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Abstract

Federated Learning (FL) faces significant challenges related to communication efficiency and
performance reduction when scaling to many clients. To address these issues, we explore the
potential of using low-rank updates and provide the first theoretical study of rank properties
in FL. Our theoretical analysis shows that a client’s loss exhibits a higher-rank structure
(i.e., gradients span higher-rank subspaces of the Hessian) compared to the server’s loss,
and that low-rank approximations of the clients’ gradients have greater similarity. Based
on this insight, we hypothesize that constraining client-side optimization to a low-rank
subspace could provide an implicit regularization effect while reducing communication costs.
Consequently, we propose FedLoRU, a general low-rank update framework for FL. Our
framework enforces low-rank client-side updates and accumulates these updates to form a
higher-rank model. We are able to establish convergence of the algorithm; the convergence
rate matches FedAvg. Experimental results demonstrate that FedLoRU performs comparably
to full-rank algorithms and exhibits robustness to heterogeneous and large numbers of clients.

1 Introduction

Federated learning (FL, (McMahan et al., 2017))) is a collaborative learning framework designed to enhance
privacy preservation by training models on clients’ local data without sharing raw information. Nevertheless, it
trades off some performance compared to centralized learning, largely due to communication overhead (Zheng
et al.l |2020)) and heterogeneity (Ye et al., [2023; [Kairouz et al.l |2021)). These limitations are further magnified
when scaling to large client populations or training large language models on edge devices, where resource and
data heterogeneity not only exacerbate communication costs but also complicate inter-client regularization
(Ye et al., [2024). To address the two main challenges of communication overhead and performance reduction
with increasing local clients in FL, we analyze the rank nature of loss landscape in FL and leverage low-rank
updates.

There has been substantial research focusing on low-rank characteristics in centralized learning. By low rank,
we refer to gradients spanning a low rank subspace of Hessian at any weights or the weight matrix being of
the form AB where the number of columns of A is low. Methods such as LoRA (Hu et al., |2021)), DyLoRA
(Valipour et al., [2022)), and QLoRA (Dettmers et al. 2024) utilize this scheme to decrease the number of
trainable parameters, thus conserving memory and computational resources. Further observations (Huh et al.
2021} [Ji & Telgarsky, [2018) indicate that over-parameterized models tend to find low-rank solutions, which
provide implicit regularization effects.

However, the spectral properties of the loss landscape in FL remain under-explored. Herein, we first
analyze the difference in the stable rank—defined as the squared ratio of the Frobenius norm to the spectral
norm—between client Hessians and the server Hessian of any weights, discovering that a client exhibits
a higher-rank structure. We also show that low-rank approximations of local gradients align better in
direction than their full-rank counterparts. Based on this insight, we hypothesize that the client’s higher-rank
Hessian amplifies cross-client discrepancies, and that restricting client-side updates could offer both implicit
regularization and reduced communication costs.
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To address this, we propose the Federated Low-Rank Updates (FedLoRU) algorithm, which mitigates
communication overhead and accommodates many clients through low-rank updates. FedLoRU factorizes
client-side update matrices into A and B and applies iterative optimization to these low-rank factorized
matrices. Clients and the server share the factorized matrices, which the server then aggregates. Matrices A
and B are being communicated between the clients and server, rather than the much larger matrix AB. To
make the model’s weight rank high, FedLoRU successively accumulates low-rank matrices. We also generalize
the low-rank update strategy within federated learning for various heterogeneous settings. Our comprehensive
approach underscores the potential of low-rank updates not only to enhance communication efficiency but
also to impose implicit regularization.

In summary, this work presents the following principal contributions.

1. We provide, to our knowledge, the first theoretical study of spectral characteristics of client and
server loss landscapes in FL. We show that, under stochastic sampling and a sufficiently large model,
the stable rank of the Hessian of the loss function increases with smaller sample sizes.

2. Building on this analysis, we show that restricting local optimization to low-rank subspaces can
improve cross-client alignment (implicit regularization effect), and we empirically find that the benefit
of low-rank local training becomes more pronounced as the number of clients increases.

3. Motivated by these insights, we propose FedLoRU, which combines low-rank client-side optimization
with periodic accumulation of low-rank updates to recover higher-rank global expressiveness while
retaining communication efficiency. We rigorously show that its convergence rate is asymptotically
equivalent to that of classical FedAvg. Moreover, we derive variants of FedLoRU for personalization
and model heterogeneity settings.

4. Empirical results demonstrate that, on average, FedLoRU improves state-of-the-art communication-
efficient federated learning algorithms on a variety of datasets, including LLM fine-tuning, and
exhibits superior performance as the number of clients increases.

2 Related Work

Communication-Efficient Federated Learning Extensive research has addressed communication chal-
lenges in FL (Shahid et al., [2021). FedPAQ (Reisizadeh et al., [2020) and AdaQuantFL (Jhunjhunwala et al.,
2021)) employ quantization to reduce the precision of weights. Meanwhile, pruning techniques are applied
to remove less important weights, as seen in Fed-Dropout (Caldas et al., |2018) and FedMP (Jiang et al.l
2023)), with recent advancements like FedADSR, (Wang et al, 2025) further optimizing this approach through
dynamic, layer-wise adaptive pruning based on weight importance. Since quantization and sparsification do
not alter the core network structure, they can be easily combined with other algorithms (e.g., FedLoRU) to
reduce communication overhead.

In contrast, model compression techniques modify the model structure by compressing it before communication
and restoring it afterward. FedDLR (Qiao et all |2021) uses low-rank approximation for bidirectional
communication but reverts to the full model for local training. FedHM (Yao et al., 2021]) compresses only
during server-to-client communication, where clients train factorized low-rank models that are aggregated by
the server. Although both methods reduce communication overhead, their server-side compression can lead to
performance degradation. While a recent work (Li et al.| 2025) attempts to address this by optimizing low-rank
decomposition and aggregation strategies to preserve model utility, they still struggle with reconstruction
trade-offs. To intrinsically mitigate potential information loss, we focus on client-side factorization, avoiding
compression processes.

Low-rank nature of centralized and federated learning Numerous studies (Gur-Ari et al., 2018}
Li et all |2018; |[Sagun et al., 2016) assert that deep learning training inherently possesses a low-rank
nature. Low-Rank Adaptation (LoRA, |[Hu et al.| (2021)) is a representative algorithm that leverages this
low-rank characteristic for fine-tuning by freezing pre-trained weights and applying low-rank updates via the
decomposition W = Wy + AB, where W, € R™*" A € R™*" B € R™" r < m,n. However, effectively
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leveraging the low-rank structure in pre-training remains a challenge, as the weights do not inherently exhibit
a low-rank nature (Yu & Wu, 2023} Zhao et al., 2024). To address this, ReLoRA (Lialin et al., 2023|) seeks to
achieve a higher-rank model by accumulating multiple low-rank updates, expressed as W = Wy + vail A;B;
where A; € R™*" B; € R"™",

In federated learning, some research has aimed to exploit the low-rank nature observed in centralized learning.
LBGM (Azam et al.l [2021) and FedLRGD (Jadbabaie et al., 2023|) approximate gradients using past or
sampled gradients, assuming gradients lie in a low-rank subspace. However, there is a noticeable gap in
analyzing rank characteristics specific to federated learning. In the context of federated learning, there is a
complex loss landscape involving multiple client-side and a single server-side optimization, and leveraging a
low-rank structure needs to consider their respective rank structures. To our knowledge, no prior work has
examined the rank structure in federated learning contexts without making very stringent assumptions. Our
study is pioneering in addressing this gap, using analytical results and insights to develop a novel algorithm.

Low-Rank Adaptation in Federated Learning Recent studies have studied the application of LoRA
within federated learning frameworks. Notable algorithms, such as FedLoRA (Wu et al.,|2024; Y1 et al., 2023)),
FFALoRA (Sun et al., [2024), and Hyperflora (Lu et al., |2024), employ LoRA adapters to facilitate personal-
ization. These methods apply low-rank adaptation to a pre-trained model during the local personalization
training phase. On the other hand, other works (Zhang et al., 2023; Kuo et al., [2024; |Cho et al., 2023) apply
LoRA for fine-tuning within federated learning environments, with recent advancements like FedEx-LoRA
(Singhal et al., |2024)) ensuring exact aggregation by mitigating the update errors typically caused by standard
federated averaging.

These approaches use only one low-rank matrix that restricts the model to a low-rank subspace. In contrast,
we utilize multiple accumulated low-rank matrices allowing the model to achieve higher rank. Specifically, we
extend the concept of LoRA by incorporating client-side low-rank updates and server-side accumulation to
address the low-rank limitation of LoRA as well as the challenges posed by communication and client-server
rank disparity. We also generalize the low-rank strategy within federated learning for both pre-training and
fine-tuning, and for heterogeneous environments.

3 Low-Rank Characteristics in FL

In centralized learning, neural network losses exhibit a low-rank structure, indicating that the gradient lies
within the subspace spanned by the Top-k eigenvectors of the Hessian during training (Gur-Ari et al.| [2018]).
While efforts have been made to utilize this low-rank structure to enhance federated learning algorithms, there
is a lack of studies analyzing the rank structure of federated learning. In federated learning, the clients and
server have distinct losses, resulting in different rank structures. Understanding these differing rank structures
of client and server losses is crucial for developing low-rank-inspired algorithms tailored for federated learning.
We provide, to our knowledge, the first theoretical characterization of this structure and show how low-rank
local updates enhance inter-client gradient alignment.

Notation and problem setup Suppose ¥(x,y) is a data generating distribution for an input-output
pair (z,y) € R% x R%. We consider the problem of finding a prediction function hf?(-;-) : R% x RF — R
parameterized by a R-dim weight vector w® € Rf. Given a loss function #(-,-) : R% x R% —
R, the true risk is Lyue(hf wf) = [(hf(x;wh),y)di(x,y) and the corresponding true Hessian is
Hi oo (R, 0F) = V2Lue(hE W), If Dy = {(wl,yz)}fil is a dataset generated from the distribution
1, the empirical loss and Hessian for Dy are fy(hft, wF) = > (2.4)eDx (W (z;w),y) and Hy (b7, w!) =
2

Z(w,y)EDN % 8(3R)2 E(hR(x; (,4_]1%)7 y).

We consider a random selection of M samples without replacement from Dy to form a sub-dataset Dy; C Dy.
Let far(h®,w®) and Hy (k% w!) denote the loss and Hessian for the sub-dataset D,;. In federated learning,
fn can be considered as the loss that the server optimizes, while fj; represents the loss of a local client
assuming the homogeneous setting.
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3.1 Higher Rank Nature of Clients in FL

In this section, we demonstrate that the local Hessian possesses a higher stable rank than the server’s Hessian
when the model size is large. This indicates that the loss landscape at a client is more complex than that of
the server, which may contribute to divergence of local training.

Stable rank To compare the rank properties of Hessians of a client and the server, we use the stable

n 2
rank srank(A) = \‘lezl‘\lzg = Zj;(:)(A), where n is the rank of matrix A and o;(A) denotes its i-th singular
value. Unlike traditi()Qnal mnkl7 which discretely counts non-zero singular values, the stable rank provides
a continuous and more informative proxy, effectively capturing the low-rank nature of deep learning since
stable rank is sensitive to the distribution of the singular values. This property is particularly useful in deep
learning, where gradient descent trajectories are often dominated by a few large eigenvalues, and the subspace
spanned by the corresponding eigenvectors critically influences training dynamics (Gur-Ari et al.| [2018} |Sagun
et al., 2016; |[Sabanayagam et al.l [2023). By emphasizing the contribution of large eigenvalues, the stable rank
serves as a practical tool for quantifying the curvature of the loss landscape.

Moreover, the stable rank exhibits robustness to small perturbations in the Hessian. In practice, minor
changes in model parameters or data points can lead to significant variations in the traditional rank, but
these do not substantially affect the stable rank. This robustness ensures that stable rank provides consistent
insights to the loss landscape, even under small variations in the training process. Additional discussion and
details on stable rank are provided in Appendix [A]

Stable rank gap between client and server Hessians. For given p,q € N, let ; > --- >0, >0 >
Ops1 > -+ > 0,14 be deterministic non-zero real numbers. Let Q7(6,...,0,1,) be the set of parameter
pairs (b, wf) whose true Hessian has eigenvalues 6; > --- > 6,,,. Let R be the smallest integer for
which Qf(0y,- -+ ,0,44) is non-empty. Let Q(61,- - ,0) = Ups 5 (01, -+, 0k), representing the union of
QF (6, ,0;) over all dimensions R > R. We aim to show that the difference in the stable rank between the
Hessians of the server and a client eventually becomes positive as dimension R approaches infinity within the
space of Q(6y,--- ,0), which contains infinitely many R for which QF(6y,--- ,0) # 0, as proved in Appendix
A2

For any R > R with (hf',w) € Qf we model the server and client Hessians as two decoupled additive
perturbed model:

Hi=H]

true

+en,  Hy=HJ, +e (1)

Here, €&, el € RE*E are random error matrices associated with each Hessian. These matrices are assumed
to be scaled according to €& = sy X, where X® € REX is a random real symmetric matrix where each
element is independently drawn from a distribution with mean 0 and variance ¢2/R. The scaling factor
sy = 8(N) is defined as a monotonic decreasing function mapping N to (0, 1). For simplicity in notation, we
use HE = Hy(h® wh) and HE,, = Hypue(h?, wf) whenever the context is clear. A precise formalization of
the problem framework, together with an in-depth discussion of its defining characteristics, is presented in

Appendix [A]

Next, we determine the limiting eigenvalues of the Hessians HZ in relation to the eigenvalues of H, . as
R — 0.

Proposition 3.1 (Limiting eigenvalues of H¥ (modified from Baskerville et al.| (2022))). Let HE defined as
n . If \i(HE) denotes the i-th eigenvalue of HE, then fori=1,--- ,p, the following holds:

gy (0:) ifgyn'(0:;) > Un
Uy otherwise

Ni(HR) — { (2)
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as R — oo, and fori=0,---,q — 1, we have
1 =1
In Oprq—i) if gy (Oprq—i) <L
)\R—i(Hﬁ) N N ( p+q ) N (';D+q ) N (3)
Ly otherwise.
Here, g;,l(H) =60+ ”25?", Uy = 20sy, and Ly = —20sy. In addition, for p < i < R — q, we have

)\Z(Hﬁ) — {LN, UN}

Convergence in our analysis is almost sure uniform convergence. The detailed proof is provided in Appendix
In the following theorem, we demonstrate that a smaller dataset results in a higher stable rank in the
limit except for the extremely ill-conditioned situation. Furthermore, given that modern neural network
models typically possess a very large number of parameters, this finding is applicable to contemporary models.

