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Abstract

In recent years, SIGNSGD has garnered interest
as both a practical optimizer as well as a sim-
ple model to understand adaptive optimizers like
ADAM. Though there is a general consensus that
SIGNSGD acts to precondition optimization and
reshapes noise, quantitatively understanding these
effects in theoretically solvable settings remains
difficult. We present an analysis of SIGNSGD in
a high-dimensional limit, and derive a limiting
SDE and ODE to describe the risk. Using this
framework we quantify four effects of SIGNSGD:
effective learning rate, noise compression, diago-
nal preconditioning, and gradient noise reshaping.
Our analysis is consistent with experimental ob-
servations but moves beyond that by quantifying
the dependence of these effects on the data and
noise distributions. We conclude with a conjec-
ture on how these results might be extended to
ADAM.

1. Introduction

The success of deep learning has been driven by the effec-
tiveness of relatively simple stochastic optimization algo-
rithms. Stochastic gradient descent (SGD) with momentum
can be used to train models like ResNet50 with minimal
hyperparameter tuning. The workhorse of modern machine
learning is ADAM, which was designed to give an approxi-
mation of preconditioning with a diagonal, online approx-
imation of the Fisher information matrix (Kingma, 2014).
Additional hypotheses for the success of ADAM include its
ability to maintain balanced updates to parameters across
layers and its potential noise-mitigating effects (Zhang et al.,
2020b; 2024). Getting a quantitative, theoretical understand-
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ing of Adam and its variants is hindered by their complexity.
While the multiple exponential moving averages are easy to
implement, they complicate analysis.

The practical desire for simpler, more efficient learning algo-
rithms as well as the theoretical desire for simpler models to
analyze have led to a resurgence in the study of SIGNSGD.
SIGNSGD is a variant of SGD where the stochastic gradient
is passed through the sign function o, leading to an update
vector of +1s. On average, SIGNSGD’s updates at every
step have positive dot product with the average SGD step,
but it can have dramatically different convergence properties
(Bernstein et al., 2018a; Karimireddy et al., 2019). Multiple
studies point towards sign-based methods as an effective
proxy given that the sign component of the gradient has
been shown to play an important role in ADAM (Kunstner
etal., 2023; Balles & Hennig, 2018; Bernstein et al., 2018b).
SIGNSGD is also the basis for new practical methods; the
L10oN algorithm (Chen et al., 2023) combines SIGNSGD
with multiple exponential moving averages, and SIGNSGD
+ momentum was used to train LLMs with performance
comparable to ADAM (Zhao et al., 2024).

Despite the promise of SIGNSGD, a detailed quantitative
understanding of its dynamics in realistic settings remain
elusive—in particular the nature of the preconditioning and
the effect of the o function on the noise are not well under-
stood. A crucial first step is to understand these effects on
quadratic optimization problems.

Motivated by these questions, we provide the first analysis of
the learning dynamics of SIGNSGD in a high-dimensional
stochastic setting (Section 2). We make the following con-
tributions:

* We derive a limiting stochastic differential equation
(SDE) for SIGNSGD and combine it with a concentra-
tion result to derive a deterministic ordinary differential
equation (ODE) that describes the dynamics of the risk
in our setting (Section 3).

* We compare the dynamics of SIGNSGD and vanilla
SGD, isolating 4 effects: effective learning rate, noise-
compression, diagonal preconditioning, and gradient
noise reshaping (Section 4).
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* We quantitatively analyze these four effects and their
contributions to learning, including exact results in
specific settings (remainder of Section 4).

Our work addresses significant technical challenges in an-
alyzing both the preconditioning and noise transformation
effects of SIGNSGD. Our analysis is consistent with more
general experimental observations about adaptive methods,
but provides a more quantitative understanding in our set-
ting. We conclude with a discussion of the implications of
our results for future study of adaptive algorithms, including
a conjecture on the limiting form of ADAM in an equivalent
setting.

In concurrent work, Compagnoni et al. (2025) also derives
SDEs for SIGNSGD in the weak-approximation setting of
(Lietal., 2019). We discuss this in more detail in Appendix
G.

2. Problem Setup

Our work considers linear regression using the mean-
squared loss £ in the one-pass scenario, where data is not
reused. SIGNSGD, with mini-batching of size b, is first
initialized by some 6, € R? and then follows the update
rule:

Or1 = O — o ( Zveﬁ ek,xmy,ill)) , (M

L£(0,%,y) = || (x,0) - yll /2, )

where o denotes the sign function applied element-wise
and Vo L(Ok, Xk 1, k1) = ((Ok; Xe41) = Yr1) X1 It
is typically assumed that the mini-batch (chj_l, y,(g_?rl) for
1 < <baredrawn i.i.d.

We will assume that the samples {(xx, yx) } x>0, consisting
of data x;, and targets yy, satisfy the following:

Assumption 1. The data x are mean 0 and Gaussian with
positive definite covariance matrix K € R4*?. The targets
y are generated by y = (x, 0..) + €, where 0, is the ground-
truth and e the label noise.

Definition 1. Define the population risk P and the noiseless
risk R:

P(0) = Exy) [((x,0) —)*] /2

R(0) = Ex [<x, 0 a,ﬂ /2. ©

Although our theory is framed in the setting of Gaussian
data, as we will see, the results are still a good description for
real-world, a priori non-Gaussian settings (Figure 1). This
is an instance of universality, wherein the details of the data
distribution do not affect the precise high-dimensional limit

law (see discussion in (Tao, 2023) section 2.2). Formalizing
this is left to future work.

In contrast, the distribution of the label noise has a nontrivial
impact on the behavior of the process. We shall require that
the noise is well-behaved in a neighborhood around 0.

Assumption 2. There exists ag > 0 such that the law of the
noise € has an C? density on (—ag, ap).

Assumption 2 ensures our SDE (8) is Lipschitz (c.f. Lemma
12) and applies to many distributions; it encompasses heavy-
tailed distributions such as a-stable laws, and we make no
assumptions on any tail properties of the noise. Due to
the non-smoothness of the o function at 0, extraordinary
behavior of the noise near 0 will lead to degraded perfor-
mance of SIGNSGD as the risk vanishes. At the cost of a
less-informative theorem, it is possible to drop Assumption
2; see Theorem 6 in the Appendix.

An important characterizing feature of SIGNSGD is its ef-
fect on the covariance of the signed stochastic gradients. We
introduce the following transformations on K:

K=D"'K and

K, = [gn«:x[a(xi)a(xj)ﬂid - [arcsin (

)
“

where D = diag( ). We remark that K is similar in the
matrix-sense to D=2 KD~ 2, thus K has all real, positive
eigenvalues. K, is proportlonal to the covariance of o(x).
We assume some properties of the matrices K, K, and K.
Assumption 3. Suppose:
i). The spectrum of K is bounded from above and away
from 0 independently of d.
ii). The sign-data matrix K, also has operator norm
bounded independent of d.
iii). The resolvent of K defined by R(z; K) =

21) 7! satisfies
%
ij|=0\—F%),
sl (ﬁ) )

for all z € 8B2||K|| and for some 69 < 1/12.

(Equivalently, one may instead assume the same
bounds with K replaced by K).

(K -

maxmax HR
i<d  i#£j

The upper bound on K in Assumption 3 (i) is standard and
can always be achieved by rescaling the risk. But the lower
bound is a nontrivial assumption that is necessary for analyz-
ing how ¢ affects the stochastic gradient. Assumption 3 (ii)
is convenient for the proof. A full understanding of when it
holds is highly nontrivial; there exists some theory establish-
ing it for some random K (Fan & Montanari, 2019). A sim-
ple case where (ii) is satisfied is when || D7'KD~!|| < 1.
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Figure 1: Dynamics of the risk under SIGNSGD and SIGNHSGD on synthetic and real datasets. SIGNHSGD and its
deterministic equivalent ODE are good models for the risk dynamics even for d = 500 (a, b) or on real datasets (c, d). The
convergence of SIGNSGD for Cauchy noise (b) is remarkable given that SGD fails to converge there. The usefulness of the
ODE on CIFAR10 and IMDB movie reviews is remarkable due to the non-Gaussian nature of the data, and the significant
estimation of key quantities like 6, or €. For the CIFAR10 dataset, we validate the results of Theorem 3 which gives the limit
risk of SIGNODE under Gaussian data. We include the deterministic equivalent for SGD (VANILLAODE) for reference.

Details of these experiments may be found in Appendix I.

Assumption 3 (iii) can be interpreted as a condition that the
eigenvectors of K contain no low-dimensional structure: for
example, it is satisfied with high probability if the eigenvec-
tors of K are taken to be uniformly random. Additionally,
it is trivially satisfied for any diagonal K. For a further
discussion, including applicability to real data, see Paquette
& Paquette (2022), Figure 2.

We assume the learning rates have a high-dimensional limit-
ing profile:

Assumption 4. The learning rates follow

;= n(t/d)/d, (6)

where 1 : RT — RY is a continuous bounded function. We
will write n for n(t).

This scaling is critical: it ensures that as the problem size
grows, both the bias and variance terms in the risk evolution
are balanced (see e.g. Equation (25)).

Finally, we assume the initialization remains (stochastically)
bounded across d:

Assumption 5. The difference between 0. and initialization

0y satisfies

P(|R(zK){ (80— 0.)| > 1) <
Cexp (—ct®d/|R(z; K)il?),

)

for all 1 < i < d with absolute, positive constants ¢, C.

For example, this assumption holds for deterministic 6
and 6, with a dimension-independent bound on ||y — 6. ||
(e.g., 8p = 0 and ||0. || bounded independently of d), or for
random 6 and 6, with a dimension-free subgaussian bound
on [|6, — 6.].

3. SIGNHSGD

The analysis of SIGNSGD in high-dimensional settings
presents a unique set of technical challenges and requires
careful mathematical treatment. A core difficulty lies in
the transformative effect of the sign operator on the gra-
dient. Unlike traditional SGD, where the gradient di-
rection remains consistent with the magnitude of the up-
date, SIGNSGD changes the gradient’s direction, via a non-
Lipschitz compression operation. This compression alters
the optimization landscape observed by the optimizer, in
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ways we will explore in Section 4.

Nonetheless, we show that under the assumptions above,
there is a continuous stochastic process Sign-Homogenized
SGD (SIGNHSGD) which captures the high-dimensional
behaviour of SIGNSGD; see (Thygesen, 2023) or (Karatzas
& Shreve, 1991) for background on SDEs.

Definition 2 (SIGNHSGD). We define ©®; as the solution
of the stochastic differential equation:

(b) /
¥ (R(Gt))i QKU
d®; = - Ny———K (0,0, )dit+ ——dBy,
t Nt dVp 2R(®t> ( t ) Nt wd t
®)

with initial condition ®y = 6y. Here, the constant Ny =
E[(Z1, Za, ..., Zu)|]|/E[| Z1]] for i.i.d. standard normals
Z;, and

OR©) = 28, [0 (k)] ©

where €, = Zle eWw; for {eMY_ and {w;}b_, iid
samples of € and entries of b-dimensional uniform vectors
on the sphere, respectively.

Remark 1. N, may be computed explicitly to be

_ T((b+1)/2)
- T(b/2)T(1/2)

This is consistent with the square-root scaling hypothesis, as
the bias increases relative to the noise by a factor of square-
root of the batch (which leads to the popular square-root
learning rate scaling rule).

Remark 2. In the case ¢ = 0, we take o) (z) = 2/.
While this € does not satisfy Assumption 2, we formulate
Theorem 6 in the Appendix which covers this case.

N, ~Vb asb—oo.  (10)

It is worth noting that, in practice, ¢(*) is often easy and
inexpensive to compute numerically; we compute it analyti-
cally for some common distributions (Figure 2). In general,
it is simple to fit a Gaussian mixture model to the noise and
use that to compute p®) (Appendix I).

For the remainder of this paper, we focus on the single
batch setting, i.e., b = 1. For notational convenience, we
will write ¢ in place of (! in the single batch setting.
Numerical validation of our main result, Theorem 1, for
larger batch sizes (b > 1) may be seen in Figure 5.

We can now state the first part of our main theorem:
Theorem 1 (Main Theorem, part 1). Given b = 1, Assump-
tions 1-5 and choosing any fixed even moment 2p € (0,d),

there exists a constant C(K,¢) > 0 such that for any
6 €(1/3,1/2) and all T > 3,
sup [R(6za)) — R(O)[ <
0<t<T
Td||K]| o

e (CR 0]l T)

with probability at least 1 — ¢(2p, K)d?'/3=9) for a con-

stant ¢(2p, K) independent to d.

In other words, the risk curves of SIGNSGD are well approx-
imated by the risk curves of SIGNHSGD and this approxima-
tion improves as dimension grows. Numerical simulations
suggest that in practice this correspondence is strong even
by d = 500 (Figure 1 (a), (b)). Other statistics like iter-
ate norms or distance to optimality can also be computed
using a general result across quadratics (Theorem 5 in the
Appendix).

The risk curves of both SIGNSGD and SIGNHSGD con-
centrate around the same deterministic path. Let R; be this
deterministic equivalent of SIGNSGD; we will refer to the
solution as SIGNODE for reasons that will soon be made
clear. In order to find the deterministic equivalent we intro-
duce a family of scalars {r; }&_; which loosely correspond
to the magnitudes of the residual ®; — 0, projected onto an
eigenbasis (see Appendix B). The sum of these scalars then
gives the deterministic equivalent for the risk:

d
de
R S i), (12)
i=1
The scalars r; follow a coupled system of ODEs:
dr; o(R:) . — », WIK,Ku,
= -2 Ai(K)r; - 13
dt un \/ﬁ ( )T + Un d ( a)
1
7‘1<O) = 5 <90 — 0*, KU.Z‘> <Wi, 00 — 9*> (13b)

where \;(K), u; and w; are the eigenvalues and left/right
eigenvectors of K respectively. A similar argument, can be
used to derive a coupled system of ODEs that describe the
risk of vanilla SGD (Collins-Woodfin & Paquette, 2023),
which we will call VANILLAODE (Appendix B).

We can now present a deterministic version of Theorem 1:

Theorem 2 (Main Theorem, part 2). Let R; be given by
(12) and (13). Then given Assumptions -5 and choosing
any fixed even moment 2p € (0, d) there exists a constant
C(K,¢) > 0 such that for any 6 € (1/3,1/2) and all
T >3

sup |R(0)1q)) — Rl <
0<t<T

Td =12 |K | exp (C(K, €) 0]l T)

(14)

with probability at least 1 — ¢(2p, K)d?'/3=9) for a con-

stant ¢(2p, K) independent to d.

