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ABSTRACT

One of the main challenges in optimal scaling of large language models (LLMs)
is the prohibitive cost of hyperparameter tuning, particularly learning rate η and
batch size B. While techniques like µP (Yang et al., 2022) provide scaling rules
for optimal η transfer in the infinite model size limit, the optimal scaling behavior
in the infinite data size limit remains unknown. We fill in this gap by observing
for the first time an intricate dependence of optimal η scaling on the pretraining
token budget T , B and its relation to the critical batch size Bcrit, which we mea-
sure to evolve as Bcrit ∝ T . Furthermore, we show that the optimal batch size
is positively correlated with Bcrit: keeping it fixed becomes suboptimal over time
even if learning rate is scaled optimally. Surprisingly, our results demonstrate
that the observed optimal η and B dynamics are preserved with µP model scaling,
challenging the conventional view of Bcrit dependence solely on loss value. Com-
plementing optimality, we examine the sensitivity of loss to changes in learning
rate, where we find the sensitivity to decrease with increase of T and to remain
constant with µP model scaling. We hope our results make the first step towards a
unified picture of the joint optimal data and model scaling.

1 INTRODUCTION

Large Language Models (LLMs) have increasingly become a prominent area of study in the field
of Natural Language Processing (NLP) and beyond. They have demonstrated significant improve-
ment in performance across a wide range of tasks, such as language understanding, text generation,
translation, and summarization, showing results comparable or outperforming those of an average
domain expert (Dubey et al., 2024; OpenAI et al., 2024; Team et al., 2024). The primary advan-
tage of LLMs is their ability to scale well with increased computational resources, which results in
predictive improved performance (Kaplan et al., 2020; Hoffmann et al., 2022).

One of the main challenges in LLM scaling lies in the proportional scaling of computational re-
sources required for hyperparameter tuning. To remedy this, µTransfer (Yang et al., 2022) technique
was proposed as a way to transfer hyperparameters from a small (proxy) model to a large (target) one
by introducing scaling rules for learning rate, weight multipliers and initialization scale, altogether
referred to as Maximal Update Parametrization (µP). While significantly reducing the hyperparam-
eter tuning cost coming with model scaling, its applicability is limited by requiring both target and
proxy models to share the same batch size and number of training iterations. With current pretrain-
ing budgets surpassing trillions of tokens, it makes µTransfer computationally expensive to apply
even with tuning a small proxy model.

One solution would be hyperparameter tuning performed both for the small proxy model and on
the small dataset, followed by µTransfer to the larger model and larger dataset, under assumption of
both datasets being sampled from the same underlying data distribution. This raises the question of
µTransfer’s applicability in the infinite data limit, which can be formalized as an increase in the size
of the training dataset, which in the LLM case is measured by the number of tokens. Understanding
training dynamics in this limit would unlock hyperparameter transfer not only across model scales,
but also across data horizons, thus removing the largest limitation of µTransfer.

The study of optimal hyperparameter evolution throughout the model training should also be com-
plemented with a study of hyperparameter sensitivity, i.e. the measure of how the model performance
is affected when the training is performed outside the optimal hyperparameter range. In practice, it
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is rarely possible to remain within the optimum due to statistical uncertainties in its estimation. It
would be of large interest to find training regimes which have small hyperparameter sensitivity and
penalize model performance the least if the optimal hyperparameters are missed by a small degree.

Expanding on this line of research, we consider a commonly used LLM pretraining setup and aim
towards building a yet missing holistic picture of optimal learning rate and batch size dynamics as
one scales up the model training – both in the data and model sizes. Our main contributions are
summarized as follows:

• Optimal learning rate scaling: by incorporating a dependence on the pretraining token
budget into the theoretical model of optimal learning rate η∗ scaling Li et al. (2024) via
Eq. 3.1 and performing a fit to experimentally observed data (Fig. 1), we establish a depen-
dence of the η∗ evolution with T on the batch size B and its relation to the critical batch size
Bcrit (see definition in Sec. 2.1). From interpreting the model fit results, we obtain scaling
behaviors ranging from η∗ ∝

√
T to η∗ ∝ 1/

√
T depending on B, Bcrit and T , which we

find compatible with experimental observations. Furthermore, we find these dynamics to
be largely preserved within µP (Appendix A.11).

• Optimal batch size scaling: assuming η is optimal for a given data horizon T , we observe a
gradual increase of the optimal batch size B∗ with an increase of the token budget (Fig. 3a).
The drift is correlated with the evolution of the critical batch size Bcrit (Fig. 2, left), with
B∗(T ) < Bcrit(T ) in our measured range of T . Importantly, we show that naı̈ve applica-
tion of optimal η scaling rules in the T → ∞ limit with B being indefinitely fixed becomes
suboptimal over time: a joint (η,B) scaling is required.

• Critical batch size: we experimentally find Bcrit (see definition in Sec. 2.1) to evolve in
time with Bcrit ∝ TαB and αB = 1.0 ± 0.2 (Fig. 2, left). This dynamic affects optimal
η scaling via Eq. 3.1 and drives the transition between various scaling behaviors (Sec. 3.2).
Surprisingly, we show evidence that Bcrit is not exclusively defined by the value of the
loss function (Eq. 8) as suggested by McCandlish et al. (2018): models within µP share the
same Bcrit region while having different performance in terms of loss.

• Learning rate sensitivity: the sensitivity is generally decreasing with an increase of the
training token budget, which is interestingly more pronounced for the batch sizes in the
critical batch size region (Fig. 4). We observe no significant change in the learning rate
sensitivity with the change of the µP base model and within the µP width limit (Fig. 5).

2 METHODOLOGY

2.1 TERMINOLOGY

Time (T ): we often use the terms time, token budget, and data horizon interchangeably, both
to specify the measure of the training data size in tokens, and to pinpoint the specific moment
throughout the model training. From this perspective, an infinite data limit T → ∞, as opposed to
a fixed budget regime with T = const, refers to an (infinite) increase of the number of tokens seen
by the model during pretraining.

µP: we refer to a model with width dbasemodel as a base model if µP scaling multipliers for learning
rates, weight multipliers and initialization scale (Sec. 2.2) are computed relative to this width. This
brings us to a broader view on µP where the base model “pinpoints” the training dynamics for all
the other models obtained either by scaling up or down the base dbasemodel width. Together with the
base model, we refer to this set of models as a µP model family or as a µP trajectory if the direction
of scaling is implied. We also slightly distinguish between the base and proxy models, where the
former is used to define a µP model family, while the latter is a model used to tune hyperparameters
to be transferred with µTransfer to a target model.

Critical batch size (Bcrit): following Li et al. (2024), we define Bcrit as the corresponding pa-
rameter in Eq. 3.1, also describing the peak position of the bell-shaped curve (Fig. 1a), which was
shown by the authors to equal the Bcrit definition of McCandlish et al. (2018). To better clarify the
nomenclature appearing in the literature, we provide an extended discussion in Appendix A.2.
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Sensitivity: as acknowledged by Wortsman et al. (2023), it is difficult to formalize this notion,
also in the absence of a theory to be verified. We therefore define it in the most minimal way,
namely as the variation of validation loss Lval(η)−Lval(η

∗) for a given learning rate variation from
its optimal value η/η∗. We refer to the corresponding loss vs. learning rate curve (both with and
without Lval(η

∗) normalization) as a loss profile.

2.2 MODEL CONFIGURATION AND DATASETS

For all our experiments we use a default MPT model architecture (MosaicML, 2023) as implemented
in the llm-foundry codebase (MosaicML, 2024), with all the models sharing the same training
configuration (Appendix A.3). We use the Decoupled AdamW optimizer (Loshchilov & Hutter,
2019) with β1 = 0.9, β2 = 0.95, ϵ = 10−8, weight decay λ = 0 and gradient clipping by the
L2 norm value of 1.

µP is implemented according to Table 8 of Yang et al. (2022), so that when dmodel is set to the base
model width dbasemodel, it replicates Standard Parametrization (SP). That makes our observations for
the base models also applicable to setups that use SP rather than µP. Model weights are initialized

from the normal distribution with the base model standard deviation σbase = 1/
√

dbasemodel. The
models are scaled up/down only in width, with the head dimension dhead being always fixed and the
number of heads being scaled proportionally to the width scaling.

The models are trained with the causal language modeling task on the train split of the Colossal
Clean Crawled Corpus (C4) dataset (Raffel et al., 2020), tokenized with the GPT2 tokenizer (Rad-
ford et al., 2019) with a vocabulary size of 50257 and a context length of 1024 tokens. As a metric
to evaluate model performance, we report the loss on the C4 validation split as Lval.

