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REASONABLY REASONING AGENTS CAN AVOID GAME-
THEORETIC FAILURES IN ZERO-SHOT, PROVABLY

Enoch Hyunwook Kang

ABSTRACT

As online platform markets become increasingly mediated by autonomous Al
agents, a basic question is whether such markets generate stable strategic outcomes.
We study infinitely repeated games and show that if agents learn beliefs about
others’ strategies from observed play and asymptotically best respond to those
beliefs, then along almost every realized path, continuation behavior becomes
weakly close to a Nash equilibrium of the continuation game. We further show that
modern LLM agents, who are posterior samplers, naturally satisfy this condition.
We also show that the same convergence result extends to unknown stochastic
payoffs. Experiments across five repeated-game environments support the theory.
For the full version of the paper, refer to arXiv preprint 2603.18563.

1 INTRODUCTION

A fundamental transition is underway in online platform marketplaces: autonomous Al agents are
beginning to act on behalf of consumers in search, evaluation, and purchasing decisions (Gaarlandt;
et al., 20255 |Shahidi et al., 2025). Rather than humans directly browsing rankings, comparing listings,
and clicking through interfaces, Al agents can parse webpages or interact through APIs to evaluate
products and transact. As a result, an increasing share of economically relevant platform activity
may soon be mediated by interaction among autonomous agents operating within platform-designed
environments.

This shift makes a basic theoretical question newly urgent: whether markets populated by autonomous
Al agents exhibit stable strategic regularity. In digital markets, such interaction arises naturally in
pricing, promotion, bidding, negotiation, matching, and recommendation environments, where each
agent’s payoff depends on how other agents behave over time (Bianchi et al.,2024;|Guo et al.| [2024a;
Lopez-Lira, 2025} |Li et al.} 2024; |Zhu et al., 2025} Bansal et al.,|2025)). In such settings, what matters
for prediction is whether the system settles into a stable strategic pattern of play.

Nash equilibrium in repeated games is a natural conservative benchmark for such stability (Abreu
& Rubinstein, (1988} [Dal B & Fréchette, 2011 2018[; [Proto et all 2019). Asking whether Al
agents converge toward Nash-like play in repeated games is therefore a minimal first step toward
understanding strategic outcomes in Al-mediated markets. Failure to approach even this benchmark
can itself be regarded as a game-theoretic failure: if agents do not reach behavior that is at least
approximately immune to profitable unilateral deviations in repeated games, then the resulting play
lacks even the most basic form of strategic stability (Aguirregabiria et al., 2021)).

This question is not merely theoretical. Recent work suggests that autonomous algorithmic and Al
systems can generate strategically consequential repeated-game behavior in economically important
environments (Calvano et al.,|2020; [Fish et al.| {2024} |Assad et al.| [2024)). At the same time, empirical
evaluations show that off-the-shelf Al models as agents often fail to exhibit predicted equilibrium
behavior in strategic interactions and may resort to brittle heuristics or inconsistent policies (Guo
et al., 2024b; Huang et al., 2024; |Hua et al., [2024; |Buscemi et al., |2025). Accordingly, whether
off-the-shelf reasoning LLM agents can be guaranteed to converge to a Nash equilibrium in repeated
strategic interaction without post-training remains an open problem.

One prominent approach is targeted universal post-training (Park et al.l 2024; Duque et al.,2024).
However, relying on the universal deployment of such fine-tuning across diverse, independently
developed Al agents is often impractical. This motivates the central research question of the paper:
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Can off-the-shelf reasoning Al agents stably converge to Nash equilibrium in repeated strategic
interaction without post-training ?

In this paper, we theoretically and empirically address this question within the framework of infinitely
repeated games. We show that reasoning LLM-based Al agents can evolve toward Nash-like
continuation play along realized play paths without relying on explicit post-training or specialized
fine-tuning procedures.

The key lies in two basic reasoning capabilities we call “reasonably reasoning” capabilities: Bayesian
learning and asymptotic best-response learning. By Bayesian learning, we refer to an agent’s capacity
to learn other agents’ strategies from observed historical interactions. By asymptotic best-response
learning, we mean the agent’s ability to eventually learn an optimal counter-strategy given the inferred
beliefs about other agents’ strategies. Under such capabilities, which we argue reasoning LLM agents
can approximately satisfy, we prove that agents eventually behave, along almost every realized play
path, in a way that is weakly close to a Nash equilibrium of the continuation game.

Our main theoretical results build on a fundamental insight from Bayesian learning (Kalai & Lehrer,
1993a; Norman, 2022): if agents learn opponents’ strategies and best respond to their beliefs, then
equilibrium behavior can emerge along realized play paths. Our contribution is to replace exact
best response with asymptotic best-response learning, which is better suited to off-the-shelf LLM
agents. Because such agents are better viewed as stochastic posterior samplers than as expected-utility
maximizers (Arumugam & Griffiths, [2025} |Yamin et al., [2026} |Ge et al., 2026), we show that under
mild conditions posterior sampling is sufficient for asymptotic best-response learning. Combined
with evidence that LLMs behave as Bayesian in-context learners in repeated settings (Coda-Forno
et al., 2023} |Lu et al.| 2024; |Cahyawijaya et al., 2024} | Xie et al., |2021; Wang et al., 2023} [Wakayama
& Suzukil 2025] [Falck et al., 2024), this implies that reasoning LLM agents can converge toward
Nash-like behavior along realized play paths. We also show that the same result extends to a setting
in which payoffs are not known ex ante and each agent observes only its own privately realized
stochastic payoffs.

These results also generate clear empirical implications. In particular, they predict a distinction
between myopic procedures, which may suffice for stage-game equilibrium, and continuation-level
reasoning, which is needed for richer repeated-game equilibrium behavior. They further imply that
this distinction should persist when payoffs must be learned from noisy private observations. Our
experiments test these predictions by comparing a direct-action baseline, a myopic agent, and our
posterior-sampling best-response planner across five repeated-game environments.

This paper is structured as follows. Section [2|introduces the setup. Section [3| defines reasonably
reasoning agents and relates their Bayesian and best-response learning properties to in-context and
test-time inference in language models. Section [d] presents the main zero-shot Nash convergence
results. Section [C|extends the analysis to unknown, stochastic payoffs. Section D|provides empirical
evidence for the theoretical contributions in this paper. We defer the discussion of related works to

Appendix [A]

2 SETUP

2.1 INFINITELY REPEATED GAME

We study interaction among a finite set of agents 7 = {1,2,..., N} in an infinitely repeated
(discounted) game with perfect monitoring of actions and common-knowledge stage payoffs. We
define the game as the tuple

G = (I, {Ai}iej ) {Ui}iel ) {)‘i}iel)

where:

* [ is the finite set of Al agents
* A, is the finite set of actions available to agent ¢
* A = [],c; Aq is the joint action space, where a joint action profile at round ¢ is denoted al =

(atl, e af1‘> € A. (a! indicates the action of agent i at round t)
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e u; : A—[0,1] is agent i’s (known) stage-game payoff function
* \; € (0,1) is the private discount factor used by agent 7 to value future payoffs.

Ateachround t = 1,2, ..., each agent i simultaneously chooses an action a! € A;, forming a joint
action profile a* € A, which is publicly observed. Agent i then receives the stage payoff
ui(a’) € [0,1] e

These stage payoffs induce a standard infinitely repeated game with perfect monitoring of actions.

In defining the payoffs {u;}, ;, we restrict the set of games considered in this paper using the
following standard assumption in the Bayesian learning literature (Normanl|[2022). Intuitively, this
excludes games without a pure-strategy equilibrium, e.g., rock-scissors-paper; rigorously, it rules out
the pathological class in which on-path learning cannot be patched into nearby Nash behavior.
Assumption 1 (Non-MM* game (Norman), 2022))). Consider the infinitely repeated game induced
by the true stage payoffs {u;},.; in equation equation 1| For each player i, define the stage-game
minmax payoff and pure-action maxmin payoff as

. % .
;= min max u; (0;,0_; ®* := max min u; (a;,a_;
o_i€A(A_;) o €A(A;) (03,0-4), ¢ a;€A; a_;€BR_;(a;) (a3, 0),

where BR_; (a;) denotes the set of opponents’ (joint) best responses to a; in the stage game. We
call that the stage game is MM™ if ®* < ¢; for every 7. We assume the stage game is not MM*
(equivalently, @ > ¢; holds for some ¢).

2.2 STRATEGY

We define the joint action history at round ¢ as A = (a',a?,...,a'"'), and

Ht = {(al,az,...,atfl) ca® € Afors <t — 1}.
Let H° := {0} denote the empty history. Denote the complete set of possible histories as H =
U,>o H". (Throughout this paper, we allow Al agents’ strategies to have bounded memory.)
Definition 1 (Strategy). A strategy for agent ¢ is a function

fi H = A (Az) s
which maps every joint action history to a distribution over agent 4’s actions A;.