Theorem 3.2. Let HE and HE, be the Hessians as defined in and define 0y = 01 - 1j9,>10,,,| + Op+q -
110,1<10,4,]- Assume 02 > 0%s2,. Then the difference in the limiting stable rank between HE and HY, is
positive and bounded below as follow

. R 2 _ g2
srank(Hyy) — srank(Hy) > —2M "N
9t (00)29x" (60)?
(4)
. 1.2 2
Z 80’481\/181\/ 0—0 — 21| +40%By (0(2) — USAgSN) ,
6, 0 02

JEPNULQN

where By = |{i : Ni(HE) — Un or Ly}|, Pn ={i <p:gn'(0;) > Un}, and Qn = {i > p: g5'(0:) < Ln}.
Furthermore, the lower bound decreases with M.

This theorem characterizes the stable rank difference between HI, and HE by showing that it is bounded
below by a term proportional to (s%; — s%). As M decreases relative to N, this term increases. In the special
case where 02 < 0% 5%, the gap can become negative; however, this scenario arises only when the Hessian
is extremely ill-conditioned, meaning that the largest singular value is extremely small. Under a typical
scaling assumption such as sy; = 1/M, 0253, remains sufficiently small in most practical settings, making
such ill-conditioning unlikely. Consequently, except for highly degenerate settings, the stable rank difference
between local and global Hessians remains strictly positive, and the magnitude of this difference grows as the
size of each local dataset becomes smaller relative to the aggregate dataset. Our empirical results in Figure

further support this by demonstrating that smaller datasets exhibit higher estimated stable ranks.

3.2 Gradient Alighment Effect of Local Low-Rank Updates

In this section, we study how low-rank restrictions can improve cross-client gradient alignment in federated
learning. We first analyze an idealized rank-r truncation of each client gradient onto the leading eigendirections
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of its local Hessian. This is not meant to claim that FedLoRU explicitly computes Hessian eigenspaces.
Rather, the theorem identifies the rank-r subspace that is optimal from the perspective of alignment, and
serves as a reference object for understanding why low-rank local training can regularize client updates.
Intuitively, as the approximation rank r decreases, the components of each local gradient become more
concentrated along the most significant directions of its Hessian, which in turn improves similarity across
different clients.

While FedLoRU operates practically in the factor space spanned by the low-rank matrices (A, B), this update
space and our analyzed rank-r eigenspace are closely linked through learning dynamics. Recent studies
(Zhang et al., |2025; [ Xu et al., 2025) demonstrate that optimization trajectories naturally align with the top
singular eigenvectors of the Hessian. Thus, the span of (A4, B) driven by optimization acts as a data-adaptive
approximation of the ideal subspace identified by our theorem. This is further supported by our empirical
observations (e.g., Appendix , where low-rank updates initially exhibit lower alignment but quickly
surpass full-rank updates as the factors adapt over the course of training.

Limiting Eigenvector Transition Building on results from |Benaych-Georges & Nadakuditi| (2011)), we
know the limiting eigenvector transition. For i € Py U Qu, let v; be the unit-norm eigenvector associated
with the eigenvalue 0; of HE . and let u; be the corresponding unit-norm eigenvector of HE. Then for
je{jePnvUQy:j#i}, we have

2.2
o5y

T g u)l? 0. 5)

|(vi,ui)|2 —1-
In other words, each limiting eigenvector of HE lies in a cone around the corresponding eigenvector of
HE .. When N is small, (v;,u;) remains farther from unity. This implies that the similarity between the
eigenvectors of H& and H{ _ is diminished in the regime of small N. Moreover, for a client operating with
a dataset size M < N, the spectral similarity (v;,u;) becomes smaller than that of a client with a larger
dataset. This phenomenon can degrade performance when a client holds very limited local data, as its local
Hessian captures fewer reliable directions than one computed from a larger dataset. Further, we assume that
the bulk eigenvectors are random vectors residing in the subspace orthogonal to that spanned by the edge
eigenvectors as numerous studies (Anderson et al.l [2010; |Antti Knowles| |2013|) have demonstrated.

Gradient alignment We define the full-rank approximation of V fy(h® w®) with respect to H ﬁ as
VfN}qu(hR,wR) = >0 O, fn(hT wB) u;, where uq, ..., us are eigenvectors of HE associated with the
eigenvalues 01, .. .,0,, ordered by magnitude, and 9, fx (hf, w%) is the directional derivative of fx (hf, w?)
with respect to u. A rank-r approximation then restricts this sum to only the top-r eigenvectors as

VfN,r = 22:1 auifN(hR,wR) Us -

Given K clients, each with a dataset of size N, we denote their corresponding Hessians by HJ(\]f) for
ke {l,...,K}. Let C’ﬁm(kl, ko) = cos(Vf](fi,) , Vf](\fi) be the cosine similarity between the rank-r
approximations of the gradients of clients k; and ks.

Theorem 3.3. For any r € N and ki,ky € {1,..., K} with k1 # ko,

’E’ [Cﬁﬁ(kl?k?) - 01@7T+1(k1,k2)] _gN(T)| =0 (6)
as R — oo, where gy (r) is strictly positive and expressed in the proof in Appendiz .

According to Theorem the expected cosine similarity between two clients’ rank-r gradient approximations
decreases as r increases for large R. Specifically, once r is large enough to include all dominant directions,
adding an additional component contributes random noise from the bulk eigenvectors, thereby reducing the
directional alignment. For small r, incorporating the (r + 1)-th principal direction also reduces similarity,
because although it remains more critical than the bulk noise directions, it contributes less universally aligned
signal than the top-r directions.

Scope of the Theoretical Model The analysis in this section considers a homogeneous setting in which a
client dataset is modeled as a random sub-dataset of the full dataset. Although this does not directly model
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non-IID client heterogeneity, it provides a useful baseline mechanism for understanding how limited local
data can affect the local loss landscape.

4 Federated Low-Rank Update

Theorems [3.2] and [3.3] together reveal a rank paradox in FL: each client faces a higher-rank landscape, but
better cross-client alignment arises when local update rank is low. Further, many works, e.g., [Hu et al.
(2021) and |[Ren et al. (2024), show that low-rank training mitigates overfitting on small datasets. Our
theoretical analysis suggests that local Hessians exhibit a more complex loss landscape, which can lead to
potential gradient divergence across local clients. Low-rank updates help align client updates along shared
directions, thereby reducing client discrepancies. Building on this insight, we propose FedLoRU, wherein
client optimization is constrained to a low-rank subspace to enhance communication efficiency and improve
client alignment, while the global model achieves a higher rank by accumulating those subspaces over time.

4.1 FedLoRU Algorithm

Consider a federated learning system with K clients, where each client k has its own loss function f*) :
R™*™ — R. The server aims to find a global model W € R"*" that minimizes the aggregated loss function
fW) = Zszl p®) fE) (W), where p(®) is the weight of client k.

Algorithm 1 FedLoRU.

Require: model Wy, initial low-rank matrices Ao, By, scaling factor «, accumulation cycle 7, total round T
Initialize: Server sends Wy to each client.
fort=0,---, 7T —1do
Server selects participating clients KC; and distributes A¢, B; to clients in ;.
for each client k € K; do

Find Agf%, Béﬁ% by solving starting from A, By.

Send AE{%,
end for
Server aggregation:

A1 <D e, pﬁk)Ag%» Bii1 < Y ek, pgk)Bt(f“E).
if (t+1) mod 7 =0 then

Server distributes A¢y1, Biy1 to all clients .

Each client k updates its local copy of the global model: Wiy < Wi + aAi41Bi41.

Server re-initializes A;4+1, Bi41.
else

Server and clients update W41 < W,.
end if

end for
Return: Wy = Wy + « Z

Bﬁkf); to the server.

T-1

t=0: (t+1) mod 7=0 At+1Bt+1'

At communication round ¢, a subset of clients KC; performs local training. We denote by pgk) the aggregation

weight of client k € K, at round ¢, with Zkelc,, pgk) = 1. Following the LoRA (Hu et al.}2021) approac client
k freezes a local copy of the global model W; and finds low-rank matrices by solving argmin 4 g f (k)(Wt +
aAB), where « is a fixed scaling hyperparameter. Specifically, local training is carried out by E local
gradient-descent steps on A and B for i =0,..., F — 1:

Al = AL~ 1 VasO (Wit a Al B €l

FRES ]
B®

(7)
k k) 1 (k k
tit+l — Bzg,i) - nVg f(k)(Wt +ta Awg,i)Bg,i); t(,i))’

"'While we use a low-rank factorized model, alternatives like LoKr (Edalati et all,[2022) or LoHa (Hyeon-Woo et al. [2021))
can be employed, differing only in the factorization scheme but based on the same principles.
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where V f ("”')(W; 13 (k)) is a stochastic gradient evaluated on a randomly sampled subset £() from client k’s

local data. After each round, the server collects Agk% and ngE) and aggregates them: A; 1 =), K, pgk)Ag%,

By = ZkEKt pgk)Bﬁ%. After aggregation, the server sends A;;1 and By, 1 to clients, who continue local
training using these matrices as starting A and B.

Unlike LoRA, FedLoRU periodically accumulates low-rank updates into the global model after aggregation to
achieve a higher-rank global model. This accumulation mechanism is inspired by ReLoRA (Lialin et al., 2023]),
which increases model expressiveness through successive low-rank updates in centralized training; FedLoRU
adapts this idea to federated learning by combining periodic server-side accumulation with client-side low-rank
optimization . Clients subsequently update their local copies of the global model by W, < W, + o A, B,.
When low-rank updates are accumulated every 7 rounds from the initial global model Wy, the final global
model at round T is W = Wy + « ZtT:_Ol (t+1) mod 70 A 1By,

We average each matrix A and B individually, but acknowledge that alternative low-rank approaches, such
as freezing one factor or alternating updates, may offer different mathematical justifications. In practice,
however, we have found that our chosen scheme is the most effective among them. Furthermore, since our
primary objective is to demonstrate the practicality and implicit regularization effect of low-rank updates, we
defer a deeper investigation of these alternatives to future work.

FedLoRU for Fine-tuning For fine-tuning tasks, FedLoRU retains the series of accumulated low-rank
matrices alongside the frozen pre-trained model. Although storing multiple low-rank matrices requires more
memory than storing a single matrix, their combined size remains significantly smaller than that of the
original model. This enables a modular, plug-and-play approach where low-rank matrices can be easily
integrated with the pre-trained model. Consequently, FedLoRU maintains the same level of flexibility and
extensibility as LoRA. The detailed fine-tuning algorithm is provided in Appendix

Practical Advantages FedLoRU enables training a higher-rank global model alongside low-rank local
updates. With each accumulation of low-rank update matrices, the global model’s rank is incrementally
enhanced, enabling the initiation of new learning phases. Moreover, by constraining updates to a low-rank
subspace, FedLoRU implicitly regularizes local training, aligning local updates along major directions and
reducing client divergence. Such regularization addresses one of the most significant challenges in federated
learning: performance degradation when scaling to many clients.

FedLoRU also reduces communication overhead from Kmn to Kr(m+n) when r < m or r < n. Additionally,
since no compression process is involved, there is no additional computation compared to conventional
compression-based communication-efficient federated learning algorithms.

4.2 Convergence Analysis

We present a convergence result for the proposed FedLLoRU algorithm; full details of the technical assumptions
and proof are provided in Appendix [B] To facilitate the convergence analysis of the proposed method, we
make the following standard assumptions.

Assumption 4.1. There exist constants L, G, C4,Cp, c? > 0 such that for any client k, any weight matrices
W, W', communication round ¢, and local round %, the following hold:

IVFR W) = VO W)|p < LW —W|p, (A.1)
E[|V O WML < @2, (A.2)

1A | < Ca. |IBY|p < Cs, (A.3)
E[|V 8 (W3 60) - VB W)|2 < o2, (A4)
E[Vf®(W;e®)] = vk (w), (A.5)

k

where Wt(’];) = W, + ozAl(t’ki)B;i) denotes the model parameters of client k evaluated at local step i in

communication round ¢.
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Showing convergence of LoRA-type algorithms is challenging because factorization does not preserve the
smoothness or convexity of the original objective function. Convergence analyses of LoRA-type algorithms
(e.g., Dec-LoRA (Ghiasvand et al.| [2025)), COLA (Xia et al.l [2024]), RAC-LoRA (Malinovsky et al., [2024]),
FedSA-LoRA (Ghiasvand et al.; 2025)) address this through algorithmic design (e.g., freezing one of two low-
rank matrices, or performing only one local step) often sacrificing performance or making strong assumptions
(e.g., the descent lemma of the LoRA step). By contrast, our analysis establishes convergence under standard
assumptions, without resorting to these concessions. The following theorem confirms that FedLoRU attains
the same O(T~1/2) convergence rate in the reparameterized low-rank variables as classical FedAvg (Wang
et al., [2020) when the step size is chosen as n=0(T~1/?).

Theorem 4.2 (Convergence of FedLoRU). Let Assumptions - hold and let {(Wy, Ay, By) YL, be
the iterates produced by FedLoRU. For any fized step size n > 0, we define Wy as the effective model at the
start of round t and Ay = f(Wy) — f*, where f* is the optimal value of f. Then
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where the positive constants K1, Ko depend only on (Ca,Cp,G, L, E,c?) (see Appendix @ Choosing the
step size n = O(T~Y/?) yields

O&i%_lJE[IIVAf(Wt)II% L IVBF(WI2] = O(T12).

