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Abstract

The mutual information between predictions and model parameters—also referred to as
expected information gain or BALD in machine learning—measures informativeness. It is a
popular acquisition function in Bayesian active learning and Bayesian optimal experiment
design. In data subset selection, i.e. active learning and active sampling, several recent
works use Fisher information, Hessians, similarity matrices based on the gradients, or simply
the gradient lengths to compute the acquisition scores that guide sample selection. Are
these different approaches connected, and if so how? In this paper, we revisit the Fisher
information and use it to show how several otherwise disparate methods are connected as
approximations of information-theoretic quantities.

1 Introduction

Label and training efficiency are the key to a wider deployment of deep learning. Deep learning generally
requires a lot of data, most of which has to be annotated. This is expensive and time-consuming. Together
with semi-supervised and unsupervised approaches, active learning helps increase label efficiency. Given
access to unlabeled data, active learning selects the most informative samples to label for a given model, thus
decreasing the number of required annotations. Apart from label efficiency, training deep learning models is
expensive and time-consuming, too, and active sampling improves training efficiency by filtering the training
set to focus on the samples that will be the most informative for the model.

The acquisition functions used to select informative samples can often be traced back to information-theoretic
objectives that are known from Bayesian optimal experiment design (Lindley, 1956). The connection between
contemporary acquisition functions and basic information-theoretic quantities (short: information quantities)
is the topic of this work. Amongst them we will examine: for active learning, the expected information gain
(EIG) (Lindley, 1956; Houlsby et al., 2011; Kirsch et al., 2019)), the (joint) ezpected predictive information
gain (JEPIG or EPIG, respectively) (Kirsch et al., 2021b; MacKay, 1992), and, for active sampling, the
information gain (IG) (Sun et al.; 2022) and (joint) predictive information gain (JPIG or PIG, respectively)
(Mindermann et al., 2022). We will show that many contemporary methods can be seen as approximating
information quantities using different approximations, which have different trade-offs.

We develop a unifying perspective on various existing approaches: we look at second-order posterior
approximations (Laplace approximations) in §3, which we use to revisit the Fisher information and its
approximations in §4. This leads to approximations of the information quantities mentioned above in §5.
We pay special attention to the limitations: for example, we will see that approximations that use the trace
of the Fisher information do not take redundancies between samples into account. They exhibit the same
pathologies as other methods that in essence score points individually, also known as top-K batch acquisition
(Kirsch et al., 2021a). In §6, we connect these approximations to approximations that use similarity matrices
of the log loss gradients. In §7, we show that (Batch-)BALD and EPIG on the one hand; and BADGE,
BAIT, SIMILAR', and PRISM! on the other hand can be seen as optimizing the same objectives. The
difference is that (Batch-)BALD (Houlsby et al., 2011; Kirsch et al., 2019) and EPIG (Kirsch et al., 2021b)
operate in prediction space, while Fisher information-based methods operate in weight space: we show that
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an approximation of EPIG, a transductive active learning objective, using Fisher information, matches the
BAIT objective (Ash et al., 2021). We show how BADGE (Ash et al., 2019) can be seen as approximating
the EIG, using the connection between similarity matrices and EIG approximations; similarly, we find that
submodularity-based approaches (Iyer et al., 2021) such as SIMILAR (Kothawade et al., 2021) and PRISM
(Kothawade et al., 2022), which report their best results using the log det of similarity matrices, approximate
information quantities. We also show that gradient-length-based methods like expected gradient length (Settles
et al., 2007) and gradient norm score (Paul et al., 2021) can be connected to information quantities.

Although our results employ a hierarchy of approximations, we do not examine the error terms in detail. This
is in line with how these approximations are used in deep learning, where they often only provide motivation
for useful mechanisms. However, we try to identify where these approximations might break, enumerate the
limitations they introduce, and raise research questions that can be verified empirically as future work.

In general, we show that various disparate non-Bayesian approaches in data subset selection approximate
information quantities from the Bayesian literature, going back to Lindley (1956) and MacKay (1992).

2 Background & Setting

This section introduces the relevant notation and the probabilistic model we use throughout this paper.

Information Theory. We follow the practical notation from Kirsch and Gal (2021). In particular, for
entropy, we use an implicit or explicit notation, H[X] or H(p(X)), while H(p || q) denotes the cross-entropy
similar to the Kullback-Leibler divergence Dky,(p || q), and H(p) denotes Shannon’s information content:

H(p) := —logp, (1)
Hlz] == H(p(z)), (2)
H(p(X) || a(X)) := Epa [H(a(2))], (3)
H[X] := H(p(X)) := H(p(X) || p(X)), (4)

where p and q are probabilities distributions, X is a random variable, and z is an outcome. Conditional and
joint entropies are defined as usual (note that we take an expectation over y as well):

HIX [ Y] = Ep(a,y) [~ logp(z | y)]. (5)
The mutual information I[X; Y] for random variables X and Y is defined as:
I[X;Y] == H[X] - H[X | Y], (6)

and is also referred to as expected uncertainty reduction or expected information gain (Lindley, 1956) because
the entropy H[X] quantifies the uncertainty about the random variable X, and H[X | Y] about X after
observing Y (in expectation).

Probabilistic Model. We assume a supervised setting: for inputs X, we have a Bayesian model with
parameters ) that makes predictions Y. What makes the model Bayesian is that the parameters follow a
distribution p(w), and we have a probabilistic model:

p(y,w|z) =p(y |z w) p(w). (7)

We extend this model to additional data D = {(z;,y;)}, as follows: p({y;},w |{z:}) = p({vi} | {z:}, w) p(w).
That is, we examine the common discriminative case where, unlike in the generative case, we do not model
p(z). The corresponding marginal prediction of the model is p(y | ) = Ep ) [P(y | 2, w)].

Transductive Objectives. When an objective uses additional data (unlabeled or labeled) to guide
acquisitions, we refer to this as a transductive objective (Yu et al., 2006; Wang et al., 2020).

Active Learning. To increase label efficiency, instead of labeling data indiscriminately, active learning
iteratively selects and acquires labels for the most informative unlabeled data from an unlabeled pool set
according to some underlying acquisition function. An acquisition function scores the informativeness of an
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unlabeled candidate batch {29, }¥ | and the batch that maximizes the score is selected for labeling. After
each such acquisition step, the model is re-trained to take the newly labeled data into account. Labels can be
acquired individually or in batches (batch active learning, Gal et al. (2017)). The expected information gain
(EIG)

1[Q; Y#<a | goed] (EIG/BALD)
and (joint) expected predictive information gain (EPIG and JEPIG, respectively)

I[yeval; yacd | Xeva17 xach (EPIG)
I[{}/ieval}; yaca | {:Cgval}’ .rva] (JEPIG)

are examples of such acquisition functions.

Active Sampling. To increase training efficiency, instead of training with all samples, active sampling
selects the informative samples D¢ = {(22°4;, y2°4.)}N | from the training set to train on. This can be
done statically before training the model, in which case this is also referred to as core-set selection, or more
dynamically, in which case it is also referred to as curriculum learning. The information gain (IG)

1[Q; yed | 229], 1G)
and (joint) predictive information gain (PIG or JPIG, respectively)

I[yeval; yacq | AXeval7 xacq] (: ]Eﬁ(xeval,yeval) I[yeval; yacq | xeval’ xacq])’ (PIG)
e}y | fagt), 2] (JPIG)

are examples of such acquisition functions.

