2z;x) where Dy is the Bregman divergence of a certain strongly-convex
function ¢.

We take inspiration from this approach in this work. However, we would like to take advantage of the
existence of the auxiliary function h. We will mainly focus on first-order approximations of f throughout this
work, we will also fix the regularization function R(z;x) = 1|z — (|3, we note that our ideas can be easily
adapted to other choices of R and more involved approximations of f.

For any function h, we can always write f as

f(z) = Mz) + f(z) —h(z),

~—~ ———
cheap expensive

we term the first term as “cheap" but this should not be understood in a strict manner, it can for example

also mean more available.

A very straightforward approach is to use f whenever it is available and use h as its proxy whenever it is not,
we term this approach the naive approach. This is equivalent to simply ignoring (in other words using a
zeroth-order approximation of) the “expensive" part.

A more involved strategy is to approximate the “expensive" part f(z) — h(z) as well but not as much as the
“cheap" part h(z). We can do this by approximating f(z) — h(z) around @ ( a global state, or a snapshot,
the idea is that it is the state of f) and approximating h(z) around y (a local state in the sense that it is
updated by h). Doing this we get the following update rule

R 1
+ ; . 2

€ y I - )

Yy €arg min{f(zy,x) + 2nHZ yll2}

where f(z;y,2) = h(y) + f(x) — h(x) + (Vh(y) — Vh(z) + Vf(x) T (z — x).

This is equivalent to
y" =y —n(Vh(y) — Vi(z) + Vf(z)) (3)

We will refer to as a local step because it uses a new gradient of h to update the state. The idea is that for
each state x of f, we perform a number of local steps, then update the state x based on the last “local" steps.

Control variates and SVRG. can be understood as a generalization of the control variate idea used in
SVRG (Johnson & Zhang, 2013). To optimize a function f(z) :== 1 """ | f;(z), SVRG uses the modified
gradient gsvra = V/fi(y) — Vfi(x) + Vf(x) where x is a snapshot that is updated less frequently and ¢ is
sampled randomly so that this new gradient is still unbiased. The convergence of SVRG is guaranteed by
the fact that the “error” of this new gradient is E|lgsvre — V.f(2)||3 = O(|ly — x||3) so that if y —x — 0,
then convergence is guaranteed without needing to take small step-sizes. The main idea of our work is to use
instead of f; another function h that is related to f, this means using a gradient g = Vh(y) — Vh(x)+ V f(x),

then if we can still guarantee that the error is O(|ly — z||3) everything should still work fine.

What if we can’t access the true gradient of f? when f is not a finite average, we can’t access
its true gradient, in this case, we propose replacing the “correction” V f(z) — Vh(z) by a quantity m,_y,
that is a form of momentum (takes into account past observed gradients of f — h), the idea of using
momentum is used to stabilize the estimate of the quantity Vf(z) — Vh(x) as momentum can be used
to reduce the variance. Specifically, we use g = Vh(y) + ms_,. We note that for this estimate we have
Elg— Vw3 =0(ly — |3+ |lms—n — Vf(z) + Vh(z)|3) which means that g approximates V f(y) as
long as y is not far from & and m;_j, is a good estimate of the quantity V f(z) — Vh(z).

Local steps or a subproblem? we note that another possible approach is instead of defining local steps
based on h, to define a subproblem that gives the next estimate of f directly by solving

1
+ in {h T (y— — Ny — x|} . 4
x Earg;rel}@{ (y) +my_p,(y — ) + 277IIy x|} (4)
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Our results can be understood as approximating a solution to this sub-optimization problem .

Notation. For a given function J, we denote g;(-,£;) an unbiased estimate of the gradient of J with
randomness & .

General meta-algorithm. Based on the discussion above, we propose the (meta)-Algorithm |1} at the
beginning of each round ¢, we have an estimate x'~! of the minimizer. We sample a new ¢ —n and compute
gs—n(Ti—1,Cs—p) a noisy unbiased estimate of the gradient of f — h, we then update m?_h a momentum
of f — h. We transfer both ‘=1 and m‘}fh to the helper A which uses both to construct a set of biased
gradients d}, of V f(yi._,) that are updated by h . These biased gradients are then used to update the “local"
states y}, then f updates its own state &' based on the last local states yf_, ;. Throughout this work, we
simply take z; = yt,. o

Algorithm 1 stochastic optimization of f with access to the auxiliary h

Require: xg, n, T, K
fort=1to T do
sample gf,h(a:t_l,f}_h) ~Vf(x!=!) — Vh(z!™1)
update mf_, ~ Vf(z'~!) = Vh(z'"') § momentum
define y§ = z'~*
for k=1 to K do
sample gn(yf_1, ") ~ Vh(yt_,)
use it and m' to form df, = Vf(y._;)
Y = Yjy — 1dy,
end for
update !
end for

For our purposes we can take df, = gp,(y!_,, Eflk) + mﬁc_h which should be a good approximation of V f(yL_,)
and m}fh is a momentum of f — h, we will consider two options: classical momentum or MVR (for
momentum based variance reduction).

Decentralized auxiliary information. More generally, we can assume having access to N auxiliary
functions h;(z) := Eg,, [hi(x;&n,)]. While we can treat this case by taking h = (1/N) Zf\; hi, we propose
a more interesting solution that will also work if the helpers h; are decentralized and cannot live in the
same server. In this case, we can sample a set S? of helpers, each h; € S* will do the updates exactly as in
Algorith but this time x? will be constructed using all {yf,K,i € St}. In our case, we propose to use the

average ' = (1/5) > g yny )

3 Algorithms and Results

We discuss here some special cases of Algorithm (1| based on choices of m}_ , and df which we kept a little
bit vague purposefully.

We will consider mainly two approaches, the first one we call the Naive approach and the second one we
refer to as Bias correction.

We remind the reader that we can take d, = g5 (y}_, f,tlk) + m?_h.

Naive approach. This approach is exactly as it is suggested by its name, naive, it simply ignores the part
f =T or in other words m%_, =0 . The main idea is to use gradients (or gradient estimates) of f whenever
they are available and use gradients of h when gradients of f are not available. In our case, we alternate
between one step using a gradient of f and (K — 1)-steps using gradients of A without any correction. We will
show that this approach suffers heavily from the bias between the gradients of f and h. It is worth noting
that in federated learning, this approach corresponds to Federated averaging (McMahan et al., [2017a)).

Bias correction. In the absence of noise, this approach simply implements . Specifically, the inner loop
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in Algorithm [1] does this

v = ¥~ n(Vhyh,) = Vh(a' ") + V(@)

=d!

In the noisy case (when we can only have access to noisy gradients of f) we approximate the above step in
the following way:

v =i —ngn Wi 1, &1) +mh ),

=dl

where mf,_, is a momentum of f —h. We consider two methods for defining this momentum:

mi_y, = (1 —a)ymi") +agpn(x'™",&7,)  (AuxMom) (5)
m?.ih =(1- a)mjf_lh + agf,h(:ctfl,f},h)
+ (1= a)(gr-n(®"" & p) —gr-n(@ 7% €05))  (AuxMVR) (6)
AuxMom simply uses the classical momentum, whereas AuxMVR uses the momentum-based variance
reduction technique introduced in (Cutkosky & Orabonal [2019)).

Assumptions. To analyze our algorithms, we will make the following assumptions on the target f and the
helper h.

Assumption 3.1. (Smoothness.) We assume that f has L-Lipschitz gradients and satisfy

IVf(z) = Vi(y)ll2 < Lllz —yll2-

Assumption 3.2. (Variance.) The stochastic gradients g¢(x; (r), gn(@; Cn) and g¢—p(x; (s—p) are unbiased,
and satisfy

Ec,llgs(a;Cr) = VI (@)|3 <05, J € {f,h.f—h}.

In Assumption we assume that we directly have access to unbiased gradient estimates of f — h. This does
not restrict in any way our work since gy — gy, is such an estimate, however, this last estimate has a variance
of UJ%_ = UJ% + 02, in general, it is possible to have a correlated estimate such that aj%_ n < a}% + o2

Assumption 3.3. Hessian similarity. Finally, we will assume that for some ¢ € [0,2L] we have

IV2f(x) = V2h()||l2 < 0.

