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Abstract

Classical optimisation theory guarantees monotonic objective decrease for gra-
dient descent (GD) when employed in a small step size, or “stable", regime. In
contrast, gradient descent on neural networks is frequently performed in a large
step size regime called the “edge of stability", in which the objective decreases
non-monotonically with an observed implicit bias towards flat minima. In this pa-
per, we take a step toward quantifying this phenomenon by providing convergence
rates for gradient descent with large learning rates in an overparametrised least
squares setting. The key insight behind our analysis is that, as a consequence of
overparametrisation, the set of global minimisers forms a Riemannian manifold
M , which enables the decomposition of the GD dynamics into components par-
allel and orthogonal to M . The parallel component corresponds to Riemannian
gradient descent on the objective sharpness, while the orthogonal component is a
bifurcating dynamical system. This insight allows us to derive convergence rates in
three regimes characterised by the learning rate size: (a) the subcritical regime, in
which transient instability is overcome in finite time before linear convergence to
a suboptimally flat global minimum; (b) the critical regime, in which instability
persists for all time with a power-law convergence toward the optimally flat global
minimum; and (c) the supercritical regime, in which instability persists for all time
with linear convergence to an orbit of period two centred on the optimally flat
global minimum.

1 Introduction

The well-known gradient descent (GD) iteration

θ 7→ GDℓ(η, θ) := θ − η∇ℓ(θ), θ ∈ Rp (1)

for minimisation of an objective function ℓ : Rp → R, with learning rate η > 0, is the foundation of
most practical algorithms for training deep neural networks (DNNs). Despite the apparent simplicity
of the algorithm and practical ease with which DNNs can be trained using GD, theoretically GD
on DNNs remains poorly understood. In addition to the well-known non-convexity of DNN loss
functions ℓ, our theoretical understanding is hampered by the fact that in practice DNNs tend to be
trained with larger learning rates than permissible according to standard optimisation theory.

Specifically, classical optimisation theory requires that the learning rate η be less than twice the
reciprocal of the largest eigenvalue λ (the sharpness) of the Hessian ∇2ℓ. The reason for this is easily
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seen by considering the simplest quadratic objective ℓ(θ) := 1
2λθ

2 of a single variable θ: if η > 2/λ,
then the iterates θt+1 = (1− ηλ)θt of GDℓ(η, ·) grow in magnitude like |1− ηλ|t leading to rapid
divergence. In contrast, DNNs are typically trained in a regime called the edge of stability (EOS)
[13], in which η is often (pointwise) strictly larger than 2/λ. Miraculously, despite this large learning
rate, GD is capable of converging non-monotonically to a global minimum of the loss, exhibiting an
apparent bias toward less sharp (flatter) minima.

Despite significant theoretical progress in the past few years, GD at the edge of stability is still poorly
understood when compared with its small learning rate counterpart. In particular, while convergence
rates for GD in the small learning rate regime can be obtained for DNNs using standard methods [25],
convergence rates for GD at the edge of stability have so far only been obtained in settings wherein
monotonic loss decrease can be eventually guaranteed [42, 41, 11, 32].

Our purpose in this paper is to provide convergence rates in a least squares setting, wherein sustained
monotonic decrease of the loss may never occur. To our knowledge, these are the first rates of this
kind to be provided in the literature.

Our analysis synthesises Riemannian geometry and dynamical systems theory to formalise an intuition
that has been folklore in the literature for some time [16, 12], namely that GD with a large step
size implicitly favours flatter global minima. This formalisation is achieved for codimension 1,
overparametrised least squares problems, including deep scalar factorisation, in which the solutions
(global minima) are guaranteed to form a p − 1-dimensional Riemannian submanifold M of the
p-dimensional Euclidean parameter space Rp. Inspired by the “self-stabilisation” idea proposed
in [16], we introduce new coordinates (θ∥, θ⊥) for a neighbourhood of M , where θ∥ is a point
in M and θ⊥ coordinatises the direction orthogonal to M , with respect to which the GD map
(θ∥, θ⊥) 7→ (GD∥(θ∥, θ⊥),GD⊥(θ∥, θ⊥)) has approximately the following form:

GD∥ : (θ∥, θ⊥) 7→ GDλ
M

(
η(θ⊥)2

2c(η, θ∥)
, θ∥
)

GD⊥ : (θ∥, θ⊥) 7→ (1− ηλ(θ∥))θ⊥ + (θ⊥)3. (2)

The left map GDλ
M is Riemannian gradient descent on λ along M (see (4)), with step size

η(θ⊥)2/(2c(η, θ∥)) for some strictly positive number c(η, θ∥); the right is the normal form for
a period-doubling bifurcation [27]. Our analysis thereby clarifies the implicit bias of GD toward flat
minima:

In a neighbourhood of the solution manifold, GD with a large learning rate implicitly
performs Riemannian GD on the sharpness along the solution manifold, and oscillates as a

bifurcating dynamical system in the direction orthogonal to the solution manifold.

Paper contributions. In the context of codimension 1 least squares problems, we:

1. Make the implicit bias of GD toward flat minima explicit: overparametrisation enables the
decomposition of GD into an explicitly sharpness-minimising component along the solution
manifold, controlled by an oscillating component orthogonal to the solution manifold.

2. Prove that a class of non-convex scalar factorisation problems fit into our framework. In particular,
we prove that despite the non-convexity of the landscape itself, the sharpness in such examples is
geodesically strongly convex along a geodesic ball in the solution manifold. To our knowledge,
this observation has not previously been made.

3. Identify and prove convergence and implicit bias results for large step size GD in three regimes:
(a) the subcritical regime, in which the iterates can be guaranteed to (eventually) decrease

monotonically at a linear rate until convergence to a suboptimally flat minimum;
(b) the critical regime, in which the iterates converge non-monotonically with a power law rate

to the sharpness-minimising global minimum;
(c) the supercritical regime, in which the iterates converge linearly to a stable period-two orbit

orthogonal to the solution manifold at the point of minimum sharpness.
Although the former and the latter have already been observed in some examples, to our knowledge
the middle regime has not yet been identified. Moreover, our work is the first to be able to
theoretically quantify the rate of convergence and implicit bias in all three regimes.

4. Verify our theory against numerical experiments.
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2 Related work

Overparametrisation and convergence guarantees for DNNs. Convergence analyses of GD for
non-convex loss landscapes such as DNNs are by now well-established [19, 18, 3, 35, 34, 36, 10].
Although none of these works are able to account for non-monotonic convergence of GD using a large
step size, they do point to overparametrisation as a key feature of DNN loss landscapes which enables
a (local) Polyak-Łojasiewicz inequality and thus convergence guarantees in the absence of convexity.
Specifically, overparametrisation enables the map f sending parameters to network outputs to be
submersive, in the sense that the derivative matrix Df of f is pointwise full-rank. Much of the analysis
involved in the aforementioned papers is aimed at quantifying this submersivity by lower-bounding
the smallest eigenvalue of the “neural tangent kernel” Df DfT [24, 10]. Overparametrisation in this
sense plays a key role in our work too, since it guarantees that the global minima form a smooth
manifold with a well-defined normal direction, which is the foundation for Equation (2) and all the
analysis that follows.

GD with large learning rates. Recent work in convex optimisation has demonstrated surprising
benefits of large step sizes [21, 22, 23, 4, 5], however the mechanism in these works appears to
be distinct from the EOS phenomenon in deep learning. Concerning deep learning, although local
stability analysis had already hinted at a relation between step size and sharpness prior to 2020 [43],
the seminal work of [13] in 2021 was the first to conduct a systematic empirical study of large step
size GD. In particular, [13] exposed the fact that GD on DNNs typically uses a larger step size than
admissible by classical theory. Moreover, [13] made the empirical observation that this larger step size
implicitly regularises sharpness during the late stages training, and coined the term “edge of stability”
for this phase. An explosion of empirical and theoretical work has since been produced in an attempt to
account for these empirical observations [2, 7, 40, 38, 39, 16, 30, 44, 1, 12, 26, 42, 41, 11, 17, 32, 20].
At a high level, work up to this point on large step size GD can be classified into one of two categories:
general analysis attempting to outline the essence of the mechanism of stability in this regime while
abstracting from specific architectures [16, 14]; and specific analysis focusing on precise architectural
details in an attempt to derive more fine-grained results on convergence [42, 41, 11, 32] or implicit
bias [38, 39, 12, 17]. The advantage of the former approach is generality and clarity of insight, with
the disadvantage of less facility in the proof of quantitative results. The advantage of the latter is the
wealth of tools for the proof of quantitative results, with the disadvantage of obfuscating essential
mathematical structures with inessential architectural detail.

Our work attempts to achieve the strengths of both approaches with a middle ground of abstraction. On
the one hand, in common with and inspired by the seminal work [16], our formulation identifies and
hinges on minimal mathematical structures which underlie the dynamics of GD with large step size,
independent of architectural details; on the other hand, in common with the latter works, we retain
enough mathematical structure in our assumptions to cover some of the specific examples already
studied in prior work and obtain quantitative convergence rates and implicit bias characterisations. In
particular, we are able to provide convergence rates outside of the “eventually monotonically stable”
regimes considered in prior work [42, 41, 11, 32], as well as rigorously quantify oscillatory implicit
biases of large step size GD observed empirically and partially accounted for theoretically in [12, 17].

3 Theoretical setting

3.1 Notation

Given a smooth (i.e., infinitely differentiable, C∞) manifold M without boundary, and a point
θ ∈ M , we will use TθM to denote the tangent space to M at θ, and TM :=

⊔
θ∈M TθM to denote

its tangent bundle. Given a smooth map g : M → N of smooth manifolds, we will denote by DMg :
TM → TN its derivative, acting at each point θ ∈ M as a linear map DMg(θ) : TθM → Tg(θ)N
between tangent spaces.

A Riemannian metric on M is a smoothly-varying inner product ⟨·, ·⟩θ on each TθM ; we will usually
drop the subscript and denote the metric by simply ⟨·, ·⟩. Given Riemannian metrics on M and N , any
higher derivative Dk

Mg : TM⊗k → TN is also defined, and at each point θ ∈ M acts a symmetric,
multilinear map Dk

Mg(θ) : TθM
⊗k → Tg(θ)N whose value on vectors v1, . . . , vk ∈ TθM we denote

Dk
Mg(θ)[v1, . . . , vk] (respectively, Dk

Mg(θ)[v⊗k] if vi = v ∀i). This Dk
Mg may also act on vector

fields V1, . . . , Vk : M → TM to give a map Dk
Mg[V1, . . . , Vk] : M → TN defined by the formula
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Dk
Mg[V1, . . . , Vk](θ) := Dk

Mg(θ)[V1(θ), . . . , Vk(θ)] (resp. Dk
Mg[V ⊗k](θ) := Dk

Mg(θ)[V (θ)⊗k] if
Vi = V ∀i) for θ ∈ M .

If g : M → R is scalar-valued, then ∇k
Mg : TM⊗k−1 → TM will be used to denote the map

obtained by dualising one of the inputs of Dk
Mg using the Riemannian metric. Specifically, given any

θ ∈ M and tangent vectors v2, . . . , vk ∈ TθM , ∇k
Mg(θ)[v2, . . . , vk] is the unique element of TθM

satisfying

⟨∇k
Mg(θ)[v2, . . . , vk], v1⟩ = Dk

Mg(θ)[v1, v2, . . . , vk], ∀v1 ∈ TθM, (3)

where ⟨·, ·⟩ is the Riemannian metric in TθM . The objects ∇Mg and ∇2
Mg are the Riemannian

gradient and Riemannian Hessian respectively. In particular, Dk
Rpg and ∇k

Rpg will be denoted simply
Dkg and ∇kg; ∇g and ∇2g then are the ordinary Euclidean gradient and Hessian respectively.

A geodesic is a locally length-minimising curve in M (for instance, geodesics in Euclidean space
are just straight lines). We will use dM (θ, θ′) to denote the geodesic distance between θ, θ′ ∈ M ,
which is the length of the shortest geodesic connecting θ to θ′; dM makes M into a metric space. For
any θ ∈ M and any sufficiently small v ∈ TθM , there is a unique geodesic γ : [0, 1] → M such
that γ(0) = θ and γ̇(0) = v; the exponential map on (θ, v) is then by definition expθ(v) := γ(1);
in Euclidean space expθ(v) = θ + v. See Appendix A for more details. Any smooth function
g : M → R is associated to a Riemannian gradient descent map (η, θ) 7→ GDg

M (η, θ) ∈ M defined
in an open neighbourhood of {0} ×M ⊂ R≥0 ×M by

GDg
M (η, θ) := expθ

(
− η∇Mg(θ)

)
. (4)

This reduces to the familiar (η, θ) 7→ θ − η∇g(θ) in the Euclidean setting, wherein it is denoted
simply GDg with the subscript dropped.

Recall that a regular value of a function f : Rp → Rd is a point y ∈ Rd such that f−1{y} is
nonempty and f is C∞ in a neighbourhood of f−1{y} with derivative Df(θ) : TθRp → Tf(θ)Rd

surjective for all θ ∈ f−1{y}. Moreover, if y is a regular value of f , then M := f−1{y} is a smooth
submanifold of Rp, and if f is also analytic in a neighbourhood of M , then M is an analytic manifold.

3.2 Problem setting

Given a natural number p > 1, function f : Rp → R and target value y ∈ R, we aim to solve the
codimension 1 least squares problem

min
θ

ℓ(θ) :=
1

2
(f(θ)− y)2, (5)

using gradient descent with constant step size η > 0:

θ 7→ GDℓ(η, θ) := θ − η∇ℓ(θ). (6)

We will make the following assumptions on f and y.
Assumption 3.1 (Regularity and analyticity). The point y ∈ R is a regular value of f , and f is
analytic in a neighbourhood of the pre-image M := f−1{y}.

The assumption that y is a regular value of f is a strong version of overparametrisation: it is
equivalent to assuming that the “neural tangent kernel" Df DfT = ∥Df∥2 is non-vanishing along
M , as is often insisted upon in overparametrisation theory for deep learning [24, 10]. Analyticity of
f in a neighbourhood of M := f−1{y} will be used to invoke powerful results from holomorphic
dynamics [6] in our convergence theorems.

The key consequence of Assumption 3.1 is that, by the regular value theorem, the solution set M of (5)
is a (p− 1)-dimensional analytic submanifold of Rp. Points in M will be denoted θ∥ in what follows.
For any θ∥ ∈ M , the tangent space Tθ∥M to M at θ∥ is the kernel of Df(θ∥), and any singular value
decomposition of Df(θ∥) admits precisely one nonzero singular value corresponding to a singular
vector orthogonal to Tθ∥M . This singular vector is the normal vector n(θ∥) := ∇f(θ∥)/∥∇f(θ∥)∥.

It follows from the chain rule and the fact that f ≡ y along M that the Hessian ∇2ℓ of ℓ satisfies the
identity

∇2ℓ|M ≡
(
∇f∇fT + (f − y)∇2f

)
|M ≡ ∇f∇fT |M (7)
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along M . We denote by λ the largest eigenvalue of ∇2ℓ, which is equal to ∥∇f∥2. We assume M to
be equipped with the Riemannian metric inherited from its embedding into the Euclidean space Rp.

Our new coordinate representation (2) for gradient descent is essentially a consequence of coordinatis-
ing a tubular neighbourhood N of M by a ∥-coordinate along M , and a ⊥-coordinate orthogonal to
M (Figure 1). However, the rigorous form of (2) requires two additional assumptions on the solution
manifold M . The first of these provides an invariant line segment about which GD can oscillate, and
enables the correct decay rate of the error terms in the ∥-component of GD.

Assumption 3.2 (Orthogonal stability). There is θ∥∗ ∈ M and a line segment L through θ
∥
∗ orthogonal

to M which is invariant under gradient descent on ℓ (see Figure 1).

The second assumption necessary for the rigorous form of (2), concerning the ⊥-equation, is a
standard assumption from bifurcation theory enabling the realisation of the ⊥-equation in a well-
known normal form which is easily analysed [27, Theorem 4.3].
Assumption 3.3 (Genericity). Recall the normal vector field n := ∇f/∥∇f∥. At each point θ∥ ∈ M ,
for all η in a neighbourhood of 2/λ(θ∥), one has

c(η, θ∥) :=

(
η

2
D3ℓ[n⊗3](θ∥)

)2

− η

6
D4ℓ[n⊗4](θ∥) > 0. (8)

N

M

θ⊥
θ
∥
∗

θ∥

L

θ′

∇ℓ(θ′)
θ

Figure 1: M = {(x, y) : xy = 1} with
tubular neighbourhood N (shaded) and
line L (dotted). Inside N , any point θ is
closest to a unique point θ∥ on M , with
θ − θ∥ = θ⊥ n(θ∥) orthogonal to M for
some θ⊥ ∈ R. Assumption 3.2 says that
∇ℓ(θ′) is parallel to L at any point θ′ ∈ L.

Assumptions 3.1, 3.2 and 3.3 are sufficient to obtain
the rigorous form of (2) (Theorem 4.1). As is evident
from Equation (2), GD with a large step size behaves
like gradient descent on the sharpness along M . To
utilise this fact in our convergence theorems, we will
make the following additional assumptions on M and
the sharpness λ.
Assumption 3.4 (Strong convexity of λ). There is a ball
BM (θ

∥
∗, r) ⊂ M , centred on θ

∥
∗ and of radius r > 0 with

respect to the geodesic distance, which is geodesically
convex in the sense that any two points in BM (θ

∥
∗, r) are

connected by a unique distance-minimising geodesic,
over which the sharpness λ : M → R is µ-geodesically
strongly convex and has L-geodesically Lipschitz gradi-
ents, in the sense that the Riemannian Hessian ∇2

Mλ of
λ satisfies

µITM ⪯ ∇2
Mλ ⪯ LITM (9)

uniformly over BM (θ
∥
∗, r), where ITM is the identity

map on TM . We assume moreover that λ achieves its minimum value λ(θ
∥
∗) in BM (θ

∥
∗, r) uniquely

at θ∥∗ , where one moreover has
∇2

Mλ(θ
∥
∗) = ν ITM (θ

∥
∗) (10)

for some ν > 0, where ITM (θ
∥
∗) is the identity map on the tangent space T

θ
∥
∗
M of M at θ∥∗ .