5 Experiments

5.1 Experiment setup

Datasets and Baseline Algorithms We evaluate our proposed algorithms on five datasets: Fashion
MNIST (Xiao et al., [2017), CIFAR-10, CIFAR-100 (Krizhevsky & Hinton, [2009), Alpaca (Taori et al., |2023)),
and GLUE (Wang et al.| 2018]). ResNet-10 and ResNet-18 (He et al.l 2016]) are used for the image datasets,
LLaMA2-3B (Touvron et al., 2023)) is used for fine-tuning on Alpaca, and TinyLlama 1.1B (Zhang et al.; 2024)
is used for GLUE (CoLA, SST-2, STS-B, MRPC). For the image datasets, we allocated 10,000 samples each
for the validation and test sets, while for the Alpaca dataset, we partitioned the data into training, validation,
and test sets consisting of 48,000, 2,000, and 2,000 samples, respectively. We compare FedLoRU with several
benchmarks: FedAvg (McMahan et al., 2017)), the standard federated learning algorithm that trains full-rank
models; FedLoRA (Zhang et al.l|2023)), which trains low-rank modules without accumulating low-rank updates;
and FedHM (Yao et al., [2021)), the prior state-of-the-art in communication-efficient federated learning.

Implementation During pre-training on the image datasets, we vary the number of clients from 20 to
400, sampling 50% of clients per round, as is standard in the FL literature, with each client training for 5
local epochs. For instruction tuning on Alpaca (LLaMA2-3B), we use 10 clients with a 50% participation
rate and 1 local epoch per round. For GLUE (TinyLlama 1.1B), we use 5 clients with full participation (IID
split), use 1 local epoch per round, and train for 30 communication rounds; FedLoRU uses accumulation
cycles of 5 or 10 rounds. Learning rates and accumulation cycles are selected via grid search, and different
rank configurations are tested for FedHM, FedLoRA, and FedLoRU. In fact, while we use FedAvg as the
training scheme, FedLoRU techniques can be easily integrated into other federated learning schemes such
as FedAdam and FedAdagrad (Reddi et all 2020). Model parameters are initialized following LoRA best
practices, Kaiming initialization (He et al.| [2015) for A-matrix, and zeros for B-matrix. For full details of
the implementation, including the selection of parameters such as «, 7, and T', as well as their sensitivity,
see Appendix [D| We run each setting 3 times and the numbers reported in the tables are averages. In the
statistically heterogeneous setting, we generate disjoint non-IID client data using a Dirichlet distribution,
Dir(v), with a concentration parameter v set to 0.5, as described in [Hsu et al.| (2019).
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Table 1: Test accuracy comparison with different communication-efficient federated learning methods under
various FL settings. The parameter ratio refers to the proportion of trainable parameters in the model
compared to the full-rank model and it implies the rank.

(a) Fashion-MNIST

Setting IID - #clients=20 IID - #clients=100 | NonlIID - #clients=20
Param Ratio | 44% 33% 22% | 44% 33% 22% | 44% 33% 22%
FedLoRA 91.22 90.29 90.15 | 88.63 88.14 88.01 | 73.89 74.00 73.19
FedHM 91.16 91.10 90.94 | 89.43 89.37 88.86 | 85.15 85.45 85.33
FedLoRU 91.25 91.16 90.59 | 89.01 88.88 88.37 | 85.33 80.02 80.17
(b) CIFAR-10
Setting IID - #clients=20 IID - #clients=100 | NonlIID - #clients=20
Param Ratio | 41% 31% 21% 41% 31% 21% 41% 31% 21%
FedLoRA 91.65 8896 89.35 | 7948 8571 85.06 | 69.60 66.13 67.61
FedHM 90.76 90.32 90.77 | 81.41 81.58 82.12 | 70.55 66.39 65.48
FedLoRU 92.43 90.71 90.85 | 81.46 86.01 86.10 | 75.19 69.71 67.88
(c) CIFAR-100
Setting IID - #clients=20 IID - #clients=100 | NonlIID - #clients=20
Param Ratio | 41% 31% 21% | 41% 31% 21% | 41% 31% 21%
FedLoRA 65.53 57.36  55.14 | 53.79  52.20 51.20 | 14.41 10.58 12.97
FedHM 59.43 58.40 5852 | 43.35 41.84 41.62 | 16.88 15.04 14.13
FedLoRU 66.81 60.78 61.42 | 57.96 53.25 53.53 | 16.46 15.70 14.52

5.2 Performance Evaluation

Performance of Pre-training We evaluate the Top-1 accuracy of models with varying parameter sizes
in both IID and Non-IID scenarios across different federated learning configurations. Table [l shows the
performance of FedLoRU and baseline algorithms. The standard deviation for each setting is relatively small
in the IID scenario, with a maximum value of 0.382. In contrast, the non-IID setting exhibits a relatively
higher standard deviation, with a maximum of 0.785. However, these variations do not impact the overall
comparison between the algorithms.

In our experimental evaluation, FedLoRU consistently achieves competitive or superior accuracy compared to
FedAvg, whose results can be found in Appendix [F] Although FedLoRU’s accuracy is slightly lower than
FedAvg’s in most settings, the difference is minimal given the significant reduction in parameters, with at
most a 5% decrease and typically only a 1-2% difference. Notably, in the CIFAR-10 and CIFAR-100 IID
settings with 100 clients, FedLoRU surpasses FedAvg. Overall, FedLoRU achieves the best accuracy in 20 out
of 27 cases and demonstrates improvements over FedHM ranging from -6% to 33.7%. Furthermore, FedLoRU
consistently outperforms FedLoRA, underscoring that accumulated low-rank updates recover high-rank
expressiveness while preserving the local-regularization advantage. The observed performance enhancement
grows with the number of clients, matching our theory that low-rank constraints mitigate client-side overfitting
and enhances inter-client gradient alignment. Additional evidence of alignment of low-rank local training is
presented in Appendix

Additional baselines, E=1 stress tests, accumulation cycle sensitivity, and sparsification compatibility are
provided in Appendix [G] These results show that FedLoRU remains competitive with other full-rank baselines,
continues to outperform low-rank alternatives even with F=1, and blends seamlessly with quantization-based
sparsification.

Scalability and Performance of FedLoRU in Large-Client Federated Learning Table[7]and Figure
compare FedAvg and FedLoRU in varying numbers of clients. As the number of clients increases, the
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Figure 3: Communication cost of low-rank FL. meth-  Figure 4: Test loss curve of FedLoRU and FedLoRA
ods to reach target accuracy (X: not reached). for fine-tuning LLaMA2-3B.

Table 2: GLUE fine-tuning results. Report (Mean =+ std) over 3 random seeds.

Dataset CoLA (Mcc) SST-2 (Acc) STS-B (Pearson) MRPC (Acc)

FedLoRU 0.6338 £0.003 0.9572 £+0.005  0.8791 £+0.008  0.8227 +0.001
FedLoRA 0.6216 £0.011 0.9562 £0.005 0.8712 £0.006  0.8153 +0.012

scalability of the algorithm becomes a crucial factor. Our experiments show a sharp decline in FedAvg’s
performance, demonstrating its difficulty in maintaining accuracy as the number of clients grows.

In contrast, FedLoRU and FedLoRA outperform FedAvg when the number of clients exceeds 100 and 200,
respectively. This trend is further reinforced in settings with a lower participation ratio, as shown in Table
[l Furthermore, the performance gap between low-rank algorithms and FedAvg continues to expand as K
increases. These findings emphasize that constraining updates to a low-rank subspace is particularly beneficial
in federated learning environments with a large number of clients, and FedLoRU provides the most effective
strategy among the compared low-rank approaches.

Performance of LLM Fine-tuning Figure [4] presents the loss curves of FedLoRA and FedLoRU during
fine-tuning of the LLaMA2-3B model on the Alpaca dataset. The train loss curves show that both algorithms
achieve similar convergence rates, with minimal differences in training optimization. However, a notable
distinction emerges in the test loss results, where FedLoRU consistently outperforms FedLoRA after the 25th
communication round.

To test whether these gains transfer beyond instruction tuning, we fine-tune TinyLlama 1.1B on four GLUE
tasks. Table [2] summarizes the results, and FedLoRU consistently outperforms FedLoRA across tasks.
These findings support our hypothesis that periodic accumulation of low-rank updates recovers high-rank
expressiveness while preserving client-side regularization.

6 Conclusion

In this paper, we theoretically show that client-side optimization exhibits a higher-rank structure compared
to server-side optimization and hypothesize that using low-rank updates in client-side optimization can
promote an implicit regularization effect across clients. To the best of our knowledge, we are the first to
establish a theoretical foundation supporting the use of low-rank updates in federated learning. Our proposed
algorithm, FedLoRU, achieves comparable performance to FedAvg while significantly reducing the number of
communicated parameters. Moreover, as the number of clients increases, FedLoRU consistently outperforms
FedAvg, highlighting its scalability and effectiveness in large-scale federated learning environments.
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A Proof of the Main Theorems

In this section, we provide proofs of Proposition [3.1} Theorem 3.2 and Proposition [A:4] We first introduce
precise definitions and problem setup, and state several auxiliary lemmas essential to our analysis. We then
proceed with the formal proofs of the propositions and the theorem.

Problem setup and more discussion on decoupled additive perturbed models We begin by
introducing the set Qf(6y,--- ,0;) and Q(6y,--- ,0;), over which we will establish convergence. For non-zero
real numbers 0y, , 0, we define QF(6;,---,0;) as the family of pairs (hf*,w?), where A is an R-
dimensional prediction function and w? is a weight vector, such that the true Hessian has non-zero eigenvalues
01, ,0). Specifically, QF(0y,--- ,0;) = {(hf,wF) : Hyue(hf, wf) has non-zero eigenvalues 6y, --- 0}
Let Q(01,- -+ ,0k) = Ugr Q%(61,- - ,0y), representing the union of QF(6y,- - ,6y) over all dimensions R. We
aim to show that the difference in the stable rank between the Hessians of the server and a client eventually
becomes positive as dimension R approaches infinity within the space of (61, - ,0x), which contains
infinitely many R for which Qf(6;,--- ,6;) # (), as proved in Appendix

To characterize the limiting spectral behavior of the empirical Hessians, we use the two decoupled additive
perturbed model of the true Hessian. In our framework, we express the perturbed Hessians as

Hy (b, wf) = Hywe(h®, W) + €8,

with the error matrices defined as €§ = sy X%, where X is a Wigner matrix. Wigner matrices have long been
established as a canonical model for random perturbations in high-dimensional settings, such as perturbations
in quantum systems (Guhr et all|1998; |Brody et al., [1981)) or as noise models in signal processing (Tulino
et al., [2004)), making them particularly well-suited as error matrices in our additive perturbation model. The
use of a Wigner matrix is justified by its ability to capture intrinsic statistical fluctuations in the eigenvalues
and eigenvectors, a property that has been extensively verified both theoretically and empirically in Random
Matrix Theory.

Additionally, we scale the variance of the entries of X by 02/R rather than o2. This scaling is crucial

because it prevents the eigenvalues of the perturbed Hessian from diverging as the matrix dimension R
increases. If a variance of o2 were used, the eigenvalues of Hy (h%®,w®) would diverge. In practice, the loss
landscape displays controlled fluctuations, and the 02 /R scaling maintains consistency with the reasonable
distribution of eigenvalues.

Our formulation also corrects a limitation in prior work. Baskerville et al.| (2022)) and |Granziol et al.| (2022)
employs the model H 1\1} =H ﬁ + € implying a dependency structure between H 115'[ and H ﬁ. However, their
analysis assumes independence between these matrices, which is problematic given the underlying model and
practical considerations. In contrast, we address this issue by introducing two decoupled additive perturbed
models.

A.1 Useful Lemmas
We provide some lemmas that are required for our analysis.

Lemma A.1 (Theorem 2.2 from |[Pielaszkiewicz & Singull (2015)). Let u, be a sequence of probability
measures on R and let g, denote the Stieltjes transform of p,. We have
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a) if pn — p weakly, where p is a measure on R, then g,, (2) = gu(z) pointwise for any z € {z € C: z =
u—+iv,v >0}

b) if g, (2) = g(z) pointwise, for all z € {z € C: z =u+1iv,v > 0}, then there exists a unique non-negative
and finite measure such that g = g, and p, — (1 weakly.

Lemma A.2 (cf. |Capitaine| (2013)). Let Xy be an N x N random real-symmetric Wigner matriz, and let D
be a N x N deterministic symmetric matriz with uniformly bounded operator norm | D] in N. Let fix, ip
be the empirical spectral measures of the sequence of matrices X, D and assume there exist deterministic limit
measures px, pp. Then H = X + D has a limiting spectral measure and is given by the free convolution

px Bup.
Lemma states that in our additive perturbed model Hy (h®,w®) = Hipye (R, w!) + €&, the matrix

Hy (R, w") has a limiting spectral measure given by the free additive convolution s, B Mt where p, is the

limiting spectral measure of Hyyye(h't, w?) and p r corresponds to the limiting spectral measure of ei. The
subsequent lemma, Weyl’s inequality, examines the changes to eigenvalues of an Hermitian matrix that is
perturbed.

Lemma A.3 (Weyl’s inequality). For Hermitian matrices A, B € C**" and i,j € {1,2,--- ,n},

)\iJrjfl(A + B)

(A)+\(B), i+j<n+1, 9)

<A
> Ai(A)+A(B), i+jzn+l, (10)
where \;(D) is i-th eigenvalue of D.

A.2 Proof of the Richness of Q(0y,---,0).

In our theoretical analysis, we show the difference in stable rank between the Hessians of a server and a

client eventually becomes positive as dimension R approaches infinity within the space of Q(61,---,0;). In
this section, we discuss about the richness of Q(fy,--- ,0;) and characteristics of Qf(6y,--- ,6;). They are
defined as:
QFO1,---,0p) = {(hT, W) : Hipye(hT, w!) has non-zero eigenvalues 01, - - - , 0}, (11)
01, ,0k) = JQ (O, , On). (12)
R

In fact, the set of all possible pairs (h%,wf?) is represented by the union over all dimensions R, integers k < R,
and non-zero real values 6y, -- , 6, as follows:

oo R

U {(h®,w?) : any pair (b, w®) of dimension R} = U U U QF61,---,0k).
R=1 R=1k=1 (61, ,0x)ERF

Thus, for any given pair (hf, w®), there exist 0y, --- , 0, such that (h® ,w%) € QF (6, - ,0;). According to
the following proposition, either the set Q(6y,--- ,0;) is empty or there exist infinitely many values of R for
which QF(0y,---,0,) # 0.

Proposition A.4. Let 0y, 0y be fized non-zero real numbers, and suppose there exists R > k such that
QF(0y,---,0;) is non-empty. Then QF(0y,--- ,0;) is non-empty for all R > R.