Note that if h(-) is also smooth (satisfies Assumption [3.I]), then we would have Hessian similarity with § < 2L
since

IV2f () = VZh()ll2 < [IV2f()]|2 + [ V2h(z)]2 < 2L.

As sanity checks, h = 0 corresponds to 6 = L (this case should not lead to any benefit), and h = f gives
0 = 0, we will consider these two cases to verify our convergence rates.

Relaxing the Hessian similarity. |Jingzhao et al.| propose a generalized smoothness assumption where
the norm of the Hessian can grow with the norm of the gradient. We believe it is possible to extend our
theory to accommodate such an assumption. In the same spirit, we can let |V2f(x) — V2h(x)||2 grow with
IV f(x)||2. More important than this would be to find similarity measures that apply to some of the potential
applications that we cite in Section 5]
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4 Results

We start by showing the convergence rate of the naive approach is dominated by the gradient bias. Then
show the convergence rate of our momentum variant AuxMom that will be compared to SGD/GD. We will
also state the convergence rate of our AuxMVR variant and compare it to MVR/GD.
Notation. We assume f is bounded from below and denote f* = iélﬂgdf(:c).

2ERd

Remark. We would like to note that while we state our results for the case of one helper h, they also apply
without needing any additional assumption when we have N decentralized helpers hq,...,Ax from which we
sample S = 1 helper at random. In the case where S > 1, we need an additional weak-convexity assumption
to deal with the averaging performed at the end of each step; this general case is treated in Appendix [C.4]

4.1 Naive approach

In this section, we show the convergence results using the naive approach that uses a gradient of f followed
by K — 1 gradients of h. For the analysis of this case (and only of this case), we need to make an assumption
on the gradient bias between f and h.

Assumption 4.1. The gradient bias between f and h is (m, (?)—bounded: Vx € R? : ||V f(z) — Vh(z)|]3 <
m|Vf (@) + ¢*.

Theorem 4.2. There exists f and h satisfying assumptions with oy = 0 such that
T -
77 2= [V H]5 = Q(¢?).

Using the biased SGD analysis in (Ajalloeian & Stichl 2020) it is easy to prove an upper bound, but we
only need a lower bound for our purposes. Theorem [£.2] shows that this naive approach cannot guarantee
convergence to less than ¢? (up to some constant).

Note. Theorem does not apply to Federated averaging since in this case f is directly related to the
helpers. However, heterogeneity and client drift (similar to gradient bias) are known to limit the performance
of FedAVG. Hence approaches that try to reduce it like (Karimireddy et al., 2020bjal))

In the following, we will show that our two proposed algorithms solve this bias problem.

4.2 Momentum based approach
We consider the instance of Algorithm [1| with the momentum choice in . For clarity, a detailed Algorithm
can be found in the Appendix Algorithm

Convergence rate. We prove the following theorem that gives the convergence rate of this algorithm in the
non-convex case.

Theorem 4.3. Under assumptions 3.3, For a = 326Kn

and 1) = min (b IR 128LI};TBU? , we have :
T K-1 — i
! LFo?8 (L +0K)F
77 2 2 BV W — o1 L sOry,
t=1 k=0

where FF'= FO 4+ 22 FO — (%) — f*, B = E[|m® — V f(2°) + Vh(2)||2] and 8 = O($ Tz 4+ L(1+

I
5\or
f)(?z%) :

Note. We note the term E° in the definition of F, we show in the appendix how to get rid of this term E°
by making it O(1/T), for this reason, we may consider ' = F©.
For simplicity, we take oj, = oy (it is reasonable to assume the two quantities of the same order).
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Sanity checks. For h = f, we have § = 0, and it is easy to see that we get the rate of KT-steps of SGD.
For h = 0 we have § = L, in this case, we don’t gain anything as should be the case.

LFO 2
We will compare this rate to that of SGD under the same amount of work asked from f: (9( Tgf + LTFU

When do we gain from the helper? (Noiseless case.) for o5 = o, = 0, we have the rate O(LF?/(KT)+
SF°/T), we compare this to O(LF°/T) the expected rate had we only used gradients of f. This means
that we gain a multiplicative factor of 1/K + §/L, which means we need §/L < 1 (very small) to neglect it.
however, there is another consequence: for K < L/§ the rate is O(LF°/(KT)), in other words, it is as if
we were using K gradients of f instead of only 1 and K — 1 gradients of h.(Noisy case.) We see that in
the dominant term we have the factor g that multiplies the variance term UJ% that we have in SGD (when
we don’t use the helper h), the smaller 5 the better, this is the case in general if §/L, 0’%/0']% are small and
012L n afc. We also notice a small gain from K.

2 2 2
Specifically, 5 = O(%%’# ++(1+ %)%) is constituted of two terms, the first one %%’# suggests that we
¥ ¥ ¥

may benefit if § < L or if 0]20_ < 0]20, we get the latter if our gradient estimates of f are positively correlated
2

with the gradients of h. The second term %(1 + %)Z—Z decreases with K and we can neglect it if we take
¥

K > Ko = max(Lo}/60F_,,07/0F ).

Overall, we have two regimes:

o (I) if K < Ky then our rate becomes (’)( o %FTO> i.e. we replaced L by L/K, we gain from

increased values of K.
002
o (II) If K > K{ our rate becomes O<\/ or 7+ ‘5?0>, which means we replaced L by § which

might be very small This is equivalent to solving the sub-problem , but instead of needing K — oo
we only need K ~ L/§. We also replaced 0]20 by 0]20_ 5, which might also be small if we have positively
correlated noise between gradients of f and h.

SVRG in the non-convex setting. In particular, because Theorem [4.3| also applies for the case where
we have multiple helpers, and we sample each time S = 1 helpers, we get that SVRG converges in this case
as O(%), which matches the known SVRG rate (Reddi et al., 2016]) (up to § being small). More
interestingly, we obtain the same convergence rate by using only one batch (no need to sample) if the batch
is representative enough of the data (i.e., satisfies our Hessian similarity Assumption .

Local steps help in federated learning. Using the decentralized variant of this theorem (see Appendix7
we also find that local steps (K in our case) do indeed help (meaning K helps) in Federated Learning which
was shown in (Karimireddy et al., |2020al).

4.3 MVR based approach

We consider now the instance of Algorithm (1| which uses the MVR momentum in in @ The detailed
algorithm can be found in the Appendix Algorithm
Stronger assumptions. For the analysis of this variant we need a stronger similarity assumption

Assumption 4.4. Stronger Hessian similarity.
30 € [0,L] V¢ r—pn : gs—n(-,{s—pn) is o-Lipschitz.

Assumption is stronger than its counterpart Assumption [3.3] it is reasonable to need it since already in
using the MVR momentum we need a stronger smoothness assumption to hold.

Convergence of this variant. We prove the following theorem that gives the convergence rate of this
algorithm in the non-convex case.




Under review as submission to TMLR

Theorem 4.5. Under assumptions Al .. Assuming oy, = 0, for a = max (5 L 129662 K2n?), for

_ 1 1 1 Fo 1/3
7 = min (L7 19260K ° K (777652TU§)

, ensuring E° < af/T we have :

T K-1 2
1 5F00f_h 2/3  (L+6K)F° Of_n
— E _ .
R 2o 3 ElIVSwlE] = o (et B T )

We provide the general theorem including o, # 0 in the Appendix.
Baseline. Under the same assumptions and for the same amount of work, MVR or STORM (Cutkosky &

Orabonal 2019)) has the rate: (’)((LJ‘FTO‘”)Z/3 + Lf:o>

Gain. (Noiseless case) If 0y = 0y_;, = 0 then we see that we replaced L with £ + § which is smaller if
§ < L, in fact, exactly as for AUXMOM, we have two regimes, if K < L/§, then % = O(L/K) this
means that we improve with K, and we have a saturation regime when K > L/§ for which % = 0(9),
which means we replace L by ¢. Overall, we gain from using f the moment we have § < L.