2.3 HYPERPARAMETER GRID

To investigate the interplay of learning rate and batch size in the infinite data limit T → ∞, we
define a 5D grid spanned by the following axes: η, B, T , dmodel, dbasemodel (see Appendix A.4 for
exact definition). Fundamentally, we are interested in measuring how the loss profile Lval(η) and its
optimum value η∗ evolve in time T depending on the choice of batch size B. As this measurement
is moreover conditioned on the µP trajectory and a specific point therein, we firstly study this evo-
lution for a trajectory pinpointed by one specific base model with dbasemodel. We train a set of models
within the defined µP trajectory with different widths dmodel, ranging in size from 32M up to 354M
parameters, and measure for each of them the Lval(η) profile at specific points in time T , ranging
from 1B up to 275B tokens. Then, we repeat the same measurement for a new µP trajectory, pin-
pointed by a different value of dbasemodel. This grid approach allows us to interpret results from multiple
perspectives, as we detail in Sec. 3.

2.4 LEARNING RATE SCHEDULE SCALING

Since we study the training dynamics in the infinite data limit, it necessarily implies training models
across different data horizons. This raises the question of how one should adjust the learning rate
schedule in this limit. Motivated by recent work of Hu et al. (2024); Hägele et al. (2024), in all our
experiments we use a warmup-stable (WS) version of the warmup-stable-decay (WSD) schedule
consisting of a warmup phase with a linear increase of learning rate from 0 to ηmax and a constant
phase with learning rate fixed at ηmax, hereafter notated as η. Our version omits the decay phase
to simplify experimentation as we observe that it does not affect the optimal η position (Appendix
A.7). The warmup duration is fixed across all horizons and across all experiments at an absolute
value of Twarmup = 219 = 524288 tokens. Whenever batch size is varied, we adjust the number of
gradient steps in the warmup phase accordingly so that the total amount of tokens seen by the model
during warmup equals 219. We also present additional experiments with different ways to scale the
learning rate warmup and an added decay phase in Appendix A.7, with results largely confirming
those of Hägele et al. (2024). The WS schedule allows us to reduce computational requirements by
approximately a factor of two: contrary to retraining for each of the data horizons in the T grid, we
run indefinitely continued trainings and take evaluation snapshots on the way.
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Figure 1: (a): Optimal learning rate η∗ per batch size against a set of pretraining token budgets
(see Appendix A.9 for a full set). Each point is obtained by averaging experimental observations
of optimal learning rate values across µP model family and random seeds, as described in Sec. 3.1,
with color bands visualizing the corresponding standard deviation. Solid lines represent the fitted
theoretical model of Li et al. (2024) (Eq. 3.1) as described in Sec. 3.1, dashed lines only connect the
data points for visualization purposes. We observe an approximately linear growth of Bcrit (see also
a dedicated Fig. 2), defined as the peak position of the fitted curve, in the limit of increased token
budget.
(b) Transposition of Fig. 1a: evolution of the optimal learning rate with an increase of the pretraining
token budget η∗(T ) for a representative set of batch sizes, in tokens. We observe the fitted model
to describe the scaling behavior of low (B = 218) and high (B = 226) batch sizes, as well as
intermediate batch sizes in the high token budget regime. For B = 218, the model reduces to
η∗ ∝ 1/

√
T as discussed in Sec. 3.2, matching the observations.

3 RESULTS

3.1 CRITICAL BATCH SIZE EVOLVES IN TIME, BUT IS UNCHANGED WITHIN µP

First, we begin with setting dbasemodel = 1024 and scanning learning rate across different batch sizes
and dmodel. We present results for the η∗ optimum dependence on the batch size B per data hori-
zon T in Fig. 1a, with individual Lval(η) profile scans in Appendix A.8 and the full set of hori-
zons in Appendix A.9. In order to reduce statistical uncertainties, we average results across three
µP models1 with dmodel ∈ {256, 512, 1024} for tokens budgets T ≤ 235 and additionally across
four more random seeds for large batch size values B ∈ {220, 222, 224, 226} for the model with
dmodel = 256 to reduce statistical fluctuations in the low token budget region. We include a similar
plot for the other base model with dbasemodel = 256 in Appendix A.10 and individual plots for each of
the (dmodel, d

base
model) configurations in Appendix A.11.

We observe that for a given time horizon, the (η∗, B) curve has a bell-like shape, as predicted by Li
et al. (2024). The left-hand side of the peak represents a known η ∝

√
B scaling rule (Malladi et al.,

2023; Shen et al., 2024). However, with our experiments, we uncover a previously unseen right-hand
side of the curve, also referred to as “surge” by Li et al. (2024), where the optimal learning rate for a
fixed token budget scales inversely proportionally to the batch size scaling via the η∗ ∝ 1/

√
B rule.

1We believe this averaging approach is justified since all the three models share the same optimization
trajectory in terms of the number of steps, batch size and data horizon length, therefore are theoretically guar-
anteed by µTransfer to share the same optimal learning rate. From the experimental side, we also observe no
significant differences across the three models (Appendix A.11).
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Figure 2: Critical batch size Bcrit (left) and critical learning rate ηcrit (right), as extracted from
the fit with the power law pcrit = apT

αp + bp, where p ∈ {η,B}, following the procedure from
Appendix A.5, as a function of token budget. Solid line represents the fit result. Dashed line cor-
responds to the fit with the power exponent fixed to αB = 0.5 (left) and αη = −0.5 (right). This
model fit is visualized only to illustrate the model variation with the exponent change and its param-
eters are not used in the main analysis.

We analyze the observed data points within the theoretical framework of Li et al. (2024). For each
of the token budgets we fit the data with the following functional form:

η∗(T,B) =
ηcrit(T )√

B
Bcrit(T ) +

√
Bcrit(T )

B

, (1)

where Bcrit and ηcrit are parameters of the fit. The former corresponds to the peak position of
the bell-like curve and was shown in McCandlish et al. (2018); Li et al. (2024) to approximate the
critical batch size defined as the balance point between optimal number of training steps and data
efficiency. The latter can be interpreted as the optimal learning rate when training in the regime with
the batch size tracking the critical one, i.e. B(T ) = Bcrit(T ).

After performing the fit for each token budget, we analyze the ηcrit and Bcrit evolution in time. We
fit a power law of the form pcrit = apT

αp + bp, p ∈ {η,B} to each of the data sets following the
procedure described in Appendix A.5 and present the results in Fig. 2 (solid lines). For the time
dependence of critical parameters, we obtain the following power exponents:

Bcrit ∝ TαB , αB = 1.0± 0.2,

ηcrit ∝ Tαη , αη = −1.3± 0.4,
(2)

where we find that in both cases the hypothesis of the power exponent +1 (−1) for αB (αη) is com-
patible with experimental observations within uncertainties. Detailed results for the a, b coefficients
are provided in Appendix A.5.

Lastly, there is a difference of Bcrit evolution between the T and µP infinite width limits. Specif-
ically, for a fixed token budget, we observe no significant change of the curves’ shapes and peak
positions across dmodel values within the same µP trajectory, and also with the change of the base
model (Appendix A.11). At the same time, there is a noticeable drift of Bcrit in the T → ∞ limit
with the model being fixed. As both limits are accompanied with a comparable change of the model
performance2, this observation brings evidence that dependence of the critical batch size exclusively
on the loss value suggested by Kaplan et al. (2020) (Eq. 8) is not entirely complete. Or, contrary to
results in Li et al. (2024), the two definitions of the critical batch size region (Appendix A.2) are not
the same and should be disentangled.

2Back-of-the-envelope calculation from Fig. 3a and Appendix A.12: for dbasemodel = 1024, B = 220, there is
a loss change Lval = 3.4 → 2.8 with a token budget increase 231 → 237, resulting in Bcrit drifting by 24. For
the same (dbasemodel, B) configuration, there is no significant Bcrit drift with a change of width by 22 within µP,
but the corresponding loss change is Lval = 3.5 → 2.9.
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3.2 LEARNING RATE OPTIMUM DRIFTS IN TIME, WITH BATCH SIZE INTERPOLATING
BETWEEN DIFFERENT SCALING RULES

In Fig. 1b, we reinterpret Fig. 1a by transposing the batch size and token budget axes and by plotting
the evolution of the optimal learning rate η∗ in time T for a representative set of batch size values,
with the full set of batch size values in Appendix A.9. Overlayed, we also plot the model fitted with
Eq. 3.1 (solid lines).

From the data points alone we observe an intricate drift of the optimal learning rate in time as
governed by the batch size value. In a simplified way, for small B values (218 and 220 in Fig. 1b),
we observe a decrease of η∗ by 22 with an increase of the token budget by 27, while for the larger
B values (224 and 226), it is oppositely an increase by up to 22.

We also find that the fitted model3 describes the data points for the smallest (216 and 218) and largest
(226) probed batch sizes well. For the intermediate batch size values, it captures the behavior in
the large token budget regime and the general curvature patterns (B = 224), but sometimes lacks
the correct amplitude. We note, however, large uncertainties on the fitted model parameters (Ap-
pendix A.5): additional data points with improved resolution in both η and B would better constrain
the model fit and therefore constitute an important next step in future work.