Let F; denote the space of all strategies of agent i. A strategy profile is a tuple f = (f1,..., fn) €
F = [l;e; Fi- Let H* denote the space of infinite play paths, i.e.,

Hm:{(al,a2,...) :atEAforalltEN}.

Definition 2 (Play-path distribution). A strategy profile f = (f1,..., fn) € F induces a unique
probability distribution ;f over H> (the play-path distribution), defined on cylinder sets by

p (C(a',...a") =T TI £ () (),

s=14i€el

where h* = (al,...,a* ') and C(h) := {z € H® : z = (h,...)}. By Kolmogorov’s extension
theorem (Durrett, 2019), these finite-dimensional probabilities define a unique probability measure
u! on (H*, B), where B is the product o-algebra.

For the upcoming discussions, we fix some notations. Given that we fix a history h?, for any
continuation profile g (i.e., a profile that specifies play after histories extending h?), let ”Zf denote
the induced distribution on H°® over the future joint-action sequence (a’, a’™!,...) when play starts
at history ht and follows g thereafter. Formally, we identify the tail (a?,a‘™?,...) with y € H> by
setting y1 =at, y2 = a1, and so on, and regard ,uflt as a measure on this reindexed space. For a
full profile g € F, we write y, for the continuation distribution induced by its restriction g|:. If
p9(C(h')) > 0, then pj, coincides with the conditional distribution z9(- | h').
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2.3 BELIEFS

Each agent ¢ acts under uncertainty regarding the opponents’ future play f_;. The agent maintains
subjective beliefs over opponents’ strategies and updates them as the game unfolds.

Behavioral representatives (belief-equivalent behavior strategies). Fix player ¢ and a (possibly
mixed) belief ;; over opponents’ strategy profiles F_;. For any own strategy g; € J;, it; induces a
predictive distribution over play paths

PI9(E) = /}_ 95 I=) (B dpi (f—s) for measurable £ C H>.

By Kuhn’s theorem Kuhn|(1953) and Aumann’s extension to infinite extensive-form games|Aumann
(1961), there exists a behavior-strategy profile f_; € F_; such that for every g;,

/l(gi¢f—i) _ Pi/»"iwgi.

We call any such f_; a behavioral representative (or belief-equivalent profile) of p; (Kuhn,|1953;
Aumann, 1961; Kalai & Lehrer,|1993a). When p; has finite support {gl_i, ey gfi}, one convenient
choice is

K
Foi(h)(a—i) = milgh, | B) g*i(h)(as),
k=1
for histories h where Bayes’ rule is defined.

Prior and posterior predictive beliefs. Agent i holds a subjective prior x over F_;. Write
0 ..

Pio’g'i := P/""%" for the induced prior predictive distribution. As we discussed above (as used

explicitly in|Kalai & Lehrer|(1993a))), there exists a behavioral representative fi ; € F_; such that,

for every g;, p(9-/=0) = Pio’gi. We fix such an f, and call it agent i’s subjective expectation of

opponents’ play.

At any history h® where Bayes’ rule is defined, 1 yields a posterior pi(- | k') and a posterior

predictive continuation belief. Let fl_f denote any behavioral representative of this posterior pre-
dictive belief. As a standing convention, we take these representatives to be chosen consistently by
continuation:
fi,t’ i
—i|lpt T J—ilpt

i.e., the time-¢ posterior predictive continuation is represented by the restriction of the fixed belief-
equivalent profile f*; to histories extending h'.

2.4 SUBJECTIVE UTILITY AND NASH EQUILIBRIUM

Following the standard literature (Kalai & Lehrer, [1993b), we define the belief-explicit subjective
expected utility of playing o; starting at k' as

Vi(oi | h'59-i) = E, oo (1= X)) Mus (], @)
n k=0

where y = (y',%2,...) represents the future path of joint actions relative to time ¢, with y*+!

denoting the joint action at step k£ + 1 of this future path (i.e., at absolute time ¢ 4 k).
Wheng_; = Z_f, we write

Vi(oy | h) :=Vi(oy | ' £2). 3)

2

For any belief about opponents’ continuation play g_; at history h?, we define the set of e-best-
response continuation strategies for agent i at ht as

BRS(g_; | h') = {07; € Fi(hY) : Vi(o; | h59-5) > sup  Vi(ol | h'9-s) — 5}.
Ugefi(ht)

4
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Nash equilibrium. The true performance of a strategy profile f € F for agent ¢ is given by:

oo

U(f) =E.our [(1—N) Z A (1) ]

t=1

where 2z € A is the joint action at round ¢, and \; € (0,1) is agent i’s discount factor. The factor
(1 — \;) is a normalization ensuring that U;(f) € [0, 1] whenever u;(a) € [0,1] forall a € A.

Definition 3 (¢-Nash equilibrium). A strategy profile f = (f1,..., fn) € F is an e-Nash equilibrium
if, for every agent ¢ € I,

Ui(f) = sup Ui (f], f-i) — e
fieF;

3 REASONABLY REASONING AGENTS

Definition 4 (Reasonably Reasoning Agent). Fix a repeated game and a strategy profile f = (f;)ier
generating the objective play-path distribution ;i (Definition|2). Player i is a Reasonably Reasoning
(RR) agent if the following hold.

* Bayesian learning: Player i has a prior 1) over opponents’ strategy profiles F_; and forms
posteriors (u!);>o by Bayes’ rule. Let fif denote any behavioral representative of player i’s
posterior predictive continuation belief at history A (as in Section[2.3), so that for every continuation
strategy o,

Vi(oy | h) = Vi(oy | ' f23).
* Asymptotic e-consistency on-path: For every € > 0,

uf({z $3Ti(2,€) < 00 8LVt > Ti(2,€), filuisy € BRI e | hf(z))}) —1.

3.1 BAYESIAN LEARNING

Let 110 denote player 4’s subjective prior over opponents’ strategy profiles F_;, and let uf(- | h?)
denote the posterior obtained by Bayes’ rule after history h* whenever it is defined. The continuation
problem depends on p! only through the induced posterior predictive distribution over future play,
because continuation values are computed by integrating payoffs against that predictive distribution.
Following [Kalai & Lehrer|(1993a)), we represent player ¢’s posterior predictive continuation belief by

a behavioral profile fl_f chosen (without loss of generality) so that along the realized history h!(z),
it — i
f—i|ht(z) :f—i|ht(z)7 (4)

where f* is a fixed belief-equivalent profile representing player i’s prior predictive distribution as
in Section[2] Thus, the continuation of a single belief-equivalent behavioral profile can be taken to
match the time-¢ posterior predictive continuation belief along the realized path.

To guarantee that Bayesian updating is well-defined and that predictive beliefs can converge to the
truth on-path, we impose the standard grain-of-truth condition in the Bayesian learning literature
(Kala1 & Lehrer, 1993a)).

Assumption 2 (Grain of truth (Kalai & Lehrer, |1993a))). For each player i, the objective play-path
distribution £/ is absolutely continuous with respect to 4’s prior predictive distribution under f;, i.e.
uf < Pio’f ‘. Equivalently, any event that player 4 assigns zero probability under their prior predictive
model has zero probability under the true play distribution induced by f.

Under Assumption [2} classical merging-of-opinions results (Blackwell & Dubins}|1962) imply that
player i’s posterior predictive continuation beliefs become accurate along p/ -almost every realized
play path. We formalize this later by showing that absolute continuity implies strong path prediction
(Lemma|4.1J)).
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3.2 LLM AGENTS ARE BAYESIAN LEARNING AGENTS

The Bayesian-learning abstraction above matches what we can operationally observe from LLM
agents: history-conditioned predictive distributions. An LLM, when prompted with the game rules
and the realized interaction history, induces a conditional distribution over next tokens, which can be
arranged to correspond to a distribution over a discrete label for an opponent strategy.

This “as if Bayesian” framing is appropriate for two reasons. First, the technical apparatus in Section[2]
already works at the level of predictive distributions: given any coherent family of history-conditioned
forecasts, we may represent it by an equivalent belief over opponents’ strategies via the behavioral
representatives fff (and, in particular, by a fixed belief-equivalent profile f*; whose continuation
matches posteriors along realized histories as in equation d)). Second, recent theory and empirical
evidence indicate that Al agents, most of which are auto-regressive LLM models, can implement
Bayesian or approximately Bayesian in-context learning in repeated, stationary environments (Xie
et al.| |2021; |Zhang et al., 2023} [Falck et al., 2024; Wakayama & Suzukil [2025)). Interpreting the
prompt history as data and the model’s induced distribution as a posterior predictive therefore provides
a principled bridge between LLM behavior and Bayesian-learning agents in repeated games.