(Noisy case) In this case We see that our noise term has 50]% ,, instead of the L02 in MVR’s rate. Hence, if
there is noise (oy_p # 0) then we have a better rate if § < L or if O’f n < af Overall we gain when the
similarity ¢ is small compared to L or when we have a positive correlation between the noise of f and h.

5 Potential applications

The optimization with access to auxiliary information proposed is general enough that we can use it in many
applications where, we either, have access to auxiliary information explicitly such as in auxiliary learning or
transfer learning, or implicitly such as in semi-supervised learning. We present here a non-exhaustive list of
potential applications.

Reusing batches in SGD training and core-sets. In Machine Learning the empirical risk minimization
consisting of minimizing a function of the form f(x) = + Zfil L(x,&;) is ubiquitous. In many applications,
we want to summarize the data-set {&;}Y.; by a smaller potentially weighted subset C'S = {(&;,wy) ;Vil,
for positive weights (wj)évil that add up to one, this is referred to as a core-set (Bachem et all, |2017). In
this case we can set h(z) = >, ¢)ecs WL(®,£). An even more sampler problem is when we sample a batch

B C {&}X of size b < N, one question we can ask is how can we reuse this same batch to optimize f? In
this case we set h(x) = (1/b) > ¢cp L(, ). In the case where we have many batches {B;};cr, we can set
hi(x) = (1/|Bil) Xo¢ep, L(x,§) for each i € I and use our decentralized framework to sample each time a
helper h.

Note. In case h is obtained using a subset B of the dataset defining f, there is a-priori a trade-off between
the similarity between f and h measured by the hessian similarity parameter §(B) and the cheapness of the
gradients of h. A-priori, the bigger the size of B is, the easier it is to obtain a small §(B), but the more
expensive it is to compute the gradients of h.

Semi-supervised learning. In Semi-supervised Learning (Zhul 2005), We have a small set of carefully
cleaned data Z directly related to our target task and a large set of unlabeled data Z. Let us also assume that
there is an auxiliary pre-training task defined over the source data, for e.g., this can be the popular learning
with contrastive loss (Chen et al., 2020). In this setting, we have a set of transformations 7 which preserves
the semantics of the data, two unlabeled data samples (1, € Z, and a feature extractor G () : Z - Rk
parameterized by . Then the contrastive loss is of the form £( ¢4 (1), ¢2(T(C1)), dx((2)) where the loss
tries to minimize the distance between the representations ¢m(51) and qbw(T(Q:l)), while simultaneously
maximizing distance to ¢, (52) Similarly, we also have a target loss £ : Z — R which we care about. Then,
we can define

f(®) =Eeez [l(x;€)]
and

h(@) = B¢, ¢, 7 [((92(C1), 92(T(01)), 92(C2))] -
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The quality of the auxiliary unsupervised task can then be quantified as the Hessian distance ||V2f(z) —
V2h(zx)||2 < §. Perhaps unintuitively, this is the only measure of similarity we need between the target task
and the auxiliary source task. In particular, we do not need the optimum parameters to be related in any
other manner. We hope this relaxation of the similarity requirements would allow for a more flexible design
of the unsupervised source tasks.

Transfer learning. For a survey, see (Zhuang et al., [2020). In this case, in addition to a cleaned data set Z
we have access to Z a pre-training source Z. Given a fixed mask M (for masking deep layers in a neural
network) and a loss £, we set

f(@) =FEcez[l(x;€)] and  h(x) =Egez[{(M @ x,()].

Again, we quantify the quality of the transfer using the hessian distance.

Federated learning. Consider the problem of distributed/federated learning where data is decentralized
over N workers (McMahan et all [2017b). Let {Fy(x),..., Fy(x)} represent the N loss functions defined over
their respective local datasets. In such settings, communication is much more expensive (say M times more
expensive) than the minibatch gradient computation time (Karimireddy et al., |2018). In this case, we set

fx) = %Zm(m) and () = Fy(x) .

Thus, we want to minimize the target function f(x) defined over all the workers’ data but only have access
to the cheap loss functions defined over local data. The main goal, in this case, is to limit the number
of communications and use as many local steps as possible. Our proposed two variants are very close to
MiMeSGDm and MiMeMVR from (Karimireddy et al.l [2020a)).

Personalized learning. This problem is a combination of the federated learning and transfer learning
problems described above and is closely related to multi-task learning (Ruder} [2017). Here, there are N
workers each with a task {Fj(z),..., Fy(2)} and without loss of generality, we describe the problem from
the perspective of worker 1. In contrast to the delayed communication setting above, in this scenario, we only
care about the local loss Fy(x), whereas all the other worker training losses {Fx(x),..., Fx(x)} constitute
auxiliary data:

f(®) = [Fi(z) = B¢, [Fi(2;¢)]]
and for i > 2
hi(x) = [Fi(x) = B¢, [Fi(z; ¢)]] -

In this setting, our main concern is the limited amount of training data available on any particular worker—if
this was not an issue, we could have simply directly minimized the local loss F ().

Training with compressed models. Here, we want to train a large model parameterized by x € R?. To
decrease the cost (both time and memory) of computing the backprop, we instead mask (delete) a large part
of the parameters and perform backprop only on the remaining small subset of parameters (Sun et al.l 2017;
Yu & Huang), 2019). Suppose that our loss function £ is defined over sampled minibatches £ and parameters
x. Also, let us suppose we have access to some sparse/low-rank masks {1a4,,..., 1, } from which we can
choose. Then, we can define the problem as

f(x) = IEC[K(:I:; 5)} and h(x) = IE@M[E(IM Ox; 5)] )

Thus, to compute a minibatch stochastic gradient of h(x) requires only storing and computing a significantly
smaller model 1 ®  where most of the parameters are masked out. Let D = diag(1a) be a diagonal
matrix with the same mask as 1. The similarity condition then becomes

IV2f(z) — Ep [Dam V2 (I ©@ ) Dpglll2 < 6.

The quantity above first computes the Hessian on the masked parameters 1,4 ®  and then is averaged
over the various possible masks to compute E x4 [DMV2f(1M ® ZB)DM]. Thus, § here is a measure of the
decomposability of the full Hessian V2 f(x) along the different masked components. Again, we do not need the
functions f and h to be related to each other in any other way beyond this condition on the Hessians—they
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may have completely different gradients and optimal parameters.

Does the Hessian similarity hold in these examples? In general, the answer is no, since already
smoothness does not necessarily hold. Also, this will depend on the models that we have and should be
treated on a case-by-case basis. However, we can see from the experiment section that our algorithms perform
well even for deep learning models. This work should be seen as a first attempt to unify these frameworks.
Examples where it holds. There are two special and simple examples where this similarity assumption
holds. In both semi-supervised linear and logistic regressions we note that the hessian does not depend on the
label distribution, for this reason, we can endow the unlabeled data with any label distribution and construct

the helper h (based on unlabeled data) with § = 0 (under the assumption that unlabeled data come from the
same distribution as that of labeled data).

6 Experiments

Baselines. We will consider fine-tuning and the naive approach as baselines. Fine-tuning is equivalent to
using the gradients of the helper all at the beginning and then only using the gradients of the main objective

f. We note that in our experiments K = 1 corresponds to SGD with momentum, this means we are also
comparing with SGDm.

6.1 Toy example

We consider a simple problem that consists in optimizing a function f(x) = %x2 by enlisting the help of the
function h(z) = (14 6)(z — /(14 6))? for z € R.

Naive AuxMom FT
,,,,,,,,,,,,,,,,,,,, 10° e
0 N i |
! 0] N 10211 |
i i
10? i 10-¢ \\ Nk \
N Rl |
Z 10 L o \\ ******* i \
- ; 101 \. 102 \
; \.
H
1004 1 10 N —:- zeta=1 \
| \\ 10 zeta=10 \
101] M 0 AN zeta=100 \

0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
iteratinne

Figure 1: Effect of the bias ¢ (zeta in the figure) on the naive approach (Naive), AuxMom and Fine Tuning (FT)
for K = 10,6 = 1 and n = min(1/2,1/(0K)). We can see the naive approach fails to converge for big bias values,

whereas AuxMom converges all the time no matter the value of the bias. Fine Tuning converges much slower (note
the difference in scale).

