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Abstract

In this paper, we study representation learning in
partially observable Markov Decision Processes
(POMDPs), where the agent learns a decoder func-
tion that maps a series of high-dimensional raw
observations to a compact representation and uses
it for more efficient exploration and planning.
We focus our attention on the sub-classes of -
observable and decodable POMDPs, for which it
has been shown that statistically tractable learning
is possible, but there has not been any computa-
tionally efficient algorithm. We first present an
algorithm for decodable POMDPs that combines
maximum likelihood estimation (MLE) and op-
timism in the face of uncertainty (OFU) to per-
form representation learning and achieve efficient
sample complexity, while only calling supervised
learning computational oracles. We then show
how to adapt this algorithm to also work in the
broader class of y-observable POMDPs.

1. Introduction

Markov Decision Processes (MDPs) are commonly used in
reinforcement learning to model problems across a range of
applications that involve sequential decision-making. How-
ever, MDPs assume that the agent has perfect knowledge of
the current environmental state, which is often not realistic.
To address this, Partially Observable Markov Decision Pro-
cesses (POMDPs) have been introduced as an extension of
MDPs (Cassandra, 1998; Murphy, 2000; Braziunas, 2003).
In POMDPs, the agent does not have direct access to the
environmental state. Instead, it receives observations that
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are sampled from a state-dependent distribution. POMDPs
are an important class of models for decision-making that is
increasingly being used to model complex real-world appli-
cations, ranging from robotics and navigation to healthcare,
finance, manufacturing (Roy et al., 2006; Chen et al., 2016;
Ghandali et al., 2018; Liu et al., 2020).

POMDPs differ from MDPs in the presence of non-
Markovian observations. In the MDP setting, we assume
that the system follows a Markovian law of transition in-
duced by the agent’s policy, meaning that the current state
of the environment depends solely on the previous state and
the action taken. As a result, there exists a Markovian opti-
mal policy, i.e. a policy whose action only depends on the
current state. However, with the assumption of unobserved
hidden states and therefore the lack of Markovian property,
generally, the optimal policy of POMDP depends on the full
history. This causes great difficulties in both computational
and statistical aspects, as the agent has to maintain a long-
term memory while performing learning and planning. In
fact, the agent can only learn the posterior distribution of
the latent state given the whole history, known as the belief
state, and then maps the belief state to the action. Therefore,
learning POMDP is well-known to be intractable in general,
even with a small state and observation space (Papadim-
itriou & Tsitsiklis, 1987a; Mundhenk et al., 2000; Golowich
et al., 2022b).

Nevertheless, this doesn’t rule out special problem structures
that enable statistically efficient algorithms. In particular,
Katt et al. (2018) and Liu et al. (2022a) study a setting
called y-observable POMDP, i.e. POMDP whose omission
matrix is full-rank, and achieve polynomial sample complex-
ities. Another more tractable class is called the decodable
POMDP, in which we can decode the latent state by L-step
back histories (Efroni et al., 2022b). Subsequent works
on provably efficient learning in POMDP have since found
broader classes of statistically tractable problem instances
that generalized the above setting (Zhan et al., 2022; Uehara
et al., 2022b; Liu et al., 2022b). One common drawback
of the aforementioned works, however, is their computa-
tional intractability. Almost all of these algorithms follow
the algorithmic template of optimistic planning, where the
algorithm iteratively refines a version space of plausible
functions in the function class. To achieve this, these meth-
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ods perform an iteration and elimination procedure over all
remaining functions in the function class in every iteration
of the algorithm, making them unimplementable for large
function classes. In this paper, we take a representation
learning approach to overcome this issue.

Recent works have found that by performing representa-
tion learning and using the learned feature to construct ex-
ploration bonuses, one can achieve efficient reinforcement
learning in rich-observation environments both in theory
(Silver et al., 2018; Stooke et al., 2021; Uehara et al., 2021b)
and in practice (Guo et al., 2022). However, learning repre-
sentation is more subtle in POMDPs. The main challenge
is two-folded: (1) To efficiently learn a near-optimal policy,
the agent must be able to construct a representation of the
history that compactly captures the belief state. This causes
difficulty in computation, as the agent will suffer from the
curse of long memory (Golowich et al., 2022a; Liu et al.,
2022a). (2) Without direct knowledge of the underlying
state, it is hard to design an exploration bonus that balances
exploration and exploitation. Motivated by the above chal-
lenges, the main inquiry we aim to answer in this study
is:

Can we design a representation-learning-aided RL
algorithm for POMDPs that is both statistically efficient
and amenable to efficient implementation?

In this work, we give an affirmative answer to the question.
We consider the subclass of y-observabile and decodable
POMDP. To handle (1), we consider a short memory learn-
ing scheme that considers a fixed-size history instead of
the whole history, which is common in POMDP planning
(Golowich et al., 2022b). To handle (2), we follow the prin-
ciple of optimism in the face of uncertainty (OFU), which
chooses actions according to the upper bound of the value
function. Such a method is typical for balancing exploration
and exploitation trade-offs in online MDP learning (Cai
et al., 2020; Jin et al., 2020b; Yang & Wang, 2020; Ayoub
et al., 2020a). We also remark that our UCBVI-type algo-
rithm is computationally efficient, as it avoids intractable
optimistic planning (e.g., UCRL (Auer et al., 2008)). Specif-
ically, we present a representation learning-based reinforce-
ment learning algorithm for solving POMDPs with low-
rank latent transitions, which is common for representation
learning in MDP cases (Agarwal et al., 2020; Uehara et al.,
2021b; Zhan et al., 2022).

2. Related Work

Our work is built upon the bodies of literature on both (i)
reinforcement learning in POMDPs and (ii) representation
learning. In this section, we will focus on the related works
in these two directions.

Learning in POMDPs Provably efficient RL methods for
POMDPs have been studied in a number of recent works
(Li et al., 2009; Guo et al., 2016; Katt et al., 2018; Jin et al.,
2020a; Jafarnia-Jahromi et al., 2021; Liu et al., 2022a). Even
when the underlying dynamics of the POMDP are known,
simply planning is still hard and relies on short-memory ap-
proximation (Papadimitriou & Tsitsiklis, 1987b). Moreover,
when learning POMDP, the estimation of the model is com-
putationally hard (Mossel & Roch, 2005), and learning the
POMDPs is statistically intractable (Krishnamurthy et al.,
2016).

However, this doesn’t rule out the possibility of finding
an efficient algorithm for a particular class for POMDP. A
line of work studies a wide sub-classes of POMDPs and
has achieved positive results. Guo et al. (2016) and Az-
izzadenesheli et al. (2016) use spectral methods to learn
POMDPs and obtain polynomial sample complexity re-
sults without addressing the strategic exploration. (Jafarnia-
Jahromi et al., 2021) uses the posterior sampling technique
to learn POMDPs in the Bayesian setting, with time, the
posterior distribution will converge to the true distribution.

The observability assumption, or the weakly-revealing as-
sumption, has been widely studied for learning in POMDPs.
It assumes that the distribution on observations space can
recover the distribution on the latent states. It is a very rich
subset as it contains the tractable settings in (Guo et al.,
2016; Jin et al., 2020b) such as the overcomplete setting.
By incorporating observability and assuming a computation
oracle such as optimistic planning, (Katt et al., 2018; Liu
et al., 2022a) achieve favorable polynomial sample complex-
ities. At the same time, Golowich et al. (2022b) proposed
algorithms that can achieve quasi-polynomial sample and
computational complexity.

Another common assumption used in POMDPs is the de-
codability assumption, which assumes we can reveal the
latent state by L-step back histories (Efroni et al., 2022b).
Efroni et al. (2022b) obtained polynomial sample complexi-
ties. It can be regarded as a generalization of block MDPs
(Krishnamurthy et al., 2016), in which the latent state can
be uniquely determined by the current observation. More
generally, in an L-step decodable POMDP, the latent state
can be uniquely decoded from the most recent history (of
observations and actions) of a short length L. We remark on
the existing literature in block MDPs or decodable POMDPs
(e.g. Krishnamurthy et al. (2016); Du et al. (2019); Misra
et al. (2020); Efroni et al. (2022b); Liu et al. (2022a))

Representation Learning in RL.  There has been consider-
able progress on provable representation learning for RL in
recent literature (Ayoub et al., 2020b; Agarwal et al., 2020;
Modi et al., 2021; Uehara et al., 2021a). Modi et al. (2021);
Zhang et al. (2022b) present the model-free approach base
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Algorithm Setting Sample Complexity Computation
Liu et al. (2022a) Tabular poly(S,A,0,H,y~1)/ée? Version Space
Golowich et al. (2022a) | Tabular | quasi-poly(S, 4,0, H, (OA) ', e~') | quasi-poly(S, 4,0, H,(OA) ", e 1)
Uehara et al. (2022b) Low-rank quasi-poly(H, d, A7 log | M])/e? Version Space
Zhan et al. (2022) Low-rank | poly(H,d, A,1/v,log|M|,logO)/e? Version Space
Wang et al. (2022) Low-rank* | quasi-poly(H,d, A7, log | M]|)/e> Version Space
PORL? (ours) Low-rank quasi-poly(H, d, A7 log |M|)/e? MLE Oracle+LSVI-LLR

Table 1. Comparison to all existing works that solve y-observable POMDP with formal sample complexity guarantees. Among them, Liu
et al. (2022a) and Golowich et al. (2022a) study the tabular setting and their algorithm cannot easily incorporate function approximations.
Golowich et al. (2022a) proposed the only algorithm for POMDP that is known to have a formal computational complexity guarantee,
and yet the algorithm relies heavily on iterating over the observation space, which cannot be done when the observation space is large
or even infinite. Among the algorithms that handle low-rank observable POMDPs, that of Zhan et al. (2022) escapes the exponential
dependency on -y at a cost of an explicit dependency on the size of the observation space O. Computationally, all existing algorithms other
than Golowich et al. (2022a) fall into the category of version-space learners, where the algorithm must keep track of the set remaining
plausible functions in the function class and eliminate the ones that are inconsistent with existing observations. Such a procedure will
have a computational complexity scale linearly with the size of the function class, which is generally considered to be inefficient, and
particularly not amendable for modern neural-network-based implementation. In contrast, our algorithm only relies on calling an MLE
computational oracle, which is standard in supervised learning and amendable to efficient implementation® and calling the LSVI-LLR

algorithm, which has a poly(H, A, d) computational complexity.

on block MDPs and (Uehara et al., 2021b; Agarwal et al.,
2020) study the model-based approach through MLE on
general low-rank MDP setting. These works focus on fully
observable settings, only consider an environment with a
Markovian transition. For POMDPs, Wang et al. (2022)
learn the representation with a constant past sufficiency as-
sumption, and their sample complexity has an exponential
dependence on that constant. Uehara et al. (2022a) uses an
actor-critic style algorithm to capture the value link func-
tions with the assumption that the value function is linear
in historical trajectory, which can be too strong in practice.
Zhan et al. (2022); Liu et al. (2022a) uses MLE to construct
a confidence set for the model of POMDP or PSR, and Wang
et al. (2022) assumes a density estimation oracle that con-
trols the error between the estimated model and the real one.
However, both algorithms use optimistic planning, which is
computationally inefficient. In comparison, our algorithm
achieves optimism by a UCB-type algorithm, and the only
necessary oracle is MLE, which is more amenable to com-
putation. To ensure short memory, Wang et al. (2022) make
a constant past sufficiency assumption, which means that
the trajectory density from the past L steps could determine
the current state distribution. Therefore the sample com-
plexity has an exponential dependence on that constant. As
a comparison, our result for y-observable POMDPs is more
general and achieves better sample complexity. In Table 1,
we compare our work to all prior works that achieve sample
efficient learning in y-observation POMDPs.