This ODE captures the behavior of the risk even at finite
d = 500 (Figure 1 (a), (b)). Moreover, it seems to capture
the behavior of high-dimensional linear regression on real,
non-Gaussian datasets as well (Figure 1 (c), (d)).
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Figure 2: Examples of ¢ for simple noise distributions. \/Levy has Cauchy type-tails and vanishing density near 0. We note
that ¢(x) is trivially bounded above by % and converges to % as x — 00; the rate of convergence at oo is related to the tail
decay rate. At 0, p(x)/+/x converges to the density of the noise at 0 scaled by 2/7.

4. Comparing SIGNSGD to vanilla SGD

To produce an apples-to-apples comparison, we compare the
SIGNHSGD to the analogous SDE for vanilla SGD from
(Collins-Woodfin & Paquette, 2023):

de7 P = —PSPK(e7°P — 6,)dt

2KP @SGD (15)
+ ,r]tSGD (d t )dBt

To control for the adaptive-scheduling inherent in
SIGNSGD, we run vanilla SGD with a risk dependent learn-

ing rate schedule 7P given by

i T \/2P(©55D) 7 \/E[[VeL(0,%,9)|2
(16)

which is to say that we scale the steps in SGD inversely
proportional to the norm of the gradients. We note that the
‘P-risk requires the noise ¢ to have finite variance ¢; indeed
if the variance is infinite, then SIGNSGD is overwhelmingly
favored, see Remark 1 in Zhang et al. (2020a). Training
SIGNSGD with learning rate n; and SGD with learning rate

nPGP, we can use (8) to write, with v as in (18)),

sGp _ 2 "t 2 M

4K
deCP = —pPPK(@CP —0,)dt + Uy, 7ddBt
T
- (17a)
d®, = =) “PyY(R(©,)) Q: K(®; - 6.)dt

drec
€-compress. D.Precond.

2K,
+ e dB;.
wd
——

Reshape

(17b)

Comparison of the minibatched version can be found in
Appendix D.

We summarize the precise effects below:

Effective learning rate. The effective learning rate of
SIGNSGD can be considered as risk dependent, effectively
matching the expected £2—norm of a gradient.

e-compression. The distribution of the label noise (be it
from model-misspecification or otherwise) rescales the bias
term. Formally, letting 0? = E[€?]

H

() = W(I;r Z”Q (18)

Diagonal preconditioner. The matrix D! gives the diag-
onal preconditioner (D;; = vVKj;).

Gradient noise reshaping. Finally, passing the gradient
through the o function results in a different covariance struc-
ture to the gradients, which is accounted for in the differing
diffusion term.

Although all the effects appear in concert in SIGNSGD, we
will now attempt to isolate and address each one separately
in the following sections.

4.1. Effective learning rate and convergence

We recall that to match the learning rate of SGD to
SIGNSGD, we had to use the identification (16),

Tt

SGD _
2«73(@}5‘(‘.1)) ’

Ur

NN

In particular, the effective learning rate gets smaller when
the optimizer’s position is far from optimality and gets larger
as it gets closer. In the convex setting this is generally
undesirable at both extremes. When far from optimality, the
algorithm slows far beyond what would tend to be favorable,
while at small risks this behavior can impede convergence.
On the other hand, it can easily be addressed by using a
learning rate schedule.
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In a nonconvex setting, identifying 27(@®55P) with the ex-
pected square-norm of the gradients (c.f. (16)), one possible
benefit of this schedule is that it may be helpful in dynami-
cally adjusting to saddle manifolds in the loss landscape.

4.1.1. STATIONARY POINT OF SIGNSGD

If the learning rate is any constant 7, = 7, we have a unique
stationary point of the ODE system (13a) which is locally
attractive. The 1 dependence of this stationary point demon-
strates the effect of an aggressive learning rate, which is
accentuated in the presence of small noise variance .

Theorem 3. With fixed learning rate ny = n € (0,00) and
€ ~ N(0,9?%), the ODEs have a unique stationary point
[s; : 1 < i < d] given by Equation (244). Then, the limiting
risk, Roo = > 84, is given by

7w Tr(D) n \/71’2772 Tr(D)? + 1602

2d 4d?
(19)

Notice that the limiting risk’s dependence on 7 changes
depending on the relationship between 7 and ¢, for small
7 it will be proportional to 7. See Figure 7 for numerical
validation, and see (255) for analogous SGD limit risk.

4.2. e-compression

The influence of the distribution of the noise € on the opti-
mization, in the case of finite variance, can be summarized
by (c.f. (18) and (9))

ot~ o (32 1 2. o

When v < 1, the descent term of (17b) is decreased, and
hence SIGNSGD is slowed with respect to SGD with learn-
ing rate nP“P. Conversely, when ¢/ > 1 the descent term
is increased, and SIGNSGD is favored. When E[¢?] = oo,
1) can be interpreted as oo, corresponding to overwhelming
SIGNSGD favor, although the quantitative meaning in (17b)

breaks down.

In the Gaussian case, ¢ = 1. Hence, we can interpret ¢ as
the effect that deviation from Gaussianity has on the drift
term of the SDE. We note that all the influence of the label
noise € on SIGNSGD is entirely through (20) which in turn
only depends on 2. Hence SIGNSGD symmetrizes the noise
distribution.

A full comparison of SGD and SIGNSGD requires optimiz-
ing the learning rates of both algorithms independently. We
will show that in the case of isotropic data, this procedure is
tractable and produces a different threshold ¢ = 7 above
which SIGNSGD is favored (see Equation (28)).
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10° o R
7
/
./~
/
3 /
B 107" !
!
! N(O, v2)
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102 /./ ------ Unif(-1,1)
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R

Figure 3: Top: 1 for Student’s-¢. Here 1) is always greater
than 1 and e-compression accelerates SIGNSGD. For suf-
ficiently small df, ¢» > m/2 over some range of R and
SIGNSGD also converges faster than SGD in the isotropic
setting. Bottom: 1 for , Rademacher, Unif(—1, 1).

Setups favoring SIGNSGD. In the presence of heavy
tails, ¢/(R) can be large and hence SIGNSGD is very fa-
vored. Indeed, among some parametric classes, such as the
Student’s-t family, this is observed numerically to always
be larger than 1 (Figure 3, left) and increase to oo as the
kurtosis increases. More generally, as ‘R tends to 0, letting
f<(0) be the density of the noise at 0, one has

lim (R) = V 2rEle?] f(0), (21)

R—0

which can be arbitrarily large, in particular when the noise
distribution puts more mass in its tails than at 0.

Conversely, for all distributions, we also observe that when
the risk is relatively large, SIGNSGD is always modestly
favored over SGD under the %P learning rate as we have

1<E[l—i}xm<wm)<m

(22)

for all E[¢?]/R < %

Setups where SIGNSGD does not improve. For light-
tailed noises, the factor ¢ can only mildly favor SGD. A
density f on R is called log-concave if it can be written as
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e9 for concave g (see (Saumard & Wellner, 2014) for discus-
sion). The exponential, uniform and many other canonical
noise distributions are log-concave. Note these decay no
slower than exponentially at infinity. Then as p(R)/V47R
is the density at 0 of a log-concave density, Saumard &
Wellner (2014), Proposition 5.2 gives us

Y(R) < V. (23)

Hence, for these distributions, while there may be limited
gains from using SIGNSGD, they are bounded by an abso-
lute constant factor.

Setups where SIGNSGD is catastrophic. In the situation
that the noise is bounded away from 0 by some 6, it follows
that we have the upper bound:

52 2
B(R) < e"IR x /1 + Ii[%].

(24)

This tends to 0 exponentially in 1/R (e.g. see the
Rademacher case of Figure 3). For such noise distributions,
SIGNSGD will effectively experience a floor on the risk,
which is completely induced by distributional properties of
the noise (and unrelated to the underlying optimization prob-
lem geometry). In this situation, SGD is heavily favored for
small risks, which are seen late in training.

Scheduling SIGNSGD. We have discussed adjusting the
SGD learning rate to match the behaviour of SIGNSGD.
However, when using SIGNSGD there is the question of how
to optimize its learning rate. This is analytically tractable for
isotropic data K = I, for which K = K and K, = 31,
which allows us to isolate the effects of the label noise. It is
easy to check that the d-system of ODEs for SIGNSGD in
(12) may be reduced to the following single ODE:

th _ —QTMD(Rt)Rf + ﬁ

= = 0)). (2
& om, vty Ry =R(60). (25)

If we greedily optimize in 7; we arrive at

dR
ditt where 71} = ©(R:)v/2R;.
(26)
So generally for large risks, the optimal stepsize compen-
sates for the effective gradient rescaling in (16). This com-

pensation is seen for all risks in the Gaussian e setting.

= —p(R¢)*Ry,

As a point of comparison, we may repeat the same procedure
for the SGD risk ODE R® with learning rate 1°, which can
be derived from (15):

dRS Sy2

= YRR+ (”;) (2R} + o*)

dR? 2R} @7)
t = t RS (optimized in 7%).

At~ 2RS4 2

Hence (26) can also be expressed as

dR; 4 2R;
T = - <772¢ (Rt)> X WRt. (28)

Thus the performance benefits of SIGNSGD using the opti-
mal learning rate can again be reduced to a question of the
magnitude of 1), albeit with a crossover at ¢) = /2.

In the non-isotropic setting, locally greedy stepsizes can be
very far from optimal, even with two eigenvalues (Collins-
Woodfin et al., 2024). But we expect the conclusion of (28)
remains mostly true in well-conditioned settings.

4.3. Diagonal preconditioner

Next, and strikingly, we see that SIGNSGD performs a
diagonal preconditioning step on the gradients, with the
preconditioner given by D;; = vVK;; = \/E[x7], where x
is a sample. To produce this bias term in SGD, we would
need to run the algorithm

Opi1 = 0 — D™ (Vo L(0,%,7)). (29)

We expect the dynamical preconditioner in ADAM also sim-
plifies to D in high-dimensions; for details, see Appendix
F.

As K appears naturally in (8), its spectrum regulates the rate
of convergence of the optimization to stationarity. By utiliz-
ing our d-systems of ODEs we can establish the following
convergence rate:

Theorem 4. Assume ¢ ~ N(0,0?) and let s; be the sta-
tionary points to (13a). Then there is an absolute constant
c > 0 so that if

Tr(K)
2d

4
gmin{c,"}, and Ry <co,  (30)
iy

then we have, setting R = Zle 8; to be the limit risk,

IRy — Roo| < 2(Ro + Roo)e™ Mmin(B)/(m0) (37

The proof is given in Appendix C. In contrast to vanilla
SGD, where the risk converges (in a high-dimensional set-
ting) with rate £, where £(K) = % is the average
condition number (Paquette et al., 2022b). Theorem 4 states
that the risk of SIGNSGD converges at a rate d)\LI?K)’
selecting the largest allowed 7. SIGNSGD is therefore
favored over SGD when %(K) < %(K). See Figure 9 for

experimental validation.

after

Settings in which the preconditioned K is preferable.
Theorem 4 shows that the rate of convergence is governed
entirely by K. The clearest setting when this is favourable
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is if K is diagonal, so that K = VK. In this case, the
convergence rate is, up to constants

1K) 1 T a Tr(K)
d)\min(ﬁ) B d \//\min(K) N \/)\min(K)'

(32)

Hence on diagonal problems, SIGNSGD attains a speedup
over SGD commensurate to the speedup of optimal deter-
ministic convex optimization algorithms such as Conjugate
gradient over gradient descent (Nocedal & Wright, 2006).

Diagonally dominant matrices should see similar benefits
— consistent with prior work showing that SIGNSGD is
effective when the the Hessian of the risk (K in our setting)
is sufficiently diagonally concentrated (Balles et al., 2020).

A second situation in which one may have substantial
speedups are for block-diagonal K, where the blocks are
scaled by greatly differing constants; diagonal precondi-
tioning by D partially corrects for this effect. It has been
argued that one of the principal advantages of ADAM is that
it correctly adapts learning rates across different layers of
Transformers and MLPs (Zhang et al., 2024), which can
have similar structures in their Jacobians.

Settings in which K does not help. Like precondition-
ing generally, K does not always have a smaller condition
number than K. See Appendix H for a counter example.

In addition, if the eigenvectors of K are randomized to
make a new covariance matrix A, say by performing a
uniformly random orthogonal change of basis, the entries
of the diagonal of A will concentrate to be

A, — “EZK)‘ = O((logd)d ™), (33)

max
7

and so the preconditioner diag(A)~'/2 does not affect the
condition number of A. Thus, the benefit of diagonal pre-
conditioning is strongly tied to special properties of the basis
in which the optimization is performed (Nocedal & Wright,
2006).

4.4. Gradient noise reshaping

Finally, there is gradient noise reshaping, wherein the SGD
gradient noise matrix K is replaced by the matrix K, up
to constants. This is a complicated mapping; there is no
short answer about the impact of this effect. In some cases
passing from K — K, might affect the magnitudes of
the eigenvalues but not their structure; see Figure 4 for an
example on CIFARI10.

In the case that K itself is a sample covariance matrix, the
matrix K, is strongly related to a kernel inner product
matrix, for which there is a large literature. This includes

properties of bulk spectra (Karoui, 2010; Cheng & Singer,
2013), norms (Fan & Montanari, 2019) and more.

When K is a diagonal matrix then K, = 71 and so this
can be considered a type of preconditioning of the gradient
noise, albeit with a more aggressive preconditioner than D.

We expect that for K with power-law spectra, often seen in
practice in vision (e.g. in Figure 4) and language embed-
dings, K, again has powerlaw spectra of the same exponent.
Beyond the spectral distribution, replacing K by K, may
also serve to slightly break the alignment of large directions
of gradient variance from large gradient biases (they are
perfectly aligned in SGD), which should be beneficial both
to stability of the algorithm and performance.

= ==

e
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1004
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Figure 4: Log eigenvalues of K, K, K, computed for the
CIFAR10 dataset.

5. Minibatching

Although our main theorem is established for a batch size of
1, we can numerically validate SIGNHSGD at larger batch
sizes b > 1 (Figure 5). SIGNHSGD with b > 1 exhibits
all of the same core properties as the single-pass case, i.e.
preconditioning, e-compression and gradient reshaping. The
two main differences between b = 1 and b > 1 can be seen
in scaling factor N, (see Remark 1) and e-compression (%)
found in the drift term of SIGNHSGD. When b > 1, the
noise compression factor ¢(*) becomes the expectation of
a function of the risk across a distribution that differs from
the original noise. This can have significant effects on the
noise compared to single-pass. Indeed, when b > 1, w;
as defined in (9) is not identically 1, allowing ¢, to gain
some regularity over (?). Which is to say that o(*) may
have improve decay rate of no-worse than O(v/R) when R
approaches 0. This due to the addition of a density w;. A
straightforward application of the Lebesgue differentiation
Theorem reveals that p(*) (R)/v/R can be bounded from
below by Cf(0) where C' is an absolute constant and f
denotes the respective density, in the small risk regime. For
example, in the Radamacher case, in which ¢(!) can be very
badly behaved at small risk, €, simply becomes the law of
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an entry of a spherical vector, which is a good unimodular,
bounded density. In addition, as batch grows, the ¢ will
be pushed into the Gaussian regime due to the central limit
theorem, provided that (*) has a second moment.