Effect of the bias (. Figure[l| shows that indeed our algorithm AuxMom does correct for the bias. We
note that in this simple example, having a big value of ( means that the gradients of i point are opposite to
those of f and hence it’s better to not use them in a naive way. However, our approach can correct for this
automatically and hence does not suffer from increasing values of (. In real-world data, it is very difficult to
quantify ¢, hence why we can still benefit a little bit (in non-extreme cases) using the naive way.

Naive AuxMom FT
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Figure 2: Effect of the similarity ¢ (delta in the figure) on both the naive approach (Naive), AuxMom and Fine Tuning
for K =10, =10 and n = min(1/2,1/(6K)). We can see the naive approach fails to benefit from small values of §,
AuxMom does not suffer from the same problem, whereas Fine Tuning is slower than AuxMom.

Effect of the similarity 6. Figure [2| shows how the three approaches compare when changing §. We note

that 6 = 0.1 corresponds to L/é = K = 10 the value used in our experiment, our theory predicts that for
values of J, the convergence is as if we were using only gradients of f.

10
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6.2 Leveraging noisy or mislabeled data

We show here how our approach can be used to leverage data with questionable quality, like the case where
some of the inputs might be noisy or in general transformed in a way that does not preserve the labels. A
second example is when a part of the data is either unlabeled or has wrong labels.

We consider a simple feed-forward neural network (Linear(28 * 28,512) — ReLU — Linear(512,512) —
ReLU — Linear(512,10)) to classify the MNIST dataset (LeCun & Cortes| 2010]) which is the main task f.
As a helper function h we rotate MNIST images by a certain angle € {0,45,90,180}. The rotation plays
the role of heterogeneity. We note that this is not simple data augmentation as numbers “meanings” are
not conserved under such a transformation. We plot the test accuracy that is obtained using both the naive
approach and AuxMom.

First of all, Figure [3| shows that we indeed benefit from using bigger values of K up to a certain level (this is
predicted by our theory), this suggests that we have somehow succeeded in making a new gradient of f out
of each gradient of h we had.

1.0
0.8 1
06 |
0ad |

0.2

#iterations/50

Figure 3: Effect of K (K — 1 is the number of times we use the helper h) on the test accuracy on the main task (for
an angle = 45). We can see that our approach, as our theory predicts, benefits from bigger values of K.

AuxMom
1.0 1.0
0.81 0.8
206 0.6 1
E [
8 [
® 0.4 0.4 ’ angle=0
angle=45
0.2 0.21 , ----- angle=90
—-==- angle=180
0 20 40 0 20 40

#iterations/50

Figure 4: Test accuracy obtained using different angles as helpers, for K = 10, step size n = 0.01 and momentum
parameter a = 0.1. We see that, astonishingly, AuxMom does not suffer much from the change in the angle, whereas,
as expected, the bigger the angle the worse the accuracy on the main task for the naive approach.

Next, Figure [f] shows how much the angle of rotation affects the performances of the naive approach and
AuxMom. Astonishingly AuxMom seems to not suffer from increasing the value of the angle (which we should
increase the bias).

Figure [5] shows a comparison with the fine-tuning approach as well.

In a similar experiment, the helper h is given again by MNIST images, but this time we choose a wrong label
for each image with a probability p, Figure [6] shows the results.

6.3 Semi-supervised logistic regression

We consider a semi-supervised logistic regression task on the "mushrooms" dataset which has 8124 samples
each with 112 features. We divide this dataset into three equal parts, one for training and one for testing,
and the third one is unlabeled. In this context, the helper task h is constituted of the unlabeled data to

11
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Figure 5: comparison of The Naive approach, AuxMom and Fine Tuning for an angle = 90. Again we see that while
not suffering from the added bias, Fine Tuning is slower than AuxMom.

Naive AuxMom

accuracy

¥ 0.4 — p=0.2
¥ p=0.5
0.2 { o2dl e p=0.8
PRSP NERE=Cmadunayd ——- p=1
0 20 40 0 20 40

#iteratinns/S0

Figure 6: Test accuracy obtained using different probabilities p as helpers, for K = 10, step size n = 0.01 and
momentum parameter a = 0.1. Again, astonishingly, AuxMom does not suffer much from the change in the angle,
whereas, as expected, the bigger the angle the worse the accuracy on the main task.

which random labels were assigned. Figure[7] shows indeed AuxMom accelerates convergence on the training
set, more importantly, it also leads to a smaller loss on the test set which suggests a generalization benefit
coming from the use of the unlabeled set.

19 i

Figure 7: Gradient norm, train loss, and test loss. The parameter a was chosen a = 0.1 and the stepsizes were
optimized using grid-search for best training loss.

7 Discussion

Fine Tuning. Fine Tuning uses the helper gradients first, and then uses the gradients of f, in this sense
fine-tuning has the advantage that it can be used for different functions f without having to go through the
first phase each time. AuxMom seems to beat it, however, it does not enjoy the same advantage. Can we
reconcile both worlds?

Better measures of similarity? Quantifying similarity between functions of the previous stochastic form
is an open problem in Machine Learning that touches many domains such as Federated learning, transfer
learning, curriculum learning and continual learning. Knowing what measure is most appropriate for each
case is an interesting problem. In this work, we don’t pretend to solve the latter problem.

Higher order strategies. We believe our work can be “easily” extended to higher order strategies by using
proxies of f — h based on higher order derivatives. We expect that, in general, if we use a given Taylor
approximation, we will need to make assumptions about its error. For example, if we use a 2nd order Taylor
approximation, we expect we will need to bound the difference of the third derivatives of f and h; this will

12
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be similar to the analysis of the Newton algorithm with cubic regularization(Nesterov & Polyak| [2006)).
Dealing with the noise of the snapshot. In this work we propose to deal with the noise of the snapshot
gradient of f — h using momentum, other approaches such as using batch sizes of varying sizes with training
(typically a batch size that increases as convergence is near) are possible, such an approach was used in
SCSG(Lihua et al.)).

Positively correlated noise. We showed in this work that we might benefit if we could sample gradients of
h that are positively correlated with gradients of f, but we did not mention how this can be done. This is an
interesting question that we intend to follow in the future.

8 Conclusion

We studied the general problem of optimizing a target function with access to a set of potentially decentralized
helpers. Our framework is broad enough to recover many machine learning and optimization settings.
While there are different ways of solving this problem in general, we proposed two variants AuxMom and
AuxMVR that we showed improve on known optimal convergence rates. We also showed how we could go
beyond the bias correction that we have proposed; this can be potentially accomplished by using higher-order
approximations of the difference between target and helper functions. Furthermore, we only needed the
hessian similarity assumption in this work, but we think it is possible to use other similarity measures
depending on the solved problem; finding such measures is outside of the scope of this work, but it might be
a good future direction.

13
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A Code

The code for our experiments is available at https://anonymous.4open.science/r/OptAuxInf-77C2/
README . mdl

B Basic lemmas

1
Lemma B.1. Va,b € R% ¢ >0 : [[a+b|3 < (1+¢)|al?+ (1 + E)HbH%

Proof. The difference of the two quantities above is exactly ||/ca — %b”% >0. O

Lemma B.2. VN € N,Va,,...,ay € R : | a3 < NN, [lail?.
Lemma B.3. It is common knowledge that if f is L-smooth, .i.e. satisfies then :

Vo, € R : f(y) — f(@) < Vi) (y @)+ =y~

C Missing proofs

C.1 Naive approach

As a reminder, the naive approach uses one unbiased gradient of f at the beginning of each cycle followed by
K — 1 unbiased gradients of h.