3. Preliminaries

Notations For any natural number n € N, we use [n] to
denote the set {1, - - - , n}. For vectors we use ||-||,, to denote

¢,,-norm, and we use ||z|| 4 to denote VT Az. For a set S
we use A(S) to denote the set of all probability distributions
on S. For an operator O : § — Rand b € A(S), we use
Qb : O — R to denote [¢O(o | s)b(s)ds. For two series
{an}n>1 and {b, },>1, we use a,, < O(b,,) to denote that
there exists C' > 0 such that a,, < C - b,,.

POMDP Setting In this paper we consider a finite
horizon partially observable Markov decision process
(POMDP) P, which can be specified as a tuple P =
(87 A, H,0O,dy, {rh}le’ {Ph}hH:D {@h}thl)' Here S is
the state space, A is a finite set of actions, H € N is
the episode length, O is the set of observations, dj is the
known initial distribution over states. For a given h € [H],
Py, : S x A — Sis the transition kernel and rp, : O — [0, 1]
is the reward function at step h. For each a € A, we
abuse the notation and use Pp,(a) to denote the probabil-
ity transition kernel over the state space conditioned on
action @ in step h. Oy : S — A(O) is the observation
distribution at step h, where for s € S,0 € O, Op(0 | s)
is the probability of observing o while in state s at step
h. We denote r = (rq,...,rg), P = (Py,--- ,Pgy) and
O = (04, ---,0pg).

We remark that Markov Decision Process (MDP) is a special
case of POMDP, where O = S and O, (0 | s) = I{o = s}
forallh € [H], o€ Oands € S.

Low-rank transition kernel In our work, we focus on the
problem where the underlying transition of the environment
has a low-rank structure.

Definition 1 (Low-rank transition (Agarwal et al., 2020;
Uehara et al., 2021b)). A transition kernel Py, : Sx A — S
admits a low-rank decomposition of dimension d if there
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exists two mappings wj. : S — R%, and ¢} : S x A — R?
such that P (s | s,a) = wji(s") "5 (s, a).

Extended POMDP For notation convenience in the proof,
we define the extended POMDP to allow h < 0. Specifi-
cally, we will extend a POMDP from step h = 3 — 2L for a
suitable choice of L. This particular choice is for the proof
only and does not affect the execution of the algorithm in
any way. The agent’s interaction with the extended POMDP
starts with an initial distribution dg. For s,s’ € S,a € A
and h < 0, we define ¢7 (s,a) = do, pu(s") = do(s')es.
Hence for a fixed constant L > 0, all the dummy ac-

tion and observation sequences {03_ar,, as—ar, - ,00, a0}
leads to the same initial state distribution dy. A gen-
eral policy 7 is a tuple 7 = (ws_2r,...,7x), where

w2 A2ETh=3 5 O2L+h=2 5 A(A) is a mapping from
histories up to step h, namely tuples (035_27.1, A3—2L:h—1),
to actions. For L we will denote the collection of histories
up to step h by Hj, 1= A2L+n=3 5 ©02L+h=3 and the set of
policies by 1", meaning that TI=" = A([];L, A*").
For z;, = (Oh—L+1:}z,a}z—L+1:h—1)’ we denote z,41 =
c(2n, an, 0n+1) = (Oh—L42:h+1, Gh—L+2:h). For any pol-
icy m, h € [H], and positive integer n, we use 7, o, U(A)
to denote the policy that (7, o, U(A)); = m; fori <h—n
and (7, 0, U(A)); = U(A) for i > h—n + 1, which takes
the first &~ — n actions from 7 and takes remaining actions
uniformly.

L-memory policy class In our work, we consider L-
memory policies. For all h € [H], let Z, = OF x
AL~ An element z;, € Zj, is represented as zp =
(Oh+1—L:h, Ght1—L:h—1)- A L-memory policy is a tuple
m = (m3-2L,...,7x), where , : Z, — A(A). We de-
fine the set of L-memory policy by IT*. We remark that
e c 1reen,

We define the value function for 7 at step 1 by V;™" (o) =
E? 7 ru(on) | o1], namely as the expected re-

02.H~T
ward received by following 7.

4. Warmup: Low-rank POMDPs with [ —step
decodability

To begin with, let us use the L-step decodable POMDP
setting to motivate our algorithm.

Assumption 2 (Low-Rank L-step decodability). For all
h € [H], spy1 € S and (zp,ap) € 2, x A. There exists
¢y, such that Pp,(sp41 | 2n,an) = ¢Z(Zh,ah)Tw;(Sh+1),
where wy, is the same function as given in Definition 1.

Note that Assumption 2 is more general than the decod-
ability assumption made in recent works (Efroni et al.,
2022a; Uehara et al., 2022a). They assume that a suffix
of length L of the history suffices to predict the latent

state, i.e., there is some decoder x : Z; — S,i € [H]
such that s, = x(zp). It leads to our assumption that
P(spt1 | 2n,an) = ¥5(x(2n), an) "wj (8h+1), but not vice
versa.

With Assumption 2, for any z;, = (0p41—L:hs Ghg1—-L:h—1)-
ay, and oy, 1, we have

Py (0h41 | Ont1—Lihs Ghg1—L:h) )]

= [ [ i) Onsa(07 | 5)d |05 an ),
For any op, € O, we denote
(o) = / Wi O (o | Nds @
S/

When considering state spaces of arbitrary size, it is neces-
sary to apply function approximation to generalize across
states. Representation learning is a natural way to allow
such generalization by granting the agent access to a func-
tion class of candidate embeddings. Towards this end, we
make a commonly used realizability assumption that the
given function class contains the true function.

Assumption 3 (Realizability). For all h € [H|, there exists
a known model class F = {(Op,wp, ¢n) : Op € G wp, €
Q, ¢n € YL where Of € G, w} € Qand ¢} € ® for
all h € [H].

We compare this assumption to the work of Efroni et al.
(2022a), which also studies in L-decodable POMDPs. Their
learning in the function approximation sets assumes that the
agent could get access to a function class that contains the
Q* function. Our assumption is more realizable since it is
easier to have access to the transition class than the class of
Q* function.

4.1. Algorithm Description

In this section, we present our algorithm Partially
Observable Representation Learning-based Reinforcement
Learning (PORL?).

In Algorithm 1, the agent operates in the underlying
POMDP environment P. In each episode, the agent takes
three steps to update the new policy: (i) using a combination
of the latest policy 7 and uniform policy U(A) to collect
data for each time step h € [H], (ii) calling the MLE oracle
to learn and updating the representation ah, and (iii) calcu-
lating an exploration bonus Eh and applying Least Square
Value Iteration for L-step Low-Rank POMDPs (LSVI-LLR,
cf. Algorithm 2) to update our policy with the combined
reward r + b.

The data collection process has two rounds. In the first
round, the agent rollouts the current policy 7%~ for the first
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Algorithm 1 Partially Observable Representation Learning
for L-decodable POMDPs (PORL2-decodable)

Algorithm 2 Least Square Value Iteration for L-step Low-
Rank POMDPs (LSVI-LLR)

Require: Representation classes {fh}th_Ol, parameters K,
o, )\k
1: Initialize policy 7° = {mg, ..., 7z _1} to be arbitrary
policies and replay buffers Dj, = @&, D; = & for all h.
2: for k € [K] do
3:  Data collection from 7*~!, Vh € [H], 7, ~
‘n':* oL U(A) . o ~
dp : Dy, = Dy U {Th}, Th ~
g VAN DD U ().

4:  Learn representations for all h € [H|:
(@Z» F, o) = ArgMax (Q,, wy, ,Yn)€F
Epup [log ¢n(zn, an) " pun(ons1)],  where  pup
is computed by (2).

5:  Define exploration bonus for all h € [H]: Bﬁ(z, a) =

min {ak \/(;Abfl(z, a)TZfaﬁ(z, a), 2}, with 3, :=

ZZND}L (bi(zv a’)(bi(zv a)T + Al

6: Set 7 as the policy returned by call-
ing  Algorithm  2: LSVI-LLR({rr, +
Ot o Ak o AR 0 - ADPRUDL ) M)

7: end for

8: Return 70, .-, 7€

h — L and takes U(.A) for the remaining steps to collect
data. In the second round, the agent rollouts %=1 for the
first h — 2L and takes U (.A) for the remaining steps. After
collecting new data and concatenating it with the existing
data, the agent learns the representation by calling the MLE
oracle on the historical dataset (Line 3). Then, we set the
exploration bonus based on the learned representation (Line
4), and we update the policy with the learned representations
and bonus-enhanced reward (Line 5).

To update our policy, we apply LSVI-LLR - an
adaptation of the classic LSVI algorithm to L-step
low-rank POMDPs.  For a given reward r and a
model (u,¢), the probability P? (c(z,a,0') | z,a) =
wn(0) T én (2, a). Therefore, we have Qy(z,a) = r1,(0) +
>orep On(za) T (0} 1) Vi1 (2nt1), where zppq =
c(zn, an, 0,). After inductively computing the Q-function,
we can out the greedy policy 7}, = argmax, Qp(zn, a).

Remark 4 (Computation). Regarding the computational
cost, our algorithm only requires calling MLE computation
oracle H times in every iteration. Optimism is achieved by
adding a bonus to the reward function, which takes O(Hd?)
flops in each iteration to compute with the Sherman-
Morrison formula. Importantly, we avoid the optimistic
planning procedure that requires iterating over the whole
function class F. Then the time complexity is dominated
by the LSVI-LLR step 5 7, (z) = argmax,c 4 Qn(z, a) for

Require: {r;,}7 ' , features {on )it {untiy,
datasets {Dy, } /', regularization \.
1: Initialize Vi (z) = 0 for any z € Z.

2: forh=H —-1—1do

3:  For (zp,an) € Zp x Ap, set

Qn(znan) =ri(on) + Y Onlzn,an) pn(osr)

on1€D
“Vaga(e(zn, an, ony1)),

where zp, = (Op—L41:h, Gh—L4+1:h—1)-
4:  Set Vi (z) = maxgea Qn(z, a).
5:  Setwy(z) = argmax,c 4 Qn(z,a).
6: end for
7: Return 7 = {mg, -+ ,mg_1}.

all (z,a) € D¥, which causes a O(AHd? K) running time
in every iteration and a total O(AHd? K?) running time.
Therefore, our algorithm is much more amendable to a prac-
tical implementation.

4.2. Analysis

We have the following guarantee of our Algorithm 1.

Theorem 5 (Sample complexity of PORL2-L-decodable).
Under Assumption 2 and Assumption 3, for fixed d,¢ €
(0,1), and let 7 be a uniform mixture of 7°, 7K=1 By
setting the parameters as

= O(\ kAL G + M + kG,
A = O(dlog(|F|k/9)),

with prob. at least 1 — 6, we have VIP’7T T le’?’r <
after

€2

5 2L j4
b o (HIAT ostd 7o),

samples, where 7 is the optimal policy of T1&°".