3.3 LLM AGENTS ACHIEVE ASYMPTOTIC £-CONSISTENCY

LLMs naturally induce posterior-sampling best response (PS-BR). Reasoning LLM-based Al
agents are naturally scaffolded first to infer the situation from the previous interactions and then
respond optimally to that inferred model (a theory-of-mind “infer, then respond” (Zhou et al., 2023}
Riemer et al) 2024)). This behavior is formally defined as as posterior-sampling best response
(PS-BR): sample a hypothesis about the opponent from the current posterior, then best respond to that
sampled hypothesis.

Definition 5 (Posterior sampling best response (PS-BR)). Fix player ¢ and a history ht. Given
posterior yf (- | h') over opponents’ strategy profiles, PS-BR chooses a continuation strategy by:

1. sampling f_; ~ pit(- | hY);
2. playing any best response o; € BR;(f_; | h') in the continuation game after h’.

Denote the resulting (randomized) continuation strategy by JE S(- | hY).

Here, step 1, “sample f_; ~ ut(- | h')”, is simply querying an LLM (under its default temperature
7 = 1 setup) to output an opponent strategy label from the LLM’s conditional distribution over
allowed labels based on the previous interaction history. Step 2 is instantiated by evaluating a finite
set of candidate self-strategies against that sampled opponent strategy via roll-out, and selecting the
value-maximizing candidate. For implementation details used for experiments, see Appendix [I}

In general repeated games, full posterior concentration over an unrestricted strategy space is too
much to ask (and is closely related to classic impossibility phenomena; see Nachbar, [ 1997;2005).
We therefore impose a standard restriction that is also natural from an LLM-agent implementation
perspective: the agent maintains a finite menu of opponent-strategy hypotheses and updates a posterior
over that menu (Aoyagi et al., [2024; |Gill & Rosokha, |2024)). In addition, we require an on-path KL
separation condition ensuring that incorrect hypotheses are detectably different from the true strategy
along the realized play path.

Assumption 3 (Finite menu and KL separation). Fix player i. Assume the support of 1! is finite;
write S_; := supp(p?) C F_,. Assume:

1. (Menu grain of truth) f_; € S_; and pu(f—;) > 0.

2. (Caution / uniform positivity) There exists v € (0, 1) such that for every g_; € S_;, every history
h,andeverya_; € A_;,

g-i(h)(a—i) > v.



Published as a conference paper at ICLR 2026 Workshop on MALGAI

3. (On-path KL separation) For every g_; € S_; \ {f_;} there exists ;(g_;) > 0 such that z/-a.s.
in z,

T
| ¢ ¢
lim in f;:lj Dt f-i(h'(2)) || 9-:("(2)) = rilg-o),
where for distributions p, ¢ € A(A_;),

Diplg)i= S pla_)log 208,

oA Q(a—i)

Assumption [3|is directly implementable in an LLM-agent pipeline: the menu S_; is a finite library of
opponent strategy templates, “caution” can be enforced by adding an arbitrarily small tremble (to
avoid zero likelihoods), and KL separation is an identifiability condition stating that wrong templates
are distinguishable from the truth along the realized interaction history (the only history that matters
for on-path learning).

Proposition 3.1 (PS-BR implies asymptotic e-consistency). Fix player i. Suppose player i uses PS-
BR at every history and Assumption[3|holds for i. Then player i satisfies the asymptotic e-consistency
requirement in Definition

The proofs of Lemmas[E. T and Proposition [3.1] are deferred to Appendix

4 ZERO-SHOT NASH CONVERGENCE

4.1 WEAK SUBJECTIVE EQUILIBRIUM

We work with the standard weak distance on play-path distributions. Let B! be the o-algebra
generated by cylinder events of length ¢.

Definition 6 (Weak distance). For probability measures p, v over infinite play paths, define

d(p,v) = ;2‘ sup |u(E) —v(B)|

For a history h* with 1(C(h')) > 0 and v(C(h')) > 0, define the conditional (continuation) weak

distance
dpe (p,v) = d(u(- | C(h")), v(-| C(hY)).

We use weak distance to compare continuations of play after a realized history.

Definition 7 (Weak similarity in continuation). Fix a history ht. Two profiles f and g are n-weakly
similar in continuation after ht if

dpe (n?,p9) < .

Weak subjective equilibrium is Norman’s key intermediate notion: players best respond (up to &)
to their subjective model, and their subjective model is weakly close (within 1) to the objective
continuation distribution.

Definition 8 (Weak subjective equilibrium (Normanl, [2022)). Fix £, > 0 and a history ht. A
continuation profile f | pe 18 @ weak &-subjective n-equilibrium after ht if for every player i there exists

a supporting profile f* = (f;, f*,) such that:

1. (Subjective best response) f;|,, € BRf( i, | Bt | ht) , where payoffs are evaluated under ;i "

e

2. (Weak predictive accuracy) dp: (', pfi) <.

Definition 9 (Learns to predict the path of play (strong)). Player ¢ learns to predict the path of play
under f if for every n > 0,

w! ({z :3Ti(z,n) < o s.t. Vit > Ti(z,m), dht(z)(/J,‘f7/J,fi) < 77}) =1,

where f' = (f;, f*,) is a supporting (belief-equivalent) profile for player i (as in Section .
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Lemma 4.1 (Absolute continuity implies strong path prediction). Fix player i. Suppose the objective
play-path distribution p? is absolutely continuous with respect to player i’s prior predictive distribu-
tion Pio’f * (Assumption . Then player i learns to predict the path of play under f in the sense of

Definition
The proof is deferred to Appendix [G]

4.2 FROM LEARNING TO ZERO-SHOT NASH CONVERGENCE

We first show that asymptotic e-consistency, together with strong prediction, implies that the realized
continuation play is eventually a weak subjective equilibrium.

Proposition 4.2. Suppose each player i is RR (Definition[d) and learns to predict the path of play
under f (Definition[9). Then for any & > 0 and n > 0,

uf({z :3T(2) < 0 s.t. Vit > T(2), f‘ht(z) is a weak &-subjective n-equilibrium after ht(z)}) =1.

Finally, we convert a weak subjective equilibrium into proximity to a Nash equilibrium.

Theorem 4.3 (Zero-shot Nash convergence along realized play). Suppose every player i is RR and
learns to predict the path of play under f. Assume the grain-of-truth condition (Assumption 2)) holds
for each player. Then for every € > 0,

uf({z 13T (2) < 00 5.1. YVt > T(2), 3 f5Y% an e-Nash equilibrium
of the continuation game after h'(z) with dy,« ) (p” ,ufm'z) <e})=1

Corollary 4.4 (Zero-shot Nash convergence for PS-BR). Assume that for every player i, Assumption3]
holds and player i uses PS-BR (Definition ). Then the conclusion of Theoremd.3| holds.

The proofs of Theorem .3 and Corollary [4.4] are deferred to Appendix [G| As a direct consequence,
under our practical PS-BR implementation, the premises of Theorem are verified directly.

5 EXTENDED THEORETICAL RESULTS

We also develop two extensions. First, for the weaker objective of stage-game Nash convergence,
myopic predict-then-act rules (Akata et al.l |2025) can already suffice under on-path learning con-
ditions. Second, we extend the framework to unknown payoffs, where agents learn from noisy
private payoff observations; under finite-menu identifiability and posterior concentration, the same
posterior-sampling logic still yields convergence toward continuation-game Nash behavior along
realized paths. Full statements and proofs are deferred to Appendix [B|and Appendix

6 EXPERIMENTS

We evaluate the theory in five repeated games: BoS, PD, Promo, Samaritan, and Lemons. In each
setting, two copies of the same model interact in 200-round self-play under perfect monitoring. We
compare Base, SCoT, and our PS-BR planner. The results support the theoretical predictions: myopic
reasoning is often enough for stage-level equilibrium behavior, whereas PS-BR is needed to reliably
follow nontrivial repeated-game equilibrium paths, especially when payoffs are unknown and must
be learned from noisy private observations. Full setup and results are deferred to Appendix [D]

7 CONCLUSION

This paper shows that general-purpose Al agents can attain game-theoretic robustness through
reasoning rather than bespoke training. We prove that, under mild learning and best-response
conditions, LLM-based agents can evolve toward equilibrium behavior during repeated interaction.
These results connect modern Al agents to classical game theory and suggest that their inference
capabilities may support stable strategic behavior in multi-agent settings. More broadly, they provide
a step toward deploying Al agents in domains where reliable strategic decision-making matters.
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A RELATED WORKS

Bayesian Learning. The theoretical analysis of reasonably reasoning agents is based largely on
the Bayesian learning literature. Bayesian learning in repeated games is defined by a fundamental
tension between the ability to logically learn opponents’ strategies and the ability to respond to them
optimally. The foundational possibility result in |Kalai & Lehrer| (1993a) showed that if players’ prior
beliefs contain a “grain of truth” (absolute continuity) regarding the true distribution of play, then
standard Bayesian updating guarantees that their predictions will eventually converge to the truth,
thereby naturally culminating in a Nash equilibrium. However, Nachbar| (1997;2005) subsequently
proved a negative result: requiring players to simultaneously maintain this grain of truth and perfectly
best-respond across all possible counterfactual game histories leads to a mathematical contradiction,
as the infinite sets of learnable strategies and optimizing strategies are often mutually singular.
Norman| (2022) resolved this tension by introducing “optimizing learnability”, the crucial insight
that agents do not need to perfectly learn unreached counterfactuals; they only need to accurately
predict and best-respond along the realized path of play. Nonetheless, Norman identified that a
stubborn impossibility persists in a specific class of games called MM* games, where adversarial
payoff geometries prevent learning and optimization from coexisting even on-path.

