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Abstract

Most modern reinforcement learning algorithms optimize a cumulative single-step cost along
a trajectory. The optimized motions are often ‘unnatural’, representing, for example, be-
haviors with sudden accelerations that waste energy and lack predictability. In this work,
we present a novel paradigm of controlling nonlinear systems via the minimization of the
Koopman spectrum cost: a cost over the Koopman operator of the controlled dynamics.
This induces a broader class of dynamical behaviors that evolve over stable manifolds such
as nonlinear oscillators, closed loops, and smooth movements. We demonstrate that some
dynamics characterizations that are not possible with a cumulative cost are feasible in this
paradigm, which generalizes the classical eigenstructure and pole assignments to nonlinear
decision making. Moreover, we present a sample efficient online learning algorithm for our
problem that enjoys a sub-linear regret bound under some structural assumptions.

1 Introduction

Reinforcement learning (RL) has been successfully applied to diverse domains, such as robot control (Kober
et al. (2013); Todorov et al. (2012); Ibarz et al. (2021)) and playing video games (Mnih et al. (2013; 2015)).
Most modern RL problems modeled as Markov decision processes consider an immediate (single-step) cost
(reward) that accumulates over a certain time horizon to encode tasks of interest. Although such a cost
can encode any single realizable dynamics, which is central to inverse RL problems (Ng & Russell (2000)),
the generated motions often exhibit undesirable properties such as high jerk, sudden accelerations that
waste energy, and unpredictability. Meanwhile, many dynamic phenomena found in nature are known to
be represented as simple trajectories, such as nonlinear oscillators, on low-dimensional manifolds embedded
in high-dimensional spaces that we observe (Strogatz, 2018). Its mathematical concept is known as phase
reduction (Winfree, 2001; Nakao, 2017), and recently its connection to the Koopman operator has been
attracted much attention in response to the growing abundance of measurement data and the lack of known
governing equations for many systems of interest (Koopman, 1931; Mezi¢, 2005; Kutz et al., 2016).

In this work, we present a novel paradigm of controlling nonlinear systems based on the spectrum of the
Koopman operator. To this end, we exploit the recent theoretical and practical developments of the Koopman
operators (Koopman, 1931; Mezi¢, 2005), and propose the Koopman spectrum cost as the cost over the
Koopman operator of controlled dynamics, defining a preference of the dynamical system in the reduced
phase space. The Koopman operator, also known as the composition operator, is a linear operator over an
observable space of a (potentially nonlinear) dynamical system, and is used to extract global properties of
the dynamics such as its dominating modes and eigenspectrum through spectral decomposition. Controlling
nonlinear systems via the minimization of the Koopman spectrum cost induces a broader class of dynamical
behaviors such as nonlinear oscillators, closed loops, and smooth movements.

Although working in the spectrum (or frequency) domain has been standard in the control community (e.g.
Andry et al. (1983); Hemati & Yao (2017)), the use of the Koopman spectrum cost together with function
approximation and learning techniques enable us to generate rich class of dynamics evolving over stable
manifolds (cf. Strogatz (2018)).
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Our contributions. The contributions of this work are three folds: First, we propose the Koopman spec-
trum cost that complements the (cumulative) single-step cost for nonlinear control. Our problem, which
we refer to as Koopman Spectrum Nonlinear Regulator (KSNR), is to find an optimal parameter (e.g. pol-
icy parameter) that leads to a dynamical system associated to the Koopman operator that minimizes the
sum of both the Koopman spectrum cost and the cumulative cost. Second, we show that KSNR paradigm
effectively encodes/imitates some desirable agent dynamics such as limit cycles, stable loops, and smooth
movements. Note that, when the underlying agent dynamics is known, KSNR may be approximately solved
by extending any nonlinear planning heuristics, including population based methods. Lastly, we present a
(theoretical) learning algorithm for online KSNR, which attains the sub-linear regret bound (under certain
condition, of order O(v/T)). Our algorithm (Koopman-Spectrum LC? (KS-LC?)) is a modification of Lower
Confidence-based Continuous Control (LC?) (Kakade et al., 2020) to KSNR problems with several technical
contributions. We need structural assumptions on the model to simultaneously deal with the Koopman
spectrum cost and cumulative cost. Additionally, we present a certain Holder condition of the Koopman
spectrum cost that makes regret analysis tractable for some cost such as the spectral radius.

- Key Takeaways ~

KSNR considers the spectrum cost that is not subsumed by a classical single-step cost or an episodic cost,
and is beyond the MDP framework, which could be viewed as a generalization of eigenstructure / pole as-
signments to nonlinear decision making problems. The framework systematically deals with the shaping
of behavior (e.g., ensuring stability, smoothness, and adherence to a target mode of behavior). Because
we employ this new cost criterion in addition to the classical cumulative costs, we strongly emphasize
that this work is not intended to compete against the MDP counterparts, but rather to illustrate the
effectiveness of the generalization we make for systematic behavior shaping. For online learning settings
under unknown dynamics, the spectrum cost is unobservable because of inaccessible dynamical system
models, which makes it differ from other types of costs such as a cumulative single-step cost and a
policy cost. As such, we need some specific structural assumptions that are irrelevant to the Kernelized
Nonlinear Regulator (KNR) (Kakade et al., 2020) to obtain sample efficient (if not computationally
efficient) algorithm. Proof techniques include some operator theoretic arguments that are novel in this
context.

o J

Notation. Throughout this paper, R, R>o, N, Zs(, and C denote the set of the real numbers, the non-
negative real numbers, the natural numbers ({0,1,2,...}), the positive integers, and the complex numbers,
respectively. Also, IT is a set of dynamics parameters, and [H] := {0,1,... H — 1} for H € Z~¢. The set of
bounded linear operators from A to B is denoted by L(A; B), and the adjoint of the operator <7 is denoted
by «/T. We let det(-) be the functional determinant. Finally, we let ||x||ga, |#||1, ||, and ||.<|/us be the
Euclidean norm of € R¢, the 1-norm (sum of absolute values), the operator norm of &/ € L(A; B), and the
Hilbert—Schmidt norm of a Hilbert-Schmidt operator .7, respectively.

2 Related work

Koopman operator was first introduced in Koopman (1931); and, during the last two decades, it has gained
traction, leading to the developments of theory and algorithm (e.g. Crnjarié-Zic et al. (2019); Kawahara
(2016); Mauroy & Mezi¢ (2016); Ishikawa et al. (2018); Iwata & Kawahara (2020); Burov et al. (2021))
partially due to the surge of interests in data-driven approaches. The analysis of nonlinear dynamical
system with Koopman operator has been applied to control (e.g. Korda & Mezié (2018); Mauroy et al.
(2020); Kaiser et al. (2021); Li et al. (2019); Korda & Mezié (2020)), using model predictive control (MPC)
framework and linear quadratic regulator (LQR) although nonlinear controlled systems in general cannot be
transformed to LQR problem even by lifting to a feature space. For unknown systems, active learning of
Koopman operator has been proposed (Abraham & Murphey (2019)).

The line of work that is most closely related to ours is the eigenstructure / pole assignments problem (e.g.
Andry et al. (1983); Hemati & Yao (2017)) classically considered in the control community particularly
for linear systems. In fact, in the literature on control, working in frequency domain has been standard
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(e.g. Pintelon & Schoukens (2012); Sabanovic & Ohnishi (2011)). These problems aim at computing a
feedback policy that generates the dynamics whose eigenstructure matches the desired one; we note such
problems can be naturally encoded by using the Koopman spectrum cost in our framework as well. In
connection with the relation of the Koopman operator to stability, these are in principle closely related to
the recent surge of interest in neural networks to learn dynamics with stability (Manek & Kolter, 2019;
Takeishi & Kawahara, 2021).