Proof. To establish the proposition, it suffices to demonstrate that QR(Gh -+ ,0r) # 0 implies
QR~+1(91,~- -+, 0x) # 0. To this end, let (hft, wh) € QR(0y,--- ,6,). Our objective is to show that there exists
(R W) € QB+, - -+ 0;). To construct a prediction function A%+ and a weight w1 of dimension

17



Under review as submission to TMLR

R+ 1 such that the true Hessian retains the same non-zero eigenvalues, we define RRFL: Ride x REFL _, Ry
and wftl € REHL as

R (25 w) = R (yw), Vo € R%, Vw € RETL, (13)
Wit = (WF,0) (14)
where hE+1 : R x RE+T! 5 Ry is defined as

ﬁé+1(x;wé+1) hRH( (RO)) hR(x§wR) (15)

which is independent of the last variable z € R for all w € R®. Expanding the Hessian of the loss function at
wl*! for any (x,%) ~ 9, we obtain

Vif(hﬁﬂ(w;wﬁﬂ),y) —J, (hRH(x.wRH))TvzahRH(x;wéﬂ)’y)JW(hRH(Jj;wRH))

il ; PR (16)
+ Z ayl hRJrl R+1)’y) . Vihl + (I;waLl)
where AT = [hf"*l, - ﬁiﬂ]T and J, (hF+1 (z; wf*1)) is the Jacobian of the function A+ with respect
to R+ 1 dimensional input w. Then, by the definition of Aft+1 and wR“, we have:
B (@0 = (a0, (17)
_ ] .
T (W ;0" h) = |3, (R (z;wR) 0] (18)
i |
_ 23R R |
V2R (g f 1y = | Veohi (#507) (I) Vi (19)
0 —

Substituting these expressions into the expanded Hessian equation , we conclude that
V2 0(RTH (2;wB L) y) is identical to V2 E(hR(x wR) y) for any (z,y) ~ 1 except for a final zero row
and column. Thus, (Af+! wf*+1) and (h®,wR) have the same true Hessian, except for the zero-row

and the zero-column, which have no impact on the non-zero eigenvalues of the Hessian. It follows that
(hFHL WEHL) € QRFL(G,, .- 0y).

For example, if we consider feedforward neural networks as prediction functions, one can easily construct a
larger neural network that maintains the same non-zero eigenvalues by adding an additional neuron with a

single connection to a neuron in the previous layer. This additional neuron does not affect the final output,
thereby preserving the desired eigenvalue properties. O

A.3  Proof of Proposition [3.1]

Numerous studies (Benaych-Georges & Nadakuditi, 2011; 2012} |Chen et al., 2021; [Péchél [2006) have
investigated the eigenvalue behavior of perturbed matrices. In this proposition, we analyze the limiting
eigenvalues of a perturbed random matrix when the perturbation is given by a Wigner matrix and the original
matrix has fixed eigenvalues.
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To prove Proposition we decompose the eigenvalue analysis into two distinct parts. First, we demonstrate
that the i-th eigenvalues, where i € {p+1,--- R — ¢ — 1}, converge to the upper or lower bounds of the
spectral density of py. Here, uy is the limiting spectral density of e&. This portion of the proof parallels
the approach employed by |Benaych-Georges & Nadakuditi (2011). Second, we show that the remaining
eigenvalues converge to the Stieltjes transformation. This part of the proof follows the methodology outlined
by [Baskerville et al.| (2022).

Proof. In this proof, we drop dependency on (k% wf) and simplify the notation by representing Hx (ht, wf)
and Hyppe(R®,w®) as HE and HE , respectively. Let us consider \;(HZ) for the index range p < i < R—q.

true»

Applying Lemma [A73] we obtain

)‘Z(HJ@) S)‘1+i—j(Ht]3ue)+)‘1+i—k)(€R(N))7 Z:j+k_1 SRv jvke {15 aR}a (20)
AZ(H]@) Z)‘RJrl*J(Htlfuc)+>‘R+17k(€R(N))7 Z:.7+k7RZ 13 jake {17 7R} (21)

By letting k =1+ p in and k=R —qin , we derive

Ai(H]I\?) < >‘1+i—j(Ht}§ue) + )‘i—P(eR(N))a i = .] +p< R7 .7 € {la o 7R}a (22)
Al(Hﬁ) > >‘R+i*j(Ht}Eue) + >‘i+q(€R(N))7 i= J —q= ]-7 .7 € {]-, te aR} (23)

By substituting i — j = p in and i —j = —q in , and utilizing the facts that A4, (HE,) = 0 and
Ar—q(HE,) =0, we deduce

Nitq(€n) S N(HRY) < Xiop(el), Vie{l,---, R}, (24)

where A\ (eR) = —c0 if k > R, and +oo if k < 0. Additionally, since & has the limiting spectral density uy
and Ly, Uy are lower and upper bounds of uy, we have, for all ¢ > 1 fixed,

lim inf )\i(ef}) > Uy and limsup /\RH,Z-(eﬁ) < Ly, (25)
R—o0 R—oo
Al(eﬁ) — Uy and /\R(Eﬁ) — L. (26)

From these relations, it follows that for any fixed i > 1, )\i(eﬁ) converges to Uy and A R+1—i(€§7) converges
to Ly as R — oo. By applying in , we obtain, for all fixed 7 > 1,

lim inf N(HE) > Uy and limsup \;(HE) < Ly (27)
ade el

R—o0

By combining (24)), (26), and (27), for all i > p (respectively, i > q) fixed, we have

Ni(HE) = Uy (vespectively, \p_;(HR) — Ly). (28)

Next, we aim to prove the behavior of the remaining eigenvalues \;(H%) fori € {1,--- ,p, R—q+1,--- R}.
Note that, since p + ¢ < R when R is sufficiently large, the limiting spectral density of H[ . converges to
v = &y. Furthermore, because X is a Wigner matrix, its limiting spectral density is given by the semicircular

distribution, denoted by pu.

Let us consider \;(HE) where i < p or i > R — q. According to Lemma the limiting spectral density
ppr of H R is given by uy B v, where py is the limiting spectral density of eX. By Lemma , the Stieltjes
transform guHs (2) converges pointwise to g,m, (2) for any z € {z: 2 € C, z = u+iv,v > 0}. Consequently,

we have:
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Gi15 () = Gy (2) + 0(1)

_guNEHV(Z) ( ) (29)
= g (k(2)) + o(1)

=9mz, (k(2)) + o),

true

where k is the subordination function such that g, m,(2) = g, (k(2)).

Let A € R\supp(ux B v) be an eigenvalue of HL. Then §H§ has a singularity at A, and thus ZthR - must

also have a singularity at k(\). Thus, for any R, this singularity persists, implying that k(\) must correspond
to one of the outlier eigenvalues of Hf. In other words, 6; is an outlier eigenvalue of HE _ if and only if
there exists an eigenvalue A of HE in R\supp(uy B v) such that k(\) = 6;. Thus, the family of the outliers
of H ﬁ can be expressed as

{k~(0;) : k(0;) € R\supp(uny Bv)}. (30)

Note that supp(uy B v) = supp(un B &) = supp(un). Our next goal is to determine the form of k~1(6;).
From the subordination function relation, we have:

EH0) = Gyim (90(6)
= Run (90(0) + 9, (9.(0)) (31)
=R,y (1/0) +0.
Note that by the definition of Stieltjes transformation and R-transform, we have g, (0) = gs,(0) = 1/6.

Let mgf ) denote the n-th moment of a distribution u, and let C(”) denote the n-th cumulant of u. The
relationship between m% and ¢V is given by |Anderson et al.|[(2010) as

m = Z 3 c) {Hzf:lmgf)] . (32)

r=10<i1,,i,<n—r
i1+---+i7v:nfr

Using the scaling property of moments mhN = simk, we can derive the corresponding scaling relation for
the cumulants as C’n =s NC’n . Consequently, the R-transform exhibits the scaling property

Ry (0) = s5Ryu(sx0). (33)
Finally, we have an expression for the outliers of H as

kil(e) =snR,(sn/0)+ 6. (34)

Since R-transform of a semicircle law y is given by R, (x) = oz, we have k~(0) = 6 + %.

A.4  Proof of Theorem
Proof. Define the sets Py = {i < p: gy (6i) > Un} = {i <p: N(HE) — g5'(0:)} and Oy = {i > p:

gn () < Ly} ={i>p: N(HE) = g5'(0;)}, which represent the indices of eigenvalues \;(HL) converging
to gn'(6;). Let N, = |{i : \i(HE) — Un}| and Ny = |{i : \i(HE) — Ln}| denote their cardinalities of the
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set of indices whose corresponding limiting eigenvalues converge to Uy and Ly, respectively. Similarly, define
Prr, Qum, My, and M; for Hﬁ analogously.

It is possible that gy’ (6;) < Uy for all i € {1,--- ,p} or g5'(6;) > Ly foralli € {p+1,--- ,p+q} . In this
case, we can just let Py = 0 or Qn = (), respectively.

Define 0o = 61 - Lj9,>10,,,] T Op+q - Lj6,|<|0,4,] tO represent the limiting eigenvalue based on the larger
magnitude between 6; and 6,4 ,. Using the limiting eigenvalues of HZ, define the estimated stable rank as:

N —1 0. 2 2 L2
stank(HE) = 3 In 05" |, Un N (35)

— — + Nj— .
JEPNUQN 9N1(90)2 u91\/1(‘90)2 9N1(90)2

Similarly, srajnk(H f) is defined in the same manner. By Proposition it follows that
srank(H L) — srz;nk(H}f})‘ — 0 and ‘srank(Hﬁ) - srz;nk(Hﬁ)‘ — 0. Consequently, we have

‘(srank(H]\Ff[) — srank(Hf)) — (srz;nk(Hﬁ,) - sra{nk(Hﬁ))‘ — 0. (36)

Given that Uy < Uy and Ly > Lyy, it follows that Py C Py and Qn € Qypy. Furthermore, since U3, = L3,
by matching the indices in srafnk(H ) and srz;nk(H ), we can express the difference between the limiting
stable rank as

~ R -1 0. 2 —1/n9.\2
stank(HE) — srank(HE) = Z (ng( 1)2 — gljl (6;) )
jePyUQy NIM (60) 9n (6o)

g (0> UR
- 2 (‘1(90)2 g;(eo)?) (37)

JE(P{NPM)U(QNCM)

U? U2
+<Mu+Ml>< - & )
9M1(90)2 9N1(90)2

—1.9\2 —1/p 2

(1) We begin by showing that the first summation term, > .p 0y (Z%EZ;Q - Zglgzggz,), is positive and
—1.9 32 —1/p 2

increasing with respect to M. To achieve this, we analyze the individual term F; = Iar O5)” 9 O5) g,

-1 2 -1 2
g (60) gn (60)
j € Py U Qp, which appears in the first summation of (37)).

Expanding F; and factoring the numerator, we have

7 90 (0:)°95" (00) — 9" (0:)°gar (60)?
! gnt (00)2g%" (60)?
(927 (0)95" (B0) + 95" (0;)957 (00)) (937 (0:)g5" (o) — gn" (0;)971 (60))
a1 (60)%g5" (60)?

2.2 2.2
Substituting gy, (0) = 0 + Z5* and gy' () = 0 + “;* and simplifying, we can express the difference as

_ _ _ _ 0'282 0'282 0'252 0'282
9ar (05)95" (60) — g5 (6;)92/ (Bo) = <9j + ,M> (90 + N) - (9j + 9_N> (90 + M)
J

I

Q

v}

—
S
2[\3
N~—
7N
S| &

|
CD‘Q:
o =
~__

Thus, F}; becomes

21



Under review as submission to TMLR

—1 —1 —1 —1

9u 05)gn (0o) + gn (05)gar (b0 0 0,
9n (60)*gy (00) i o

For the sign analysis, the term g3 (6;)gn" (60) + gn"(0;)93/ (60) takes the sign of 6p6;, as the sign of g, (6)

and g;,l () are dependent of the sign of §. The difference s3, — s3; is positive, and the term Z—? — (% also has

the sign of 6p0;. Combining these observations, the overall sign of F; is positive because all contributing
terms either maintain a positive sign or do not introduce a sign change. Further, since g;/ll(ﬂj) > Uy for
j € Py oor g;[l(ej) < Ly for j € Qu, a lower bound for F; can be established as follows:

b 6;

0, 6o

_ 8otsnrsn (53, — s%)
"7 ga (60)295 (60)?

To show that the first summation term JEPNUON F} is a decreasing function with respect to M, we compute

the derivative of F; with respect to M. The derivative can be expressed as

. (39)

8Fj o 8FJ aSM o 4025M (9(2) _932) . gkl(aj) 85M

—J _ . = . 40
oM Ospr OM 909]‘ g;j (00)3 oM ( )
. . . . . 9s . 40?50 (03-07) g1 (05)
Since sy is a decreasing function of M, it follows that Z3f < 0. Additionally, the term g 24
oYy BV (90)3

is positive as same way in the sign analysis. Consequently, the product is negative, implying gf\}’ < 0. This

shows that F; decreases with M. Therefore, the first summation term, which is a sum of such ) . F;
JEPNUQN T ]

is a decreasing function of M.

. .. v (05)2 U2

(ii) We next show the lower bound of remaining terms Zje(PJCVmPM)U(QgOQM) (ggl(go)Q - g;l(lgoﬁ) + (M, +

2 2
M) (g,llj(fg i g,fj(fg )2) is positive and decreases with M. Since g3, (6;) > Ups for j € (P§, NPas) U (Q% N
v (Bo ~ (o

Qnr), it follows that

> (g;;W_ Uk 2)+(Mu+Ml)< s z: )

sePginsynen) N9 B0)* 9y (00) o3 (00)* g’ (00)?

> > ( Uy Uy )+(Mu+Mz)( Uk ,UIQV ) (41)

—1 2 —1 2 —1 9 1 2
jG('P]CVﬁPM)U(Q;,ﬁQM) Inm (90> 9N (60) Ipm (90) 9n (00)

B ( Uy Ux )
= DN — - )
9ar (00)?  gx' (6)?

where By = |{i : \i(HL) — Uy or Ly }|. Now consider the difference p

Uy  _ _UX
o (000 gyt (00)2

. By expanding and
simplifying, we have
U UX  _ Uign' (%) — Uxgar (60)°
9a (60)%  gn'(60)% 9 (00)29x" (60)?
 4o?s3, (60 + 025?\,/90)2 — 40?53 (6o + 023%/[/90)2
- 027 (00293 00 ? )
_ 40? (03(s3; — s%) + ots3 s (s /03 — s3,/63))
9ar (00)29y" (60)?
B 402(s32, — s%) (0(2) - 045?\/15%\,/98)
- 9 (00)29x" (60)?