Theorem 5 indicates that the sample complexity of PORL?
only depends polynomially on the rank d, the history step
L, horizon H, the size of the effective action space for L-
memory policy |A|Z, and the statistical complexity of the
function class log(|F|). In particular, Theorem 5 avoids
direct dependency on the size of the state or observation
space. Specifically, we emphasized the term |.A|?Y, which
comes from doing importance sampling for 2L times in line
3 of Algorithm 1. Our sample complexity also matches the
regret bound of Liu et al. (2022a), Theorem 7.
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5. Low-rank POMDPs with + - Observability

In this section, we move on to the observability POMDP
setting

Assumption 6 (Golowich et al. (2022a;b); Even-Dar et al.
(2007)). Let v > 0. For h € [H|, let Oy, be the operator
with O (- | 8), indexed by states s. We say that the operator
Oy, satisfies y-observability if for each h, for any distribu-
tions b, b’ over states, |Opb — Opb' |1 > Yo —V|1. A
POMDRP satisfies y-observability if all h € [H] of satisfy
- observability.

Assumption 6 implies that the operator Oy, : A(S) — A(O)
is an injection. We use 7; to denote (03_2r.:i, G3-2L:—1)-
In addition, we make the same realizability assumption
(Assumption 3) as in the decodable setting.

For v-observable low-rank POMDPs, we present the as-
sumption that are commonly adopted in the literature to
avoid challenges associated with reinforcement learning
with function approximation (Efroni et al., 2022b). We
state the function approximation and computational oracles
below.

Assumption 7. There exists a known model class F =
{(@hvwhvwh) On € ng € Qﬂ/}h € l:[/h}hH:p
where Oy € G, wi € Qand ¥}, € ¥ for all h €
[H]. Recall that Pp(oni1 | sn,an) = Opi(ony1 |

Sht1)Wh o1 (8nt1) 05 (sn, an).

Compared to Assumption 3, we assume the model class
contains the transition information of the latent state in this
assumption.

5.1. The approximated MDP M with L-structure

It has been shown that when ~y-observability holds, the
POMDP can be approximated by an MDP whose state
space is Z = OF x AL~ (Uehara et al., 2022b). In
particular, for a probability transition kernel Py, (zp41 |
zn,ap) (for zp,zp41 € Z) and a reward function r =
(ri,...,rg),rn : Z — R, we will consider MDPs of
the form M = (Z, A, H,r,P). For such an M, we say
that M has L-structure if: the transitions Py, (- | zp, ap)
have the following property, for 2z, € Z,a, € A :
writing 2, = (Op—rL41:h,@h—L:h—1), Pr(zns1 | zn,an)
is nonzero only for those z;4; of the form z,4+; =
(Oh—L+2:h+1, @h—L+1:1), Where op 41 € O.

For a low-rank POMDP P, op,41 can only be predicted
by the whole memory {o1, ai,- -, op,ap}. The main
observation in (Uehara et al., 2022b) is that o;4; can
instead be approximated predicted by the L-memory
{on+1-L, Qhy1—L, -, On,ap} with an error bound €,
given the memory length is at least L = O(y~*log(d/e1)).
In other words, there exists an approximated low-rank
MDP M with L-structure that is close to P. For any

P = (0,w, ), we can construct an approximated MDP

M = {(n, én) Y. where (6, 1) = ¢(0,w, ) for an
explicit function ¢. The analytical form of ¢ is not important
for our discussion and is deferred to Appendix D.1. This
approximated MDP M satisfies that

P} (041 | 2hsan) = pigy 1 (0n41)bn(zn,an).  (3)

At the same time, the POMDP P satisfies that

PY (0n+1 | hsan) = pi1(0n1)én(mhsan),  (4)
where the definition of £ is also defferred to Appendix D.1.

The constructed M retains the structure of low-rank
POMDP, and we have the following proposition:

Proposition 8. For any e > 0, there exists an L-structured
MDP M with L = O(y~*log(d/e1)), such that for all
m € I19¢" and h € [H),

Earnonmmr IPA (0n41 | 20, an) — P (0n41 | 014, a1:0) 1
S €1.

By Proposition 8, we have that the conditional probabil-
ity PP(o | z,a) is approximately low rank. Now, we
can define the value function under M as V™M (0;) =
IEZ’M [Zfi » Ti | 01]. With Proposition 8, we can prove that
for a L-memory policy 7, the value function of 7 in M can
effectively approximate the value function under P.

Lemma 9. With M defined in (3), for any policy m € 118",
we have

H2€1

2

VP (01) = VM (o) <

A direct implication of Lemma 9 is that a near-optimal
policy of M is also near-optimal in P. Hence we only need
to focus on finding the optimal policy in IT”, the set of
Markovian policy in M.

5.2. Algorithm and Analysis

PORL? for y-observable POMDPs is presented in Algo-
rithm 3. It is almost identical to Algorithm 1 except
for the representation learning step, where in the MLE
we maximize log P (0541 | 7h,an). Note that we have
]P)E(Oh_,_l ‘ Th ah) = £}L(Th7 ah)Tﬂh—&-l(Oh—&-l) as shown in

).

Regarding computational cost, similar to Algorithm 1, Algo-
rithm 3 only requires a total of H K calls to the MLE oracle
and additional polynomial time complexity for executing
the LSVI-LLR planner. The main difference lies in the ad-
ditional transformation ¢ that needs to be performed when
calculating the log-likelihood log }P’;’f(ohﬂ | 7, ap). For
instance, when using gradient-based optimization to solve
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Algorithm 3 Partially Observable Representation Learning
for y-observable POMDPs (PORL2-v-observable)

Require: Representation classes {J—'h},’j’;ol, parameters K,
of, )\k
1: Initialize policy 7° = {m,...,mg_1} to be arbitrary
policies and replay buffers D), = @, Dj, = @ for all h.
2: for k € [K] do

3:  Data collection from 7*~!, Vh € [H], 7, ~
7 lo U(A) -
dph’ ; Dy, = Dy U {Th}, Th ~
k—1
dyr 0 D= Dy U R

4:  Learn representations for all h € [H]
(OF, ", 4*) = AIGMAX (), 0y ) € F
Epup[log &, (T, an) " Mh+1(0h+1)] by (4).

5:  Learn the L-step feature: (d)k i*) = q(OF, wk, k)
Define exploration bonus for all h € [H]: Zﬁ(z, a) =

min {ak \/(;Aﬁi(zg a)TZglaﬁ(z, a), 2}, with ¥, 1=

ZZNDh 5;67,(27 CL)(EZ(Z, a)T + )\k;I.
7. Set 7" as the policy returned by: LSVI- LLR({rh +

bﬁ}h 0 v{éf’h}f o A ADRUD, 1 M)
8: end for
9: Return 7%, --- , 7K

the MLE problem, the total number of such calculations
performed is usually small and does not scale directly with
the size of the function class.

The next theorem shows that Algorithm 3 achieves the same
sample complexity in «y-observable POMDPs as in Theorem
5.

Theorem 10 (Pac Bound of PORL2-v- observability). Un-
der Assumption 6 and Assumption 3, Let §,e € (0,1) be
given, and let T be a uniform mixture of 7°, nK=1. By
setting the parameters as

ar = O/ kAL + Aid), A = O(dlog(|F|k/5)),

61 = O(e/(H?dY?y*1og(1/€) log(dH A|F|/6)'/?)),
L=0(y " log(d/e1)). G = O(log(|F|k/3)/k),

with probability at least 1 — 8, we have VP-™ 7 — VP Tr <

€, after

€2

5 2L j4
bk o HIAT sld 7))

episodes of interaction with the environment, where 7 is
the optimal policy of 118°".

We remark on the | A|2X term, which comes from the impor-
tance sampling in Algorithm 3, matches the regret bound in
Liu et al. (2022a), and the sample complexity in (Golowich

et al., 2022a) for y-observable POMDP. In addition, it has
been shown in (Golowich et al., 2022b), Theorem 6.4 that
this sample complexity is necessary for any computational-
efficient algorithm.

6. Highlight of the Analysis

In this section, we highlight the critical observations in our
analysis of Theorem 5 and Theorem 10.

MLE guarantee. The following lemma upper-bounds the
reconstruction error with the learned features at any iteration
of PORL?.

Lemma 11 (MLE guarantee). Set A\, = O(dlog(|F|k/9)),
for any time step h € [H), denote py, as the joint distribution
for (w, a) in the dataset D of step k, with probability at least
1 — 6 we have

=P wa) 7] <G, (5

recall that ¢, = O(log(|F|k/d)/k). Here w is the trajec-
tory T in the decodable case (Algorithm 1), and w is the
state z of the approximated MDP M in the y-observable
case (Algorithm 3).

Ew,anplllP (- | w,0)

L-step Back Inequality. It can be observed that the MLE
guarantee ensures the expectation of model estimation error
scales as O(1/k) scale under the occupancy distribution of
the average policy of 7, ..., 7*~1. However, to estimate the
performance of the policy 7*, we must perform a distribu-
tion transfer from the distribution induced by 7, ..., 7F~1
to the distribution induced by 7%, To deal with this issue,
we generalize the one-step-back technique in Uehara et al.
(2021b); Agarwal et al. (2020) and propose a novel L-step-
back inequality to handle L-memory policies. This L-step
back inequality,i.e., moving from h to h — L, leverages the
bilinear structure in P}, .

Lemma 12 (L-step back inequality). For any h € [H| and
k € [K)], consider function gy that satisfies g, € Zj X
Ap = R, s.t. ||gnlloo < B. Then, for any policy w, we have

EZ[9(zn, an)]

<Ef.. . M[nwzh pvan o )lEh

BE _p 4%h-L-1

’ \/|A‘Lk ’ E(—fhﬁh)“”yh{[g(’ghvdh)]z} + B2\id,

where we denote fy,’f = 1/kzk 1d’r

B = RS dp T
ture state-action dtsmbution, and 255%7174) =

T
k]Ez,G.Nﬁhfol ¢h—L—1(Zaa)¢h—L—l(Zva) + )\kI as
the regularized covariance matrix under the representation

&,

,a) and

z,a) as the mix-
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Almost Optimism. For 7% = LSVI-LLR(r +b, ¢, {D* U
D* Ar}), we can prove that the value function of 7% is
almost optimism at the initial state distribution.

Lemma 13 (Almost Optimism at the Initial State Distribu-
tion). Using the parameters of Theorem 10, with probability
1 — 0, we have for all iterations k € [K],

B Tk *
VT ,Pr,r+b" v JP,r > —oy,

where o, = O(Ld(A" log(dk|F|/8)/k)"/?).

Then, using Lemma 13 and the simulation lemma, we can
establish an upper bound on the policy regret for 7%, we
have:

T P,r ® P
Wi -V

k5. 7k K
< VT ,P,r+b% VT ,P,r + o
H-1 .
2 : Tk ™", P,by,
< E27a |:bh + EOINPE(Z,Q) Vh+1 (thrl)
h=0

ﬂk’,P,gﬁ
o EO/NIP’f(z,a) Vh+1 (zh"rl) +O0k, (6)

where zp4+1 = ¢(zn, ap, 0').

Finally, we give an upper bound for (6). We adopt the idea
of the moment-matching policy in (Efroni et al., 2022a;
Uehara et al., 2022a), which analyze the latent state of the
past L-steps. For any g, EF [g(z5,, ar,)] can be written in a
bilinear form

wW(Sh—r+1)

P T
<EzhL,ahL~7r¢ (Zh—Laah—L>7/

Sh—L4+1€ES

P enl9Chan) | shopa] dsh_L+1>,

where p is the moment matching policy defined in (12).