In the RL community, there have been several attempts to use metrics such as mutual information for acqui-
sitions of the skills under RL settings, which are often referred to as unsupervised RL (e.g. (Eysenbach et al.,
2018)). These work provide an approach of effectively generating desirable behaviors through compositions
of skills rather than directly optimizing for tasks, but still within cumulative (single-step) cost framework.
Recently, provably correct methods (e.g. Jiang et al. (2017); Sun et al. (2019)) have been developed for
continuous control problems (Kakade et al., 2020; Mania et al., 2020; Simchowitz & Foster, 2020; Curi et al.,
2020).

Below, we present our control framework, KSNR, in Section 3 with several illustrative numerical examples
based on population based policy search, followed by an introduction of its example online learning algorithm
(Section 4) with its theoretical insights on sample complexity and on reduction of the model to that of
eigenstructure assignments problem as a special case.

3 Koopman Spectrum Nonlinear Regulator

In this section, we present the dynamical system model and our main framework.

3.1 Dynamical system model

Let X C R% be the state space, and II a set of parameters each of which corresponds to one random
dynamical system (RDS) as described below. Given a parameter © € II, let (Qg, Po) be a probability space,
where Qg is a measurable space and Pg is a probability measure. Let pg := (uo(r))ren be a semi-group
of measure preserving measurable maps on Qg (i.e., po(r) : Qo — Qo). This work studies the following
nonlinear control problem: for each parameter © € II, the corresponding nonlinear random dynamical system
is given by

FO:NxQoxX— X,
that satisfies
FO0,w,x) =z, FO(r+s,w,z) =F°(r, ue(s)w, FO(s,w, ), Vr,seN, we Qo, =€ X. (3.1)

The above definition of random dynamical system is standard in the community studying dynamical systems
(refer to (Arnold, 1995), for example). Roughly speaking, an RDS counsists of the following two models:

e A model of the noise;

o A function representing the physical dynamics of the system.

RDSs subsume many practical systems including Markov chains, solutions to stochastic differential equations,
and additive-noise systems, i.e.,

The1 = f(xn) +nn, xo €RY, he[H],
where f : R? — R? represents the dynamics, and 7, € R? is the zero-mean i.i.d. additive noise vector.

Intuitively, dynamical systems with an invariant noise-generating mechanism could be described as an RDS
by an appropriate translation (see Figure 1 Left for an illustration of an RDS).
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Figure 1: Left: Random dynamical system consists of a model of the noise and a function representing the
physical phase space (the illustration is inspired by Arnold (1995); Ghil et al. (2008)). The RDS flows over
sample space and phase space for each realization w and for initial state xg. Right: By lifting the state space
to a space of observables, a nonlinear dynamical system over the state space is represented by the linear
operator in a lifted space.

Koopman operator For the random dynamical systems being defined above, we define the operator-
valued map % below, using the dynamical system model.

Definition 3.1 (Koopman operator). Let H be a function space on X over C and let {F®}ecn be a
dynamical system model. We define an operator-valued map ¢ by ¢ : II — L(H,H) such that for any
©clland g € H,

[ (©)g](z) = Eqq [gO]:@(l,w,x)], z e X.

We will choose a suitable H to define the map %", and .# (©) is the Koopman operator for F©. Essentially,
the Koopman operator represents a nonlinear dynamics as a linear (infinite-dimensional) operator that
describes the evolution of observables in a lifted space (see Figure 1 Right).

With these settings in place, we propose our framework.

3.2 Koopman Spectrum Nonlinear Regulator

Fix a set Xy := {(1‘070, 110)7 (I071, H1)7 ey (1‘071\/‘_1, HN—l)} C X XZq, for N € Z~q, and definec: X' — RZO
be a cost function. The Koopman Spectrum Nonlinear Regulator (KSNR), which we propose in this paper,
is a following optimization problem:
Find ©* € argmin {A[Z(©)] + J€ (Xo; o}, (3.2)
ocl

where A : L(H;H) — R>¢ is a mapping that takes a Koopman operator as an input and returns its cost;
and

H,—1
Xo, Z EQO Z .’L'h n) S) s Lon |
n=0 h=0

where @, ,(w) = FO(h,w, 70 ,)-
Example 3.1 (Examples of A). Some of the examples of A are:

1. Al&/] = max {1, p (&)}, where p(&f) is the spectral radius of &7, prefers stable dynamics.

2. Alef| = Ly+(&/) can be used for imitation learning, where g+ (&) : L(H;H) — R>¢ is a loss
function measuring the gap between 7 and the given &/* € L(H;H).
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Figure 2: Comparisons of several costs for decision making problems. The Koopman spectrum cost is the
cost over the dynamical system itself which is typically unknown for learning problems, and is unobservable.

3. Al] =", |\ ()], prefers agent behaviors described by fewer dominating modes. Here, {\;}icz.,
is the set of eigenvalues of the operator &7 (assuming that the operator has discrete spectrum).

Since the domain of the Koopman spectrum cost is a set of linear operators that represents global properties
of corresponding dynamical system, it is advantageous to employ this cost A over sums of single-step costs
¢(x) when encoding those properties such as stability of the system. To illustrate this perspective, we remark
the following.

Let X =R, v € (0,1], and let ¢ : X — R>( be nonconstant cost function. We consider the following loss
function for a random dynamical system F : N x Q2 x X — X

UF,z):=Eq thc (F(h,w,xz0)) -

h=0

Now consider the dynamical system F(1,w,z) = —x, Vo € X, Vw € Q, for example. Then, it holds that,
for any choice of v and ¢, there exists another random dynamical system G satisfying that for all x € X,

0G,z) < UF,x).

This fact indicates that there exists a dynamical system that cannot be described by a solution to the above
optimization. However, note that, given any deterministic map f* : X — X, if one employs a (different form
of) cost ¢ : X X X — R, where c(x,y) evaluates to 0 only if y = f*(x) and otherwise evaluates to 1, it is
straightforward to see that the dynamics f* is the one that simultaneously optimizes c(z,y) for any x € X.
In other words, this form of single-step cost uniquely identifies the (deterministic) dynamics by defining its
evaluation at each state.

In contrast, when one wishes to constrain or regularize the dynamics in the (spatio-temporal) spectrum
domain, to obtain the set of stable dynamics for example, single-step costs become powerless. Intuitively,
while cumulative cost can effectively determine or regularize one-step transitions towards certain state, the
Koopman spectrum cost can characterize the dynamics globally. Refer to Appendix C for more formal
arguments.

Although aforementioned facts are simple, they give us some insights on the limitation of the use of (cu-
mulative) single-step cost for characterizing dynamical systems. We also illustrate how the spectrum cost
differs from other types of costs used in decision making problems in Figure 2. The cost is not incurred
on a single-step or on one trajectory (episode), but is over the dynamical system model itself. It typically
corresponds to a policy, but a policy regularization cost used in, for example Haarnoja et al. (2018), is
computable for the current policy while the spectrum cost is unobservable if the dynamics is unknown (and
hence is not directly computable).
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Figure 3: Left: We minimize solely for Koopman spectrum cost A(«/) = ||m —m*||; to imitate the top mode

of a reference spectrum to recover a desired limit cycle behavior for the single-integrator system. Right: By
regularizing the spectral radius of a Cartpole with a cumulative cost that favors high velocity, the cartpole
performs a stable oscillation rather than moving off to infinity.
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Figure 4: The joint angle trajectories generated by a combination of linear and RFF policies. Left: when
only cumulative reward is maximized. Right: when both the cumulative cost and the spectrum cost A(«?) =
52?21 [X\i(&)| are used, where the factor 5 is multiplied to balance between the spectrum cost and the
cumulative cost.

3.3 Simulated experiments

We illustrate how one can use the costs in Example 3.1. See Appendix H for detailed descriptions and
results of the experiments. Throughout, we used Julia language (Bezanson et al., 2017) based robotics
control package, Lyceum (Summers et al., 2020), for simulations and visualizations. Also, we use Cross-
entropy method (CEM) based policy search (Kobilarov (2012)).