These assumptions need not be satisfied for general functions f . The geodesic strong convexity of λ
in particular seems at first to be an alarmingly strong assumption, since it is well-known that DNN
loss landscapes are non-convex. Surprisingly, these non-trivial assumptions can be guaranteed to
hold for the following class of toy examples of deep learning non-convex loss landscapes.

Multilayer scalar factorisation. The map f : Rp → R defined by f(θ1, . . . , θp) := θp · · · θ1
corresponds to a linear network of depth p and width 1 on a single input datum. Any nonzero target
value y ̸= 0 is a regular value for f , and f−1{y} is then a union of hypersurfaces (Proposition B.1).
Assuming without loss of generality that y > 0 and setting θ

∥
∗ := y

1
p 1p, one takes M to be the

connected component of θ∥∗ . The line L is given by the span of the ones-vector 1p (Proposition B.2).
Assumption 3.3 holds by Proposition B.3, while Proposition B.6 demonstrates that λ is geodesically
strongly convex on a geodesic ball centred at θ∥∗ , with

∇2
Mλ(θ

∥
∗) = 4y2−4/pITM (θ

∥
∗) (11)
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so that Assumption 3.4 holds. One may also take f(θ1, . . . , θp) := θpϕ(θp−1ϕ(· · · (ϕ(θ1)) · · · ), with
ϕ any nonlinearity that is the identity on a neighbourhood of y1/p and still satisfy all assumptions.

Some thought reveals that these assumptions can be relaxed in more-or-less straightforward ways to
deep linear networks of sufficient constant width on multi-point datasets. However, the scalar case we
consider in this paper is already sufficiently instructive and non-trivial that we leave a more general
elaboration of this framework to future work.

4 A normal form for gradient descent about the solution manifold

In this section we state a rigorous form (Theorem 4.1) of the approximate update equations alluded to
in Equation (2), and give an idea of its proof. This section makes use only of Assumptions 3.1, 3.2
and 3.3. The geodesic convexity of Assumption 3.4 is not needed to derive the normal form of GD
about M , and is necessary only for the convergence theorems to be given in the next section.

Our analysis of the dynamics of GD is inspired by that of [16]; it proceeds from a Taylor expansion2.
However, while [16] Taylor expands around a set of points with sharpness ≤ 2/η, we Taylor expand
around the solution manifold M . Our derivation is novel and provides a number of advantages: the
assumptions are more transparent and easily checked, and we are guaranteed that M is a Riemannian
manifold, while the set of points with sharpness ≤ 2/η considered in [16] need not be.

Specifically, every point θ sufficiently close to M admits a unique nearest point θ∥ on M . The
difference θ−θ∥ is then a scalar multiple θ⊥ n(θ∥) of the normal vector n(θ∥) = ∇f(θ∥)/∥∇f(θ∥)∥
at θ∥. Thus, pairs (θ∥, θ⊥) with θ∥ ∈ M and sufficiently small θ⊥ ∈ R suffice to completely
coordinatise a neighbourhood of M in Rp known as a tubular neighbourhood N [28, p. 147]. Our
first result is then the following characterisation of the GD dynamics in terms of θ∥, θ⊥, the sharpness
λ and its Riemannian gradient descent map GDλ

M .

Theorem 4.1 (Normal form for GD about M ). There is an analytic change of coordinates
(η, θ∥, θ⊥) 7→ (η, θ) for a tubular neighbourhood N of M in which the gradient descent map GDℓ :

(η, θ) 7→
(
η, θ − η∇ℓ(θ∥)

)
takes the form (η, θ∥, θ⊥) 7→

(
η,GD∥(η, θ∥, θ⊥),GD⊥(η, θ∥, θ⊥)

)
,

where

GD∥(η, θ∥, θ⊥) = GDλ
M

(
η(θ⊥)2

2c(η, θ∥)
, θ∥
)
+O

(
(θ⊥)3 min{1, dM (θ∥, θ

∥
∗)}
)
, (12)

GD⊥(η, θ∥, θ⊥) = (1− ηλ(θ∥))θ⊥ + (θ⊥)3 +O
(
(θ⊥)4

)
, (13)

with c(η, θ∥) defined in Assumption 3.3.

Outline of proof. Recalling the normal vector field n := ∇f/∥∇f∥, we approximate the gradient
∇ℓ(θ) at θ ∈ N by the Taylor series

∇ℓ(θ) = ∇ℓ(θ∥) + θ⊥∇2ℓ(θ∥)[n(θ∥)] +
(θ⊥)2

2
∇3ℓ(θ∥)[n(θ∥), n(θ∥)] +O((θ⊥)3). (14)

Since M consists of global minima for ℓ, ∇ℓ(θ∥) = 0. Additionally, since n(θ∥) is the sole
eigenvector along which ∇2ℓ(θ∥) = ∇f(θ∥)∇f(θ∥)T is nontrivial, with eigenvalue λ(θ∥), one has
∇2ℓ(θ∥)[n(θ∥)] = λ(θ∥)n(θ∥). One thus has:

∇ℓ(θ) = λ(θ∥)θ⊥n(θ∥) +
|θ⊥|2
2

∇3ℓ(θ∥)[n(θ∥), n(θ∥)] +O((θ⊥)3). (15)

Plugging this into the gradient descent update formula, applying the orthogonal projection PTM of
TRp onto TM and nT of TRp onto the normal direction respectively, and noting that

PTM∇3ℓ[n, n] = ∇M

(
∇2ℓ[n, n]

)
= ∇Mλ (16)

2The idea of higher order terms inducing implicit bias is also present in literature on Sharpness-Aware
Minimisation [8].
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since ∇(nTn) = ∇(1) = 0, yields the following formulae for the GD update in (θ∥, θ⊥):

θ∥ 7→ θ∥ − η(θ⊥)2

2
∇Mλ(θ∥) +O((θ⊥)3) (17)

θ⊥ 7→ (1− ηλ(θ∥))θ⊥ − η(θ⊥)2

2
D3ℓ(θ∥)[n(θ∥)⊗3] +O((θ⊥)3). (18)

The O((θ⊥)3) error in the ∥-update is tightened to O
(
(θ⊥)3 min{1, dM (θ∥, θ

∥
∗)}
)

using Assumption

3.2, and θ∥ − η(θ⊥)2

2 ∇Mλ(θ∥) is the first order approximation of expθ∥

(
− η(θ⊥)2

2 ∇Mλ(θ∥)
)

by the
Taylor expansion of the exponential map [33]. The final form is obtained by invoking Assumption
3.3 and applying a standard transformation from bifurcation theory [27, Theorem 4.3]. See Theorem
C.6 for a rigorous proof.

We can immediately make the following qualitative observations of the dynamics in Theorem 4.1,
with which we will be able to give an idea of how our convergence theorems work. Let (θ∥t , θ

⊥
t )

denote the tth iterate of gradient descent in the (θ∥, θ⊥) coordinates of Theorem 4.1.

The ∥-component of the GD dynamics is a perturbed version of Riemannian gradient descent on the
sharpness along the solution manifold M , with time-varying step size determined by the magnitude
of the ⊥-iterates θ⊥t . Recalling that we assume λ to be geodesically strongly convex as in Assumption
3.4, we can be assured of descent guarantees for λ provided |θ⊥t | can be controlled.

The behaviour of |θ⊥t | is governed by the map (13), which is a perturbed, time-varying version of the
simpler “flip bifurcation"

x 7→ (1− ηλ′)x+ x3 (19)

from bifurcation theory [27]. The iterates xt of (19) admit the following dynamics.

1. When η < 2/λ′, 0 is a hyperbolic attractor, and the iterates |xt| go to zero exponentially fast.
Were this to hold also for the iterates |θ⊥t | of (13), θ∥t would evolve like gradient descent
on λ with exponentially decaying step size, hence would converge exponentially fast to a
suboptimally flat point.

2. When η = 2/λ′, 0 is a parabolic attractor, and the iterates |xt| go to zero like Θ(t−1/2).
Were this to hold also for the iterates |θ⊥t | of (13), θ∥t would evolve like gradient descent on
λ with power-law-decaying stepsize, hence would converge with a power-law rate to the
optimally flat point.

3. When η > 2/λ′, there is a hyperbolically attracting orbit of period two with amplitude
≈ √

ηλ′ − 2 to which the iterates xt converge exponentially fast. Were the same to be
true for the iterates θ⊥t of (13), θ∥t would evolve like gradient descent on λ with step size
Θ
(
(ηλ′ − 2)

)
, hence would converge exponentially to the optimally flat point.

In the next section, we provide theorems showing that these intuitions gathered from the unperturbed,
time-invariant (19) can be rigorously carried over to the perturbed, time-varying system defined by
Theorem 4.1.

5 Convergence theorems

In this section, we state our convergence theorems and provide numerical demonstrations of them on
a multilayer scalar factorisation problem. In addition to the Assumptions 3.1, 3.2 and 3.3 required for
the normal form (Theorem 4.1), we now also invoke Assumption 3.4 to provide rates of convergence.
Iterates will be denoted θt (respectively (θ

∥
t , θ

⊥
t )) for t ∈ N ∪ {0}. For convenience, our |θ⊥t | plots

concern the orthogonal coordinate of the intermediate Proposition C.5 rather than that of the final
Theorem 4.1; since the transformation going between them is analytic (Theorem C.6), this causes no
difference in the convergence rate.
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5.1 Subcritical regime

The subcritical regime is when 2/λ(θ
∥
∗) > η > 2/λ(θ

∥
0). In this regime, considered also in certain

examples in prior works [26, 32], the orthogonal component θ⊥t of the iterates exhibits initial,
transient oscillation driven by (13) of Theorem 4.1; during this time, the sharpness values λ(θ∥t ) are
monotonically decreasing according to Theorem 4.1 to the point of stability η < 2/λ(θ

∥
t ) in a finite

number of steps. Following the achievement of stability, θ⊥t decays exponentially fast, resulting in
exponentially less aggressive steps in θ

∥
t to decrease λ(θ

∥
t ), ultimately resulting in convergence to a

suboptimally-flat global minimum of ℓ. See Figure 2. The theorem below appears as Theorem D.4 in
the appendix.

Theorem 5.1. Assume that η < 2/λ(θ
∥
∗). Then there is a constant γ > 0 such that for all θ⊥0

sufficiently close to zero and all θ∥0 ̸= θ
∥
∗ ∈ BM (θ

∥
∗, r), if η > 2/λ(θ

∥
0) is sufficiently small, then

there is

τ ≤ O

(
(θ⊥0 )

−2

(
λ(θ

∥
0)− λ(θ

∥
∗)

2/η − λ(θ
∥
∗)

)γ)
(20)

such that η < 2/λ(θ
∥
t ) for all t ≥ τ and η ≥ 2/λ(θ

∥
t ) for all t < τ . Consequently, setting

β := 1− (2− ηλ(θ
∥
τ )) < 1, the iterates (θ∥t , θ

⊥
t ) converge to a global minimum (θ

∥
∞, 0) of ℓ in M

with suboptimal sharpness

λ(θ∥∞)− λ(θ
∥
∗) ≥ exp

(
−O

(
(θ⊥τ )

2(1− β2)−1
))
(λ(θ∥τ )− λ∗). (21)

at a rate O(βt).
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( t ) ( * )
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Figure 2: Log-scale plots of distance from θ
∥
t to θ

∥
∗ (left), magnitude of θ⊥t (centre) and sharpness

suboptimality gap (right) for gradient descent on depth 5 scalar factorisation in the subcritical regime.
Trajectories from five different initialisations shown. Initial instability in |θ⊥t | (top) is overcome in
finite time with rapid convergence to a suboptimally flat global minimum (bottom).

5.2 Critical regime

The critical regime happens when η = 2/λ(θ
∥
∗). To our knowledge, this regime has not been observed

previously in the literature. In this regime, the dynamics of GD are non-hyperbolic, with θ⊥t exhibiting
2-periodic decay to zero with a rate Θ(t−

1
2 ). Consequently, the dynamics of θ∥t are essentially those

of gradient descent on λ with a step size decaying according to a power-law. Ultimately then, θt does
converge to the optimally flat global minimum of ℓ, but does so at a slow rate. See Figure 3. The
theorem below appears as Theorem D.9 in the appendix.
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Theorem 5.2. Assume that η = 2/λ(θ
∥
∗) and that ν/(c(2/λ∗, θ

∥
∗)λ∗) < 1, where ν and c(·, ·) are

defined as in Assumptions 3.3 and 3.4 respectively. Then for all θ∥0 sufficiently close to θ
∥
∗ and all

θ⊥0 ̸= 0 sufficiently small, one has dM (θ
∥
t , θ

∥
∗) = Θ(t−1/2) and |θ⊥t | = Θ(t−1/2).
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| t |
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Figure 3: Log-y-scale plots of distance from θ
∥
t to θ

∥
∗ (left), magnitude of θ⊥t (centre) and sharpness

suboptimality gap (right) on depth 5 scalar factorisation in the critical regime. Trajectories from
five different initialisations shown. The iterates |θ⊥t | may or may not initially increase; in both cases,
asymptotic, power law decrease of |θ⊥t | and ∥θ∥t − θ

∥
∗∥ to zero indicates power law convergence to

the optimally flat global minimum.

Some further remarks about the critical regime are necessary. First, the additional hypothesis that
ν/(c(2/λ∗, θ

∥
∗)λ∗) < 1 (which is satisfied for multilayer scalar factorisation, see Proposition B.7)

is not strictly necessary for convergence; power-law convergence still occurs to the same minimum
without this assumption, but is in that case faster for dM (θ

∥
t , θ

∥
∗) than the Θ(t−1/2) rate given in the

theorem statement. However, we are unaware of examples having this faster rate. Second, the |θ⊥t |
iterates may initially increase substantially as in Figure 3 depending on the initialisation; our theorem
accommodates this behaviour explicitly (see Theorem D.8).

5.3 Supercritical regime

The supercritical regime is when η > 2/λ(θ
∥
∗). In this case, when η > 2/λ(θ

∥
∗) is sufficiently

small, Equation (13) exhibits linear convergence to a stable orbit of period two with amplitude
≈ (ηλ(θ

∥
∗)− 2)

1
2 . It follows that the step sizes in θ

∥
t in its descent on λ are of approximately constant

size, so that θ∥t will converge linearly to the optimally flat θ∥∗ . However, the complete iterates θt of
GD do not converge to a global minimum, but asymptotically oscillate orthogonally to M about the
point θ∥∗ along the line L of Assumption 3.2. See Figure 4. Although this regime has been observed
in prior works [12, 17, 20], no general quantitative convergence theorem in this regime has yet been
proved. The theorem below appears as Theorem D.10 in the appendix.

Theorem 5.3. Assume that η > 2/λ(θ
∥
∗) is sufficiently small. Then there are positive constants

C1, C2, C3 and a stable orbit of period two of the form
(
θ
∥
∗,±(ηλ(θ

∥
∗)− 2)1/2 +O(ηλ(θ

∥
∗)− 2)

)
to

which the iterates (θ∥t , θ
⊥
t ) starting from any (θ∥0 , θ

⊥
0 ) satisfying 0 < |θ⊥0 | ≤ C1(ηλ(θ

∥
∗)− 2)1/2 and

dM (θ
∥
0 , θ

∥
∗) ≤ C2(ηλ(θ

∥
∗)− 2)1/2 converge with rate O

(
(1− C3(ηλ(θ

∥
∗)− 2))t

)
.

6 Limitations, discussion and conclusion

Our work has a number of limitations, all of which point toward avenues for further exploration along
the lines we have developed.

Higher order orthogonal dynamics. Prior work has indicated that beyond the 2-periodic behaviour
we studied in this work, higher-order periodicity and chaos emerge as the learning rate increases
[17]. Our Theorem 4.1 provides new insight into this behaviour as a manifestation of a bifurcating
system oscillating orthogonally to the solution manifold. Our analysis only handles the simplest
(namely 2-periodic) case of this supercritical behaviour. We expect our framework to be able to admit
convergence proofs of higher oscillatory and chaotic behaviour also, using ideas from dynamical
systems theory, however we do not expect this to be easy and have not attempted it in this paper.
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Figure 4: Log-scale plots of distance from θ
∥
t to θ

∥
∗ (left), magnitude of θ⊥t (centre) and sharpness

suboptimality gap (right) on depth 5 scalar factorisation in the supercritical regime. Trajectories
from five different initialisations shown. The iterates |θ⊥t | converge to a stable, period-two orbit
driving linear convergence of θ∥t to the optimally flat global minimum θ

∥
∗ .

Higher codimension least squares. Our theory only allows us to treat codimension 1 problems.
This is clearly a severe limitation, ruling out for instance overparametrised regression on multiple
datapoints or multiple outputs. It is not difficult to extend our definitions to higher codimension,
however proving anything in this setting seems very challenging, as it would require an understanding
of higher-dimensional bifurcating dynamical systems. We leave this question to future work.

Geodesic convexity of sharpness for more general solution manifolds. One of the most surprising
results of our work is that the sharpness of the loss is geodesically strongly convex over a geodesic
ball in the solution manifold for a number of overparametrised non-convex problems. Should this
prove to be a more general fact, which we suspect may be the case, it would go a long way to
explaining the still-mysterious ease of optimisation and implicit bias of GD on DNNs. We leave a
more thorough investigation of this question to future work.

Finding the tubular neighbourhood. Our theory is premised on the assumption that GD is initialised
in a tubular neighbourhood of the solution manifold. While there is no reason to think this is the case
with standard initialisation schemes used in practice, we conjecture that GD does converge rapidly
to a tubular neighbourhood from a standard initialisation during the phase known as progressive
sharpening [13], after which the familiar dynamics described here would apply. We leave exploration
of this question to future work.

Relation to stochasticity. Prior works [9, 15, 31] studying stochastic gradient descent have demon-
strated an implicit bias toward flat minimisers arising from stochasticity. All of these works consider
a smaller learning rate than those considered in our work; consequently, the mechanism behind the
implicit bias considered in [9, 15, 31] is fundamentally different than that considered in our work.
Studying how these distinct implicit biases interact is an important direction for future research.
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A Differential geometry background

The purpose of this section is to give a brief overview of essential notions from Riemannian geometry.
A good source for the first subsection is [29]. We have not been able to locate a good source for
the latter subsection; in particular, to our knowledge no attempt has yet been made to consider the
Riemannian Hessian of the square gradient norm of a function defining a hypersurface, however the
calculation is elementary.