It is instructive to consider several limiting scaling scenarios of Eq. 3.1. First, when B ≪ Bcrit,
one obtains η∗(T,B) ∝ ηcrit(T )/

√
Bcrit(T), which we do not observe, since min(Bcrit) = 218

in our experiments. Second, when B ≫ Bcrit, one obtains η∗(T,B) ∝ ηcrit(T ) ·
√
Bcrit(T).

We observe this regime for high batch size values (B = 224 and B = 226) in the high token
budget regime (T > 234 tokens). Since in this region, we see ηcrit(T ) ∼ 1 (Fig. 2, right) and
Bcrit ∝ TαB ≈ T , we obtain η∗ ∝

√
T (as can be seen in Fig. 1b). Lastly, a special case is when

B(T ) = Bcrit(T ), i.e. batch size is tracking the critical one. We observe this regime for the smallest
batch sizes (B = 216 and B = 218) in the low token budget regime (T < 233 tokens). In that
case, the optimal learning rate η∗ ∝ ηcrit ∝ Tαη = T−0.5 (see Fig. 2, where the power exponent
αη = −0.5 describes data in the low token budget region better).

3.3 OPTIMALLY-TUNED BATCH SIZE INCREASES IN TIME

Second, we study how optimal hyperparameter values evolve in time to yield optimal loss values.
For each batch size and horizon length, we select the best-performing run across the learning rate
grid and plot model loss Lval against batch size across time horizons for the configuration with
(dmodel = 1024, dbasemodel = 1024). Results are presented in Fig. 3, with a full set of plots across
various combinations of (dmodel, d

base
model) in Appendix A.12.

We observe an increase of the optimal batch size with increase of the pretraining token budget from
B∗|T=230 = 218 to B∗|T=235 = 220 (Fig. 3a). Emergence of suboptimality is more pronounced
when transposing the token budget and batch size axes (Fig. 3b), where the smallest B = 216

batch size curve, with each point having learning rate scaled approximately with the inverse scal-
ing rule η∗ ∝ 1/

√
T , is being taken over in the T → ∞ limit by the curves corresponding to

larger batch sizes. Furthermore, comparing the optimal batch size values with the critical batch size
evolution (Sec. 3.1), we obtain B∗(T ) < Bcrit for the range of our measurements T = [230, 237].

This result illustrates that, while naı̈ve “pairwise” scaling rules for optimal learning rate, e.g. η∗ ∝
1/

√
T , are convenient for predicting optimal values at scale, they do not necessarily result in the

best model performance: taking batch size dynamics into account is required. In other words, the
invariant induced solely by, for example, the η∗ ∝ 1/

√
T scaling rule is not sufficient for the model

performance to be optimal. We believe, similarly to Smith & Le (2018), that some broader notion of
noise scale should serve as a more fundamental invariant to optimize for in the joint data and model
size limit. We discuss this idea in more detail in Sec. 4.
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Figure 3: Validation loss Lval for a (dmodel = dbasemodel = 1024) model training (354M parameters)
with an optimally-tuned learning rate as a function of (a) batch size split in pretraining token budgets
(b) pretraining token budget split in batch size, both measured in tokens. Inset plots zoom into
the optimum region. We observe that (a) optimal batch size (circled markers in the inset plot)
evolves in time, by a ×22 (B = 218 → 220 tokens) increase with an increase of the budget by ×25

(T = 230 → 235 tokens) (b) smaller batch sizes are gradually phased out to become suboptimal as
the token budget increases.

3.4 LEARNING RATE SENSITIVITY IS REDUCED IN TIME, AND IS UNCHANGED WITHIN µP

After having studied the learning rate optimum dynamics, we turn our attention to a broader structure
around the optimum from the sensitivity perspective. Specifically, we are interested in how the shape
of the Lval(η) curve changes in the time T → ∞ and µP width limits. In Fig. 4, we present our
observations for the two base models with dbasemodel = dmodel ∈ {256, 1024}, for token budgets
T ∈ {231, 233, 235}. We note that since we implement µP in a way that the base model is also
SP-parametrized, the results should be applicable to this parametrization as well.

We observe that there is a general decrease in the learning rate sensitivity by up to 21 per each
token budget increase by 22 as measured by Lval − Lmin

val value, where Lmin
val = Lval(η

∗) is the
validation loss value in the learning rate optimum. This indicates that the model profits from longer
training by having lower penalty for the misspecification of the optimal learning rate. Notably,
the decrease is more pronounced for batch sizes in the critical region (B = 220 and 222), while
for the region with the η∗ ∝ 1/

√
T scaling rule (B = 218), the effect is either reduced (base

model dbasemodel = 1024) or shows asymmetric trends w.r.t. the learning rate optimum (base model
dbasemodel = 256). However, within our measurement precision, the sensitivity evens out across batch
sizes for the longest 235 token horizon. Overall, our results motivate the choice of the training
regime within the critical batch size region in order to minimize the risks of under- or overshooting
the learning rate optimum. As we show in Appendix A.6, the learning rate optimum position can
vary by a factor of two just depending on the random seed choice.

With respect to the µP width limit, we observe no significant deviation of the loss profile from the
one of the base model, both for up- and down-scaled models within µP (Fig. 5 with and Fig. 21
without Lval normalization). Evaluated for the data horizon of T = 235 ≈ 34B tokens, this holds
across the models with the number of trainable parameters ranging from 32M up to 5B. Likewise,
changing the base model does not affect the profile shape, except for the optimum learning rate shift

3We note that the model is not fitted to the data points in the representation of Fig. 1b. Instead, as described
in Sec. 3.1, the fit is performed in two consecutive steps: by first capturing the (η∗, B) behavior per token
budget (illustrated in Fig. 1a), followed by fitting the time dynamics (illustrated in Fig. 2).
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Figure 4: Learning rate sensitivity Lval − Lmin
val as a function of the learning rate deviation from the

optimal value η/ηoptimal, measured for batch sizes of B = 218 (left column), 220 (middle column),
and 222 (right column) tokens, separately for the µP base models with width dbasemodel = 256 (top
row) and 1024 (bottom row). The former model amounts to 32M and the latter to 354M trainable
parameters. With an increase of the pretraining token budget (different marker styles) we observe
a general decrease in the learning rate sensitivity, which is more pronounced for batch sizes B ∈
{220, 222} in the critical region (Sec. 2.1) and for the 354M model. At the largest probed token
budget T = 235 tokens, the sensitivity equalizes across the models and batch sizes.

by ×2, which is expected for the base models compared here due to our dbasemodel-dependent weight
initialization scheme (Sec. 2.2).

4 DISCUSSION

While originally, we were aiming to find a golden recipe for hyperparameter transfer in the infinite
data limit, we show that there is no simple and straight-forward answer. In Sec. 3.2, we show that
the model fit based on Eq. 3.1 describes the observed data points well. However, as illustrated in
Sec. 3.3, following the optimal learning rate trajectory in time is not sufficient to obtain optimal per-
formance. That leads us to believe that there exists a deeper underlying perspective on the problem,
as opposed to the one of simply tuning learning rate and batch size.

Fundamentally, the field of model parametrization research has originated from and is further con-
verging towards preserving some notion of norm in some infinite (model width and/or depth) limit
(Everett et al., 2024; Yang et al., 2024; Large et al., 2024). In fact, any parametrization itself is
simply a set of scaling rules to be applied to hyperparameters in order to preserve these norms (e.g.
of model weight matrices or weight updates). Expanding on this, one can argue that scaling rules
follow from the requirement of keeping some underlying quantity invariant within the infinite limit.
From this perspective, hyperparameter transfer is nothing but a consequence of such “conservation
laws”.

With this perspective in mind, we draw a parallel between infinite model and data limits, and specu-
late that a similar notion of “norm” should exist and should be aimed to be preserved in the infinite
data limit. In fact, there is already a good candidate for this, namely the noise scale (Eq. 5 and 9),
which intriguingly also induces scaling rules for hyperparameters (see Appendix A.2 for in-depth
discussion). However, the existing definition neither takes into account the adaptive nature of the
optimizer, nor the scenario of jointly following the infinite data and model limits.
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Figure 5: Learning rate sensitivity Lval − Lmin
val as a function of learning rate η, measured for batch

sizes of B = 218 (leftmost column), 220 (middle left column), 222 (middle right column) and
224 (rightmost column) tokens, separately for the µP base models with the width dbasemodel = 256 (top
row) and 1024 (bottom row). Different marker styles correspond to different models within the
µP family, with all the models being evaluated at the data horizon of T = 235 tokens. For the
base model with dbasemodel = 256, we scale the width only downwards, while for the base model with
dbasemodel = 1024, we scale it both upwards and downwards. We observe no significant difference in
the sensitivity across all the (dbasemodel, dmodel) configurations. Note that for the configuration (B =
224, dbasemodel = 1024), the base and dmodel = 4 × dbasemodel models share a different random seed
compared to all the other models, to illustrate the loss penalty arising from the learning rate optimum
variation.