Imitating target behaviors through the Koopman operators We consider the limit cycle dynamics
F=r(1-r?), =1,

described by the polar coordinates, and find the Koopman operator for this dynamics by sampling transitions,
assuming H is the span of Random Fourier Features (RFFs) (Rahimi & Recht, 2007). With IT a space
of RFF policies that define 7 and 6 as a single-integrator model, we solve KSNR for the spectrum cost
A(e/) = ||[m — m*||;, where m € C% is the top mode (i.e., eigenvector of &/ corresponding to the largest
absolute eigenvalue) and m* is the top mode of the target Koopman operator found previously, not the full
spectrum. Figure 3 (Left) plots the trajectories (of the Cartesian coordinates) generated by RFF policies
that minimizes this cost; it is observed that the agent successfully converged to the desired limit cycle of
radius one by imitating the dominating mode of the target spectrum.
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Generating stable loops (Cartpole) We consider a Cartpole environment (where the rail length is
extended from the original model). The single-step reward (negative cost) is 1073|v| where v is the velocity
of the cart, plus the penalty —1 when the pole falls down (i.e., directing downward). The additional spectrum
cost considered in this experiment is A(2/) = 10* max(1, p(.«)), which highly penalizes spectral radius larger
than one. Figure 3 (Right) plots the cart velocity trajectories generated by RFF policies that (approximately)
solve KSNR with/without the spectrum cost. It is observed that spectral regularization led to a back-and-
forth motion while the non-regularized policy preferred accelerating to one direction to solely maximize
velocity. When the spectrum cost was used, the cumulative rewards were 0.072 and the spectral radius was
0.990, while they were 0.212 and 1.003 when the spectrum cost was not used; limiting the spectral radius
prevents the ever increasing change in position.

Generating smooth movements (Walker) We use the Walker2d environment and compare movements
with/without the spectrum cost. The single-step reward (negative cost) is given by v—0.001||al|Zs, where v is

the velocity and a is the action vector of dimension 6. The spectrum cost is given by A(&/) =5 Z?il [Xi ()],
where the factor 5 is multiplied to balance between the spectrum and cumulative cost. Figure 4 plots typical
joint angles along a trajectory generated by a combination of linear and RFF policies that (approximately)
solves KSNR with/without the spectrum cost. It is observed that the spectrum cost led to simpler, smoother,
and more periodic dynamics while doing the task sufficiently well. With the spectrum cost, the cumulative
rewards and the spectrum costs averaged across four random seeds (plus-minus standard deviation) were
584 £ 112 and 196 + 8.13. Without the spectrum cost, they were 698 + 231 and 310 4 38.6. We observe
that, as expected, the spectrum cost is lower for KSNR while the classical cumulative reward is higher for
the behavior generated by the optimization without spectrum cost. Again, we emphasize that we are not
competing against the MDP counterparts in terms of the cumulative reward, but rather showing an effect
of additional spectrum cost. Please also refer to Appendix H for detailed results.

4 Theoretical algorithm of online KSNR and its insights on the complexity

In this section, we present a (theoretical) learning algorithm for online KSNR. Although the KSNR itself
is a general regulator framework, we need some structural assumptions to the problem in order to devise
a sample efficient (if not computation efficient) algorithm. Nevertheless, despite the unobservability of the
spectrum cost, KSNR admits a sample efficient model-based algorithm through operator theoretic arguments
under those assumptions. We believe the algorithm and its theoretical analysis clarify the intrinsic difficulty
of considering the spectrum cost, and pave the way towards future research.

The learning goal is to find a parameter ©*' that satisfies (3.2) at each episode t € [T]. We employ
episodic learning, and let ©' be a parameter employed at the t-th episode. Adversary chooses X{ :=
{(26,0, H5)s (25,1, HY)s - -5 (2 ne_1s Hie 1)} € X X Zg, where N* € Zxg, and the cost function ¢ at the
beginning of the each episode. Let ¢} ,, := c'(2], ,,). w € Qe is chosen according to Pe:.

Algorithm evaluation. In this work, we employ the following performance metric, namely, the cumulative
regret:

T-1 Nt—1H!-1 T—1
REGRET := » [ ALZ(O)]+ > > o, |- min (Al (©)] + J°(XE; ch).
’ €
t=0 n=0 h=0 t=0

Below, we present model assumptions and an algorithm with a regret bound.

4.1 Models and algorithms

We make the following modeling assumptions.

Assumption 1. Let #(©) be the Koopman operator corresponding to a parameter ©. Then, assume that
there exists a finite-dimensional subspace Ho on X over R and its basis ¢1,...,¢a, such that the random
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dynamical system (3.1) satisfies the following:

VO eIl Vo € Xt ¢i(FO(Lw,x)) = [H(0)d](z) + & (w),
where the additive noise €;(w) ~ N (0,02) is assumed to be independent across timesteps, parameters ©, and
indices i.
Remark 4.1 (On Assumptions 1). Although the added noise term is expected to deal with stochasticity and
misspecification to some extent in practice, Assumption 1 is strong to ask for; in fact, claiming existence of
the Koopman operator over an RKHS is not trivial for most of the practical problems. Studying misspecified

case with small error margin is an important future direction of research; however, as our regulator problem
is novel, we believe this work guides the future attempts of further algorithmic research.

Assumption 2 (Function-valued RKHS (see Appendix A for details)). 2 ()¢ for ¢ € H is assumed to live
in a known function valued RKHS with the operator-valued reproducing kernel K(-,-) : Il x II — L(H;H),
or equivalently, there exists a known map U : I — L(H;H') for a specific Hilbert space H' satisfying for any
¢ € H, there exists v € H' such that

H()p="0() 1. (4.1)

When Assumption 2 holds, we obtain the following claim which is critical for our learning framework.

Lemma 4.2. Suppose Assumption 2 holds. Then, there exists a linear operator M* : H — H' such that

H(©) =T(0) o M*.

In the reminder of this paper, we work on the invariant subspace Hg in Assumption 1 and thus we regard
H = Ho = R, L(H;H) = RI¥>xde and, by abuse of notations, we view .#(©) as the realization of the
operator over R% i.e.,

d)}'@(l,w,w) = %(G)d)m + E(W) = [\Ij(@)T o M*]¢w + G(OJ),

where ¢, := [¢1(2), p2(), ..., ¢4, (x)]T € R%, and e(w) := [e1(w), e2(w), . .., €q, (w)] T € R%.
Finally, we assume the following.
Assumption 3 (Realizability of costs). For allt, the single-step cost ¢* is known and satisfies c'(x) = w'(¢,,)

for some known map wt : R% — R>o.

For later use, we define, for all t € [T], n € [N'], and h € [H}]; @, € L(L(H;H');H) and B* €
L(L(H;H'); L(H;H)) by

At (M) = WO o M] (¢ ), B'(M)=0(6) 0 M.

Remark 4.3 (Hilbert-Schmidt operators). Both M;f’n and %' are Hilbert-Schmidt operators because the
ranges H and L(H;H) are of finite dimension. Note, in case H' is finite, we obtain

Dro(iwe = V(O M, +e(w) = (] ® U(O) )vec(M*) + e(w), (4.2)
where vec is the vectorization of matrix.

With these preparations in mind, our proposed information theoretic algorithm, which is an extension of
LC3 to KSNR problem (estimating the true operator M*) is summarized in Algorithm 1.! This algorithm
assumes the following oracle.

Definition 4.1 (Optimal parameter oracle). Define the oracle, OptDynamics, that computes the minimiza-
tion problem (3.2) for any J#, Xy, A and ! satisfying Assumption 3.

1See Appendix B for the definitions of the values in this algorithm.
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Algorithm 1 Koopman-Spectrum LC? (KS-LC?)

Require: Parameter set II; regularizer A
1: Initialize BALL}, to be a set containing M*.
2: fort=0...T—1do

3: Adversary chooses X¢.