Given the assumption that 62 > 0253, > 0?s)rsn, the numerator is positive, ensuring that is positive.
To establish that this bound decreases with M, we compute the derivative with respect to M:
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8( vy Uk )_8<U§4 U} >.8sM
OM \ g3/ (60)2 gy (60)? dsn \ gyt (00)2  gn'(00)2) OM

_ 2Um(Unt)'g37 (B0)* — 293 (60) (921 (90))'URy D5

9ar (60)* oM (43)
B 40UMg;41(90) — 4028MU1%4g1T/[1(90)/90 ' 0s
- 9ar (60)* oM
B 4oUpn (0% — 0%s3,) Osm
T fogal (B0 OM

Since 62 > 02s%, and %Sﬁf < 0, the derivative is negative, indicating that the lower bound of 1 is a

decreasing function of M.

By (i) and (ii), the difference in the limiting stable rank between HE and HE is

° ° sh — Sk 4 fo J 2 > o'sisk
srank(H ;) — srank(Hy) > — I 5 Z 80 sysN |5~ — 2= | +40°By (0 — ——5— | | >
a1 (00)%9x (00)* |, cpon 0;  bo 0
(44)
thus it is positive and its lower bound is a decreasing function of M. O

A.5 Proof of Theorem 3.3

We rearrange the indices such that eigenvalues 61, -« ,0,., of HE

satisfy |61] > -+ > |0p+4]- Let v; be the
unit-norm eigenvector associated with the eigenvalue 6; of HE, ., and let ugk) be the unit-norm eigenvector
of H](\f) corresponding to the eigenvalue whose limiting eigenvalue is g;,l(ei). Define U®) be the subspace
spanned by {ugk)}. For all k € {1,---, K}, the dimension of U(®) is identical for each client and is denoted
as 7 = |[U®)|. Additionally, let W](f) = {wgk)}é’;l be remaining limiting eigenvectors of H](\f) (hf wh). The
indices of {wgk)}ﬁ’; , are rearranged in descending order based on the magnitudes of their associated singular

values. We formalize the assumption stated in the main text:

(

Assumption A.5. {wik)}é’;l are random unit-norm orthonormal vectors such that wgk) 1 U](\;C),Vi, and the

limiting value of expected directional derivative E[0 ) f ](\f ) (R, wF)] have same values for all 7 and k.

%

Define ¢; = /1 — 029—8;\’, and note that |{v;, u(k)>| — ¢; by . The following lemma provides the limiting

value of the expected inner product between eigenvectors of different clients, which is used in proving Theorem

B3

Lemma A.6. For any ki # ky € {1,--- | K} and for any i, j, the limiting value of the expected inner product
between eigenvectors of different clients kv and ko is as follows:

0) B[ )] > gi0,14i = 3},

) E [, wl)] 0

K2

¢) E <u<k1),w(k2)>} — 0.

? J
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2
Proof. Let ¢( be the cosine of the angle between v; and u By , (¢ )> — ¢?. Using this, ugkl) and

k
ug 2) can be expressed as

™ = oo 1= (o), (45)

™) = o0y 4 /1= (o), (46)

where rgkl) and r;kg) are random vectors orthogonal to v; and vj, respectively. The inner product between
w1 and u!*) is gi b

i j given by
), ul?) = (600, 607 uy) + (@ \/ — (@) o) .
+< /1 . (¢§k1))2 T§k1)’¢§k2) / ¢(k1 9 (k / ¢(kz) 2 (kg)
Since rl(kl) and rym are uniformly distributed on the subspaces orthogonal to v; and v;, respectively, all

. . (k1)
cross terms involving r;

E (™ ul)] - gi0,1{i = j}.
(k1)

(k2)

and r;°" average to zero as R — oo. Consequently, the expected value reduces to

(k2)

For eigenvectors w;""" and w;™*’, these are independent random vectors uniformly distributed within (UL

and (U*2))L respectively, i.e., they are chosen uniformly on the sphere in (U®*))1 and (U*2)). Due to
the rotational symmetry of these spaces, the expected inner product averages to zero:

E [, wl)] > o. (48)

Similarly, since w( 2 U(k1 and ug-kz) € UI(\;”), the expected inner product between w?ﬂ and u§k2) also
averages to zero:

E[(u{*, w{™)] — 0. (49)

O

Now we provide the proof for Theorem [3.3]

Proof. Let ol = E[9, g )f(k)(hR wi)] and g = E[9, (k)f(k)(hR wf?)]. Since the dataset Dj(\’f), Vke{l,---,K},

is random and the elgenvector distributions are identical across clients, the expected values of the directional
derivatives are the same for all clients. The cosine similarity between two rank-r approximations of client &

(Vf(kl) vf(k2)>
d ke is CR (ki ko) = (V fli) v (1”)) oD T TS T
and ko is Nr( 1,k2) = cos fNr ! ”vfoen” IIVfJ(Vk,i)H

(i) For r < 7, we can write rank-r approximation of Vfl\fl)(hR7wR) and ij(\fQ)(hR,wR) as

A = 300,00 8 0,7l

i<r

(kZ) Za(kz)f(kz hR R) z('kQ)'

i<r

We drop h'* and w? since the context is clear. The expectation of the cosine similarity between these two
rank-r approximations is
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BICE, (hy k) = B | 2= 0 ﬁf”u( Y, Z,<Ta<k2>f’“2’ u™?) (50)
r\R1, h2)] = .

The denominator in isE [||V (kl || v f Ny || =2 i< £)2 because of the independence between client
k1 and ks. The numerator can be exprcsscd as

(>0, wn f VS0 o £ u™)
i<r i<r i

(51)
=E |30, 00 f8 06 N2 (™ Y E | ST 0 00 I 0 £ (ul™ )

i<r i#j<r

By Lemma we know E [(ul(-kl) (kQ))} — ¢? and E [( (k1) (k2)>} — 0 for 7 # j, thus the numerator

y Uy 7]

satisfies

Za (kl) (kl)u(kl Za ( o f (kz) k2)> 72(0[1}2)2 Z2 0. (52)

i<r i<r i<r

Therefore we have

Finally, we have the following term

R R <
E [CN,T‘(]Cl? kQ) - CN,T-‘rl(kl’ kQ)] - Z(QR)2 . Z (QR)Q - O (54)
<r i<r+1
(a§+1)2 Z,K,r(o‘ﬁ)z(d—’?_ 3+1) . . .- . 2 022 o253 2
and here g(r) = S (af)? SN is strictly positive since ¢7 =1 — Q?N >1- ngj =¢riq-

(ii) For r > 7, we can write rank-r approximation of ij(\fl)(hR, wft) and Vf](\fZ)(hR,wR) as

(k1 Za (k (k1 (’ﬂ)_,_ Z 9 (kl)f(kl (k1 7

i<T i<r—7
k:zl) Z o ( ) kz) ugkz) + Z 8w§k2)f1(\;€2) ’w,sz)
<7 i<r—r ‘

By the same argument in (i), we have
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(0,00 I ™+ 37 B,00 /8w, 300,00 IV + 37 0,00 1)

i<F i<r—7 i<F i<r—F
E[CF (ki k)] =E | — = - ~ =
IVF - 1V 7R
(55)
and by applying Lemma [A.6] we have
> ()%}
i<F
E[CR (ki k2)] — -~ — 0. (56)
" (r=7)B2+ > (oF)?
i<F
Finally,
B2 (a?e?
i<
E [Cﬁ,r(klv k2) - CJI\%/',T—&-l(klv kQ)] - = — 0 (57)
(r=m8+> (@) | | (r=F+ 1)+ (af)®
i< i<F
B2y (@) e? . . o
and here g(r) = ((T7F)52+Z’_<:(af)2)g((rff+1)ﬁz+z_<_‘(af)2) is strictly positive.
O

A.6 Discussion on Theorem [3.3]

One major limitation of Theorem [3.3]is that it analyzes the alignment between the gradient approximations
of the clients based on a single update step. However, in practical federated learning settings, each local client
typically performs multiple gradient descent steps during each round. Thus, it does not directly guarantee
that the overall alignment of the representative gradients, defined as the difference between a client’s updated
model and the global model after one round of training, would exhibit the same behavior. Further analysis is
needed, but we leave this for future research.

B Convergence Analysis

In this appendix, we establish the convergence of FedLoRU in the case o = 1 (the extension to o # 1 is
straightforward). We begin by restating the required assumptions.

Assumption B.1 (Smoothness). Each local objective function f(*) is L-smooth, that is, for all W and W',
IV W) = VW < LIW = W|p. (A1)
Assumption B.2 (Trajectory-wise bounded stochastic-gradient norm). Let {Wt(,]f)} denote the (random)

sequence of model points at which client k evaluates stochastic gradients during the execution of the algorithm.
There exists a constant G > 0 such that for all clients k, all communication rounds ¢, and all local steps 1,

E[vr® (w®) HQF <G2. (A.2)
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Assumption B.3 (Bounded low-rank matrices). The local low-rank update matrices remain uniformly
bounded: there exist constants C'4 > 0 and Cg > 0 such that for all communication rounds ¢, local update
steps 7, and clients k,
k k
1A 1r < Ca, 1BE|Ir < Cs. (A.3)

Assumption B.4 (Unbiasedness and bounded variance). The stochastic gradient estimator is unbiased and
has bounded variance, that is, for all W there exists o > 0 such that

E[Vf®(W;e®)] = vi®w), (A.4)
E||VF® (W;e®) — v r® w5 < 0. (A.5)

Assumptions - respectively state that each local objective is L-smooth, that the gradient’s second
moment along the trajectory is bounded by G2, that the low-rank matrices A,Ei-) and Bfi) remain bounded
by C4 and Cp, and that the stochastic gradient estimator is unbiased with variance at most o2. Moreover,
since we reinitialize A and B at each accumulation cycle, they can accumulate at most 7FE gradient steps
before being reinitialized. Under Assumption A.2, each stochastic gradient has norm at most G, and by
choosing a sufficiently small step size 1, each update increases the Frobenius norm only modestly, which can
justify Assumption [B23]

We now introduce the notation used throughout the convergence proof. At communication round ¢, let Wy,
A;, By denote the initial weight and low-rank update matrices. For brevity, with a slight abuse of notation,
we write f(W; + AB) as f;(AB) and f*)(W, 4+ AB) as t(k)(AB). Moreover, unless otherwise indicated, all
matrix norms | - || denote the Frobenius norm.

During local training on client &k, we perform E gradient steps on the factors {Agkl , By (k) E |, using independent

mini-batches fgkl) We then define the averaged accumulated low-rank updates of each client k

X (k k k X (k 1 k) (k). (k
AY) = ZV PP AR B 6D, AR =2 Ve (Al B D), (58)
i1
and their non-stochastic analogues
E
k k), (k) ok k 1 k), A (k) ok
A, = Zv Al B, ASB?t:E;vaﬁ (A B, (59)

After all clients complete local training, the server aggregates via
k) 4(k k) ok
A=) P )Ag’g, Bii= )Y P )B( )
kel kel

We can also express the update of each low-rank matrices as sum of the averaged accumulated low-rank
updates as

Appr — Ay =—E Z pt (60)
ke,

Biy1 — By = —nE Z p(k)A(k) (61)
kEK:

Whenever (t+ 1) mod 7 = 0 (the accumulation cycle), we add the the low-rank matrices into the global model
by Wiyr1 = Wy + A1 Byy1, then reinitialize the low-rank matrices so that they satisfy At+1Bt+1 =0. We
use a bar notation to distinguish the post-aggregation factors A;y1, Byy1 from their reinitialized counterparts
Aiy1, Biy1 at each accumulation cycle. By construction f(W; + Ay 1Biy1) = f(Wip1 + As1Biy1), so this
re-initialization does not affect the loss.
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B.1 Technical Lemmas

We next collect several foundational results that will be used in the convergence proof.

Lemma B.5 (Partial Smoothness). Assume Assumption and Assumption . Each local loss f*) is
LC%-smooth in A (for fivred B) and LC%-smooth in B (for fized A). Consequently, the global objective f
inherits the same smoothness properties.

Proof. Fix client k, round ¢, matrices A, A’ and B. By the chain rule and the definition of V 4,
VafP(AB) = Vw [V (AB) BT,

SO
VA (AB) = Vaf®(A'B)| = ||(Vw £#(AB) - Vi £ (A'B))BT||.

Applying submultiplicativity of the Frobenius norm and the L-smoothness of f(*) in W (Assumption [B.1)
gives

|9a58AB) = Vs WB)| < ||[Vw i (AB)BT - Vi 0 (4 B) BT
< |[vwsPan) - vwrP@s)| 15
< LCg||AB — A'B|
< LOR|lA- 4.
An identical argument establishes that ft(k) is L C?-smooth in B when A is held fixed. O

Lemma B.6. For any t, we have the following bound:
E[IV5fi(AeniBe) = Vol AB)|| < 2AL2C5CE + GPE | Arss — Ad*.
Proof. Fix t. Noticing that Vg fi(AB) = ATV fi(AB), we have
E|Vpfi(Ais1Bi) — Vi fi(ABy)|?
= E[|A Vw (A1 Br) — A Vw fi(A:By) |12

= EHA;.1 [VWft(At-HBt) - vat(AtBt)] + (At+1 - At)Tvat(AtBt)||2
< 2E|| AL [V fi(As1Be) — Vi fo(AB]||” + 2Bl (Ars1 — A) T Vi fi(A By,

where we used || X + Y% < 2| X||* + 2||Y]?.

Since f; is L-smooth with respect to W and low-rank matrices are uniformly bounded,

2
E||A 1 (Vw fi(A1Br) = Vi fe(AB) || S Bl A | B | Vw fr( A1 Be) — Vw fe(ABy)|I?
< L*C3E||Ap1B — ABy|)?
< LPC2CLE ||Avr — Ad?.