This paper systematically navigates these classic boundaries to guarantee zero-shot Nash convergence
for LLM agents. We actively employ [Kalai & Lehrer| (1993a) grain of truth (Assumption [2)) to
guarantee predictive accuracy via the classic merging of opinions, and avoid Nachbar| (1997;2005)’s
impossibility by formally adopting the on-path relaxation and non-MM* in Norman|(2022). However,
although employing the standard Bayesian learning setup (Kalai & Lehrer},|1993a; Norman) 2022)
guarantees accurate forecasts of future on-path actions, it does not guarantee posterior concentration,
as LLM agents are not expected-utility maximizers, and rather posterior belief samplers (Arumugam
& Griffiths, 2025; [Yamin et al.l [2026; |Ge et al., [2026). To address this, we introduce the finite
menu and KL separation condition (Assumption 3], which is necessary to mathematically force the
LLM agent’s posterior to concentrate onto a single point mass (LemmalE.2). By forcing posterior
concentration, the LLM agent’s stochastic “predict-then-act” reasoning seamlessly stabilizes into an
asymptotic best response.

Strategic capabilities of LLM agents. As LLMs are increasingly deployed as interactive agents,
a growing literature studies whether LLMs behave strategically in canonical games, emphasizing
preference representation, belief formation, and (approximate) best responses rather than taking
equilibrium play for granted (Sun et al.|, [2025} Jia et al., 2025). In one-shot normal-form, bargaining,
and negotiation tasks, off-the-shelf models often follow plausible but context-sensitive heuristics:
behavior can depart from equilibrium predictions and change markedly under small framing or
instruction variations (Guo, 2023} [Fan et al., 2023; Hua et al., [2024). Strategic performance can
improve with model scale and reasoning scaffolds, but the remaining variance across prompts and
settings is substantial (Kader & Leel 2024).

These issues become more acute under repeated games, where payoffs depend on stable, history-
contingent policies. Multi-agent evaluation benchmarks report large cross-model and cross-game
heterogeneity and frequent non-equilibrium dynamics, especially in coordination and social-dilemma
regimes (Mao et al., 2023 [Duan et al. [2024; [Huang et al.| [2024). Controlled repeated-game
experiments similarly find that cooperation/reciprocity can emerge, but is fragile to opponent choice
and to seemingly minor prompt or protocol changes (Akata et al., 2025; Fontana et al., [2024} |[Willis
et al., 2025). In market-style repeated settings, recent work further documents collusive or supra-
competitive outcomes among LLM agents and highlights sensitivity to communication opportunities
and wording choices (Fish et al.| 2024; |Agrawal et al., [2025)).

Overall, existing results demonstrate meaningful strategic adaptation but do not provide general,
zero-shot guarantees that heterogeneous, independently deployed off-the-shelf agents will converge to
predictable equilibrium behavior. Our paper targets this gap by identifying two basic theory-of-mind
capabilities, Bayesian learning of opponents and asymptotic best-response learning, and proving that,
under mild conditions, they imply Nash continuation play along realized paths in repeated games,
without requiring explicit post-training or cross-agent coordination.

LLM agents as Bayesian in-context learners. A growing body of work links in-context learning
(ICL), i.e., test-time adaptation that conditions prior history on a prompt without parameter updates,
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to Bayesian inference over latent task hypotheses. In stylized transformer meta-learning settings,
Xie et al.|(2021) argue that transformers trained over a task distribution can implement an implicit
Bayesian update and produce posterior-predictive behavior from in-context data; related analyses
formalize ICL as (approximate) Bayesian model averaging and study how this view depends on
model parameterization and drives generalization (Zhang et al., 2023)). Moving beyond specific
constructions, [Falck et al.[(2024) propose a martingale-based perspective that yields diagnostics and
theoretical criteria for when an in-context learner’s predictive sequence is consistent with Bayesian
updating, while Wakayama & Suzuki| (2025) provide a broader meta-learning theory in which ICL is
provably equivalent to Bayesian inference with accompanying generalization guarantees. Empirically,
LLMs also exhibit meta-adaptation across tasks presented in-context (Coda-Forno et al.| [2023), and
several abilities that appear “emergent” under scaling can be substantially attributed to improved
ICL mechanisms (Lu et al., 2024). Complementing these viewpoints, Wang et al.| (2023) model
LLM ICL through a latent-variable lens, where demonstrations act as evidence about an unobserved
task variable—clarifying why behavior can be highly sensitive to the specific examples and their
ordering—and related results document few-shot in-context adaptation even in low-resource language
learning regimes (Cahyawijaya et al.| [2024). For agentic and repeated-interaction settings, these
Bayesian-ICL perspectives motivate modeling an LLM agent’s use of the interaction transcript as
maintaining and updating a posterior over opponent strategies/types; autoregressive generation can
then be interpreted as sampling-based decision-making from the induced posterior (Zhang et al.|
2024; |Welleck et al.,2024), providing a concrete bridge between in-context learning and belief-based
strategic behavior.

Expected utility maximization and best response. Standard learning-in-games analyses often
assume agents compute an exact best response to their posterior at every history (Kalai & Lehrer,
1993aj Norman, [2022). This is a poor behavioral model for off-the-shelf LLM agents, whose actions
are induced by stochastic decoding and thus implement a distribution over choices rather than a
deterministic maximization of expected utility. In probabilistic decision tasks, Yamin et al.|(2026)) find
systematic belief—decision incoherence, suggesting that elicited probabilities should not be treated as
beliefs that the model then perfectly best-responds to. In risky-choice experiments, (Ge et al.[ (2026)
similarly document substantial departures from expected-utility maximization and large sensitivity to
prompting/model type, with behavior better described as noisy sampling. /Arumugam & Griffiths
(2025)) argues that LLMs naturally implement posterior sampling. These results motivate replacing
exact best response with a weaker, sampling-compatible notion, e.g., posterior-sampling policies,
which are shown to achieve asymptotic best-response performance along the realized path.

B ZERO-SHOT STAGE-GAME NASH CONVERGENCE FOR MYOPIC RULES

Theorem and Corollary .4 establish eventual on-path convergence to a Nash equilibrium of the
continuation game under PS-BR. That guarantee is deliberately strong: it concerns repeated-game
optimality and therefore requires beliefs over opponents’ full continuation strategies. Yet this level of
reasoning may be unnecessary when the object of interest is only stage-wise strategic optimality. If
we ask instead whether the realized mixed action profile at each history is eventually an approximate
Nash equilibrium of the one-shot stage game, then predicting the opponents’ next joint action may
suffice. This reduction captures the logic of SCoT (Akata et al.,2025), which implements a “predict
the next move, then best respond” procedure rather than full continuation planning. The purpose of
this subsection is to justify this simplification formally. We analyze two one-step variants: myopic
PS-BR, which best responds to a one-step predictive belief, and SCoT (Akata et al., [2025)), which
best responds to a deterministic point prediction of the opponents’ next action.

B.1 Myoric PS-BR

myopic PS-BR retains the Bayesian-learning-plus-best-response structure of the previous subsection,
but truncates both objects to one period: the agent forms a one-step predictive belief over the
opponents’ next joint action and then plays a myopic best response to that belief.