Log Loss. While many active learning and active sampling methods are motivated independently of the
underlying loss, we will focus on log losses, such as the common cross-entropy loss or squared error loss, to be
principled. These log-losses can be viewed through an information-theoretic lens.

3 Second-Order Posterior Approximation

To compute approximations of information quantities using Fisher information, we need to approximate
the posterior p(w | D, D), where D = {(z;,y;) fil_ are additional (new) samples, and we start with p(w |
Dtrain) as the “prior” distribution. We will drop D" and use p(w) when possible.

To begin, we can complete the square of a second-order Taylor approximation around the log parameter
likelihood around a fixed w*:

log p(w) = log p(w*) + V, logp(w*)(w — w*) + %(w — w*)TVi log p(w*)(w — w™) (8)
= %(w — (w* = V2 logp(w*) "'V, log p(w*)) V2 log p(w*) (w — (w* = V2 log p(w*) 'V, log p(w*)))
+ ... (9)

We can express this in more concise terms by extending the notation of H[-] to its derivatives:
Notation 3.1. We write H'[-] for the Jacobian and H"[-] for the Hessian of H['|:

H'[-] .= =V, logp(-), (10)
H[] =~V logp(-). (11)

Then, we have:
Hlw] ~ H[w"] + Hw"](w — ") + %(w —w)! H'w'] (w —w") (12)
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1
= i(w — (W = H'w ) 'H[w)T H'[w*] (w— (w* —H'[w] ' H [w*]) +.... (13)
Comparing this to the information content of a multivariate Gaussian distribution:
1 _
HIN (s D)) = 50— p) 27 @ =)+, (14)

we obtain:

Proposition 3.2. An approzimation of the distribution p(w) of Q around some w* is given by:
QRN — [ ), 1)), (15)

where H' [w*] must be positive-definite. If w* is also a (global) minimizer of H[w] (i.e. H'[w*] = 0), we obtain
the Laplace approximation:

QR N(w', H'w*] ). (16)

Approximation Quality. Obviously, this approximation can be arbitrarily bad depending on p(w) and
w*—however, given enough data, we expect that p(w) will concentrate around a maximum a posteriori (MAP)
estimate, giving rise to the Laplace approximation. Obviously, insufficient data to reach concentration of the
parameters and multimodality in over-parameterized models (Long, 2021) can be issues for active learning
and active sampling.

Flat Minimum Intuition. The information-geometric interpretation of the Hessian being positive definite
is that the information content (pointwise entropy) is convex around w* and, equivalently, that the (log)
posterior is concave around w*. The latter provides an intuition for the Gaussian approximation: the Hessian
measures curvature, and the “flatter” the Hessian, e.g., the smaller the largest eigenvalue or the smaller the
determinant, the less the loss changes when w* is perturbed. This leads to the search for flat minima as a
way to improve generalization (Hinton and Van Camp, 1993; Hochreiter and Schmidhuber, 1994).

Notation 3.3. To further shorten the notation, we will write H'[D | w*| instead of H'[{y;} | {x:},w*].

Posterior Approximation of 2 | D. While the Laplace approximation is centered on a (global) minimizer,
the approach above can be used for a (potentially low-quality) posterior approximation in general. We can
expand H[w* | D] using Bayes’ law and the additivity of the logarithm. That is, we have:

Hw* | D] =H[D|,w*] + Hw*] — H[D], (17)
and then, as H[D] is independent of w:

H'[w* | D] = H'[D | w*] + H'[w*] + 0 = H'[D | w*] + H[w?], (18)
H"[w* | D] = H'[D | w*] + H'[w*]. (19)

Proposition 3.4. The observed information H”[{y;} | {z:},w*] is additive:

H' i} | (o)’ = [y o™ = 3~V log plus | 21,0, (20)

The observed information is defined with opposite sign compared to other works as it simplifies the exposition.

Uninformative Prior. For a typical Gaussian prior p(w) ~ N (i, 32), we have H” [w*] = X! and H"[w* |
D] = H'[D|w*]+ X~ L. For an uninformative prior with “infinite prior variance” =1 — 0, we have H" [w*] = 0
and H"[w* | D] = H'[D | w*].

Proposition 3.5. The entropy of the second-order approzimation of p(w) around w* is
H[Q] ~ —1 log det H" [w*] + Ck, (21)

where Cy = glog 2me is a constant (independent of D and w*) and k is the number of dimensions of w.
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4  Fisher Information

The following section revisits the Fisher information and its properties. All proofs can be found in §A. In
particular, we look at two special cases with more favorable properties: following Kunstner et al. (2019),
when we can write our model as p(y | 2 = f(2;w)), where f(z;w) are the logits, and p(y | 2) is a distribution
from an exponential family, the Fisher information is independent of y, which has useful consequences as
we will see; and following Chaudhuri et al. (2015), when we have a Generalized Linear Model (GLM), the
Hessian is independent of y. The results for the GLM are also used as an approximation known as Generalized
Gauss-Newton approzimation. Together with other numerical approximations, such as using a diagonal matrix
or low-rank factorizations, the Hessian and Fisher information can be efficiently approximated for large deep
neural networks (Daxberger et al., 2021).

Definition 4.1. The Fisher information F({z;},w*) is the expectation over the observed information using
the model’s own predictions for given {z;} at w*:

F({zi}, ") = Ep(tyy ey wn B i} | {2}, 0"])- (22)

Note that this definition of the Fisher information is also referred to as “empirical” Fisher information in
statistics because we do not take an expectation over x but use empirical samples for x (IKunstner et al.,
2019).

Proposition 4.2. Like the observed information, the Fisher information is additive:

F{z;},w” ZF Tiyw™). (23)

There are two other equivalent definitions of the Fisher information:

Proposition 4.3. The Fisher information is equivalent to:

F(2,0") = Ey(yjawn Wy | 2,07 By | 2,0"]] = Cov[H'[Y | z,0"]]. (24)

Note that the expectation is over p(y | x,w*) and not p(y | ). The proof in §A applies two generally useful
lemmas:

Lemma 4.4. For the Jacobian H'[y | x,w*], we have:

Vop(y |z, w)

Hy|z,w*] = — , 25
ly|z,w] oy | 7.07) (25)
and for the Hessian H' [y | x,w*], we have:

Vapy|z,w)
H'ly|z,w*]=Hy|z,w* ]’ Hy|z,w] - —2—2" 7 26
") = Wy [ ,7)7 Wy | ]~ Y220 (26)

Lemma 4.5. The following expectations over the model’s own predictions vanish:
Ep(yle,wn) [H [y | 2,w"]] = 0, (27)

Var| WJJ*)]

Eofylews) | ————"—2>| = 0. 28
p(ylz, )[ p(y | z,w*) (28)