A.1 Riemannian metrics, connections and geodesics

Recall that a Riemannian metric on a manifold M is a smoothly-varying family of positive-definite
inner products ⟨·, ·⟩θ on the tangent spaces TθM of M , with associated norm ∥ · ∥θ. Any submanifold
M of a Riemannian manifold (N, gN ) inherits a Riemannian metric from N ; precisely, given tangent
vectors v, w ∈ TθM ⊂ TθN , one defines

gM (v, w) := gN (v, w). (22)

Since we work with submanifolds of Euclidean space, whose tangent spaces are all themselves
subspaces of Euclidean space equipped with the Euclidean inner product, we will often use the
notation ⟨·, ·⟩ and ∥ · ∥ without further decoration when considering the metric of a submanifold of
Euclidean space.

Denote by T ∗M the cotangent bundle of M , whose fibre over θ ∈ M is the space of linear
functionals TθM → R. Given (k, l) ∈ N ∪ {0} a (k, l)-tensor at the point θ ∈ M is an element of
TθM

⊗k ⊗ T ∗
θ M

⊗l, and a (k, l)-tensor field is a smooth section of the bundle TM⊗k ⊗ T ∗M⊗l, that
is, a smooth assignment of a tensor T (θ) ∈ TθM

⊗k ⊗ T ∗
θ M

⊗l to each θ ∈ M . The space of such
sections will be denoted Γ(TM⊗k ⊗ T ∗M⊗l).

Whether or not M carries a Riemannian metric, the derivative of a map f : M → R makes sense
as a map DMf : TM → TR which is fibrewise-linear in the sense that its restriction DMf(θ) :
TθM → Tf(θ)R to each fibre is a linear map. The derivative DMf can in this sense be thought of as
a (0, 1)-tensor field. Higher derivatives Dk

Mf of f are thus derivatives of tensor fields, and can be
defined using a Riemannian metric. Specifically, assuming that M has a Riemannian metric, there is a
distinguished derivative operator DM : Γ(TM⊗k⊗T ∗M⊗l) → Γ(TM⊗k⊗T ∗M⊗l+1) defined for
all (k, l) ∈ N ∪ {0} called the Levi-Civita connection. The additional T ∗M -slot gained by applying
DM to a tensor T is to be thought of as a direction in which T is differentiated by DM . In particular,
given T ∈ Γ(TM⊗k ⊗ T ∗M⊗l) and X ∈ Γ(TM), the notation DMT [X] ∈ Γ(TM⊗k ⊗ T ∗M⊗l)
is the directional derivative of T in the direction X . Note that when M = Rp, D := DRp is
the usual multivariate derivative, and the higher derivatives Dk := Dk

Rp coincide with the usual
higher-order derivatives in Euclidean space. If g : M → R is a smooth, scalar-valued function, then
∇k

Mg ∈ Γ(TM ⊗ T ∗M⊗k−1) will be used to denote Dk
Mg with one of the T ∗M -slots dualised to

a TM -slot as in (3). In particular, ∇Mg and ∇2
Mg are the Riemannian gradient and Riemannian

Hessian respectively; they coincide with the usual gradient ∇g and Hessian ∇2g respectively when
M = Rp.

A special case of the Levi-Civita connection is that inherited by a submanifold. If M is a submanifold
of a Riemannian manifold N , then the Levi-Civita connection associated to the induced metric (22)
is DM := PTMDN , where PTM is the orthogonal projection TN → TM induced by the metric on
N .

Given (θ, v) ∈ TM , classical ordinary differential equation (ODE) theory guarantees the existence
of a unique M -valued solution γ to the TM -valued second order ODE

(DM γ̇)[γ̇] = 0, γ(0) = θ, γ̇(0) = v (23)

on some interval [0, ϵ]. This unique solution is called the geodesic through (θ, v). In particular, for all
v ∈ TθM sufficiently small, γ(1) makes sense and is the value of the exponential map expθ(v). The
exponential map expθ : BTθM (0, R) → M is invertible onto its image expθ

(
BTθM (0, R)

)
⊂ M

for all R > 0 sufficiently small, and its inverse, denoted logθ : expθ
(
BTθM (0, R)

)
→ BTθM (0, R),

is called the logarithm. When M = Rp with the Euclidean metric, expθ(v) is defined for all
(θ, v) ∈ TRp and is equal to θ + v. The length of a geodesic γ on [0, b] is given by

∫ b

0
∥γ̇(t)∥dt,

and the geodesic distance dM (θ, θ′) between two points θ, θ′ ∈ M is the length of the shortest
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geodesic connecting θ to θ′. Associated to any geodesic γ : [0, b] → M and any t ∈ [0, b] is a unique
orthogonal map Π(γ)t : Tγ(0)M → Tγ(t)M such that Π(γ) : t 7→ Π(γ)t satisfies the ODE(

DMΠ(γ)
)
[γ̇] = 0, Π(γ)0 = ITγ(0)M . (24)

This map Π(γ)t is called the parallel transport morphism, and extends to a map Tγ(0)M
⊗k ⊗

T ∗
γ(0)M

⊗l → Tγ(t)M
⊗k ⊗ T ∗

γ(t)M
⊗l of arbitrary tensors. In particular, if θ, θ′ ∈ M admit a unique

geodesic γ : [0, b] → M with γ(0) = θ and γ(b) = θ′, Π(γ)b : TθM → Tθ′M will be denoted
simply Πθ→θ′ .

Tensor fields admit covariant Taylor expansions on M defined as follows. Fix θ ∈ M and suppose
that θ′ ∈ M is sufficiently close to θ that there is a unique geodesic γ : [0, 1] → M such that
γ(0) = θ and γ(1) = θ′. Consider then the function T̃ (t) := Π(γ)−1

t T (γ(t)) ∈ TθM
⊗k ⊗ T ∗

θ M
⊗l.

Taylor’s theorem in a single variable implies that

T̃ (1) = T̃ (0) +DT̃ (0) +
1

2
D2T̃ (0) + . . . . (25)

Since
(
DMΠ(γ)

)
[γ̇] = 0 and (DM γ̇)[γ̇] = 0, one has:

DkT̃ (0) = Dk(Π(γ)−1 ◦ T ◦ γ)(t)|t=0 (26)

=
(
Π(γ)−1

t Dk
MT (γ(t))[γ̇(t)⊗k]

)
|t=0 (27)

= Dk
MT (θ)[logθ(θ

′)⊗k]. (28)

Substituting these formulae into (25)yields the covariant Taylor expansion

T (θ′) = Πθ→θ′

(
T (θ) +DMT (θ)[logθ(θ

′)] +
1

2
D2

MT (θ)[logθ(θ
′)⊗2] +O

(
∥ logθ(θ′)∥3

))
.

(29)

A.2 Riemannian geometry of submanifolds and hypersurfaces in Euclidean space

When M is a hypersurface Euclidean space Rp, with normal vector field n, the Hessian of a smooth
function takes the following form.
Lemma A.1. Let M be a smooth hypersurface in Rp with normal vector field n. The Riemannian
Hessian ∇2

Mλ of a smooth map λ : Rp → R along M is the p× p matrix-valued function

PTM (∇2λ− ⟨n,∇λ⟩Dn)PTM , (30)

on M .

Proof. When M is an embedded submanifold of Rp, the action of the Levi-Civita connection on a
function λ (i.e., the Riemannian gradient operator) is given by PTM∇λ, where ∇ is the ordinary
Euclidean gradient. The action of the Levi-Civita connection on a vector field X : Rp → Rp is given
by PTM DX PTM . Thus:

∇2
Mλ = PTMD

(
PTM∇λ)PTM = PTM (∇2λ−Dn⟨n,∇λ⟩ − n((Dn)T∇λ)T − nnT∇2λ)PTM

(31)

= PTM (PTM∇2λ− ⟨n,∇λ⟩Dn− n((Dn)T∇λ)T )PTM (32)

= PTM (∇2λ− ⟨n,∇λ⟩Dn)PTM , (33)

where the final line follows from

PTM (nvT ) = (I − nnT )(nvT ) = nvT − nvT = 0 (34)

for any vector v.

We will be particularly interested in the case of a hypersurface M = f−1{y} ⊂ Rp, where f : Rp →
R is a smooth submersion, with metric g inherited from the ambient Euclidean space. Specifically,
when n is the unit normal vector field defined by

n(θ) :=
∇f(θ)

∥∇f(θ)∥ , θ ∈ M, (35)
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the Riemannian metric g on M is defined by

g(θ) := PTM (θ) := I − n(θ)n(θ)T , θ ∈ M (36)

where we use PTM (θ) to denote the projection onto TθM . We will be particularly interested in
computing the Riemannian Hessian of the function λ := ∥∇f∥2, which admits the following formula
entirely in terms of f and its derivatives.

Lemma A.2. For a hypersurface M := f−1{y} of Euclidean space defined by a smooth function
f : Rp → R, the Riemannian Hessian of λ := ∥∇f∥2 is given by

∇2
Mλ = 2PTM

(
(∇3f∇f + (∇2f)2)− ⟨n,∇2fn⟩∇2f

)
PTM (37)

where ∇3f is regarded as a map Rp → Rp×p, or as the map sending a direction vector v to the
directional derivative of the Hessian matrix ∇2f in the direction v.

Proof. By Lemma A.1, we have that

∇2
Mλ = PTM

(
∇2λ− ⟨n,∇λ⟩Dn

)
PTM , (38)

so it remains only to compute the various quantities. The following identities are elementary to verify:

∇λ = 2∇2f∇f, (39)

∇2λ = 2
(
∇3f∇f + (∇2f)2

)
, (40)

and

Dn = PTM
∇2f

∥∇f∥ . (41)

The result now follows.

Our next lemma allows us to lower-bound the convexity radius conv(θ) at θ ∈ M which is the largest
r > 0 such that the geodesic ball BM (θ, r) is geodesically convex. This will be used in verifying
Assumption 3.4 for multilayer scalar factorisation. If M is a hypersurface in Rp with normal vector
field n, then the second fundamental form of M is the map h : TM ⊗ TM → R defined by

h(θ)[v, w] := −⟨Dn(θ)[v], w⟩ (42)

for all θ ∈ M and v, w ∈ TθM .

Lemma A.3. Let M be a smooth hypersurface in Rp with normal vector field n, and fix θ∗ ∈ M .
Assume that for all R > 0, there exists CR > 0 such that

|h(θ)[u, v]| ≤ CR (43)

for all θ ∈ BM (θ∗, 2R) and all orthonormal vectors u, v ∈ TθM . Then for all R > 0, one has

conv(θ∗) ≥
1

2
min

{
π

CR
, R

}
. (44)

Proof. The bound follows from a well-known relationship between the convexity radius and the
injectivity radius, which, at a point θ ∈ M , is the largest r > 0 such that expθ : BTθM (0, r) → M
is injective. We thus first bound the injectivity radius. Fix R > 0. By the Gauss equation and the
hypothesis, at any point θ ∈ B(θ∗, 2R), the sectional curvature K(θ) of M satisfies

|K(θ)[u, v]| =
∣∣h(θ)[u, u]h(θ)[v, v]− h(θ)[u, v]2

∣∣ ≤ C2
R (45)

for all unit, orthogonal pairs u, v ∈ TθM . Consequently, by Klingenberg’s formula [37, Lemma 6.4.7],
the injectivity radius inj(θ) at θ, namely the largest value of r such that expθ : BTθM (0, r) → M is
injective, satisfies

inj(θ) ≥ min

{
π

CR
,
1

2
L(θ)

}
, (46)
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where L(θ) is the length of the shortest geodesic loop based at θ. If L(θ) ≥ 2R, then this simply
yields inj ≥ min{π/CR, R}. If L(θ) < 2R, then the shortest geodesic loop γ : [0, L(γ)] → M at θ
is contained entirely in B(θ∗, 2R). Fenchel’s theorem then combines with the hypothesis to give

CR ≥
∫ L(θ)

0

∣∣h(γ(t))[γ̇(t), γ̇(t)]∣∣dt ≥ 2π

L(γ)
, (47)

so that (1/)L(θ) ≥ π/CR. Consequently, one has the bound

inf
θ∈B(θ∗,R)

inj(θ) ≥
{

π

CR
, R

}
(48)

in general.

Now, setting

rR :=
1

2
min

{
π

CR
, R

}
, (49)

one sees that the hypotheses of [37, Theorem 6.4.8] hold, implying that B(θ∗, rR) is geodesically
convex.

B Case study: deep scalar factorisation

In this section, we verify that all of our assumptions are satisfied for deep scalar factorisation, where
f : Rp → R is defined by

f(θ1, . . . , θp) := θ1 · · · θp, θ := (θ1, . . . , θp) ∈ Rp. (50)

For θ ∈ Rp having all entries nonzero, it will be convenient to denote

v(θ) := (θ−1
1 , . . . , θ−1

p ). (51)

We first demonstrate that Assumption 3.1 is satisfied.
Proposition B.1. Any y ̸= 0 is a regular value of f . Consequently, Assumption 3.1 is satisfied.

Proof. Since y ̸= 0, any point θ∥ ∈ f−1{y} has all coordinates being nonzero. Hence Df(θ∥) =
y v(θ∥) ̸= 0 making y a regular value of f .

The pre-image manifold f−1{y} of any y ̸= 0 has several connected components. Without loss
of generality, we will assume from hereon that y > 0 and denote by M the component of f−1{y}
contained in the positive orthant. We next demonstrate that Assumption 3.2 is satisfied.

Proposition B.2. Set θ∥∗ := y1/p1p, where 1p is the vector of 1s. Then the line spanned by the normal
vector n(θ∥∗) is invariant under gradient descent on ℓ = (1/2)(f − y)2 for any η, so that Assumption
3.2 is satisfied.

Proof. At θ∥∗ := y1/p1p, one has n(θ∥∗) = p−1/21p. For any α ∈ R, one sees that

∇ℓ(αn(θ
∥
∗)) =

(
f(αp−1/21p)− y

)
∇f(αp−1/21p) (52)

=
(
f(αp−1/21p)− y

)
αp−1 p−(p−1)/2 1p (53)

is a multiple of n(θ∥∗), implying that the span of n(θ∥∗) is invariant under gradient descent on ℓ.

We will continue to denote θ∥∗ := y1/p1p, which is often referred to in the literature as the “balanced"
solution. We next come to Assumption 3.3.

Proposition B.3. Assumption 3.3 holds along M . In particular, at θ∥∗ ,

c(2/λ(θ
∥
∗), θ

∥
∗) =

(
32

p3

(
p

2

)2

− 8

p2

(
p

3

))
y−2/p, (54)

where we use the convention
(
p
3

)
= 0 if p < 3.
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Proof. Given symmetric, multilinear functionals A,B taking k and l inputs respectively, let A⊙B
denote their symmetric product:

(A⊙B)[v1, . . . , vk+l] =
1

(k + l)!

∑
σ∈Perm(k+l)

A[vσ(1), . . . , vσ(k)]B[vσ(k+1), . . . , vσ(k+l)], (55)

where Perm(k+ l) is the group of permutations of k+ l elements. Since ℓ ≡ (1/2)(f − y)2, one has
Dℓ = (f − y)Df ⇒ Dℓ|M = 0, (56)

D2ℓ = Df ⊙Df + (f − y)D2f ⇒ D2ℓ|M = Df ⊙Df (57)

D3ℓ = 3D2f ⊙Df + (f − y)D3f ⇒ D3ℓ|M = 3D2f ⊙Df (58)

D4ℓ = 4D3f ⊙Df + 3D2f ⊙D2f + (f − y)D4f ⇒ D4ℓ|M = 4D3f ⊙Df + 3D2f ⊙D2f.
(59)

One then sees that

c(η, θ∥) =

(
η

2
D3ℓ[n⊗3](θ∥)

)2

− η

6
D4ℓ[n⊗4](θ∥) (60)

=

(
3η

2
D2f [n⊗2]Df [n]

)2

(θ∥)− η

6

(
4D3f [n⊗3]Df [n] + 3(D2f [n⊗2])2

)
(θ∥) (61)

=

(
9η2

4
∥Df(θ∥)∥2 − η

2

)(
D2f(θ∥)[n(θ∥)⊗2]

)2 − 4η

6
∥Df(θ∥)∥D3f(θ∥)[n(θ∥)⊗3].

(62)

By continuity, it suffices to prove the claim at η = 2/λ(θ∥) = 2/∥Df(θ∥)∥2; substituting this into
the above yields

c(2/λ(θ∥), θ∥) =
8

∥Df(θ∥)∥2D
2f(θ∥)[n(θ∥)⊗2]2 − 8

6∥Df(θ∥)∥D
3f(θ∥)[n(θ∥)⊗3]. (63)

One computes

Dfl(θ
∥) =

y

θl
, (64)

D2fl1l2(θ
∥) = (1− δl1l2)

y

θl1θl2
, (65)

D3fl1l2l3(θ
∥) =

{
(1− δl1l2)(1− δl1l3)(1− δl2l3)

y
θl1θl2θl3

if L ≥ 3

0 if L = 2
. (66)

Consequently,

D2f(θ∥)[n(θ∥)⊗2] =
1

∥Df(θ∥)∥2D
2f(θ∥)[Df(θ∥)⊗2] (67)

=
1

∥Df(θ∥)∥2
∑
l1,l2

(1− δl1l2)
y

θl1θl2

y

θl1

y

θl2
(68)

=
2

∥Df(θ∥)∥2
∑
l1<l2

y3

θ2l1θ
2
l2

̸= 0. (69)

If p = 2, then, since D3f ≡ 0, Assumption 3.3 trivially holds for all θ∥ ∈ M and all η close to
2/λ(θ∥). Let us assume then that p ≥ 3. One has:

D3f(θ∥)[n(θ∥)⊗3] =
1

∥Df(θ∥)∥3D
3f(θ∥)[Df(θ∥)⊗3] (70)

=
1

∥Df(θ∥)∥3
∑

l1,l2,l3

(1− δl1l2)(1− δl1l3)(1− δl2l3)
y

θl1θl2θl3

y

θl1

y

θl2

y

θl3
(71)

=
6

∥Df(θ∥)∥3
∑

l1<l2<l3

y4

θ2l1θ
2
l2
θ2l3

. (72)
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Thus one has

c(2/λ(θ∥), θ∥) =
32y6

∥Df(θ∥)∥6
( ∑

l1<l2

1

θ2l1θ
2
l2

)2

− 8y4

∥Df(θ∥)∥4
∑

l1<l2<l3

1

θ2l1θ
2
l2
θ2l3

. (73)

Substituting

∥Df(θ∥)∥2 =

p∑
l=1

y2

θ2l
(74)

then yields

c(2/λ(θ∥), θ∥) = 32

( ∑
l1<l2

θ−2
l1

θ−2
l2

)2(∑
l

θ−2
l

)−3

− 8

( ∑
l1<l2<l3

θ−2
l1

θ−2
l2

θ−2
l3

)(∑
l

θ−2
l

)−2

(75)

=

(∑
l

θ−2
l

)−3(
32

( ∑
l1<l2

θ−2
l1

θ−2
l2

)2

− 8

( ∑
l1<l2<l3

θ−2
l1

θ−2
l2

θ−2
l3

)(∑
l

θ−2
l

))
(76)

= (pS1(θ
∥))−3

(
32

(
p

2

)2

S2(θ
∥)2 − 8p

(
p

3

)
S1(θ

∥)S3(θ
∥)

)
, (77)

where Si(θ
∥) are the elementary symmetric means in the variables θ−2

l . Newton’s inequality for
the elementary symmetric means gives S2(θ

∥)2 ≥ S1(θ
∥)S3(θ

∥), so that c(2/λ(θ∥), θ∥) > 0 since(
p
2

)2
= p2(p− 1)2/4 > p2(p− 1)(p− 2)/6 = p

(
p
3

)
.