Algorithm 2 Naive(f,h)
Require: zg,m° 7, T, K
fort=1to T do
Sample &%; compute gr(zi™t, &%)
m! = gf(wtilv 5})
yo ==
for k=0to K —1do
if k=0 then
di, =m!
else
Sample 5,2”“; Compute g, (yt, §;f1k)
di, = gn(y}, &™)

end if
Yipr = Ui — 1dy,
end for
Update z' = yt;
end for

We prove the following theorem :

Theorem C.1. Under Assumptions 4.1l Starting from x° and using a step size n we have :

K 0 2
-1y m F Lo K-1,
[V E[|V —_— — (.
E E[|VF(=1)3] QKTE > "E[IV£(yi1)l3] < KTn+ 5 Nt ¢

t=1 t=1 k=2

~

2 _1)e?
For 02 = % the average variance, F° = E[f(x")] — f*.
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Proof. The proof is based on biased SGD theory. From (Ajalloeian & Stichl [2020]) we have that if we the
gradients g(x) that we are using are such that :

Elg(z)] = Vf(z) + b(x)

For a target function f and a gradient bias b(x). Then we have for n < %:
t _ ty < My V£ (ul)2 blut)2 L?f 2
P = flyi) < 5 (= IVl + 16DI2) + -0

In our case, by Assumptio: 1b(y)ll5 < (¢ +mlIVf(yp)l3) k>0 and 0} = 1x=00F + 100}
Summing the above inequality from t =1,k =0tot =7,k = K — 1 and then dividing by KT we get the
statement of the theorem. O

Lower bound. It is not difficult to prove that we cannot do better using the naive strategy. We can for
example pick in 1d a target function f(z) = 1% and an auxiliary function h(z) = % (z — ¢)?. Both functions
are 1-smooth and satisfy hessian similarity with § = 0, however, ¢ is not (necessarily zero), in particular, this
shows that hessian similarity (Assumptio and gradient dissimilarity (Assumptio are orthogonal. To
show the lower bound we can consider the perfect case where we have access to full gradients of f and h.

The dynamics of the naive approach can be written in the form:
o't = (1 —n)z' + n¢lisomod k)
Which implies

t—1
a' = (1-n)'z’+¢ Z (1= 0)"""" Liomod()
i=0

(1 - n)fa® +9(0)

This sequence does not converge to zero no matter the choice of n < 1.

C.2 Momentum with auxiliary information

C.2.1 Algorithm description

The algorithm that we proposed proceeds in cycles, at the beginning of each cycle we have '~ and

take K iterations of the form yj = yi_, — ndj, where y§ = ='~', d}, = gn(y}_;, &, ) +m' and m! =
(1—a)ymt~1 + agf,h(a:t_l,fjf_lh). Then we set &' = y..

Algorithm 3 AUXMOM(f, h)
Require: zo,m°, 1, a, T, K
fort=1to T do
Sample £ _,; compute gy p(x' ", &)
m' = (1 —a)m'! +agpn(z'1, 7))
yo =
for k=0to K —1do
k k
Sample ¢ Cl?mpute an(yL, &)
t
dz(; = gh(:’tlz’g}{ t) +m!
Y1 = Y, — ndy,
end for
Update z! = yt,
end for

We will introduce df, = Vh(y}_,) +m! and we note that E[d} |y} ] = di, and E[||d}, — d.||3] < o7. We will

be using this fact and sometimes we will condition on y},_; implicitly to replace df, by d;.

17



Under review as submission to TMLR

C.2.2 Convergence rate

We prove the following theorem that gives the convergence rate of this algorithm in the non-convex case.

Theorem C.2. Under assumptions . For a =326Kn and n = rnin(%7 19216K7 128L5KTJ2 ).
¥

This choice gives us the rate :

K—

|LBFo% (L +1926K)F
E[|V <24 !4
t=1 k=0 | f ] a T KT

—_
,_.

T
SKT 2=

whereF:Fo—f—%,B:%
Vh(z°)|3]-

Furthermore, if we use a batch-size T' times bigger for computing an estimate m? of Vf(z°) — Vh(z), then
by taking a = max( ,320Kn) and replacing F by FO in the expression of ), we get :

T K- 0,2 I 2
1 2 |LBFOc% (L +1920K)F 207,
E— < .
T ; Z: IV Fhlz] <24 T KT T

C.2.3 Bias in helpers updates and Notation

N

Ug'fh + 16K o2 ) + 256K FO f(wo) — f* and E° = E[”mo - Vf(aco) +

Lemma C.3. Under the §-Bounded Hessian Dissimilarity assumption, we have :
Yo,y € RY ¢ ||Vh(y) — Vh(z) = Vf(y) + V[ (@)|* < 0*[ly — =|.

Proof. A simple application of the 6-Bounded Hessian Dissimilarity assumption. O

Notation : We will use the following notations : e/ = m! — Vf(z!~1) + Vh(z'~!) to denote the momentum
error and E' = E[||e’||3] to denote its expected squared norm. Al = E[|ly} — '] will denote the
progress made up to the k-th round of the t-th cycle, and for the progress in a whole cycle we will use
Al = E[|j&! — 2'1||2). We also denote d, = d, — gn(yk, &%) + Vh(yl_,) = Vh(yl_,) + m'.

C.2.4 Change during each cycle

Variance of di. We would like d}, to be Vf(y%_,), but it is not. In the next lemma, we control the error
resulting from these two quantities being different.

Lemma C.4. Under assumption we have the following inequality :
Ellldi — Vf(yi-1)l3] < 26°A%_; +2E"
Proof. We have

—Vf(yi_1) = Vh(yi_1) = Vf(y;_,) +m'
= h(yi1) — Vi) = V(i) + V(@) +m! = Vf(a'™) + Vh(z')

Using Lemma with ¢ = 1, we get :

Ellld; — V f(yi—0)l3] < 2E[|h(yi—1) = VF(h_1) = VF(ye_1) + V(@3] + 2E[[le ]3]
< 20%|lyk—y — 27113 + 2E[||e’|3]
=20%AL_| +2E"

18



Under review as submission to TMLR

Distance moved in each step.

Lemma C.5. forn < ﬁ we have:
1
Al < (14 22) Ay + 12K B + 6Kn’B[[[V f (i) I3] + 0o,

Proof.
Aj, = Eflly; — " 3]
=E[|lyp_y —ndi —
= E[|lyi_1 —ndi — =" [3] + n’E[|d}, — 3]
1

< (14 550) Ak + 2K + DiPE[l|dy[[3] + 0o

1 _
= (1 52) ALy + 3KiPE|d & V£ (gh)I3) + o

3

1 _

< (1 5 )Ny + 6K — V7wl IB] + 6K BNV (k) I3] + o
1

< (1+ 5) Ay + 0K (207 AL, +2B") + 6K PRIV f(yh) ] + o

1
= (14 o5 + 120°Kn*)Afy + 12K0° B' + 6Kn’E[||V f(yj—1) 3] + n*or;

The condition 7 < 55% ensures 1262K 772 < % which finishes the proof.

Progress in one step.
sl 1 . Lo i )
Lemma C.6. Forn < min(g, o355 ), under assumptions and the following inequality is true:

2 e 2 g (ke
E[f(yi) +0(1+ 2) AL < E[f(yh) + (1 + )"0 AL ]
n L
~ TRV sk 1) 8]+ 20 + (o -+ 80)7P0}
Proof. The L-smoothness of f guarantees :
t t t \T gt Lp? t (2
flyr) = f(yr—1) < —0Vf(yr_1) di + T”dkHz'
By taking expectation conditional to the knowledge of y}_; we have:

B 2 B 2
EL7(uf) — Flyfr)] < 7BV f(yhr) Tdh] + Rl + 2op.

Using the identity —2ab = (a — b)? — a® — b2, we have :

Ln? — Ln?
E[f(yh) = fyh-)) <~ BNV wh-)IB) + S Elld} = VF(yh) 3]+ 5 Elldi 3] + =07

Using n < % we can get rid of the last term in the above inequality.

Using LemmdC.4] we get :
E AN t <_EE \v4 t 2 QE dt B v/ t 2 an 2
[f(yr) — flyr_1)] < 9 Il f(yk71)H2]+2 (|l f(yk71)||2]+72 O,
L 2
< —JB[IVFuh)I3] + 3 (20°AL, +2B") + <o}

_62 At Et_ﬁE v t 2 L772 2
=0"NAE_1+17 B IVF(yi—)l5] + 5 T

19
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Now we multiply Lemms- by 6(1 + )K *. Note that 1 < (14 Z)5F <38,

o(1+ %)

=

- 2 k_ 1
FRAL <01+ ) TN+ 20 Al oy + 12EK0°E' + 6Kn’E|[V £ (yi-1)|2])

2
+(5(1+ K)K k,’720_2

2 e (n_ § 2
<§(1+ E)K (k=DAL | — =1+ E)K AL+ 96K6n*E!
+ 48K E[|V f (yj.—y)|I3) + 801°a},

2 b
<o6(1+ K) (k=DAL  — A};_l + 96K on°E!