Special Case: Exponential Family. Kunstner et al. (2019) show in their appendix that if we split a
discriminative model into prelogits f(x, w) and a predictor p(y| 2 = f(;v, w)), the Hessian does not depend on
y when p(y | 2) is a distribution from an exponential family (independent of w). Examples include using a
normal distribution for regression parameterized by mean and variance predictions or a categorical distribution
via the softmax function. The following statements and proofs follow Kunstner et al. (2019):
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Proposition 4.6. The Fisher information F({z;},w*) for a model p(y | 2 = f(x;w*)) is equivalent to:

~

F(2,0") = Vo F(250%) " Epgylewn)[V2Hly | 2 = f(z:0")]| Vo f(;007), (29)

where V2H[y | 2 = f(x;w*)] is short for V2H[y | 2]

s=f(wsw*)’
Proposition 4.7. The Fisher information F(x,w*) of a model of the form p(y| 2 = f(x, w*)) is independent
of y, where p(y | 2) is an exponential distribution, i.e., logp(y | 2) = 27T (y) — A(2) +logh(y):

F(z,w") = wa(z; w*)T VgA(zA' = f(x,w*)) Vo f(z;w"). (30)

It is crucial that the exponential distribution not depend on w. This simplifies computing the Fisher information:
no expectation over ys is needed anymore. The full outer product may not be needed explicitly either.

To make this more concrete, we will consider two common exponential distributions:
Gaussian Distribution. When p(y | 2) = N(y; 2, 1), we have H"[y | 2] = 1, and thus
N T A~

F(z,w") = Vo f(z;0") Vo f(z;0%). (31)

Categorical Distribution. When p(y|2) = softmax(2),,, we have H"[y | 2] = diag(m) —m w%, with 7, = p(y|
2), and thus:

F(z,0%) = Vo f(@;w*) (diag(r) — 777) Vo f(a;0%). (32)

Special Case: Generalized Linear Models. Chaudhuri et al. (2015) require that the Hessian is
independent of y, which we will make use of later as well. This holds for Generalized Linear Models:

PN

Definition 4.8. A generalized linear model (GLM) is a model p(y | 2 = f(x;w)) such that logp(y | 2) =

2TT(y) — A(2) + log h(y) is a distribution of the exponential family, independent of w, and f(r;w) = w’ x

is linear in the parameters w.

Proposition 4.9. The Hessian H' [y | z,w*] of a GLM is independent of y.
* r w1 2 F * 7 *
H'ly | z,w*] = Vo f(z;0") ViH[y| 2 = f(z;0")] Vo f(z;0%) (33)
A T N
wf(z;w*) VEAwTz) V, f(z;w*). (34)
Proposition 4.10. For a model such that the Hessian H" [y | z,w*] is independent of y, we have:
F(z,w*) = H'[y* | z,w*] (35)

for any y*, and:

Epyle)[H'[y | 2,07 = F(z,0"). (36)

J

Note that the expectation is over p(y|x) and not p(y |z, w*), and Ep gy} [H {wi} {2}, w*]] = F({2:i}, w*)
is additive.

Proposition 4.11. When f(z;w) : RP — R, where C is the number of classes (outputs) and D is the
number of input dimensions, and w € RP*C and assuming the parameters are flattened into a single vector
for the Jacobian, V,, f(z;w*) = Ide ® 27 € REX(C D) where ® denotes the Kronecker product, we have:

Vo f(z: w*)T VZAWT ) Vo f(z;w*) = VAW z) @ 22T (37)
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p(y | z,w™*) vs p(y | ). Having a GLM solves an important issue we will encounter in §5: approximating
the EIG requires taking an expectation over p(y | ) and not p(y | z,w*). One can approximate p(y |
x) ~ p(y | z,w*), which can be justified in the limit, but this is likely not a good approximation in the
cases interesting for active learning and active sampling. With a GLM, this is not a problem.

Generalized Gauss-Newton Approximation. When we have an exponential family but not a GLM,
the equality in Proposition 4.9 is often used as an approximation for the Hessian, i.e., we simply use the
Fisher information as an approximation of the Hessian (via Proposition 4.7):

H'ly | z,w*] ~ Vo f(z;0%) ViAW) Vo f(g;0%) = Fla,w"). (38)

This is known as Generalized Gauss-Newton (GGN) approxzimation (IKKunstner et al.; 2019; Tmmer et al.,
2020). This approximation has the advantage that it is always positive semidefinite unlike the true Hessian.

Last-Layer Approaches. GLMs are often used in deep active learning (Gal et al., 2017; Ash et al., 2019;
2021). If we split the model into p(y | #,w) = p(y | z = w’ f(z)), where z = f(x) are the embeddings, and
treat the encoder f(z) as fixed, we obtain a GLM that only uses the embeddings and last-layer weights.

\. J

5 Approximating Information Quantities

We use the results so far to derive various approximations for information quantities using the Hessian and
Fisher information. This will help us connect information quantities to existing literature in §7.

5.1 Approximate Expected Information Gain

The expected information gain is a popular acquisition function in active learning, where it is also known as
BALD, and in Bayesian optimal experimental design (Gal et al., 2017; Houlsby et al., 2011; Lindley, 1956).

We can approximate the EIG I[Q; {Y;*“U} [{27°?}] of acquisition candidates {z;°'} using the Fisher information:
1 Y} {27} = H[Q] — HIQ [ {Y}, {7*}] (

= H[Q] — Ep(gy2eapgareap HQ | {y7°}, {27°}] (

~ —% log det H” [w*] — Ep ({529} | {z2}) [f% log det H" [w | {y7°1}, {=7°}]] (
(

(

=W
oS ©

=~
—_
O = D D

Ep(qyeay|aieap [log det (H"[{y;*} | {27}, 0] + H"[w*]) H"[w*] )]

Ep (o} {ateap)log det (H[{y; 1} | {27}, w*] H'[w*] 7! + Id)].

The constant C}, from Proposition 3.5 cancels out as we subtract two entropy terms.

Generalized Linear Model. When we have a GLM, we can use Proposition 4.10 to obtain:
1O {Y Y {2 = ... = § Ep(yoeayaneay log det (H”[{yf "} [ {2}, o] H'[w*] 7 + 1d)]  (44)

tlog det (F({z}°},w*) H'[w*]~" + Id). (45)

We can upper-bound the log determinant and obtain:

1O {Y Y [ {279} ~ flogdet (F({2"},w*) H'[w*] ™! + Id) (46)
< $tr (F({a7"},w") H'[w*] ) (47)
= % Ztr (F(xacqi,w*) H/'[w*rl) . (48)

where we have used the following inequality (proof in §B.1):

Lemma 5.1. For symmetric, positive-semidefinite matrices A, we have (with equality iff A =10):

log det(A + Id) < tr(A). (49)
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General Case & Exponential Family. For the general case, we need to make a strong approximation:

p({y; "} {7} ~ p({yi™} [ {27}, ), (50)

which likely holds for a mostly converged posterior, but probably not for cases with little data. Alternatively,
we could use the GGN approximation when we have an exponential family for the same result (but not an
upper bound). See §B.1 for the derivation.