By Assumption [B:2] we have
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2 2 2
—E [ 41 = AP IVw ful 4B
< G’E || Ay — A

E (4 = 40T Vi fil4iB)

Putting these together gives

E|Vsfi(Az1Bi) — Vi fi(ABy)|? < 2(L*CRCE + G?) E|| Agpr — Ad?,

as claimed. O]

Lemma B.7 (Drift of aggregated and local factors). Assume Assumptions . Then for every
communication round t,

El|Ais1 — A7 < 20°E*(0” + G*) C3,
E||Bis1 — B[y < 20*E*(0” + G*) CF.

Moreover, for any client k and any local step i < FE,

E|AY — AR < 2% (0® + G?) O3,
k k .
E|BY — B}|% < 20?2 (0 + G?) C3.

Proof. We prove the bounds for A; the bounds for B are identical by symmetry.

From ,
k) A (k
Apyr1 — Ay = —nE Z pg )AE4,)1:'
kel
Since x — ||z[|% is convex and Y, o, pgk) =1, we apply Jensen’s inequality to have
2 2 2 2 2 2 (k) A (k) 2
Bl A — A2 = 2E2E| S oV AD| < 2B E| 3 oM IAT ] (62)
ke kel

Fix any client k. Since
E
k) 4 (k) p(k). o(k
LS T B )

another application of Jensen yields
< (K k) 4 (k) ok 2
EJAGI < ZEHV (AR B || (63)

Using Vaf" (AB;€) = Vi £ (AB;€) BT and | XY || < | X|| |V, we have

HvAft(k)(AEi)Bt(i)’gt(z H Hv f(k)( tkl)B(17 t,e H

<3 o[, o

where we used Assumption [B23]in the second inequality.

Let
Vw iy = Vw AR B ), Vw i = Vw (AR BLY)).
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Then by ||u + v||? < 2|ul|® + 2||v]||?, Assumption and Assumption

2
BV £5)2 = B[V £Y = Vi 5 + Vi 10|
< 2E|Vw f,’? — Vi P12+ 2BV 1)1
< 202 +2G2. (65)

Combining f gives

X (k
E|AD)? <

tq \

E
Z 02+ G*C% =2(0? + G*) (3,

Substituting this into and using Zke)c,, pgk) =1 yields

Bl — A2 < PEE| S o) 200 + G*) O} | = 22 E2(0% + G2) O},
kel

For the local iterates, for any client k and i < F,

k k k k k k
AR 4% = ”ZV (AR BE eB)).

Using || Z 1 XG|12 < zZJ 1 1X;]/? and the bound E|Vaf* (A¥

same argument above), we obtain

g tj 7§t] )HZ < 2(0 + G2)02 (from the

B[ A — AP <0 20% + G?) O = 27 (0® + G?) C,.
j=1

The bounds for B;11 — By and BE? - (k) follow identically, replacing Cp by C'4 and using Vg f, (k)( AB;¢) =

ATVw [ (AB;¢). O
Lemma B.8. For any t, we have
2
E|| 3 pVAL), - Vafi4B)| < 4n’Da,
ke,
2
E| Y oA, - Vafi(4B)| <4Ds,
ke,

where

Dy = E*(0 + G?) (2L2 C2(Ch + CL) + G2 03,), Dp = E*(0% + G?) (2L2 C2(C4 + CL) + G2 0?9).

Proof. Observe that

VAft AtBt Z Db t(lf)),
ke

and therefore

Z pgk)A%) VAft AtBt Z p(k)( -V ft 0)

ke ke,
1
’CGK:t =1
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Since x — [|z]|? is convex and Y7, ). pgk) =1, Jensen’s inequality yields

]EH Z D VAft(AtBt) < E[Z ptk)HE v ftz VAf(k) “21
kek, keK,
(66)
<E[Zpt’“>EZHv 19 741 ]
ke

Using Vaf = Vw f BT, we can expand the difference as
VAl = Vali) = (Vw il = Vw )BT+ Vw i (B - BT
Hence, by || X + Y| < 2| X|* +2||Y?,

EH S VAR, - Vafi(AB) H <E
ke

k 1 k k k
> P (2||vw 18 = iR 1BR)?
kel (67)

k k k
+2|Vw £ 121815 - BEIE) |

Finally, invoking ||B H < Cp and E||wat ||2 < G? gives

IEH S oA, - Vafi(AB) H <E
kel

k k k k k
> Z(ch IV £33 = Vw 5 11 + 267 | B - B£,0>||2)] .
ke,

(68)
By Assumption and Assumption
IV 15—V f9)1% < L12|A% BE) — AE’“&Bé’?H?

k k k k k
= ?|(A%) — A" B + AR (B — BY)|?

k k k k
<202|(A" - A%)B ”||2+2L2||Ato< " B2

k k k k

< 2L203\\A‘ AN + 22203 B - BUY 1%

Substituting this into yields

IEJH Z pt A k — Vafi(AiBy)
ke

k) 1 k k k k
< [Z L Z(4L2CB||A§,£—A£,32+<4L2cic%+za2>||3§,2—Bé,o’|2)].
ke,

Applying Lemmaand using % Zl 1 i2 < E? and ZkeK p( ) = =1,
2
EH 3 Al - VAft(AtBt)H < AL20Y 22 E% (0 + GO + (AL2CECE + 2G) - 202 EX (02 + G2)C%
keK:
= 120 + G?) (2L20§(Cj§ +CY) + 02031) = 40D

The bound for B is obtained analogously, which gives

2 2
EH Z pt VBft(AtBt)H <4n“Dp.
ke,
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B.2 Proof of Theorem

Proof. Fix a communication round ¢ with initial parameters (W, A, By). We obtain

e

(a)
E[fi(Ary1Bir1)] < E[fe(Air1Be)] + E[(VBfi(Air1By), Biyr — By)] + E|Bi1 — By

LC?

=E[fe(Ar1By)] + E||Bi1 — Bl
+E[(VBfi(A1Bi) — Vi fi(AiBi) + Vi fi(AiBt), Bit1 — Bi)]
2
=E[fi(At11By)] Lok IBis1 = Bil* + E (Vi fi(A:By), Brr — By) (69)

+E[(VBfi(Ait1B:) — Ve fi(ABy), Biy1 — By)]
LC%

E|Biy1— Bill* = nEE |(Vpfu(ABr), Y piVAR))

k

(©]
< E[fi(A1Be)] +

1
+E|[Biy1 — Bt”2 + ZE {Hvat(AtJrlBt) — vat<AtBt)||2} ,

where we apply Lemma in (a), and use inequality (a,b) < 1/a||? + [|b]|* and (61) in (b).

For the inner product term E [(VBff(Afo) ok p(k)A(k) )}, we can take full expectation E = E¢, | ... Ee,
to get

<VBft AtBt Zp(k)A(k)> = ]Eff,,l' E&E

D S SR ]

=E <vat(AtBt)7Zpt ZV ftk) B(k ))
k

)

E | (Vs fi(A:B:) Zp(k A(k +)
k

(70)

where & ; = {§t } ", is the set of random samples of all clients at communication round t and local

training round ¢. This follovvs from the fact that Vg fi(A;By) depends only on the history {&, }:_}, which is
independent of & = {&;},. Further, by applying —(a,b) < 1|la||? + ||b]|* again in (c), we have

—EE |(Vpfi(AB), }jﬁ“A“U

=-—nEE [(Vp[fi(ABy), Zp(k A(k) Vi fi(ABt) + Vi fi(ABy))
i K

= —nEE |(Vsfi(AB), }jﬁ“A“> Vi fi(ABy))

—nEE (Vg fi(A:By)|

(¢)

3nE
< nEE 1

2
Zpﬁk)Ag,)t — VB fi(AiBy) - 7]E IV 5 fo(AB)|.

k
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Combining and into yields

CQ

E[ft(At+1Bt+1)}SE[ft(At+1Bt)]+<1+ )EHBM B - 2E 8|V f(4,B)

(k)Ag{)t — VB fi(A:By)

2
+ EE [||vat(At+1Bt) - vat(AtBt)HQ} +nEE [ ]
(d)

LC 3
< E[ft(At+lBt)] <l—|— 2A)]E||Bt+1 —BtHZ_

E
77 RV fi (4B

2
1
t3 (L*C5C% + G*)E || A1 — Ai|* +nEE [ Zpgk)Ag,)t — VB fi(A:By) ] ;
k
(72)
where we apply Lemma in (d)
Next, we bound the term E [f;(A;41B;)]. By LC%-smoothness in Lemma one has
LC’f9 2
E[fe(Aes1By)] S E[fe(AeBe)] + E[(Vafi(AeBt), A — Ag)] + EflAp1 — Al
(73)

CB

= E[fi(AB)] + —PE | Ave — Ar|* — nEE | (Vafi(A:B,) Zpi“AEfb

Since V4 fi(A:By) is independent of the current mini-batches & 1,...,& g, taking full expectation E =
E¢,, ... E¢,  yields

E [<vAft<AtBt>,Zp§‘“>Af4’ii> =E [<vAft<AtBt>,Zp£%Eﬁ> . (74)
k k
Applying —(a,b) < X|la|? + [|b]|?, we obtain
—nEE [(Vafi(A:By), Zpgk)AEf,)J
k
= —nEE [(Vafo(AiBy), Y pi A, — Vafi(ABy) + Vafi(ABy))
L k
— (75)

=-nEE |(Vafi(AiBy), Zptk)AAt Vafe(ABy))| = nEE |V afi(ABy)|

3nkE
— 2R Vaf(ABI

1

2
<nEE ” Zpt AW, — Vafe(ABy)

By combining and into (73)), we get
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CB

E[fi(Ae1By)] < E[fi(A:Be)] + Bl A1 — Al
2 (76)
37E
ZE |VafuABy)|* +nEE [ S pMAY, - Vafi(AB)
k
By substituting into , we have
377E
E [fi(Ars1Bian)] < E[fi(AB)] - == (EIVafiAB) P +EIVafi( 4B
1 LC
+3 (LC% + L%ﬁ(}% + G E[|Ap1 — A® + ( + A) E Bt — B
?] 77
T aBE || S o AY, - Vpfi(A,B,) ()
k
2_'
+nEE ZP&MAEQ = Vafi(ABy)
k

By using Lemma [B7] and Lemma [B-8] we have

E[fe(At+1Bi1)] < E[fe(AeBy)] — R

(EIVafiAB)I* +EIVafi(AB)I?)

2 I 2
+ 2n*(0® + G*)E? {(’;B (LC%, + L*C50% + G?) + C3 (1 i §A> } (78)
+4n*E(Da + Dp).

Let Wt denote the model parameter at the start of round ¢. By construction,

fi(AiBy) = fW),  fi(Ar1Bisr) = f(Wegr),

since accumulation does not alter the initial parameter. Rearranging the bound obtained above then gives

’ + HVBf(Wt)

E U\vAf(Wt) 2] < oo (B [7070] - E [70Fs)]) + Kunt o, (79)

3nkE

where

8 2 2 C 2 2 Cz
Ky =3(0®+GYE (LCB+LCACB+G)+CA I+ — ,

16
Ky = 3 —(Da + Dp).

Summing this inequality over t = 0,...,T — 1 and dividing by T yields

1N wa W) H +Hva W) H } 377TE( [/ (Wo)| =B [£(Wr)] ) + Kin+ Kon®. (30)
t=0
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Since f is bounded below by f*, we have
E[f(Wr)] = f*,

so letting Ag = f(Wo) — f* = E[f(W,)] — f* yields

T—1
1 —~ —~ 4 Ay
—Y E 2 2 < K Ky, 1
T; [IVAFWOIP + Ve (WOIP] < 5057 + Kin + Ko (81)
Taking the minimum over t = 0,...,7 — 1 on the left and observing that each term is nonnegative gives the

same upper bound for min, 7 E[||VAf(Wt)\\2 + \|VBf(Wt)\\2].

Finally, by choosing the classical diminishing stepsize n = ny T’ ~1/2 for a constant no > 0, each term on the
right-hand side of (equation scales as O(T~'/2). Hence

min E[IVaf (W2 + Ve (W)]2] = 0(T/2),

which completes the proof of Theorem O

C Detail of the algorithms

In this section, we provide detailed explanation of fine-tuning version of FedLoRU and introduces variants
of FedLoRU to adapt to environments with statistical and model heterogeneity by employing multiple or
hierarchical low-rank updates.

C.1 FedLoRU for Fine-Tuning

In the fine-tuning version of FedLoRU, the approach deliberately avoids merging the low-rank update matrices
into the frozen pre-trained model. Instead, these low-rank matrices are stored separately, enabling a plug-
and-play mechanism. This design choice allows the pre-trained model to remain intact while the task-specific
adaptations are provided solely by the auxiliary low-rank matrices. As a result, this framework not only
minimizes storage overhead and communication costs but also maintains flexibility during fine-tuning —
clients can easily swap or update the low-rank components without altering the core model, ensuring efficient
and adaptable federated learning.

C.2 Personalized Federated Low-Rank Updates (pFedLoRU)

We develop the personalized FedLoRU (pFedLoRU) algorithm to address statistical heterogeneity (non-IID)
in federated learning, building on the FedLoRU approach. The pFedLoRU algorithm enables each client & to
train a personalized model adapted to its data distribution.

In pFedLoRU, each client k£ maintains a local copy of the global model Wy, global low-rank matrices Agk)

and ng), and personal matrices Lgk) and Ut(k). The matrices Agk) and ng) are shared with the server to

update the global model, while Lgk) and Ut(k) are tailored to adapt to the local distribution. In each round t,
client k£ optimizes the personal matrices for . epochs and the global matrices for Fgiopa by solving

Lgi)l, Ut(f)l = arg min f(k)(Wt + aglobal At Bt + aper LU ), (82)
AP BY) = argmin fO (W, + agiobaw AB + ape, L UN)). (83)
A B
Subsequently, the server collects the global update matrices Ai’i)l and Bfi)l from the clients, performs

aggregation A;i1 < > ok, p,(&k)Agi)l, Bii1 < Y kex, pgk)Bfi)l, and broadcasts A;y; and Byiq to the
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Algorithm 2 pFedLoRU.