For notational convenience, as already used above, for any opponents’ profile g_; and history h, we
write

g-i(h) € A(A-;)
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for the induced distribution over the opponents’ joint next action at history h. In particular, when g_;
is an actual profile of opponents’ mixed actions, this is the product distribution

g-i(h) = Q) g;(h).
J#i
Definition 10 (One-shot stage-game e-best response and stage e-Nash). For a;; € A(A4;) and
q € A(A_;), define
Ui(ai7Q) = Z Z ai(ai) Q(afi) Uz‘(az‘,aﬂ')
a;€EA;a_;EA_;

For ¢ > 0, define

o

=
<.m
—
)
~—

I

a; € A(A) s ui(ag,q) > sup ui(al,q) —ep.
a€A(A;)

We also write o
br;(g) := br;(q).
At a history h', write
foi(ht) == fi(h') € A(A)
J#i
for the actual current joint mixed action of player i’s opponents. The current mixed-action profile
FR) = (fu(hh), o i (hh) € TTA4))
JeI
is a stage -Nash equilibrium if

fi(h') € br§(f-i(h")) forevery i € I.

Fix player i and let f* = (f;, f,), where f*, is the fixed belief-equivalent profile from Section

Let fl_f be the continuation-consistent representative of player 4’s predictive belief at history ht. We
write

gi(- | h*) = fUi(RY) € A(A).
By the representative-choice convention from Section [2.3] along the histories under consideration,
FLi(ht) = fLi(h).
When the posterior pf (- | h') is supported on a finite set S_; C F_;, this is
G- 1h) = Y pilg—i | B g-i(h")(:).
g—i€S_;
Definition 11 (Myopic posterior-sampling best response (myopic PS-BR)). Fix player ¢ and a history

ht. Suppose pt(- | h') is supported on a finite set S_;. For each g_; € S_;, choose a mixed action

o= ¢ bri(g—i(h')).

Myopic PS-BR:
1. samples f_; ~ pt(- | h');

fi,ht

%

2. uses the mixed action «

The induced ex ante mixed action is
_i,ht
QPSR = Y p(gei | Y e ().
g_i€S_;

Whenever player ¢ uses myopic PS-BR, we identify
fi(h) = o35 | ).
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Lemma B.1 (Stage best responses are stable under nearby beliefs). Fix player ¢ and define

lp—qllvv := sup [p(B)—q(B)|  forp,qe A(A_y).
BCA_;

=44 =i

Ifo; € brf(q), then
a; € br§+2|\p—q\|Tv ().
Lemma B.2 (Myopic PS-BR is a D!-stage best response). Fix player i and a history ht. Suppose
wt(- | ') is supported on a finite set S_; and write
pe(g-i) = pi(g—i | B'),  g-i €S-
Define
Di('):=1—= > pilg-i)*

g—i€S—i
Let ozf}ltpsﬁ | h') be myopic PS-BR and let
gCIn)y = Y pilg-i)g-i(h")()
g-i€S_;
be the one-step posterior predictive belief. Then

uioFS G 1h) > sup wfag, g | h) = DL,
a; GA(Al
Equivalently,
m Dqt ht
alFS( | h) € br Mgl [ ).
Lemma B.3 (Strong path prediction implies one-step predictive accuracy). Fix player i. Suppose
player i learns to predict the path of play under f (Definition[9). Then

Mf({z :Vn >0, 3Ti(z,m) < oo s.t. ¥t > Ti(z,m), ||gt(- | h'(2)) — f,i(ht(z))HTV <n}) =1

Theorem B.4 (Bayesian convergence to stage-game Nash under myopic PS-BR). Assume that for
every player i, Assumption 3| holds and player i uses myopic PS-BR (Definition[I1)) at every history.
Then for every € > 0,

,uf({z :3T(2) < cos.t. Vt > T(2), f(h'(2)) is a stage e-Nash equilibrium}) = 1.

B.2 SCOT (AKATA ET AL.,|2025))

The second reduction is SCoT (Akata et al.,|2025). Instead of best responding to the full one-step
predictive distribution, the agent first forms a deterministic point prediction of the opponents’ next
joint action and then best responds to that point prediction. In general, this is not equivalent to best
responding to a mixed belief, so the argument is different from the classical Bayesian-learning-plus-
best-response route. Nevertheless, when all players use deterministic point-prediction rules, the true
next action along the realized path is pure at every history, and predictive accuracy is enough to make
the point prediction eventually correct. This gives eventual stage-game Nash convergence under a
different mechanism than myopic PS-BR.

Definition 12 (Social Chain of Thought (SCoT) (Akata et al.||2025)). Fix player ¢. At each history
ht, let 4

gi(- | h*) = fUi(h') € A(A)
denote player ¢’s one-step predictive distribution over opponents’ next joint action. Along the histories
under consideration, the representative-choice convention from Section |2.3| gives

BiRY) = L.
A SCoT rule for player ¢ consists of:

1. adeterministic MAP (maximum a posteriori) selector

aLi(h') € arg max gi(a_ | B);
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2. adeterministic pure best-response selector

bt A_; — A, such that bi(a_;) € arg max u;(a;,a_;) foreverya_; € A_;.

a; €A;

The induced strategy is
fl(ht) = 5bi(&ii(,Lt)) € A(Az)
Thus a SCoT player uses a pure action at every history.

Lemma B.5 (Deterministic truth implies asymptotic purity and eventual MAP correctness). Fix
player i and suppose player i learns to predict the path of play under [ in the sense of Definition[9)
Assume that for every history h € H there exists an action a* ;(h) € A_; such that

f=i(h) = dax (n)-

Then
,uf({z 3T;(2) < oo st VE > Ti(2), a';(h'(2)) = a*;(h'(2))}) = 1.

In particular, along pif -almost every realized path 2,

gi(a®;(h'(2)) | h'(z)) — 1 and 1- , max ‘qf(a_i | h'(2)) — 0.
Theorem B.6 (One-shot stage-game Nash convergence for SCoT). Suppose every player i € I uses

SCoT in the sense of Definition[I2] and suppose every player learns to predict the path of play under
f in the sense of Definition[9] Then

,uf({z :3T(2) < 00 s.t.Vt > T(z), f(h'(2)) is a stage Nash equilibrium}) = 1.

Equivalently, along ;i -almost every realized path, the current mixed-action profile eventually
becomes a stage 0-Nash equilibrium.

Corollary B.7 (Bayesian stage-game Nash convergence for SCoT). Suppose every player uses deter-
ministic MAP-SCoT and Assumption 2| holds for every player. Then the conclusion of Theorem|B.6|
holds:

,uf({z : 3T(2) < 0o s.t. Wt > T(z), f(h'(2)) is a stage Nash equilibrium}) = 1.

Remark 1. Theorem relies on the fact that when all players use SCoT with deterministic tie-
breaking, the true current action profile is pure at every history. This is why asymptotic purity need
not be imposed separately: it is implied by Bayesian one-step predictive accuracy toward a pure truth.
If opponents are allowed to play genuinely mixed current actions, this argument breaks down, and
additional conditions such as asymptotic purity or BR-invariance are again needed.

The SCoT result is therefore naturally paired with the grain-of-truth assumption (Assumption [2)) and
the corresponding merging-of-opinions argument, rather than with Assumption [3| whose uniform-
positivity requirement is tailored to cautious menu-based posteriors and posterior-sampling rules such
as PS-BR.

The proofs are deferred to Appendix [G] Taken together, Theorem [B.4]and Theorem [B.6|show that,
for the weaker objective of stage-game Nash convergence, full continuation planning is not necessary.
However, these one-step results are inherently limited to stage-game equilibrium. They do not
by themselves recover more demanding continuation-game or history-contingent repeated-game
equilibria, whose incentive structure is sustained by the value of future paths of play. Establishing
convergence to those richer repeated-game equilibria requires a procedure, such as PS-BR, that
reasons over full continuation strategies rather than only over the next-period action.

C EXTENSION TO UNKNOWN, STOCHASTIC, AND PRIVATE PAYOFFS

Sections assumed that the stage payoff functions u; : A — [0, 1] are common knowledge and
deterministic. We now drop this assumption and allow each agent to observe only its own privately
realized stochastic payoffs.
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C.1 PRIVATE-PAYOFF REPEATED GAME AND INFORMATION HISTORIES

Fix the same action sets (4;);c; and discount factors ()\;);cs as in Section 2] For each player i, let
R; C R denote the payoff space and let v;(dr) be a dominating base measure (counting measure in
the discrete case, Lebesgue measure in the continuous case).

We assume that the payoff noise family is known. Concretely, for each player ¢ there is a known
family of densities

%(7“7#)’ TGRZ" MER7
where the parameter p is the mean payoff. The true unknown object is player ¢’s mean payoff matrix

u; : A—[0,1].

(As usual, any bounded payoff matrix can be affinely normalized into [0, 1] without changing best
responses or Nash inequalities.)

At round t, after the public joint action a® € A is realized, player i privately observes
ri~gli(- | a), where ¢;'"(dr | a) = ¢;(r; us(a)) vi(dr). 5)
Thus the true payoff kernel is determined by the true mean matrix u,.