Proposition 5.2 (EIG). The expected information gain can be approximately upper bounded via:

I[€; {2} | {x2°1}, DIon) < log det (Z F(2%, w*) B [w* | D]~ + 1d> (51)
[

IA

1S tr (e, w") H[w* | D)1 (52)

Furthermore, we have the following:

arg max{1[0; {Y,1) | {221}, D"} = arg max{~ HQ| {Y""}, {22}, D"*"]} , and (53)
e e

5 log det <Z F(z*, w*) + H" [w* | D"‘”"]) — Cy. (54)

IA®

_ H[Q | {Yviacq}’ {x;_lcq}’ Dtmin]

The second statement follows from Equation (39), since H[Q | D'#1%] is constant, and provides an alternative
objective when we are only interested in optimization of the EIG. We use it together to show a connection to
the expected gradient length approach in active learning in §7.

Batch Acquisition Pathologies. Importantly, this approximation of the EIG using the trace is additive,
whereas the one using the log determinant is not. This means that the trace approximation ignores
dependencies between samples and only leads to naive top-k batch acquisition; see Kirsch et al. (2019; 2021a)
for details. On the other hand, the log determinant of the Fisher information version might well capture
these dependencies.

5.2 Approximate Information Gain

Following the same steps, we can also approximate the information gain, which is useful for active sampling:

Proposition 5.3 (IG). The information gain I[Q;{y;“} | {z;“}, D" = H[Q | D" — H[Q |
{y?}, {27}, D" can be approzimately upper bounded via:

1[0; {y“} | {w{}, D™ < Slogdet (H[{y*'} | {2{*"},w*] H'[w* | D™"]~! 4 Id) (55)

53t ([ | (o) 0] B | D) (50

IN

Furthermore, we have the following:

arg max{I[Q; {y;"“'} | {={"}, D"} = arg max{—H[Q | {y"*}, {z{"}, D"*"]}, and (57)
aca {21y

{=i}

—H[Q | {y{*}, {2{*%}, D™ < L logdet (H"[{y*'} | {{*’},w"] + H"[w" | D"*"]) — Cx. (58)

. J

Comparison to EIG. Importantly, when we have a GLM or use the GGN approximation, this approximation
of the IG is equal to the one of the EIG. This tells us that active learning on a GLM with the EIG approximation
will work as well as if we had access to the labels. On the other hand, active sampling via IG with the GGN
approximation will not work better than the equivalent active learning approach without labels.
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5.3 Approximate Expected Predictive Information Gain

In transductive active learning, we have access to an (empirical) distribution p(z°'®!) (e.g., the pool set) and

want to find 22°? that maximizes the expected predictive information gain (EPIG) (Kirsch et al., 2021b):
arg maxI[yeval; yaca | Xeva17 macq7 Dtrain] = arg max ]Ef)(xeval) I[yeval; yacd | xeval’ macq’ rDtrain}7 (59)
xacd racd

We expand the objective as follows:
I[yeval; yaca | ‘X—eval7 xacq] _ I[Q; Yeval | Xeval] _ I[Q; Yeval | X—eval7 Yacq’ mabcq]7 (60)

where I[Q; Y¥al | X*al] can be removed from the objective because it is independent of 22°9, thus, optimizing
EPIG is equivalent to minimizing 1[Q2; Yeval | Xeval yaca gacd].

arg maX1[yeva1; yaca | )(evaul7 xacq] = arg min I[Q, Yeval ‘ Xeval’ Yacq, xacq]. (61)

oacq prdons
Following Proposition 5.2, this can be approximated by:

1[97 Yeval | )(eval7 Yacq’ macq]
Ep(yoval yaca|geval gaca) p (zevaly [log det (H” [y | 2%, w*] (H" [y | 229, w*] + H'[w*]) "' + Id)]. (62)

~ =
~

Generalized Linear Model. For a generalized linear model, we can drop the expectation and obtain:

I[Q, Yeval ‘ XevaI’ Yacq’ :L,acq]

~ 3 Ep (geary[log det (F(2°, w*) (F(2*%, w*) + H'[w*]) ! + Id)] (63)
< Llogdet (E p(Ieval)[F(xeval,w )] (F (2%, w*) + H'[w*]) ™" + Id) (64)
< 5t1 (Bp (ovar) [F (22, w*)] (F(2*9, w*) + H'[w*]) ), (65)

where we have again used the concavity of the log determinant.

General Case & Exponential Family. To our knowledge, there is no rigorous way to obtain a similar
result in the general case as the Fisher information for an acquisition candidate now lies within an inverted
term. Obviously, the GGN approximation can be applied when we have an exponential family, which leads
back to the above GLM result as an approximation. See §3.2 for more details.

Proposition 5.4 (EPIG). For a generalized linear model (or with the GGN approximation), we have:

arg maX1[yeval; {Y;GCQ} ‘ )(eval7 {x;lCQ}vptrain] — argminI[Q;Ye”“l | Xeval, {Y'illClI}’ {x:}CQ},DtrainL (66)
{z5} {37}

with

1 Yool | X 0o, {297, {afe7}, DI

IN®

tlog det (Ep(geny[F (2%, w*)] (F({27}, w*) + H" [w* | D))~ + Id) (67)
241 (Epgevary [F (2%, w*)] (F({z{%}, w*) + H'[w* | D)) 71). (68)

IA

Approximations for JEPIG, PIG and JPIG. The results can be found in §B.

6 Similarity Matrices and One-Sample Approximations of the Fisher Information

Many active learning methods do not use Fisher information, but use a kernel-based approach using similarity
matrices of the loss gradients H'[y* | ], where y* is either the true label or a hypothesized label y* when no
label is available (usually using the arg max prediction of the model).
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Connection to Fisher Information. Crucially, given D = {(y;, z;);}, if we let

W'D |w = | Wy | 20, w”] (69)

. N T
be a “data matrix” of the Jacobians, then i D | w*]H/ [D|w*] yields the similarity matrix S[D | w*] using
the Euclidean inner product:

SID |wl,, = (H[ys | 2,0, Wy, | j,0°]) = B [D | w0 [D | w?] . (70)

N T .
If we sample the {y;} ~ p({y;} | {x:},w*), the “flipped” product H/[D | w*] H/[D | w*] yields a one-sample
estimate of the Fisher information F({z;}, w*):

F({z;},w* ZF T3, W) = Ep({y}{z:}w*) ZH yi | zaw*]T H [y; | ziw”] (71)

A T .
= Ep((y} (o) B [P |w] AD|w]. (72)

If we do not sample but instead use the argmax class, we only obtain a biased estimate (IKKunstner et al.,
2019, §B).

Connection to the Expected Information Gain. More importantly, when we define an inner product
(-, ) H" [+ | ptrain] Using the Hessian H"[w* | D™1]| we can connect the similarity matrix, which uses this inner
product, to our information gain approximations:

A . N T
St prsain [D | w7 1= A [D | & HY [o* | D™~ T [D | o] (73)

Specifically, we apply the matrix determinant lemma det(AB + M) = det M det(Id + BM ~'B) to obtain:

Proposition 6.1. Given D™ {x!°!} and (sampled) {y;“?}, we have for the EIG:
I[Q’ {Y’iﬂcq} | {"L‘ng}7 Dtrain] ; %log det (SHH[w*|Dtmin] [Dacq | w*] + Id) (74)

Proposition 6.2. Assuming an uninformative posterior H” [w* | D" = XId for A\ — 0, and given D!,
{x“}, and (sampled) {y;“}, we have for the EIG (before taking A — 0):

1[0; {Y%0} | {2299}, D] < Llog det (S[D | w*] + Ald) — 2oL log A, (75)

The second term is constant independently of {x;“}, and we can mazimize {x;“’} in
log det (S[D*? | w*] + AId) and then take the limit A — 0. Thus, we can use the following proxzy objective:

log det (S[D*? | w*]). (76)

\. J

Connection to Other Approximate Information Quantities. Interestingly, we can use the above
approach to obtain valid approximations for the predictive information gains (EPIG and JEPIG) because the
terms that would go towards —oo cancel out; see §C for details.