To complete the proof, we evaluate at θ∥∗ = y1/p1p. One has:∑
l

θ−2
l = py−2/p,

∑
l1<l2

θ−2
l1

θ−2
l2

=

(
p

2

)
y−4/p,

∑
l1<l2<l3

θ−2
l1

θ−2
l2

θ−3
l3

=

(
p

3

)
y−6/p,

(78)

from which it follows that

c(2/λ(θ
∥
∗), θ

∥
∗) =

32

p3

(
p

2

)2

y−2/p − 8

p2

(
p

3

)
y−2/p, (79)

thus yielding the claimed formula.

We finally come to verifying Assumption 3.4. This requires us both to demonstrate the existence of a
geodesically convex ball containing θ

∥
∗ , and to demonstrate that λ is geodesically strongly convex in

this ball.

We first give an explicit ball about θ∥∗ which is geodesically convex using Lemma A.3.

Lemma B.4. The geodesic ball of radius

r :=

∞ if p = 2

y1/p
(

4π+1−
√
16π+1

16π−8

)
if p ≥ 3

(80)

centred on θ
∥
∗ is geodesically convex.

Proof. That r can be taken to be ∞ if p = 2 follows from the fact that M in this case is a copy of the
real line.
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Suppose that p ≥ 3. Observe that for any θ∥ = (θ1, . . . , θp) ∈ M and any u, v ∈ Tθ∥M , one has

h(θ∥)[u, v] = −⟨Dn(θ∥)[u], v⟩ (81)

= −∥∇f(θ∥)∥−1 ⟨u,∇2f(θ∥)⟩ (82)

= −
(∑

i

θ−2
i

)− 1
2

⟨u,
(
n(θ∥)n(θ∥)T − diag((θ−2

i )pi=1)
)
v⟩ (83)

= −
(∑

i

θ−2
i

)− 1
2
(∑

i

uiviθ
−2
i

)
, (84)

since n(θ∥)Tw = 0 for any vector w ∈ Tθ∥M . Consequently, for any R ∈ [0, (1/2)y1/p), since
BM (θ

∥
∗, 2R) ⊂ BRp(θ

∥
∗, 2R) by the distance minimising property of geodesics, if θ∥ ∈ BM (θ

∥
∗, 2R)

then θi ∈ [y1/p − 2R, y1/p + 2R] for all i, so that

|h(θ∥)[u, v]| ≤ (y1/p − 2R)−2(y1/p + 2R) =: CR. (85)

By Lemma A.3, for all R ∈ [0, (1/2)y1/p) the ball of radius

rR :=
1

2
min

{
π

CR
, R

}
(86)

is geodesically convex; it thus remains only to optimise this rR. Since R 7→ R is monotonically
increasing and R 7→ π/CR is monotonically decreasing, it suffices to find the first smallest value of
R for which π/CR = R. This equality gives a quadratic whose solution is

R = y1/p
(
4π + 1−

√
16π + 1

8π − 4

)
, (87)

from which the result follows.

We next use Lemma A.2 to compute the Riemannian Hessian of λ along M .

Lemma B.5. For θ∥ = (θ1, . . . , θp) ∈ M , define s1(θ
∥) :=

∑
i θ

−2
i and s2(θ

∥) :=
∑

i θ
−4
i . Then

the function λ has Riemannian Hessian

∇2
Mλ =


2y2PTM

(
3 diag

(
v⊙4

)
− s2

s1
diag

(
v⊙2

))
PTM if p > 2

2y2PTM

(
diag(v⊙4) +

(
s1 − s2

s1

)
diag(v⊙2)

)
PTM if p = 2

. (88)

In particular, at θ∥∗ ∈ U ,

∇2
Mλ(θ

∥
∗) = 4y2−4/p ITM (θ

∥
∗). (89)

Moreover, if p = 2, then λ is 2-geodesically strongly convex over all of M ; if p > 2, then for any
δ ∈ [0, 2−

√
3), λ is 2y2−4/p(1+δ)−4(1−δ)−2

(
3(1−δ)2− (1+δ)2

)
-geodesically strongly convex

over the closed geodesic-distance ball BM (θ
∥
∗, δy

1/p) of radius δy1/p about θ∥∗ in M .

Proof. For notational convenience, set V1 := diag(v⊙2) and V2 := diag(v⊙4), where ⊙ denotes the
Hadamard (componentwise) product and v is the vector field defined in (51). From the identities (64),
(65) and (66), one sees that along M one has

∇f ≡ y v, ∇2f ≡ y(vvT − V1), n ≡ s
−1/2
1 v. (90)
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The pointwise-bilinear map ∇3f is zero if p = 2, and if p > 2 it acts on a vector z to give the matrix
with components

(∇3f [z])ij =y(1− δij)
∑
k

(1− δjk)(1− δik)vivjvkzk (91)

=y(1− δij)
(∑

k

(vivjvkzk − δjkvivjvkzk − δikvivjvkzk + δjkδikvivjvkzk)
)

(92)

=y(1− δij)
(
(vT z)vvT − v(V1z)

T − (V1z)v
T + diag(v⊙3 ⊙ z)

)
ij

(93)

=y
(
(vT z)vvT − v(V1z)

T − (V1z)v
T + diag(v⊙3 ⊙ z)+ (94)

− (vT z)V1 + diag(v⊙3 ⊙ z) + diag(v⊙3 ⊙ z)− diag(v⊙3 ⊙ z)
)
ij

(95)

=y
(
(vT z)(vvT − V1)− v(V1z)

T − (V1z)v
T + 2diag(v⊙3 ⊙ z)

)
ij
, (96)

where the fourth line follows from the fact that (1− δij)Aij = (A− diag(A))ij for any matrix A
and the fact that diag(v(V1z)

T ) = diag((V1z)v
T ) = diag(v⊙3 ⊙ z). Substituting z = ∇f = y v

one sees that

∇3f∇f =

{
y2
(
s1(vv

T − V1)− vvTV1 − V1vv
T + 2V2

)
if p > 2

0 if p = 2
. (97)

(∇2f)2 = y2(s1vv
T − vvTV1 − V1vv

T + V2) (98)

and

⟨n,∇2f n⟩∇2f =
y2

s1
⟨v, vvT v − V1v⟩(vvT − V1) = y2(s1 − s2/s1)(vv

T − V1), (99)

so that, by Lemma A.2,

∇2
Mλ = 2PTM

(
∇3f∇f + (∇2f)2 − ⟨n,∇2f⟩∇2f

)
PTM (100)

= 2y2PTM

(
3V2 − (s2/s1)V1 + (s1 + (s2/s1))vv

T − 2vvTV1 − 2V1vv
T
)
PTM (101)

if p > 2 and

∇2
Mλ = 2y2PTM

(
V2 + (s1 − (s2/s1))V1 − vvTV1 − V1vv

T + (s2/s1)vv
T
)
PTM (102)

if p = 2. Now, let τ be any tangent vector field to M . Since v is normal to M one has vT τ = 0, so
that (

(s1 + (s2/s1))vv
T − 2vvTV1 − 2V1vv

T
)
τ = −2vvTV1τ (103)

and (
− vvTV1 − V1vv

T + (s2/s1)vv
T
)
τ = −vvTV1τ (104)

are both multiples of the normal vector v; it follows that

∇2
Mλ =

{
2y2PTM

(
3V2 − (s2/s1)V1

)
PTM if p > 2

2y2PTM

(
V2 + (s1 − (s2/s1))V1

)
PTM if p = 2

(105)

as claimed. In either case, evaluating this matrix at θ∥∗ = y1/p1p gives the claimed identity

∇2
Mλ(θ

∥
∗) = 4y2−4/pITM (θ

∥
∗). (106)

In particular, if p = 2, evaluating ∇2
Mλ on the unit tangent vector field τ̂ : (θ1, θ2) 7→

(−θ1, θ2)/
√
θ21 + θ22 yields(
τ̂T∇2

Mλ τ̂
)
(θ∥) =

2y2

(θ21 + θ22)

(
θ−2
1 + θ−2

2 +
4θ−2

1 θ−2
2

θ−2
1 + θ−2

2

)
(107)

=
2y2

θ21 + θ22

(
θ21 + θ22
θ21θ

2
2

+
4

θ21 + θ22

)
= 2 +

8y2

(θ21 + θ22)
2
≥ 2 (108)
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for any θ∥ = (θ1, θ2) ∈ M , so that λ is 2-geodesically strongly convex over all of M as claimed.

We now assume that p > 2 and come to determining a neighbourhood of θ∥∗ on which ∇2
Mλ is

positive definite. It is clear that a sufficient condition for ∇2
Mλ to be positive-definite is to have all

entries of the diagonal matrix 3V2− (s2/s1)V1 be positive; we will show that this sufficient condition
can be guaranteed over a geodesic ball in M centred at θ∥∗ . Since the geodesic ball of radius r at a
point in M is contained in the Euclidean ball of radius r at the same point by the distance-minimising
property of geodesics, it suffices to show that this sufficient condition can be guaranteed over a
Euclidean ball centred at θ∥∗ .

Fix δ ∈ [0, 1): for any θ = (θ1, . . . , θp) in the Euclidean ball BRp(θ
∥
∗, δy

1/p), one has θi ∈
[(1− δ)y1/p, (1 + δ)y1/p]. Consequently, for any θ ∈ BRp(θ

∥
∗, δy

1/p) one has

min
i

θ−2
i ≥ (1 + δ)−2y−2/p,

s2
s1

(θ) ≤ max
i

θ−2
i

s1
s1

(θ) ≤ (1− δ)−2y−2/p. (109)

It follows that for all θ ∈ BRp(θ
∥
∗, δy

1/p) one has

λmin(3V2 − (s2/s1)V1)(θ) ≥ min
i

θ−2
i

(
3min

i
θ−2
i − (s2/s1)(θ)

)
(110)

≥ (1 + δ)−2y−2/p
(
3(1 + δ)−2y−2/p − (1− δ)−2y−2/p

)
(111)

= (1 + δ)−4(1− δ)−2y−4/p
(
3(1− δ)2 − (1 + δ)2

)
, (112)

which is strictly greater than zero provided that 3(1− δ)2 − (1 + δ)2 > 0, which holds provided that
0 ≤ δ < 2−

√
3. This proves the result.

Note that λ is not globally convex over M in general. For instance, when p = 3, along the
family θ∥(ϵ) := (ϵ, 1, yϵ−1) ∈ M , elementary calculations show that ∇2

Mλ(θ∥(ϵ)) exhibits negative
eigenvalues as ϵ → 0+.

Combining Lemmas B.4 and B.5 one obtains explicit bounds under which Assumption 3.4 holds for
multilayer scalar factorisation.
Proposition B.6. If p = 2, then λ is 2-geodesically strongly convex over the geodesically convex set
M . If p ≥ 3, then λ is 1.33y2−4/p-geodesically strongly convex over the geodesically convex ball
BM (θ

∥
∗, 0.15y

1/p). In all cases, one has

∇2
Mλ(θ

∥
∗) = 4y2−4/pITM (θ

∥
∗). (113)

Proof. Numerical computation reveals that the radius of Lemma B.4 is lower-bounded by 0.15y1/p.
Substituting δ = 0.15 into the strong convexity bound of Lemma B.5 and rounding down to two
decimal places yields the claimed result.

We conclude the section by proving that the additional hypothesis required for Theorem 5.2 is
satisfied.
Proposition B.7. For any p ≥ 2, with ν = 4y2−4/p as in Proposition B.6, one has

ν

c(2/λ(θ
∥
∗))λ(θ

∥
∗)

≤ 1

2
< 1, (114)

so that the additional hypothesis of Theorem 5.2 holds.

Proof. Since λ(θ
∥
∗) = ∥Df(θ

∥
∗)∥2 = py2−2/p, one calculates using Proposition B.3 that

c(2/λ(θ
∥
∗), θ

∥
∗)λ(θ

∥
∗) = y2−4/p

(
32

p2

(
p

2

)2

− 8

p

(
p

3

))
(115)

= y2−4/p 8(p− 1)
(
p− 1− (1/6)(p− 2)

)
(116)

≥ y2−4/p 8(p− 1)
(
p− 1− (p− 2)

)
(117)

≥ 8y2−4/p (118)

for any p ≥ 2. The result follows.
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C The normal form of gradient descent

To prove Theorem 4.1 rigorously requires a number of steps. First, one must give leading order
formulae for the expression of gradient descent in tubular neighbourhood coordinates. It is essential
here that the errors in these leading order formulae are appropriately sharpened from their naive esti-
mates using the structure of the tubular neighbourhood map (Lemma C.2) and the orthogonal stability
assumption (Lemma C.4); without this sharpening our convergence theorems are impossible. These
considerations culminate in an intermediate coordinate expression for gradient descent in Proposition
C.5. Second, one must invoke Assumption 3.3 to transform the ⊥-dynamics of Proposition C.5 into
the easily-analysed normal form quoted in Theorem 4.1. This is formalised in Theorem C.6 and
concludes this section.

Throughout this section, given functions g, h1, . . . , hs : Rk → Rl we will use the notation

g = O(h1, . . . , hs) (119)

to mean that there exist constants C1, . . . , Cs > 0 such that

∥g(w)∥ ≤
s∑

i=1

Ci∥hi(w)∥ (120)

for all w sufficiently close to zero.

In addition to this asymptotic notation, we will continue the notation of the main body of the paper,
denoting by M := f−1{y} the submanifold of Rp obtained as the preimage of a regular value y ∈ R
of an analytic map f : Rp → R. We will also denote by n := ∇f/∥∇f∥ the unit normal along M .
Assumptions 3.1, 3.2 and 3.3 are assumed in all of what follows. Assumption 3.4 is not needed for
this section.

Consider the map E : M × R → Rp defined by

E(θ∥, θ⊥) := θ∥ + θ⊥n(θ∥). (121)

Observe that
DE(θ∥, θ⊥) = (ITM (θ∥) + θ⊥ Dn(θ∥), n(θ∥)), (122)

where ITM (θ∥) : Tθ∥M → Tθ∥M is the identity map. The derivative DE(θ∥, θ⊥) acts as the linear
map

Tθ∥M ⊕ Tθ⊥R ∋ (v∥, v⊥) 7→ v∥ + θ⊥ Dn(θ∥)[v∥] + v⊥n(θ∥) ∈ TE(θ∥,θ⊥)Rp (123)

between tangent spaces, and can equivalently be written in terms of the shape operator S(θ∥) :
Tθ∥M ∋ v 7→ −Dn(θ∥)[v] ∈ TθM as

DE(θ∥, θ⊥) = (ITM (θ∥)− θ⊥S(θ∥), n(θ∥)). (124)

Observe that since n(θ∥) is orthogonal to Tθ∥M , DE(θ∥, θ⊥) is invertible whenever |θ⊥| <
∥S(θ∥)∥−1, where ∥S(θ∥)∥ denotes the operator norm of S(θ∥) : Tθ∥M → Tθ∥M with respect to
the Riemannian metric. Applying the inverse function theorem proves the following.
Proposition C.1. The map E : M ×R → Rp is invertible on an open neighbourhood U of M ×{0}.
The image of U in Rp is a tubular neighbourhood N of M , and we denote the inverse of E thereon
by E−1.

The coordinates E : (θ∥, θ⊥) 7→ E(θ∥, θ⊥) are called tubular neighbourhood coordinates. The next
step is to derive a formula for E−1 and thereafter derive a formula for the conjugate of gradient
descent in the coordinates (θ∥, θ⊥) induced by E. The following technical lemma will be necessary
to get the correct asymptotics for the error terms in our formula for E−1.
Lemma C.2. Let U ⊂ Rm1 × Rm2 be an open set and let g : U ∋ (x, y) 7→ g(x, y) ∈ Rp be a
C3 function. Assume that Dk

yg ≡ 0 on U for k = 2, 3 and that g is invertible on U . Then for any
(x, y) ∈ U and all v ∈ Rp sufficiently small, setting (vx, vy) = Dg(x, y)−1[v] and z := g(x, y), the
point z + v is contained in the domain of g−1 and one has

g−1(z + v) =g−1(z) +Dg−1(z)[v] +
1

2
D2g−1(z)[v, v] +O(∥vx∥3, ∥vx∥2∥vy∥, ∥vx∥∥vy∥2).

(125)
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Proof. Since g is invertible on U and U is open, g(U) = domain(g−1) is also open. Fix (x, y) ∈ U
and set z := g(x, y). Then since g(U) is open, z + v ∈ g(U) for all sufficiently small v so
that g−1(z + v) makes sense. Moreover, for all such v, there exists u ∈ Rm1 × Rm2 such that
g((x, y) + u) = z + v so that g−1(z + v) = (x, y) + u = g−1(z) + u. Hence one has the following
formula for the remainder R(v) of the Taylor expansion of g−1(z + v) about z:

R(v) :=g−1(z + v)− g−1(z)−Dg−1(z)[v]− 1

2
D2g−1(z)[v, v] (126)

=u−Dg−1(z)[v]− 1

2
D2g−1(z)[v, v]. (127)

To bound R(v), therefore, we seek a formula u(v) for u in terms of v.