4 e, Mt = argminggry, MeBALLY, A[\IJ(G)T o M]+ JG(XSQ M;ch)

5: Under the dynamics F©', sample transition data 7% := {7} f:[:tal, where 7} = {xzn}hHi‘o
6: Update Barrir!.

7. end for

4.2 Information theoretic regret bounds

Here, we present the regret bound analysis. To this end, we make the following assumptions.

Assumption 4. The operator A satisfies the following (modified) Hoélder condition:

dL € R>p, Ja € (0,1], V& € L(H,H), VO €11,
[Al7] = AL (©)]] < L max { || = #(O)|, |/ — # (©)]* }.

Further, we assume there exists a constant Apax > 0 such that, for any © € Il and for any M € BALL%/[,

|A[T(©)T o M]| < Aax-

For example, for spectral radius p, the following proposition holds using the result from (Song, 2002,
Corollary 2.3).

Proposition 4.4. Assume there exists a constant Amax > 0 such that, for any © € 1l and for any M €
BaLLY;, p(U(0)" o M) < Apax. Let the Jordan condition number of # (©) be the following:

k= sup inf {[|Q(O)[[2(©)7"]: Q©)'F(©)Q(O)=_7(0)},
ecn 2(0)

where #(0) is a Jordan canonical form of J (©) transformed by a nonsingular matriz Q(©). Also, let m
be the order of the largest Jordan block. Then, if k < 0o, the cost A(&/) = p(/) satisfies the Assumption /

for
9 1
L:= 1+ r)dy(1+/dy — 1), a=—.
Note when 7 (©) is diagonalizable for all ©, o = 1.
Assumption 5. For every t, adversary chooses Nt trajectories such that {qbzé’ } satisfies that the smallest
eigenvalue of ZnN;al ¢x3 qb;,, is bounded below by some constant C > 0. Also, there exists a constant
RO
H € Z~q such that for everyt, Eﬁigl H! <H.

Remark 4.5 (On Assumption 5). In practice, user may wait to end an episode until a sufficient number
of trajectories is collected in order for the assumption to hold. Note, this assumption does not preclude
the necessity of exploration because the smallest eigenvalue of 27127:‘51 hHiO_ ! sz}fnT,Q%}fn is in general not
bounded below by a positive constant. We hope that this assumption can be relaxed by assuming the bounds
on the norms of ¢, —and (©) and by using matrix Bernstein inequality under additive Gaussian noise
assumption.

Lastly, the following assumption is the modified version of the one made in (Kakade et al., 2020).
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Assumption 6. [Modified version of Assumption 2 in (Kakade et al., 2020)] Assume there exists a constant
Vinax > 0 such that, for everyt,

2

Nt—1 H, -1
sup Z Eqe Z (@) ‘ 0,20, | < Vinax-
O€ll 2o h=0
Theorem 4.6. Suppose Assumption 1 to 6 hold. Set \ = ﬁ Then, there exists an absolute constant

C1 such that, for all T, KS-LC?(Algorithm 1) using OptDynamics enjoys the following regret bound:
EKS—L03 [REGRETT] <Cy (CZTJ + JTQ)TI_%,
where

7y = (1+71.2) [P+ C7)Bor + (L2 + Amax L) (1 + C™ ) B + Al + L7,

62%72 =7, HVinax (V1,07 + dy + log(T) + H) ,

Bir = 0*(dy + 1og(T) + v7,00),

Bor = 0*((dg +10g(T) + Yr,er)* + Y2,1,07)-
Here, Y17, Yo, 1,07, and yr. g are the expected maximum information gains that scale (poly-)logarithmically
with T under practical settings (see Appendiz B for details).
Remark 4.7. We note that, when o = 1, we obtain the order of O(v/T).

The proof techniques include our positive operator norm bounding lemma (see Lemma F.1 in Appendix F),
which is another crucial operator theoretic lemma in this work in addition to Lemma 4.2.

4.3 Relations to the kernelized nonlinear regulator and to eigenstructure assignments

As mentioned in Remark 4.1, for a given dynamics described by the system model studied in the KNR (i.e.,
the transition map from the current state and control to the next state is in a known RKHS), the existence
of a (finite-dimensional) space H in Assumption 1 is in general not guaranteed. As such, the system model
considered in this section is no more general than that of the KNR (although our spectrum cost formulation
is indeed a generalization of that of the KNR). Now, we consider the finite dimensional description (see (4.2))
for simplicity. The equation (4.2) can be rewritten by

Pro(wsn =T ® vec(M*)T) vec [(quc ® \11((9)1>T] + e(w),

and is a special case of the system model of the KNR.

We see that the model associated with our spectrum cost formulation reduces to the eigenstructure assign-
ment problem for the linear systems described by

Thi1 = Az + Buy + €, A€ RWx*dx B e RéxXdu ¢ N(0,0°%]),

where u € dy is a control input. In particular, considering the feedback policy in the form of u, = Kuxp,
where K € R%*dx (or © = K in this case), the system becomes zj,1; = (A + BK)z}, + €. By letting H, be
R?* where the canonical basis is taken and by properly designing ¥(0) (see Appendix G), our system model
reduces to the linear case. The spectrum cost may be designed not only to constrain the eigenstructure but
also to balance with the cumulative single-step cost in our framework as well.

4.4 Simulated experiments

We again consider a Cartpole environment for KS-LC2. To reduce the policy search space, we compose
three pre-trained policies to balance the pole while 1) moving the cart position p to —0.3 and then to 0.3,

10
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Cart position trajectories spectrum cost curve estimated spectrum cost curve
R 5.00
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v Y200 -
2.00 ! ‘ ‘ | : ‘
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-no spectrum cost (CEM) ~-with spectrum cost (CEM) —with spectrum cost (learn)

Figure 5: Cartpole imitation by KS-LC? using the spectrum cost A(«/) = ||/[1 : 4,:] — &*[1 : 4,:]||%¢ +
0.01 Z?il |Ai(&/)|. Left: Cart position trajectories with/without the spectrum cost with CEM on a known
model versus the learned model with KS-LC3. Middle: The spectrum cost curve evaluated approximately
using the current trajectory data. Right: The estimated spectrum cost curve obtained by using the current
estimate M.

2) moving the cart with velocity v = —1.5, 3) moving cart with velocity v = 1.5. We also extract the
Koopman operator @* for the first policy. Then, we let II to be the space of linear combinations of the
three policies, reducing the dimension of ©. We let the first four features ¢1(x) to ¢4(x) be 1 to x4, where
x = [x1,...,74]" is the state, and the rest be RFFs.

The single-step cost is given by 107%(Jv| — 1.5)? plus the large penalty when the pole falls down (i.e.,
directing downward), and the spectrum cost is A(«) = |1 : 4,:] — &*[1 : 4,:]||}¢ + 0.01 Z?il |\ ()],
where &7/[1 : 4,:] € R**9s is the first four rows of <7; this imitates the first policy while also regularizing the
spectrum.

When CEM is used to (approximately) solve KSNR, the resulting cart position trajectories are given by
Figure 5 (Left). With the spectrum cost, the cumulative costs and the spectrum costs averaged across four
random seeds were 0.706 +0.006 and 2.706 £ 0.035. Without the spectrum cost, they were 0.428 £0.045 and
3.383 £ 0.604.

We then use the Thompson sampling version of KS-LC3; the resulting cart position trajectories are given by
Figure 5 (Left) as well, and the spectrum cost curve evaluated approximately using the current trajectory
data is given in Figure 5 (Middle). Note the curve is averaged across four random seeds and across episode
window of size four. Additionally, the estimated spectrum cost curve obtained by using the current estimate
M is plotted in Figure 5 (Right). It is observed that the addition of the spectrum cost favored the behavior
corresponding to the target Koopman operator to oscillate while balancing the pole, and achieved similar
performance to the ground-truth model optimized with CEM.