In the private-payoff model, actions may depend on both the public history and the player’s own
private payoff observations. Accordingly, define player 7’s information history at time ¢ as

o= (Wt e X =H <R, X = XL

7 e

t>1

A strategy for player ¢ in the private-payoff game is a map

i+ Xi — A(A)).
Let X; denote the set of such strategies and X := Hie 725
The full sample space is

0= H(A x HR)
t>1 icl
whose typical element is
w=(a',r',a* %, ..)), rt=(rt, k).

Given a strategy profile 0 € ¥ and the true mean matrices u = (u;);¢7, the tuple (o, «) induces a
unique probability law P on {2 by the Ionescu-Tulcea theorem.

For a realized path w € (), write

o' (w) = (2 (w))ser
for the realized vector of information histories at time ¢. For any continuation profile 7 defined on
future information histories extending x?, let P;f“’ denote the induced continuation law.

For player 4, define the continuation payoff after 2% by

Us(r | 2*) := Epru l(l - ) Z )\?T?k} :
k=0

By iterated expectation and equation 5]

Uy(r | 2') = Epr

o0
1=-x)> )\fui(a“rk)] .
k=0
Hence the objective continuation payoff in the private-payoff game equals the discounted payoff
induced by the true mean matrix, even though strategies may condition on private payoff realizations.
A continuation profile 7 is an e-Nash equilibrium after z* if, for every i € I,
U(t|2") > sup Ui(r,7—|2") —e.

r1es; (xt)
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Finally, let i’} denote the public-action marginal of P;" on the future public action path
(a',at*t ...) € H*. We compare continuation profiles only through these public-action marginals,
using

dye (1, 7) 1= d(ﬂ;;“, ﬂ;;“) :

where d is the weak distance from Definition [6]

C.2 KNOWN-NOISE, UNKNOWN-MEAN PARAMETRIZATION

We now impose the finite-menu structure used by PS-BR. For player 4, let M, be a finite menu of
candidate mean payoff matrices

Each m; € M, induces a payoff kernel
g;" (dr | a) = ¢;(r; m;(a)) v;(dr).

Thus sampling a payoff matrix label is exactly sampling a payoff kernel, expressed in mean-matrix
coordinates.

Given z! = (h!, riufl), player i’s posterior over candidate mean matrices is

t—1
mi(mi | @f) ocwl (my) [[wi(riimi(a®),  mi € M. (©6)
s=1
As in Sections [3H4] we model player i’s beliefs about the opponents through a finite menu of
public-action continuation models
g—;: H — A(A_l)
These models describe the predictive law of opponents’ next public action conditional on public
history. Let S_; denote the finite menu and let

ui(- | )
be player i’s posterior over S_;.

C.3 SUBIJECTIVE CONTINUATION VALUES AND PS-BR

Fix player 4, an information history z! = (h!, ril:tfl), a reduced-form opponents’ continuation model
g—i € S_;, and a continuation strategy 7; € ; ().
Let
P(Z'i,!]—iLmi
i
denote the induced law on player ¢’s future observable sequence when: (i) player ¢ follows 7;, (ii)
opponents’ public actions are generated by g_;, and (iii) player ¢’s future private payoffs are generated

m;

from the kernel g;

Define the m;-subjective continuation value by

V(i) = B o [(1 ~ ) ZA?rf*k] - ™
o k=0

i

For £ > 0, define

BR;,,.(9-i | 2}) = {Tz' € Xi(x}) : V™ (i | i 9-4) > SuF(’ t)Vimi(Ti/ | 2t 9-:) — 6}7
/€M (x}

and write
t 0 t
BRim, (9-i | z7) := BRi,mi (9—i | 7).
Player i’s mixed subjective continuation value is

VI (g | at) =By ey [V (i | 2t g2a)] ®)

i
mir (+|a;)
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For the true mean matrix u;, define
Vi (i | @) =By ney Vi (7 | 2l 9-4)] - 9)

Fix player i and an information history z¢ = (h*,r}*~1). The posterior p‘(- | h?) over the finite
menu S_; induces a posterior predictive law over future public action paths. Let gl’ti denote any
reduced-form behavioral representative of this posterior predictive continuation law. Concretely, gz_’i»

is chosen so that for every continuation strategy 7; € 3; (),

Vi | ) = Vi | s ). o

1
When S_; = {g,,..., g%} is finite, one convenient choice is

K
iyt t,hy k k
9%5(h)(a—i) = ) m"(9%) g2s(h)(as),  ho= bl
k=1

where /,L?h is the continuation posterior obtained by updating ! (- | k') along the continuation history
h.

Let ﬂ;i’g’i)’mi denote the public-action marginal of P;:"’g’i)’mi on (at,a’*!,...) € H*. For the
actual continuation strategy o;, player ¢’s posterior predictive law over future public action paths can

then be written as i

m(at)= 3 allmg | al) g0 (11)
m;EM,; '
We can now state the private-payoff PS-BR rule.

Definition 13 (Posterior-sampling best response (PS-BR) with private payoffs). Fix player ¢ and
an information history z! = (h',r}**"!). Given: (i) the posterior z!(- | h') over reduced-form
opponents’ continuation models, and (ii) the posterior 7} (- | z¢) over player i’s own mean payoff
matrices, PS-BR chooses a continuation strategy by:

1. sample an opponents’ continuation model g_; ~ uf(- | ht);
2. sample a mean payoff matrix m; ~ wi(- | zt);
3. play any continuation strategy 7; € BR; 7, (G | f).

Denote the resulting randomized continuation strategy by O'E S| ab).

C.4 POSTERIOR CONCENTRATION

Although the primitive strategy profile is o € %, the public action path it induces admits a reduced-
form description. For each player ¢, define

fi(h) := P"(al € - | h* = h), = (fi)ier,

and let i%" denote the induced law on the public action path in H°°. Thus f is the true reduced-
form public-action model generated by the information-history strategy profile o and the true mean
matrices u.

For player i’s finite menu of reduced-form opponents’ continuation models S_;, assume that As-
sumption holds mutatis mutandis with the true reduced-form opponent model f_; and the true
public-action path law /i”" in place of f_; and /.

Lemma C.1 (Posterior concentration of reduced-form public-action beliefs). Fix player i and suppose
player i’s finite menu S_; and posterior k(- | h') satisfy Assumptionmutatis mutandis with f_;
and %% in place of f_; and /. Then under the true interaction law P%%,

pi(f—i | A" — 1 and hence max _ pi(g_; | h') — 0,
g—i€S—i\{f-i}

almost surely.
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The only genuinely new learnability requirement in the private-payoff extension is on the payoff side:
identifiability of player ’s own mean payoff matrix from private noisy rewards.

Assumptlon 4 (Finite payoff-menu identifiability under known noise). Fix player ¢ and let M; =
supp(n?) be finite. Assume:

1. (Menu grain of truth) The true mean matrix u; € M, and 7 (u;) > 0.
2. (Known common noise family) Each menu element m; € M, induces the payoff kernel
q" (dr | a) = i(r;mi(a)) vi(dr),
and the true payoff law is ¢;"
3. (Finite second moments of log-likelihood ratios) For every m; € M; \ {u;},

Vi(R;ui(a)) |
e Bl Kl ® Gi(Rmia >>> ] =

4. (On-path KL separation) For every m; € M, \ {u;} there exists x;(m;) > 0 such that under the
true interaction law P%%,

Jim inf — ZDKL( | a H q" t)) > ki(mg)  as.

T—o0

The next lemma is the mean-matrix analogue of Lemma[E.2}

Lemma C.2 (Payoff posterior concentration under known-noise KL separation). Fix player i and
suppose Assumption[d| holds. Then under the true interaction law P™",

mh(u; | k) — 1, and hence max i (m; | zk) — 0,
) m; €M \{u; }

almost surely.

Lemma C.3 (Payoff concentration identifies the predictive public-action law). Fix player i. For
every information history z,

4 .
d(nﬁc | xﬁmii“”’“’) <1—r(u; | ).

Consequently, under Lemma
Ti

d(HE(- | xt), ﬂ(f“g Ml) —0 under P7" a.s.

The proof is deferred to Appendix [G]

C.5 PS-BR GAP AND ASYMPTOTIC CONSISTENCY

Let
pe(g—ismi) == pi(g—i | ') mi(m; | x7), (g—i,mi) € S—i x M.
Define the joint collision complement
Dy (af) =1 - > pi(g—i,mi)>.

(g—iym;)ES_i X M;

Lemma C.4 (PS-BRis a Df’jomt -best response to the mixed subjective value). Fix player i and an
information history zt = (ht, riu_l) Let 0' S be PS-BR from Deﬁnmon Then

‘/;mix,t(o_f’ts | zf) Z sup ‘/;;mix,t(,ri | x’tL) — DE’jOint(IE,tL').
Tiezi(fpi)

Equivalently, o PS isa Dt”omt( Y)-best response to the mixed subjective continuation value equa-

tion[8l
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Define
8; () =1 —m;(u; | 7).