From g((x, y) + u) = z + v, one obtains

v = G(u) := Dg(x, y)[u] +
1

2
D2g(x, y)[u, u] + S(u), (128)

where the remainder ũ 7→ S(ũ) satisfies S(ũ) = O
(
∥ũx∥3, ∥ũx∥2∥ũy∥

)
since Dk

yg ≡ 0 for k = 2, 3
by hypothesis. Since Dg(x, y) is invertible by the invertibility of g on U , G is smoothly invertible on a
neighbourhood V of 0 by the inverse function theorem. Consider now the second-order approximation

u′ := Dg(x, y)−1

(
v − 1

2
D2g(x, y)

[
Dg(x, y)−1[v]⊗2

])
(129)

to u. Since u′ = O(∥v∥), taking v smaller if necessary we are guaranteed that u′ ∈ V . Thus there is
C > 0 such that

∥u′ − u∥ ≤ C∥G(u′)−G(u)∥ = C∥G(u′)− v∥. (130)

We will show that the right side of (130) admits a sufficiently tight bound b(v) that u(v) = u′(v) +
O(b(v)) suffices to give the desired decay in R(v).

For notational convenience, set w := (1/2)Dg(x, y)−1D2g(x, y)
[
Dg(x, y)−1[v]⊗2

]
. Then u′ =

Dg(x, y)−1[v]− w, and substituting this expression into (128) yields

G(u′)− v = −D2g(x, y)
[
Dg(x, y)−1[v], w

]
+

1

2
D2g(x, y)[w⊗2] + S

(
Dg(x, y)−1[v]− 1

2
w

)
.

(131)

Since D2
yg ≡ 0 by hypothesis, one has w = O(∥vx∥2, ∥vx∥∥vy∥) as well as

D2g(x, y)
[
Dg(x, y)−1[v], w

]
= O(∥vx∥3, ∥vx∥2∥vy∥, ∥vx∥∥vy∥2), (132)

D2g(x, y)[w⊗2] = O(∥w∥2) = O(∥vx∥4, ∥vx∥3∥vy∥, ∥vx∥2∥vy∥2) (133)

and

S

(
Dg(x, y)−1[v]− 1

2
w

)
= O(∥vx∥3, ∥vx∥2∥vy∥). (134)

Thus, by (130),

u =u′ +O
(
∥vx∥3, ∥vx∥2∥vy∥, ∥vx∥∥vy∥2

)
(135)

=Df(x, y)−1[v]− 1

2
Df(x, y)−1D2f(x, y)

[
Df(x, y)−1[v]⊗2

]
+ (136)

+O
(
∥vx∥3, ∥vx∥2∥vy∥, ∥vx∥∥vy∥2

)
. (137)

Finally, applying the chain rule to the equation g−1◦g = Identity shows that Dg−1(z) = Dg(x, y)−1

and D2g−1(z) = −Dg(x, y)−1D2g(x, y)[Dg(x, y)−1, Dg(x, y)−1]. It thus follows from substitut-
ing (137) into (127) that

R(v) = u′ −Df−1(z)[v]− 1

2
D2f−1(z)[v, v] +O

(
∥vx∥3, ∥vx∥2∥vy∥, ∥vx∥∥vy∥2

)
(138)

= O
(
∥vx∥3, ∥vx∥2∥vy∥, ∥vx∥∥vy∥2

)
(139)

as claimed.
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A formula can now be given for E−1 using a Taylor expansion as follows.

Proposition C.3. For all θ∥ ∈ M and all v = v∥ + v⊥n(θ∥) ∈ Tθ∥M ⊕ span(n(θ∥)) = Tθ∥Rp

sufficiently small, one has

E−1(θ∥ + v) =

(
θ∥ + v∥ +Dn(θ∥)[v∥]v⊥

v⊥

)
+O(∥v∥∥3, ∥v∥∥2∥v⊥∥, ∥v∥∥∥v⊥∥2). (140)

Proof. The result follows from a second-order Taylor expansion with remainder:

E−1(θ∥ + v) = E−1(θ∥) +DE−1(θ∥)[v] +
1

2
D2E−1(θ∥)[v, v] + error(θ∥, v). (141)

Since the θ⊥-derivatives of E(θ∥, θ⊥) = θ∥ + θ⊥n(θ∥) vanish for all orders > 1, by Lemma C.2
error(θ∥, v), satisfies

error(θ∥, v) = O(∥v∥∥3, ∥v∥∥2∥v⊥∥, ∥v∥∥∥v⊥∥2). (142)

It thus remains only to calculate the leading order terms. One easily computes

DE(θ∥, θ⊥)

[(
v∥

v⊥

)]
= v∥ + θ⊥Dn(θ∥)[v∥] + v⊥n(θ∥) (143)

D2E(θ∥, θ⊥)

[(
v∥

v⊥

)⊗2 ]
=D

(
DF (θ∥, θ⊥)

[(
v∥

v⊥

)])[(
v∥

v⊥

)]
(144)

=Dθ∥
(
v∥ + θ⊥Dn(θ∥)[v∥] + v⊥n(θ∥)

)
[v∥]+ (145)

+Dθ⊥
(
v∥ + θ⊥Dn(θ∥)[v∥] + v⊥n(θ∥)

)
[v⊥] (146)

=θ⊥D2n(θ∥)[v∥, v∥] + v⊥Dn(θ∥)[v∥] + v⊥Dn(θ∥)[v∥] (147)

=θ⊥D2n(θ∥)[v∥, v∥] + 2v⊥Dn(θ∥)[v∥], (148)

for any (θ∥, θ⊥) ∈ M × R and (v∥, v⊥) ∈ Tθ∥M × R. Recalling that E is invertible when
restricted to an open neighbourhood U of M × {0} in M × R, by differentiating the identity
E−1 ◦ E = IdentityU⊂M×R one computes

DE−1(θ∥) = DE−1 ◦ E(θ∥, 0) = (DE(θ∥, 0))−1 =

(
PTM (θ∥)
n(θ∥)T

)
, (149)

where PTM (θ∥) : Tθ∥Rp → Tθ∥M is the orthogonal projection, so that

DE−1(θ∥)[v] =

(
v∥

v⊥

)
. (150)

Again differentiating the identity E−1 ◦ E = IdentityU yields

D2E−1(θ∥) = D2E−1 ◦ E(θ∥, 0) = −DE(θ∥, 0)−1 D2E(θ∥, 0)[DE(θ∥, 0)−1, DE(θ∥, 0)−1],
(151)

so that from (148) one obtains

D2E−1(θ∥)[v, v] =

(
PTM (θ∥)
n(θ∥)T

)(
2v⊥Dn(θ∥)[v∥]) =

(
2v⊥Dn(θ∥)[v∥]

0

)
, (152)

with the final equality being a consequence of nTDn = −(Dn)Tn = −nTDn = 0 as follows from
differentiating the identity nTn = 1. The result follows.

The next result characterises the scaling of the ∥-component of ∇ℓ in a neighbourhood of θ∥∗ . It is
essential for obtaining the correct asymptotic decay in the error terms.

Lemma C.4. Assumption 3.2 implies that for all θ∥ ∈ M sufficiently close to θ
∥
∗ and all θ⊥ ∈ R

sufficiently small, one has PTM (θ∥)∇ℓ
(
E(θ∥, θ⊥)

)
= O(dM (θ∥, θ

∥
∗)), where PTM (θ∥) : Tθ∥Rp →

Tθ∥M is the orthogonal projection onto Tθ∥M .
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Proof. By Assumption 3.2, one has

PTM (θ
∥
∗)∇ℓ

(
E(θ

∥
∗, θ

⊥)
)
= 0 (153)

for all θ⊥ ∈ R sufficiently small. Since for all sufficiently small θ⊥ the map θ∥ 7→
PTM (θ∥)∇ℓ

(
E(θ∥, θ⊥)

)
is smooth, the result follows.

We are now able to give the tubular neighbourhood coordinate expression for gradient descent.

Proposition C.5. In the tubular neighbourhood coordinates E : (θ∥, θ⊥) 7→ E(θ∥, θ⊥) for a tubular
neighbourhood of M , the gradient descent map GDℓ

Rp(η, ·) : θ 7→ θ − η∇ℓ(θ) is conjugated to the
analytic map(

θ∥

θ⊥

)
7→
(

θ∥ − η(θ⊥)2

2 ∇Mλ(θ∥) +O
(
(θ⊥)3 min{1, dM (θ∥, θ

∥
∗)}
)

(1− ηλ(θ∥))θ⊥ − η
2D

3ℓ[n⊗3](θ∥)(θ⊥)2 − η
6D

4ℓ[n⊗4](θ∥)(θ⊥)3 +O((θ⊥)4)

)
(154)

Proof. Since f is analytic by Assumption 3.1, so too are GDℓ
Rp(η, ·) and E and hence, since the

inverse function theorem preserves analyticity, so too is E−1. Hence the conjugate E−1◦GDℓ
Rp(η, ·)◦

E is analytic wherever defined. Recalling the open neighbourhood U of M × {0} in M × R from
Proposition C.1 on which E is a diffeomorphism, given (θ∥, θ⊥) ∈ U

GDℓ
Rp

(
η,E(θ∥, θ⊥)

)
= E(θ∥, θ⊥)− η∇ℓ(E(θ∥, θ⊥)) (155)

= θ∥ + θ⊥n(θ∥)− η∇ℓ(θ∥ + θ⊥n(θ∥)). (156)

Applying Proposition C.3 with v = θ⊥n(θ∥)− η∇ℓ(θ∥ + θ⊥n(θ∥)), one then obtains

E−1
(
GDℓ

Rp

(
η,E(θ∥, θ⊥)

))
=

(
θ∥ + v∥ +O(∥v∥∥3, ∥v∥∥∥v⊥∥)

v⊥ +O(∥v∥∥3, ∥v∥∥2∥v⊥∥, ∥v∥∥∥v⊥∥2)

)
. (157)

Note the crucial role played by the estimate on the error in Proposition C.3 here: were there to be
a pure O(∥v⊥∥k) term in the error for some k ≥ 1, then the same error term would have appeared
in the the formula (157) and, as we shall now see, would have prevented the ∥-component of the
dynamics from having an O(dM (θ∥, θ

∥
∗)) error term.

We now compute formulae for v∥ and v⊥. Using the fact that ∇ℓ(θ∥) = 0, one has the Taylor
expansion

∇ℓ(E(θ∥, θ⊥)) = θ⊥∇2ℓ[n](θ∥) +
(θ⊥)2

2
∇3ℓ[n⊗2](θ∥) +

(θ⊥)3

6
∇4ℓ[n⊗3](θ∥) +O

(
(θ⊥)4

)
(158)

= θ⊥λn(θ∥) +
(θ⊥)2

2
∇3ℓ[n⊗2](θ∥) +

(θ⊥)3

6
∇4ℓ[n⊗3](θ∥) +O

(
(θ⊥)4

)
, (159)

where the second line follows from the fact that n(θ∥) is an eigenvector of ∇2ℓ(θ∥) with eigenvalue
λ(θ∥). Taking the inner-product of (159) with n(θ∥) then reveals that

v⊥ = ⟨n(θ∥), v⟩ (160)

= (1− ηλ(θ∥))θ⊥ − η

2
D3ℓ[n⊗3](θ∥)(θ⊥)2 − η

6
D4ℓ[n⊗4](θ∥)(θ⊥)3 +O

(
(θ⊥)4

)
. (161)

One obtains v∥ by projecting (159) onto Tθ∥M :

v∥ = PTM (θ∥)v = −ηPTM (θ∥)∇ℓ(E(θ∥, θ⊥)) (162)

= −η(θ⊥)2

2
PTM∇3ℓ[n⊗2](θ∥) +O

(
(θ⊥)3 min{1, dM (θ∥, θ

∥
∗)}
)

(163)

= −η(θ⊥)2

2
∇M

(
∇2ℓ[n⊗2]

)
(θ∥) +O

(
(θ⊥)3 min{1, dM (θ∥, θ

∥
∗)}
)

(164)

= −η(θ⊥)2

2
∇Mλ(θ∥) +O

(
(θ⊥)3 min{1, dM (θ∥, θ

∥
∗)}
)
, (165)
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where the second line follows from Lemma C.4, the third line follows from the definition ∇M =
PTM∇ of the Levi-Civita connection on M ⊂ Rp, and the final line follows from the identity
∇2ℓ[n, n] ≡ λ that holds along M . Substituting these expressions into (157) yields the result.

By finally invoking Assumption 3.3, we may now transform the tubular neighbourhood coordinate
expression of gradient descent from Proposition C.5 into the normal form expression of Theorem 4.1.
Theorem C.6. Recall the function c : R×M → R>0

c(η, θ∥) :=

(
η

2
D3ℓ[n⊗3](θ∥)

)2

− η

6
D4ℓ[n⊗4](θ∥) > 0 (166)

from Assumption 3.3. There is an open neighbourhood W of {(2/λ(θ∥), θ∥, 0) : θ∥ ∈ M} in
R×M × R on which φ : W → R×M × R defined by

φ(η, θ∥, θ⊥) =
(
φη(η, θ∥, θ⊥), φ∥(η, θ∥, θ⊥), φ⊥(η, θ∥, θ⊥)

)
(167)

:=

(
η, θ∥,

θ⊥

c(η, θ∥)1/2
−

η
2D

3ℓ[n⊗3]

(1− ηλ(θ∥))2 − (1− ηλ(θ∥))

(θ⊥)2

c(η, θ∥)

)
(168)

is an analytic diffeomorphism onto its image. Moreover, the composite (IR ×E) ◦ φ : W → Rp ×R,
where IR is the identity map, conjugates (IR,GDℓ

Rp) : R× Rp → R× Rp to the map η
θ∥

θ⊥

 7→


η

GDλ
M

(
η(θ⊥)2

2c(η,θ∥)
, θ∥
)
+O

(
(θ⊥)3 min{1, dM (θ∥, θ

∥
∗)}
)

(1− ηλ(θ∥))θ⊥ + (θ⊥)3 +O
(
(θ⊥)4

)
 . (169)

Proof. That an open neighbourhood W of {(2/λ(θ∥), θ∥, 0) : θ∥ ∈ M} exists on which φ is a
diffeomorphism follows from the fact that c(η, θ∥)−1/2 ̸= 0 for all θ∥ ∈ M and η in a neighbourhood
of 2/λ(θ∥) and the inverse function theorem. That φ is analytic is a consequence of the analyticity of
f and the functions used in defining φ in terms of ℓ = (1/2)(f − y)2.

The formula (169) pertains to the conjugation

φ−1 ◦ (IR × E−1) ◦GDℓ
Rp ◦ (IR × E) ◦ φ (170)

of GDℓ
Rp . Proposition C.5 already gives us a formula for (IR × E−1) ◦ GDℓ

Rp ◦ (IR × E), so it
suffices merely to conjugate this formula by φ.

Since φ∥(η, θ∥, θ⊥) = θ∥, the ∥-component of (170) is given by substituting φ⊥(η, θ∥, θ⊥) in place
of θ⊥ in the ∥-component of (154), which yields the map η

θ∥

θ⊥

 7→ θ∥ − η(θ⊥)2

2c(η, θ∥)
∇Mλ(θ∥) +O

(
(θ⊥)3 min{1, dM (θ∥, θ

∥
∗)}
)
. (171)

As demonstrated in [33], however, one has

expθ∥

(
− η(θ⊥)2

2c(η, θ∥)
∇Mλ(θ∥)

)
= θ∥ − η(θ⊥)2

2c(η, θ∥)
∇Mλ(θ∥) +O

(
(θ⊥)4∥∇Mλ(θ∥)∥2

)
(172)

= θ∥ − η(θ⊥)2

2c(η, θ∥)
∇Mλ(θ∥) +O

(
(θ⊥)4 min{1, dM (θ∥, θ

∥
∗)

2}
)

(173)

since ∇Mλ(θ
∥
∗) = 0. Thus the ∥-component of (170)may be written as η

θ∥

θ⊥

 7→ GDλ
M

(
η(θ⊥)2

2c(η, θ∥)
, θ∥
)
+O

(
(θ⊥)3 min{1, dM (θ∥, θ

∥
∗)}
)

(174)

as claimed.

Finally, the ⊥-component of (169) follows from the same argument used in [27, Theorem 4.3].
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D Convergence theorems

The purpose of this section is to provide proofs of the main convergence theorems presented in the
paper. In addition to assuming Assumptions 3.1, 3.2 and 3.3 as in the previous section, in this section
we will also assume Assumption 3.4, which states that there is a geodesically convex ball BM (θ

∥
∗, r)

centred on θ
∥
∗ over which λ is geodesically smooth, geodesically strongly convex, and has unique

global minimum at θ∥∗ with Riemannian Hessian at θ∥∗ being a multiple of the identity.

D.1 Subcritical regime

Our convergence theorem in the subcritical regime has two components. First, it is proved that
gradient descent implicitly descends λ(θ∥t ) from being initially > 2/η to eventually being < 2/η.
For this, it is necessary to have a descent lemma for the perturbed Riemannian gradient descent
component of Theorem 4.1 (Lemma D.1) as well as upper and lower bounds on |θ⊥t | during this
phase (Lemma D.3). Following this transient phase, convergence is easily proved using the fact that
|θ⊥t | contracts exponentially to zero.