5 Discussion and conclusion

This work proposed a novel paradigm of controlling dynamical systems, which we refer to as Koopman
Spectrum Nonlinear Regulator, and presented information theoretic algorithm that achieves a sublinear
regret bound under model assumptions. We showed that behaviors such as limit cycles of interest, stable
periodic motion, and smooth movements are effectively realized within our framework, which is an effective
generalization of classical eigenstructure (pole) assignments. In terms of learning algorithms, we stress
that there is a significant potential of future work for inventing sophisticated and scalable methods that
elicit desired and interesting behaviors from dynamical systems. Our motivation of this work stems from
the fact that some preferences over dynamical systems cannot be encoded by cumulative single-step cost
based control/learning algorithms; we believe that this work enables a broader representation of dynamical
properties that can enable more intelligent and robust agent behaviors.

11
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6 Limitations

First, when the dynamical systems of interests do not meet certain conditions, Koopman operators might
not be well defined over functional spaces that can be practically managed (e.g. RKHSs). Studying such
conditions is an on-going research topic, and we will need additional studies of misspecified cases where only
an approximately invariant Koopman space is employed with errors.

Second, to solve KSNR, one needs heuristic approximations when the (policy) space II or the state space
X is continuous. Even when the dynamical system model is known, getting better approximation results
would require certain amount of computations, and additional studies on the relation between the amount
of computations (or samples) and approximation errors would be required.

Third, KS-LC? requires several assumptions for tractable regret analysis. It is again a somewhat strong
to assume that one can find a Koopman invariant space H. Further, additive Gaussian noise assumption
may not be satisfied exactly in some practical applications, and robustness against the violations of the
assumptions is an important future work. However, we stress that we believe the analysis of provably correct
methods deepens our understandings of the problem.

Lastly, we note that our empirical experiment results are only conducted on simulators; to apply to real
robotics problems, we need additional studies, such as computation-accuracy trade-off, safety/robustness
issues, and simulation-to-real, if necessary. Also, balancing between cumulative cost and the Koopman
spectrum cost is necessary to avoid unexpected negative outcomes.
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A Function-valued RKHS

Function-valued reproducing kernel Hilbert spaces (RKHSs) are defined below.

Definition A.1 (Kadri et al. (2016)). A Hilbert space (K, (-, )4, ) of functions from II to a Hilbert space
(M, (-, -)4) is called a reproducing kernel Hilbert space if there is a nonnegative £(#; H)-valued kernel K on
IT x IT such that:

1. © = K(©',0)¢ belongs to Hy for all © € IT and ¢ € H,

2. forevery 9 € Hg, ©@ €l and ¢ € H, (4, K(O,-)d);,,. = (9(0), d)y-

K

For function-valued RKHSs, the following proposition holds.

Proposition A.1 (Feature map (Brault et al., 2016)). Let H' be a Hilbert space and W : II — L(H;H').
Then the operator W : H' — HI defined by [W)(0) := ¥(O)y, Vi € H' and VO € 11, is a partial
isometry from H' onto the reproducing kernel Hilbert space Hy with a reproducing kernel K(09,01) =
\IJ(G)Q)T\IJ(Gl), V@l,@g e 1I.

Remark A.2 (Decomposable kernel). In practice, one can use decomposable kernel (Brault et al., 2016);
When the kernel K is given by K(01,02) = k(©1,03)A for some scalar-valued kernel k(0;,02) and for
positive semi-definite operator A € L(H,H), the kernel K is called decomposable kernel. For an RKHS of a
decomposable kernel K, (4.1) becomes

H(©)p = (¢(0)' ® B)Y,

where ¢ : T — H"" is known (H” is some Hilbert space), and A = BBT. Further, to use RFFs, one considers
a shift-invariant kernel k(©1, O2).

B Some definitions of the values

The value JO(X}; M;ct) in Algorithm 1 is defined by

Nt—1 H!—1
JOXG Mty = Y Eou | Y d(z},,)|0,M,xf, |,
n=0 h=0

where the expectation is taken over the trajectory following ¢ = [¥(O)T o M|, + €(w). Also the

confidence balls at time instance ¢ is given by

Th+1

t—1 NT—1H] -1

BALLY, := {M’ H(Efw)% (M —Mt)HQ < ﬁfw} NBaLLY,, ¥, =\ + Z Z Z LA AN
7=0 n=0 h=0

and X%, := \I, where 8}, := 2002 <d¢ + log (tiii%%’%)) and
o

t—1 N"—1H]—1

— ]
M .—argﬂffmn Z Z Z

7=0 n=0 h=0

2
bup,, — (M)

Rd

2
L AME

Similar to the work (Kakade et al., 2020), we define the expected maximum information gains as:

(2252

V1,7 (A) 1= QmjLXIEA
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Here, det is a properly defined functional determinant of a bounded linear operator. Further,

det (ET ) 2
Ya,1,e7 () 1= Qmj%x]EA <log (»‘?7))

o (7]
det (27
log M .
det (2%))
Lemma B.1. Assume that ¥(©) € R and that |#B'|us < Ba, |, |lus < By for all t € [T,

n € [N'], and h € [HE] and some Bg > 0 and By > 0. Then, yr,.(X) = O(dgydy log(1 + THB2,/))), and
17,%(A) = O(dydy log(1 + T'BZ/N))).

Also, we define

t—1
¥y i= A+ Z%’H%’t, ¥Y, =\, yr,.2(N) = 2m&x]EA
7=0

Proof. For v o/(X), from the definition of Hilbert-Schmidt norm, we have

T-1Nt—1H. -1

w( S D e e, | <THBY,

t=0 n=0 h=0

and the result follows from (Kakade et al., 2020, Lemma C.5). The similar argument holds for vz z(\)
too. O

C Formal argument on the limitation of cumulative costs

In this section, we present a formal argument on the limitation of cumulative costs, mentioned in Section
3.2. To this end, we give the following proposition.

Proposition C.1. Let X = R. Consider the set Sy of dynamics converging to some point in X. Then, for
any choice of v € (0,1], set-valued map .7 : X — 2% \ 0, and cost ¢ of the form

(o) = {o (v € 7 ().

1 (otherwise),

we have {F} # Sy. Here, {F} are given by

ﬂ {arg min Eq Z vle (F(h,w,x0), F(h + l,w,xo))} .

ToEX Fir.d.s. h=0

Proof. Assume there exist v, a set-valued map .#, and c such that the set {F®} = Sy. Then, because Sy is
strictly smaller than the set of arbitrary dynamics, it must be the case that 3z € X, Jyp € X, yo ¢ (o).
However, the dynamics f*, where f*(zo) = yo and f*(z) =z, Vo € X'\ {z0}, is an element of Sy. Therefore,
the proposition is proved. ]

Remark C.2 (Interpretation of Proposition C.1). Proposition C.1 intuitively says that the set of “stable
dynamics” cannot be determined by specifying every single transition. This is because, the dynamics that
does not follow any pre-specified transition can always be “stable”.

D Proof of Lemma 4.2

It is easy to see that one can define a map M so that it satisfies My(¢) = ¢ such that Assumption 2 holds.
Define

M* := PM,,
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where P is the orthogonal projection operator onto the sum space of the orthogonal complement of the null
space of ¥(0)T for all © € II, namely,
Z ker(¥(©)1)+

Also, define Pg by the orthogonal projection onto
ker(¥(©)1)*.

Then, for any © € II, we obtain
PoM, = ¥(0) " #(0),

where 45%* is the pseudoinverse of the operator &7, and PgM, is linear. Let a,b € R and ¢1, 92 € H, and
define v by

Y := PMy(agy + bps) — aPMy(p1) — bP Mo(hs).
Because PoPMy = Pg My, it follows that Pot) = 0 for all © € II, which implies

P e ﬂ kerPg = ﬂ ker(¥(0)1).

ecn ecn
On the other hand, we have

P e Z ker(¥(©)1)+

©cIl

Therefore, it follows that ¢ = 0, which proves that M™* is linear.