+ 48K E[[|V f (yr—1)13] + 857720;%
Adding the last two inequalities, we get :

)K—(k—l)At

k—1

E[f(y} <AL < E[f(gho)] 400+ =

0
%1 = 7)Ao

+
+ (n+ 96K sn*)E"
+ (=
+

)]+5(1+%

g+48K577 JE[|V £ (y7—1)13]

L/2+88)n*o}

For n < m we have §2n — % <0,n+96K06m? < 2n and

Distance moved in a cycle.

Lemma C.7. Forn < ¢
have :

At( = E[||! - t—1||§]) < 36K202E" + 18K2G" + 3K 20?2 .

Proof. We use the fact ' = y%,, which means A" = A%
K

1 g
LS ) (12K B 4 6KV f(yh )] + no?)

1
< 36K0°E' + 18K (K + 10’ 2 D E[IV(yh
k

o

3] + 3K ap,
=36K*n*E' + 18K*n*G" + 3Kn0} .

Where we used the fact that (1+ #)%~% <3.

Momentum variance. Here we will bound the quantity E?.
Lemma C.8. Under assumptions and for a > 12K6n , we have :

E)Et—l n

E'<(1-
2

3262}(2”26‘“1—}—@2027 _
a f=h

20

—% +48Kon* < —% which gives the lemma.

=% and under assumptions Al and with G' = + k 0 E[[Vf(yp)l3].

we

The recurrence established in LemmaC.5| implies :
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Proof.

E' =E[|m' - Vf(z'™") + Vh(z'1)||3]
E[l(1 = a)(m' ™! = Vf(2'™") + Vh(z'")) + algs(®'™") + gn(@'™") = V(') + Vh(z'))|[3]

< (1— o)E[Jm1 + (Vf(2) - Vh(zt™2) - (Vf(@') - Vi (@) [3] + a0,
<(1-a)’(Q+a/2)E7" + (1 -a)* 1+ 2/a)E[|Vf(x'™?) = Vh(x'™?) = Vf(x'™) + Vh(z')|3]
+ CLQU%fh

<(1—a)E" + 2%52At71 + a2crj2c_h

Where we used the L-smoothness of f to get the last inequality. We have also used the inequalities
(1—a)?’(1+a/2) <(1—a)and (1 —a)?(1+2/a) < 2/a true for all a € (0,1].

We can now use LemmaC.7 to have :

262K2 2 252K2 2
E! < (1*a+ %)Etil‘i’g%

Gl 4 (J,QO'J%_h
. . 7262 K?%n? .
By taking a > 120 K we ensure =~ < 2, So :

- 3202 K>

EBt<1-2
2 a

G+ aZUJ%_h

Progress in one round.

Lemma C.9. Under the same assumptions as in LemmdC.6, we have :

Ft=1_Ft § L
— EN + 2nEt + (5 + 88)noi .

Where F' = E[f(x!)] — f*.
Proof. We use the inequality established in LemmgC.6| which can be rearranged in the following way :
TRV S (k)] < B[f(ghor) + 60 + )DL ] — (E[7h) +60 + 2)<ag])
+2nE" + (g + 88)n*or .

We sum this inequality from k =1 to k = K, this will give:

Bt <Bf(yh) + 60+ 2)<88) — (7o) + 5AK]) + 2K E* + (5 + 86)Kn’o}.

We note that y§ = 2'~! and y’. =z, which means Af = 0 and A%, = A’. So we have :

A A

U t t L 2 2
“Gt < — — A"+ 2pE" + (= .
4G_ e A+ +(2+85)n0h

Let’s derive now the convergence rate.

We have : N
16" < B+ 2B + (5 + 80)P 0},
E'<(1- )BTt 4 UGl 4 202

21
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We will add to both sides of the first inequality the quantity %”Et.
So :

4 Ft=1 _Ft L 4 3202 K2n?
ZGt + ;nEt < ————— +2ME' + (5 + 88?0 + ;77((1 — g)EH +— g1 4 azafc_h> ,

K 2

Which gives for a > 320K :

L
ZGt _ th—l <Pt 4+ 477a0'?f—h + (= + 80)n*o?,

2
For a potential ¢! = % + (2 —2m)Et < % + 21t

Summing the inequality [7] over ¢, gives :

+ 80)no?

1,  ®° N
N at< 244 ~
T; _77T+ a(af+ah)+(2

170
- nKT

L
+ —E0+4aaf nt (2 + 88)noi,

Now taking a = 326 Kn < 1, we get :

1 < FO
7; nKT 166 KnT

L
E® +1280Kno} ), + (%

5 + 85)770,21 ,

L
+1286Kno}_;, + (5

5 + 85)770,% ,

KT

KT + 128L6K7]0f ,

~ 2 2 2
_ 170 E° 5 —h 1 0} 1 0
For F' = F" + {& and § = L( o7 +16KJ§>+256KU’;"

Taking into account all the conditions on 7 that were necessary, we can take :

11 a
L’ 1926K "\ 128LBK>To?

LXT: . L3Fo? | (LA19%K)F
8T £ T KT

7 = min(—

).

This choice gives us the rate :

As for dealing with E° if we use a batch-size S times bigger than the other batch-sizes we have E° <

2 2
. _ 0« %= i fr — 0 4 Zic
In particular, for S =T, E° < —z" this way we get F' = F" + 7i=t.

We can also take a = max(7,320Kn), we get :

T 2 I 2
1 LBF L+1926K)F 207,
8T Z: T KT T

22
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C.3 MVR with auxiliary information
C.3.1 Algorithm description

The algorithm that we proposed proceeds in cycles, at the beginning of each cycle we have states =2 and
x'~1. To update these states, we take K + 1 iterations of the form y! = y! | — nd} where y§ = =’ 1,
di, = gn(y_1,&h ) + (1 —a)m!™' +agy p(x'2,¢7)) and m! = (1 —a)ym!™" +agy p(a'~,575) + (1 -

a) (gf_h(wt_l,fj::lh) - gf_h(ﬁﬂt_27£;il}L)). Then we set ' = yt..

Algorithm 4 AUXMVR(f,h)
Require: ©g,m°, n,a, T, K
1 = oo
fort=1to T do
Sample &%,
Ghrew = gr-n(@' 2, €5_y)
g’ =g (8
yh =zt~
for k=0to K —1do
Sample §Z’k; Compute gp,(y!, §Z’k)
k _ _
i = gn(y}, &) + (1 —a)ym'~" +ag/ .l
Yip1 = Yk — 1dy,
end for
m! = (1—a)m'~ +ag/~" + (1 —a)(g’~" — g/ 1) §update momentum
Update z' = yt,
end for

Notation change. From now on, we will denote A = E[||ly} — @'~2||3], we will keep other quantities same
as before. This time also we will denote df, = Vh(y!_,) + (1 —a)m!~! +ag;_;(x* 72, f;fl) and we note that
by fixing y}_, we have E[d}] = d}, and E[||d} — d.||2] < o?.

C.3.2 Convergence of MVR with auxiliary information

We prove the following theorem that gives the convergence rate of this algorithm in the non-convex case.

Theorem C.10. Under assumptions 5.914.4l  For a = max(7,12966°K°n?) if o, = 0, a =

. . 0 1/3 0 . . .
max( ,360Kn) otherwise, and n = min (i, 192&}(,%(77765220;%%) / ,% 2 2>. This choice gives

yLTo;
us the rate :
1 ZT:K 11E [IVFollE] <2 Ly +30(5F00f_h)2/3 4 (LH192OKIED 375
SKT — = - KT T T T

Where F° = f(a®) — f* and 5 = 5 + 1292,

C.3.3 Change during each cycle

Variance of d},. Again d}, is not perfectly equal to V f(y_,) due to the use of h instead of f the function
we are actually optimizing. In the following lemma, we quantify the error resulting from this.