Require: model Wy, initial global low-rank update matrices Ag, By
Require: initial personal low-rank update matrices Lq, Uy
Require: scaling factors agiobal and cper, accumulation cycle 7, total round T'
Initialize: Server sends W to each client.
fort=0,---,T—1do
Server selects participating clients /C; and distributes A;, B; to the clients in ;.
for each client k € K; do
Local training;:
Find Lgi)l, Ut(_’i)l by solving |D starting from Lgk), Ut(k).
Find Aglj_)l, Béi)l by solving 1' starting from A;, B;.
Send Agi)l, Bt(i)l to the server.
end for
Server aggregation: Aiy1 < > k. pgk)Aglj_)l, Bii1 < D ek, pik)BE_lf_)l.
if (t+ 1) mod 7 =0 then
Server distributes A;y1, By11 to all clients.
Each client k updates its local copy of the global model: Wii1 <~ W, + agiobat At +1Bi41.
Server re-initializes A¢y1, Bii1.
else
Server and clients update Wy, < Wy.
end if
end for
Return: The final model for client & is Wp + ozperLgfC )Uq(«k).

clients. The clients then accumulate the low-rank updates accordingly as in FedLoRU. If client k£ performs
inference, it is based on model W + ozperLgC )U:(Fk).

In pFedLoRU, the communication between the server and clients involves only the low-rank matrices A*) and
B®) | which substantially reduces communication overhead. In practice, since the global model incorporates
general knowledge from all clients’ datasets, and the personalized model is essentially a fine-tuned version of
the global model, we typically assign higher ranks to A®*) and B®*). Additionally, although we use the same
rank for L®) and U®) across all clients in our experiments, each client can, in practice, use different ranks
based on the complexity and size of their local dataset. It is also noteworthy that different ranks for A*)
and B®*) can be employed by integrating pFedLoRU and mFedLoRU.

C.3 Model-Heterogeneous Federated Low-Rank Updates (mFedLoRU)

When local clients possess varying hardware resources, it becomes impractical to use uniform low-rank
matrices across all clients. To address this issue, we develop the model-heterogeneous FedLoRU (mFedLoRU)
algorithm, which employs hierarchical low-rank updates that allows clients to use their adaptive update ranks.
In mFedLoRU, at each round t, each client k receives A; and B; and updates its local copy of the global
model as in FedLoRU. For local training, each client k generates and optimizes nested low-rank matrices
Aék)Al(lk) and B((ik)B‘(lk) by solving

AP, A® BY BF = argmin fB (W, +a(A, + oY A4 A,) (B, + ol BaB,)). (84)

AdyAU7deBu
Here, A;B; are the rank-r low-rank matrices, and Aff)A(u’“) and Bék)B,(lk) are rank-r 4 and rank-rg low-rank
matrices used to update A; and B;. After local training, the server collects Aék) , A‘(Jk), recovers the low-rank
update matrix Agi)l — A+ aff)Aflk)A‘(lk), and finally aggregates A1 < Dk, pgk)Agﬁ_)l. The same

process applies for the low-rank matrices Bék) and B&k).
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Algorithm 3 mFedLoRU.

Require: model Wy, initial low-rank update matrices Ag, By
Require: scaling factors «, aff), ag)
Require: accumulation cycle 7, total round T
Initialize: Server sends W), to each client.
fort=0,---,7T—1do
Server selects participating clients K; and distributes Ay, By.
for each client k£ € K; do
Initializes nested low-rank updates Aék), Aflk) and B(gk), Bl(lk).
Local training:
Find Aék), A‘(lk)7 Bék), B&k) by solving
starting from Wy + a(A; + aff)A((ik)Agk))(Bt + ag)Bék)Bﬂk)).
Sends Agk), Al(lk) and Bék), Bl(lk) to the server.
end for
Recover rank-r low-rank updates from hierarchical low-rank updates:
A A+ a®ADAG B B, + oW BOB.
Server aggregation: A;y1 < >k, pgk)Aﬁi)l, Bii1 < D ek, pik)Bfi)l.
if (t+ 1) mod 7 =0 then
Server distributes A;y1, By11 to all clients.
Each client k& updates its local model: Wy 1 «+ Wy + A1 Byy.
Server re-initializes A;y1, Byt1.

else
Server and clients update Wy, < Wy.
end if
end for
Return: The final model Wy = Wy + o ZtT;()l (t4+1) mod 7=0 A 1By
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Model-heterogeneous FedLoRU (mFedLoRU) algorithm enables each client & to utilize a rank tailored to its
resource constraints. Similar to FedLoRU, client k£ maintains low-rank update matrices Agk) € R™*" and

B,gk) € R™"™ but each client k& decides whether to use nested low-rank updates or not. If a client opts out
of nested low-rank updates, it updates its low-rank modules like in FedLoRU. However, if client k chooses

nested low-rank updates, it determines the locally adapted rank rff% ngk) < r based on its resources. At each

S . *) ) Q)
round, it initializes nested low-rank update matrices A((ik) € R™*Ta" Agk) € R™ > and B € R™*"s ,

Bl(lk) € R"5 %™ such that A((ik)Agk) =0 and B((jk)Bl(lk) = 0. After local training by solving , we update
client k’s original low-rank matrices as follows:

AP A +aPAPAP, BY « B+ oW BYBY. (85)

u

After local training, to reduce communication overhead, the client does not recover its original low-rank
matrices directly. Instead, it sends the nested low-rank matrices to the server, which recovers them into
rank-r low-rank matrices Agi)l — A+ osz)A((lk)Agk) and Bt(_lf_)l — B; + ag)B((ik)B&k), and then performs
aggregation using these rank-r low-rank matrices as in FedLoRU. By using this strategy, the communication
overhead is reduced from 2mn to r(m +n) +ra(m+r) +re(n+r).

C.4 Personalized Federated Low-Rank Adaptation (pFedLoRA)

We outline two variants of the personalized FedLoRA algorithm here. We use these algorithms to compare our
pFedLoRU. Both versions of pFedLoRA follow a similar framework, where each client maintains a full-rank
global model W and its own personalization models L*) and U ®).

Algorithm 4 pFedLoRA.

Require: model Wy, initial personal low-rank update matrices Ly, Uy
Require: scaling factor aper, total round T'
Initialize: Server sends Wy to each client.
fort=0,---,T—1do
Server selects participating clients C; and distributes W;. Each client k € K,
initializes it as a local copy of the global model.
for each client k € K; do
Local training - pFedLoRA(1):
Find Lgi)l, Ut(f)l by solving starting from Lgk), Ut(k).
Find Wt(f)l by solving starting from Wi.
Local training - pFedLoRA (2):
Find Wt(f)l, L,(:i)h Ut(i)l together by solving |) starting from W; and L,Ek), Ut(k).
Send Wt(f)l to the server.

end for
Server aggregation: Wy, Zkelct pgk)Wt(f)l.
end for

Return: The final model for client k is W + aperLg,fC)Uj(jk).

In pFedLoRA(1), the first variant, as suggested by [Wu et al.| (2024) and other FedLoRA algorithms, the
personalization models are optimized separately from the global model. Specifically, the algorithm first
optimizes the personalization models for Ep., iterations and subsequently optimizes the global full-rank model
for Fglobal iterations by solving:
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Lgi)l, Ut(f)l = arg min f(k)(Wt + aper LU), (86)
LU

Wt(J]:)l = argv[r/nin f(k)(W + aperLgi)lUt(ﬂ)‘ (87)

However, pFedLoRA(1) has been found to be less effective compared to our modified version pFedLoRA(2).
The second variant, pFedLoRA(2), optimizes both the personalization modules and the global full-rank model
simultaneously for F = Epo; + Eglobal iterations by solving:

Wi LY o) = argmin [0 (W + aper LU). (88)

D Detail of the experiment setting

In this section, we provide detailed experimental settings, including datasets, models, hyperparameters,
and training protocols. We use PyTorch, CUDA 11.4, and 4 TITAN Xp GPUs. Additionally, we present
experiments for pFedLoRU and mFedLoRU that are not included in the main text.

D.1 Datasets and Models

The federated learning experiments use five datasets: Fashion-MNIST (FMNIST, [Xiao et al.| (2017)), CIFAR-
10, CIFAR-100 (Krizhevsky & Hintonl 2009), Alpaca (Taori et al.l 2023)), and GLUE (Wang et al. 2018]).
The Alpaca dataset, consisting of 52,000 instruction and demonstration samples, was divided into 48,000
instances for training and 2,000 each for validation and test datasets in our fine-tuning experiment.

We construct datasets for clients by evenly splitting the training data among K clients in a statistically
homogeneous (i.e., IID) federated learning setting. For the heterogeneous statistical setting, we follow the
procedure outlined in [Hsu et al.| (2019)), which involves applying Latent Dirichlet Allocation (LDA) over the
dataset labels to create clients’ datasets. In this approach, each client is assigned a multinomial distribution
over the labels, from which its examples are sampled. The multinomial distribution is drawn from a symmetric
Dirichlet distribution with parameter . For the non-IID setting, we use ¢ = 0.5 to simulate a severely
heterogeneous environment.

D.2 Implementation and training details

Detailed implementation of FedLoRA, FedLoRU, and FedHM In FedLLoRA, FedL.oRU, FedHM,
and their variant algorithms, we apply low-rank factorization to the convolutional layers in ResNet-based
models and to the self-attention modules in LLaMA2-3B and TinyLlama 1.1B. Specifically, for ResNet10 and
ResNet18, we factorize the convolutional layers in layerl through layer4, and for LLaMA2-3B and TinyLlama
1.1B, we factorize the self-attention modules in q_ proj, k_ proj, v_ proj, and o_proj. We explore various
low-rank configurations, setting the ranks of the factorized modules to 16, 32, 64, and 128 for FedLoRA and
FedLoRU. We use rank r = 128 as the largest rank since our initial experiments showed it to have the best
performance/memory trade-off. For FedHM, since its factorization scheme differs from that of FedLoRA and
FedLoRU, we determine equivalent rank factors that yield the same number of trainable parameters as the
ranks used in FedLoRA and FedLoRU.

We employ two strategies for initializing the low-rank update matrices in FedLoRU. For random initialization,
as adopted in Hu et al.| (2021)), we initialize A with a random Kaiming distribution and set B to zero,
ensuring that AB is zero at the start. The scheduling of accumulations is also critical due to the varying
nature of the training phases across different rounds; in this study, we employ periodic accumulation with the
accumulation cycle determined through a grid search over the values {20, 30, 40, 50, 60, 70, 80}, though
this area warrants further investigation. We assess the performance by evaluating Top-1 test accuracy across
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experiments. In the non-IID setting, due to significant fluctuations in performance, we report the average of
the last five test accuracy values.

Federated learning setting The federated learning experiments were conducted using five datasets:
FMNIST, CIFAR-10, CIFAR-100, Alpaca, and GLUE. The client sampling rate, representing the proportion
of clients selected per communication round, was set at 0.5 for all datasets except GLUE. For GLUE, we use
full-participation. Each client performed 5 local epochs per communication round on the image datasets,
while client performed 1 local epochs on Alpaca and GLUE.

For training FMNIST, CIFAR-10, and CIFAR-100, we utilized stochastic gradient descent (SGD) with a
momentum of 0.9 as the local optimizer. The learning rate was selected through a grid search over 0.3, 0.2,
0.1, 0.05, 0.01, and a Cosine-Annealing learning rate scheduler was applied throughout the training process,
with a minimum learning rate of 0.001 and a cycle step set to 50 or the total number of communication
rounds. For fine-tuning LLaMA2-3B and TinyLlama 1.1B, we used AdamW (Loshchilov & Hutter], 2017)
as the local optimizer, with a learning rate of 3 x 10~* and betas set to (0.9, 0.999), without employing a
learning rate scheduler.

Fine-tuning setting We assess the fine-tuning performance of Fed.oRA and FedL.oRU using two different
ranks, 8 and 16. For the low-rank matrix factorization of LLaMA2-3B and TinyLlama 1.1B, we employ
the PEFT library (Mangrulkar et all [2022). In particular, for LLaMA2-3B, the percentage of trainable
parameters is 0.124% for rank 8 and 0.248% for rank 16.

Personalization and model heterogeneous setting We compare pFedLoRU against pFedLoRA (Wu
et al} |2024), and for mFedLoRU, we compare with the model-heterogeneous version of FedHM. For the model
heterogeneous setting, we simulate virtual environments where each client is assigned a different nominal
rank, thereby restricting them to use low-rank update matrices of varying ranks. In particular, we tested two
different model heterogeneous configurations in mFedLoRU experiments where the clients had different ranks,
denoted as r, which reflect the computational resources or constraints of each client. For FedHM, we match
the number of trainable parameters corresponding to the model with specific rank in mFedLoRU experiments.

Table 3: Detailed model heterogeneous settings in our experiments. Both settings include total 20 clients.

Rank of a client r=128 | r=64 | r=32 | r =16

. setting 1 5 5 5 5
#Clients setting 2 - 6 6 7

The motivation behind these settings is to establish a challenging model heterogeneous environment. This is
particularly important as we observed that FedLoRU with r = 128 produces similar results to FedAvg with a
full-rank model. Therefore, these configurations were designed to test the algorithm’s adaptability under more
demanding and diverse client conditions. In addition, we set a4 and ap to satisfy aa/ra = aa/rg =1/2, as
our empirical observations indicate that the choice of «a values in the range of 1/4 to 1 has minimal effect on
overall performance.

D.3 Detail of the estimated stable rank experiment

We conduct an experiment to support our theoretical analysis that the Hessians of loss functions trained on
smaller datasets exhibit larger stable ranks. In this experiment, we randomly select either 50 or 500 samples
from the CIFAR-100 dataset and train a ResNet-18 model using only these 50 or 500 samples. Every 5 epochs,
we compute an estimated stable rank of the Hessian, as calculating the true stable rank is computationally
challenging due to the need to determine all singular values. Instead, we estimate the empirical spectral
density using pyHessian (Yao et al., [2020)), which provides the empirical singular values o;(H) of a Hessian
H and their corresponding densities p(o;), i = 1,--- ,Q. Based on this, we calculate the estimated stable
rank as follows:

21 p(07) oF (H)
p(o1) of(H)

srank(H) = by (89)
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Figure [I] shows the results of the experiment, demonstrating that the Hessians trained on the smaller dataset
(n = 50) consistently exhibits higher estimated stable ranks compared to those trained on the larger dataset
(n = 500).

E Experiment Result for pFedLoRU and mFedLoRU

We evaluate the performance of pFedLoRU and mFedLoRU on statistical heterogeneous and model heteroge-
neous FL environments. Table [4] shows the performance of pFedLoRU and pFedLoRA. We use two variants
of pFedLoRA, each utilizing different optimization schemes. For a comprehensive description of pFedLoRA(1)
and pFedLoRA(2), see Appendix Under both non-1ID levels (¢ = 0.1 and ¢ = 0.5), pFedLoRU shows a
clear advantage in terms of accuracy compared to pFedLoRA. In addition, despite having less than half the
number of parameters, pFedLoRU consistently achieves higher accuracy.