Rademacher noise, with batch and compensated learning rate

Batch 1
Batch 4
Batch 9
—— Batch 16
Batch 25
Batch 100

0 2 8 10

a4 6
Iterations/dimension

Figure 5: Minibatch-SIGNSGD versus theory. SIGNHSGD
and SIGNODE adapt to this case, as in (8). LR rescaled by
inverse of square-root-batch (more specifically by 1/N,.) to
illustrate square-root scaling.

6. Discussion

Our high-dimensional limit sheds a quantitative light on the
precise ways in which SIGNSGD can be compared to SGD,
via change of effective learning rate, noise compression,
preconditioning, and reshaping of the gradient noise.

Theorem 2, the main technical contribution of this work,
required substantial technical efforts. Although similar in
formulation to existing work like Collins-Woodfin et al.
(2024), there are technical complexities in working with the
nonsmooth o function: both in terms of deriving the relevant
concentration of measure estimates (the textbook versions
of which require smoothness) and in terms of the additional
pathology of the resulting SIGNHSGD (especially the ().
We believe that a version of Theorem 2 is true in much
greater generality than we have proven it, even for the lin-
ear setting: two desirable mathematical generalizations are
quantifying dimension intrinsically (instead of through the
ambient dimension) and generalizing the theory to settings
of non-Gaussian data. We note that our analysis is in a
qualitatively different regime than the concurrent work of
Compagnoni et al. (2025); see Appendix G for more details.

More detailed analysis of the effects of non-diagonal co-
variance is a key future direction. There is an active area
of research on the benefits of non-diagonal preconditioning
methods as an alternative to Adam variants, and studying the
non-diagonal case in SIGNSGD may provide more insight
into cases where the diagonal preconditioner is insufficient
to improve optimization. Our SDEs and ODEs provide the
tools to analyze such settings.

Though our work focuses on the case of MSE loss and linear
regression, there is a path towards extending results to more
general settings using recent results in high-dimensional
optimization (Collins-Woodfin et al., 2023). In practical
settings, models undergo dramatic changes in local geom-
etry during training; nonetheless, stability analysis of the
linearized problem is still useful for understanding aspects
of the non-linear dynamics of these systems (Cohen et al.,
2022; Agarwala & Pennington, 2024).

Finally, our analysis of SIGNSGD gives hints towards un-
derstanding ADAM in a similar setting. A heuristic anal-
ysis shows that ADAM has a homogenized process simi-
lar to SIGNHSGD: it appears to share the preconditioner
D while differing from SIGNHSGD in its noise compres-
sion and gradient noise effects K, (Appendix F). For well-
behaved noises €, SIGNSGD should be nearly path-identical
to ADAM; we note that LION has been recently observed to
do just that (Zhao et al., 2024). We leave investigation of
ADAM for future work.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.

Acknowledgments

We would like to thank Courtney Paquette and Lechao
Xiao for taking the time to proofread and provide feed-
back throughout the writing of this paper. We would also
like to thank anonymous referees for suggesting the natural
extension to minibatching.

Research by E. Paquette was supported by a Google Grant
and a Discovery Grant from the Natural Science and Engi-
neering Research Council (NSERC) of Canada.



Exact risk curves of signSGD in high-dimensions

References

Robert J. Adler and Jonathan E. Taylor. Random Fields
and Geometry. Springer New York, 2007. ISBN
9780387481166. doi: 10.1007/978-0-387-48116-6.

Atish Agarwala and Jeffrey Pennington. High dimensional
analysis reveals conservative sharpening and a stochastic
edge of stability. arXiv preprint arXiv:2404.19261, 2024.

Lukas Balles and Philipp Hennig. Dissecting adam: The
sign, magnitude and variance of stochastic gradients. In
International Conference on Machine Learning, pp. 404—
413. PMLR, 2018.

Lukas Balles, Fabian Pedregosa, and Nicolas Le Roux. The
geometry of sign gradient descent, 2020. URL https:
//openreview.net/forum?id=rJe91pEFDH.

Jeremy Bernstein, Yu-Xiang Wang, Kamyar Azizzade-
nesheli, and Animashree Anandkumar. signSGD:
Compressed optimisation for non-convex problems.
In Jennifer Dy and Andreas Krause (eds.), Proceed-
ings of the 35th International Conference on Ma-
chine Learning, volume 80 of Proceedings of Ma-
chine Learning Research, pp. 560-569. PMLR, 2018a.
URL https://proceedings.mlr.press/v80/
bernsteinl8a.html.

Jeremy Bernstein, Jiawei Zhao, Kamyar Azizzadenesheli,
and Anima Anandkumar. signsgd with majority vote is
communication efficient and fault tolerant. arXiv preprint
arXiv:1810.05291, 2018b.

Xiangning Chen, Chen Liang, Da Huang, Esteban Real,
Kaiyuan Wang, Hieu Pham, Xuanyi Dong, Thang Luong,
Cho-Jui Hsieh, Yifeng Lu, and Quoc V Le. Symbolic
discovery of optimization algorithms. In Thirty-seventh
Conference on Neural Information Processing Systems,
2023. URL https://openreview.net/forum?
id=neb6zeqglLFCZ.

Xiuyuan Cheng and Amit Singer. The spectrum of random
inner-product kernel matrices. Random Matrices: Theory
and Applications, 2(04):1350010, 2013.

Jeremy M Cohen, Behrooz Ghorbani, Shankar Krishnan,
Naman Agarwal, Sourabh Medapati, Michal Badura,
Daniel Suo, David Cardoze, Zachary Nado, George E
Dahl, et al. Adaptive gradient methods at the edge of
stability. arXiv preprint arXiv:2207.14484, 2022.

Elizabeth Collins-Woodfin and Elliot Paquette. High-
dimensional limit of one-pass sgd on least squares, 2023.
URL https://arxiv.org/abs/2304.06847.

Elizabeth Collins-Woodfin, Courtney Paquette, Elliot Pa-
quette, and Inbar Seroussi. Hitting the high-dimensional

10

notes: An ode for sgd learning dynamics on glms and
multi-index models. arXiv preprint arXiv:2308.08977,
2023.

Elizabeth Collins-Woodfin, Inbar Seroussi, Begoiia Garcia
Malaxechebarria, Andrew W Mackenzie, Elliot Paquette,
and Courtney Paquette. The high line: Exact risk and
learning rate curves of stochastic adaptive learning rate
algorithms. arXiv preprint arXiv:2405.19585, 2024.

Enea Monzio Compagnoni, Tianlin Liu, Rustem Islamov,
Frank Norbert Proske, Antonio Orvieto, and Aurelien
Lucchi. Adaptive methods through the lens of SDEs:
Theoretical insights on the role of noise. In The Thirteenth
International Conference on Learning Representations,
2025. URL https://openreview.net/forum?
id=ww3CLRhF1v.

Zhou Fan and Andrea Montanari. The spectral norm of ran-
dom inner-product kernel matrices. Probability Theory
and Related Fields, 173:27-85, 2019.

Ioannis Karatzas and Steven Shreve. Brownian motion and
stochastic calculus, volume 113. Springer Science &
Business Media, 1991.

Sai Praneeth Karimireddy, Quentin Rebjock, Sebastian
Stich, and Martin Jaggi. Error feedback fixes signsgd
and other gradient compression schemes. In Interna-
tional Conference on Machine Learning, pp. 3252-3261.
PMLR, 2019.

Noureddine El Karoui. The spectrum of kernel random
matrices. The Annals of Statistics, 38(1):1 — 50, 2010.
doi: 10.1214/08-A0S648. URL https://doi.org/
10.1214/08-A0S648.

Diederik P Kingma. Adam: A method for stochastic opti-
mization. arXiv preprint arXiv:1412.6980, 2014.

Alex Krizhevsky.  Learning multiple layers of fea-
tures from tiny images, 2009. URL https://api.
semanticscholar.org/CorpusID:18268744.

Frederik Kunstner, Jacques Chen, Jonathan Wilder Lav-
ington, and Mark Schmidt. Noise is not the main fac-
tor behind the gap between sgd and adam on trans-
formers, but sign descent might be. In The Eleventh
International Conference on Learning Representations,
2023. URL https://openreview.net/forum?
id=a65YKOcgH8g.

Qianxiao Li, Cheng Tai, and E Weinan. Stochastic modified
equations and dynamics of stochastic gradient algorithms
i: Mathematical foundations. Journal of Machine Learn-
ing Research, 20(40):1-47, 2019.


https://openreview.net/forum?id=rJe9lpEFDH
https://openreview.net/forum?id=rJe9lpEFDH
https://proceedings.mlr.press/v80/bernstein18a.html
https://proceedings.mlr.press/v80/bernstein18a.html
https://openreview.net/forum?id=ne6zeqLFCZ
https://openreview.net/forum?id=ne6zeqLFCZ
https://arxiv.org/abs/2304.06847
https://openreview.net/forum?id=ww3CLRhF1v
https://openreview.net/forum?id=ww3CLRhF1v
https://doi.org/10.1214/08-AOS648
https://doi.org/10.1214/08-AOS648
https://api.semanticscholar.org/CorpusID:18268744
https://api.semanticscholar.org/CorpusID:18268744
https://openreview.net/forum?id=a65YK0cqH8g
https://openreview.net/forum?id=a65YK0cqH8g

Exact risk curves of signSGD in high-dimensions

Andrew L. Maas, Raymond E. Daly, Peter T. Pham, Dan
Huang, Andrew Y. Ng, and Christopher Potts. Learn-
ing word vectors for sentiment analysis. In Dekang
Lin, Yuji Matsumoto, and Rada Mihalcea (eds.), Pro-
ceedings of the 49th Annual Meeting of the Association
for Computational Linguistics: Human Language Tech-
nologies, pp. 142-150, Portland, Oregon, USA, June
2011. Association for Computational Linguistics. URL
https://aclanthology.org/P11-1015.

Sadhika Malladi, Kaifeng Lyu, Abhishek Panigrahi, and
Sanjeev Arora. On the sdes and scaling rules for adaptive
gradient algorithms. Advances in Neural Information
Processing Systems, 35:7697-7711, 2022.

Jorge Nocedal and Stephen J. Wright. Numerical optimiza-
tion. Springer Series in Operations Research and Finan-
cial Engineering. Springer, New York, second edition,
2006. ISBN 978-0387-30303-1; 0-387-30303-0.

Courtney Paquette and Elliot Paquette. Dynamics of stochas-
tic momentum methods on large-scale, quadratic models.
Advances in Neural Information Processing Systems, 34:
9229-9240, 2021.

Courtney Paquette and Elliot Paquette. High-
dimensional optimization. SIAM  Views and
News, 20:16pp, December 2022. https:

//siagoptimization.github.io/assets/
views/ViewsAndNews—-30-1.pdf.

Courtney Paquette, Elliot Paquette, Ben Adlam, and Jeffrey
Pennington. Homogenization of sgd in high-dimensions:
Exact dynamics and generalization properties. arXiv
preprint arXiv:2205.07069, 2022a.

Courtney Paquette, Elliot Paquette, Ben Adlam, and Jeffrey
Pennington. Implicit regularization or implicit condition-
ing? exact risk trajectories of sgd in high dimensions.
Advances in Neural Information Processing Systems, 35:
35984-35999, 2022b.

F. Pedregosa, G. Varoquaux, A. Gramfort, V. Michel,
B. Thirion, O. Grisel, M. Blondel, P. Prettenhofer,
R. Weiss, V. Dubourg, J. Vanderplas, A. Passos, D. Cour-
napeau, M. Brucher, M. Perrot, and E. Duchesnay. Scikit-
learn: Machine learning in Python. Journal of Machine
Learning Research, 12:2825-2830, 2011.

Jeffrey Pennington, Richard Socher, and Christopher Man-
ning. GloVe: Global vectors for word representation. In
Alessandro Moschitti, Bo Pang, and Walter Daelemans
(eds.), Proceedings of the 2014 Conference on Empirical
Methods in Natural Language Processing (EMNLP), pp.
1532-1543, Doha, Qatar, October 2014. Association for
Computational Linguistics. doi: 10.3115/v1/D14-1162.
URL https://aclanthology.org/D14-1162.

11

Herbert Robbins and Sutton Monro. A stochastic approx-
imation method. The annals of mathematical statistics,
pp. 400407, 1951.

Adrien Saumard and Jon A Wellner. Log-concavity and
strong log-concavity: a review. Statistics surveys, 8:45,
2014.

Terence Tao. Topics in random matrix theory, volume 132.
American Mathematical Society, 2023.

Uffe Hagsbro Thygesen. Stochastic Differential Equations
for Science and Engineering. Chapman and Hall/CRC,
2023.

Jingzhao Zhang, Sai Praneeth Karimireddy, Andreas Veit,
Seungyeon Kim, Sashank Reddi, Sanjiv Kumar, and Su-
vrit Sra. Why are adaptive methods good for attention
models? In H. Larochelle, M. Ranzato, R. Hadsell, M.F.
Balcan, and H. Lin (eds.), Advances in Neural Informa-
tion Processing Systems, volume 33, pp. 15383-15393.
Curran Associates, Inc., 2020a.

Jingzhao Zhang, Sai Praneeth Karimireddy, Andreas Veit,
Seungyeon Kim, Sashank J Reddi, Sanjiv Kumar, and
Suvrit Sra. Why are adaptive methods good for attention
models? arXiv preprint https://arxiv.org/abs/1912.03194,
2020b.

Yushun Zhang, Congliang Chen, Tian Ding, Ziniu Li, Ruoyu
Sun, and Zhi-Quan Luo. Why transformers need adam:
A hessian perspective. arXiv preprint arXiv:2402.16788,
2024.

Rosie Zhao, Depen Morwani, David Brandfonbrener, Nikhil
Vyas, and Sham Kakade. Deconstructing what makes
a good optimizer for language models. arXiv preprint
arXiv:2407.07972, 2024.


https://aclanthology.org/P11-1015
https://siagoptimization.github.io/assets/views/ViewsAndNews-30-1.pdf
https://siagoptimization.github.io/assets/views/ViewsAndNews-30-1.pdf
https://siagoptimization.github.io/assets/views/ViewsAndNews-30-1.pdf
https://aclanthology.org/D14-1162

Exact risk curves of signSGD in high-dimensions

Overview of supplementary material

The supplementary material is primarily dedicated to the proofs of the main theorems, Theorem 1 and 2. Here we give the
organization of the appendices.