7 Connection to Other Acquisition Functions in the Literature

Here, we use the results so far to connect approaches in the literature to information quantities explicitly.

10
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7.1 BAIT in “Gone Fishing” (Ash et al., 2021) and ActiveSetSelect in “Convergence Rates of Active
Learning for Maximum Likelihood Estimation” (Chaudhuri et al., 2015)

While Chaudhuri et al. (2015) and Ash et al. (2021) use a similar objective, Chaudhuri et al. (2015) apply it
only to GLMs, whereas Ash et al. (2021) use it for deep learning and introduce it as the BAIT objective:

arg min tr ((F({x?eq},w*) + F(z™n w*) + )\I)f1 F({xf"al},w*)) , (BAIT)
{2579}

where ) is a hyperparameter. While Ash et al. (2021) use DNNs, they only use the last layer to compute the
Fisher information. The last layer of the DNNs together with appropriate activation functions and losses
constitute a generalized linear model. Following Proposition 5.4, Ash et al. (2021) thus perform transductive
active learning (using the pool set as an evaluation set) and approximate EPIG as information quantity:

Proposition 7.1. Both Chaudhuri et al. (2015) and Ash et al. (2021) perform transductive active learning,
approzimating EPIG:

arg maXI[yeval yecq | Xeval xacq] ~ arg TN tI‘ eval ZF acq O.) H//[w* |thTain])—1)’ (77)

T ecq xecq

with H'[w* | D] = B/ [D#e | w*] + H" [w*] and H [w*] = AId.

Proof. This follows immediately for GLM (last-layer approaches) when we expand H” [w* | Dtrain], O
However, following §4, it does not seem that this approach will translate beyond a last-layer approach for
DNNs. It thus remains an open question to find a principled approach for the general case and to go beyond

last-layer active learning when using Fisher information without using the GGN approximation.

7.2 BADGE (Ash et al., 2019)

[BADGE maximizes an approximation of the EIG. ]

Following §6, BADGE uses one-sample estimates with hard pseudo-labels y**4 = arg max, p(y | 4, w*), and
its sample selection is motivated by a k-DPP (IKulesza and Taskar, 2011) on the similarity matrix S[D?°4 | w*]
using the pseudo-labels. This can be seen as approximating I[Q; {Y;*“1} | {22°1}, D" with an uninformative
posterior distribution following Proposition 6.1. However, BADGE actually uses k-MEANS++ (Arthur
and Vassilvitskii, 2006; Ostrovsky et al., 2013) instead of a k-DPP to select samples to further speed up
acquisition: it uses the Jacobians from the data matrix directly and samples a diverse batch based on the
Euclidean distance between the Jacobians. We leave a comparison between k-DDP and k-means++ to future
work and refer to the ablation in Ash et al. (2019) to see that the performance matches.

7.3 SIMILAR (Kothawade et al., 2021) and PRISM (Kothawade et al., 2022)

[The LogDet objective maximizes an approximation of the EIG, and the LogDetMI objective of EPIG. ]

The results based on the log determinant of similarity matrices are reported as among the best in the
experiments of Kothawade et al. (2021) and Kothawade et al. (2022). The LogDet objective log det S[D?°4 | w*]
exactly matches the EIG approximation in §6.2. Furthermore, in §D.1, we show that the LogDetMI objective
matches an approximation of JEPIG and simillary, re-derive the LogDetCMI objective.

7.4 Expected Gradient Length

Expected Gradient Length (EGL) (Settles et al., 2007; Settles, 2009) is usually defined for non-Bayesian
models. Originally, it was an expectation over the gradient norm. In more recent literature (Huang et al.,

11
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2016), it is introduced using the squared gradient norm:

2

Ep(yacqlzacq7w*) }Hl [yacq | xacq,w*] (EGL)
Using a diagonal approximation of the Fisher information, we obtain:
Proposition 7.2. The EIG for a candidate sample x®¢ approzimately lower-bounds the EGL:
21[Q; Y %4 | £%¢9] < Eop(yacajzacacory ||H [y*°? | £, w*] ® + const.. (78)

7.5 Deep Learning on a Data Diet

Paul et al. (2021) use the gradient length of given labeled samples x,y (averaged over multiple training runs)
to select a subset of informative samples for training:

IE|'p(w\D“"““) ||Hl[yacq | xacq7 w] ||27 (GraNd)

which they call the gradient norm score (GraNd).

Proposition 7.3. The IG for a candidate sample £*? approzimately lower-bounds the gradient norm
(GraNd) score at w* up to a second-order term:

VZp(y|z,w)

21[Q; @ | 21 EIE wiprainy [|[|H [y®c? | %9, w 2_E w| Dtrain tr(

)] + const.  (79)

The second term might not be negligible. Hence, GraNd (the first term on the left) might deviate from the
information gain. This raises the question how the information gain compares to GraNd in practice.

8 Conclusion

We have looked at Fisher information and Laplace approximations and have derived weight-space
approximations for the expected information gain and expected predictive information gain. This has
allowed us to connect various information quantities to objectives already used in the literature.

Last-Layer Active Learning. Methods that only use last-layer Fisher information or similar perform
active learning on the embeddings only, despite that feature learning is arguably the most important
feature of deep neural networks. However, these approaches can find great use with large pre-trained
models, which are only fine-tuned on new data domains anyway (Tran et al., 2022).

Batch Acquisition Pathologies. Approaches that use the matrix trace instead of the log determinant
are additive in the batch candidates {2} and can thus by definition not take redundancies between
batch candidates into account, leading to failures detailed in Kirsch et al. (2019; 2021a).

Weight vs. Prediction Space. Ash et al. (2019; 2021); Kothawade et al. (2021; 2022) approximate the
relevant information quantity in weight space, while Kirsch et al. (2021b); Houlsby et al. (2011); Kirsch
et al. (2019); Mindermann et al. (2022) approximate the relevant information quantities in prediction
space.

Informativeness. Taking a step back, we have seen that a Bayesian perspective using information
quantities connects seemingly disparate literature. Although Bayesian methods are often seen as separate
from regular active learning and active sampling, the sometimes fuzzy notion of “informativeness” expressed
through various different objectives in non-Bayesian settings collapses to the same couple of information
quantities, which were, in principle, already well known by Lindley (1956) and MacKay (1992).