Now we denote v = 1/k Zi:ol d}{i (2, a) to represent the
mixture state-action distribution. Additionally, we define
_E'v’,fmb* = .kEz,aN'y;f gi)* (2,a)¢*(2z,a) " + A1 as the regu'lar-
ized covariance matrix under the ground truth representation
¢*. To derive an upper bound for the aforementioned bi-

linear form, we can apply the Cauchy-Schwartz inequality

within the norm induced by 27’57 o+ as follows:

wWh(Sh—141)

P T
<Ezh_L,ah,_L~7r¢h (zh,L,ah,L)7/

Sh—L+1€S
EL e 9020, an) | shop41] dsh—L+1>

_ .
<EL | an nnllO aorsan—r)| ;
Yh—LPh—L

- H [ @nnsn) EL,peslotena)
Sh—L+1E€ES

; (N

| Sh—r+1)dSh—r41

DD I

The first term in equation (7) is associated with the elliptical
potential function. By employing the L-step back inequality,
we can transform the second term in equation (7) into an
expectation over the dataset distribution. This expectation
can be controlled by leveraging the MLE guarantee.

Approximated Transition Error For the low-rank
POMDPs with v-observability, the main idea is to analyze
the value function under the approximated MDP M instead
of the real POMDP transition P. We remark that is a novel
technique in low-rank POMDPs with ~y-observable assump-
tion, which analyzes in a Markovian model with a small
approximation error. The detailed proof of Theorem 10 can
be found in Appendix D.

7. Experiments

We evaluate the performance of PORL? using the partially
observed combination lock (pocomblock) as our benchmark,
which is inspired by the combination lock benchmark intro-
duced by Misra et al. (2019). Pocomblock consists of latent
states accompanied by rich observations. Further details
and specifics regarding the experiments can be found in
Appendix E.

Next, we provide an overview of pocomblock. Pocomblock
has three states: two good states and one bad state. When
the agent is in a good state, it will remain in either of the
two good states only if the correct action is taken; otherwise,
it will transition to the bad state. Once the agent enters the
bad state, it becomes impossible to exit. In the bad state, the
agent receives a reward of zero.

Then we explain the emission kernel, when the time step h
is odd, all the latent states generate rich observations and
different states generate different observations. When £ is
even, one good state still has a rich observation space, while
the other states’ observations were absorbed by an absorbed
observation. Hence at this time, it is unable to distinguish
such two states by the current observation.
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rich observations
for odd steps h ) .
take the correct action then remain in good states

absorbed observation
for even steps h

Figure 1. Visualization of pocomblock, where the blue area rep-
resents the rich observations obtained from the latent states. The
black arrows illustrate the transition from the good states (depicted
in white) to the bad state (depicted in black). Conversely, the red
arrows indicate remaining in the good states by taking the correct
action. Once the agent transitions to the bad state, it remains in
that state for the entire episode, resulting in a failure to achieve
the goal. Moreover, when the value of step h is even, there exists
an absorbed observation that encompasses all the observations for
both the bad state and one of the good states. Consequently, the
agent is unable to distinguish between these two states solely based
on a one-step observation during such time steps. Thus the name
partially observed combination lock, (see Appendix E for details).

Comparision with BRIEE. We test PORL? and BRIEE
(Zhang et al., 2022b) —the SOTA block MDP algorithm in
pocomblock. We note that pocomblock is not a block MDP
since the existence of the absorbed observation when h is
even. The details and results can be found in Appendix E

Reproducibility. Our model and code can be found at
https://github.com/icmlpomdpexpe/POMDPreplearn.

8. Conclusion

We presented a representation learning-based reinforcement
learning algorithm for decodable and observable POMDPs,
that achieves a polynomial sample complexity guarantee
and is amendable to scalable implementation. Future works
include empirically designing an efficient and scalable im-
plementation of our algorithm and performing extensive
empirical evaluations on public benchmarks, and theoret-
ically extending our algorithm and framework to handle
more general decision-making problems such as Predictive
State Representations and beyond.
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A. Technical Lemma

In this section we introduce several lemmas which are useful in our proof.

Lemma 14 ((Uechara et al., 2021b)). Consider the following process. Forn =1,--- | N, M,, = M,,_1+ G, with My = Aol
and G, being a positive semidefinite matrix with eigenvalues upper-bounded by 1 . We have that:

N
2log det(My) — 2logdet(AI) > > Tr(G,M, ).
n=1
Lemma 15 (Elliptical Potential Lemma, (Uehara et al., 2021b)). Suppose Tr(G,,) < B2, where G,, being a positive

semidefinite matrix with eigenvalues upper-bounded by 1.

2

NB
2logdet(My) — 2logdet(Aol) < dlog(l +

o )

Next, we provide an important lemma to ensure the concentration of the bonus term in our algorithm. This lemma is proved
in Lemma 39 of (Zanette et al., 2021).

Lemma 16 (Concentration of the Bonus). Set \,, = O(dlog(n|F|/d)) for any n. Let D = {s;,a;}1~) be a stochastic
sequence of data where (s;, a;) ~ p; where p; can depend on the history of time steps 1,...,i — 1. Let p = % Z?;ol p and
define

n—1
2P7¢ = kEP[é(sa a)d)T(s, a)] + And, in,¢ = Z Qb(sia ai)¢T<8i, ai) + A .
=0

Then, with probability 1 — §, we have

Vi € N*Y6 € @,c1]l6(s,0)lls 1 < I6(s,0)llsn < eallés, )y

-1
n,¢

We also introduce the Simulation Lemma which is frequently used in RL literature. Its proof can be found in (Uehara et al.,
2021b).

Lemma 17 (Simulation Lemma). Given two MDPs (P',r + b) and (P, r), for any policy w, we have:

H
VI;T’,Ter - Vlgﬂ‘ = Z]E(Shdah)"‘d;/’h [bh(SfH ah) + EP,’L(Sﬁllsh»ah,)[Vlg,r,h+1(8;z)] - Eph,(s;llsh,yah,)[Vlg,’l‘,h+1(s;l)]]’

h=1
and
H
Vlg’,r—&-b - Vlg,r = Z E(sh,ah)md’,‘;’h [bh(shv ah) + EP;L(s’hls;“ah)[Vlg,r+b,h+1(s;z)] - ]EP}L(SZJS}L,CL}L)[Vlgfr‘—i—b,h-‘rl(s;l)“'
h=1

We note that since both the occupancy measure and Bellman updates under P are defined in the exact same way as if Pisa
proper probability matrix, the classic simulation lemma also applies to P.

B. Proof of Theorem 5

First we define a few mixture notations that will be used extensively in the analysis. For any %, we define ©* to be
S ¥t 7k Jk . For a fixed (k, k), pf is the distribution on Z x A induced by applying {7¥}"_, and then do uniformly
random action for L times. We define the distribution of (z, a) For any h, define pf € A(Z x A) as follows:

ﬂioLU(A)(

pr(z,a) = dp'y, z,a).

Similarly, we define the distribution on Z x A after doing random action for 2L times. For any k, h > 1, we define 3 ,’f as
follows:

BE(z,a) = drer*U ™ (2, a).

12
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We also define the distribution induced by 7*. For any k, h, we also define fy,’f € A(S x A) as follows:

_k
’Vlli(zv a) = d%,h(zﬂ a)'

For notational simplification, we denote ||z||,4 = ||;UHZP , and lzll,-1,6 = [|z][s>-1 4 for = € R? and ¢ € P, where
: P
> po = Ezanpld(z, a)¢ ' (z,a)] + M. We define ||z|5,4, || 2||, in the same way.

By Lemma 11, with probability at least 1 — §, we assume that we have learned a (Z and g such that

Eaympn PR (| 2,0)" = PF (| 2,0) T3] < G, VA € [H].

PL( | za)" —PF (| 2,0)"|I1] < G, Vh € [H].

E(z 0y~

Here P, (o | z,a) = ¢(z,a)fi(0') and ¢, = O(log(|]M|)/K). In later arguments we will condition on these events. Next,
we prove the almost optimism lemma restated below.

Lemma 18 (Almost Optimism). Consider episode k € [K| and set

ok = \JHLAIEG, + Ahgd/e, My = O(dlog(|FIk/6)).

where c is an absolute constant. Then with probability 1 — 6,

cay L

Vi

V‘n’*,ﬁk,r+3k _ V‘n’*,P,r > —

holds for all k € [K].

Proof. By Lemma 17, we have

V7r*,73,7‘+3 _ Vﬂ*,’P,r

H-1
7 P, P,

= E(zh,ah)wd;‘;} [bn(2n,an) + EO/N[prz,“ah)[Vhﬂle "(Zha )] = Eorob? (znam) Vit (Zha)]]

h=0

H—-1

3 - P,

2 ]E(Zhﬂh)’\'d%*’ |:Hlln(COtk||¢h(Z, CL)”E;I 3 a2) + ]EO/N[phﬁ(.ph’ah)[Vhﬂ-y-l T(Z;L—i-l)]

h=0 o h>%h

* p,
- Eo’NPf(-\zh,,ah)[v}Z:,-l T(Z;L+1)] ) (8)

where in the last step, we replace empirical covariance by population covariance by Lemma 16, here c is an absolute constant.
Here (z,a) ~ d7, , means that (z, a) is sampled from transition 7 and policy 7. We define

gh(za a) = ]EO;LNPZ?(.|Z,Q) [Vhﬂ-y-ip’r (C(Z’ a, 0;1))] B EOLNIFT('\Z’G) [Vh7r+,17’,r(c(z’ a, O/h))]

Notice that we have ||gp||c0 < 1. By Lemma 11, for any (z, a) we have

IE(z,a)NPh [g}QL(’Z’ a)] < Ck, E(Z,G)Nﬁh, [g?z(zva)} < (k-

13
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By Lemma 21, we have:

H-1
Z H‘:(z,a)wd?’;}L [gh(Z, Cl)]

h=0
H
~
< Z E(zh—L—l7ah—L71)Nd%‘h7L71 ||¢ (’Zh*Lfl’ ah*Lfl)”p;iL_l,%qu
h=1
: \/|A|Lk ’ ]E(—%h,dh)NBh{[g(éha ah)]2} + B2\d
H
T
< Z E(zh—L—l,ah—L—l)Nd%)h7L71 ||¢ (Zh_L_lv ah—L—1)||p;iL717$h7L71
h=1
AP kG + B2Ad
H
~
= Cak Z E(Z"7L71’ah*l‘fl)NdZ];,h—L—l ||¢) (Zh—L—17 ah_L_1)||p;iL_17$h—L—1’ (9)

h=1

where in the last step we define

ar =/ k|A|EC + 4 d/c.
T _ 1 1
||¢h (Zh7ah)||p;17$h = \/; < ﬁ (10)

Combine (8), (9) and (10), we conclude the proof. O]

For h < 0, we have

With Lemma 18, we prove that under MDP P we can effectively learn the optimal policy with Algorithm 1.
Theorem 19. With probability 1 — 9, we have