In Appendix A, we give the proof of these main theorems, including their extensions in Theorem 5 and 6. The key
approximations to the update rules of SIGNSGD are given in Appendix A.l, including the key technical Lemma 3. In
Appendix A.2, we show how these tools are used to give the main proof (but we defer the estimates on the stochastic errors
to Appendix A.4), culminating in Lemma 7, which in fact proves the main theorem statement (that of Theorem 5). In
Appendix A.3, we discuss the extension Theorem 6 — as this is a modification of the proof of Theorem 5, we do not go into
details.

In Appendix B, we give the derivation of the ODEs SIGNODE and VANILLAODE from their homogenized counterparts,
and discuss the proof of Theorem 2, which follows the same strategy as Theorem 5 (for full details of this type of ODE
comparison, see (Collins-Woodfin et al., 2023)). Here also, we discuss the derivation of the VANILLAODE, which is a
special case of (Collins-Woodfin et al., 2023).

In Appendix C, we proof the analysis of the SIGNODE and VANILLAODE that gives its limit level (Theorem 3) and a local
convergence rate (Theorem 4).

In Appendix E, we provide additional supporting simulations, corroborating aspects of the main theorems.
In Appendix F, we give a heuristic derivation of the high-dimensional limit of ADAM.

In Appendix G we show the “Weak Approximation” theory of ADAM produces a different SDE prediction (see the discussion
there as well).

In Appendix H, we give an example of a matrix where diagonal preconditioning hurts.

Finally in Appendix I, we give some additional information on how the experiments were performed.
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A. Proof of Main Theorem

A.1. Approximation of the conditional updates

For simplicity of our proofs, we will assume 7 is constant as well as batch-size is b = 1. The proof remains unchanged if n
is defined as in Assumption 4 and if b > 1. For the convenience of the reader and to avoid confusion, we provide the typical
notions of convergence in high-dimensions.

Definition 3. An event A C R holds with high-probability, if there exists some § > 0 independent to d such that
P(A) > 1 — Cd~? for some C' independent to d.

Definition 4. An event A C RY holds with overwhelming-probability, if for all § > 0 there exists Cs such that P(A) >
1-— ngié.
Denote F, to be the natural filtration generated by the data {x; };?:1 and the label noise {¢; } ;?:1. For notational convenience,

we define the "centered” SIGNSGD iterate vy, = 0y, — 0,.. We also denote Ry, = R(60}) when it is clear.

Notice now, that the & + 1th update of SIGNSGD is given by

R —gU(XkH)U((Xl@H,V}J — €hy1)- (34)

A key component of our proof aims to compute the mean of this update (conditioned on %) and then simplify this mean by
introducing errors which vanish in high-dimensions.

Lemma 1. Conditional on Fy, the mean of the i-th element of (34) is given by

i i N 25 74 n i i
E [Viy1 — VilFi] = _d\/;%k(o) (Ko vp) — E]E[U(Xk+1)Rk+1]v (35)
where, denoting L. as the law of the noise,
i 1 —(z +y)?
hi,(x) = - / exp ( f) o~ | dLe(y), (36)
\/277' <2Rk — <Ki,llk> ) R 2 (QR]C - <KiaVk> )
and
i Kia v i °
Ri1 =0 <(<K__k>xk+1) ) . (37
Proof. Following the update rule (1), we start by computing the conditional update of the i-th entry of the iterates
E [V — Vil Fi] = *g]E [0 (x4 1)0 (K1, Vk) — €r1) | Fi] (38)
= —ZIE G(XZ.H)E o l/,ixz_‘_l + Zl/ix{c+1 — €41 ‘]-'k, x?H_l ‘fk . (39)
i

Given that the data is Gaussian distributed, upon conditioning on F, we see that

Z vix]_, ~ N(0,2Ry, — 2v}, (K;, vi) + Ki(vh)?). (40)
j#i

Additionally, for c; is any constant, we can write
Jd JJ () i
E VX = E ViXp 1~ GV X1 | GV (4D
J#i J#i

13
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(Ki,ve) —Kii

i Jod i : o vy, i i :
Lety* = Zj# ViXy | — CGVEX} . Choosing ¢; = Kov? , makes y* uncorrelated to Xhi1 and hence independent.

Additionally, notice y* ~ N (0,2R, — <Ki, uk>2). Moreover, since y* is independent to €r+1 their difference y; — €x11
has density given by

(x4 y)?
hi(z) = ! /R exp o G dL.(y). “2)

\/27r (2R0 — (Ro)?) 2Ry — (Kiyw)”)

Using (42), we compute

o i )
E|o V,lcszrl—‘rE ViXp 1 — €k+1 ‘fk,x§€+1

J#i
=E |:o' (y' — ent1 + (1 + ¢;)Vpxpyq) fk,x};H}
=Prxi,, (Wi~ e > (1 cviXiy) = Prsg | (i — o1 < —(1+ ci)vpxiy)
o0 , —(e)vixi,
= / hy(z) de — / hy(z) da. (43)
—(1+ci)uix;;+1 —o00
Define
o0 X —S .
H(s) = / hy(z)da — / hy(x) dx, 44)
—S — 0o
where upon differentiating it is easy to see that
H'(s) = 2h}(—s). (45)
Taylor expanding around 0 we obtain,
E |o|vixjq + Zuixiﬂ — €11 ‘]—"k, Xpy1 | = H((1+ ¢;)vpx),q)
J#i
i Ki,vg)
d ; (K, vg) ? i
+ &hk(o) (I(--Xk—H + Riy1, (46)
where X
) Ki,ve)
Riy1 =0 <(<Iz<_,k>xk+1) ) : 47)

Plugging this back into (39) yields

i i n i i Ki,vi)
E [Vk+1 — yk|]:k] = _E]E |:U(Xk+1) (H(O) + Qhk(0)<K,,k>Xk+1) ‘Fk]

2
n i d i K, v, i i
- QE lU(XkH) <dshk(0) (< K., >Xk+1) +Rk+1> ]:k]

PSR (Ky, vg) i n i i
= _E%’“(O)iﬁn E|Xk+1| - gE[U(Xk+1)Rk+1]
UPSY £7d 2 i i
= =203, (0) (K, v \/; = ZElo (1) Ripa]. (48)

14
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In the next two lemmas we will show that for all 1 < ¢ < d, the risk dependent factors 2\/g h}; (0) can be well-approximated
by Ry), where

\/21721€ (
(%) Ri) = — Xp 7@/2 d_ 49

To do this, we will show that: <KZ-, Vk> = O(d~*) for some s > 0. Additionally, this would also imply the error R}, 11
vanishes as d — oc. This simplifies (35) by removing the latter error term and reducing each k. into a single constant factor,

ie. o(Re)
V2R

Our proof makes use of the resolvent R(z; K) = (K — 2I)~!, a matrix valued function essentially encoding powers of K.
The following lemma will allows us to to control <Ki, uk> by a finite net of resolvents.

Lemma 2. There exists a net Ty C T of order O(d) and C(K) > 0 such that for all k and 1 < i < d,

(Ki,vp). (50)

E |:V,i+1 —V;i fk:| ~ —g

| <Ki, I/k> | < Cﬁrzréelpé 1rg%xd ’R(z;ﬁ)?vk’ . (51)

Proof. Tt is easy to check by the Cauchy’s integral formula that

_ 1 _
(Ki,vp) = —=— ¢ 2R(z;K)] vp, dz. (52)

211 T

By Assumption 3, we may bound ‘R(z; K)Z| for all z € T by a finite collection of zy € T'. Indeed, if Ty is a 1/v/d-neton T

then |Tg| = O(d). Tt follows that for all z € T, there exists some 2o € I'g such that |2 — 29| < 1/v/d. Then, by resolvent
identities we see that forall 1 < i < d and a € R,

’R(Z;K);Fa’ = ’R(Zo;K);Fa +(z— zo)[R(z;K)R(zo;K)]iTa‘

_ 1 _ _
< |R(z0;K)/a| + Vi R (2 K)i| [|[R(z0; K)a||

. T
< (1+ Mg) max, |R(20;K); a| . (53)
In particular,
K)Tal<(1+M :K)Tal. 4
mape i [RA= ) a] < (1+ M) may o [R(z0: K)ol o9

Plugging this into (52),

_ 1 _
(K, v)| < o ]g |z| (1 + Mg) max max IR (20; K)} v | dz

— w2 3T
= 40 M) K" mae o [R(zK) v
= C’Kgxé%); lrg%xd |R(Z,K)1Tuk| . (55)

O

Note that terms such as 7 and ||KH are bounded by assumption, thus we make the convention moving forward any constants
independent to d such as C'- may change from line to line. Therefore, to show that <K¢, vk> shrinks as d — oo, it suffices
to show that max,cr, max;<;<q |R(z; K)I»Tvkl shrinks as d — oo.

Before we do so, it will be convenient to work under the setting that the risk is bounded. As such, let I > 0 and define the
following stopping time,
7o = min{k; |[vi| > L}, (56)

as well as the stopped process v, = Viar,. We show in Lemma 8 that L may be chosen so that v, = v}, with overwhelming
probability, effectively removing the bounded constraint.

15
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Lemma 3. Given Assumptions 1 - 5, there exists anet 'y C T of order O(d), such that for allt > 0and 1/6+0¢g < § < 1/4,

— Al
T
TeTy 1952d 0<he td) [Rlz: K):viel < Vd G7

with high-probability.
Proof. For clarity of notation, let 712 = 2\/2 Rt (0) and hi = ﬁgp(Rk) In addition, define Ay be a diagonal matrix
with entries given by h{ , as well as the vector Ey 11 = (E[o(x%, )R}, 1])?_,. By (35), forafixed z € [gand 1 < i < d,
E [R(2;K){ (Vi1 — vi)|Fi] = Rz K)TE [Vier — vio| Fi]
= —gR(Z;K);F (ArKv, + Ej41)
= —gﬁkR(z;K)?Kvk
- gR(Z;K);F (Akﬁvk — Ky, + Ek+1)
= —gﬁk (:R(z; K)] vy, + v}
- gR(z,K);f (Akﬁvk - Ekﬁvk + Ek+1)
= —ZTLMR(Z’;K)?W

+ 2 (*ﬁkvi +R(%K)T (ﬁkK"k — ArKvi - E’““)) ' 9

=&} (z)
By the Doob decomposition we see that,
R(z: K){ Vi1 = R(z: K)i vie + E [R(2: K)§ (Vierr — vio) | Fi] + AMj 4 (2)
= (1 - gﬁkz) R(% K)] vy + EL(2) + AM 1 (2), (59)

where AM] | (z) are the martingale increments of R(z; K)[ (Vi1 — vi). Let

k
,'7/\./
Lk = H <1 — 3/1]2) 5
7=0
then upon iterating (59) we obtain

k
_ _ 1 ) )
R(zK)] v = LiR(%K) vo+ Ly Y > (El(z) + AM!,(2)) . (60)
j=0

It is easy to check that E?:o +AM},(z) is a martingale so we shall denote it by /WZJrl(z). Let
J

_ dé
7| = min {k; |R(2,K)/vi| > —= forsome 1 <i < dand z € FO} . (61)
Vd
It suffices to show (57) holds for the stopped process vy, given that

— d®
]P’< max max max |R(z;K)]vi| > )

1<k<|[td] z€T 1<i<d ' Vd
— ds
3T
=P <mzeéll“)§ 11;11;2((1 |R(z7 K); VLth,\T1| > \/C?) . (62)

16
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For notational clarity, we will write Vi = v, . Note that (60) holds all k, so it must also hold for the stopped process V.
Given that the entries of v, move at increments of %, we observe the following bound on the stopped process,

— T d? M
‘R(Z,K)?V;@’ < ﬁ + L\/gR

(63)

Moreover, by Lemma 12 we know that Ek < M. This in turn implies L, is bounded from above and below. Indeed,

k
|Lk‘ = H ’1 — thz

j=0

k
77M€|z|

< 1

_jl;[o +

N\ Ltd]
) (1 . 2nM;HKH>

< exp (nCt,eR) . (64)

Similarly for the lower bound,

k
L zj[[olf 2]

N Ltd]
. <1 ) ZnM;HKH)

anM. ||K
_ 2Rl

2nM.||K||
- =l

1
> exp (W@HKHWJ)

= exp (*nCt,ER) , (65)

> exp

. M.||K
provided that WT” < % Therefore, up to a constant factor

. =1
R(=K)V < C,, % |R<Z;K)?voy+‘m+1(z)]+2|5;(z)| . (66)
j=0

We will now bound the error £(z). By (51), we already know that

| (K, 9) | < Cremax max [R(zK){;|. (67)

Similarly,

Vi < O K) vy
Vil < O max 112%}(01 |R(z, K), v]| (68)

17
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We also observe forall 1 <1 < d,

Ei,, =E[o(xi,,)Riy]
~ . 3

(K, v;) Xji
Ky

O (I(Ki,¥;)°)

3
=0 (max max |R(z;K);FVj’) ) . (69)

z€T, 1<i<d

IN
Qe

E

In particular, for some constant C > 0,

d

> (By)”

i=1

Ej| =

z€l 1<i<d

3
< \/EC'K <max max |R(2;K)?Vj’) . (70)

For our last error term we apply the Lipschitz bound obtained by Lemma 12. That is the map

2

s ap(s) = 7%/5/_ exp (X) dpe(y), (71)

is Lipschitz with constant L.. Moreover, ¥(2R; — <K¢, \7j>2) = iNL; and Y(2R;) = ﬁj. By (67), forall 1 <1i <d,
|hj — hj| S Le <K1j,Vj>

2
< '~ K)Iv. ) .
<L, (C’K IAX WAx, IR(z; K), VJD (72)

It follows that
hKv; — Ajﬁvj‘ < HiszId - AjH Szl

2
<L, (C’Kmax max ‘R(Z;K)?Vjo HKVJH

z€l, 1<i<d

3
_ TO\To.
< e (e e IR KOT ) )

For notational clarity, let us write wj, = max,cr, maxi<i<d ’R(z; K)ZTVk | Putting all this together we have up to constant
factor,

€5(2)] < g (‘%ﬁ? +||R(z: K] (‘ hily — AjH KV, + IIEj+1H))
< n(’:;’f (wj v 2x/&w§’) . (74)

Returning to (66), upon taking the max across z € I'g and 1 <4 < d and up to a constant Cn,t (K> 0, we obtain for all
k< |td]

k—1
%

- 7] 3
wp <Oy g | wot+ max max, | max M. (2) + Z p (wj + 2\/gwj) . (75)

Jj=
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Define
By = Cn,t,e,ﬁ <w0 + max max max M;(z)) , (76)

z€l0 1<i<d 1<k< [td]

as well as the stopping time

To = min {kj swi > 3B exp (Cn,t,e,i)} ) (77)

As before, we note that wy, can only move at increments of at-most ”\%T . Thus,

nM,

winr, < 3Brexp(C, ; &)+ Vi = B, (78)

for all £ € N. Plugging this into (75),

([td]—1)AT2 [td]

Witdjar < P+ 0y v Z gwj + Z g (2\/&;?)

