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Abstract

Random initialization of deep feedforward networks can cause vanishing and exploding gradients.
As the network depth increases, adapting the weights’ standard deviation at initialization mitigates
but does not solve this issue. This problem has led to the introduction of several architectural
modifications, notably residual connections and normalization layers. In this work, we return to
the original problem of poor statistical signal propagation in MLPs and propose an alternative that
stabilizes both the forward and backward passes at arbitrary depths. Our approach is similar to
orthogonal initialization, yet it is cheaper to implement and based on maximum length sequences
(M-seq): pseudo-random binary sequences generated by a linear-feedback shift register.

1. Introduction

Modern neural networks are often extremely deep, but their successful training typically depends
on architectural mechanisms such as skip connections [4], normalization layers [1, 7], and carefully
scaled parameterizations [9, 17]. While very deep networks are now routinely trained in practice,
this success should not be confused with a complete understanding of how to train long vanilla
feedforward networks: training those architectures remains challenging due to the high-dimensional
non-convex parameter space with saddle points [8]. Among the factors influencing optimization, the
proper initialization of the network weights is crucial to achieve convergence.

Standard practice consists of randomly initializing the weights with variance adjustments, such
as those proposed by Glorot and Bengio [2] for linear activations and He et al. [5] for ReL.U acti-
vations, to avoid the vanishing of gradients. Nevertheless, substantial research ([10], [16], [15]) has
shown that standard i.i.d initialization prevents efficient convergence due to poor signal propaga-
tion. Theoretical analysis by Pennington et al. [12] has further demonstrated that DNNs achieving
dynamical isometry, reached when all singular values of the input-output Jacobian are 1 at initial-
ization, perform notably better than those initialized from standard Gaussian noise.

Multiple efforts have been made to ensure dynamical isometry, ranging from architectural so-
lutions such as deep residual nets [4], to designing orthogonal weight matrices [14] [6]. In this
work, we propose an alternative method to random initialization consisting on employing struc-
tured pseudo-random sequences to improve signal propagation in DNNs.
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2. Preliminaries

Consider an L-layer multilayer perceptron (MLP) with weight matrices W, € R%*?, where ¢ =
1,..., L and d is the width. Given an input vector x; € R%» from the training data {x,zx}7_,, the
output y,,;(x;) € R of the MLP is given by

Your(Xi) = W Wox;, WO, =W.D Wi 1 ... WoDyW; Dy 1)

where D, is the diagonal matrix of activation gates, ¢ is the activation function and Wy €
R¥*din is the input projection matrix. In this work, we focus on linear networks where ¢ is the linear
map, which simplifies Dy = I. We aim to minimize the L2 loss £(W) = 2= 3" | |[z; — ¥, (x:)[|?

Let {W,(0) }EL;ll be the set of initial weight matrices. The standard initialization method con-
sists of i.i.d sampling the entries of each matrix from a gaussian distribution \'(0, 02), with mean
p = 0 and variance o2. For a linear activation function, Glorot and Bengio [2] showed that to
maintain the variance of activations and gradients, the weights should be initialized with 02 = 1/d.

This method is known as Xavier initialization.

3. Methodology

3.1. Maximum Length Sequences

A maximum length sequence (m-sequence) is a pseudo-random binary sequence generated by a
linear-feedback shift register (LFSR). As described by Golomb and Gong [3], a LFSR is a circuit
consisting of N cells, each one containing one bit S; € GF(2) = {0,1}. Here, (GF(2),+,-) is the
finite field modulo 2, which contains 2 elements. LFSRs are regulated by a clock, and at each time
step, the bits shift from one cell into another and change the initial state of the shift register. The
state of a LFSR at time step ¢ is denoted as 8" = (S%_,, S _,, ..., S§), with its output defined as
a; = S%_;. To build a LFSR, we must include a feedback loop which computes the next state si+l
based on the the other bits in the circuit according to the feedback function f(S%_;, S o, ..., S§).
From their outputs at different time steps, LFSRs generate the sequences {a; }.