12
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A Fisher Information: Additional Derivations & Proofs

Proposition 4.2. Like the observed information, the Fisher information is additive:

F({z;},w” ZF i w"). (23)

Proof. This follows immediately from Y; 1L Y | z;,xz;,w* for i # j and the additivity of the observed
information:

F({zi},0") = Ep(tyaite wn H Ko | {2}, o)) = Enggyaigan o D H e |20, 07]] (80)
= ZEP(yilwuw*) "yi | @i, 0 ZF T, W ). (81)
O

Proposition 4.3. The Fisher information is equivalent to:

F(z,w*) = Epgylzw) [H [y | z,w* T Hy|z,w*]] = Cov[H'[Y | z,w*]]. (24)

To prove Proposition 4.3, we use the two lemmas below:

Lemma 4.4. For the Jacobian H'[y | x,w*], we have:

Hly|2,') = V2RO (25)
p(y |z, w*)
and for the Hessian H'[y | x,w*], we have:
Vip(y |z w)
H'ly|z,w*] =H[y|z,w*]f Hy|z,w] - —2—2 "7 26
) = Wy o] Wy |07 - T2 (26)
Proof. The result follows immediately from the application of the rules of multivariate calculus. O
Lemma 4.5. The following expectations over the model’s own predictions vanish:
Ep(y\x,w*)[H/[y ‘ xv(*fk]] =0, (27)
Vip(yl= W*)]
Eofylpwe) | ————"—2| = 0. 28
p(ylz, )[ p(y |z, w*) (28)
Proof. We use the previous equivalences and rewrite the expectations as integral; the results follows:
Vop(y|z,w")
Eoylzwn H [y | 2, 0*]] = Eoyiww [— Ve logp(y | 2,w™)] = — Ep iz {’ 82
plylaw) H [y 2,071 = Epgyjowm) | (y | 2,w)] Pl | 0T 2o (82)
—/VW p(y | z,w*)dy = —Vw/p(y |z, w")dy = -V,1 =0, (83)
v? p Yy ‘ z, w * 2 * 2
Ep(ylm,w*)[ o |20 /V (y|z,w*)dy = Vw/p(ylfv,w )dy =V;1=0. (84)
O
Proof of Proposition /.3. With the previous lemma, we have the following.
Cov[H'[Y | z,w*]] = E[H'[Y | z,w*]F H[Y | z,w*]] = E[H'[Y | z,w*]T] E[H[Y | 2,w"]] (85)

=0 =0
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=E[H[Y | z,w]" H[Y | 2,0 (86)

For the expectation over the Hessian, we plug Lemma 4.4 into Lemma 4.5 and obtain:

* * « o Vip(y|mw
F(.6) = Epgyiman B[ | 2,01 = Eygypnany | Hly | 2,0°]7 By | ] - Y=PULDST ) g
p(y |, w*)
= Ep(y|:p,w*)[H,[y | x’w*}T H/[y ‘ mch*]] -0= COV[H/[Y | x:“d*]]' (88)
O
A.1 Special Case: Exponential Family
Proposition 4.6. The Fisher information F({z;},w*) for a model p(y | 2 = f(x;w*)) is equivalent to:
~ T ~ o % 7 *
F(z,w") = Vo f(#;0) Epglew[VEHY | 2 = fla;0")]] Ve f(z507), (29)
where V2 H[y | 2 = f(x;w*)] is short for VZH][y | 2”2=f(:c'w*)'
Proof. We apply the second equivalence in Proposition 4.3 twice:
* P * T A P * P *
F(z,w") = Cov[H [Y\%“ w']] = Cov[Vy f(z;w") V:H[y |2 = f(z;0")] Vo f(z;07)] (89)
= Vo f(z:0") Cov[V:Hly| 2 = f(a;0")]) Vo (2:07) (90)
A T N A * P *
= Vo f(@w) Epglewn) VEHY | 2 = f(z;30)]] Ve f(2507) (91)
O
A.2 Special Case: Generalized Linear Models
Proposition 4.9. The Hessian H [y | z,w*] of a GLM is independent of y.
P * T A P * P *
H'ly|2,w] = Vo f(z;0") VEH[y |2 = f(a;w)] Vo f(z;07) (33)
= Vof(@;w) ViAW"z) Vi, f(a;w") (34)
Proof.
H'[y | z,w*] (92)
= Vu[Hy |z, ] (93)
= Vo[V:Hy | £ = f(a;w")] Vo f(z;07)] (94)
S P * P * ry T A n * P *
=V:Hly| 2= f(z;0%)] V2 f(z;0") + Vo f(z;0") VEH[y |2 = f(2;0")] Vo f(z;07)  (95)
—_———
=V2[wTz]=0
= VoS @) VAW D) Voo f(@307). (96)
O

Proposition 4.11. When f(x;w) : RP — RY, where C is the number of classes (outputs) and D is the
number of input dimensions, and w € RP*C | and assuming the parameters are flattened into a single vector
for the Jacobian, V, f(z;w*) = Ide ® 2T € RE*X(CD) ywhere @ denotes the Kronecker product, we have:

Vo f(z: w*)T VZAWT ) Vo f(z;w*) = VAW z) @ 22T (37)
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Proof. We begin with a few statements that lead to the conclusion step by step, where z € RP, A € R€*¢,G €
RCX(C-D).

(x xT)Z-j =,z (97)
(Ide @ 27 e.apri = ©; - {c = d} (98)
(G"AG)i; = Gri Au Gy (99)
k.l
(A z2")eptiapt; = Aca v 75, (100)
((Ide ® xT)T A(lde ® xT))cD+i,dD+j = Z(Idc ® xT)]mcDJri A (Ide ® xT)lydD+j (101)
k.l
= Z.’L‘Z . ]1{]{ = C} Akl Zj- ]l{l = d} (102)
k.l
=T; Acd X (103)
=(A®22")epriap+s (104)
— V., f(z; w*)T VAW 2) Vo flz;w) = ViAW z) @ z 27 (105)
]

Proposition 4.10. For a model such that the Hessian H" [y | x,w*] is independent of y, we have:
F(z,w*) = H'[y* | z,w*] (35)
for any y*, and:
Ep(yla)[H" [y | 2,07 = F(z,w"). (36)
Proof. This follows directly from Proposition 4.7. In particular, we have:
F(z,w") = Ep(yjzwn[H" [y [ 2,0"]] = H'[y" | z,w"], (106)

where we have fixed y* to an arbitrary value. O

B Approximating Information Quantities

B.1 Approximate Expected Information Gain
Lemma 5.1. For symmetric, positive-semidefinite matrices A, we have (with equality iff A=10):

log det(A + Id) < tr(A). (49)

Proof. When A is positive semidefinite and symmetric, its eigenvalues ();); are real and non-negative.
Moreover, A 4 Id has eigenvalues (A\; 4+ 1);; det(A + Id) = [[,(Ai +1); and tr A = . A\;. These properties
easily follow from the respective eigenvalue decomposition. Thus, we have:

logdet(A + Id) <log [J(Ai +1) =D log(hi +1) < Y A = tr(A), (107)

where we have used log(x + 1) < z iff equality for « = 0. O

General Case. In the main text, we only skimmed the general case and mentioned the main assumption.
Here, we look at the general case in detail.