We hope that our experimental observations, similarly to the discovery of the η∗ ∝ T scaling rule
for SGD, will make the first step towards the theoretical unification of infinite data and model size
limits via deriving such a joint scaling invariant. Still, our insights into optimal scaling rules for
learning rate and batch size might be valuable for practitioners who approach the problem of hyper-
parameter optimization in the infinite data and model size limit. We provide our recommendations
in Appendix A.1.

As future work, it would important to improve the resolution in data points with a finer grid of (η,B)
values. This is a necessary step to establish the generalization power of Eq. 3.1 and the power law
fits of its critical parameters as a function of time (Fig. 2), also across various data sets, model
architectures and modalities. Additionally, while we used µP as the main way to incorporate model
scaling due to its ability to transfer optimal learning rate across model sizes, recent work of Everett
et al. (2024) suggests that this is not the only way to do so. A similar study to ours, but for other
model parametrizations, is an exciting direction of future research.

5 RELATED WORK

(η,B) scaling rules In efforts to accelerate model training, the η ∝ B rule for the SGD optimizer
was found necessary to avoid performance loss due to increased batch size (Goyal et al., 2018),
known as generalization gap (Keskar et al., 2017). Afterwards, additional usage of momentum
(Smith et al., 2018) and model scaling (Park et al., 2019) was incorporated, and a η ∝

√
B rule for

Adam was observed (Hilton et al., 2022). From the theoretical side, experimentally observed rules
were verified with the framework of stochastic differential equations (SDEs) (Smith & Le, 2018;
Malladi et al., 2023), loss curvature analysis (Zhang et al., 2019; McCandlish et al., 2018; Li et al.,
2024) and random matrix theory (Granziol et al., 2021). While most of the studies were performed
in the fixed epoch budget, Shallue et al. (2019) broadened the perspective to other target budget
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measures and studied the scope of the η ∝ B rule applicability across various datasets and model
architectures. Looking beyond fixed budgets, Smith & Le (2018) showed a linear relation between
the optimal batch size and the dataset size (for fixed η), and Smith et al. (2020) similarly presented
hints for a linear relation between the optimal learning rate and the dataset size (for fixed B), with
both works considering the SGD optimizer. In the modern LLM pretraining context, Hu et al. (2024);
DeepSeek-AI et al. (2024) approached this problem by deriving the joint (η,B) scaling laws.

µP Originally developed within the Tensor Program series studying feature learning in the in-
finite width limit (Yang & Hu, 2022; Yang et al., 2022), µP has been gaining traction recently
within the LLM community. It has been extensively tested and applied experimentally (Lingle,
2024; Blake et al., 2024; Gunter et al., 2024; Dey et al., 2024), as well as theoretically, with Yang
et al. (2023); Bordelon et al. (2024) extending it to the infinite depth limit, and Yang et al. (2024);
Bernstein et al. (2023) revisiting it from the spectral normalization perspective. Recently, Everett
et al. (2024) showed that other model parametrizations also induce hyperparameter transfer if tak-
ing weight alignment into account. Furthermore, they revealed that µTransfer does not work in the
regime of Chinchilla-optimal scaling (Hoffmann et al., 2022). The most closely related work to
ours, Shen et al. (2024) expanded on this observation and proposed a learning rate scheduler com-
bining µP and experimentally measured (η,B) scaling rules to allow for the hyperparameter transfer
in the T → ∞ limit, however only limited to the η∗ ∝ 1/

√
T scaling regime.

Sensitivity The topic of loss sensitivity to suboptimal hyperparameter choice is less thoroughly
studied, focusing exclusively on learning rate as the most affecting hyperparameter. Wortsman et al.
(2023) studied how various optimizer and model interventions, such as weight decay or µP usage,
influence the learning rate sensitivity with the model size scaling. Hägele et al. (2024) investigated
the impact of various learning rate schedule choices, such as length and functional form of the decay
phase.

6 CONCLUSION

In this work, we studied joint model and data scaling in the LLM context from the perspective of
optimal learning rate η and batch size B dynamics. We observed an intricate dependence of optimal
η scaling on B and its relation to the critical batch size Bcrit, as a function of the pretraining token
budget T . This dynamic is preserved during model scaling with µP, as well as the loss sensitivity to
the learning rate variation, highlighting the intriguing difference in how µP infinite width and time
limits evolve the critical batch size. Overall, we hope our observations pave the way towards deeper
understanding of the optimal scaling in the unified infinite data and model size limit.
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Çelebi, Patrick Alrassy, Pengchuan Zhang, Pengwei Li, Petar Vasic, Peter Weng, Prajjwal Bhar-
gava, Pratik Dubal, Praveen Krishnan, Punit Singh Koura, Puxin Xu, Qing He, Qingxiao Dong,
Ragavan Srinivasan, Raj Ganapathy, Ramon Calderer, Ricardo Silveira Cabral, Robert Stojnic,
Roberta Raileanu, Rohit Girdhar, Rohit Patel, Romain Sauvestre, Ronnie Polidoro, Roshan Sum-
baly, Ross Taylor, Ruan Silva, Rui Hou, Rui Wang, Saghar Hosseini, Sahana Chennabasappa,
Sanjay Singh, Sean Bell, Seohyun Sonia Kim, Sergey Edunov, Shaoliang Nie, Sharan Narang,
Sharath Raparthy, Sheng Shen, Shengye Wan, Shruti Bhosale, Shun Zhang, Simon Vandenhende,
Soumya Batra, Spencer Whitman, Sten Sootla, Stephane Collot, Suchin Gururangan, Sydney
Borodinsky, Tamar Herman, Tara Fowler, Tarek Sheasha, Thomas Georgiou, Thomas Scialom,
Tobias Speckbacher, Todor Mihaylov, Tong Xiao, Ujjwal Karn, Vedanuj Goswami, Vibhor Gupta,
Vignesh Ramanathan, Viktor Kerkez, Vincent Gonguet, Virginie Do, Vish Vogeti, Vladan Petro-
vic, Weiwei Chu, Wenhan Xiong, Wenyin Fu, Whitney Meers, Xavier Martinet, Xiaodong Wang,
Xiaoqing Ellen Tan, Xinfeng Xie, Xuchao Jia, Xuewei Wang, Yaelle Goldschlag, Yashesh Gaur,
Yasmine Babaei, Yi Wen, Yiwen Song, Yuchen Zhang, Yue Li, Yuning Mao, Zacharie Delpierre
Coudert, Zheng Yan, Zhengxing Chen, Zoe Papakipos, Aaditya Singh, Aaron Grattafiori, Abha
Jain, Adam Kelsey, Adam Shajnfeld, Adithya Gangidi, Adolfo Victoria, Ahuva Goldstand, Ajay
Menon, Ajay Sharma, Alex Boesenberg, Alex Vaughan, Alexei Baevski, Allie Feinstein, Amanda
Kallet, Amit Sangani, Anam Yunus, Andrei Lupu, Andres Alvarado, Andrew Caples, Andrew

11

https://arxiv.org/abs/2401.02954
https://arxiv.org/abs/2401.02954
https://www.cerebras.ai/blog/the-practitioners-guide-to-the-maximal-update-parameterization
https://www.cerebras.ai/blog/the-practitioners-guide-to-the-maximal-update-parameterization