K
STV P TP < O(H2|AIFd? K Y log (dK | F| /6)1/?).
k=1

Proof. Similar to Lemma 18, we condition on the event that the MLE guarantee 11 holds, which happens with probability
1 — 6. For fixed k£ we have

cay L

Vk

cay L

i

* k * D Tk k
VT P VT P, < VT ,P,r+b" VT ,P,r =+

< Vwk,ﬁ,r+gk _ Vwk,'P,r

where the first inequality comes from Lemma 18, the second inequality comes from 7% = argmax ymPrbt, By Lemma
17, we have

coy L

vk

" P b
= Z []E(z’“ah)Nd;er,p P;h(zha Clh) + Eogwpf(oz,\zh,ah,) [V];TJA ! (Z;H—l)}
h=0

‘/TrlC ,73,r+3k _ Vﬂ‘k JP,r

kB pribk cay L
7]EO;INP;;(O;Ilzh»ah)[Vhﬂ-‘rl " (Z;L+1)H W’

14
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Further we have

H-1
Tk P4t kP _ R
v VP = Y B g [Br(enan) F By o VT (B
h=0
s ”Pr-i—b ’
- E, o}, ~PT (0, |21n,an) [Vh+1 (Zh+1)H:|
and the last equation comes from Lemma 17. Therefore we have
. H-1 o
TP _ P . B R
V V S Z |:]E(Zh,ah)~d;:k,7> P;h(zhn ah) + EO;’NP:(OI}L‘Z}L,(L}J [Vh+1 (Zh+1)]
h=0
7 Prb* cayL
— E 1, ~PT (0}, 1zn,an) [Vh+1 (Zh+1)]]] + N
Denote
! E 5 o Pt E Vfr Pt
fh(Zh,ah) m o;LNPf(o;th,ah)[ h+1 (Zh+1)] = Lol ~PF (o} |zn,an) [ h+1 (Zh+1

Note that |[b]|s < 2, hence we have ||V7r P, T <

Vﬂ*,P,r _ Vﬂk7ﬁ,’r‘ — Z E

h+1
H-1

~

(Z;“ah)"vd;;
h=0

cay L

N

First, we calculate the bonus term in (11). , we have

H-1

Z ]E(zh,ah),\,d;;k,P [bh (Zh, ah)]

h=0

<ZIE

dﬂk P H(bh L(

)”2—1 e

kyp[bh(Zh,ah)] + (2H +1) Z E

H-1

(2n,an)
h=0

VEAIZE - 0y [Ba (2 0))2] + i
L

where the inequality is following Lemma 20 associate with th loo < 2.

Note that we use the fact that B = 2 when applying Lemma 20. In addition, we have that for any h € [H],

Then we have

H

h=1

kE(z,a)~ph |:|¢h(z7 a’)”QE*l N

PhPh

H

h=1

] =kTr <Eﬂh [(;h;g;]{kEph [(ghaz] + /\kI}_1> <d.

Now we bound the second term in (11). Further, with || f5 (2, a)||cc < 1, we have

H-1
E

(o) P [fn(2n, an)]

;"

=0
H-1

IN IN
o>
LY

"By 0GB

0

=
I

15

> By 00 Ga)lns o \HAREG 0 [ @)] + 4ed

A/ k“A|LCk + 4\ d,

—LPh—L

2
Sy G €SB eldi Gl lAFaRd A

)]

1)
< (2H + 1). Combining this fact with the above expansion, we have

war e Lfn(zn,an)]

(1D
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where the first inequality is by By Lemma 20 and in the second inequality, we use E, ,,, [f7(2,a)] < ;. Then we have
Vﬂ'*,P,r _ Vﬂ'k,P,r

H-1

H—1
_ cay L
- hZO E(zh,ah)Nde'p[bh(z}“ah)] +(@2H+1) };) ]E(Zh,,ah,)Nd;Zk’P[fh(zh7 ah)] T Vk
H-1
<D B rrllon(za)lls— VIAFaid + 4xd
(Z,a)~dj, Th—L %51,
h=0
= capL
L k
+(2H +1) hZOE(M a0 LGa)lls o JRLAIRG + Ad + N

Hereafter, we take the dominating term out. First, recall

a, = O(\/ kAL, + 4Md).

Second, recall that v}/ (z,a) = Zk ! d” (z,a). Thus

K K

;E(g,d)wdzkypnd) (%, )HZ ;} o < Z: a3 d)wd" P Qbh( a)’ 7;w¢h¢h( a))
K

<y Kllog det(z E(g,a)Nde’P[QSZ(Ev a)gi(z,a)T]) —logdet(A 1))
k=1

IN

K
log(1 4+ —
\/dK og( +d)\1)

where the first inequality is by Cauchy-Schwarz inequality, the second inequality is by Lemma 14 and the third inequality is
by Lemma 15.

Finally, Lemma 11 gives

L))

Combining all of the above, we have

K
ST VTP P < O(HP|A[Ed? K log (dE | F| /6)V/?),
k=1
which concludes the proof. O

Lemma 20 (L-step back inequality for the true model). Consider a set of functions {gh}tho that satisfies g, € Zx A — R,
s.t. ||gnlleo < B forall h € [H). Then, for any policy w, we have

H
> EZlg(zns an <ZEzh Lovani M[nas(zhL1,ahL1>||ﬂ;1“,¢h_L_l

: ¢ AL Bz, ) 9 @2} + B2Aed,

Proof. For h € [H] and b/ € [h — L + 1, h], we define X; = S' x O! x A!~! and

Th' = (Sh—L+1:h'70h—L+1:h/7ah—L+1:h/—1),
where l =h' —h+ L — 1.

Now we define the moment matching policy u™" = {uT;" : X, — A(A)_, +1- We set ™" as following:

7,h

,u;:,’h(ah/ | zp) i=EP [m (an | 2) | 2] for B < h — 1, and pj " = . (12)

Then we define policy 7, which takes first & — L actions from 7 and remaining actions from ™"

16
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Lemma B.2 in Efroni et al. (2022a): For a fixed h € [H], any z;, € Zj, and fixed L-step policies T, df’”(zh) =
~h
™ (2n).

~h

By Lemma B.2 in Efroni et al. (2022a), we have d). " (z;,) = d. "
ug’h = 7p,. Hence we have EX [g(z1,, ap)] = EL, [9(z1, an)].

zn). Then we have d "™ (2, an) = ar= 2, ap) since
h h

Since p™" is independent of s;,_ 1,11, we have the L-step-back decomposition:
EZ.[9(zn, an)]

= ]EZL,L,%,LMT [/ ¢T(Zh—L, ap—1)w(Sh—r+1) 'th&ﬂ:hwumh [9(2n,an) | sn—r+1] dsn—r41
Sh—L+4+1

= EZ_L,ah_LNﬂ-(bT(thLvahfL) : / ESW(ShfLJrl) ']Ezl_LH:hNHmh[g(Zh, an) | Sh—r41] dsh—r+1
Sh—L+1

< EZ*L7G/}17LN7T||¢T(ZFL_L, ah_L)||6;_1L7¢h—L

. H/ W(Sh—r41) 'th_LHihNH«,h[g(Zh,ah) | Sh—r4+1] dsn—r41 .
S;L7L+1€S Bh—r,bnh—-1L

The first equality comes from the definition of conditional expectation, and the inequality comes from Cauchy-Schwarz

inequality. Here we use g(sj,—r,) to denote EZ;, veopTh [9(zn,an) | sn—r] for notational simplification.

‘We have

| W(sh—r41)3(Sh—2+1) dSh—r11 |3, . 6.
Sh—L+1€S

-
= {/ w(Sh—L+1)f](Sh—L+1)dSh—L+1}
Sh—L+1€S

: {kE(sh,_L,ah_L)wh_LH (n—r(Fh-r,Gn-r)bp_ 1 (Zh—r,an—1)] + )\kf}

: {/ W(ShL+1)f](ShL+1)dShL+1}
Sh—L+1€S

< kE(éhL,ahL)th{[/ W' (Sh—r4+1)0n(Zn—L,an—1)F(Sh—L41) dSh—L+1]2}+32/\kd
Sh—L+1€S
2
= kE(zhL,ahL)rvﬂhL{ {EshL+1~]P’L’L+l(-|2hL,&hL)EahLH;hNu”ﬁ[g(zhyah) | 5h—L+1]:| }+Bz)\kd7
where the inequality comes from Cauchy-Schwarz inequality and ||gs ||cc < B. Moreover, we have

kE(ghfLaahfL)NBhfL {[]ESh,—L-%-lNPfL+1('2h—L7&h,—L)EahL+1:h"‘ﬂ”’h [g(zh’ ah) | Sh—L'H”z}

< KE

Zh—r,8n—1)~Br—L,Sh—L+1~PL_ 3 ClEZh—r,@n—L),an—Ly1:n~vp™ " [g(zh’ah)]

L 2
< ‘A| kE(Eh,—L,flh—L)Nﬁh—L,Sh—L+1~Pf,L+1('\5h,—L,&)I—L),ah,—L+1:h,~U(A) [g(zh’ah)]
= |AI"k - E(z, a0)~n {19 (Zns @n))?},

where the first inequality is by Jensen’s inequality and the second inequality is by importance sampling, the last equation is
by the definition of .

Then, the final statement is immediately concluded. O
Lemma 21 (L-step back inequality for the learned model). Consider a set of functions {gy }1L , that satisfies g, € Z x A —
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R, s.t. ||gn]loo < B forall h € [H). We assume that MLE guarantee is hold. Then, for any policy 7, we have

H H
Z 77? (zn, an) SZ Zh—L—1,Qh—L—17~T |:||9ZS (zh—rL-1,an-L- 1)||ph L1 ®h L1
h=1 h=1

AR Bz, 5,0, {l9Gn@1)12} + B2Akd + KB,

Proof. For h € [H] and b/ € [h — L + 1, h], we define X; = S x O! x A!~! and

Th' = (Sh—L+1:h'70h—L+1:h/7ah—L+1:h/—1),
wherel=h' —h+ L — 1.

Now we define the moment matching policy x™" = {uh,h X — A(A) ML 141 We set ™" as following:

MZ}h<(Lh/ | .’Eh/) = Ef[wh/(ah/ ‘ Zh/) | {Eh/] for h/ < h — ]., and ,U,Z’h = Tp.

Then we define policy 7, which takes first & — L actions from 7 and remaining actions from ™"
By Lemma B.2 in Efroni et al. (2022a) we have d (z2p) = df’ﬁh (z1). Then we have df’” (zn,ap) = dfv’?h (21, ap,) since
,uh = mp,. Hence we have EX [g(2p,, an)] = Ef l9(zn, an)].

Since ;™" is independent of s;,_ 1, we have the L-step-back decomposition:

EZ. [9(zn, an)]

_EZ LaGh_p~T [/ ¢ (2hrs an—1)O(shor+1)(Sh—1+1) 'th%“:hww,h[g(zh,ah) | sh—r+1]dsn—r41
Sh—L+1

= EZ v pen® (hop,an—1) / O(sn-r41) EL . mnlg(zhan) | snopir] dsnornia
Sh—L+1ES

~
<th Lyah— L~7T||¢ (Zh_L’ah_L)”p,:iL,d?h—L

where the inequality is by Cauchy-Schwarz inequality.