Lemma D.1 (Descent lemma for perturbed Riemannian gradient descent). For the µ-geodesically
strongly convex, L-geodesically smooth function λ on the geodesically convex ball BM (θ

∥
∗, r) centred

on θ
∥
∗ in M , consider the map

GD∥(η, θ∥, θ⊥) = expθ∥

(−η(θ⊥)2

2c(η, θ∥)
∇Mλ(θ∥)

)
+O

(
(θ⊥)3 min{1, dM (θ∥, θ

∥
∗)}
)

(175)

of Theorem C.6. Then for any η > 0 and all θ⊥ sufficiently close to zero, GD∥(η, ·, θ⊥) maps
BM (θ

∥
∗, r) into BM (θ

∥
∗, r). Moreover, for any η > 0, any θ∥ ∈ BM (θ

∥
∗, r) and all θ⊥ sufficiently

close to zero one has

λ
(
GD∥(η, θ∥, θ⊥)

)
− λ(θ

∥
∗) ≤

(
1− µη(θ⊥)2

4c(η, θ∥)

)
(λ(θ∥)− λ(θ

∥
∗)). (176)

Proof. For θ⊥ sufficiently small, there is unique δ(θ∥, θ⊥) = O
(
(θ⊥)3 min{1, dM (θ∥, θ

∥
∗)}
)

such
that

GD∥(η, θ∥, θ⊥) = expθ∥

(
− η(θ⊥)2

2c(η, θ∥)
∇Mλ(θ∥) + δ(θ∥, θ⊥)

)
. (177)

To see that GD∥(η, ·, θ⊥) preserves the ball BM (θ
∥
∗, r), consider the function ρ(θ∥) :=

(1/2)dM (θ∥, θ
∥
∗)

2. By the Gauss lemma [29, Corollary 6.10], ∇Mρ(θ∥) = − logθ∥(θ
∥
∗). Fixing

θ∥ ∈ BM (θ
∥
∗, r), for any vector w ∈ Tθ∥M one therefore has

d

dt

∣∣∣∣
t=0

ρ

(
expθ∥

(
− t∇Mλ(θ∥) + t3/2w

)
, θ

∥
∗

)
= −⟨∇Mρ(θ∥),∇Mλ(θ∥)⟩ (178)

= ⟨logθ∥(θ
∥
∗),∇Mλ(θ∥)⟩ (179)

≤ −2µρ(θ∥) < 0, (180)

where the third line follows from Lemma E.2. Thus, for all θ⊥ sufficiently small, we are assured that
ρ
(
GD∥(η, θ∥, θ⊥)

)
< ρ(θ∥), implying that GD∥(η, θ∥, θ⊥) ∈ BM (θ

∥
∗, r).
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We now come to the descent lemma. Since BM (θ
∥
∗, r) is geodesically convex, we may perform a

covariant Taylor expansion and invoke the geodesic smoothness of λ to obtain

λ
(
GD∥(η, θ∥, θ⊥)

)
≤λ(θ∥) +

〈
∇Mλ(θ∥),− η(θ⊥)2

2c(η, θ∥)
∇Mλ(θ∥) + δ(θ∥, θ⊥)

〉
+ (181)

+
L

2

∥∥∥∥ η(θ⊥)2

2c(η, θ∥)
∇Mλ(θ∥)− δ(θ∥, θ⊥)

∥∥∥∥2 (182)

≤λ(θ∥)− η(θ⊥)2

2c(η, θ∥)

(
1− η(θ⊥)2L

4c(η, θ∥)

)
∥∇Mλ(θ∥)∥2+ (183)

+

(
1− η(θ⊥)2L

2c(η, θ∥)

)
⟨∇Mλ(θ∥), δ(θ∥, θ⊥)⟩+ L

2
∥δ(θ∥, θ⊥)∥2. (184)

From Cauchy-Schwarz and the estimate 0 ≤ (ϵ1/2a − ϵ−1/2b)2 (implying that ab ≤ (1/2)(ϵa2 +
ϵ−1b2)) with ϵ = η(θ⊥)2/(4c(η, θ∥)), one obtains

⟨∇Mλ(θ∥), δ(θ∥, θ⊥)⟩ ≤ ∥∇Mλ(θ∥)∥∥δ(θ∥, θ⊥)∥ (185)

≤ η(θ⊥)2

8c(η, θ∥)
∥∇Mλ(θ∥)∥2 + 2c(η, θ∥)

η(θ⊥)2
∥δ(θ∥, θ⊥)∥2. (186)

Taking |θ⊥| sufficiently small that η(θ⊥)2L/(4c(η, θ∥)) ≤ 1/4, therefore, one obtains

λ
(
GD∥(η, θ∥, θ⊥)

)
≤ λ(θ∥)− η(θ⊥)2

4c(η, θ∥)
∥∇Mλ(θ∥)∥2 +

(
2c(η, θ∥)

η(θ⊥)2
+

L

2

)
∥δ(θ∥, θ⊥)∥2 (187)

= λ(θ∥)− η(θ⊥)2

4c(η, θ∥)
∥∇Mλ(θ∥)∥2 +O

(
(θ⊥)4 min{1, dM (θ∥, θ

∥
∗)

2
)
. (188)

Subtracting λ(θ
∥
∗) from both sides and applying geodesic strong convexity (∥∇Mλ(θ∥)∥2 ≥

2µ(λ(θ∥)− λ(θ
∥
∗)) by Lemma E.3) yields

λ
(
GD∥(η, θ∥, θ⊥)

)
− λ(θ

∥
∗) ≤

(
1− µη(θ⊥)2

2c(η, θ∥)

)
(λ(θ∥)− λ(θ

∥
∗)) +O

(
(θ⊥)4 min{1, dM (θ∥, θ

∥
∗)

2}
)
.

(189)

Finally, invoking geodesic strong convexity once more to estimate dM (θ∥, θ
∥
∗)

2 ≤ (2/µ)
(
λ(θ∥)−

λ(θ
∥
∗)
)

as in Lemma E.1 and taking θ⊥ sufficiently small allows one to absorb the remainder term on
the left side into the λ(θ∥)− λ(θ

∥
∗) factor and yields the result..

The next result will be used in giving uniform bounds on the magnitudes of the θ⊥ iterates.
Lemma D.2. For α ∈ R, define fα : R → R by

fα(x) := −(1 + α)x+ x3 +O(x4). (190)

For α0, α1 ∈ R, consider the composite fα1α0
:= fα1

◦ fα0
. Then for all γ > 0 sufficiently small

and all α0, α1 ∈ [0, γ]:

1. fα1α0 is monotonically increasing on [−2
√
γ, 2

√
γ].

2. fα1α0
admits the sole fixed points 0,

ξ− = −
√

α0 + α1

2
+O(α0 + α1), ξ+ =

√
α0 + α1

2
+O(α0 + α1) (191)

in the interval [−2
√
γ, 2

√
γ].

Proof. For γ > 0 small and all α0, α1 ∈ [0, γ], one computes

fα1α0
(x) = (1 + α1 + α0)x− 2x3 +O(α0α1x, α1x

3, α0x
3, x4), (192)
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Dfα1α0(x) = 1 + α1 + α0 − 6x2 +O(α0α1, α1x
2, α0x

2, x3). (193)

In particular, for all |x| ≤ 2
√
γ, one has

Dfα1α0
(x) ≥ 1 + α1 + α0 − 24γ +O(γ3/2) > 0 (194)

for all γ sufficiently small, so that fα1α0
|[−2

√
γ,2

√
γ] is monotonically increasing. Set β := (α0 +

α1)/2 for notational convenience, and denote

Φ(x) := fα1α0
(x)− x = 2βx− 2x3 +O(β2x, βx3, x4). (195)

Fixed points of fα1α0
are precisely roots of Φ, one of which is clearly x = 0. Moreover, if β = 0,

then Φ(x) = −2x3 +O(x4) so that in this case x = 0 is the only root of Φ on [−2
√
γ, 2

√
γ] for all

γ sufficiently small. Suppose now that β > 0. We will demonstrate the existence of a unique root ξ+
of Φ in (0, 2

√
γ] with the claimed formula. Since 2βx− 2x3 > 0 for all 0 < x ≤ 2−1/2

√
β, we see

that for all γ sufficiently small, Φ(x) is strictly positive on (0, 2−1/2
√
β] and so cannot admit any

roots therein. However, observe that for all γ sufficiently small one has

DΦ(x) = 2β − 6x2 +O(β2, βx2, x3) < 0 (196)

for all 2−1/2
√
β ≤ x ≤ 2

√
γ, implying that Φ is monotonically decreasing on [2−1/2

√
β, 2

√
γ],

and thus admits at most one root therein. Since moreover Φ(2−1/2
√
β) > 0 and Φ(2

√
β) =

−12β3/2 + O(β2) < 0, by the intermediate value theorem Φ admits precisely one root ξ+ in
[2−1/2

√
β, 2

√
γ]. By the mean value theorem, there is z between

√
β and ξ+ ≤ 2

√
β such that

0 = Φ(ξ+) = Φ(
√

β) +DΦ(z)(ξ+ −
√
β), (197)

so that, since |DΦ(z)| ≥ 4β +O(β3/2) = Ω(β) and Φ(
√
β) = O(β2),

ξ+ =
√
β − Φ(

√
β)

DΦ(z)
=
√

β +O(β) (198)

as claimed. A similar argument can be used to show there exists a unique root ξ− = −√
β +O(β)

of Φ in [−2
√
γ, 0), thus proving the lemma.

Lemma D.3 (Upper and lower bounds for T⊥ iterates). Let {λt}t∈N be a monotonically decreasing
sequence of numbers. Then for all η > 0 such that ηλ0 > 2 is sufficiently small, there is a constant
C > 0 such that for any θ⊥0 sufficiently small, the iterates defined by

θ⊥t+1 = (1− ηλt)θ
⊥
t + (θ⊥t )

3 +O((θ⊥t )
4) (199)

satisfy the bounds

|θ⊥0 |√
1 + 3(θ⊥0 )

2t
≤ |θ⊥t | ≤ 2

√
ηλ(θ

∥
0)− 2 (200)

for all t ∈ N such that ηλt ≥ 2.

Proof. We prove the upper bound first. For each s ∈ N such that ηλs > 2, denote αs := ηλs − 2
and denote by fs the map

fs : θ
⊥ 7→(1− ηλs)θ

⊥ + (θ⊥)3 +O((θ⊥)4) (201)

= −(1 + αs)θ
⊥ + (θ⊥)3 +O((θ⊥)4). (202)

Supposing that s ∈ N is such that both ηλs, ηλs+1 ≥ 2, since {λt}t∈N is monotonically decreas-
ing Lemma D.2 guarantees that fs+1,s := fs+1 ◦ fs admits attractive fixed points ξs+1,s,± =

±
√
(αs+1 + αs)/2 +O(αs+1 + αs) and is monotonically increasing on [−2

√
α0, 2

√
α0] provided

α0 = ηλ0 − 2 is sufficiently small. Suppose now that θ⊥0 ∈ [−2
√
α0, 2

√
α0] \ {0}. The iterates θ⊥t

as defined in (199) satisfy

θ⊥2t+2 = f2t+1,2t(θ
⊥
2t), θ⊥2t+1 = f2t,2t−1(θ

⊥
2t−1), t ∈ N. (203)
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Assuming without loss of generality that θ⊥0 > 0, we will prove by induction that θ⊥2t ≤ 2
√
α0 for

all t ∈ N such that αs ≥ 0 for all s ≤ 2t − 1. Clearly θ⊥0 ≤ 2
√
α0 by assumption. Suppose as

an inductive hypothesis that 0 < θ⊥2t ≤ 2
√
α0 and that α2t+1, α2t ≥ 0. Using the monotonicity of

f2t+1,2t from Lemma D.2 and the fact that ξ2t+1,2t,+ is its sole fixed point in (0, 2
√
α0], either

θ⊥2t ≤ ξ2t+1,2t,+ ⇒ θ⊥2t ≤ f2t+1,2t(θ
⊥
2t) = θ⊥2t+2 ≤ ξ2t+1,2t,+ ≤ 2

√
α0, (204)

or

θ⊥2t ≥ ξ2t+1,2t,+ ⇒ ξ2t+1,2t,+ ≤ f2t+1,2t(θ
⊥
2t) = θ⊥2t+2 ≤ θ⊥2t ≤ 2

√
α0 (205)

by the inductive hypothesis; in either case θ⊥2t+2 ≤ 2
√
α0, thus proving the claim. A symmetric

argument shows that the odd iterates satisfy |θ⊥2t+1| ≤ 2
√
α0 for all t ∈ N such that αs ≥ 0 for all

s ≤ 2t, thus proving the upper-bound in (200).

We now prove the lower bound. Invoking the upper bound, α0 can be taken sufficiently small such
that the recursive estimate

|θ⊥t+1| = |θ⊥t |(1 + αt − (θ⊥t )
2 +O((θ⊥t )

3)) (206)

≥ |θ⊥t |(1− 2(θ⊥t )
2) (207)

holds as long as αt ≥ 0. By taking α0 even smaller if necessary, squaring, taking the reciprocal of
both sides and applying 1/(1− x)2 ≤ 1 + 3x for x sufficiently small one deduces that

1

(θ⊥t+1)
2
≤ 1

(θ⊥t )
2
(1 + 6(θ⊥t )

2) ⇒ 1

(θ⊥t+1)
2
− 1

(θ⊥t )
2
≤ 6, (208)

from which it follows by a telescoping sum that

|θ⊥t | ≥
|θ⊥0 |√

1 + 6(θ⊥0 )
2t

(209)

for all t such that αt ≥ 0. This proves the claim.

Theorem D.4. Assume that η < 2/λ(θ
∥
∗), and let 0 < c,C < ∞ satisfy c ≤ c(η, θ∥) ≤ C for

all θ∥ ∈ BM (θ
∥
∗, r). Then for all θ⊥0 sufficiently close to zero and all θ∥0 ̸= θ

∥
∗ ∈ BM (θ

∥
∗, r), if

η > 2/λ(θ
∥
0) is sufficiently small, then there is τ ∈ N, with

τ ≤ τ(θ
∥
0 , θ

⊥
0 ) :=

⌈
1

6(θ⊥0 )
2

(
2/η − λ(θ

∥
∗)

λ(θ
∥
0)− λ(θ

∥
∗)

)− 24C
µη
⌉
, (210)

such that η < 2/λ(θ
∥
t ) for all t ≥ τ and η ≥ 2/λ(θ

∥
t ) for all t < τ . Consequently, setting

β := 1− (2− ηλ(θ
∥
τ )) < 1, the iterates (θ∥t , θ

⊥
t ) converge to a global minimum (θ

∥
∞, 0) of ℓ in M

with suboptimal sharpness

λ(θ∥∞)− λ(θ
∥
∗) ≥ exp

(
− 4ηL2

cµ

(θ⊥τ )
2

1− β2

)
(λ(θ∥τ )− λ∗). (211)

at a rate O(βt).

Proof. For any θ
∥
0 ̸= θ

∥
∗ , take θ⊥0 ̸= 0 sufficiently close to zero that the hypotheses of Lemma D.1 and

Lemma D.3 are satisfied, with λ0 in Lemma D.3 taken to be equal to λ(θ
∥
0), and assume that ηλ0 > 0

is sufficiently small as in Lemma D.3. Then we may assume that λt := λ(θ
∥
t ) is monotonically

decreasing and the bounds of Lemma D.3 apply to θ⊥t . Since {λt}t∈N is monotonically decreasing,
any τ satisfying η < 2/λ(θ

∥
t ) for all t ≥ τ and η ≥ 2/λ(θ

∥
t ) for all t < τ is necessarily unique. We

claim that this τ satisfies the upper bound τ ≤ τ(θ
∥
0 , θ

⊥
0 ). Indeed, suppose for a contradiction that

τ > τ(θ⊥0 , θ
∥
0). Then for all t < τ , denoting λ∗ := λ(θ

∥
∗), one would have

λt+1 − λ∗ ≤
(
1− µη

4c(η, θ
∥
t )

(θ⊥0 )
2

(1 + 6(θ⊥0 )
2t)

)
(λt − λ∗) (212)
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by Lemmas D.1 and D.3. Invoking c(η, θ
∥
t ) ≤ C, taking logarithms, applying the upper-bound

ln(1− x) ≤ −x and applying a telescoping sum then yield

ln(λt)− ln(λ0) ≤ − µη

24C

t−1∑
s=0

1
1

6(θ⊥
0 )2

+ s
(213)

≤ − µη

24C
ln(1 + 6(θ⊥0 )

2t) (214)

by Lemma E.4, so that

λt ≤ (λ0 − λ∗)(1 + 6(θ⊥0 )
2t)−

µη
24C + λ∗. (215)

However, plugging in t = τ(θ⊥0 , θ
∥
0) then reveals that λt < 2/η, thus contradicting the assumption

that τ > τ(θ⊥0 , θ
∥
0) and implying that τ ≤ τ(θ⊥0 , θ

∥
0) as claimed.