Table 4: Comparison of the average test accuracy across local models for pFedLoRA and pFedLoRU with
varying non-ITDness (¢/) on CIFAR100.

Non-IIDness
Yp=011]v=05
pFedLoRA (1) 11.22M 45.36 42.14
pFedLoRA(2) 11.22M 47.45 42.28
pFedLoRU 4.63M 49.65 46.50

Algorithm #params

On the other hand, Table[5|shows the performance of mFedLoRU and FedHM. FedHM outperforms mFedLoRU
in both heterogeneous settings (setting 1 and setting 2) on the CIFAR-10 dataset, indicating that FedHM
handles model heterogeneity more effectively for simpler tasks. This suggests that FedHM is better suited for
less complex datasets such as CIFAR-10, where its approach proves more efficient. However, mFedLoRU
outperforms FedHM in both heterogeneous settings for the more complex CIFAR-100 dataset, demonstrating
its potential in addressing the model-heterogeneous problem in federated learning. A key advantage of
mFedLoRU is that it does not require additional computational steps, such as the weight factorization used
in FedHM, making it a more efficient solution in scenarios involving more challenging tasks.

Table 5: Comparison of test accuracy for FedHM and mFedLoRU in two model-heterogeneous settings.

Dataset Setting | FedHM | mFedLoRU
setting 1 88.09 84.81

CIFAR-10 setting 2 | 88.68 84.36
setting 1 49.84 51.16

CIFAR-100 setting 2 50.52 50.89

F Further Discussion on Experimental Results

In this section, we present learning curve plots and additional experimental results that were not included in
the main text. Furthermore, we provide a more detailed analysis and discussion of the experimental outcomes.

F.1 Experiment Results for FedAvg

To emphasize the comparison between FedLoRU and other communication-efficient federated learning
algorithms, we have excluded the FedAvg results from the main text. The FedAvg outcomes are instead
provided in Table [6]

From Table [I] and Table [6] we observe that FedAvg consistently performs well across different datasets and
settings, but its performance tends to drop as the number of clients increases and in non-IID scenarios. For
example, in the CIFAR-100 dataset under the IID setting with 100 clients, FedAvg achieves a test accuracy of
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Table 6: Top-1 test accuracy of FedAvg under different federated learning settings and datasets

Dataset FMNIST | CIFAR-10 | CIFAR-100
IID - K=20 91.81 93.48 69.97
FL setting IID - K=100 90.19 85.14 55.14
NonlIID - K=20 80.03 79.65 19.18

55.14%, while its accuracy drops significantly to 19.18% in the non-IID setting with 20 clients. This illustrates
FedAvg’s limitations in handling large client numbers and heterogeneous data distributions.

In comparison, FedLoRU demonstrates competitive performance relative to FedAvg. While FedLoRU is
at most 5% less accurate than FedAvg in some cases, it sometimes outperforms FedAvg, particularly in
scenarios with a larger number of clients. For instance, in the CIFAR-100 IID setting with 100 clients,
FedLoRU achieves a test accuracy of 57.96%, which surpasses FedAvg’s accuracy of 55.14%. This suggests
that FedLoRU’s low-rank update approach scales better with an increasing number of clients and is more
robust in large-scale federated learning environments.

F.2 Learning Curve Plots For IID Setting

We present the test accuracy curves for experiments conducted under a statistically homogeneous setting.
Figure [5] Figure [6] and Figure [7] shows the test accuracy with respect to communication round under the IID
setting. The fluctuations observed in the graphs are attributable to the use of a cosine-annealing learning
rate scheduler.
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Figure 7: The test accuracy curves for CIFAR-100 under an IID setting with K=20 and K=100.

F.3 Discussion on Communication Cost

One of the main motivation of FedLLoRU is to reduce the communication cost by using low-rank updates while
maintaining reasonable performances. When the original weight matrix W € R™*" requires mn parameters
to be communicated, FedLoRU with rank r requires r(m + n) parameters. Additionally, as we can see
in Figure [f] Figure [ and Figure [ the convergence speed is similar to FedAvg, resulting in much lower
communication overheads.

Building on the motivation to reduce communication costs, Figure [3| compares the communication overheads
across several federated learning algorithms—FedAvg, FedHM, FedLoRA, and FedLoRU—using the CIFAR-10
and CIFAR-100 datasets. The figure evaluates the communication cost in gigabytes (GB) required to reach
specific target test accuracy (denoted as T%) for different numbers of clients (/) and datasets. We compute
the communication cost as 2 x (#clients) x (participation rate) x (#parameters) x (parameter memory
size) x (#round). It is evident that FedLoRU consistently achieves significantly lower communication costs
compared to the other methods.

F.4 Relative difference in performance in terms of the number of clients

Table [7] presents a comparison of test accuracy between FedAvg, FedLoRA, and FedLoRU across varying
number of clients, illustrating the relative performance of these algorithms as the number of clients increases.
FedLoRU consistently outperforms FedAvg when the number of clients exceeds 100, demonstrating its
scalability and effectiveness in cross-device federated learning environments. Interestingly, even FedLoRA,
which does not accumulate low-rank updates as in FedLoRU, outperforms FedAvg, particularly when the
number of clients reaches 200 and above. This result suggests that simply adopting low-rank updates in
high-client FL can significantly improve performance. These findings align with our theoretical insights,
highlighting the potential benefits of leveraging low-rank structures in federated learning, even without the
accumulation strategy employed by FedLLoRU.

We extended our experiments to settings with a lower participation ratio and a larger number of clients.
Specifically, we examined K = 100,200 with C = 0.1, using an IID CIFAR-100 dataset, which is more
challenging than FMNIST and CIFAR-10. For these tests, we used the ResNet18 model, applying full
parameter training for FedAvg and 41% parameter training for low-rank methods. The results, averaged over
three runs with minimal standard deviation (< 0.005), are presented in Table

The results indicate that low-rank training methods consistently outperform full-rank training when the
participation ratio is low and the number of clients increases. Among the low-rank approaches, FedLoRU
achieves the highest accuracy, demonstrating its effectiveness in large-scale federated learning. These findings
reinforce the advantages of using low-rank updates, particularly in settings with a large number of clients
and limited participation per round.
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Table 7: A comparison between FedAvg, Fed.LoRA, and FedLoRU accuracy across varying client numbers. The
ratio is the relative difference in accuracy between two algorithms. Here, we compute the ratio of FedLoRA

. . . FedLoRU—FedAv,
and FedLoRU compared to FedAvg. For example, ratio of FedLoRU is defined as Ratio = leg‘

FedLoRA FedLoRU

#Clients FedAvg  acc ratio acc ratio

20 69.97 65.53 -0.063 66.81 -0.046
50 64.68 59.87  -0.074  62.45 -0.034
100 55.14 53.79 -0.024 57.96 +0.051
200 38.85 4242  +0.092 44.85 +0.154
300 24.94 32.69 +0.311 36.79 +0.475
400 21.44 3141  +0.465 35.86 +0.673

Table 8: A comparison between FedAvg, FedHM, FedLoRA, and FedLoRU accuracy for experiments under
large client numbers K = 100, 200 with lower participation ratio C' = 0.1.

FedAvg FedHM FedLoRA FedLoRU
K=100 0.5382 0.5732 0.5506 0.5837
K=200 0.3885 0.4872 0.5227 0.5393

F.5 Model alignment of FedLoRU

Theorem [3.2] shows that clients exhibit higher stable ranks, indicating a more complex loss landscape that
exacerbates client discrepancies. Further, Theorem demonstrates that low-rank approximations of client
gradients are more closely aligned compared to higher-rank approximations. This behavior implies that
constraining updates to a low-rank space, as implemented in FedLoRU, inherently regularizes client training
by aligning updates along major directions and reducing variations between clients.

To empirically validate the alignment of client updates with global updates, we conducted experiments to
calculate the average cosine similarity between the global update (difference between the aggregated global
model and the previous global model) and the local updates (differences between the locally trained models
and the previous global model). These experiments were conducted on CIFAR-100 in two configurations:
(1) 20 clients with a participation rate of 0.5 and (2) 100 clients with a participation rate of 0.1, both in iid
setting. The average cosine similarity across clients serves as a proxy for the degree of alignment, with higher
values indicating stronger alignment between local and global updates.
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Figure 8: Average cosine similarity between global updates and local updates was calculated. Model weights
were vectorized, and the cosine similarity between each participating client’s update and the global update
was computed.
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In the first configuration with 20 clients, full-rank updates (FedAvg) initially exhibit higher cosine similarity,
indicating stronger alignment with the global update in the early training stages. As training progresses, the
alignment for both full-rank and low-rank updates decreases. Notably, after approximately 20 communication
rounds, the low-rank updates consistently achieve higher cosine similarity than full-rank updates. This
observation suggests that while low-rank updates initially align less closely with global updates due to their
constrained nature, they adapt over time, improving alignment and maintaining stronger consistency during
later communication rounds.

In the second configuration with 100 clients, a similar trend is observed. Full-rank updates initially achieve
higher cosine similarity, reflecting better alignment in the early training stages. However, as training proceeds,
low-rank updates surpass full-rank updates in alignment. The slightly lower cosine similarity of low-rank
updates in the early stages likely reflects the initial adaptation of client updates within the constraints of the
low-rank subspace.

G Additional Experimental Results

This section presents additional results that complement the main body. We include additional baselines
including FedProx (Li et al.| 2020) and FedEx-LoRA (Singhal et all [2024), stress tests with E = 1,
sensitivity analysis over accumulation cycles, experiments combining our approach with sparsification using
FedPAQ (Reisizadeh et al, [2020), and an empirical analysis of Hessian stable rank under non-IID splits.
Unless otherwise specified, we report test accuracy. Experiment settings are same as the main body, and
hyperparameters are chosen through a grid search.

G.1 Additional Baselines

Table |§| compares full-rank (FedAvg, FedProx) with low-rank counterparts (FedAvg+FedLoRU, Fed-
Prox+FedLoRU) and FedEx-LoRA. FedLoRU is competitive with full-rank methods and, consistent with the
main text, surpasses FedAvg as K grows. We include FedEx-LoRA because it is one of the state-of-the-art
methods that applies LoRA-style adaptation in federated fine-tuning. While its design is well suited to
fine-tuning, our results show that FedLoRU surpasses FedEx-LoRA in pre-training scenarios. FedEx-LoRA
exhibits substantially weaker performance across all settings in Table [0

Table 9: Additional baselines. All low-rank methods use the same rank r.

Algorithm Setting CIFARI10 CIFAR100

K=20 K=100 K=20Diri K=20 K=100 K=20 Diri
FedAvg Full-Gradient  93.48 85.14 79.65 69.97 55.14 19.18
FedAvg+FedLoRU Low-Rank 92.43 81.46 75.19 66.81 57.96 16.46
FedProx Full-Gradient  92.87 83.72 79.37 69.85 52.19 26.13
FedProx+FedLoRU Low-Rank 91.93 84.51 75.11 69.45 53.48 23.14
FedEx-LoRA Low-Rank 75.36 63.54 58.14 33.58 22.41 12.31

G.2 Stress Test with £ =1

To examine the robustness of the algorithms under more frequent communications, we conduct experiments
with a single local epoch (E=1). We consider two challenging configurations: (i) a large-scale, limited-
participation IID setting (K100-C01-iid: K'=100 clients, participation C=0.1), and (ii) a smaller, statistically
heterogeneous non-ITD setting (K20-C02-noniid: K=20, C'=0.2, Dirichlet ©=0.5). For each method, we
perform a grid search over the learning rate n and accumulation cycle 7, and then evaluate the best
configuration with a single run.

Even with only one local epoch, FedLoRU continues to outperform FedAvg and FedLoRA in the large-scale
IID setting, and remains competitive in the non-IID case. These results indicate that the advantages of
low-rank accumulation persist under communication-constrained training regimes.
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Table 10: Test accuracy with E£=1 local epoch.

Setting FedAvg FedLoRU FedLoRA FedHM
K100-Co01-iid 45.43 48.03 46.36 28.70
K20-C02-noniid 21.55 23.19 23.45 15.30

G.3 Sensitivity to the Accumulation Cycle 7

We sweep T € {20, 30,40, 50, 60, 70,80} for E=5, C=0.5 across several K. Accuracy increases to an optimum
and then declines as 7 increases.

Table 11: Accumulation cycle sweep for E=5, C=0.5. Best values in bold.

Setting 20 30 40 50 60 70 80

E5-K20-C05 60.85 64.37 66.21 66.81 66.54 66.25 65.84
E5-K100-C05 52.78 55.76 57.85 b57.96 56.92 55.86 55.45
E5-K200-C05 42.98 44.85 44.45 44.06 43.95 43.79 43.58
E5-K400-C05 35.25 35.86 34.88 3341 32.58 32.21 31.98

Table 12: FedLoRU composed with FedPAQ (quantization).

Dataset / Partition Full bit  16-bit 12-bit  8-bit
CIFAR10 (K=20, IID) 92.43 92.39  92.28 92.33
CIFAR10 (K=100, IID) 81.46 81.48 81.42 81.31
CIFAR10 (K=20, non-IID) 75.19 75.38  75.19 74.86
CIFAR100 (K=20, IID) 66.81 66.79  67.05 66.58
CIFAR100 (K=100, IID) 57.96 57.95 57.75 57.88
CIFAR100 (K=20, non-IID) 16.46 16.23 1549 15.29

G.4 Compatibility with Sparsification (FedPAQ)

One of our central claims is that FedLoRU can be readily combined with other communication-efficient
techniques. To support this, we integrate FedLoRU with FedPAQ (Reisizadeh et al.l |2020), a state-of-the-art
sparsification and quantization method in FL. In this experiment, we apply FedLoRU with a 41% parameter
ratio and then vary the quantization bit-widths used in FedPAQ.

The results in Table [I2] show that test accuracy remains stable across bit-widths, with negligible performance
degradation even at 8-bit quantization. This demonstrates that FedLoRU complements existing compression
approaches and that its benefits are orthogonal to sparsification, enabling further communication savings
without sacrificing accuracy.
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