/ WO(sh—r+1) 'th_Hl:th,h [9(2n,an) | sh—r41]dsh—r41
Sh—L4+1€S

b
Ph—L $h—L

Now we use §(s_1) to denote EP

LA »19(zn,an) | sn—r] for notational simplification. We have

l &(sh-r+1)3(sh—r+1)dsh—r+1 |?
Sh—L+1€ES

.
= {/ WO(sh—r+1)9(Sh—rL+1) dShL+1}
Sh—L+1€ES

{kE(zhL,ahL)Nthl [bh—r+1(Zn—1L, &h—L)Qg;Lr_L.H(gh—La an—r)] + )\kf}

: {/ O(Sh—r+1)9(8h—L+1) dSh—L+1}
Sh—L+1€S

2
< kE(shL,ahL)th{ {/ O (sher+1)Oh—r41(hor,an—1)3(sh—1+1) dSh—L-&-l} }+B2>\kd
Sh—L+1€S

Ph—LPh—L

2
2
= kE(EhL,dhL)NPhL{ |:EshL+1~ﬁhL+l(ghLy&hyL)]EahL+1;;L~u"vh[g(zh7ah) | 5h—L+1]:| }+B )‘kdv
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where inequality is because ||g;,|| < B. Moreover, we have

kE(Eh_L’&h’_L)Nph_L{[EshL+1N§}LL+1(2}LL7dhL)Eah—L+l:hNN’ﬂ-’h[g(zh’ah) ‘ Sh_L+1]]2}

< kE(ghLﬁ‘h'L)NphL{[EshL+1NIP5L+1('2}LL7dhL)EahL+1:h""l“r’h [Q(Z}“ ah) | ShL+1H2}+kB2<k

< kE(Zh—Lth—L)N)UhfL75}L—L+1NP57L+1(‘lghfL;ah—L)vah—LJrl:hN/“r’h [g(zh’ ah) | Sh*LJFl]Q + kB2Ck
L 2 2

< ‘A| k)]E(thL7&hfL)NPh7L75}L7L+1NP;?,L+1(‘lghfL;ahfL)thfLJrl:hNU(A) [g(zh7ah)] + kB"Cr

= ‘A|Lk ’ ]E(Eh-ﬁh)Nﬁh{[g(Zm dh)]Q} + kBQCk’

where the first inequality is by MLE guarantee, the second inequality is by Jensen’s inequality and the last inequality is by
importance sampling.

Then, the final statement is immediately concluded. O

C. MLE guarantee
In this section, we present the MLE guarantee used for L-step decodable POMDPs and ~y-observable POMDPs. Regarding
the proof, refer to Agarwal et al. (2020).

Lemma 22 (MLE guarantee). Set A\, = ©(dlog(|F|k/0)), for any time step h € [H], denote py, as the joint distribution
Jor (z,a) in the dataset D of step k, with probability at least 1 — § we have

EzamnllPh (-] 2,0) T = PR (- | 2,0) T3] < G, (13)

recall that (, = O(log(|F|k/6)/k).
Lemma 23 (MLE guarantee for POMDP). Consider parameters defined in Theorem 10 and time step h. Denote py, as the
Jjoint distribution for (03_21.:h, G3—2L:h, 0;z+1) in the dataset D of size k. Then, with probability at least 1 — § we have

1og(kf|/5))

E0372L:h,a372L:h~p[”]P)zzp(’ ‘ 03—-2L:h; a3—2L:h)T - IPZ;( | 03—2L:I17a3—2L:h)T”ﬂ < (k= O< 2

in addition, we have

M log(k|F|/é
EepanmpllPr (- | 20 an) T =P | 2y an) T3] < O(W + el>.

D. Missing Proofs of Section 5.1
D.1. Construction of the approximated MDP

To construct this approximated MDP, we need to first calculate the belief state and approximated belief state, which is the con-
ditional probability of state s;, given the true transition and an action and observation sequence {03_sr,, a3—2r, " ,Qp,0n}
and 1 < h < H respectively.

Consider a POMDP and a history (03271, @3—21.n—1) € Hp, the belief state b] (03_a1.,a3—21:n—1) € A(S) is given
by the distribution of the state s;, conditioned on taking actions a;.;,—1 and observing o1.j in the first i steps. Formally, the
belief state is defined inductively as follows: b} (&) = by, where b; is a properly chosen prior distribution whose precise
form is deferred to appendix C. For 2 < h < H and any (03_21.:h, @3—21:h—1) € Hp, define

b7 (03-21:h,a3-—20:1-1) = Uj_1 (b1 (a1:n—2,02:n—1); an—1,0n),
where for b € A(S),a € A, 0 € O, the belief update operator U} is defined as

0141(0] 5) - Ses bls') - Bals | ', a)

P(b;a,o0)(s) =
U, (b;a,o0)(s) Zmes@fﬁl(o‘x)Zs'ESb(sl)'Ph(x|S,’a))
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This operator calculates the belief state for i + 1-step when the belief for the h-step is b, and after the agent takes action a
and receives the observation o.

Recall that P has a low-rank structure. For an extended POMDP, we have

P (on+1 | 03-20:h,a3—ar:1) =/ wWh(Sh41) - Ong1(on41 | 8/)dS/'/ Un(s,an)bl (0321, az—2r.n—1)(s) ds.
s

Sht1
(14)

For h € [H], 71, € Hp, op, € O and ay, € Zj,, we denote

/¢h(8h7ah)b5(7h)(8h) dsp = &n(Th, an), (15)
we define the approximated belief by, (0, 1.1, an— 1.1 1) to approximate the true belief by, (03211, a3_210:n-1)-
For b € A(S) and 0 € O, we define B(b, 0) as the operation that incorporates observation o by

O(o | s) - b(s)
B(b,0)(s) := ;
ZmGS (O)(O ‘ x) Zs/GS b(S/)

which denotes the belief distribution after receiving the observation o as the original belief distribution was b.
For an action and observation sequence {03_ar,as_2r, - ,0m,am} and 2 < h < H. We define the approximated belief
as :
by =By " on-1), (16)

_ » _
bh—r4r(On—L:h—L4rrah—Lh—L—147) = Up_p 14 (bh—L—147(Oh—L:h—L—147,@h—L:7),On—L4r,Ah—L—147), 1 ST <,

where the construction of the initial belief l;g ~L can be found in Appendix D.2.

We have the following lemma to give an upper bound for the difference between the approximate belief and the true belief.
The detailed proof can be found in Appendix D.3.

Lemma 24. For any policy m € A(A) and h > 2 — L, the approximate belief b defined in (16) satisfy that

E™P(ons1(03—20:h+1sa3—20hsn—1) — bhir.(2ny an)|1] < €1, where (21, an) = (Onhi L, GhehtL—1)-
‘We have

/ wn(s,) - Onlon | s3,) ds), = pn(on) (17)

Now we can construct M = (S, A, P, r) as following

P (0h41 | Oht1—Lihs Qht1—L:n)

P
=/ Wht1(Sht1) - Ong1(0nt1 | Shvr) dsnyr - [ (Sh, an)by (Oh—L+41:hs Gh—L+1:0—1) (k) dSh -
Sh+1 Sh

We denote
/l/f(shvah)gf(zh)(sh) dsp, = ¢(zn, an). (18)

We define (41, 6, €) = q(O,w, ) by (15), (17) and (18).
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D.2. Construction of /!

Now we present the construction of 5’(} for h € [H], which is done by Uehara et al. (2022b).
Lemma 25 (G-optimal design (Uehara et al., 2022b)). Suppose X € R® is a compact set. There exists a distribution p over
X such that: (i) p is supported on at most d(d + 1)/2 points. (ii) For any ¥’ € X, we have &' "Ey, [zx "] e <d

By Lemma 25, there exist p, € A(S, x Ap,) to be the G-optimal design for 15, (s, a). Denote the support of pp, to be S, 5,
S, has most d(d + 1)/2 points. We denote S, , = {si,, ai }}%"!.

We set 58 as

‘Sp hl
thsa]}hp S Zp shaa’h ]Ph( |82,(12)
s,a i=1

D.3. Proof for Proposition 8

First, we prove the existence of the approximated MDP M in Proposition 8.

Proof of Lemma 24. The proof is same to Theorem 14 of Uehara et al. (2022a), the only difference is that the process is
start from 3 — 2L instead of 1. O

Now we construct the approximated MDP M. For a state 2, = (0p—r.h, @h—L:h—1) € Z, action ay, and subsequent
observation op,+1 € O, define

Py ((0n—r41:h41s ah—ry1:n) | znsan) =€), - OF 1 - TF (an) - br(0n—Lihs Gh—r:n—1)-

Hence we can define
d(zn,an) = TF, (an) - by, plont1) = €, - OF
Note that for the POMDP P, we have
PZHNW(O}LH | 01:1, Q1) = 0h+1 O 1 - TV (ar) - b}, (01:5—1, a1:1)-

Lemma 24 shows that E[||bn11(03—20:h+1, 3—20:h4L—1) — Ohtn(On:htL, Ghihrn—1)|15 @1:hger—1 ~ 7] is small in
expectation under any policy 7, so we have

Earnonn~nIPr (0ns1 | 20, an) — P} (0n41 | 0v:ns a1 < €1

With the approximated MDP and approximated belief, we have the following lemma.
Lemma 26. For any function g : S = R, ||g|lcc < 1, we have

Eal;h,ozzhw/ P} (sht1 | 010, a1:)g(Spg1) dspp1 < Eal;h,on/ w(sni1) " @(zn, an)g(snr1) dspir +ei.
Sh41 S

h41

Proof. We have
}Eal:h,omhww/ Pl (sht1 | 01:05 @1:0)g(Sh41) dshia
Sh+1
=Ea1:h,02:h~w/ w(3h+1)T/ W(sh,an)bl, (03211, az—21:)(51)g(8h41) dsp dsp i1
Sh+1 Sh
SEam,ozzhw/ w(5h+1)T/ U(sn, an)| (0] (03—2L:n: as—20:0) — br(zn, an))(sn)])|g(sns1)| dsp dsp1
Sh+1 Sh

+]Ea1:h,02:h~7|'/ w(8h+1)T/ Y(8hyan)bn(zn, an)(sn)g(shi1) dsp dspi1,
Sh+1 Sh
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where the inequality is by Cauchy-Schwarz inequality.

Since we have fs;H w(shH)Tw(sh, an)|g(sht1)| dsp+1 < 1 for any sp, so we have
Buronis | (o) [ 0l an)|(6F (00-21sas-21.8) — Bnlznsan)) (50 l(5n1) s o
Sh+t1 Sh

< Eal;h,OZ;hNTr/ |(bF, (03—21:n, a3—2L:) — bn(2n, an))(sn)| dsn
Sh

S €1,

where the last inequality is by Lemma 24.

Remember that fs Y(s,an_1)bn(zn_1,an_1)(s)ds = ¢n(zn,an), so we have
Eal:h,OQ:hNﬂ/ ]P);?(sh—&-l | Ol:haalzh)g(sh—i-l) dSh—i—l
Sh+1
< ]Ealzh,,02:h,~ﬂ / w(Sthl)TQS(Zhv ah)g(sh+1) dSh+1 +e€q,
Sh+1

which concludes the proof. O

D.4. Proof of Lemma 9
Proof of Lemma 9.