We now come to the final convergence and sharpness suboptimality claim. For all t ≥ τ , Lemma
D.1 continues to imply that λt < 2/η decreases monotonically, while θ⊥t contracts exponentially
according to the estimate

|θ⊥t+1| = |θ⊥t ||1 + (ηλt − 2)− (θ⊥t )
2 +O(θ⊥t )

3| ≤ |θ⊥t ||1− (2− ηλt)| ≤ |θ⊥t ||1− (2− ηλτ )|.
(216)

This proves the claim that the iterates (θ
∥
t , θ

⊥
t ) converge to a global minimum θ

∥
∞ of ℓ at rate

O
(
(1− (2−ηλτ ))

t
)
. We now turn to proving the suboptimality of the sharpness at θ∥∞. The geodesic

strong convexity of λ in the form of Lemma E.2 implies that

µdM (θ∥, θ
∥
∗)

2 ≤ ⟨Π
θ∥→θ

∥
∗
∇Mλ(θ∥), log

θ
∥
∗
(θ∥)⟩ ≤ ∥∇Mλ(θ∥)∥ dM (θ∥, θ

∥
∗) (217)

for any θ∥ ∈ BM (θ
∥
∗, r), so that the ∥-update can be written

GD∥(η, θ∥, θ⊥) = expθ∥

(
− η(θ⊥)2

2c(η, θ∥)
∇Mλ(θ∥) +O

(
(θ⊥)3 min{1, dM (θ∥, θ

∥
∗)}
))

(218)

= expθ∥

(
− η(θ⊥)2

2c(η, θ∥)
∇Mλ(θ∥) +O

(
(θ⊥)3 min{1, ∥∇Mλ(θ∥)∥}

))
. (219)

Consequently, invoking the geodesic strong convexity of λ once again in the form of Lemma E.1,

λt+1 ≥λt + ⟨∇Mλ(θ
∥
t ), logθ∥

t
(θ

∥
t+1)⟩+

µ

2
∥ log

θ
∥
t
(θ

∥
t+1)∥2 (220)

=λt −
〈
∇Mλ(θ

∥
t ),

η(θ⊥t )
2

2c(η, θ
∥
t )
∇Mλ(θ

∥
t ) +O

(
(θ⊥t )

3 min{1, ∥∇Mλ(θ
∥
t )∥}

)〉
(221)

+
µ

2

∥∥∥∥ η(θ⊥t )
2

2c(η, θ
∥
t )
∇Mλ(θ

∥
t ) +O

(
(θ⊥t )

3 min{1, ∥∇Mλ(θ
∥
t )∥}

)∥∥∥∥2 (222)

=λt −
η(θ⊥t )

2

2c(η, θ
∥
t )
∥∇Mλ(θ

∥
t )∥2(1 +O(θ⊥t )) (223)

≥λt −
η(θ⊥t )

2

c(η, θ
∥
t )
∥∇Mλ(θ

∥
t )∥2 (224)

for sufficiently small 2
√
ηλ0 − 2 > |θ⊥t |. Subtracting λ∗ from both sides and invoking the Lipschitz

gradients (∥∇Mλ(θ∥)∥ ≤ LdM (θ∥, θ
∥
∗)) and strong convexity ((µ/2)dM (θ∥, θ

∥
∗)

2 ≤ λ(θ∥) − λ∗
from Lemma E.1) properties of λ then yield

λt+1 − λ∗ ≥ λt − λ∗ −
η(θ⊥t )

2

c(η, θ
∥
t )
L2dM (θ

∥
t , θ

∥
∗)

2 (225)

≥ (λt − λ∗)

(
1− 2η(θ⊥t )

2L2

c(η, θ
∥
t )µ

)
(226)

≥ (λt − λ∗)

(
1− 2ηL2(θ⊥τ )

2

cµ
β2t

)
, (227)
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where in the final line we have invoked c(η, θ
∥
t ) ≥ c. It follows that

λt − λ∗ ≥
t−1∏
s=τ

(
1− 2ηL2(θ⊥τ )

2

cµ
β2s

)
(λτ − λ∗). (228)

Taking 2
√
ηλ0 − 2 > |θ⊥τ | smaller if necessary and using the bound ln(1−x) ≥ −2x valid for small

x one has

ln

( t−1∏
s=0

(
1− 2ηL2(θ⊥τ )

2

cµ
β2s

))
≥ −4ηL2(θ⊥τ )

2

cµ

t−1∑
s=0

β2s (229)

≥ −4ηL2(θ⊥τ )
2

cµ

1

1− β2
(230)

from which the result follows.

D.2 Critical regime

The convergence theorem in the critical regime is the most difficult to prove. This is because in this
regime, the fixed point to which the iterates converge is merely parabolic rather than hyperbolic as is
(at least asymptotically) true in the subcritical and supercritical regimes. The convergence theorem in
the critical regime will follow from a careful analysis of the following parabolic system.

Fix 0 < a < c and b > 0. Let A(x, y) = O(x, y), B(x) = O(x) and C(y) = O(y) be analytic
functions, and consider the analytic functions

Tx(x, y) =
(
1− (a+A(x, y))y2

)
x, Ty(x, y) =

(
1 + (b+B(x))x2 − (c+ C(y))y2

)
y.
(231)

Denote by T = (Tx, Ty) : R2 → R2 the corresponding analytic map. Clearly 0 is a fixed point of T ;
we will be concerned with proving convergence of the iterates of T to this fixed point. The following
result guarantees that T admits an invariant manifold approaching the origin. This result is essential,
since our final convergence proof is a two-stage proof; first, convergence to a neighbourhood of the
invariant manifold is proved, following which, second, convergence to the origin is easy.
Lemma D.5. There exists r > 0 and a function u : {x > 0 : |x2 − r| < r} → R whose graph

Γu := {(x, u(x)) : x ∈ dom(u)} is invariant under T , and for which u(x) =
√

b
c−ax+O(x2).

Proof. The analytic map T : R2 → R2 extends uniquely to a holomorphic map T̃ defined on a
neighbourhood of 0 in C2. Like T , at the origin the map T̃ is the identity to first order, vanishes at
order two, and has third order Taylor coefficients given by

∂3
xyyTx(0, 0) = −2a, ∂3

yxxTy(0, 0) = 2b, ∂3
yyyTy(0, 0) = −6c, (232)

with all other third order coefficients being zero. Observe that on the vector v given by

v =

(
1,

√
b

c− a

)
(233)

one has

∂3T (0, 0)[v, v, v] =

(
− 6a

b

c− a
, 6b

√
b

c− a
− 6c

√
b

c− a

3)
(234)

= −6a

√
b

c− a

3

v, (235)

so that v is a non-degenerate characteristic direction of T̃ [6, Definition 4.1], which is moreover
attracting since −6a

√
b/(c− a) < 0. By [6, Section 6], therefore, there exists r > 0 and a

holomorphic function u : {x ∈ C : |x2 − r| < r} → C such that u(x) =
√

b
c−ax+O(x2) whose

graph is invariant under T . Restricting this u to the intersection of its domain with the positive real
axis yields the result.
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The next lemma will be key in establishing convergence to the invariant manifold.

Lemma D.6. Let u(x) =
√

b
c−ax+O(x2) be the function from Lemma D.5, and define ∆(x, y) :=

y − u(x). Then ∆̃(x, y) := ∆(x, y)/x satisfies

|∆̃ ◦ T (x, y)| ≤ |∆̃(x, y)|
(
1− c− a

2
y2
)

(236)

for all sufficiently small x > 0, y ≥ 0.

Proof. We estimate ∆̃◦T
∆̃

. Define

D(x, y) :=
Tx(x, y)

x
, N(x, y) :=

∆ ◦ T (x, y)
∆(x, y)

, (x, y) ∈ dom(u)× R≥0. (237)

Observe that both D and N are analytic on the domain of u. Observe moreover that

∆̃ ◦ T (x, y)
∆̃(x, y)

=
∆ ◦ T (x, y)
Tx(x, y)

· x

∆(x, y)
=

N(x, y)

D(x, y)
= 1− D(x, y)−N(x, y)

D(x, y)
, (238)

so that estimation of ∆̃◦T
∆̃

is reduced to estimating D−N
D . We first estimate D −N . For this, observe

that since T (x, 0) = (x, 0), one has D(x, 0)−N(x, 0) = 0 for all x ∈ dom(u). Thus, by analyticity
of D and N , there is a unique analytic function H on dom(u)× R such that

D(x, y)−N(x, y) = yH(x, y). (239)

We compute H(x, y) to second order. For notational convenience, set

κ :=

√
b

c− a
(240)

so that u(x) = κx+O(x2). Differentiate (239) with respect to y and evaluate at y = 0 to obtain

H(x, 0) = ∂yD(x, 0)− ∂yN(x, 0), (241)

Observe that

∂yD(x, 0) = ∂y(1− ay2 +A(x, y)y2)|y=0 = 0 (242)

while, from N = (∆ ◦ T )/∆, one has

∂yN(x, 0) =
∆ ∂y(∆ ◦ T )− (∆ ◦ T ) ∂y∆

∆2
(x, 0). (243)

From ∆(x, y) = y − u(x), is easily seen that

∆(x, 0) = −u(x), ∂y∆(x, 0) = 1, ∆ ◦ T (x, 0) = −u(Tx(x, 0)) = −u(x) (244)

while

∂y(∆ ◦ T )(x, 0) = ∂yTy(x, 0)− u′(x)∂yTx(x, 0) = 1 + bx2 +O(x3) (245)

so that (243) yields

H(x, 0) = −∂yN(x, 0) =
bx2 +O(x3)

u(x)
= (c− a)κx+O(x2). (246)

To compute the second order component of H , differentiate (239) twice with respect to y and evaluate
at y = 0 to obtain

∂yH(x, 0) =
1

2

(
∂2
yD(x, 0)− ∂2

yN(x, 0)
)
. (247)

One sees that

∂2
yD(x, 0) = ∂2

y(1− ay2 +A(x, y)y2)|y=0 = −2a+O(x), (248)

33



while

∂2
yN(x, 0) =

(
∂2
y(∆ ◦ T )

∆
− (∆ ◦ T ) ∂2

y∆

∆2
− 2

∂y(∆ ◦ T ) ∂y∆
∆2

+ 2
(∆ ◦ T ) (∂y∆)2

∆3

)
(x, 0).

(249)

Since

∂2
y(∆ ◦ T )(x, 0) = ∂2

yTy(x, 0)− u′′(x)(∂yTx(x, 0))
2 − u′(x)∂2

yTx(x, 0) = 2aκx+O(x2)
(250)

one obtains

∂2
yN(x, 0) = −2aκx+O(x2)

κx+O(x2)
− 2

1 + bx2 +O(x3)

κ2x2 +O(x3)
+ 2

1

κ2x2 +O(x3)
(251)

= −2a− 2b/κ2 +O(x) = −2c+O(x). (252)

Thus

∂yH(x, 0) =
1

2
(−2a+ 2c+O(x)) = (c− a) +O(x). (253)

We deduce from (246), (253) and (239) that

D(x, y)−N(x, y) = (c− a)(y2 + κyx) +O(yx2, y2x, y3). (254)

It follows that for all sufficiently small x > 0, y ≥ 0, one has D(x, y) − N(x, y) ≥ (c−a)
2 y2 and

1 ≥ D(x, y) > 0 so that

∆̃ ◦ T (x, y)
∆̃(x, y)

= 1− D(x, y)−N(x, y)

D(x, y)
≤ 1− c− a

2
y2 (255)

as claimed.

Lemma D.7 below gives uniform upper-bounds on the magnitudes of iterates, which are used in
enabling certain estimates in the convergence theorem.
Lemma D.7. Define W (x, y) := bx2 + a

2y
2. Then for all (x0, y0) in a sufficiently small neighbour-

hood of 0, with y0 > 0, the sequence xt is monotonically non-increasing and the sequence yt satisfies
the uniform bound y2t ≤ 2W (x0, y0)/a for all t ∈ N.

Proof. In any sufficiently small neighbourhood U of 0 ∈ R2
≥0, one has

W (T (x, y)) = bx2
(
1− ay2 +O(xy2, y3))

)2
+

1

2
ay2
(
1 + bx2 − cy2 +O(x3, y3)

)2
(256)

= bx2(1− 2ay2) +O(x3y2, x2y3) +
1

2
ay2(1 + 2bx2 − 2cy2) +O(x3y2, y5) (257)

= W (x, y)− abx2y2 − acy4 +O(x3y2, x2y3, y5) (258)

≤ W (x, y)− 1

2
y2(abx2 + acy2) (259)

for all (x, y) ∈ U , so that W is non-increasing as a function of the iterates of the map close to zero.

Now fix (x0, y0) sufficiently small that, with W0 := W (x0, y0) one has (x0,
√

2W0/a) contained
in U . Then in particular (x0, y0) is contained in U since y0 ≤

√
2W0/a. Suppose as an inductive

hypothesis that yt ≤
√
2W0/a, xt ≤ x0 and Wt ≤ W0. Shrinking U yet further if necessary, one

sees that

1 > 1− y2t +O(xty
2
t , y

3
t ) > 0 (260)

thus yielding xt+1 < xt ≤ x0. Moreover, the inductive hypothesis implies that (xt, yt) ∈ U ; thus,
denoting Wt := W (xt, yt) and Wt+1 := W (xt+1, yt+1), one sees that

Wt+1 ≤ Wt −
1

2
ay2t (bx

2
t + cy2t ) ≤ W0, (261)

so that yt+1 ≤
√
2Wt+1/a ≤

√
2W0/a. This completes the proof.
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Finally we can prove convergence of the iterates of T toward zero.

Theorem D.8. Set κ :=
√
b/(c− a). For all sufficiently small x0 ≥ 0 and y0 > 0 and all 0 < ϵ < κ,

there is

τ ≡ τ(y0, ϵ) = O(y−2
0 ϵ−3c/(c−a)) (262)

so that for all t ≥ τ , one has
xτ√

1 + 3a(κ+ ϵ)2x2
τ (t− τ)

≤ xt ≤
xτ√

1 + 2a(κ− ϵ)2x2
τ (t− τ)

(263)

and

(κ− ϵ/2)xt ≤ yt ≤ (κ+ ϵ/2)xt. (264)

In particular, xt, yt = Θ(t−1/2).

Proof. Using Lemma D.7, we may take (x0, y0) sufficiently small that the quantity ∆̃t := ∆̃(xt, yt)
of Lemma D.6 satisfies the recursion

|∆̃t+1| ≤ |∆̃t|
(
1− c− a

2
y2t

)
(265)

for all t ∈ N. By taking (x0, y0) yet smaller if necessary we may also assume that yt satisfies the
lower-bound

yt+1 ≥ yt(1− 2cy2t ). (266)

Squaring and taking the reciprocal yields

1

y2t+1

≤ 1

y2t

1

1− 2cy2t
, (267)

and, taking (x0, y0) yet smaller if necessary so that 1/(1− 2cy2t ) ≤ 1 + 6y2t for all t, one obtains the
recursive estimate

1

y2t+1

− 1

y2t
≤ 6c, (268)

from which one obtains the bound

y2t ≥ y20
1 + 6cy20t

(269)

for all t ∈ N by telescoping. Plugging this into the recursion for ∆̃ and taking logarithms, one has

ln |∆̃t+1| − ln |∆̃t| ≤ −c− a

2

y20
1 + 6cy20t

. (270)

Taking a telescoping sum yields

ln |∆̃t| − ln |∆̃0| ≤ −c− a

12c

t−1∑
s=0

1
1

6cy2
0
+ s

≤ −c− a

12c
ln(1 + 6cy20t) (271)

by Lemma E.4. Thus

|∆̃t| ≤ |∆̃0|(1 + 6cy20t)
−(c−a)/(12c), (272)

and for any 0 < ϵ <
√
b/(c− a) one sees that for any t greater than or equal to

τ(y0, ϵ) :=

⌈
1

6cy20

((
ϵ

4|∆0|

)−12c/(c−a)

− 1

)⌉
(273)

one has |∆̃t| < ϵ/4. It follows from the definition of ∆̃(x, y) := (y−κx+O(x2))/x that t ≥ τ(y0, ϵ)
implies

yt ∈ [κx− (ϵ/4)x+O(x2), κx+ (ϵ/4)x+O(x2)] ⊂ [(κ− ϵ/2)x, (κ+ ϵ/2)x], (274)
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where, shrinking x0, y0 if necessary, the final containment is obtained using Lemma D.7. With
t ≥ τ(y0, ϵ) and the bounds (κ+ ϵ/2)xt ≥ yt ≥ (κ− ϵ/2)xt in hand, one obtains

(1− a(κ+ ϵ)2x2
t )xt ≤ xt+1 ≤ (1− a(κ− ϵ)2x2

t )xt, (275)

again shrinking x0, y0 and invoking Lemma D.7 if necessary to deal with the higher-order terms.
Inverting and squaring yield the bounds

1

x2
t+1

≤ 1

x2
t

1

(1− a(κ+ ϵ)2x2
t )

2
≤ 1

x2
t

(1 + 3a(κ+ ϵ)2x2
t ) (276)

and
1

x2
t+1

≥ 1

x2
t

1

(1− a(κ− ϵ)2x2
t )

2
≥ 1

x2
t

(1 + 2a(κ− ϵ)2x2
t ), (277)

again shrinking x0, y0 and invoking Lemma D.7 if necessary to obtain the final upper bound in (276),
so that

3a(κ+ ϵ)2 ≥ 1

x2
t+1

− 1

x2
t

≥ 2a(κ− ϵ)2, (278)

from which telescoping summation yields the bounds (263). The corresponding bounds for yt now
follow from the limits of (274). This completes the proof.

Finally, we may prove our convergence theorem in the critical regime using Theorem D.8.

Theorem D.9. Assume that η = 2/λ(θ
∥
∗). Assume in addition that ν/(c(2/λ(θ∥∗), θ

∥
∗)λ(θ

∥
∗)) < 1,

where ν is defined in Assumption 3.4 and c is defined in Assumption 3.3. Then for all θ∥0 sufficiently
close to θ

∥
∗ and all θ⊥ ̸= 0 sufficiently small, one has dM (θ

∥
t , θ

∥
∗) = Θ(t−1/2) and |θ⊥t | = Θ(t−1/2).

Proof. Denote λ∗ := λ(θ
∥
∗) and c∗ := c(2/λ∗, θ

∥
∗) for notational convenience. By Theorem 4.1, for

all (θ∥, θ⊥) sufficiently close to (θ
∥
∗, 0), GD has the coordinate expression

(
GD∥(η, θ∥, θ⊥)

GD⊥(η, θ∥, θ⊥)

)
=

expθ∥

(
− (θ⊥)2

c(2/λ(θ∥))λ∗
∇Mλ(θ∥)

)
+O((θ⊥)3dM (θ∥, θ

∥
∗))(

1− 2λ(θ∥)
λ∗

)
θ⊥ + (θ⊥)3 +O((θ⊥)4)

 . (279)

We first derive a formula for dM
(
GD∥(η, θ∥, θ⊥), θ

∥
∗
)
= ∥ log

θ
∥
∗
(GD∥(η, θ∥, θ⊥))∥. Using a covari-

ant Taylor expansion (29), observe that:

∇Mλ(θ∥) = Π
θ
∥
∗→θ∥

(
∇Mλ(θ

∥
∗) +∇2

Mλ(θ
∥
∗)[logθ∥

∗
(θ∥)] +O

(
dM (θ∥, θ

∥
∗)

2
))

(280)

= Π
θ
∥
∗→θ∥

(
ν log

θ
∥
∗
(θ∥) +O(dM (θ∥, θ

∥
∗)

2)
)
. (281)

by Assumption 3.4, where Π
θ
∥
∗→θ∥ is parallel transport from θ

∥
∗ to θ∥. Similarly, observe that

(θ⊥)2

c(2/λ(θ∥))λ∗
=

(θ⊥)2

c∗λ∗
+O

(
(θ⊥)2dM (θ∥, θ

∥
∗)
)
. (282)

We may thus write

log
θ
∥
∗

(
GD∥(η, θ∥, θ⊥)

)
= log

θ
∥
∗

(
expθ∥

(
− ν (θ⊥)2

c∗λ∗
Π

θ
∥
∗→θ∥

(
log

θ
∥
∗
(θ∥)

)))
(283)

+O
(
(θ⊥)3dM (θ∥, θ

∥
∗), (θ

⊥)2dM (θ∥, θ
∥
∗)

2
)

(284)

=

(
1− ν

c∗λ∗
(θ⊥)2

)
log

θ
∥
∗
(θ∥) (285)

+O
(
(θ⊥)3dM (θ∥, θ

∥
∗), (θ

⊥)2dM (θ∥, θ
∥
∗)

2
)
. (286)
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Hence:

dM
(
GD∥(η, θ∥, θ⊥), θ

∥
∗
)
=
∥∥ log

θ
∥
∗
(GD∥(η, θ∥, θ⊥))

∥∥ (287)

=

(
1− ν

c∗λ∗
(θ⊥)2 +O

(
(θ⊥)3 + (θ⊥)2dM (θ∥, θ

∥
∗)
))

dM (θ∥, θ
∥
∗).