Lemma C.11. Under assumption we have the following inequality :

Elld}, — Vf(yp_1)[3] < 36°AL_, +3E! +3d%07 .

23
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Proof. We have

di, = V(1) = Vh(yi_) + (1 —a)m'™" +al(gp (a2, —gn(x'%,71) = V(i)
=1 —a)e™ +(1—a)(Vf(x™?) - Vh(x'?))
+ Vh(yl_1) +algy (@ 2,671 —gn(2'2,67) = V(i-1)
=(1—a)e " +algf(@ 2 —gn(a 2,71 - V(@' ?) + Vh(z'™?))
+ Vh(yi_1) — Vh(x'?) = V(yi_1) + V(' ?)

Using Lemma [B:2| with N = 3, we get :

E[l|di — Vf(yi—1)l3] < BE[IVA(yk_1) — VA(z'?) = Vf(yi_y) + V(' ?)|[3]
+3(1 — a)’E[[[e"[|3]
+3a’E[lgs(x" %, &7 — gn(a' %, 67 = V(&%) + Vh(z"?)|3)
<36%AL_, +3E" +3a%07_,, .

Distance moved in each step.

Lemma C.12. forn < ﬁ we have:

1
Al < (L4 )ALy + 18K B 18K a0}y, + 6Kn*E[[[V £ (yi_1)3) + 0,

Proof. Like for the proof of LemmaC.5| we get :

A}, =E[ly;, — ='?[|3]
=E[lyp_, —ndj, — =
=E[||y}_, — nd}, — ' %(3] + n’E[||d}, — d}||3]

23]

< (14 )ALy + (K + DBl 3] + o

= (1 + 5 )ALy + BEEld + V(b I3] + 0

< (1 52) Ay + K[|} — V7w IB] + 6K B[NV () I3] + o

<(1+ %)MH + 6K (30° Aoy + 3B + 30707 ) + 6K El|V F (i) |2] + n°or;

1
= (14 o5 + 180 Kn*)Af_y + 18K° B + 18K 7*a’0}_y, + 6Kn*E[|[V f (yi—1)|3] + 0

The condition n < ﬁ ensures 1862Kn? < i which finishes the proof. O

Progress in one step.

Lemma C.13. Forn < min(%, m), under assumptions and the following inequality is true:

E[F () + 001 + =)< AL < E[f(yr) + 60+ )6 Vaf_ ]~ TE[IV (i)l

L
+2nE 4 277a2012c,h + (5 + 80)n*os .

24
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Proof. Like Lemma the L-smoothness of f gives us

E t ¢ < g ¢ 21, g dt — V f(ut 2 L772_77E dt iQ
[f(ye) = fyr-1)] < 5 IV f(ye—)lI2] + 9 (i — VI (yr—)Il2] + 5 [l 1I3] + 5 Th-
Using n < % we can get rid of the third term in the right-hand side of the above inequality.

Using LemmaC.4] we get :

t t n t 2 n t t 2 Li? 2
E[f(yy) — f(yr—1)] < _§E“|Vf(yk71)||2] + §E[||dk - Viyi_)l3] + 5 Th

< _"RIIV f(ut 21,7 F2AL Et-1 Lp? ,
<75 IV f(yi_)ll3] + 2(3 1 +3 + 3a Uf n) + 5 Th
3 3 .. 3 " n?
= 55277A271 + 571Et '+ 577(120?,,1 - iE[HVf(y/th)Hg] + TU%},‘

Now we multiply Lemma- by 5(1+ )K *. Note that 1 < (1 + )K P <8

2 e 2 e 1
5(1+ ?)K FAL < 5(1+ ?)K M1+ ?)A L+ 18K*E' T + 18Kn a0},

+ 6Kn”E[|V f(yi_1)lI3] + n°0p)

2 5 2
<§(1+ YE-k=DAt (14 =
<61+ K) b1 K( + K)

+ 48K E[||V f (yi_1)|I3] + 80n o),

KoFAL ) + 144K "B + 144K 6n’a’o;_,

<6(1+ %)K’(’“*”A}; |- iAf Ly 4 VAK?ET + 144K 0n*aoF ),
+ 48K E[||V f (yi_1)II3] + 8577 o

Adding the last two inequalities, we get :

E[f(yi)]+5(1+%)K*’“A2 <E[f(y._,)]+06(1+ 12()K N
3 0
Jr( 8% — K)Ak 1

+ (%n + 144K 60 B
3
+ (577 + 144K6n2)a20]2c7h

+ (= + 48K E[| V£ (g, |3

L
+ (5 + 88)no}
For n < 2886K we have 3§%n — % <0, 2n+ 144K6n%a® < 2n and —Z + 48K6n? < —2 which gives the
lemma. O

Distance moved in a cycle.

Lemma C.14. For n < 5% and under assumptions and with Gt = £ 3, E[[[VF(yh)lI3], we
have :

At( =Rz - ang]) < 108K A 4 54K 2P BV 4 54K’ a’0%_, + 18K *0>G! + 3K 107
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Proof. We follow the same strategy as in the proof of Lemma- to prove that for n < 15 5 7 we have :

Ellyi — ' 3] = Elllyi_y — ndj, — '~ "[|3]
< Ellly—y — ndy, — =" [3] + 0o
<(1+ 2K) gk — = 73] + 2K + Dn’E[l|di[I3] + 0?7

1 ~ _
(1+ 5 Ellyhoy — 23] + 3P| dy + V £yl ) 8] + nPo

<1+ %) (k1 — 23] + 6En’E[|d), — Vf (yj_y)I3]

+ 6K E[|V f(yi_1) ]3] +1°0h,
< (1+ 5 Ellghoy — = 3]+ 6K P (B82A)_, + 35 + 3a%07_,)

+ 6K7721E[\|Vf(y}i D3]+ n?a
=1+ ﬁ +366°Kn*)E[||lyf_1 — ' 7?|3] + 36 Kn** A + 18Kn* B!

+18Kn*a’o}_), + 6Kn E[|V f(yi._1) 3] + n’o7,

Where we used in the last inequality the fact :
Ay = Emyltc—l - wt%”g] < QE[”yltc—l - wFQHg} +2A1

Using the condition n < we get :

R
IE[Hy,tf — a:t_1||§] <(1+ %)]E[Hy,’;_l — act_lH } +36Kn?62 A L 18K n?Et 1 4+ 18 Kn?a? af A
+6E0’E[|V f (yi,_1)I3] + 0o
We use now the fact ' = yk.
2 = Ellafc - =]
<D0+ ’f(36Kn262N L I8KP BT+ 18Kn?a’of_y, + 6K E[|V f (yi_1)II3] + n%ﬁ)
k

< 108K2p*? A~ + 54K > B! + 54K 0’0} ), + 18K ZE IV f(yb)l3] + 3Kn*a}

= 108K **6° A1 + 54K **E' ! + 54K 0’0, + 18K*n*G' + 3Kn’0}, .

Where we used the fact that (14 4&)%~% <3.

Momentum variance. Here we will bound the quantity E?.
Lemma C.15. Under assumptions Af.J A3.9, we have :

E'<(1-a)E"™ ' +268°A" ! +2d%0F .

Proof. First, we notice that
e'=m'—Vf(x'" ")+ Vh(z')
(1= aym' ™ +algs(@' 17 — gula' 1, €7)
+ (1= a)(gr@ &) — gn(@ T - @)+ an(@ g ) - V(@) + Va !
= (1—a)e'™ +algy(='~1,€) —gnl@' &) = V(@' ") + h(a' )
(- a)(gp(a' ) - V@) — gula €Y + Vhle! ) — g (a2 €0
+ V@) + g2, €7 - V(')
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Notice that e’~! is independent of the rest of the formulae which is itself centered (has a mean equal to zero),
SO :
Etg( )Et1+2a20_2 +252At1

Progress in one round.
Lemma C.16. Under the same assumptions as in LemmdC.13, we have :

Fi=1 _ Ft 86

N ~t
- <
4G* K

L
At 1+2’]7Et 1-1-277@ O'f h+(2+85)7720-}21

Proof. We use the inequality established in LemmgC.13] which can be rearranged in the following way :

DRIV F(yho1) 2] < BLF (ko) + 60+ )< DAL — (E[f(ph) + 60+ KAL) + 298

L
+ Qnazajzc,h + (5 + 88)n%oi .
We sum this inequality from k =1 to k = K, this will give:

K 2 _ L
TnGt <E[f(y5) +6(1+ g)KAfﬂ - (E[f(yﬁ() + 5A’}<]) +2nKE"" + 2nKa’c}_;, + K(Z + 88)n°o;, .