=0 =0
([td])—1)ATs
< B+ Cp e [2VAB)Y] + Z Crte R (79)
By Gronwall’s inequality,
wluagnns < (Bi+Cpo VA 2080 exp (€, ) - (80)

If we can show that 3; can be made sufficiently small so that

Cn,t,e,i |:\/g<ﬂ£)3:| < Bta (81)

then w|14)rr, = w|¢a)- To see this, recall by Assumption 5 we know that for any constant § > 0, the former term of 3; has
the following tail bound,

&d° 2 142 528
> = 1< .
P (Iz%?“)é112?<xd’R 2 K), vo‘ z: Cd exp( c&cd ) (82)
To bound the martingale term, we first fix z € I'y and 1 < i < d, then let
. —i £d? }
T3 = min< k; M > . 83
o = min {: M3 > (83)
Let X}, = ./W;,\T3 (z). Notice that E [./Wz(z)] =0, so E[X}] = 0. It follows that
—i &do £d?
P >2_ | =P||X > . 4
(> S5) (2
Notice that
-/WZH(Z) - /\72(3)’ |Lk| {R (Vk+1 — Vi) — R(Z§K)1'TE [Vk+1 - Vk|~7:k]|
C M
< t, K" R. (85)
Vd

C, gnM
Hence, Xp—1| < “\‘/% ® almost surely for all k. However, we may improve this increment bound by ~ for

% + dp < s < 4. Indeed, by Corollary 2 for all even moments 2p < d, there exists a constant C'(2p, n, K) such that

dS
P (|Xk+1 — Xy > d) < C(2p, 7, K)dr(5-25+200) (86)

19



Exact risk curves of signSGD in high-dimensions

It follows by Lemma 15,

) 2 72(6—s)
P <|X jeas| 2 éhd) < 2exp (‘5) + [td|C(2p, n, K)a (57220 (87)
n,t, K

Vd

Thus, taking union bounds across z € I'g and 1 < 7 < d gives,

— 4 2 72(6—s)
P (max max  max Mk(z)’ > §d> < Cd? exp <_£d>

2€T0 1<i<d 1<k< [td]+1 Vd Cn,tR
+20d2(td|C(2p, n, K)dP(5~251200) (88)

It is easy to see that for d sufficiently large, we may choose p large so that s > 1 + o + 3 , implying the latter term

converges to 0 as d — oco. Therefore, 5; < f with high-probability. Returning to (81), up to a constant factor that is
independent to d,

1
P (Vg > ) =P (53 > ﬁ)
d26 1 ) d25
]P)<d>ﬁt \/g>+P(Bt f7ﬁt)

d6
> —= (89)
(ﬁ "TVd )
provided that 6 < 1/4. Thus, (81) is satisﬁed and w| g nr, = W¢a) With high-probability. By choosing & appropriately in

accordance to (77), we conclude w|;q) < f with high-probability. O

We can now formalize our prior statement of

i i N E7d
E |:Vk+1 — vy, ]_"k} ~= R, <Ki,vk>, (90)
foralll <i <d.
Lemma 4. Conditional on Fy, the mean of (34) is
_19(Re) ¢
E —vi|Fe| = E;i1, 91
|:Vk+1 Vi k:l NG Kvi + Eg ©On

where Ey 1 is an error term such that for all p € (1/6 + o, 1/4), with high-probability |Ek+1\ =0 (d0/2> for all
1 <4 <d.

Proof. By (35), the coordinate-wise error can be defined as

, , . Ry 5
bl = Z (E [o(Xy 1) Riya] + ¢(2Rkk) (Ki, Vi) — \/;2%(0) <KiaVk>> : (92)

Applying Lemma 3 onto (69) and (72) yields the result. O

A.2. Convergence of SIGNSGD to SIGNHSGD

In this section we will show convergence of the dynamics of SIGNSGD to that of SIGNHSGD. Recall SIGNHSGD is defined
as in (8). Similarly to SIGNSGD we will impose a stopping time onto SIGNHSGD,

/A . N

7 = min {t; [|©, - 6] > L}. (93)
We will also define the stopped process by Vi = @;x,; — 6,.. We will prove the main result for the stopped SIGNSGD
process v, and stopped SIGNHSGD process V, then in Lemma 8 we will generalize to the non-stopped process 0, and ©;.

We shall use the following:
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Definition 5 (Quadratic). A function q : R* — R is quadratic if it may be written in the form
q(x) =xTAx +b'x + ¢
for some A € R*d b e RY and ¢ € R.

Once again, for notational convenience we will denote o1 = 0(Xk+1)0((Xg+1,Vk) — €k+1) When it is clear. Now if
q : R? — R is quadratic, it is easy to see that

2

q(Vi+1) — q(vi) = —giJ(Vk)T (Ok+1) + 277d2 (o341) " V2q(vi) (Th11)- (94)
Thus, taking its conditional expectation we obtain
ne(Ry) T, L 207 oo d>
E — =— K il
[q(Vi+1) = a(vi) | Fi] oL Va(vi) K + 55— (V2q(vi), Ko) + O | =5 (95)
By the Doob-decomposition, we have
ne(Ri) T 2° oo
_ - _ K it
q(vk-i-l) Q(Vk‘) dqu("k) Vi + d2r <v 0'> (96)
d3p ua
+0 ( > + AME + AMPE, 97)
where ‘ 1
AME = —=Vq(vi)T (ok41 — Elogsa | Fi]) (98)
d
and
AMZTld = 2d2 (UkJrlv Q(Vk:)UkH ]E[013+1VQQ(V1€)01€+1|-7:I€]) . (99)
Similarly, by Ito’s lemma on V;, we see that
ne(R(V4)) Ty, 1 21 /o
dg(Vy) = | ——==Vq(Vy) KV, + —(V'¢W),K,) | dt + d M7, 100
q(Vi) < SRV q(Vi) i (VZq(Wy) ) t (100)

where

dM? =nVq(Vy)T (w/ 2? dBt> ) (101)

Comparing (97) and (100), we see that predictable part of signSGD and the total variation part of HSGD depend only on
Vq(x)TKx and R(x). We capture these statistics in a “closed” manifold defined by

Qq = {x"x, q(x), Vg(x)"R(z; K)x, x ' R(z; K)"V?¢(x)R(y; K)x; 2,y €'} (102)

To be precise in our notion of closure, given any g € ()4, the predictable part of (97) (not accounting the error) and the drift
part of (100) may be expressed via contour integral around I" by a linear combination of functions from @),. Let us look at
an example. Suppose g(x) = Vq(x)TR(z; K)x. It is easy to see that

_ np(Ri)
dV2Ry

d*
+0 ( = ) (103)

R dze
= _7799( k) (VEVQQVk) + O <d2>

(2vi V2R (2 K)vy + Vi R(z; K)TVZKvy) . (104)

E [Vg(vi)" (Vi1 — vio) | Fi] = (vi V2qR(z; K)Kvy, + vi R(2; K)TV2gKvy,)

p(Vk)
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Notice that our error O (%ﬂ) is independent to choice of g. This is because the resolvent R(z; K) has uniformly bounded
operator norm for all z € T', thus the ||-|| .- is also uniformly bounded for all g € @,. It then follows that

d3r
V(i) "Ext1 < [IVgo)lHIExs1ll < N9l 1+ [vil) [Exsa]l = O (dQ) : (105)
In addition, by the Cauchy’s integral theorem we may express p(vy) by
p(vi) = —5—= ]{ v R(y; K) T V2R (2 K)vy, + yvi R(% K) V2R (y; K)vi dy, (106)
as well as
T2 2
v Vv = j(lgj{ K)V2qR(y; K)vy dzdy. (107)
Consequently, we see that
Ri) dsr
IE [Vg(vi)" (Virr — vi)|Fi]| < 2%12 K| max [g(vi)| + O ( ) (108)
1277M

3
K|’ max |g(viy)| +O (d p) : (109)

where we applied Lemma 12 in the second inequality. Note the constant factor of 12 ||KH2 depended on g. We may work
around this quadratic dependent constant to obtain a uniform bound on (109) for all g € (), with the following lemma:

Lemma 5. Let (), be defined as above then for all n > 0 there exists Qq C Qq such that |(§q| < C(K)d*™ and for all
g € Qq, there exists go € Q, satisfying ||g — gollc= < d™2"

The proof of Lemma 5 may be found in Collins-Woodfin et al. (2024).
Lemma 6. There exists constants C(K), M, > 0 such that for all g € Qg k € Nand p € (1/6 + 6o, 1/4),

nM.

‘E [Vg(vk)T(ka — Vk)lfk] | < 7

_ dse
C(K);Ié;gz lg(vi)| + O (dQ) . (110)

Proof. Let g € Qg and n > 0, then by Lemma 5 there exists go € @, such that [|g — go|| o> < d~?". It follows that

R e
|E [Vg(vi)" (virr — vi) | Fi] | = ‘Z%v (Vi) "Kvy, +O<d2> (111)
Ryi)
s%(\w 90)(vie) "Kvi| +[Vgo(vi) 'Kvi) (112)
>
+0 (d2> (113)
M,
< 22 (o = sl K] vl + o (@ maxlatv)l) a1
3p
40 (Cfp ) (115)
3p
< M. (d_Q"HKH—I—C K)max |g(V;€)|—|—O(d ), (116)

where Cy, (K) is the choice dependent constant as in (109). By taking the max across our finite net Q there exists
C(K) > 0 such that for all g € Q,,

M, dsr
(Vo) (vis = vl | < 5O maxlatva)l +0 (5 ). (a1

O
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We are now ready to prove our main result. It would be convenient to extend the indexing of v, from N to R by defining the
sequence ¢, = k/d. With some slight abuse of notation, let vy, = vi. If t,_1 <t < ¢, then define vy = vy, _,.

Lemma 7. Given 0 < 2p < d and a quadratic q such that ||q||c> < 1, define Q = QU Qr, where R is the risk. For all
T>3and1/3 < § < 1/2, there exists C(K, €) > 0 such that

Td® _
su vi) —q(Vy)| < —=exp (C(K, ¢ T), 118
o2, la(ve) —a(Vo)l = —= p (C(K. ) [In]lo. T) (118)
with probability at least 1 — ¢(2p, K)dp(1/3*5)_
Proof. Let g € Q, by (97), we see that
vz)TKVi (119)

g(vi) = g(v dz Tzvl

d3r 772 Ltd) . d
o ( ) S (V000 K M A
=0

P(R(vs)) T
. 2 g(ve) TKv, d 120
77/0 NGA) g(vs) Kvgds (120)
a3 772 o2
+Miin+M:€I"ad. (121)

Taking the difference with SIGNHSGD, we see that

t
‘P(R(Vs» Ty7 ‘P(R(VS)) TTF
vi) — g(Vy)| < ———Vg(vs) Kvy, — ————Vg(V,) KV, ds
lg(ve) — g( t>|—77/0 Rivy 9(vs) ROV 9(Vs)
li d 3
+ s (W] L 4 gl) 0 (4 ) (122)
0<s<t d
However, Lemma 12 tells us the map
(a,b) — ela) b, (123)

V2a

is Lipschitz continuous with constant L. > 0. Thus, using the same argument as in (110) we may bound the integrand by

PR o

V'Kv —Mv (Vo)TKV,
IR(vs) ’ ’

) 2R(V,)

S

< Lo/ (Vg(va) TRy, — Vg(V,)TRV,) + (R(vs) - R(V.))’
< LO(R) maxg(v,) (V)| (124)

Plugging into (122) we get

. d3p
supg(ve) ~ (V) < sup (|M?"|+|M3““|+Mg|)+o(d)t

geQ <s<t
t
+nL.C(K) max lg(vs) — g(Vs)| ds. (125)
0o 9
By Gronwall’s inequality,
lin uad o d3p 878
sup |g(vi) = g(Vo)l < ( sup (M7 + |ME" + IMT]) + O (— ) t ) exp (nLO(KE) . (126)
geR 0<s<t
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Lemmas 9, 10 and 11 bounds the martingales by % for 1/3 < § < 1/2. Subsequently, % bounds O (d%ip), concluding
the proof. O

We have now shown that the stopped processes satisfy the conclusion of Theorem 1. We will conclude the proof of Theorem
1 by showing that, with high-probability, the process is not stopped.

Lemma 8. For all T > 0, there exists C(K,K,) > 0 such that

B _
@ax [Vl < exp (TC(K,K,)), (127)

with overwhelming probability.

Proof. Forz € R%let ¢(z) = log(1 + ||z||°). By Itd’s lemma,

_ . 2
dp(V,) = 209 (R+) VIRV, - —— 1 VTIK,V,| dt
V2R(1+ (Vi) dr(1+[IVe[©)
2
+ [27’2 Tr(K,,)] arr — 2 yr /Eogp, (128)
dr (14 [[Ve][”) (L+ Vel dm

It is easy to check by the Cauchy-Schwarz inequality that the deterministic terms of may be uniformly bounded by some

constant C(K, K,) > 0. Denote the martingale term by M?iHSGD then the quadratic variation is given by,
4n? t
(MeTHSGDy = L / VIK,V,ds (129)
dr(1+[[Ve[I)? Jo
2Kt
< n° | Ko || ' (130)
dm

By subgaussian concentration,

P ( max (V) > 2TC(K, KU)) <P ( max MJ 9P > 7O(K, KU))

0<t<T 0<t<T
—C(K, Ka)QTdﬂ)
< 2exp ( . (131)
27 | Ko |
That is
- _
jmax [Vl < exp (TC(K,K,)), (132)
with overwhelming probability. O

Therefore by choosing the upper bound in our stopping 79 and 7, in accordance to Lemma 8, we obtain v; = 6; — 6, and
V., =0; -0, forall 0 <t < T with overwhelming probability. Combining this with Lemma 7 proves Theorem 1 as well
as the following generalization:

Theorem 5. Given Assumptions 1-5 and a quadratic q : R? — R, if g(x) = q(x — .) then choosing any fixed even
moment 2p € (0, d), there exists a constant C(K, €) > 0 such that for any § € (1/3,1/2) and all T > 3,

Td’ |lgllc =
su (7] — ® <7CGX CK,E T s 133
,2p 19(81a)) = 9(©0)] < — 7= exp (CK, ) nlloo T) (133)

with probability at least 1 — ¢(2p, K)dp(1/3_5) for a constant ¢(2p, K) independent to d.
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A.3. Main theorem with badly behaved noise

In this section we formulate a version of Theorem 5 without Assumption 2. The key is that we must work on subsets of the
state space where the risk remains away from 0. So suppose that we let

U= min{t; [©; — 0. <o},

for a fixed positive g > 0.