E Proof of Proposition 4.4

Fix © € II and suppose that the eigenvalues A\; (i € Z := {1,2,...,dg}) of #(©) are in descending order
according to their absolute values, i.e., [A1] > [A2| > ... > |Ag,|. Given &/ € L(H;H), suppose also that the
eigenvalues p; (i € Z) of & are in descending order according to their absolute values. Let

reo = Inf {le@)llle®)~'l: @) ' (9)Q®) = 7(9)},

where #(0) is a Jordan canonical form of £ (©) transformed by a nonsingular matrix Q(©). Also, let

1
Ro = max {/{m } .
mefl,...dy} U ©

Then, by (Song, 2002, Corollary 2.3), we have
il = Nl < i = Ail < Z i — Al < Z ‘Nw(') — Al

< dyr/dp(1 + /Ay — max{ne\ﬁngf H(O)||, (ko /dg) ™ || — H( )||m}

for any ¢ € Z and for some permutation m, where p € {1,2,...,ds} is the number of the Jordan block of
Q(0)" 17 (0)Q(0) and m € {1,2,...,dy} is the order of the largest Jordan block. Because /dy —p <

\/dy —1for any p € {1,2,...,ds}, and because

max

me{l,....dy} |:

Vg - max{\/dy, (/dy) 7 } max{n@,m@ H < doo,
it follows that

o) = p(H (©)] = llpa| = Au]

< Fod} (14 /dy — D max { | = # ©)||, |/ — # (©)|"/" }.

Since Ko < 1+ k, simple computations complete the proof.
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F Regret analysis

Throughout this section, suppose Assumptions 1 to 6 hold. Note that Assumption 3 is required for
OptDynamics. We first give the positive operator norm bounding lemma followed by another lemma based
on it.

Lemma F.1 (Positive operator norm bounding lemma). Let H be a Hilbert space and A;, B; € L(H;H) (i €
{1,2,...,n}). Assume, for all i € {1,2,...,n}, that A; is positive definite. Also, assume By is positive
definite, and for alli € {2,3,...,n}, B; is positive semi-definite. Then,

_1
2

siant) (Sm B? A B? < max || A7
_ B AB; _ _ axc || 47|

If A;B; = B;A; for allie€{1,2,...,n}, then

(zan) (5 (a0) emian

Proof. Let ¢ := max; HA;IH. Then, we have, for all 7,
1= HAZ-_IHAi = c4;,

from which it follows that

Therefore, we obtain

B < ¢S " B?ABE.
> > Bl AB;

S ol
S ol

-1
From the assumptions, (Z B ) exists and

3

A;B

1 1
-3 -3
(Z BiéAiBi§> (Z Bi) (Z B}AiB§> =cl,
from which we obtain
1 _1
1 1) 1 1)
> B?A;B? > B || B?AB? <ec
The second claim follows immediately. O
Lemma F.2. Suppose Assumptions 1, 2, and 5 hold. Then, it follows that, for allt € [T,

st (-3 < 0ot o)

Proof. Under Assumptions 1 and 2, define 6% € L (L(H;H'); L(H;H')) by
Nt-1H!-1

COn=1o|Y Y o ol

n=0 h=0
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Also, define 2 := 271:/ o h”o_l ), Tﬁ%t and Zt = ' Bt We have €%t = %t = 2t (and thus

2yt =yt and

t—1 i—1
=MD 27, N=M+> V7
7=0 7=0

From Assumption 5, we obtain, for all ¢ € [T], (¢*)~! exists and
N'—1H} -1 ! N'—1 -t
" ( doD bu bl ) < ( > ¢x37n¢;3m) <o
n=0 h=0 n=0
Therefore, using Lemma F.1 by substituting I and € to A, A\l and % to B, it follows that

[zt stetn | < mox Lt < 10

and
N
et (a1 =37)[" = ot 2ttt (ar 30|
t i t =15t 217 t—lttfl t i 2
< st (a1 =37 [ttt | = [t tstacsty et (7|
1 -t 2
<(1+C H(zgf)f (v -1
Here, the second equality used ||.o/||? = ||« </ 7. O

Now, let £ be the event M* € BALLY,. Assume )/, E'. Then, using Assumption 4,
(AL @]+ 79" (Xgie)) = (A (O] + IO (XEs "))
= (Al ()] = Alr (0") + (' (Xgi ) — 1O (i )
AL (0] = Al o A1) + (9" (Xgi ) = " (XG5 2151 )
)+ (79" ity — 7o (Xt arts et )
(317 1) | 2 (5 ) = 5" (g0 ).

termo

<

(
< (’A[%(@t)] — A[B, o M)

< min {L~max{”9§t (M* fMt) ’

term;

(F.1)

Here, the first inequality follows because we assumed £ and because the algorithm selects M* and ©* such
that

A[%, o NIt + J©' (Xg;; nr; ct) < A[B, 0 M)+ J® (Xt M; ct)
for any M € BALLY, and for any © € II. The third inequality follows from Assumption 4.

Using Lemma F.2; we have
|7 (s - a1)
<+ o)} (ar - art)

T+0) (|t (arr =71 | + |«

(&Y.

|2zt

1

(Bi) 2

< oms (a—9

st (3 - 1))

()~

<2y/(1+C 18,
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Therefore, if £, it follows that

1 2 1
termlgmin{L{4(1+C1)6&—#1}111&){{”%,5(223)2 B (Z) 2

a} ,2Amax} . (F.2)

Then, we use the following lemma which is an extension of (Kakade et al., 2020, Lemman B.6) to our Holder
condition.

Lemma F.3. For any sequence of B and for any o € (0,1], we have

T
1+ log <det (Z%)>

T—1
min H@f(Etf )"2
; { # det (29)

2a
,1} Y

Proof. Using x < 2log(1 + x) for z € [0,1],

3 min {H%(zf@)% ’

~
i

IN
)
R

[logdet (I + (Etga)*%@:iﬂt(zt@)i%)]a

T—1 «
log det (I + (Eﬁ@)‘%%’jﬁt(zt@)‘é)]

[e3%

(03
(log det (Egl) — log det (Et@))} <ol

det (1)
tog (det (z;%))

t=0

1-a det (Z%)
<2T <1+10g (‘W))

Here, the fifth inequality follows from (Grafakos, 2008, Exercise 1.1.4).

Corollary F.4. For any sequence of %A, and for any o € (0, 1], we have

2a
},1} <T@

4 1
s ‘%)15(22f%)_§

T-1
Z min {max { “ﬁt(Zt@)_%
t=0

(2022

det (%)
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From (F.2) and Corollary F.4, we obtain
T-1
ne|
=0

Z min L{41+C )BM—i—l}max{Hgtht )_1‘

term;

&=
Mf

Il
=

(55~

IN

E

l—|

Jo)]

1

<E [ _01 L{4(1+C~ )5M~F1}+2Amax}m1n{max{ '%t $t) "% }«%t 5t a},l}]

5:)1 E[{L{4(1+C~1)BYy + 1} + 2Amax}]?] ]E m1n maX{H% (xt )7% (51} 204}71”

< ZT:E[[{L{4(1+C VB4 + 1} + 2Amax }?] me maX{H%(Et@)% g ()t za}yl}]
t=0

< VT value\[T1=0(2 +77.5(0), (F.3)

Here, the fist inequality is due to (F.2); the third inequality uses E[ab] < y/E[a?]E[b2]; the forth inequality
uses the Cauchy-Schwartz inequality; the last is from Corollary F.4. Also,
value := 16L%(1 + C1)?E[(6T))2] + (SL* + 16Amax L) (1 + C HE[BL] 4+ 4Amax L + L? +4A2
< C{L(1+ CTE(Ba)*] + (L* + Amax L) (1 + CHE[Ba] + Afa + L7}

for some constant C”.