For the general case, we need to make strong approximations to be able to pursue a similar derivation. First,
we cannot drop the expectation; instead, we note that the log determinant is a concave function on the
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positive-semidefinite symmetric cone (Cover and Thomas, 1988), and we can use Jensen’s inequality on the
log determinant term from Equation (43) as follows:

Ep(gyecyaneay log det (H[{y3} | {23}, w*] H'[w?] " + Id))] (108)
< log det (Ep(gypeay ooy [H{yi*} | {5} 0] H'[w*] ™" + 1d) (109)

Second, we need use the following approximation:

p({y; 4} {277} =~ p({y} [ {27}, w") (110)
to obtain a Fisher information and use its additivity. That is, we obtain:
Ep((yreay| faoeay oo [H [{yf ) [ {27}, 0] = F({2§7}, w7) = > F(a, w). (111)
i

Plugging all of this together and applying Lemma 5.1, we obtain the same final approximation:

HO; {Y ) [ {afN] = ... = §Epgyeeaygareay llog det (H[{5f“} | {27}, 0] H'[W*] 7 + 1d)]  (112)

i

< 5 logdet (Ep<{yicq}\{z?°‘*}>[H"[{yf“ G Ha} W B W+ T d) (113)
~ $log det (Epqypen) gaseay oy {0} [ {1, w")) HY[w*] ™! + Id) (114)
= 1logdet (Z F (™9, w*) H' W]t + Id) (115)
<3 tr (P29, w*) B w]71) . (116)

Unlike in the case of generalized linear models, a stronger assumption was necessary to reach the same result.
Alternatively, we could use the GGN approximation, which leads to the same result. It does not lead to an
upper bound, however.

B.2 Approximate Expected Predicted Information Gain

In the main text, we only briefly referred to not knowing a principled way to arrive at the same result of
Proposition 5.4 for the general case. This is because unlike for the expected information gain, the Fisher
information for an acquisition candidate now lies within an matrix inversion. Even if we use the fact that
logdet(Id + X Y1) is concave in X and convex in Y, we end up with:

(117)

R LB (yeval yaca|geval paca) p(zever) [log det (H” [y | 22w (H [y | 229, w*] + H'[w*]) ! + Id)] (118)

< 3 Epyacajgaca)[log det (Ep(yevar gevar) [H” [y |2 w*]] (H [y | 229, w*] + B [w*]) "' + Id)]  (119)

> 3log det (Ep(yeval yevary [H” [y | 2272 w*]) (Ep(yacajgacay [H [y | 279, w*]] + H'[w*]) "' + Id)  (120)

= Llog det (Ep(gever) [F (2, w*)] (F (2?9, w*) + H'[w*]) " + Id) (121)

> %tr (Ep(weval)[F(xcval,w*)] (F(2® w*) + H”[w*])fl). (122)
Note the < ... >, which invalidates the chain. Obviously, the errors could cancel out, but a principled

statement seems hardly possible using this deduction.

B.3 Approximate Predictive Information Gain

Similar to Proposition 5.3, we can approximate the predictive information gain. We assume that we have
access to an (empirical) distribution p(xv®, yoval):
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Proposition B.1. We have (where we take the expectation over p(z™, yo'e)):

arg maXI[yeval; yacq | AX'eval7 xacq) Dtrain] = arg mlnI[Q, Yeval | Xeval’ yacq7 xacq7 Dtrain] (123)
acy acy
with
I[Q, Yeval | Xeval’ yacq, xacq’ Dtrain] (124)

_ Eﬁ(meval’yeual) I[Q, yeval | xeval7 yacq’ xacq7 Dtmm]

< Ep (gevat yevary [ 2 log det (H” [y** | z€°%, w*] (H"[y*? | 24, w*] + H'[w* | D)) "1 + Id)]  (125)
< L logdet (Ep(gevat yevary [H” [yeret | o w*]] (H"[y*°? | 2%, w*] + H'[w* | D)) "1 + Id)  (126)
< 3t (Ep (gevat, yevary [H [y | 2, w*]] (H"[y** | 2%, w*] + H" [w* | D)) ~1). (127)

. J

All of this follows immediately. Only for the second inequality, we need to use Jensen’s inequality and that
the log determinant is on the positive semidefinite symmetric cone (Cover and Thomas, 1988). Like for the
information gain, there is no difference between having access to labels or not when we have a GLM or use
the GGN approximation.

B.4 Approximate Joint (Expected) Predictive Information Gain

A comparison of EPIG and JEPIG shows that JEPIG does not require an expectation over p(z¥!) but uses
a set of evaluation samples {x$**'}. As such, we can easily adapt Proposition 5.4 to JEPIG and obtain:

Proposition B.2 (JEPIG). For a generalized linear model (or with the GGN approzimation), we have:
argma I[(Y; ) (V20 | {af*™l), (227}, D) = argmin [ (Y} | (), (1,27}, {2257}, D7
{z;“} z (128)
with
100 (Y} | (g0, Y20, ), Do
< logdet (F({z"},w*) (F({z{*}, w*) + H'[w* | D""))~! + Id) (129)
< gt (F({zf**, w*) (F({z{}, w*) + B [w* | D7) 7). (130)

And similarly for JPIG, we obtain:

Proposition B.3 (JPIG). For a generalized linear model (or with the GGN approzimation), we have:

g mecI{u™ | (o {55, D7) = armin (0 () [ 4o, (5 5, D71
(131)
with
10O '} | ™™t} (Y220}, (), DI
Sog det, (' [{y"} | {m**'} "] (' [{y“*} | {a},"] + B/ [ D)+ 0d) - (132)
Sor (H[{yo'} | {of™!}, ] (B[} | {20}, 7] + B/ | DImim) 1), (133)

IN TAR
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C Similarity Matrices and One-Sample Approximations of the Fisher Information

Proposition 6.1. Given D" {2} and (sampled) {y;“’}, we have for the EIG:

I[Q’ {Y’i‘lcq} | {x?’cq}’ Dtmin] ; %log det (SH”[W*I’Dtmm] [Dacq | w*] + Id) (74)
Proof.
[0 (Y70} | {2299}, D] < Llog det (F({a2°},w*) H'[w* | D] -1 4 Id) (134)
_ %log det ((F({Z‘?Cq},w*) + H//[w* | Dtrain]) H//[w* ‘ Dtrain]fl) (135)
N T . . .