We note that the map  — () is Lipschitz on [g, 00), even without Assumption 2, since

4 o

1

The function ze* is uniformly bounded on z > 0 by e~ !, and hence |¢'(s)| < 1/p on the interval [g, c0).

Thus, we can now proceed with the same proof as Theorem 5, although we do not remove the stopping time 1J. The end
result is the following:

Theorem 6. Given Assumptions 1, 3, 4, 5 and a quadratic q : R® — R, if g( ) = q(x — 0..) then choosing any fixed even
moment 2p € (0,d) and choosing any o > 0, there exists a constant C(K, ¢, 0) > 0 such that for any 6 € (1/3,1/2) and
allT > 3,

- 6” || 2
sul 9 6 g © < 7 Iz d Jllc
0<t<T /\q9| ( Lth) ( f)l - \[

exp (C(K, € 0) [Infl T) . (134)
with probability at least 1 — c¢(2p, )dp(l/?’ %) for a constant ¢(2p, K) independent to d.
We remark that if the risk of SIGNHSGD remains bounded away from 0, which will be the case for constant stepsize and

nonzero noise, one could additionally show that 9 does not occur with high probability. In that case, one can derive as a
corollary of Theorem 6 a statement without 1.

A.4. Bounding martingale terms

Lemma 9. Forall g € Q as defined in Equation (102) and 1/3 < § < 1/2,

d6
sup ‘ lm | <

(135)
0<k<|Td| \/3

with high-probability.

Proof. Recall that under 7o, v, < L. Moreover, given that ||g||c. < 1 and |R(z;K)|| < Mg, we see that ||g|| . is
uniformly bounded for all g € Q. Therefore,

IVg(vi—1)ll < llglle= (1 + L) (136)

for all k. Now by Corollary 3, for every even moment 2p < d, there exists C'(2p, K) > 0 such that

4p 1/2 2p/3
L@y COnKE[|IVeve )] T d
(|AM > >s o
< O(2p,K) (1 + L)% @?2(59). (137)
O]
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Lemma 10. Forallg € Qand0 < s < 1/2,

1
sup |Mzuad| < E
0<k<|Td]|

with overwhelming probability.

Proof. From Cauchy-Schwarz, we see that

2
ua 77
|anmged] < Lllglcs

Then, Azuma’s inequality shows that

IP’( max M) >

_d—2s+1
< 2ex - 5 |
1<k<|Td] S) = 2o (CTn4||g||202)

Q.‘,_.

which gives the result.

Lemma 11. Forallg € Qand s < 1,

1
sup (M7| < —
ogth‘ i< ds’

with overwhelming probability.

Proof. From Equation (101), we know that

t [2K
o __ T o
t —77/0 VQ(Vs) - dB;.

Using the ||¢||c2 norm we can bound

IVg(Vo)ll < llgllg= (1 + (Vi)

Then, with Assumption 3 and Equation (143) we can bound the quadratic variation as,

2,'72 t T
M) =2 [ 9g(VI TR, VgV ds
0

IN

2% [t
I 19yl s

< 22 VK g2 (1 + A2,
dm c

Then, using the subgaussian tail bound for continuous martingales we see that the stopped martingale satisfies,

—t%dn
P sup M">t)<26xp< >
(2, TR ol (1 + M7
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Lemma 12. [f i is a probability measure on R with the property that there exists ag > 0 such that j—,’; = g(z) on [—ayp, ag]
for g € C*(|—ao, o)), then the map o : Rt — R defined by

5 /eXp( ) dp(y), (146)

is bounded as well as Lipschitz.

Proof. Notice that it suffices to show (146) is bounded and Lipschitz for 0 < s < 1. Let f4(y) = W\Q/g exp (;—’f), as well
as G(y) = p((—o0,y]). Decomposing the integral into

/ Fl) dpu(y) = / Fo) duy) + / Fo(w) dpty), (147)
R [—ao,a0] R\[—ao,a0]

we see that the latter term may be easily bounded by

1 —a?
/R\[_ao,ao] Js(y) du(y) < ﬁ exp (25) ) (148)

which decays to 0 as s — 0. The former term we apply the integration by parts formula to get

Yy=ao y —y2
[ s = rwew|  + [ den () ca 119

y=—ag [—ag,

Further decomposing the latter integral into positive and negative regions we get

“ —y’ a 2
/0 573 XD (23> G(y)dy = /0 573 XD (28> [G(~ao) + p((—ao, y))] dy, (150)
and
/io 53% exp (;’:) Gly)dy = /an Sg%exp <2y; [G(—ao) + p((—ao,y])] dy (151)
T /0% e (?5) [G(~a0) + p((=ao, —y])] dy. (152)
Thus,

y -4 a0
/[ao wl 5372 &P (25) G(y)dy = / We p < 2 ) (153)
< C/ ] exp < ) (154)

ao/V/'s y
—C/ y exp( 5 >dy (155)

Putting this all together, we conclude that ((s) is uniformly bounded for all s > 0. To see lipschitz, we apply a similar
argument. We first differentiate f,(y) with respect to s to we get

d 1 —y2
W= 35573 &XP (25) (y* —s). (156)
Therefore,
N d d
o= [ R [ L) (157)
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There exists so > 0 such that if s < s¢, then v/3s < ag. It is easy to check that if y > 1/3s then %fs(y) is decreasing in y.
Likewise, if y < —+/3s then % fs(y) is increasing in y. It follows that

/ © Juw) dnly) < 575 exp <_a3) (a5 — s) (158)
q . Js = "t/ X e - ’
R\[fa(hao] dS 55/2 25 0
which decays to 0 as s — 0. Finally, we apply integration by parts once more to get
d d y=ao
— f(y) = — fs 159
[ Shw) = Shwew)| (159)
[—a0,a0] y=—aog
vl ) (-3 d 160
vl v (y” = 3sy)u(=y, y) dy. (160)
Since g € C?%([—agp, ag]) we may express u((—y,y]) as
y
u((=v) = [ 90)+ 'O +Oa?) do = 29(0)y + O, (161)
~y
Plugging this into (160) it is easy to check that
2
ao 2 g(0)ad exp ( 5=
g(0) Y 3 _ 0 2s
‘/0 7z OXP (25) (y° = 3sy)y dy| = e 7 (162)
and
w1 —y 3 3 o1 —y? 3 3
’/0 mexf) (28> (y° — 3sy)O(y )dy’ < C/o meXP (25) (y° + 3sy)y° dy (163)
ao/V's y2
= C’/ exp (—2) (y® + 3y)y® dy. (164)
0
Combining this with (158), we conclude that |/ (s)] is uniformly bounded for all s > 0. O
Lemma 13. Let v ~ N(0, K) such that K is positive-definite. If a € R, then for all even moments 2k < d,
E(a,0(x))**] < Ck,K)|al|2a™/?, (165)

where C(2k, K) > 0 depends only on 2k, Apin(K) and Apax(K).

Proof. We start by fixing a 6 > 0 and defining the smooth approximation of o(x) to be o5(x) = ps * o(x), where
ps : R — Ris the standard compactly-supported mollifier convolved entry-wise to o(x), i.e. (05(x)); = ps * o(x;). It
follows that

[ {a,0(x)) l|lz2x < [[{a, 0(x) = 05(x)) | L2r + || (@, 05(x)) [| L2x- (166)
Note that ps has support contained in [—d, 6], thus the entry-wise difference of o(x) — o5(x) may be bounded by

0 |Xi| > 20

lo(x;) — o5(x;)] < {2 11| < 26,

Define Ns(x) = Zle 1{|x,|<2s} to be the number of coordinates of x within the interval (—24, 20), we see that

E ({0, 0(x) = 03 (x))**] < llall 2 22°E [Ny (x)?*] (167)
= llall3¢ 2% 3P (xi)iew € (26,261, (168)
seT
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where Z = {1,...,d}?*and s’ is set of distinct elements of s. Let K(*) = E [(x:)22,], then (x;)iesr ~ N(0, KG)).
Recall that there exists a permutation matrix P, such K(¢") forms the top |s| x |s’| sub-matrix of PKP~'. Given that

PKP~! and K are similar, they share the same eigenvalues. Therefore, by the Cauchy interlacing-law,

Amin (K) < Amin (K)). (169)
In particular this implies
|s']
det K¢ = T MKS) > A (K)*'. (170)
i=1

Plugging this back into (168) and choosing § = d~", we get

2k 2% o2k (46)'l
E [(a,0(x) - 03(x))*] < [lall 22 Y G BT a7
= H%?%ik: A\, [k (49 )
T T 2 1)U 2 h i (K)) 2
2k l
2k o2k 2k ed (45)l
< Nl 2% max. (u{ l }) > (l) T e a73)
ded'—" 2
< |lal|?" 22*C(2k 174
< lall% ( )<\/27rmin{)\min(K),1}> (174)
= [lal|% C(2k, K)d )2k, (175)

where {QZk} is Stirling’s number of a second-kind. For clarity of notation moving forward, we note that C'(2k, K) may
change up to factors of constants or powers of k from line to line, while always being independent to d.

To control the second term of Equation (166), we modify the proof of concentration of Lipschitz functions of Gaussian
random variables. See Lemma 2.1.5 for more details (Adler & Taylor, 2007). Let G(x) = (a, 05(x)). and z ~ N(0,K) be
independent to x. Define the Gaussian interpolation z* to be

2% = ax+ /1 - a2z,
and note that x "2 z(%) for all o € [0, 1]. Then by Lemma 2.1.4 in (Adler & Taylor, 2007),
1

E[G(x)%*] = (2k — 1) /U E [<K(a ® o}(x)),a 6 a(’;(z(o‘))> : G%*Z(x)} da, (176)

where © represents the Hadamard product. Going forward, we will use Holder’s inequality to break up the expectation and
form a recursive equation. As such, consider

E[(K(a ® o(x),a ® aj(y*))], (177)

for some p. Standard linear algebra gives us

E[(K(a 0 05(x).a @ o) ] < (K| [al%)7El(Io5 0] 5(z)])
< (I lall2 Bl ol 7,

(178)

with the last line following from Cauchy-Schwartz and equality in law of x and z(®). Given that o5(x;) = 0 for
x; & [—26,20], as well as |o5(x;)| < % for x; € [—26,26] and L, a universal constant depending on our mollifier,
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4p LP
EfllosIlI™] = 55 ~=E[N;?). (179)
As we have seen in Equation (175),
E[Ns(x)*] < C(p, K)d' 7. (180)

Therefore, up to absolute constants

L4
E[(K(a ® Ul(x)a a© U/(ya)>2p} < C(p,K)(||CLH2 )21) 54fp = (181)

< C(p,K)(||a]|,)?Pd )2

Returning to (176) and choosing 2p = 2k — 1, we see by Holder’s inequality

E[G(x)*] < (2k — 1) HG(x)Q’“‘QHLag L [[(K(a © 05(x),a © a5 (y™)) || 2r-s (182)
< (2k — DE[G(x)2 121 C(k, K) [|a]| %, d 7. (183)

Iterating the same inequalities as above for E[G**~1], we obtain

2k—1 2k—i

E[G(x)* < ] ((21<; —)C(2k — i, K) al%, d“”) e (184)
=1
< C(2k,K) [|a 25 d ", (185)

Equations (175) and (184)combined give control over Equation (166),

I (@, o)) llz2 < C(2k K)afloc (a5 +d'7). (186)

Optimizing over r yields r = 1/3 leading to
E [(a,0(x)) ||*] < C(2k, K)|a||2Fd* /3, (187)

as desired. O

Lemma 14. Let x ~ N(0, K) such K is positive-definite. If y € R® a random vector independent to x, then for all even
moments 2k < d,

E [{y.0(0)*] < Cl2k. KR Iy ] a2, (188)

where C(2k, K) > 0 depends only on 2k, Apin(K) and Apax(K).

Proof. The proof is almost identical to that of Lemma 13, but instead of taking the sup-norm of a in (168), we take the /5
norm via the Cauchy Schwarz inequality. Now proceeding proceeding in a similar fashion we get

E (v, 0(x) = 05(x))| < E[IyI* lo(x) - o5(x)]1**] (189)
<E[I1] " E [loGo - es01*] (190)

<k [Iy*] " 22 (B [Va™)) (191)

<E {H ||4’“} Ok, K)d—"*. (192)
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Lastly, by the independence of y and x, upon conditioning on y we see by Gaussian-concentration on (y, o5(x)) that
E [(y,05(x))**| = E {E [<y, 05 (x))* ’y” (193)
2k
CV2k Amax (K
. < v nyng/"i*< >> (o)

= O(2k, K)E [HyH%} a2, (195)
where C' > 0 is an absolute constant. Combining (192) and (195) then optimizing in r > 0 yields the result. L]
Corollary 1. Let a € R? and x;,,1 ~ N(0,K), then for all even moments 2p < d, there exists C(2p, K) > 0 such that

C(2p,K) [la] * dr/?

P (| (a,0(lpr1xk+1) — Eo(Ceprxpr1) | Fi]) [ = 1) < T (196)

Proof. For notational clarity, let us denote Y = (a, 0(¢{; 11X +1)). By Jensen’s inequality and convexity of x +— x2P,
1 1
E [|Y — E[Y|fk}|2”} < 2”E [2Y2p + 2]E[Y|}‘k]2p} (197)
< 2*E [Y*]. (198)

However, notice that E [Y?] = E {(a, o (xp41)) } . By Markov’s inequality and Lemma 13,

P (Y —E[Y|F]| > t) = P (|Y - E[Y|F]]*? > %) (199)
2%E | (2, 0 (x141)) 7 |

< o (200)
2p 74p/3

O

Corollary 2. Ifa € R? such that maxs<i<q|at| = O (\%), then for all even moments 2p < d and s > 0, there exists
C(2p,K) > 0 such that,

P (| (@, 0 (bps1xp41) — E [0(Cepaxirn)|Fil) | > d°) < C(2p, K)dP (3725429 (202)

provided that d* > 4|a'|.

Proof. For ease of notation, let o311 = o(fr41Xk41). Given that |a' (ops1 — E[opi1|Fr]) | < 2]al], it follows by

Corollary 1,
dS
fk]) ‘ > 2) (203)

@ K) (maxaci<q la’])™ d*r/3

d

Z@ <0k+1 -E [Uk—H

=2

Pumwﬂ—ﬁwmmamzdﬂsp<

< e (204)
< O(2p, K)dP(5 25129, (205)
O

Corollary 3. Ifx;11 ~ N(0,K) and y € R¢ a random vector independent to x, then for all even moments 2p < d, there
exists C(2p, K) > 0 and independent to d such that

1/2
C(2p, KIE ||y|"] a2

t2p

P(|(y,o0(lp+1Xn11) — E[o(lpt1Xp41)| Frl) | > 1) < (206)
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The proof is identical to that of Corollary 1 but using Lemma 14 instead.