Because continuation values are normalized to lie in [0, 1], for every 7; € X;(zt),

|‘/imix,t(7_i ‘ xi) _ ‘/iui’t(ﬂ; | .Tz)| < 5:(1‘5) (12)

Combining equation [12] Lemma [C.4] Lemma [C.]] and Lemma [C.2] yields the asymptotic best-
response property.

Proposition C.5 (PS-BR implies asymptotic e-consistency in the private-payoff game). Fix player 1.
Assume: (i) Assumption|3| holds mutatis mutandis for player i’s menu of reduced-form opponents’
continuation models, with the true reduced-form opponent model f_; and the true public-action path
law %" in place of f_; and u?, (ii) Assumption W\ holds for player i’s mean-matrix menu, and (iii)
player i uses PS-BR at every information history. Then for every € > 0,

P"’"({w : 3T (w,e) < 00 5.2Vt > Ti(w, €), aEtS(~ | xf(w)) e BRfu(gl_f | xf(w))}) =1.

C.6 ZERO-SHOT NASH CONVERGENCE WITH PRIVATE PAYOFFS

To lift the earlier zero-shot argument, one replaces public histories h! by information-history vectors
2%, and one compares continuation profiles through the weak distance between their induced public-
action marginals after the realized full information-history vector. Because player ¢ only observes
xt = (ht, ril”f_l), the relevant Bayesian merging step is first stated on player ¢’s observable process.
Assumption [6] then identifies this player-relative predictive target with the ex post public continuation
law after z! asymptotically.

For player 1, let

Oi = H(A X RZ)

t>1
denote the space of observable sequences
1,1 2 2
(a"yri,a%,rs,...).
Let P7* be the marginal of P7* on O;, and let Q?"” be player ¢’s prior predictive law on O; induced
by their priors over S_; and M, the known noise family, and their own strategy o;.

Let
L (E) = P7%((a',a!t, .)€ B | al), EeB,

denote the true public-action continuation law conditional on player i’s own observable information
history x!. Also let

t t
denote player i’s posterior predictive law over the future public action path (a’,a'*t,...) € H>®
conditional on z.

In the private-payoff setup, player 7’s prior over reduced-form opponents’ continuation models and
over its own finite menu of payoff hypotheses is constructed so that the true observable process is
represented as one feasible element. Thus the induced prior predictive law on player i’s observable
sequence should place positive mass on the true observable path law. This naturally gives the
following Assumption 3

Assumption 5 (Observable grain of truth in the private-payoff game). Fix player 7. Assume

Pio,u < Q(Z')7Ui~

The next requirement is also natural in the PS-BR regime. Although player ¢ never observes the
opponents’ private reward histories, those histories matter for future public play only through how
they shape the opponents’ own continuation behavior. As each player’s private payoff posterior
concentrates and the residual effect of these hidden reward histories on public continuation play
becomes negligible, conditioning on the realized full information-history vector x* or on player
i’s own observable history z! should asymptotically yield the same public-action continuation

22



Published as a conference paper at ICLR 2026 Workshop on MALGAI

law. Assumption [6] formalizes the intended information structure: player ¢ does not observe the
other players’ private reward histories and need only infer its own payoff matrix together with the
opponents’ reduced-form public-action strategy. Asymptotically, any additional predictive content in
the unobserved private histories becomes negligible for future public play.

Assumption 6 (Asymptotic public sufficiency of hidden private histories). For every player 4,

d(ﬁfé (w)? ﬂ;iléw)) —0 for P%"-a.e. w.
Assumption [6]is the formal expression of the idea that, in the intended regime, each player needs
to infer only its own payoff matrix and the opponents’ reduced-form public-action strategy; the
opponents’ unrevealed private reward histories do not asymptotically alter future public play beyond
what those objects already encode.

Lemma C.6 (Observable grain of truth implies strong public-path prediction). Fix player i. Under
Assumptions P|and|6] player i’s posterior predictive law over future public action paths merges with
the true public-action continuation law after the realized information-history vector:

d(H§(~ | xﬁ(w)),ﬁifgw)) — 0 for P7"-ae w.

The proof is deferred to Appendix [G]

Definition 14 (Weak subjective equilibrium on information histories). Fix £&,7 > 0 and an
information-history vector z'. A continuation profile 7 is a weak £-subjective n-equilibrium af-
ter ! if, for every player i, there exists a reduced-form opponents’ continuation model ¢° ; such
that A

7 € BRY,, (9% | o)

—T,U _(7i, iz)v i
d(umf,u;g ! u) <.

Proposition C.7 (Learning and asymptotic consistency imply weak subjective equilibrium in the
private-payoff game). Suppose every player i satisfies the conclusion of Proposition and of
Lemma|C.6] Then for every & > 0 and n > 0,

and

po ({w 13T (w) < 0o s.t. VE > T(w), U’m is a weak &-subjective n-equilibrium after x* (w)}) =1.

H(w)

The proof is deferred to Appendix [G]

Theorem C.8 (Zero-shot Nash convergence with private payoffs). Assume that for every player i,
Assumption 3| holds mutatis mutandis for the finite menu of reduced-form opponents’ continuation
models, with the true reduced-form opponent model f_; and the true public-action path law i°" in
place of f—_; and p7, Assumptionholds for the finite menu of candidate mean payoff matrices under
the known noise family, Assumptions[5|and|[6] hold, and player i uses PS-BR at every information
history. Then for every € > 0,

PJ’“({w 13T (w) < 0o s.t. ¥Vt > T(w), 375" an e-Nash equilibrium of the continuation game

~e,t,w

after z' (w) with d(ﬂgf(‘w), /j‘;tkw) “) < E}) =1.

Theorem [C.§['s interpretation is similar to Theorem [4.3] but now under the additional Assumption [6}
although agents do not know the payoff matrix ex ante and observe only noisy private rewards, their
public continuation play eventually becomes weakly close, along the realized path, to an e-Nash
equilibrium of the continuation game. In the known common noise family setting, implementing
payoff-kernel sampling is equivalent to sampling a mean payoff matrix from a finite reward menu
and evaluating continuation strategies against the induced kernel.

D EXPERIMENTS

In this section, we empirically evaluate whether off-the-shelf reasoning LLM agents exhibit the theo-
retical properties derived in previous sections, i.e., whether they converge toward Nash equilibrium
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behavior in repeated strategic interaction. After discussing the experiment setup that is common
throughout all experiments in Section we provide simulation experimentation results that test
the following three hypotheses implied by our theoretical analysis:

1. For convergence to the stage-game (myopic) Nash equilibrium, simple predict—then—act reasoning,
e.g., SCoT, should already be sufficient (Section|D.2).

2. For convergence to non-trivial repeated-game Nash equilibria that rely on continuation incentives
and long-horizon strategic reasoning, myopic approaches should generally fail, whereas PS-BR,
which explicitly evaluates continuation strategies, should succeed (Section[D.3).

3. PS-BR should remain effective even when the payoff matrix is not given and must be learned from
noisy payoff observations, recovering equilibrium behavior under payoff uncertainty (Section|D.4).

D.1 SETUP

Baselines. We use Qwen 3.5-27B (Qwen Team, |2026]), a small-scale open-reasoning model with
GPT-5-mini level capabilities (Singh et al., |2025). Specifically, we run three models, with almost the
same prompts except the reasoning patterns:

* Base: Qwen 3.5-27B with direct action selection from rules + interaction history.

* SCoT: Qwen 3.5-27B with chain-of-thought style “predict-then-act” prompting (Akata et al.,
2025).1t has demonstrated success in some repeated games, such as the Battle of the Sexes, and can
be considered a simplified, myopic version of PS-BR. For details, see Appendix [J}

* PS-BR: Qwen 3.5-27B with PS-BR (Definition[3] also detailed in Appendix [I).

Benchmarks. We consider five repeated-game environments in total: BoS, PD, Promo, Samaritan,
and Lemons.

(1) Battle of the Sexes (BoS; coordination with asymmetric equilibria). Actions each period: J
or F. Per-period payoff matrix (Player 1, Player 2):

| P22 J PLF

PI:J | (10,7) (0,0)
PI: F | (0,0) (7,10)

The non-trivial cooperative Nash equilibrium (pure): (.J, J) and (F, F'). One non-trivial cooperative
Nash equilibrium is both of them sticking to one action:

* Play J after every history (outcome (.J, J) every period).
* Play F after every history (outcome (F, F') every period).

Such a non-trivial cooperative Nash equilibrium is particularly plausible when a monetary transfer
underlies the game. Another non-trivial cooperative Nash equilibrium is turn-taking:

* Play (J,J) in odd periods and (F, F) in even periods.
* After any history, continue the same odd/even phase convention.