594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647

Under review as a conference paper at ICLR 2025

Gu, Andrew Ho, Andrew Poulton, Andrew Ryan, Ankit Ramchandani, Annie Franco, Aparajita
Saraf, Arkabandhu Chowdhury, Ashley Gabriel, Ashwin Bharambe, Assaf Eisenman, Azadeh
Yazdan, Beau James, Ben Maurer, Benjamin Leonhardi, Bernie Huang, Beth Loyd, Beto De
Paola, Bhargavi Paranjape, Bing Liu, Bo Wu, Boyu Ni, Braden Hancock, Bram Wasti, Bran-
don Spence, Brani Stojkovic, Brian Gamido, Britt Montalvo, Carl Parker, Carly Burton, Catalina
Mejia, Changhan Wang, Changkyu Kim, Chao Zhou, Chester Hu, Ching-Hsiang Chu, Chris Cai,
Chris Tindal, Christoph Feichtenhofer, Damon Civin, Dana Beaty, Daniel Kreymer, Daniel Li,
Danny Wyatt, David Adkins, David Xu, Davide Testuggine, Delia David, Devi Parikh, Diana
Liskovich, Didem Foss, Dingkang Wang, Duc Le, Dustin Holland, Edward Dowling, Eissa Jamil,
Elaine Montgomery, Eleonora Presani, Emily Hahn, Emily Wood, Erik Brinkman, Esteban Ar-
caute, Evan Dunbar, Evan Smothers, Fei Sun, Felix Kreuk, Feng Tian, Firat Ozgenel, Francesco
Caggioni, Francisco Guzmán, Frank Kanayet, Frank Seide, Gabriela Medina Florez, Gabriella
Schwarz, Gada Badeer, Georgia Swee, Gil Halpern, Govind Thattai, Grant Herman, Grigory
Sizov, Guangyi, Zhang, Guna Lakshminarayanan, Hamid Shojanazeri, Han Zou, Hannah Wang,
Hanwen Zha, Haroun Habeeb, Harrison Rudolph, Helen Suk, Henry Aspegren, Hunter Gold-
man, Ibrahim Damlaj, Igor Molybog, Igor Tufanov, Irina-Elena Veliche, Itai Gat, Jake Weissman,
James Geboski, James Kohli, Japhet Asher, Jean-Baptiste Gaya, Jeff Marcus, Jeff Tang, Jennifer
Chan, Jenny Zhen, Jeremy Reizenstein, Jeremy Teboul, Jessica Zhong, Jian Jin, Jingyi Yang, Joe
Cummings, Jon Carvill, Jon Shepard, Jonathan McPhie, Jonathan Torres, Josh Ginsburg, Junjie
Wang, Kai Wu, Kam Hou U, Karan Saxena, Karthik Prasad, Kartikay Khandelwal, Katayoun
Zand, Kathy Matosich, Kaushik Veeraraghavan, Kelly Michelena, Keqian Li, Kun Huang, Kunal
Chawla, Kushal Lakhotia, Kyle Huang, Lailin Chen, Lakshya Garg, Lavender A, Leandro Silva,
Lee Bell, Lei Zhang, Liangpeng Guo, Licheng Yu, Liron Moshkovich, Luca Wehrstedt, Madian
Khabsa, Manav Avalani, Manish Bhatt, Maria Tsimpoukelli, Martynas Mankus, Matan Hasson,
Matthew Lennie, Matthias Reso, Maxim Groshev, Maxim Naumov, Maya Lathi, Meghan Ke-
neally, Michael L. Seltzer, Michal Valko, Michelle Restrepo, Mihir Patel, Mik Vyatskov, Mikayel
Samvelyan, Mike Clark, Mike Macey, Mike Wang, Miquel Jubert Hermoso, Mo Metanat, Mo-
hammad Rastegari, Munish Bansal, Nandhini Santhanam, Natascha Parks, Natasha White, Navy-
ata Bawa, Nayan Singhal, Nick Egebo, Nicolas Usunier, Nikolay Pavlovich Laptev, Ning Dong,
Ning Zhang, Norman Cheng, Oleg Chernoguz, Olivia Hart, Omkar Salpekar, Ozlem Kalinli,
Parkin Kent, Parth Parekh, Paul Saab, Pavan Balaji, Pedro Rittner, Philip Bontrager, Pierre Roux,
Piotr Dollar, Polina Zvyagina, Prashant Ratanchandani, Pritish Yuvraj, Qian Liang, Rachad Alao,
Rachel Rodriguez, Rafi Ayub, Raghotham Murthy, Raghu Nayani, Rahul Mitra, Raymond Li,
Rebekkah Hogan, Robin Battey, Rocky Wang, Rohan Maheswari, Russ Howes, Ruty Rinott,
Sai Jayesh Bondu, Samyak Datta, Sara Chugh, Sara Hunt, Sargun Dhillon, Sasha Sidorov, Sa-
tadru Pan, Saurabh Verma, Seiji Yamamoto, Sharadh Ramaswamy, Shaun Lindsay, Shaun Lind-
say, Sheng Feng, Shenghao Lin, Shengxin Cindy Zha, Shiva Shankar, Shuqiang Zhang, Shuqiang
Zhang, Sinong Wang, Sneha Agarwal, Soji Sajuyigbe, Soumith Chintala, Stephanie Max, Stephen
Chen, Steve Kehoe, Steve Satterfield, Sudarshan Govindaprasad, Sumit Gupta, Sungmin Cho,
Sunny Virk, Suraj Subramanian, Sy Choudhury, Sydney Goldman, Tal Remez, Tamar Glaser,
Tamara Best, Thilo Kohler, Thomas Robinson, Tianhe Li, Tianjun Zhang, Tim Matthews, Tim-
othy Chou, Tzook Shaked, Varun Vontimitta, Victoria Ajayi, Victoria Montanez, Vijai Mohan,
Vinay Satish Kumar, Vishal Mangla, Vı́tor Albiero, Vlad Ionescu, Vlad Poenaru, Vlad Tiberiu
Mihailescu, Vladimir Ivanov, Wei Li, Wenchen Wang, Wenwen Jiang, Wes Bouaziz, Will Con-
stable, Xiaocheng Tang, Xiaofang Wang, Xiaojian Wu, Xiaolan Wang, Xide Xia, Xilun Wu,
Xinbo Gao, Yanjun Chen, Ye Hu, Ye Jia, Ye Qi, Yenda Li, Yilin Zhang, Ying Zhang, Yossi Adi,
Youngjin Nam, Yu, Wang, Yuchen Hao, Yundi Qian, Yuzi He, Zach Rait, Zachary DeVito, Zef
Rosnbrick, Zhaoduo Wen, Zhenyu Yang, and Zhiwei Zhao. The llama 3 herd of models, 2024.
URL https://arxiv.org/abs/2407.21783.

Katie Everett, Lechao Xiao, Mitchell Wortsman, Alexander A. Alemi, Roman Novak, Peter J.
Liu, Izzeddin Gur, Jascha Sohl-Dickstein, Leslie Pack Kaelbling, Jaehoon Lee, and Jeffrey
Pennington. Scaling exponents across parameterizations and optimizers, 2024. URL https:
//arxiv.org/abs/2407.05872.

Priya Goyal, Piotr Dollár, Ross Girshick, Pieter Noordhuis, Lukasz Wesolowski, Aapo Kyrola, An-
drew Tulloch, Yangqing Jia, and Kaiming He. Accurate, large minibatch sgd: Training imagenet
in 1 hour, 2018. URL https://arxiv.org/abs/1706.02677.

12

https://arxiv.org/abs/2407.21783
https://arxiv.org/abs/2407.05872
https://arxiv.org/abs/2407.05872
https://arxiv.org/abs/1706.02677


648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701

Under review as a conference paper at ICLR 2025

Diego Granziol, Stefan Zohren, and Stephen Roberts. Learning rates as a function of batch size:
A random matrix theory approach to neural network training, 2021. URL https://arxiv.
org/abs/2006.09092.

Tom Gunter, Zirui Wang, Chong Wang, Ruoming Pang, Andy Narayanan, Aonan Zhang, Bowen
Zhang, Chen Chen, Chung-Cheng Chiu, David Qiu, Deepak Gopinath, Dian Ang Yap, Dong
Yin, Feng Nan, Floris Weers, Guoli Yin, Haoshuo Huang, Jianyu Wang, Jiarui Lu, John Pee-
bles, Ke Ye, Mark Lee, Nan Du, Qibin Chen, Quentin Keunebroek, Sam Wiseman, Syd Evans,
Tao Lei, Vivek Rathod, Xiang Kong, Xianzhi Du, Yanghao Li, Yongqiang Wang, Yuan Gao,
Zaid Ahmed, Zhaoyang Xu, Zhiyun Lu, Al Rashid, Albin Madappally Jose, Alec Doane, Alfredo
Bencomo, Allison Vanderby, Andrew Hansen, Ankur Jain, Anupama Mann Anupama, Areeba
Kamal, Bugu Wu, Carolina Brum, Charlie Maalouf, Chinguun Erdenebileg, Chris Dulhanty, Do-
minik Moritz, Doug Kang, Eduardo Jimenez, Evan Ladd, Fangping Shi, Felix Bai, Frank Chu,
Fred Hohman, Hadas Kotek, Hannah Gillis Coleman, Jane Li, Jeffrey Bigham, Jeffery Cao, Jeff
Lai, Jessica Cheung, Jiulong Shan, Joe Zhou, John Li, Jun Qin, Karanjeet Singh, Karla Vega,
Kelvin Zou, Laura Heckman, Lauren Gardiner, Margit Bowler, Maria Cordell, Meng Cao, Nicole
Hay, Nilesh Shahdadpuri, Otto Godwin, Pranay Dighe, Pushyami Rachapudi, Ramsey Tantawi,
Roman Frigg, Sam Davarnia, Sanskruti Shah, Saptarshi Guha, Sasha Sirovica, Shen Ma, Shuang
Ma, Simon Wang, Sulgi Kim, Suma Jayaram, Vaishaal Shankar, Varsha Paidi, Vivek Kumar,
Xin Wang, Xin Zheng, Walker Cheng, Yael Shrager, Yang Ye, Yasu Tanaka, Yihao Guo, Yun-
song Meng, Zhao Tang Luo, Zhi Ouyang, Alp Aygar, Alvin Wan, Andrew Walkingshaw, Andy
Narayanan, Antonie Lin, Arsalan Farooq, Brent Ramerth, Colorado Reed, Chris Bartels, Chris
Chaney, David Riazati, Eric Liang Yang, Erin Feldman, Gabriel Hochstrasser, Guillaume Seguin,
Irina Belousova, Joris Pelemans, Karen Yang, Keivan Alizadeh Vahid, Liangliang Cao, Mah-
yar Najibi, Marco Zuliani, Max Horton, Minsik Cho, Nikhil Bhendawade, Patrick Dong, Piotr
Maj, Pulkit Agrawal, Qi Shan, Qichen Fu, Regan Poston, Sam Xu, Shuangning Liu, Sushma
Rao, Tashweena Heeramun, Thomas Merth, Uday Rayala, Victor Cui, Vivek Rangarajan Sridhar,
Wencong Zhang, Wenqi Zhang, Wentao Wu, Xingyu Zhou, Xinwen Liu, Yang Zhao, Yin Xia,
Zhile Ren, and Zhongzheng Ren. Apple intelligence foundation language models, 2024. URL
https://arxiv.org/abs/2407.21075.