Lemma 15. Let My, be a martingale such that |My, — My._1| < C almost-surely and let S, < C. Then for all t > 0 and
N >0,
2
P([Mn|=1t) <2exp | — ~1 +P@Ek <N -1, [Mg — Mg—1| > S). (207)
2(c2+ 205 57)

Proof. Let 7 = min{k; |My — My_1| > Sk} and Y, = Mjya-, then on the event that {k < 7}, |Yi — Yi—1] < Si. On
the other hand, if {7 < k} then |Y} — Yj;,_1| < C. Breaking the probability space into the event {7 < N — 1} and its
complement gives,

P(|My|>t) <P([Yn|2t)+P(r <N -1). (208)

Azuma’s inequality completes the proof as

t2
P(|Yn| >t) <2exp | — . (209)

2(C2+ 25 52)
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B. Risk Curve Dynamics
B.1. Proof of Theorem 2

If V; = ©; — 0, where ©; solves the SDE given by (8) then Itd’s lemma applied onto

q(z) = %xTKR(z;K)x, (210)
yields
74 T\T
2R, 2
2
+ (Zd <KR(2,K),K0>) dt + dMe, 212)

where we denote R; = R (V) for ease of notation. By resolvent identities, we know that

KR(z; K)K = 2KR(z; K) + K. (213)

Moreover, o o o o o
R(zK)TKK = (KKR(z; K))T = :KR(z;K) + K)7, (214)

SO o — 7

KR(z;K) + R(z; K)TK —
2(2q(V,) +Ry) = V7 ( (z K) +2 (z K) > KV,. 215)
Returning to It6’s we see that

2np(R 2 —

dq(V,) = (’7“’;(739 (2q(V,) + Ry) + % Tr (KR(z; K)Kg)> dt + dM?. (216)
t

To recover the risk R, we once again turn towards the Cauchy-integral law as well as the Spectral Theorem. Indeed,

d
_ _ — 1
K= A(Ku; @ wy R(z;K) = —u; Wy, 217
; (K) (z:K) ;MK)_Z (217)
where u; and w; are left and right eigenvectors respectively of K. We may then write
(Vi) ! ! VI(Ku; @ w;)V (218)
= — e i W, .
YT N® =2 !
Denoting 7;(t) = 3 V¥ (Ku; ® w;)V,, then upon integrating over I';, a closed curve enclosing only );(K), we see that
- dq(V
a7, = ]{ 4Vo) . (219)
r, —2m
2 R =\~ 2 1,0
= (222 Re) s Ry 4 T (K (wy @ wi)K) ) di -+ M, (220)
2Rt wd
where Mo
M7 = L e, (221)
r, —2mt

Given that the martingale terms vanish as d — oo, we should expect the drift term of 7; to dominate. Thus, let us define the
deterministic equivalent of 7; as

2
ar, = (—2’73%” MK+ T (K (@ w»Ka)) dt, 7:(0) = 7(0) (222)
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where
d
Ry=> i (223)
i=1
Note, if we integrate (218) around I', we obtain
d
Ri = Ti. (224)
i=1

We will show that R; concentrates around R, using the same idea as in Lemma 7. We start by considering a set of functions
that maps x € R to C by

W={J()"x;z€T}, (225)
where J(z) € C? defined coordinate-wise by
1
PO — 226
TG = = 226)

Letr(t) = [ri(t)]L,, 7(¢) = [7:(t)]L; and g(x) = J(2)Tx for some z € T, then as in (122) it is easy to check that

. H2np(Ry) | o 20p(Rs) x| ~
lg(r(t)) — g(r(t))| < /0 B/ ; Ni(K) [T (2)]; i — R, ; Ai(K) [T (2)]; 73| ds (227)
+Os<ug |M], (228)

where M, are all the martingale terms grouped together. Utilizing the same Lipschtiz map found in the proof of Lemma 7,
there exists L. > 0 such that the integrand may be bounded by

d d
2’7“0\/%) ; Xi(K)[T (2)]irs — 2”%3) ; X(K)[T (2))iTi (229)
4 2
< Le\l |Rs = Rl + | D M(K) [T (2)]; (ri — 77) (230)
i=1
The latter term may be further bounded by
d d
Z Ai(K) [T (2)]; (ri = 73)| < Z(l +2[T (2)i) (ri = 74) (231)
< [Rs = Ra| + 2[[K]| [g(r()) — g(7(s))]- (232)
However, notice that
=Rl = |5k [ 76000~ ) 3)
< [|K[[ sup [g(r(s) — 9(7(s))]- (234)
geW
Therefore,
200(Rs) o~ | e 206(Rs) N | = ~
N ; MET (iri = = 7= ; N(K)T (2)]i7 (235)
< L.C(K) sup [g(r(s)) — g(7(s))]. (236)
geEW
Putting all this together we see that
sup |g(r(t)) — g(7(#))| < sup | M +/ LC(K) sup |g(r(s)) — g(7(s))| ds. (237)
geEW 0<s<t 0 geEW
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By Gronwall’s inequality, o
sup |g(r(t)) — g(7(t)] < sup |Ms|exp (LC(K)E). (238)
gew 0<s<t

By (234) and Lemma 9, we see that R; and R, concentrates. Finally, Theorem 1 concludes the proof.

B.1.1. RISK CURVES FOR SGD

Following a similar approach but taking

q(x) = %XTR(Z; K)x, (239)

we may derive a system of d-ODEs for SGD. We note this is not novel, and a full derivation in much greater generality is in
(Collins-Woodfin et al., 2023); see also (Collins-Woodfin et al., 2024) for a shorter discussion. Using the HSGD formulation
of vanilla streaming SGD (Collins-Woodfin et al., 2024), we arrive at the VANILLAODE for subgaussian noise and variance

02,

: 2
if; = —2nX;(K)v; + ”(:l) N(K)(RPYP +902/2), V1<i<d. (240)
d
RSGD — Z i (K)v;. (241)
i=1
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C. Convergence and phase-properties of the ODEs
Lemma 16. If ¢ ~ N(0,0?), then R(©,) is bounded from above and below for all t > 0.

Proof. Take q(x) = +x”Dx then plugging this into (100) we obtain

2

4
! R(V,) + % Tr(K,D) dt + M¢. (242)

dg(Vy) = ———————
a(Ve) T/ 2R(Vy) + 02

By concentration inequalities we know that M vanishes as d — oo, thus we will omit the martingale term. Solving for the

stationary point yields the following roots,
Cf] + Oy /C3 + 6402
Ry (243)

- 64 ’

where C,, = /5 Tr(K,D) = g7 Tr(D). Phase diagram analysis shows that if R(V;) < R, then ¢(V;) is increasing.
Conversely, if R(V:) > R then ¢(V;) is decreasing. Since D is positive-definite, g(V) > 0 provided that V; # 0. The
growth and decay conditions of ¢(V}) implies that ¢('V;) cannot converge to 0, nor diverge to co. Therefore, (V) is
bounded from above and below. Consequently, ||V¢|| is bounded from above and below and so R(V;) is as well. O

Theorem 7. If ¢ ~ N(0,0%) and n € (0, 00) is a fixed learning rate then there exists unique stationary points

Tr(K(u; Ko Tr(DK, 2Tr(DK, )2
6= r(K(uw ® wi)Ko) [ nTr( )+\/77 (2 ) L1602 ), (244)
16);(K)d d d
and the limit risk is given by
n nTr(DK,) \/772 Tr(DK,)?
= — Tr(DK 1602 | . 24
R 16d I‘( 0) ( d + a2 + 160 (245)

We note that in these formulas, Tr(DK,) = § Tr(D) = § Tr(K) on account of K, having a constant diagonal.

Proof. LetY, = “7%7”'”2 and m; = %, then our d coupled ODEs are given by

dr; i (K)r; 1
i (K)r +n*mi,  1(0) = = VE(Kuw; @ y;)Vo. (246)
T Y, 2

Solving for the stationary point, we see that forall 1 < i < d,

2

,Y,
g = LMt (247)

Xi(K)

Thus, at equilibrium
d d Y,

R, = .= 1Y, 2 = T 'y (DK,). 248
L ;r U] t;)\i(K) — r( ) (248)

2
Ry — = ((4”}@) _ 92> . (249)
2 T

2 2
% ( (4775@) _02> =1 ?Tr(DKU). (250)
T T

Plugging into (248) we see that
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Solving for Y; yields the following positive root

7 [ nTr(DK,) \/172 Tr(DK,)?
Yoo = — 1602 251
T ( a 22 +ioe @51
Therefore, by (247) and (249), ‘f{t" = 0 if and only if
nzmiYoo
Ai(K)
This concludes uniqueness. The limiting risk is then given by
Y.
Roo = - = Tr(DK,). (253)

Similarly, fixing 1, we may derive unique stationary points to VANILLAODE (240):

Theorem 8. If ¢ is subgaussian with variance v*, ) € (0,00) is a fixed learning rate and {v;}?_, as given by (240), then

there exists unique stationary points
2

SGD no
- = 254
% 2(2d —nTrK)’ (254)
with limiting risk
2Tr(K

-~ 2(2d - Tr(K)n) '

Theorem 9. Assume e ~ N (0, 0%) and let s; be the stationary points to (13a). Then there is an absolute constant ¢ > 0 so

that if
Tr(DK,, 4
n (r()) < min{c, o} , and Ry < cv,
wd T

then we have, setting R = Zle S; to be the limit risk,
|R; — Reoo| < 2(Ro + Roo)e™ tMAmin(®)/ (),

We note again that in these formulas, Tr(DK,) = 5 Tr(D) = % Tr(K) on account of K, having a constant diagonal.

Proof. We recall (252), in terms of which we have

dt Y; Yo

and where we recall

v — V2R + 02
t = 7477 .
Then we rewrite the evolution of r; as
d Ai(K) M(K)  Xi(K)
a(rz 52) - Yoo (Tz sz) + < Yoo Y;g rl)
and we set R, as Y s;. Now we observe that
Y;/Q _ YOQO 7T2
vz = SPYZ (Rt — Roo) = @ (Rt — Ro) s (256)
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from which it follows

L1 VP -Y3 Y2 Y3
— == = + Erry,
Yoo Y@ YiYo(YitYe)  2V3

where Err, is bounded by
Y2-Y2\® a2 )
Err, < =) < 0% (R - Ra)?,
Ty Cy( vz > 7C’y(Rt Ry)

where ) is the minimum value of Y; over all time and C' is an absolute constant. Hence we can further develop

d 1 Y2 —Y?2 — Y2 -Y?2 —
it =00 == (= Mgy B MR 00+ (Mg + B A

Define

s 1 Y?—Y2 )
o(s) = — — ————= — Err; | dt.
() /O (YOO 2Y3 ¢

Now if we sum over all 7, we have
R; — Ry /lCts( V3 +Errs>d,

F(t) = (ri—s:)(0)e ") where K(t,s) =) e M=o \(K)s;

i i

where

Now suppose that on some interval of time [0, T']

2_Y2 Y2_y2 1
Err, < -t~ d 22t ®© .
) R 2Y3 2V
Then for s < t < T, we have
t) — t—
ot) = ols) = (=),

and so we have the convolution Volterra upper bound for ¢t < T

t
R~ Bl < 17O+ - | (Z e—M“—sV@meK)si) Ry~ Rl ds.
oo JO :

Now we note that we have the upper bound (for ¢t < T')
F(O) < (Ro + Ru)e— O/ V01,
Now suppose that 0 < 7" < T is such that for s < 7"
IR, — Roo| < Me™Pmin/(4Ys0))t,

38

(257)

(258)
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we have fort < T,

t
/ (Z €_>\i(t_s)/(2Y°°))\i(K)5i> Me—()\,nin/(4Yoo))s ds
0 i

Y . . i (K)s;
_ Ait/(2Yo0) pAit/(2Yo0) = Amint/(4Yee) _ ’ ! M
(Z ¢ (¢ ) N/ (2Y0) = Ammin /(4Yoo)>

Amint/ (4 )\(K)Si
= “(ZA/zY) ) m/<4yoo>>M

N i (K)s;
< o= Amint/(4Ys) ‘ - M
< e rmint/(Yeo) (4, R )M

Hence T’ = T, provided

(RO + Roo)

1 —4aR

Now we return to showing 7" does not occur. Recall (258), which up to T are satisfied. Then it suffices to have (compare
(257)),

4daR, <1 and M =

2

8n2YZ’
in which case (258) is satisfied for all time. Note that we may always bound ) below by

aM g% and 20%(1M <1, where «a=

Y > (mo)/(4n).

Define Hk m . We now recall (251) and (249), from which

v 2 <77HK + /n2Hg + 1602 /72

d =Y..n’Hxk.
16 )n Roo Nk

Hence for nHk < 4v/7, we have

oy <D<y,
4an n
and hence we have 9
a< - and R, < nmoHxk.
0

Thus we conclude there is an absolute constant ¢ > 0 so that if
. 40
nHkg <min<c,— », and Ry < co,
T

then we have
|R; — Roo| < 2(Ro + Roo)e_tnAmin(K)/(ﬂD).
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D. Minibatching SDEs comparison

In this section, we will present the SDE comparison between SIGNHSGD and HSGD when b > 1 for convenience of future
work. Modifying (15), it is easy to check that HSGD with minibatching is

2 @SGD
de$CP = 5, K(@5CP — 0,)dt + n, %KdBt. (259)
Once again running SGD with adaptive learning rate
277t b
SGD
_ 2 260
Tt 7\ 2P(@5CP)’ (260)

we obtain the similar SDEs for HSGD and SIGNHSGD as in (17a) and (17b)

4K
AOFY = —PK(OFP — 0.)dt + [ - dBy, (261)
s
de; = PPy (R(©,)) D! K(©; — 8,)dt + s/ Koy (262)
t t 1 t t * t ﬂ'(] ty
€-compress. D.Precond. N——
Reshape

where

2 H(b)
WO) = 3y D, (263)

This shows that our analysis in Section 4 also applies to the mini-batch setting. Notably, the effective learning rate scales by
a factor /b, while the e-compression term 9)(®) gains some additional regularity near 0 when b > 1. See Section 5.
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E. Additional experiments

We begin by illustrating (Figure 6) the concentration effect: as d increases, the loss curves more closely match the ODEs.
We also note the spread of SIGNHSGD and SIGNSGD are close across dimension.