~ Llog det ((H’ (D9 | ] 7' [D* | w*] + H'[w" | D™"]) H” [w* | D“am]—1>

(136)
~ . N T

= Llog det <H (D4 | w*| H [w* | D]~ [Doed | w*] + Id) (137)
= %]og det (SH” [w* | Dtrain] [Dva | w*] + Id), (138)

where we have used the matrix determinant lemma:
det(AB + M) = det(BM ™' A + Id) det M. (139)
O

Connection to the Joint (Expected) Predictive Information Gain. Following eq. (60), JEPIG can
be decomposed as the difference between two EIG terms, which we can further split into three terms that are
all only conditioned on Dtrain:

I[{y;eval}; yaca | {x?val}’ xacq’ rDtrain} (140)
_ I[Q; {Yieval} | {mle'val}7 Dtrain] _ I[Q; {Y;eval} | {x?va»l}7 Yacq7 wacq7 Dtrain]
_ 1[97 {}/ieval} | {xle‘val}7 Dtrain] _ I[Q, {}/ieval}, yaca | {J)?Val}, l‘va, Dtrain] + I[Q, yaca | l‘va, Dtrain] (141)

Using Proposition 6.1, we can approximate this as:

I[{}/icval}; yacd ‘ {xlqval}, Z‘va, Dtrain] (142)
= Llog det (St [+ | prrain [D™ | w*] + Id) — Llog det (S [+ | prrain [D*4, D™ | w*] + Id) (143)
+ 2log det (Spr x| prrain) [D**? | w*] 4 Id) (144)

Further, we can use the approximation in Proposition 6.2 and find that the log A terms cancel because we
have |D2¢4| + |D%ain| = | Daca y DUain| ghviously. Taking the limit, we obtain:

I[{}/ieval}; yaca | {x?val}7 xva, Dtrain] (145)
~ 3 logdet (S[D™™ | w*] + AId) — § logdet (S[D*°, D™ | w*] 4 AId) + § log det (S[D*? | w*] + Al d)

(146)

— $logdet (S[D™™ | w*]) — & logdet (S[D**4, D™ | w*]) + § log det (S[D*? | w*]). (147)

Finally, the first term is independent of D4, and if we are interested in approximately maximizing JEPIG,
we can maximize as proxy:

IOg det (SH//[W*‘Dtrain] [Dva | w*] + Id) — IOg det (SHN[W*‘Dtrain] [Dva, Dcval | w*] + Id), (148)
or

log det (S[D**® | w*]) — log det (S[D**9, D™ | w*]) . (149)
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D Connection to Other Acquisition Functions in the Literature

D.1 SIMILAR (Kothawade et al., 2021) and PRISM (Kothawade et al., 2022)

Connection to LogDetMI. If we apply the Schur decomposition to log det S[D*4, DeVal | w*] from eq. (149),
we obtain the following:

log det S[D*°4, DeVal | (¥ (150)
= log det S[D°¥! | w*] + log det(S[D*? | w*] — S[Dd; Deval | W S[D™! | W]~ S[Deval D> | w*]),
where S[D2°4; DVal | ,*] is the non-symmetric similarity matrix between D34 and D3 etc.

Dropping log det S[D®V | w*] which is independent of D%, we can also maximize:
log det S[D**? | w*] — log det(S[D* | w*] — S[D*4; D¥?! | w*]S[Dv?! | w*]ilS[Deval; D*4|w*],) (151)

which is exactly the LogDetMI objective from SIMILAR (Kothawade et al., 2021) and PRISM (Kothawade
et al., 2022).

We can further rewrite this objective by extracting S[D?°? | w*] from the second term, obtaining:
log det S[D* | w*] — log det(S[D*® | w*] — S[D*<9; DV | w*|S[Do¥! | w*] ' S[D2L Do | w*])  (152)
—logdet(Id — S[D*% | w ] S[paca; peval | ¥ S[Deva! | w*]_lS[De"al; D w)). (153)

Connection to LogDetCMI. Using information-theoretic decompositions, it is easy to show that:

I[{Yieval}; yaca | {xtz,val}“%,acq7 {}/1}7 {a?i},Dtrain] (154)
= {Y;™ Yo {Yi} | {af™ ), 29, {a}, D) — I{YS ) {Ya) | {a}, D20, (155)
These are two JEPIG terms, and using above approximations, including (153), leads to the LogDetCMI
objective from Kothawade et al. (2021) and Kothawade et al. (2022):
g et = SID | 1D D[P ] Do e ) (156)
det(Id S['Dacq D | OJ*] ['Dacq D PDeval | w ] ['Deval | w*]fls[peval; Dacq7 D | w*D
D.2 Expected Gradient Length
Proposition 7.2. The EIG for a candidate sample x%? approximately lower-bounds the EGL:
21[Q; Y @9 | <) < Ep (yoca|zaca ) |H’[y“cq | 24 W] ? (78)

Proof. The EIG is equal to the conditional entropy up to a constant term, via eq. (54) in Proposition 5.2:

1[Q; Y299 | 22¢9) < Llogdet (F(2°°9,w*) + H” [w* | D™"]) + const. (157)

We apply a diagonal approximation for the Fisher information and Hessian, noting that the determinant of
the diagonal matrix upper-bounds the determinant of the full matrix:

< $logdet (Faiag (22, w*) + Hyp, [w* | D)) + const. (158)
=3 Z 108 (Faiag, ek (%%, w*) + Hyjjg pi[w™ | D)) 4 const. (159)
k

We use logz < z — 1 and that H”[w* | D"#] is constant:

< %Z Faiag ke (2%,w") + Hgiag,kk[W* \ Dtrain]) + const. (160)
k
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< %Z diag,kk (2, w") + const. (161)
k

From Proposition 4.3, we know that the Fisher information is equivalent to the outer product of the Jacobians:
F (2799, w*) = Ep(yaca|gaca o) [H [y | 224, w*] H' [y | 229, w*]T], and we finally obtain for the diagonal
elements:

=3 Ep(yreagencaws) [Hi [y | 29, w*]?] + const. (162)
k

= 5 Ep(yacajaaca wr) [HH/[yacq | %9, w*] 2} + const. (163)

L]

D.3 Deep Learning on a Data Diet

Proposition 7.3. The IG for a candidate sample x*°? approzimately lower-bounds the gradient norm (GraNd)
score at w* up to a second-order term:

2

~ 2
2102 4% | %) < Epoyprnainy [|[H [y | 2%, w]||”] = By [t (W)] +const.  (79)
, W

Proof. For any fixed w*, the IG is equal to the conditional entropy up to a constant term, via Proposition 5.3:
I[Q; Ya¢d | g2 < %log det (H"[yva | 22U w*] + H" [w* | D“ain}) + const. (164)

As in the previous proof, we apply a diagonal approximation for the Hessian, noting that the determinant of
the diagonal matrix upper-bounds the determinant of the full matrix:

< %log det (Hgiag [y*e | 229, w*] + Hgmg[ | Dtrai“]) + const. (165)
= %Zlog (Hgiag,kk[yacq | 279, w*] + Hdiag,kk[‘*}* | Dtrain]) + const. (166)
k
Again, we use logz < z — 1 and that H”[w* | D] is constant:
<3 Z Hdmg ey | 22w + H;’mg,kk[w* | D“ain]) + const. (167)
<z ZHdmg ek (U2 | 2299, w*] + const. (168)

From Lemma 4.4, we know that the Hessian is equivalent to the outer product of the Jacobians plus a

2 acq|..acq , *
. 1, ac ac *1 _ ¥1/[,,ac ac * /7,,ac ac «T _ Vo p(y*9z*,w™)
second-order term: H"[y2°9 |22 w*] = H'[y? | 229, w*] H'[y?°q |22, w*]* — —lyreargmea o+ and we finally

obtain for the diagonal elements:

ac ac * v2 p( ed | xacq w )
= %ZH;[Z/ 27w ]2 - %tr < p(yacd | zacd w*) + const. (169)
k )

= L o

2 1 ; (Vi p(yacq ‘ wacq7w*)
—5tr

p(yred | z299, w*)

) + const. (170)

Taking an expectation over w* ~ p(w* | D) yields the statement. O
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