Jacob Hilton, Karl Cobbe, and John Schulman. Batch size-invariance for policy optimization, 2022.
URL https://arxiv.org/abs/2110.00641.

Jordan Hoffmann, Sebastian Borgeaud, Arthur Mensch, Elena Buchatskaya, Trevor Cai, Eliza
Rutherford, Diego de Las Casas, Lisa Anne Hendricks, Johannes Welbl, Aidan Clark, Tom Hen-
nigan, Eric Noland, Katie Millican, George van den Driessche, Bogdan Damoc, Aurelia Guy,
Simon Osindero, Karen Simonyan, Erich Elsen, Jack W. Rae, Oriol Vinyals, and Laurent Sifre.
Training compute-optimal large language models, 2022. URL https://arxiv.org/abs/
2203.15556.

Shengding Hu, Yuge Tu, Xu Han, Chaoqun He, Ganqu Cui, Xiang Long, Zhi Zheng, Yewei Fang,
Yuxiang Huang, Weilin Zhao, Xinrong Zhang, Zheng Leng Thai, Kaihuo Zhang, Chongyi Wang,
Yuan Yao, Chenyang Zhao, Jie Zhou, Jie Cai, Zhongwu Zhai, Ning Ding, Chao Jia, Guoyang
Zeng, Dahai Li, Zhiyuan Liu, and Maosong Sun. Minicpm: Unveiling the potential of small
language models with scalable training strategies, 2024. URL https://arxiv.org/abs/
2404.06395.
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jan Das, Dominika Rogozińska, Vitaliy Nikolaev, Pablo Sprechmann, Zachary Nado, Lukas Zilka,
Flavien Prost, Luheng He, Marianne Monteiro, Gaurav Mishra, Chris Welty, Josh Newlan, Dawei
Jia, Miltiadis Allamanis, Clara Huiyi Hu, Raoul de Liedekerke, Justin Gilmer, Carl Saroufim,
Shruti Rijhwani, Shaobo Hou, Disha Shrivastava, Anirudh Baddepudi, Alex Goldin, Adnan
Ozturel, Albin Cassirer, Yunhan Xu, Daniel Sohn, Devendra Sachan, Reinald Kim Amplayo,
Craig Swanson, Dessie Petrova, Shashi Narayan, Arthur Guez, Siddhartha Brahma, Jessica Lan-
don, Miteyan Patel, Ruizhe Zhao, Kevin Villela, Luyu Wang, Wenhao Jia, Matthew Rahtz, Mai
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Bražinskas, Andrei Sozanschi, Matthew Hayes, Héctor Fernández Alcalde, Peter Makarov, Will
Chen, Antonio Stella, Liselotte Snijders, Michael Mandl, Ante Kärrman, Paweł Nowak, Xinyi
Wu, Alex Dyck, Krishnan Vaidyanathan, Raghavender R, Jessica Mallet, Mitch Rudominer, Eric
Johnston, Sushil Mittal, Akhil Udathu, Janara Christensen, Vishal Verma, Zach Irving, Andreas
Santucci, Gamaleldin Elsayed, Elnaz Davoodi, Marin Georgiev, Ian Tenney, Nan Hua, Geoffrey
Cideron, Edouard Leurent, Mahmoud Alnahlawi, Ionut Georgescu, Nan Wei, Ivy Zheng, Dylan
Scandinaro, Heinrich Jiang, Jasper Snoek, Mukund Sundararajan, Xuezhi Wang, Zack Ontiveros,
Itay Karo, Jeremy Cole, Vinu Rajashekhar, Lara Tumeh, Eyal Ben-David, Rishub Jain, Jonathan
Uesato, Romina Datta, Oskar Bunyan, Shimu Wu, John Zhang, Piotr Stanczyk, Ye Zhang, David
Steiner, Subhajit Naskar, Michael Azzam, Matthew Johnson, Adam Paszke, Chung-Cheng Chiu,
Jaume Sanchez Elias, Afroz Mohiuddin, Faizan Muhammad, Jin Miao, Andrew Lee, Nino Vieil-
lard, Jane Park, Jiageng Zhang, Jeff Stanway, Drew Garmon, Abhijit Karmarkar, Zhe Dong, Jong
Lee, Aviral Kumar, Luowei Zhou, Jonathan Evens, William Isaac, Geoffrey Irving, Edward Loper,
Michael Fink, Isha Arkatkar, Nanxin Chen, Izhak Shafran, Ivan Petrychenko, Zhe Chen, John-
son Jia, Anselm Levskaya, Zhenkai Zhu, Peter Grabowski, Yu Mao, Alberto Magni, Kaisheng
Yao, Javier Snaider, Norman Casagrande, Evan Palmer, Paul Suganthan, Alfonso Castaño, Irene
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A APPENDIX

A.1 HYPERPARAMETER OPTIMIZATION IN THE INFINITE DATA AND MODEL SIZE LIMIT

We believe our observations provide useful hints on how to scale learning rate and batch size jointly
in the infinite data and model size limits. We take the general µTransfer approach of tuning hyper-
parameters for a small proxy model and then transferring them either zero-shot or according to some
scaling rules via extrapolation, across model sizes and data horizons.

1. If one can afford tuning a µP proxy model on the data horizon of the target model, then it
is sufficient to simply perform a grid search over learning rate and batch size values to find
the best combination, following µTransfer (Yang et al., 2022). As we describe in Sec. 5,
µTransfer has been established to successfully transfer hyperparameters to O(10B) model
sizes, albeit with potential limitations arising from very long range extrapolation in the
infinite width limit (Blake et al., 2024; Gunter et al., 2024).

2. Otherwise, a proxy model has to be tuned on a shorter data horizon than the target one. In
that case, we suggest running a 2D grid search across learning rate and batch size values
roughly around the optimal ones, where each training follows a WSD schedule (Sec. 2.4),
for as long as compute budget allows. We suggest both the warmup and decay of the
schedule to be fixed to the one of the target model in absolute number of tokens, which in
turn should be about 10–20% fraction of the target model horizon to be optimal (Kosson
et al., 2024; Hägele et al., 2024). This is due to the observed drift of the learning rate
optimum with the change of the number of steps (Appendix A.7). It is still not yet clear
how scaling of warmup/decay length and Adam’s β1,2 parameters (which we keep constant
in our experiments) can be incorporated into the total horizon scaling. We leave this as an
interesting direction for future work.

3. After the grid search, one should be able to obtain a plot similar to Fig. 1a and Fig. 3a.
Provided long enough WSD horizon, a drift in time of the critical batch size region, asso-
ciated to the peak of the fixed token budget curve in Fig. 1a, should be visible. Likewise,
there should be a drift of the optimally tuned (i.e. assuming optimal learning rate is used)
batch size in time as in Fig. 3a. Since we observe a strong correlation but still a mismatch
between the optimally-tuned batch size and the critical batch size, we suggest the following
approach for selecting optimal hyperparameter values:

(a) Derive scaling rule by extrapolating the batch size optimum drift in time T based on
Fig. 3a (in our case, approximately B∗ ∝

√
T ). Estimate the expected optimal batch

size value B∗
target for the target data horizon Ttarget under assumption of the optimally

tuned learning rate.
(b) Perform a fit to fixed-budget curves per token budget step based on data similar to

Fig. 1a with Eq. 3.1, following the procedure of Sec. 3.1. Fit a set of extracted Bcrit per
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token budget with a power law function Bcrit = aTαB+b to extract the corresponding
exponent αB (in our case, αB ≈ 1) and derive the expected critical batch size for the
target horizon Bcrit

target.

(c) Perform the same power law fit to the ηcrit(T ) data and extrapolate its value to the
target horizon, obtaining ηcrittarget. Set optimal learning rate for the target horizon as:

η∗target =


ηcrittarget ·

√
B∗

target/B
crit
target if B∗

target ≤ Bcrit
target

ηcrittarget ·
√

Bcrit
target/B

∗
target if B∗

target > Bcrit
target

, (3)

where we correct the learning rate value for the corresponding η∗(B) scaling regime.

4. Apply optimal values of learning rate η∗target and batch size B∗
target to the target model,

scaled up with µP, and to the target training horizon. As we show in this work, µP does not
impact the dynamics of the critical batch size evolution in the infinite data limit, therefore
we expect no interference between the two limits.