This paper utilizes the Galois configuration of a LFSR, where given the output a;_1 = Sf\f_ll,
the bits in the subsequent state will be given by

St=8"1 + ar1g,  SH=a1q0. 2

Here, qo, q1, -..,qn—1 € GF(2) are the feedback coefficients, which interact with the state bits
through the modulo 2 operation. In this representation, the state bits at a given time step are altered
according to the feedback function f through which the feedback coefficients g are determined. The
diagram in Figure 1 depicts a Galois LESR. In the representation used, the bits shift from right to
left.

Mathematically, state changes in Galois LFSRs can be understood as multiplication by = in
the quotient ring GF'(2)[z]/<p(z)>, where GF'(2)[x] is the polynomial ring with coefficients in
GF(2), and the polynomial p(x) = Zf\i 61 q;x" represents the feedback function f through which
the state is updated each time step and is known as the characteristic polynomial of the LFSR. The
period of the output sequence {a;} generated by the Galois LFSR depends on the features of this
polynomial. In particular, if p(x) is a primitive polynomial, the sequence has period 2V — 1 and is
a maximum length sequence.
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Figure 1: Galois LFSR.

3.2. M-Seq Initialization

Motivated by the special properties of the m-sequences, we propose M-Seq Initialization, an alter-
native method to initialize the weights of MLPs of arbitrary depth. Let {a;} be the m-sequence of
length m = 2% — 1, with N the degree of the characteristic polynomial of the LFSR that gener-
ates the signal. To properly define the weights, we restrict the width of all hidden layers d to be
equal to the sequence length. An initial weight matrix W,(0) is constructed following Algorithm 1.
As described, an m-sequence is generated from a random primitive polynomial at a random initial
state SY, and appended as the first row of the weight matrix. By incrementing the initial state for
each row, we produce cyclic shifts of the base sequence. We map the binary sequence to a bipolar
representation {0,1} — {—1,+1}, to ensure zero-mean properties.

Algorithm 1: M-seq Initialization

Input: width m, list of primitive polynomials of degree N [p(z) = Zf\io ¢’
Return: W,(0) € R™*™
p < random element from {p(z)};
z < random integer between 1 and m for the initial state;
for i in m do
a < sequence generated from p and z;

a+ 2a—1;
row[i] of W,(0) < njﬂ;
z+—z+1

end

The proposed method generates a row-permuted back-circulant matrix W = PC for each
weight matrix at initialization. Each row in a back-circulant matrix is a cyclic left shift of the row
above. Therefore, the entries of the row-permuted back-circulant matrices obtained through M-seq
initialization can be characterized as:

Wij = Crj = Q(r,45) mod m (3)

where {79, 1, ..., Tm—1} is a permutation of {0, 1,...,m — 1} determined by the evolution of
the LFSR state, with each 7; corresponding to a distinct cyclic left shift of the m-sequence.

3.3. M-seq Initialization leads to near-orthogonal behavior in linear networks

To preserve the stability of the forward pass in a linear MLP, we need to ensure that for any x € R%»



M-SEQ INITIALIZATION

E[[[¥ou:(x)|[*] = E[x "Wy (0)...W L (0)Wg Wo WL (0)...W1(0)x] = || Wox|*. )

This depends on the product W, (0)W,(0). For our row-permuted back-circulant matrices built
through the method here proposed, the product is characterized by

3
L

(W/ (0)W,(0))j5 = (C/ P PyCo)ji = (C; Co)jk = Y (1t jymod m iskymod m (5
!

Il
o

Since the rows of the weight matrices are m-sequences, they follow specific correlation prop-
erties. For instance, the auto-correlation between the output of a maximum-length LFSR {a;} and
any shifted version of it {as ¢} is

m—1 .
m, ifAt=0
R(At) = =q 6
(At) tz:;ataHAt {_1’ if AL %0 (6)

Consequently, we find that setting ¢ = (I + j) mod m the product yields W, (0)W,(0) =
(m 4+ 1)I — J where J = 117 € R™*™ is the all ones matrix. From this relation it follows that
scaling the constructed initial weight matrices by 1/v/m + 1 leads to

W) W) _, J
vm+1vm+1 m+1

Saxe et al. [14] showed that using random orthogonal matrices (W'W = I to initialize the
weights of a deep linear neural network ensures that eq.(4) holds, and leads to stable gradient prop-
agation and convergence. Even though the M-seq initialization here proposed differs from orthog-
onal initialization by the term —.J/(m + 1), we empirically show in Section 4 that it still achieves
results consistent with dynamical isometry, matching the performance of orthogonal matrices.