2

We note that y§ = z'~1 and y{ = '~!, which means this time that Aj = A*~1. So we have :

thl _ Ft

N ~t
- <
4G_ K

89 L
+ ?At + 2B 4+ 2na*of ), + 5+ 80)n*oi .

Let’s derive now the convergence rate.
We have :
t—1_ gt _
16 < E= £ BA 4 B 4 20?0, + (5 + 80)nPa7

Et<(1—a)E71 +25%2A 1 + 2a20?7h .
A < 108K2n20%2 A1 + 54 K22 B + 54K27]2a20?,h + 18K*n*G" + 3Kn?0? .

We will add to both sides of the first inequality the quantity %Et (77 a‘S)At for a, 8, positive numbers
to be defined later. So :

6
t—1 2
< F7 4 @EH +(2+547K7n + 54a6Kn — B)E!
a
+?At_1( ﬁd + 108K %%52) + 6At 1(8 + 108K *16?)

+ (2Ba + 54aK2772 + 5400 Kna + 2)77aaf_h
1862 K203
+ (22 41808 Kn?)GE?
a

5
+(Lj2+85+ T4 2o,
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We choose «, 3,7 such that :

2 +547K 7 4 54a8Kn — B <0
288 108K2 252 < 1
= + 108K%n%5% < 1
1862K27]3 < n
18a5K772 < "
It is easy to show that for n <
the above inequalities. This means :

Toacsc and a > 144’7K2772 we can take 3 =3, v = 96% and a = 9 to satisfy all

962 94
th - gGH <O — @ 4 3nac?_, + (L/2+85 + —” + o (8)
For a potential ® = Fft + %Et + 9(5%7 + L)AL
Summing the inequality [8| over ¢, gives :
T
1 o0 96%n 95,
—Tz:: <77—T+3aaf nt (L/2+85+ ?)770;“
FO 3 52 0 95%n 96
< — B+ 9(—+—=)A%+3 L/2+ 85 n’or,
KT T aT +9(- +KT) +3a0f_y, + (L/2 480+ — + 2’0y,
2 2
Note that AY = 0. If we use a batch T times larger at the beginning, we can ensure E° < %, So:
T 2
1 FO 30% 95%n 95, 5 o
7; <77KT+ aT2 +3aafh+(L/2+85+ +?)n0h,
Now taking a = max(7,12966°K2n?) if o, = 0 and a = max(+, 360K n) otherwise, we get :
302
Z G < W+ (L/2 4 1260K)no2 + ;*h :
Taking into account all the conditions on 7 that were necessary, we can take :
1 1 1 FO 1/3 Fo
7 = min(— ( ) , ).
L 19260K° K 777652T0f 5 KT(L/2+1260K)
This choice gives us the rate :
T 2
1 (L/2 +1266K)F° §F% ¢ p\2/3 (L +19260K)F° 307,
—N G < 2\/ 30( ) I=h
8T Z - KT + T + KT + T
C.4 Generalization to multiple decentralized helpers.
We consider now the case where we have IV helpers: hj,...,hx. This case can be easily solved by merging

all the helpers into one helper h = % Eivzl h; for example (it is easy to see that if each h; is §;-BHD from

f that their average h would be % ZZ]\LI 0;-BHD from f ). However, this is not possible if the helpers are
decentralized (are not in the same place and cannot be made to be for privacy reasons for example). For this
reason, we consider a Federated version of our optimization problem in the presence of auxiliary decentralized

information.
In this case, we consider that all functions h; are such that :

Va, & || V2 f(x) — VZhi(z)]]2 < 6.

We will also need an additional assumption on f :
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Assumption C.17. (Weak convexity.) f is 6- weakly convex i.e.  — f(x) + d||z||3 is convex.
Lemma C.18. Under Assumption[C.17 the following is true :

N N N
1 1 1
UNVz, @1 a2 0 [ Y dall Y mi el = (f(:ci) + a|z —m||§).
=1 =1

About the need for Assumption Assumption becomes strong for § small which is not good,
as this should be the easiest case. however, we would like to point out that we only need Assumption to
deal with the averaging that we perform to construct the new state . In the case where we sample each
time one and only one helper (i.e. S =1), we don’t need such an assumption.

C.4.1 Decentralized momentum version

As in we start from '~!, we sample £} , compute gy(@'~!, &%) and then share it with all of the helpers
h; which will construct m!. We sample (randomly) a set S* of S helpers, then for h;,i € S* then performs K
steps of yj , =y}, — nd; ;, once this finishes y ;- is sent back to f which then does z* = DI Yi k-

For each i we will denote E! = E[||m! — Vf(x'™!) + Vh;(z'")|3] and E = £ 3, 4. EL.
Theorem C.19. Under assumptions (and assumption[C17 if S > 1). For a = 326Kn and

n= min(%, 192151(, 128LﬁFKT02 ). This choice gives us the rate :
\ ¥

T K-1 N - -
LBFo%: (L4 1920K)F
f
E \% <24
srsT 2 2 3 ElIVIGLolE] < ﬁ+ KT
t=1 k=1 icSt
- - o2 " X
where F' = FO + 165’ﬂ i( gf}L—i_t}lI(i%)—’_QSGKU}QL’FO f( 0)_f'

Furthermore, if we use a batch-size that T times bigger for computing an estimate of g¢(x), then by taking
a = max(+, 326 Kn), we get :

-y / LBFU (L+1926K)F 207
E § E f f—h
\V4 < .
8KST B[IVS (s3] < 24 KT Tt

t=1 k=1 icSt

Proof. The proof follows the same lines as the proof of in
There are two changes that should be made to the proof. G! needs to be updated to G! =

3% 2iest . E[IVF(yh)l3] in both Lemmas and

In fact, in this case x* % > iest Yi i, which means using convexity of the squared norm :

1
Al S 3T AL(=E[lyt i — 2t 3))

€St

1
< < >0+ ) (12K B+ 6KPEIIV f (! ) 3] + n0? )

1
< 36K°n°E" + 18K2772K75 Z ZE[HVf(yfk)H%] +3Kn’op,
ieSt k

= 36K%n*E! + 18K?1*G' 4+ 3Kn?c?
And in the descent lemma (That modifies LemmgC.9) we will have :

i g BV L8] < Blflato) 600+ ) AL] - (BlStok 0 + 5L x])

L
+2nKE" + (5 + 88)n%or .

29



Under review as submission to TMLR

Where A} ; = 0 and using Lemm we have :
1
F' A" < 2 3 (E[f(y ) + 00! &]) -
€St

Using the last inequality it is easy to get :
K L
T”Gt <P P = GA' 2K E' + (5 +86)n07.
All the rest is the same. O

C.4.2 Decentralized MVR version

As in we start from 2'~!, we sample &} , compute gg(x'~",£}), share it with all of the helpers h; which
can compute m!. We sample (randomly) a set S* of S helpers, then for h;,i € S* then performs K steps of
Yl =yl ,_y — ndl,, once this finishes y! ;- is sent back to f which then does ' = § 3, Yl -

We can prove the following theorem under the same changes as in the momentum case.

Theorem C.20. Under assumptions (and assumption if S > 1). For a =
max(%, 129662 K2n?) if o, =0, a = rnax(%7 360Kn) otherwise, and

— in [ 1 1 1 O 1/3 210 )
7] = nun (L’ 19265K ° f(777652TaJ%) '\ FLToT | > We get:

T K-1 ,
! NT LyFo}, JF% 123 _ (L+19260K)F° 30},
< .

e 00 STE[IVAwIB) < 2y Tk 0 (S S

t=14ieSt k=1

* )
Where FO = f(x) — f* and v = 1/2 + 126K2,
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