Next, we turn to bound the latter term terms of (F.1); our analysis is based on that of (Kakade et al.,
2020). Simple calculations show that

t—1 NT—1H] -1
—t

M= =ME) M = ()70 Y S e

7=0 n=0 h=0

where €} . is the sampled noise at 7-th episode, h-th timestep, and n-th trajectory. Now, by introducing
a Hilbert space containing an operator of L(L(H;H');R), which is a Hilbert-Schmidt operator, because of
Assumption 1, we can apply Lemma C.4 in (Kakade et al., 2020) to our problem too. Therefore, with
probability at least 1 — &;, it holds that

1

H(z;{)a (M - Mt) H2 < M|M*|? + 02(8dy log(5) + 8log(det(St,) det(2,)~1)/6,),

and properly choosing d; leads to %, defined in Section B, and we obtain the result

In our algorithm, transition data are chosen from any initial states and the horizon lengths vary; however,
slight modification of the analysis of LC? will give the following lemma.

Lemma F.5 (Modified version of Theorem 3.2 in (Kakade et al., 2020)). The term terms is bounded by
T-1 T-1

Z terms ﬂ é't]

t=0 t=0

< V/H Vo \ /64T (A + 108(T) + y1.cr (A) + H)y 70 (V)
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Combining all of the above results, we prove Theorem 4.6:

Proof of Theorem 4.6. Using Lemma F.2 under Assumptions 1, 2, and 5,

Therefore, using (F.3) (which requires Assumption 4), Lemma F.5, and Pr( tT:_Ol ﬁ) < %, it follows that

Exs_1c3 [REGRETT]

< \JT{C {L2(1 + C-)2E[(BL)2) + (I + Amax D)(1 + COEBL] + A2y + L2} 1 /T1-2 2 4+ 17,3(V)
Vi [64T (dg + 108(T) + 71, (A) + H)y 77,0 (M)

45 i Vi)

2
< CYTY % (dpg + dr2),

for some absolute constant Cy. Therefore, the theorem is proved. O

G Reduction to eigenstructure assighment problem for linear systems

To see how our system model studied in (4.2) reduces to linear system case, take R%¥ as H, with the
canonical basis (i.e., ¢, = x) and let

P(O) = [T ®k{  Lap @k, Loy kg, 1a,]",
where the feedback matrix is given by K := [k1, ks, ..., kd.], and let
M = [[blval]—ra R [bdxvadx]—r] s

where the entries of the row vector b; are all zero except for the entries from the index (i — 1)dxdy + 1 to
the index idxdy given by vec (BT), and A =[a] ,aq,... ,adTX].
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H Simulation setups and results

Throughout, we used the following version of Julia; for each experiment, the running time was less than
around 10 minutes.

Julia Version 1.5.3

Platform Info:

0S: Linux (x86_64-pc-linux-gnu)

CPU: AMD Ryzen Threadripper 3990X 64-Core Processor
WORD_SIZE: 64

LIBM: libopenlibm

LLVM: 1ibLLVM-9.0.1 (ORCJIT, znver2)

Environment:

JULIA_NUM_THREADS = 12

The licenses of Julia, OpenAI Gym, DeepMind Control Suite, Lyceum, and MuJoCo, are [The MIT Li-
cense; Copyright (c¢) 2009-2021: Jeff Bezanson, Stefan Karpinski, Viral B. Shah, and other contribu-
tors: https://github.com/JuliaLang/julia/contributors|, [The MIT License; Copyright (¢) 2016 OpenAl
(https://openai.com)|, [Apache License Version 2.0, January 2004 http://www.apache.org/licenses/], [The
MIT License; Copyright (¢) 2019 Colin Summers, The Contributors of Lyceum]|, and [MuJoCo Pro Lab
license], respectively.

In this section, we provide simulation setups, including the details of environments (see also Figure 6) and
parameter settings.

Figure 6: Illustration of some dynamical systems we have used in this work. Left: Simple limit cycle
represented effectively by the Koopman modes. Middle: DeepMind Control Suite (Tassa et al., 2018)
Cartpole showing stable cycle with spectral radius regularization. Right: OpenAI Gym (Brockman et al.,
2016) walker2d showing simpler movement cycle when the Koopman eigenvalues are regularized.

H.1 Cross-entropy method

Throughout, we used CEM for dynamics parameter (policy) selection to approximately solve KSNR. Here,
we present the setting of CEM.

First, we prepare some fixed feature (e.g. RFFs) for ¢. Then, at each iteration of CEM, we generate many
parameters to compute the loss (i.e., the sum of the Koopman spectrum cost and negative cumulative reward)
by fitting the transition data generated by each parameter to the feature to estimate its Koopman operator
o/ . In particular, we used the following regularized fitting:

=YX (XX +1)7,
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where Y := [¢$h,1+1,1 D ¢)$h2+1,2’ R ¢Ihn+1,n] and X := [qsa:hl,l ’ ¢)a:h2,2’ tt d)mhn,n]‘

If the feature spans a Koopman invariant space and the deterministic dynamical systems are considered, and
if no regularization (i.e., the identity matrix I) is used, any sufficiently rich trajectory data may be used to
exactly compute 2 (©) for ©. However, in practice, the estimate depends on transition data although the
regularization mitigates this effect. In our simulations, at each iteration, we randomly reset the initial state
according to some distribution, and computed loss for each parameter generating trajectory starting from
that state.

H.2 On Koopman modes

Suppose that the target Koopman operator «7* has eigenvalues A; € C and eigenfunctions §; : X — C for
1€ {1, 2,0, d¢}, ie.,

A = Ni&i.-

If the observable ¢ satisfies

dg
b, = &i(x)m],
i=1

for m € C%, then ms are called the Koopman modes. The Koopman modes are closely related to the
concept isostable; interested readers are referred to (Mauroy et al., 2013) for example.

Now, the spectrum cost A(«/) = |lm; — m7|; does not satisfy the Holder condition (Assumption 4) in
general; therefore this cost might not be used for KS-LC3.

H.3 Setups: imitating target behaviors through Koopman operators

The discrete-time dynamics
The1 = Th + Up p AL, Opp1 = 0 +vg n At

is considered and the policy returns v, and vgj given rp, and ). In our simulation, we used At = 0.05.
Note the ground-truth dynamics

F=r(1-r%), =1,
is discretized to
Pryr =+ ra(1 = 13) AL, Ohia = 0y + At

Figure 7 plots the ground-truth trajectories of observations and z-y positions.

We trained the target Koopman operator using the ground-truth dynamics with random initializations; the
hyperparameters used for training are summarized in Table 1.

Then, we used CEM to select policy so that the spectrum cost is minimized; the hyperparameters are
summarized in Table 1.

We tested two forms of the spectrum cost; A1(«/) = |m — m*||; and Ax(#) = ||.&/ — &/*||}5. The resulting
trajectories are plotted in Figure 8 and 9, respectively. It is interesting to observe that the top mode imitation
successfully converged to the desirable limit cycle while Frobenius norm imitation did not. Intuitively, the
top mode imitation focuses more on reconstructing the practically and physically meaningful behavior while
minimizing the error on the Frobenius norm has no immediately clear physical meaning.
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Table 1: Hyperparameters used for limit cycle generation.

CEM hyperparameter ‘ Value H Training target Koopman operator | Value

policy RFF dimension 50
policy RFF bandwidth 2.0

samples 200 training iteration 500
elite size 20 RFF bandwidth for ¢ 3.0
iteration 50 RFF dimension dg 80
planning horizon 80 horizon for each iteration 80

Observation trajectories XY trajectory
wn 2.0 1.0 ¢
5\ |
S 10 051
2 = 0.0
g 0.0 : 05
Q0 t [
© .10 - ‘ ‘ : -1.0 ¢ : : !
0 50 100 150 200 -1 0 1 2
timesteps *
—r (distance) —cos(0) —sin(6)

Figure 7: The ground-truth trajectory of the limit cycle 7 = r(1 — r2), § = 1. Left: Observations r, cos(f),
and sin(#). Right: z-y positions.