)

4. Experiments

In this section, we empirically evaluate M-seq initialization and show that the proposed method
leads to the stability and efficient convergence of a deep neural network. All the experiments were
conducted in PyTorch [11] and the m-sequences employed were generated through the open source
library libgf2 [13].

We train a linear MLP of width m = 31 and depths L € {128,256} on the Fashion MNIST
dataset [18]. We compare our method against standard Xavier initialization and Orthogonal initial-
ization. All the networks are trained using Stochastic Gradient Descent (SGD), for 25 epochs and
over the set of learning rates 1072, 1073, 10~ (see Appendix A.1).

Figure 2 shows that M-seq initialization leads to similar training accuracy and loss as a network
initialized using orthogonal weights. Both methods achieve ~ 0.8 accuracy for the depths analyzed,
while Xavier initialization achieves at most ~ 0.37 for L = 128, degrading to ~ 0.18 for L = 256,
indicating a failure to propagate signals. Furthermore, gradient norms for M-seq remain stable,
mimicking the behavior of orthogonal weights. These results suggest that the additional perturbation
introduced by the m-sequences does not impede achieving dynamical isometry and presents M-seq
initialization as an alternative to orthogonal initialization.
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L =128 L =256
Method LR =102 LR=10"3 LR =101 LR =102 LR=10"2% LR=10""1
M-seq 0.803 £ 0.002 0.746 + 0.004 0.65 + 0.01 0.802 £ 0.001 0.75+0.01 0.67 + 0.01
Orthogonal  0.802 £ 0.001  0.747 & 0.004 0.65 + 0.01 0.802 +£0.002 0.75+0.01 0.67 +0.01
Xavier 0.374 £ 0.040 0.248 +0.085 0.17 £+ 0.04 0.180 + 0.044 0.14+0.06 0.13 +0.03

Table 1: Training accuracy for a linear MLP with width 31 and depth 128 or 256, for different
initialization methods on the Fashion MNIST dataset. All methods were evaluated for the
learning rates (LR) 1072,1073,10~%. For LR > 10! the model diverges.
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Figure 2: Fashion MNIST on a linear MLP with 31 hidden units and 128 (top) or 256 (bottom) lay-
ers. Note the similar performance between a MLP initialized with m-sequences and one
initialized with orthogonal weights. The learning rate was set to 102, which achieved
the best training accuracy among all three methods. For other learning rates see A.1. Av-
erage and deviation taken over 5 random seeds.

5. Conclusion

In this work, we proposed a novel initialization method based on the correlation properties of
pseudo-random bit sequences generated via LFSRs. We showed that, due to their two-level au-
tocorrelation, using m-sequences leads to constructing weight matrices that behave as orthogonal
matrices with an additional perturbation. In addition, our empirical results confirm that through the
proposed initialization we can achieve optimization dynamics consistent with dynamical isometry,
even in narrow networks.
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Appendix A.
A.l. Additional Results
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Figure 3: Fashion MNIST on a linear MLP with 31 hidden units and 128 (top) or 256 (bottom)
layers. Note the similar performance between an MLP initialized with m-sequences and
one initialized with orthogonal weights. The learning rate is set to 1073, Average and
deviation taken over 5 random seeds.
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Figure 4: Fashion MNIST on a linear MLP with 31 hidden units and 128 (top) or 256 (bottom)
layers. Note the similar performance between an MLP initialized with m-sequences and
one initialized with orthogonal weights. The learning rate is set to 104, Average and
deviation taken over 5 random seeds.
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