We suppose it is also possible to adjust the recipe above to the continual learning setting (Çağatay
Yıldız et al., 2024; Ibrahim et al., 2024): under assumption of ηcrit being constant in time and of the
golden path hypothesis (Vyas et al., 2024), one could indefinitely run the model training with the
same learning rate but dynamically adjust the batch size to follow the critical one (peak of the fixed
budget curve in Fig. 1a), or, alternatively viewed, to remain on the pareto curve of Fig. 3b (inset
plot).

A.2 ON CRITICAL BATCH SIZE AND NOISE SCALE

There are two perspectives on the critical batch size Bcrit. Firstly, McCandlish et al. (2018) define
it as a batch size which results in an optimal trade-off between data sample efficiency and gradient
update step efficiency:

Bcrit :=
Emin

Smin
, (4)

where Emin (Smin) are the minimum possible number of training examples (steps) to reach a spec-
ified level of performance. Additionally, they introduce a notion of a noise scale (for SGD-like
optimizers):

Bcurv
noise :=

tr(HΣ)

GTHG
, (5)

where G is the noiseless true gradient, H is the true hessian of the loss function and Σ is the
minibatch covariance. For B ≪ Bcurv

noise one obtains the linear learning rate scaling rule, while
for B ≫ Bcurv

noise increasing B does not yield any loss improvement.

Under assumption of the Hessian being a multiple of the identity matrix, one obtains a simplified
version:

Bcurv
simple :=

tr(Σ)

|G2|
, (6)

and McCandlish et al. (2018) argue that

Bcrit ≈ Bcurv
noise ∝ Bcurv

simple, (7)

thus bridging together mathematical loss curvature and pragmatical compute resource utilization
views. Approximation with Bcurv

simple, being computationally less expensive to estimate, is shown to
be to a good degree applicable across multiple tasks, datasets and model architectures. Both the
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critical batch size and the noise scale are shown to grow in time as one progresses in the training,
with the only dependence on the loss value via a power law, with parameters B0 and αB to be
determined empirically (Kaplan et al., 2020):

Bcrit =
B0

L1/αB
. (8)

Notably, Smith & Le (2018) introduce from a different SDE perspective another definition of the
noise scale:

BSDE
noise := η(

T

B
− 1) ≈ η

T

B
, (9)

where T is the training set size. It is suggested that one should aim at finding the optimal noise scale
in the first place, rather than optimal batch size and learning rate. Within the suggested Bayesian
framework, Smith & Le (2018) argue that the optimality arises from the trade-off between depth and
breadth in the Bayesian evidence. In a follow-up work, Park et al. (2019) take one step further and
extend the noise scale to a model width limit and introduce a modified noise scale accounting for the
change of the model width in the standard (SP) and Neural Tangent Kernel (NTK) parametrizations
(Jacot et al., 2020):

Bnorm
noise :=

BSDE
noise

|w|2
, (10)

where |w|2 is model weight norm, normalizing BSDE
noise to have the unit 1/loss.

The second perspective on Bcrit is as a region where batch invariance breaks. Introduced by Hilton
et al. (2022), batch invariance refers to a regime where the model performance remains invariant
with the change of either learning rate or batch size within the corresponding scaling rule. As
shown by Shallue et al. (2019), the breaking of batch invariance appears with an increase of batch
size to sufficiently large values and looks like plateauing of the optimal learning rate. Zhang et al.
(2019) further investigated how the critical batch size is affected by using momentum, optimizer
pre-conditioning and exponential moving average (EMA).

Intriguingly, Li et al. (2024) expanded the approach of McCandlish et al. (2018) and showed that in
the case of Adam, the batch invariance does not break conventionally as in the SGD case. In fact,
it is always preserved, with the only difference that the η ∝

√
B scaling rule breaks at the peak

value Bpeak and transforms into a η ∝ 1/
√
B rule via:

η∗ =
ηcrit

1
2 (
√

Bpeak

B +
√

B
Bpeak

)
. (11)

They also show that Bpeak ≈ Bcrit in the definition of McCandlish et al. (2018), therefore bridging
together the two Bcrit perspectives outlined above.

A.3 MODEL TRAINING CONFIGURATION (CONT.)

• 24 layers, FFN expansion factor fffn = dffn/dmodel = 4, multihead attention with the head
dimension dhead = 128.

• GeLU activation function, Layer Normalization initialized with 1 (Ba et al., 2016), RoPE
with θ = 10000 (Su et al., 2023).

• Dropout is disabled and biases are included in all layers (initialized with 0), weights are
shared between the input and output embedding layers.

• FSDP parallelization scheme (Zhao et al., 2023), bfloat16 precision, FlashAttention-2
(Dao, 2023).
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A.4 HYPERPARAMETER GRID (CONT.)

The (η, B, T , dbasemodel, dmodel) grid is defined with the following values:

• Learning rate η:
– {2−12, 2−11.5, . . . , 2−7} for dbasemodel = 1024

– {2−11, 2−10, . . . , 2−6} for dbasemodel = 256

• Batch size B = {216, 218, . . . , 226} tokens
• Data horizon T = {230, 231 . . . , 235} tokens
• Base model width dbasemodel = {256, 1024}
• Model width dmodel = {256, 512, 1024}

For a configuration with (B = 220, dbasemodel = 1024), we perform longer runs with an extended
set of horizons with {236, 237} token budgets, except for the smallest B = 216 due to limited
computational resources and low GPU utilization of this batch size on our hardware. A configuration
for the largest batch size (B = 226, dbasemodel = 1024), we train until T = 238 tokens to further
establish the learning rate optimum drift (Sec. 3.2).

The total number of trainable parameters is 32M, 101M, 354M for the models with widths dmodel =
{256, 512, 1024}, respectively. We also train 1.3B and 5B models up until 235 ≈ 34B tokens
with three selected learning rate values for a fixed batch size of 220 and 224 tokens, respectively,
in order to study learning rate sensitivity change within µP (Sec. 3.4). The models share the same
µP base model with dbasemodel = 1024 and have the corresponding width dmodel = 2048 (1.3B) and
dmodel = 4096 (5B).

A.5 FITTING PROCEDURE

In Sec. 3.1, we introduce the fitting procedure to the data points of Fig. 1a with a functional form
of Eq. 3.1 with two parameters ηcrit and Bcrit. We perform the fit separately per token budget, as
illustrated in Fig. 6, using scipy.optimize.curve fit() and firstly without including error
bars (which stem from the variation of the model with µP and random seeds). Since we observe
some data points as having no uncertainties, which makes the fit computationally unstable, we repeat
the fit two more times: one with adding small ϵ = 10−15 as uncertainty for such data points.
Then, we attribute the mean uncertainty across the other points to the points without uncertainties
and perform the same fit. This procedure results in three data sets for each ηcrit(T ) and Bcrit(T ),
corresponding to three variations of the fitting procedure, which we treat as “systematic” uncertainty.
For each data point, we assign an uncertainty as a square root of the corresponding covariance matrix
element, as obtained from the fit.

We then perform a full power law pcrit = apT
αp + bp, p ∈ {η,B} fit with uncertainties to each

of the three data sets, for each of the critical parameters p. We obtain the following values with
corresponding fit uncertainties:

• No error:
– (aη, αη, bη) = (1.9 · 105,−0.85, 2.9 · 10−3]

– (aB , αB , bB) = [8.2 · 10−5, 1.00, 3.0 · 105)
– (σaη , σαη , σbη ) = (1.2 · 106, 0.32, 2.8 · 10−4)

– (σaB
, σαB

, σbB ) = (4.5 · 10−4, 0.23, 1.5 · 105)
• With errors + ϵ:

– (aη, αη, bη) = (2.3 · 109,−1.31, 2.7 · 10−3)

– (aB , αB , bB) = (2.3 · 10−2, 0.75, 1.9 · 105)
– (σaη , σαη , σbη ) = (1.0 · 1010, 0.21, 1.1 · 10−4)

– (σaB
, σαB

, σbB ) = (5.1 · 10−2, 0.09, 8.8 · 104)
• With errors + mean uncertainty attribution:

– (aη, αη, bη) = (4.5 · 1012,−1.68, 2.9 · 10−3)
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– (aB , αB , bB) = (4.9 · 10−7, 1.20, 2.8 · 105)
– (σaη

, σαη
, σbη ) = (4.5 · 1013, 0.47, 1.4 · 10−4)

– (σaB
, σαB

, σbB ) = (2.1 · 10−6, 0.17, 8.0 · 104)

Since we are primarily interested in the power exponents αp, we average their values across the
three variations to produce a central value for each p. For the uncertainties, we add in quadratures
the variance across the three fit variations and the mean uncertainty obtained from each of the in-
dividual fits. This produces the results we supply in the main text (Eq. 3.1). To further constrain
large uncertainties on ap, we refit ηcrit(T ) and Bcrit(T ) time dependence data with the power ex-
ponents αp fixed to the ones obtained above. This gives us the final model parameters, which we
visualize oi Fig. 2 and 1b and discuss throughout the main text:

• aη = (2.0± 0.3) · 109

• αη = −1.3± 0.4

• bη = (3.1± 0.1) · 10−3

• aB = (8.0± 1.3) · 10−5

• αB = 1.0± 0.2

• bB = (3.0± 1.1) · 105
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Figure 6: Fits to token budgets T = 230, 231, . . . , 237 (from upper left to bottom right) with Eq. 3.1
to the data points in Fig. A.9.