H.4 Setups: Generating stable loops (Cartpole)

We used DeepMind Control Suite Cartpole environment with modifications; specifically, we extended the
cart rail to [—100,100] from the original length [—5,5] to deal with divergent behaviors. Also, we used a
combination of linear and RFF features; the first elements of the feature are simply the observation (state)
vector, and the rest are Gaussian RFFs. That way, we found divergent behaviors were well-captured in terms
of spectral radius. The hyperparemeters used for CEM are summarized in Table 2.

H.5 Setups: Generating smooth movements (Walker)

Because of the complexity of the dynamics, we used four random seeds in this simulation, namely, 100,
200, 300, and 400. We used a combination of linear and RFF features for both ¢ and the policy. Note,
according to the work (Rajeswaran et al., 2017), linear policy is actually sufficient for some tasks for particular
environments. The hyperparemeters used for CEM are summarized in Table 3.

The resulting trajectories of Walker are illustrated in Figure 10. The results are rather surprising; because
we did not specify the height in reward, the dynamics with only cumulative cost showed rolling behavior
(Up figure) to go right faster most of the time. On the other hand, when the spectrum cost was used, the
hopping behavior (Down figure) emerged. Indeed this hopping behavior moves only one or two joints most
of the time while fixing other joints, which leads to lower (absolute values of) eigenvalues.

The eigenspectrums of the resulting dynamics with/without the spectrum cost are plotted in Figure 11. In
fact, it is observed that the dynamics when the spectrum cost was used showed consistently lower (absolute
values of) eigenvalues; for the hopping behavior, most of the joint angles converged to some values and stayed
there.
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Observation trajectories XY trajectory
n 1.5 -
5 1.0
S 0.5 :
© :
c ¥ 00
3 05
o E ‘ ‘ , \ -1.0 - ‘ —
0 50 100 150 200 -1 0 1 2
timesteps .
—r (distance) —cos(6) —sin(0)

Figure 8: The trajectory generated by RFF policies that minimize A(«) = ||m — m*||;. Left: Observations
r, cos(f), and sin(d). Right: a-y positions.

Observation trajectories XY trajectory
n 1.0 .
S 05
+ 0.0 -
rU [
c = -05 ¢
b -1.0
S 40 W N \N ‘15 ‘ ‘
0 50 100 150 200 -1 0 1 2
timesteps .
—r (distance) —cos(6) —sin(0)

Figure 9: The trajectory generated by RFF policies that minimize A(«/) = || — o*||3g. Left: Observations
r, cos(f), and sin(f). Right: a-y positions.

H.6 Setups: Koopman-Spectrum LC3

First, we explain how to reduce the memory size below.

Decomposable kernels case Assume that we employ decomposable kernel with B = I for simplicity.
Also, suppose ¥(0) € R% 9% is of finite dimension. For such a case, the dimension dy = d¢ - dg where d
is the dimension of H'; however, we do not need to store a covariance matrix of size didc X dfbdc but only
require to update a matrix of size dgd¢ x dgds which significantly reduces the memory size. Specifically,
we consider the model ¢, = M'(¢p,, ® ¢(©)); then using M" := reshape(M’,dy,d¢,dy), we obtain
H(O) = [M"[:,,1]1€(0),..., M"[:,:,ds]C(O)]. Here, ¢ is the realization of ((©) over some basis. Now, we
note that the dimension of ¢,, ® {(©) is d; - dy. Our practical (Thompson sampling version) algorithm

is thus given by Algorithm 2. In the algorithm, we used Ji;t(@) = [M”t[:, 5 1]¢(0), .. .,M”t[:, 5, dy)C(O)],
where M"' = reshape(M’t,d¢,d<, de).

Pretraining policies For training three policies, we used Model Predictive Path Integral Control
(MPPI) (Williams et al., 2017) with the rewards (p + 0.3)%, (p — 0.3)%, (v + 1.5)2, and (v — 1.5)2, where p
is the cart position and v is the cart velocity. Also, for all of the cases, the penalty —100 is added when
cos(f) < 0, where 6 is the pole angle, which aims at preventing the pole from falling down.
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Table 2: Hyperparameters used for stable loop generation.

Hyperparameters ‘ Value H Hyperparameters ‘ Value
iteration 100 planning horizon 100

dimension d
policy RFF dimension 100

RFF bandwidth for ¢ 2.0

samples 200 elite size 20
policy RFF bandwidth 2.0

Table 3: Hyperparameters used for Walker.

Hyperparameters ‘ Value H Hyperparameters ‘ Value
samples 300 elite size 20
iteration planning horizon 300
dimension of dg 200 RFF bandwidth for ¢ 5.0

policy RFF dimension | 300 policy RFF bandwidth | 30.0

Algorithm 2 Practical Algorithm for KS-LC3

Require: Parameter set II; prior parameter A; covariance scale ¢ € Rx>.
1: Prior distribution over M’ is given by £9,, := Al
2: fort=0...T—1do
3:  Adversary chooses X{.

4 Sample M’ from N (Wt, E’jw>
5: Solve O = argming .y A[Z*(0)] + J° (Xé; M’t; ct> (e.g., using CEM)

t
6: Under the dynamics ]-'@t, sample transition data 7t := {r¢ e 0 , where 7t := {x}m Zlio
7: Update XY,
8: end for

Because we need to have one more state dimension to specify which reward to generate, we used the analytical
model of cartpole specified in OpenAl Gym.

Starting from random initial state, we first use MPPI to move to p = —0.3, then from there move to p = 0.3;
and we learn an RFF policy for this movement along with the Koopman operator. Then, we randomly
initialized the state to accelerate to v = —1.5, followed by a random initialization again to accelerate to
v = 1.5; we then learned two policies for those two movements. We used the planning horizons of 100 for
every movement except for the movement going to p = 0.3 where we used 120 because it is following the
previous movement. We repeated this for 20 iterations.

The parameter space II is a space of linear combinations of those three policies. We summarized the
hyperparemeters used for MPPI/pretraining in Table 4.

Learning For learning, we used four random seeds, namely, 100, 200, 300, and 400. The estimated
spectrum cost curve represents the cost A[f%} t(@")]. The hyperparameters used for CEM and KS-LC? are
summarized in Table 5. We note that for KS-LC? we added additional cost on the policy parameter exceeding
its o norm above 2.0.
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Figure 10: Walker trajectories visualized via Lyceum. Up: When only (single-step) reward v — 0.001a||2¢

is used, showing rolling behavior. Down: When the spectrum cost A(%7) =5 Zfﬁl |Ai ()| is used together
with the reward, showing simple hopping behavior.

Table 4: Hyperparameters of MPPI and pretraining.

MPPI hyperparameters ‘ Value H Pretraining hyperparameters ‘ Value
variance of controls 0.42 iteration 20
temperature parameter 0.1 policy RFF dimension 2000
planning horizon 100/120 || policy RFF bandwidth 1.5
number of planning samples 524 dimension of dy 60
RFF bandwidth for ¢ 1.5

Table 5: Hyperparameters used for CEM/KS-LC3.
Hyperparameters for CEM ‘ Value H Hyperparameters for KS-LC3 ‘ Value

samples 200 dimension of d¢ 50
elite size 20 RFF bandwidth for ¢ 5.0
planning horizon 500 prior parameter A 1.0
iteration 50 covariance scale ¢ 0.0001
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Eigenspectrum

bsolute values
©c =
(0 0] (]
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----- no spectrum cost —with spectrum cost

Figure 11: Eigenspectrums showing absolute values of eigenvalues for the dynamics with/without the spec-

trum cost.
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