100j
X
2
o
signHSGD 80.0% ClI
1 I signSGD 80.0% Cl
—— signODE
-=-= vanillaODE
0 10" 10° 10" 102 10°  10*
lterations
(a)d = 50
1094
6x107"
X
2 4%x107!
o
3x107 signHSGD 80.0% ClI
Il signSGD 80.0% Cl \
2x10-1] —— signODE
-=-=vanillaODE
0 10" 10° 10" 102 10° 10°
lterations
(c)d = 250

100
6x107"
3 4x107!
o
3x10!
signHSGD 80.0% ClI
2% 101 Il signSGD 80.0% Cl
—— signODE
-=-=vanillaODE
0o 107" 10° 10" 102 10° 10°
Iterations
(b) d = 100
10
6x107"
B 4x107
o
3x107" signHSGD 80.0% ClI
I signSGD 80.0% Cl ‘\
2x10~'{ —— signODE
-=-=vanillaODE
0 10" 10° 10" 10 10% 10* 10°
Iterations
(d)d =750

Figure 6: A demonstration that SIGNSGD, SIGNHSGD, and their deterministic equivalent concentrate in high-dimensions
over long time scales. In the limit as d — oo our main theorem shows that all these objects become the same.
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In the next figure we compare the limit risk prediction in Theorem 3.
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Figure 7: A demonstration of Theorem 3, over varying learning rates. Here d = 500, and we take Gaussian noise with

0=0.7
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To demonstrate the convergence rates, we consider a set of diagonal covariance matrices. The eigenvalues on the diagonal
are given by a uniform grid of [0.5, 1.0]. To these eigenvalues, we then raise them to a power « over the range (1.0, ...,5.0).

This causes the smallest eigenvalue to approach 0. We then compare SIGNSGD vs SGD after n = T'd steps with T = 30.
The noise is set to v = 0.01.

The learning rates are taken ‘optimal’ which is to say that they are nd/ tr(K) and nd/ tr(K) for SGD and SIGNSGD
respectively for a fixed multiple 7. The constant is given by 17 = 0.01. The resulting risk curves look like:

0.30 vanilla SGD 80.0% ClI
—— Vanilla ODE 1071
0.254 B signSGD 80.0% Cl
0.20 1 — signODE
~ | AN\ Limit Risk ~ 2]
) » 10
o o
[0 vanilla SGD 80.0% Cl
0% — Vanilla ODE
I signSGD 80.0% Cl
—— signODE
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Iterations/d Iterations/d
(a) Risk curves before removing limit risk (b) Risk curves after removing limit risk

Figure 8: These are the risk curves from the setup described in the text (with a = 5.0). After recentering using the values
from Theorem 3 and (255), (b) shows the linear convergence.

Now varying over these problems over « between 1.0 and 5.0. We have:
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A=1.23 ° .

—_—
o
N
1l
»i

A=1.56

A=2.01

—_—
oI

w
1l
[ ]

® vanillaODE .

— SGD Cl "A=2.66 _
® signODE .
10-4_5 — signSGD Cl A=3 57

Last lterate Risk

2x10° 3x104x10° 6x10 10
Averaged condition number of K

Figure 9: We plot the limiting suboptimality against the averaged condition number of the problem Tr(K)/(dAmin (K)).
SGD attains this convergence rate. The label A for each point is the ratio of the averaged condition number of K to the
averaged condition number of K. This measures the speedup of SIGNSGD over SGD, and is the rate effect captured by
Theorem 4.
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F. Heuristic for ADAM
In this section we derive a heuristic for ADAM (Kingma, 2014). This is given, in our context, by:

Given:
7 : learning rate
B1, P2 € [0,1) : exponential decay rates for moment estimates
€o : small constant for numerical stability
Initialize:
6y : initial parameter vector
mg < 0 : 1st moment vector
vo < 0 : 2nd moment vector
k < 0 : timestep
Repeat until convergence:
k+—k+1
gr < VoLl(Ok_1,Xk,yr) (Get gradients w.r.t. stochastic objective at timestep k)
my < 1 -myp_1+ (1 —F1) -gr (Update biased first moment estimate)
Vi B2 vi—1+ (1= 52) - gi (Update biased second raw moment estimate)

iy, — my/(1 — B¥)  (Compute bias-corrected first moment estimate)

Vi vi/(1 — B%)  (Compute bias-corrected second raw moment estimate)
0y < 0;_1 — iy /(\/ Vi +€) (Update parameters)

In a high-dimensional context, the first moment momentum [; has been observed to be equivalent to an effective change of
learning rate, without inducing other benefits on the dynamics (see (Paquette & Paquette, 2021)), and so we ignore it.

The role of the second moment, in contrast, should induce a preconditioner. If we assume that exponential decay rate of 5,
is chosen sufficiently close to 1, we would have

Vi ~p, E(VoL(Ok—1, %k, yi))?| Fr-1),
with the square applied entrywise. Using the definition of the stochastic gradient, we have
v =E ((Xk)2 ((x, -1 — 0.) + er,) \3‘}—1) :

This can be computed explicitly by Gaussian conditioning. Note that conditionally on the Gaussian w = (xi, Ox_1 — 0..),
x}, develops a mean K(6;_1 — 6..), which has norm O(1). Hence provided it also has small L>° norm, so too will all the
variances of the entries of xj, be nearly unaffected. Hence we essentially have independence, in that

v ~ E ((x4)2) E <(<xk7 01— 0.) +en)? |fzk,1) = diag(K)(2P).

Hence, we arrive at the approximate update rule for ADAM

Ort1 =0, — 72;7;(016)D*1V9£(0k,xk+1, Yr+1)- (264)
The corresponding homogenized ADAM equation is given by
_ Mt i7d -1/2. /3¢
d®; = ————==K(©; - 0.) + D KdB;. 265
t 2P (©,) (O )+ t (265)

G. Weak-approximation and high-dimension

The idea of approximating discrete stochastic processes using differential equations is not new and can be traced back to
(Robbins & Monro, 1951). These approaches typically involved deriving an ODE by sending the step size of a stochastic
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difference equation to zero and demonstrating that the noise vanishes in the asymptotic limit. In recent years, SDEs have also
been integrated into the study of SGD dynamics. In particular, the work of (Li et al., 2019) establishes a weak-approximation
framework for tracking SGD across a wide range of suitable test functions. (Malladi et al., 2022) further builds on these
ideas to derive SDEs for ADAM and RMSprop. Simultaneously with our work, (Compagnoni et al., 2025) applies the
weak-approximation framework to derive SDEs for SIGNSGD. Their approach leverages the noisy gradient model, which
allows them to extend their theory to a broader class of loss functions. In contrast, our approach follows the high-dimensional
framework developed by (Paquette et al., 2022a) and (Collins-Woodfin & Paquette, 2023).

In the high-dimensional setting, we are interested in studying a sequence of problems of growing complexity (as dimension
goes to infinity). This influences our notion of convergence. As shown in Theorem 1, we demonstrate that the risk curves of
SIGNSGD and its SDE, SIGNHSGD, closely track each other in a pointwise sense. This enables us to directly study the
behavior of SIGNSGD by analyzing SIGNHSGD, as seen in Theorems 3 and 4. Additionally, the precision of this tracking
improves as the dimension increases. In contrast, within the weak-approximation framework, for a fixed dimension, the
notion of convergence is more akin to convergence in distribution between the SDE and the optimizer as the learning rate
approaches zero. Below, we highlight some of the key differences between these two approaches.

In the following, we will show that SIGNHSGD as defined in (8) is almost recoverable from the weak-approximation
framework. The weak-approximation SDE of (Compagnoni et al., 2025) for SIGNSGD with learning rate 77 and constant
scheduler « is described by

dO}" 4 = —k(1 — 2P (V£ (©,Y4) < 0))dt + r\/nZ(O 4)dB,, (266)

where V1, (O 4) = E[V £, (©V4)] + Z, for Z the gradient noise, and X the covariance matrix of o(V £, (©"4)) —
E[o(V f,(©}V4))]. Moreover, the probability and expectation are understood to be taken conditional on ®}V4. See (Malladi
et al., 2022) for more on the noisy gradient model. We consider the quadratic-loss function and to match our label-noise
gradient to the noisy gradient, we set Z(©}"4) = x,({x;, V4 — 6,) — ;) — K(©}V4 — 6,), for x; ~ N(0,K) and ¢
independent to ®}V4. Since the effective learning rate in high-dimension is 7/d, choosing x = 1/d and plugging this into
(266), we obtain

167" = _é(l — 2P(x; ((x¢, 0" — 0.) — ) <0))dt + Cll\/n <2I:” - M(®¥“)> dB, (267)
= —é]E [U(Xt(<Xt, @XVA _ 0*> — Gt))] dt + Cll\/,'7 (21750' _ M(@}/[/A))ch (268)

where M(©,) = E [o(x;({x:, ®V* — 6,) — &;))] “2, Computing the expectation of the signed gradient is not a straight-
forward task and to reduce it to a simplified form requires high-dimensional concentration. See Lemmas 1, 3 and 4. Thus,
taking the liberty of fixing the dimension d to be large, for p < 1/4 as specified in Lemma 4,

L[ oROF)) = . 1 9K,
delV4 = - | m=—L_K©O"* -0, d*=2) ) dt + = — M(®V4) )dB,. 26
t d( 273(@?/‘4) (O )JFO( ) +d n - ((CHES) t (269)
We present SIGNHSGD for ease of reference,
40, = 2RO g@, —g.yat + n/ e a,. (270)

wd

V2R(©,)

Most notable between SIGNHSGD and (269) is the error O (d3p*2) and M(©}V A) in the drift and diffusion term of (269)
respectively. It is clear that the error in the drift term diminishes as the dimension increases. However, the error in the
diffusion term is less obvious. We once again turn towards high-dimensional concentration. Indeed, by Lemmas 3, 4 and 12,
we see that for all 1 < 7,5 < d, [M(©}'*)];; = O (d*~') with high-probability.

Another important distinction between the two SDE:s is the presence of 7 in both the drift and diffusion term of SIGNHSGD.
Whereas with ®}V4, 7 is only present in the diffusion term. This relates to the different notions of convergence within the
respective frameworks. In the weak-approximation setting, @}V 4 is an order 1 approximate of 8, in the sense of

sup  |E[g(8k)] — E[g(®F™M)]] < C(d, T)n, 271)
0<k<|T/n]

46



Exact risk curves of signSGD in high-dimensions

where g is any function with polynomial growth. We see that within a fixed dimension setting, ©}" 4 has improved
performance in approximating 6, when ) — 0 and the drift term dominates. On the contrary, SIGNHSGD vanishes if we
were to send  — 0. Instead, we take the limit in dimension and show that SIGNHSGD improves as dimension d — co. See
Theorem 1. Comparing these two regimes, it is not immediately clear whether one can send both  — 0 and d — oo in
(271) and still retain good approximation. For instance, if we fix 77 and send d — oo in (269), we see that the diffusion term
persists as K, grows with dimension. On the other hand, the drift term vanishes. The consideration of dimensionality as the
problem scales is an important aspect of our work.
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H. K does not always reduce the condition number

As a counter example consider the covariance matrix,

0.17 -049 -0.19 -0.36
—-049 234 071 1.79

K= . (272
-0.19 0.71 0.32 0.53

—-036 1.79  0.53 1.44

Up to two decimals the condition number 2is #(K) = 115.88. However, the condition number of K is x(K) = 129.78.

I. Experimental details

The code to reproduce these results is available at https://anonymous.4open.science/r/signSGD-6216/.
We summarize the experimental setup of Figure | in Table 1.

Dataset Learning Rate () Dimension Noise Distribution = Noise Details # Iterations
Synthetic (Gaussian noise) 0.7 500 Gaussian Ele] =0,E[*] =1 5,000
Synthetic (Cauchy noise) 0.5 500 Cauchy Location = 2, Scale = 1 5,000
CIFAR10 0.9 400 Gaussian (assumed) E[¢] = 1, E[¢*] = 0.76 40,000

€ =T1g1 + T2g2
T, = T = 0.5

IMDB 0.2 50 2-GMM (assumed) 25,000
E[gi] = —0.76, E[g}] = 0.18

Elg2] = 0.75, E[g3] = 0.17

Table 1: A summary of experimental details of Figure 1. The full details of the experiments are available below.

The experiments creating Figure | were carried out on an M1 Macbook Air. Homogenized SIGNHSGD is solved via a
standard Euler-Maruyama algorithm. The procedure for solving for the risk is described in Appendix B.

Synthetic data: The synthetic data was generated in dimension d = 500. The covariance matrix K was generated by
multiplying a random unitary matrix by a diagonal matrix of d log-spaced eigenvalues between 0.01 and 0.5.

o was explicitly computed in the Gaussian data case and was solved via numerical integration in the case of Cauchy
(Student’s-t family) noise. Note that vanilla SGD does not converge under Cauchy noise and thus we cannot provide a
comparison. We plot the 80% confidence interval across 20 runs.

CIFAR10: The CIFAR10 (Krizhevsky, 2009) data was used to perform binary classification by regressing to 4-1 labels
being animals or vehicles. The “frog” class was removed to retain balanced classes. The data matrix D is first passed
through a random features model so that

D,; = tanh DA (273)

where A is a random features matrix of independent standard Gaussians. This choice was found to better condition the data
so that SIGNODE could be effectively solved via numerical integration.

In order to estimate 6, the regression problem was first solved using Sci-kit learn (Pedregosa et al., 2011) and the resulting
solution was taken to be ... The differences {y; — (0.,x;)} for all x; € D, s was then assumed to be the noise. A histogram
of this noise is available in Figure 10a. The noise was then fitted to a Gaussian. Finally, 7 = 0.5 and the SIGNSGD plot
represents the 80% confidence interval over 50 runs.
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Figure 10: Histograms of the estimated noise distributions for the CIFAR10 and IMDB datasets. Also shown is the estimated
PDFs used to compute ¢ for each case.

IMDB: The IMDB dataset (Maas et al., 2011) was first embedded using GLOVE (Pennington et al., 2014) into dimension
50. Then, a 2-layer random features model was applied as well as some noise added to regularize the problem. We add sG
where G is a matrix of independent standard Gaussians. We take s = 0.03. This additional regularization was required in
the case of text data as the covariance of the original GLOVE embedded data has extremely high condition number making
numerically solving our ODEs impossible. The choice of s = 0.03 was found to regularize the data while maintaining the
accuracy (~= 73%) of trained models. Ultimately the data used is,

D, = tanh(A’ tanh D(A + s@G)). (274)
Note that this regularization did not destroy the information contained in the original problem. Sci-kit learn achieves an
accuracy of ~ 75% on the unregularized problem and the finally accuracy on the regularized problem was ~ 73%.

We perform the same method as in the CIFAR10 case to first estimate 6, and then to estimate the distribution of the noise.
We fit a mixture of two Gaussians model (GMM) to this noise. ¢ is trivial to compute exactly when noise is assumed to
come from a GMM. The estimated noise is again available in Figure 10.
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