Vi () - VM ()] =

P
E(ale—1702:H)N7T|:

((BF — B (VM7 4 ) (ann, )} ‘

L

i

T,M,r
- ]E,(’Z1;H,1,02;H)~7r |: ((P;’f - P#)(Vh+1 + rh+1))(a1:ha 02:h):| ’

h=1
I H-1
P P M
< 5 ']E(Ossz:m%sz:hfﬂNﬂ [ Z ”Ph ( | Q1:h, 02:h) - IEJJh ( | Zh;s ah)h}
h=1
< H2€1 ’
- 2
where the first inequality uses the fact that \(V,ZZ’FT’T + rpt1)(@1:p, 02:041)| < H for all ay.p, 02:n41, the second inequality
is by Proposition 8. O

Lemma 27 (L-step back inequality for the true POMDP). Consider a set of functions { g, }tho that satisfies g, € Zx A — R,
s.t. ||gnlleo < B forall h € [H). Then, for any policy w, we have

H H
ZEf[g(Zh’ah)} < ZEZ—L—hah—L—lNWH(bT(Zh_L_l’ah_L_l)Hﬂ;,lprGﬁhfol
h=1 h=1

: \/|A|Lk "EZ, oy {90Gn. @n)12} + B2wd + kB2 + Bey.

Proof. For h € [H] and b/ € [h — L + 1, h], we define X; = S x O! x A!~! and

Thr = (Sh—L41:h's Oh— L4 1:hs Gh—L+1:h/—1),
wherel=h' —h+ L — 1.

Now we define the moment matching policy ™" = {u%" : X — A(A)M_, +1- We set ™" as following:

le’h(ah/ | LL’h/) = Ef[ﬂh/(ah/ ‘ Zh/) | :Eh’] for h/ < h — 1, and ,LLThr’h = Th.
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Then we define policy 7" which takes first b — L actions from 7 and remaining actions from ™",

By Lemma B.2 in Efroni et al. (2022a), we have df”r(zh) = df’ﬁh (z1). Then we have df’” (zn,an) = df’ﬁh (zn, ap,) since
pp™ = 7. Hence we have E” [g(z4, ap)] = EZ, [g(zn, an)].

Since p™" is independent of s;,_ 1,11, we have the L-step-back decomposition:

EZ.[g(zn, an)]

= Ezfzw%,a?ﬁ%h%wﬂ [/ P(sp—r+1 | 03—20:h—1,@3—21,h—L) 'EZD,HLH:hNHw,h[Q(ZmCLh) | Sh—r+1] dsh—L-‘,—l}
Sh—L+41

<SEL L anpnr [/ ¢" (zheryan—p)w(sn-r1) -BL  «nl9(zhsan) | sneria] dShL+1] +Be;
Sh—L+1

w(sh_r+1) 'E2L7L+1:h,\,uw,h[g(zh7 an) | sSh—r+1]dsp—r41 +Be;

P T
=E;, ,a_~n®? (Zh-r,0n-L) /
Sh—L+1E€ES

T
S EZ,L,ah,LNﬂH(b (Zh—L7 a,h_L)”ﬁ;,ngd)h,—L

P
: ‘ / w(sh—r+1) ~EQ,HHMNM,;»[Q(ZMah) | Sh—r+1]dsp—r41 + Bey,
Sh—L+1€S Bh—rL:¢h-L
where the first inequality is because Lemma 26.
~ P . . . .
Now we use §(sp—1,) to denote ]EahiHMwah [9(2h,an) | sp—r] for notational simplification. We have

2

H / W(Sh—r£+1)9(Sh—r+1) dSh—r41
Sh—L4+1€S Brh—r,Pn—L

"
= {/ wW(Sh—r+1)9(Sh—L+1) dSh—L+1}
Sh—L+1€S

: {kE(zhL,ahL)~/3hL+1 (bn—r.(Gher,an-r)bp_p(Zh—r,an—1)] + )\k-[}

: {/ W(Sh—L+1)§(Sh—L+1)dSh—L+1}
Sh—L+1€ES

2
< kE(Z}LL,ahL)NﬂhL{ {/ W' (Sher41)Bn—r14+1(Zh—1,@n—1)F(Sh—1+41) dsh_L+1} }+B2)\kd
Sh—L4+1€ES

2
= kE(632L:}LL7a32L:}LL)NBhL{ [/ wT(sh—L+l)¢h—L+l(2h—L> dh—L)g(Sh—L+1) dsh—L+1:| }+BQ>\kd>
Sh—L+1ES

where the inequality is because ||g|| < B.

Moreover, we have
T . ~ ~ 2
kE(aazL:hL,asu;hL)whL{[/ W' (8$h—14+1)Ph—1+1(Zn—1,@n—1)F(Sh—1+1) ASh—r+41] }
Sh—rL+1€S

P 2 2
< kE(53—2L:h—L;aB—ZL:h—L)Nﬁh—L {[]E‘ShL+1NP5L+1(632L:FLL7&32L:hL)Eah;}LNu"’h[g(zh7ah) | sh—r+1]] }—I—kB €1
< EKE

2 2
(63—20:h—1,83—20:h—L)~Bh—L:Sh—r4+1~PF_ 11 (83—20:h—1,83-2L:h—L1),@h—L41:n~p™ " [g(Zh, ah) | Sh—L""l] + kB e
< |A|Lk]E(63—2L:h—L;aS—ZL:h—L)NB}L—L7ah—L+1:hNU(~A) [g(Zh, ah)]z + kB2€1
= |A|Lk : ]E(Z;L,&;L)N’Yh{[g(gha ah)]Q} + kB2617

where the first inequality is by Lemma 26, the second inequality is by Jensen’s inequality and the last inequality is by
importance sampling, the equation is by the definition of ;.
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Then, the final statement is immediately concluded. O

Lemma 28 (L-step back inequality for the learned POMDP). Consider a set of functions {gh}hH:0 that satisfies g;, €
Zx A= R st ||gnlle < Bforall h € [H|. Then, for any policy m, we have

P;iL,I@h—L—J

H H
> EPg(znan)] <3 ED o enlll9T (aor1,an-po)|

h=1
APk BT, oo 419G @n)]2} + B2Aed + kB%e1 + Ber.

(Zn,an

Proof. For h € [H] and b/ € [h — L + 1, h], we define A} = S' x O! x A'"~! and

xh/::@h—L+LhHOh—L+LhHah—L+LM—1%

where l=h' —h+ L — 1.

Now we define the moment matching policy p™" = {u;{}h 2 — A(A)Y - We set ™" as following:

,h

f[mL/(ah/ | zns) | @] for ' < h —1, and pj," = mp,.

1" (an | ) = E

Then we define policy 7, which takes first h — L actions from 7 and remaining actions from ™",

5 ~h

By Lemma B.2 in Efroni et al. (2022a), we have df’”(zh) = df’ﬁh (z1). Then we have df’”(zh, ap) = df’” (zn, ap,) since
pp" = 7y, Hence we have E [g(z1,, az)] = EE, [g(zn, an)].

Since ™" is independent of s;,_ 111, we have the L-step-back decomposition:

EZ. [9(zn, an)]

= EZJL:,L?L,ag,QL,h,LNﬂ [/ P(sh—r+1 | 03—20:h—1, @3—20,h—1L) ~th7“1:h~u,ﬁh [9(zn,an) | Sh—r+1] dshLH}
Sh—L+1

<El i {/ ¢ (zn—rsan—r)w(sn—r+41) - EZZHHMNM,;L l9(zn,an) | Sh—r+1] dSh—L+1] +Be;
Sh—L41

= EZ_L,ah_LNW¢T(Zh7L, an-r) - / W(Sh—L+1) 'th_LH:hNﬂw,h [9(2h,an) | sh—r41]dsp—r41 +Be
Sh—L+1ES

< EZ—L,ah—LNﬂ' H(bT(Zh*L’ ah*L) le:iL’(bh*L

| SW(Sh—L+1) BY e 19Gzhsan) [ snepi1] dshoria oo + Ber,
Sh—L+1€

where the first inequality is because Lemma 26.

. B . T
Now we use §(s,—r,) to denote B bt [9(2n,an) | sp—r] for notational simplification. We have
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||/ W(sh—r+41)9(8h—r+1)dsp ||;2)h,7L,¢h7L
Sh—L4+1ES

T
= {/ w(Sh—L+1)§(Sh—L+1)dSh}
Sh—L4+1E€ES

: {kE(éhL,ah,L)~phL+1 [bh—r(Znr,an—r)bp 1, (h-r,dn—L)] + )\kf}

. {/ w(Sh—L+1)§(8h—L+1)d5h}
Sh—L+1ES

SKEG, pan_1)~on-t { [/ W' ($h-r£11)0h—r141(Gh-r,@n—1)G(sh—L41) dSh]Q}JrBQ)\kd
Sh—L4+1€S

=kE Gy _2rn_ 1,85 200r)~pn_1 { [/ W' (Sh—r14+1)Oh—L41(Fh-,@n—L)(Sh—r+1) dsp]? }+32/\kd
Sh—L+1ES

< kE(63—2L:h,—L7a3—2L:h—L)NPh,—L{[E EP (b [Q(Zh,ah) | Sh_L+1H2}+BQ)\/€d + k’Bzel,

Sh~Ph(03—2L:h—L,83—2L:h—L) Gh:h™~}

where the first inequality is because ||g, || < B, the second inequality is by Lemma 26. Moreover, we have

P 2
k]E(632L:hL;aSZL:hL)NphL{[Eshwﬁh(ﬁfng:hL,&32L:hL)]E(lh,;hwlu.”vh l9(2n, an) | sh—r+1]] }

< kE(532L:hL7&32L:hL)NphL{[EShNPf(ﬁgzL:h,L,&32L:hL)Eah:h'\/u,""ﬁ [Q(Zh, Clh) | S}L—L+1H2}

< kE(a«'i*?L:hfL7&372L:h7L)NPh—L7ShNP’{L)(53—2L:h—L7&3—2L:h—L),ah,7L+1;hN,U.”’h[g(zlhah) ‘ 5h—L+1]2

<VA[KE 5y _ypn 165 2nm—1)~Bnsan—ps10~U(A) 9 (Zhs an)]

= |A|Lk ’ E(Ehﬁh)Nﬁh{[g(ém ELh)]Q}v
where the first inequality is by Lemma 11, the second inequality is by Jensen’s inequality, the last inequality is by importance
sampling and the equation is by the definition of /3},.
Then, the final statement is immediately concluded. O

Lemma 29. For any 7, h, we have
|dp 1, — dinllTv < her.

Proof. The proof is similar to Lemma D.1 in Agarwal et al. (2022). The only difference is that our condition is Proposition
8.