A.6 RANDOM SEED VARIATION

2 11 2 10 2 9 2 8 2 7
0.00

0.05

0.10

0.15

0.20

0.25

0.30

va
l

m
in

va
l

Number of iterations
210

211

212

213

214

215

2 11 2 9 2 7
0.00

0.01

0.02

0.03

0.04

0.05

2 11 2 10 2 9 2 8 2 7
0.00

0.05

0.10

0.15

0.20

0.25

0.30

va
l

m
in

va
l

Number of iterations
210

211

212

213

214

215

2 11 2 9 2 7
0.00

0.01

0.02

0.03

0.04

0.05

2 11 2 10 2 9 2 8 2 7
0.00

0.05

0.10

0.15

0.20

0.25

0.30

va
l

m
in

va
l

Number of iterations
210

211

212

213

214

215

2 11 2 9 2 7
0.00

0.01

0.02

0.03

0.04

0.05

Figure 7: Loss profile Lval − Lmin
val as a function of maximum learning rate η for three different

random seeds for the model configuration (dmodel = dbasemodel = 1024).

A.7 LEARNING RATE SCHEDULE SCALING (CONT.)

Conventionally, the learning rate schedule consists of a warmup phase, followed by either a constant
phase or a decay phase. When all of the three phases are enabled, one obtains a warmup-stable-
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decay (WSD) schedule (Hu et al., 2024):

η(t) =



t

Twarmup
· ηmax if t < Twarmup

ηmax if Twarmup ≤ t < T − Tdecay(
1− t− (T − Tdecay)

Tdecay

)
· ηmax if T − Tdecay ≤ t < T

, (12)

where T is the total length of the training horizon, Twarmup (Tdecay) is the length of the warmup (de-
cay) phases, all measured in tokens.

As Hägele et al. (2024) showed, there is no significant difference in terms of the final loss value
and learning rate sensitivity between using cosine decay and WSD schedules. We run additional
ablations in our setup and also arrive at the same conclusions: the structure of the learning rate
optimum is marginally affected by the decay phase of the schedule and its type. Even though there
appears to be a small increase in learning rate sensitivity if learning rate is decayed comparing to the
schedule without decay, it does not affect the optimal η∗ location (Fig. 8).

Furthermore, we vary the warmup scaling strategy with an increase of the data horizon, specifically
where all the horizons either share the same warmup length, or warmup is scaled together with the
horizon length (with the fixed f = Twarmup/T = 1/64 fraction of the total horizon), or warmup
is disabled. We observe that the addition of warmup decreases learning rate sensitivity and, inter-
estingly, that scaling of the warmup proportionally with the horizon length leads to a drift of the
learning rate optimum, as also indirectly observed earlier by Kosson et al. (2024).
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Figure 8: Loss profile Lval − Lmin
val as a function of maximum learning rate η for schedules with

the following phases: warmup and constant (top left); warmup, constant and linear decay to 0 (top
middle); warmup and linear decay to 0 (top right); warmup and cosine decay to 10% of the max-
imum η (bottom left); warmup scaled as 1/64 fraction of the total horizon and constant (bottom
middle); constant (bottom right). Warmup duration is always set to Twarmup = 219 = 524288 to-
kens, except for the case with warmup phase scaling. The model configuration is (dbasemodel =
1024, dmodel = 1024, B = 220).
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A.8 LOSS PROFILES PER (dbasemodel, dmodel) CONFIGURATION

A.8.1 dbasemodel = 1024, dmodel = 1024
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Figure 9: Loss profile Lval − Lmin
val as a function of maximum learning rate η for (dbasemodel =

1024, dmodel = 1024) for batch size B = 216 (top left), B = 218 (top middle), B = 220 (top
right), B = 222 (bottom left), B = 224 (bottom middle), B = 226 (bottom right) across various
token budgets.
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A.8.2 dbasemodel = 1024, dmodel = 512
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Figure 10: Loss profile Lval − Lmin
val as a function of maximum learning rate η for (dbasemodel =

1024, dmodel = 512) for batch size B = 216 (top left), B = 218 (top middle), B = 220 (top right),
B = 222 (bottom left), B = 224 (bottom middle), B = 226 (bottom right) across various token
budgets.

A.8.3 dbasemodel = 1024, dmodel = 256
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Figure 11: Loss profile Lval − Lmin
val as a function of maximum learning rate η for (dbasemodel =

1024, dmodel = 256) for batch size B = 216 (top left), B = 218 (top middle), B = 220 (top right),
B = 222 (bottom left), B = 224 (bottom middle), B = 226 (bottom right) across various token
budgets.
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A.8.4 dbasemodel = 256, dmodel = 256
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Figure 12: Loss profile Lval − Lmin
val as a function of maximum learning rate η for (dbasemodel =

256, dmodel = 256) for batch size B = 216 (top left), B = 218 (top middle), B = 220 (top right),
B = 222 (bottom left), B = 224 (bottom middle), B = 226 (bottom right) across various token
budgets.

A.8.5 dbasemodel = 256, dmodel = 512
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Figure 13: Loss profile Lval − Lmin
val as a function of maximum learning rate η for (dbasemodel =

256, dmodel = 512) for batch size B = 216 (top left), B = 218 (top middle), B = 220 (top right),
B = 222 (bottom left), B = 224 (bottom middle), B = 226 (bottom right) across various token
budgets.
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A.8.6 dbasemodel = 256, dmodel = 1024
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Figure 14: Loss profile Lval − Lmin
val as a function of maximum learning rate η for (dbasemodel =

256, dmodel = 1024) for batch size B = 216 (top left), B = 218 (top middle), B = 220 (top right),
B = 222 (bottom left), B = 224 (bottom middle), B = 226 (bottom right) across various token
budgets.

A.9 FIG. 1 WITH THE FULL SET OF BATCH SIZE AND TOKEN BUDGET VALUES
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Figure 15: Same as Fig. 1 with the full set of batch size (left) and token budget (right) values.
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A.10 µP-AVERAGED OPTIMAL LEARNING RATE AND BATCH SIZE JOINT SCALING FOR
dbasemodel = 256
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Figure 16: (left) Evolution of the optimal learning rate with an increase of the pretraining token
budget η∗norm(T ) , normalized to η∗|T=230 , for a set of batch sizes (in tokens). Each point is obtained
by averaging optimal learning rate values across µP model family, as described in Sec. 3.2. Dashed
lines correspond to a square-root η∗ ∝

√
T−1 scaling rule. (right) Transposition of (left): optimal

learning rate η∗ per batch size, against a range of pretraining token budgets. Each point is µP-
averaged as in (left), with color bands visualizing the corresponding standard deviation. We note
that experiments were performed with a coarser learning rate resolution of 21 compared to a 20.5 step
in experiments with dbasemodel = 1024.
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A.11 PER-MODEL OPTIMAL LEARNING RATE AND BATCH SIZE JOINT SCALING

A.11.1 dbasemodel = 256
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Figure 17: Individual curves contributing to Fig. A.10 for models with dmodel = 256 (left column),
512 (middle column), 1024 (right column) showing evolution of the normalized to T = 230 tokens
optimal learning rate η∗norm in time per batch size (top row), and joint optimal (η,B) curves per
token budget (bottom row), for dbasemodel = 256.
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A.11.2 dbasemodel = 1024
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Figure 18: Individual curves contributing to Fig. 1 for models with dmodel = 256 (left column),
512 (middle column), 1024 (right column) showing evolution of the normalized to T = 230 tokens
optimal learning rate η∗norm in time per batch size (top row), and joint optimal (η,B) curves per
token budget (bottom row), for dbasemodel = 1024.
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A.12 PER-MODEL VALIDATION LOSS EVOLUTION IN TIME DEPENDING ON BATCH SIZE WITH
OPTIMALLY-TUNED LEARNING RATE
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Figure 19: Analogue of Fig. 3b (top row) and Fig. 3a (bottom row) for models with widths dmodel =
256 (left column), 512 (middle column), 1024 (right column) and the base model width dbasemodel =
256.
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A.12.2 dbasemodel = 1024
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Figure 20: Analogue of Fig. 3b (top row) and Fig. 3a (bottom row) for models with widths dmodel =
256 (left column), 512 (middle column), 1024 (right column) and the base model width dbasemodel =
1024.

A.13 LEARNING RATE SENSITIVITY IN THE µP WIDTH LIMIT
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Figure 21: Same as Fig. 5 but without y-axis normalization with Lmin
val .
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