(288)

We now derive a formula for |GD⊥(η, θ∥, θ⊥)|. Perform a covariant Taylor expansion (29) on λ(θ∥)
to obtain

λ(θ∥) = λ∗ + ⟨∇Mλ(θ
∥
∗), logθ∥

∗
(θ∥)⟩+ 1

2
∇2

Mλ(θ
∥
∗)[logθ∥

∗
(θ∥)⊗2] +O

(
dM (θ∥, θ

∥
∗)

3
)

(289)

= λ∗ +
1

2
ν dM (θ∥, θ

∥
∗)

2 +O
(
dM (θ∥, θ

∥
∗)

3
)

(290)

by Assumption 3.4. Then one sees that

GD⊥(η, θ∥, θ⊥) = −
(
1 +

ν

λ∗
dM (θ∥, θ

∥
∗)

2 +O
(
dM (θ∥, θ

∥
∗)

3
))

θ⊥ + (θ⊥)3 +O
(
(θ⊥)4

)
(291)

= −
(
1 +

ν

λ∗
dM (θ∥, θ

∥
∗)

2 − (θ⊥)2 +O
(
dM (θ∥, θ

∥
∗)

3, (θ⊥)3
))

θ⊥. (292)

so that

|GD⊥(η, θ∥, θ⊥)| =
(
1 +

ν

λ∗
dM (θ∥, θ

∥
∗)

2 − (θ⊥)2 +O
(
dM (θ∥, θ

∥
∗)

3, (θ⊥)3
))

|θ⊥| (293)

provided dM (θ∥, θ
∥
∗) and |θ⊥| are sufficiently small. The result now follows by invoking Theorem

D.8.

D.3 Supercritical regime

Our convergence theorem in the supercritical regime is the easiest of the three. The orbit to which
the iterates are attracted is hyperbolic unlike in the critical case, and the transient phenomena are
relatively simple compared with those of the subcritical case.

Theorem D.10. Assume that η > 2/λ(θ
∥
∗) is sufficiently small. Then there are positive constants

C1, C2, C3 and a stable orbit of period two of the form
(
θ
∥
∗,±(ηλ(θ

∥
∗)− 2)1/2 +O(ηλ(θ

∥
∗)− 2)

)
to

which the iterates (θ∥t , θ
⊥
t ) starting from any (θ∥0 , θ

⊥
0 ) satisfying 0 < |θ⊥0 | ≤ C1(ηλ(θ

∥
∗)− 2)1/2 and

dM (θ
∥
0 , θ

∥
∗) ≤ C2(ηλ(θ

∥
∗)− 2)1/2 converge with rate O

(
(1− C3(ηλ(θ

∥
∗)− 2))t

)
.

Proof. Arguing using covariant Taylor expansions as in the proof of Theorem D.9, one sees that

dM
(
GD∥(η, θ∥, θ⊥), θ

∥
∗
)
=

(
1− ην

2c(η, θ
∥
∗)
(θ⊥)2 +O

(
(θ⊥)3, (θ⊥)2dM (θ∥, θ

∥
∗)
))

dM (θ∥, θ
∥
∗)

(294)

and

GD⊥(η, θ∥, θ⊥) = −
(
1 + (ηλ(θ

∥
∗)− 2) +

ην

2
dM (θ∥, θ

∥
∗)

2 − (θ⊥)2 +O
(
dM (θ∥, θ

∥
∗)

3, (θ⊥)3
))

θ⊥.

(295)

Consequently, the result follows from Theorem D.11 below.

Theorem D.11. Given α > 0 and constants a > 0 and b > 0, consider the functions

Fx(x, y) := (1− ay2 +O(y3, xy2))x, Fy(x, y) = −(1 + α+ bx2 − y2 +O(x3, y3))y.
(296)

Then, there are constants C1, C2, C3 > 0 such that for all α sufficiently small, the map F =
(Fx, Fy) admits a stable, period-2 orbit {(0, ξ+), (0, ξ−)} with ξ± = ±√

α+O(α), and the iterates
(xt+1, yt+1) := F (xt, yt) starting from any (x0, y0) with 0 < |y0| ≤ C1

√
α and |x0| ≤ C2

√
α

converge to this orbit at a rate of O
(
(1− C3α)

t
)
.
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Proof. The line x = 0 is preserved by F , and thereon one sees that Fy takes the form

Fy(0, ·) : y 7→ −(1 + α)y + y3 +O(y4) (297)

which, by Lemma D.2, admits a period-two orbit {ξ+, ξ−} of the form ξ± = ±√
α + O(α). We

will show that the iterates of the square F 2 of F converge to (0, ξ±) for all initial points (x0, y0)
sufficiently small, y0 ̸= 0. This will be achieved by showing that ∥DF 2(x, y)∥ < 1 uniformly over a
neighbourhood of (0, ξ±), followed by proving a guarantee of convergence to this neighbourhood in
finite time.

Via a routine calculation one sees that

F 2(x, y) =

(
x
(
1− a(1 + (1 + α)2)y2 +O(xy2, y3)

)
y
(
(1 + α)2 + 2(1 + α)bx2 − (1 + α)(1 + (1 + α)2)y2 +O(x3, x2y, xy2, y3)

)) .

(298)

The derivative of F 2 is then given by

DF 2(x, y) =

(
1− a(1 + (1 + α)2)y2 −2a(1 + (1 + α)2)xy

4(1 + α)bxy (1 + α)2 + 2(1 + α)bx2 − 3(1 + α)(1 + (1 + α)2)y2

)
(299)

+O(x3, x2y, xy2, y3). (300)
In particular, for all y satisfying

α

(1 + α)(1 + (1 + α)2)
≤ y2 ≤ 2α, , (301)

the matrix DF 2(x, y) has entries with magnitudes upper-bounded by(
1− aα

1+α O(x
√
α)

O(x
√
α) 1− (1/2)α+O(x2)

)
+O(x3,

√
αx2, αx, α3/2) (302)

for all α sufficiently small. Using the bound ∥A∥2 ≤
√

∥A∥1∥A∥∞ for a matrix A, where ∥ · ∥1 and
∥ · ∥∞ are the maximum column 1-norm and maximum row 1-norm respectively, one sees then that
there are C2, C3 > 0 such that for all α sufficiently small, all x satisfying

|x| ≤ C2

√
α. (303)

and all y satisfying (301), one has ∥DF 2(x, y)∥2 ≤ 1− C3α.

Letting V be the neighbourhood of the two-point set {(0, ξ±)} enclosed by the bounds (301) and
(303), one sees that the iterates (x2t, y2t) of F 2 starting at any point (x0, y0) ∈ V converge toward
(0, ξsign(y0)) with rate ∥(x2t, y2t − ξ±)∥ ≤ (1− C3α)

t∥(x0, y0 − ξsign(y0))∥.

We complete the proof by showing that the iterates starting from any x0 satisfying (303) and any y0
satisfying

0 < y20 ≤ α

(1 + α)(1 + (1 + α)2)
(304)

are eventually drawn into V . This, however, is easy: for any x satisfying (303) and any y satisfying
y2 ≤ α/

(
(1 + α)(1 + (1 + α)2)

)
, one has

|(F 2)y(x, y)| ≥ |y|
(
(1 + α)2 − (1 + α)(1 + (1 + α)2)y2 +O(α3/2)

)
(305)

≥ |y|
(
1 + (1/2)α

)
(306)

for all α sufficiently small. It follows that the iterates y2t = (F 2t)y(x0, y0) satisfy the recursion
|y2(t+1)| ≥

(
1+(1/2)α

)
|y2t| as long as y22t ≤ α/

(
(1+α)(1+ (1+α)2)

)
. We claim now that there

exists τ ∈ N satisfying

τ ≤ 1

2

⌈
ln

(
α

y20(1 + α)(1 + (1 + α)2)

)
ln

(
1 +

1

2
α

)−1⌉
(307)

such that y2τ ≥ α/
(
(1 + α)(1 + (1 + α)2)

)
. Suppose for a contradiction that this were not the case;

then
α

(1 + α)(1 + (1 + α)2)
> y20(1 + (1/2)α)2τ ≥ α

(1 + α)(1 + (1 + α)2)
, (308)

which is a contradiction. This proves the result.
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E Elementary lemmas

In this section, for ease of reference, we collect several well-known facts and their elementary proofs.
Recall that a subset M ′ of a Riemannian manifold M is geodesically convex if any two points of M ′

can be connected by a unique geodesic contained entirely in M ′.
Lemma E.1. Let λ : M ′ → R be a C2 function on a geodesically convex subset M ′ of a Riemannian
manifold M . If λ is µ-geodesically strongly convex in the sense that ∇2

Mλ ⪰ µITM at all points on
M ′, then

λ(y) ≥ λ(x) + ⟨∇Mλ(x), logx(y)⟩+
µ

2
dM (x, y)2 (309)

for all x, y ∈ M ′.

Proof. Fix x, y ∈ M ′. Since M ′ is geodesically convex, there exists a unique geodesic γ : [0, 1] →
M ′ such that γ(0) = x and γ(1) = y. This γ satisfies

γ̇(t) = Π(γ)tγ̇(0) = Π(γ)t logx(y), ∥γ̇(t)∥ = dM (x, y) (310)

for all t ∈ [0, 1], where Π(γ)t : Tγ(0)M → Tγ(t)M is parallel transport. Define φ(t) := λ(γ(t)).
Then using (23) and the chain rule,

φ̇(t) = ⟨∇Mλ(γ(t)), γ̇(t)⟩, φ̈(t) = ⟨γ̇(t),∇2
Mλ(γ(t))γ̇(t)⟩ (311)

for all t ∈ [0, 1]. Thus, by Taylor’s theorem, there is s ∈ [0, 1] such that

λ(y) = φ(1) = φ(0) + φ̇(0) +
1

2
φ̈(s) (312)

= λ(x) + ⟨∇Mλ(x), logx(y)⟩+
1

2
⟨γ̇(s),∇2

Mλ(γ(s))γ̇(s)⟩ (313)

≥ λ(x) + ⟨∇Mλ(x), logx(y)⟩+
µ

2
∥γ̇(s)∥2 (314)

= λ(x) + ⟨∇Mλ(x), logx(y)⟩+
µ

2
dM (x, y)2 (315)

as claimed.

Lemma E.2. Let λ : M ′ → R be a C2 function on a geodesically convex subset M ′ of a Riemannian
manifold M . If λ is µ-geodesically strongly convex in the sense that ∇2

Mλ ⪰ µITM at all points on
M ′, then

⟨Πx→y∇Mλ(x)−∇Mλ(y), logy(x)⟩ ≥ µdM (x, y)2 (316)

for all x, y ∈ M ′, where Πx→y : TxM → TyM is parallel transport.

Proof. Fix x, y ∈ M ′. From Lemma E.1, one has the estimates

λ(y) ≥ λ(x) + ⟨∇Mλ(x), logx(y)⟩+
µ

2
dM (x, y)2, (317)

λ(x) ≥ λ(y) + ⟨∇Mλ(y), logy(x)⟩+
µ

2
dM (x, y)2. (318)

Since parallel transport is an orthogonal transformation, one has

⟨∇Mλ(x), logx(y)⟩ = −⟨∇Mλ(x),Πy→x logy(x)⟩ = −⟨Πx→y∇Mλ(x), logy(x)⟩. (319)

Substituting this into (317) and rearranging yields

⟨Πx→y∇Mλ(x), logy(x)⟩ ≥
µ

2
dM (x, y)2 + λ(x)− λ(y) (320)

while (318) may be rearranged to give

−⟨∇Mλ(y), logy(x)⟩ ≥
µ

2
dM (x, y)2 + λ(y)− λ(x). (321)

Adding these estimates then yields the result.

39



Lemma E.3. Let λ : M ′ → R be a C2 function on a geodesically convex subset M ′ of a Riemannian
manifold M . If λ is µ-geodesically strongly convex in the sense that ∇2

Mλ ⪰ µITM at all points on
M ′ and admits a critical point x∗ in M ′, then x∗ is the unique global minimum of λ in M ′ and

∥∇Mλ(x)∥2 ≥ 2µ
(
λ(x)− λ(x∗)

)
(322)

for all x ∈ M ′.

Proof. That the global minimum x∗ is unique follows from Lemma E.1: for any x ̸= x∗ in M , one
has

λ(x) ≥ λ(x∗) +
µ

2
dM (x, x∗)

2 > λ(x∗), (323)

thus proving the first claim. To prove the second claim, fix x ∈ M ′. Lemma E.1 then applies to yield

λ(x)− λ(x∗) ≤ −⟨∇Mλ(x), logx(x∗)⟩ −
µ

2
∥ logx(x∗)∥2 (324)

= −µ

2

∥∥∥∥ 1µ∇Mλ(x) + logx(x∗)

∥∥∥∥2 + 1

2µ
∥∇Mλ(x)∥2 (325)

≤ 1

2µ
∥∇Mλ(x)∥2, (326)

from which the result follows.

Lemma E.4. For any c > 0, and any integers 0 ≤ s < t, one has

ln

(
c+ t+ 1

c+ s

)
≤

t∑
k=s

1

c+ k
≤ 1

c+ s
+ ln

(
c+ t

c+ s

)
. (327)

Proof. Since x 7→ 1
(c+x) is monotonically decreasing along the positive reals, one has∫ n+1

n

f(x)dx ≤
∫ n+1

n

f(n)dx = f(n) =

∫ n

n−1

f(n)dx ≤
∫ n

n−1

f(x)dx (328)

for any natural number n, from which it follows that∫ t+1

s

1

(c+ x)
dx ≤

t∑
k=s

1

(c+ k)
=

1

(c+ s)
+

t∑
k=s+1

1

(c+ k)
(329)

≤ 1

(c+ s)
+

∫ t

s

1

(c+ x)
dx. (330)

Integrating both sides now yields the result.

F Experimental supplement

Our experiments were conducted for a depth 5, width 1 scalar factorisation problem, corresponding
to the function f : Rp → R defined by

f(θ1, . . . , θp) := θp · · · θ1, (θ1, . . . , θp) ∈ Rp, (331)

with target value y = 1. Our code3 runs gradient descent on this problem, and can be executed in
seconds on a single cpu. At each iterate, the projection onto the solution manifold M := f−1{y} is
computed as follows.

The KKT conditions for the constrained optimisation problem

min
θ∥≥0

1

2
∥θ∥ − θ∥2 such that

p∏
i=1

θ
∥
i = y (332)

3Available at https://github.com/lemacdonald/eos-convergence-rates-codimension-1
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are given by

θ
∥
i − θ

∥
i θi + α

y

θ
∥
i

= 0, i = 1, . . . , p, (333)

where α is the constraint parameter. These equations admit the quadratic solutions

θ
∥
i (α) =

θi ±
√
θ2i − 4αy

2
, i = 1, . . . , p. (334)

It is easily verified α 7→ θ
∥
i (α), is monotonically decreasing (when (334) is taken with the +

sign) or monotonically increasing (when (334) is taken with the − sign); consequently, the map
ϕ : α 7→∏p

i=1 θ
∥
i (α) is also monotonic provided the signs are consistent among the θ

∥
i (α).

The sign conventions we use are as follows. If
∏p

i=1 θi < y, then we must take the + sign for all
θ
∥
i (α). If

∏p
i=1 θi ≥ y, then, noting that 2−p

∏p
i=1 θi is the minimum value possible for

∏p
i=1 θ

∥
i (α)

when all θ∥i (α) are taken with the positive sign in (334), either:

1. y ≥ 2−p
∏p

i=1 θi, in which case we take the positive sign in (334) for all i.

2. y < 2−p
∏p

i=1 θi, in which case we take the negative sign in (334) for all i.

Having determined the sign to use uniformly over all i = 1, . . . , p in (334), we are assured that
α 7→ ϕ(α) =

∏p
i=1 θ

∥
i (α) is monotonic, hence that ϕ(α) = y admits a unique solution which we

obtain using the bisection method.

41



NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: See the “Paper contributions" section in the Introduction, which outlines our
contributions in the context of codimension 1 least squares problems.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: The limitations are discussed in detail in the Discussion/Conclusion section
under several bold headings.
Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: Complete proofs of all theoretical results are provided in several appendices
with appropriate referencing.

Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We included the code to produce our plots with the submission.

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
Answer: [Yes]
Justification: We provide open access to our code; see experimental supplement.
Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]
Justification: All relevant hyperparameters etc are contained in the code.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [No]
Justification: Our experiments are deterministic.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justification: See the “Experimental supplement" appendix.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: We have reviewed and conformed with the NeurIPS Code of Ethics.
Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).
10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [NA]
Justification: Our work is primarily theoretical and concerned with understanding in simple
settings what practitioners have already been doing at scale for over 10 years. No forseeable
societal impacts.
Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: We considered only toy models in our experiments.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: No existing assets used.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: No new assets introduced.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: No crowdsourcing or research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: No crowdsourcing or research with human subjects.

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: LLMs were not used outside of creation of code for toy experiments and
minimal assistance with proving theorems. All material was thoroughly checked and revised
if necessary.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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