O

Next, we prove the almost optimism lemma restated below.
Lemma 30 (Almost Optimism for y-observable POMDPs). Consider an episode k (1 < k < K) and set

ok = \JHAEG + ANed + ke fe, A = O(dlog(|F|k/5).
where c is an absolute constant. Conditioning on the event defined in Lemma 11, with probability 1 — 9,

cay L

Vk

* F Tk *
VT M, 40" VT Mr Z _ _ O(H261>

holds forall k € [1,--- , K].
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Proof. By Lemma 17, we have

Vﬂ‘*,M,’l‘+i7\ _ Vﬂ*,M,r

H-1
N T M,r T M,r

= ]E(zh,ah)wd"M: , [bh(zfu ah) + EO’NPhﬁ('Vh’ah) [Vh+1 (Z;L+1):| - EO’N]P’}IMHZ;HG}L) [Vthl (Z;H»l)]]

h=0 w

H-1

. w T M,r

= ]E(Zh)llh)"‘dWM:.h |:m1n(cak’”¢h(z’ a) HE;; 3 1)+ Eo’~]P’j?(~|zh7ah) [Vh+1 (Z;H-l)]

h=0 ' "

T M,r
- ]EO’NIP’{I\A(-|zh,,ah,)[Vh+1 (Z;L+1)]:| (19)

H—-1
> Y By, [mineaslBulzalls s 1) +E
h=0 '

71'*,./\/1,7"( / )]
Pho ®Ph

o’~]P’f(~|zh,ah)[Vh+1 Zh+1

"M,
—Eor P (|2 an) Vg T(ZZH)]] —O0(H?¢), (20)
where in the fist inequality, we replace empirical covariance by population covariance by Lemma 16, here c is an absolute
constant, the second inequality is by Lemma 29. We define

T M,r T M,r
gh(za CL) = EO’hNPf(‘Vﬂ) [Vthl (C(Z7 a, O;L))] - Eo'h~IPf(-\z,a) [Vh+1 (C(Z, a, O;L))]

Notice that we have ||gp||cc < 1. With Lemma 23, for any (z, a) we have

E(z.a)mpn [95(2 @) < G Bzaynpn[95(2,0)] < G @1
By Lemma 28, we have:

H-1

Y Eoayeaz l9n(z, )] + O(H?e1)
(2,0) P.h

h=0 ’

H
<STEE a8 Gt Dl 5
h=1

JAIEE B, s {10 30)]2} + B2Awd + key + O(H?e),

where the first inequality is by Lemma 24 and the second inequality is by Lemma 21. Hence we have
H-1
> B gy, lon(z: )
h=0 '
H-1

. 3 ~
< Z mm{l,IEZkalyahfL,lwwHéi’ (ththahfol)”p;iL_l,ah,L,l
h=0

ARG + B2Ad + ker) + O(Her)

H-1 .

< > minfl, CakEfiL%ah,L,lw||</5T(Zh—L—1»ah—L—l)llp;iLfl,gh,L,l} +O(H?), (22)
h=0

where the first inequality is by (21), in the last step we use Lemma 29 and the definition

o = A Ge + 4hid + ke fe.

1 1
165 Gl o 5, =4 5 < N (23)
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since ¢(s,a) = ey for h < 0.
Combine (8), (22) and (23), we conclude the proof. O]
Theorem 31. With probability 1 — 6§, we have

K
Sy Myt M < O (B ALd K Y2 log(dK|F|/6)Y? + H2KdY? log(dEK |F|/8)!2ey)).
k=1

Proof. The proof is similar to Theorem 19, we condition on the event that the MLE guarantee 23 holds, which happens with
probability 1 — §. For fixed k& we have
Vﬂ*,M,r o Vﬂ'k,M,r

coy L

< Vw*,Mer’l;k . Vﬂ'k,M,T + o) H2€1
VAR
< Vﬂ'k,x/l\,r-ﬁ-i)\k _ Vﬂ'k,/\/l,r + COékL + O(H261)
a Vk
H-1
= E [l; (zn,an) +E . [ r’“,/ﬁ,HB’C(Z, )]
- £ (znsan)~od M LR AR SR o), ~PM (0} |20 ,an) L hH1 htl
=0
k,M\, +bF COékL
-E, NPM(Oh\zh,ah)[Vl;q " (Z;erl)]] NG + O(H=€1).
The first inequality comes from Lemma 30, the second inequality comes from 7% = argmax_ V7r,/\7,r+5’f’ and the last
equation comes from Lemma 17.
By Lemma 29, we have
Y [e [on 2 Vi ()
(Zh,ah )~dy, wk at B (25 an) o}, ~PM (0}, |zn,an) " ht1 Zh+1
h=0
— E [Vﬁk,ﬁ/l\,T’Jrgk( / )H + COékL
o, ~Pp (0} [zn,an) LV At 1 Zh+1 7\/@
ﬂk,ﬂ,r+gk 12
= hzo |: (zn,an)~ dﬂk F rh Zh’ah o}, ~PT (oh|zh,ah)[vh+1 (Zh+1)]
kM, r+b" coyL
=By e (o lzman) Vit (Z;z+1)}]:| SV O(H?¢)

Denote

1 wk,./(/l\,'r BF wk,/(/[\,r B
fh(zhvah)_mq“(E ! ~PP (0} |2h, ah)[Vh+1 * (Z;H-l)] EO;L~Pf(o;L\zh,ah)[Vh+1 * (Z;L+1)] .

Note that [[b]|oc < 1, hence we have ||Vh7r+1M ") < (2H + 1). Combining this fact with the above expansion, we have

H-1 H-1
* k g e
v Myt Mo Z E(Zh’ah)wd;rkyfp[bh(zh7 ap)] + (2H 4+ 1) Z E (o ah)Ndﬂk 2 fn(zn, an)]
h=0 ' h=0 ’
L
c‘j‘/’% + O(H%)
H— R H-1
<> E(zh,ah)~d;k’7’[ n(zns an)] + (2H + 1) Z E o an) Nd;:k,p[fh(zha an)]
h=0 h=0
cap L
\/kE + O(H?e). (24)
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First, we calculate the bonus term in (11). We have

Z ]E(Zh,,ah,)Nd;:k »1on(2n; an)]
h=0

H-1

S }LZ%)E(Z @)~ d‘ﬂ' 7’||¢h L( )”E hl Lobl_ \/k|A| E za)wph[(bh(z a)) ]+4)\kd+k€1 +2H€17

where the inequality is following Lemma 27 associate with ||by||so < 1.

Note that we use the fact that B = 2 when applying Lemma 27. In addition, we have that for any h € [H],

KE (. aypn 100 (2, @) |21 ] = kTe(E,, [$np {EE,, [onoh ] + A} 1) < d

Ph Ph
Then we have
H H
L
z_: g n(2: )] S;E@,a)w i Gl L\/\A| a2d + Apd + key + 2He,.

Now we bound the second term in (24). Following Lemma 27, with || fr(z, a)||c < 1, we have

&=

(2myan)d™ P [fn(zn, an)]

where in the second inequality, we use E 4, [fZ(2,a)] < (. Then we have

Vﬂ'*,M,T o Vﬂ'k,Mm

H— H-1
; oyt a0z an)] + (2H +1) hg B e Lz an)] + cf/k; +O(H?e)
H—-1
< };E(M)Nﬁifn(ﬁ;( Mo \/|A|L 20+ 4\d + kes
= cayL 5
+(2H+1);E(H) e LA | \/k\A|L<k+4>\kd+kel+ e T oure).

Hereafter, we take the dominating term out. First, recall

an = o(,/kw% n Akd>.
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Second, recall that v}/ (z,a) = Zk ! d” (z,a). Thus

DR PCR

n (bh

< KZE(g@)Ndz’“P[(bZ( )TE; 61 ¢h(5,d)}

IN

<logdet(ZE . k7,¢h( )¢;(5,5)T])1ogdet(A11)>

K
< -
< \/dKlog <1+ d/\1)

where the first inequality is by Cauchy-Schwarz inequality, the second inequality is by Lemma 14 and the third inequality is
by Lemma 15.

Finally, The MLE guarantee gives

‘o O<1og(dkk|7]-'/5)>.

Combining all of the above, we have

K
STy Me M < O(H2| AP K Y2 log (dEC|F| /6)Y? + H2K dY/? log(dK |F|/6)'/%e)),
k=1
which concludes the proof. O

Lemma 32. With probability 1 — 6, we have
VP YT P < O(H2 AP K Y2 og(dK | F|/8)? + H2KdY? log(dK|F|/8)e1)).

Proof. Combined Lemma 9 and Theorem 31, we conclude the proof. O

E. Experiment Details

In our experiment, we assess the performance of the proposed algorithm on the partially-observed diabolical combination
lock (pocomblock) problem, characterized by a horizon H and a set of 10 actions. At each temporal stage h, there exist
three latent states s;,;, for i € {0, 1, 2}. We denote the states s;., for i € {0, 1} as favorable states and ss.;, as unfavorable
states. For each s;,;, with ¢ € {0, 1}, a specific action a,, is randomly selected from the 10 available actions. When the
agent is in state s;.;, for ¢ € {0, 1} and performs action ai n» it transitions to states so.;,41 and s1,,41 with equal likelihood.
Conversely, executing any other actions will deterministically lead the agent to state S3.,41. In the unfavorable state s».p,,
any action taken by the agent will inevitably result in transitioning to state so,p,4 1.

As for the reward function, a reward of 1 is assigned to states s;. i for i € {0, 1}, signifying that favorable states at horizon
H yield areward of 1. Additionally, with a 0.5 probability, the agent receives an anti-shaped reward of 0.1 upon transitioning
from a favorable state to an unfavorable state. All other states and transitions yield a reward of zero. When the step / is odd,
the observation o is generated with a dimension of 2/°€(#+41 by concatenating the one-hot vectors of latent state s and
horizon h, introducing Gaussian noise sampled from A/ (0, 0.1) for each dimension, appending 0 if needed, and multiplying
with a Hadamard matrix. For even steps h, the observations corresponding to one of the good states and the bad states are
identical, the other good state’s observation function is the same as the time step is odd. The initial state distribution is
uniformly distributed across si; 0 for i € {0,1} . We employ a two-layer neural network to capture the essential features of
the problem.

It is noteworthy that the optimal policy consists of selecting the specific action a};;, at each step h. Once the agent enters
an unfavorable state, it remains trapped in the unfavorable state for the entire episode, thus failing to attain the substantial
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reward signal at the conclusion. This presents an exceptionally demanding exploration problem, as a uniform random policy
offers a mere 10~ probability of achieving the objectives. In our experiment, we compare our method with BRIEE, the
latest representation learning algorithm for MDP. In particular, we make modifications to BRIEE to take a sequence of
observations as input for representation learning, in order to work in the POMDP settings.
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Figure 2. Moving average of evaluation returns of pocomblock for PORL? and BRIEE

Implementation details for PORL? In our implementation, we extend the BRIEE framework by considering two
consecutive observations (pocomblock is 2-decodable), oy, 1 and oy, as a single variable, denoted as z;,. When employing
LSVI-LLR, we compute the value function based on the state instead of z. This choice is justified by the fact that the
rewards associated with different observations of the same state are equal. Figure 2 is the moving average of evaluation
returns of pocomblock for PORL? and BRIEE.

We record the hyperparameters we try and the final hyperparameter we use for PORL? in Table 2 and BRIEE in Table 3.

Value Considered Value
Batch size {256, 512} 512
Discriminator f number of gradient steps {4,8,16,32} 8
Horizon {4,6,7,10} 7
Seeds {1,12,123,1234,12345} 12345
Decoder ¢ number of gradient steps {4,8,16,32} 8
The number of iterations of representation learning {6,3,10,12} 10
LSVI-LLR bonus coefficient 3 {1} 1
LSVI-LLR regularization coefficient A {1} 1
Optimizer {SGD } SGD
Decoder ¢ learning rate {le-3,1e-2} le-2
Discriminator f learning rate {1le-3,1e-2} le-2

Table 2. Hyperparameters for PORL?
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Value Considered Value
Batch size {256, 512} 512
Discriminator f number of gradient steps {4,8,16,32} 8
Horizon {4,6,7,10} 7
Seeds {1,12,123,1234,12345} 12345
Decoder ¢ number of gradient steps {8} 8
The number of iterations of representation learning {10} 10
LSVI-LLR bonus coefficient /3 {1,10} 10
LSVI-LLR regularization coefficient A {1} 1
Optimizer {SGD } SGD
Decoder ¢ learning rate {le-2} le-2
Discriminator f learning rate {le-2} le-2

Table 3. Hyperparameters for BRIEE
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