(2) Prisoner’s Dilemma (PD; social dilemma). Actions each period: J or F'. Per-period payoff
matrix (Player 1, Player 2):
| P2:J P2 F
PI: J | (3,3) (-5,5)
Pl1: F | (5,—5) (0,0)
One-shot stage-game Nash equilibrium: (F, F'). A baseline pure Nash equilibrium of the repeated

game is stationary play of (F, F') after every history. A nontrivial cooperative Nash equilibrium
(grim-trigger cooperation) is:

 Cooperative phase: play (J, J) every period.
* If any player ever plays F, switch forever to (F, F).
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(3) Promo (Lal, [1990, Appendix Actions each period: R (Regular), P (Promotion), or Z
(price-war punishment). Per-period payoff matrix (Player 1, Player 2):

| P2:R P2: P P2: Z
PLR| (I,1) (—L4) (-2,-2)
PLLP| (4,-1)  (0,0) (-2-2)
Pl: Z | (—2,-2) (-2,-2) (-2,-2)

One-shot stage-game Nash equilibrium (pure): (P, P). A baseline pure Nash equilibrium of the
repeated game is the stationary play of (P, P) after every history. A nontrivial cooperative pure Nash
equilibrium described in [Lal| (1990) is:

* Cooperative phase: (P, R) in the odd round, and (R, P) in the even round.

* If the opponent deviates from the cooperation, play Z for two periods and revert to the cooperative
phase.

(4) Samaritan (altruism / one-sided moral hazard). Player 1 (Helper): Help (H) or No-help (V).
Player 2 (Recipient): Work (W) or Shirk (.S). Per-period payoff matrix (Helper, Recipient):

| Recipient: W Recipient: S
Helper: H (2,-1) (0,0)
Helper: N (1,-2) (—1,-3)

One-shot stage-game Nash equilibrium (pure): (H,.S). The helper has a dominant action (help),
and the recipient best responds by shirking. A nontrivial cooperative Nash equilibrium exists for
sufficiently patient players:

 Cooperative phase: play (H, W) every period.
« If the recipient ever shirks, switch forever to punishment (N, W).

* If, during punishment, the helper ever deviates by helping, the recipient switches forever to (H, S)
behavior.

(5) Lemons (adverse selection). Player 1 (Seller): High Quality (HQ) or Low Quality (LQ).
Player 2 (Buyer): Buy (B) or Don’t buy (D). Per-period payoff matrix (Seller, Buyer):

| Buyer: B Buyer: D

Seller: HQ (3,3) (-1,0)
Seller: LQ | (4,—1) (0,0)

One-shot stage-game Nash equilibrium (pure): (LQ), D). Seller has strict dominant action LQ); buyer
best-responds to L) with D. A baseline pure Nash equilibrium of the repeated game is the stationary
play of (L@, D) after every history. A nontrivial cooperative Nash equilibrium for sufficiently patient
players:

* Start by playing (HQ@, B), and continue (HQ, B) as long as no low-quality sale has ever been
observed.

* If the buyer ever buys and then observes L(), switch forever to D; seller then plays dominant L)
thereafter.

D.2 EXPERIMENT 1. NASH CONVERGENCE

Here, we test the first hypothesis: for convergence to any Nash equilibrium, simple predict-then—act
reasoning, e.g., SCoT (Akata et al.;|2025), should already suffice.

D.2.1 EXPERIMENT DESIGN

In Section [B] we showed that if agents myopically learn to predict opponents’ next actions and then
best respond to those predictions, the realized play path eventually converges to a stage-game £-Nash
equilibrium. SCoT (Akata et al.,2025) operationalizes precisely such a predict—then—act rule, making
it a natural empirical test of the theory.
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To evaluate this prediction, we simulate repeated interaction in each benchmark game described in
Section[D.I] Two identical copies of the same model interact in symmetric self-play for 7' = 200
rounds with perfect monitoring of actions and payoffs. No communication channel is available
beyond the public history of previous actions and realized payoffs. Each model conditions its round-¢
decision only on the observed interaction history up to round ¢ — 1.

To measure this equilibrium-action convergence, among the 1, . .., 200 rounds, we only focus on the
late-round window ¢ € {161, ...,180}. For each round in this window, we checked the percentage
of both players’ realized actions that match any Nash equilibrium action, i.e., Nash equilibrium action
of the underlying one-shot game or an on-path action of the cooperative repeated-game equilibrium
described in Section We then average these indicators over rounds 161-180 and report the
resulting percentage. Thus, the reported number can be interpreted as the fraction of late-round play
that lies on either a one-shot Nash path or a cooperative-equilibrium path. Using rounds 161-180
isolates steady-state behavior and avoids placing weight on transient early-round dynamics and
terminal-horizon effects. For each of the three model configurations (Base, SCoT, and PS-BR), we
run 20 independent such self-play matches. Our primary outcome of interest is whether the realized
joint action profile converges to either a one-shot Nash action or an on-path action of the benchmark
cooperative repeated-game Nash equilibrium for that game.

D.2.2 RESULTS

Table 1: Equilibrium-follow percentage in late rounds (rounds 161-180) for any (one-shot Nash or
cooperative on-path action) Nash equilibrium. Reported scores are averaged over 20 trials.

Game Base SCoT PS-BR
BoS 60.0% 100.0% 100.0%
PD 60.0% 100.0% 87.8%
Promo 0.0% 100.0% 100.0%

Samaritan 64.5% 100.0% 97.2%
Lemons 00% 100.0% 89.8%

Table [I] shows that once cooperative on-path actions are also credited, SCoT attains a perfect late-
round equilibrium-action score in all five benchmark environments. Base, by contrast, remains
uneven across games, reaching 60.0% in BoS, 60.0% in PD, and 64.5% in Samaritan, but 0.0% in
both Promo and Lemons. PS-BR also performs strongly, scoring 100.0% in BoS and Promo and
rising to 87.8% in PD, 97.2% in Samaritan, and 89.8% in Lemons when cooperative on-path actions
are credited. Overall, these results show that myopic predict—then—act prompting often steers play to
some Nash equilibrium.

A natural question is what kind of equilibrium convergence Table |1|is capturing. The theory in
Section [B] predicts that myopic predict—then—act reasoning should be sufficient for convergence to a
stage-game e-Nash equilibrium, without requiring agents to reason over full continuation strategies.
The empirical results are broadly consistent with this prediction. In particular, SCoT attains perfect
equilibrium-follow scores in all five environments once the evaluation metric credits both one-shot
Nash actions and on-path actions of cooperative repeated-game equilibria. This suggests that explicitly
prompting the model to forecast the opponent’s next move and then act accordingly is often enough
to remove obviously non-equilibrium play in the late rounds.

At the same time, the results should be interpreted carefully. The metric in Table [I] deliberately
aggregates two qualitatively different notions of equilibrium-consistent behavior: one-shot Nash
actions and actions that lie on the path of a benchmark cooperative repeated-game equilibrium. As a
result, a high score means that play has moved onto some equilibrium-consistent path, but it does
not tell us which kind of equilibrium has been selected. For example, in Prisoner’s Dilemma, both
(F, F) and (J, J) can be counted as successful late-round outcomes under our metric, even though
the former reflects myopic defection while the latter reflects cooperation sustained by continuation
incentives. Likewise, in BoS, converging to either coordinated outcome counts as success even
though equilibrium selection remains unresolved.

This distinction is important because myopic reasoning can explain only a limited class of equilibrium
phenomena. A one-step predict—then—act rule can stabilize play at actions that are locally optimal
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given beliefs about the opponent’s next move, but it does not by itself reason over future punishment
and reward paths. Consequently, strong performance in Table |1 should be read as evidence that
myopic prompting is often sufficient for equilibrium action convergence, not as evidence that it
can reliably implement a particular nontrivial repeated-game equilibrium. In other words, SCoT
appears effective at steering play toward some equilibrium-consistent late-round behavior, but the
table does not yet establish whether it can sustain the richer, history-contingent equilibria that depend
on long-horizon continuation values.

This limitation is exactly what motivates the next experiment. To distinguish simple equilibrium-
action convergence from genuine repeated-game strategic reasoning, we now test whether the models
can follow a specific nontrivial cooperative Nash equilibrium path when that path must be sustained
by continuation incentives rather than by myopic one-step optimization alone.

D.3 EXPERIMENT 2. NONTRIVIAL NASH CONVERGENCE

We now move from asking whether play converges to some equilibrium-consistent action profile to the
harder question of whether agents can track a nontrivial, cooperative repeated-game Nash equilibrium
sustained by continuation incentives. Here, we test the second hypothesis: for convergence to non-
trivial repeated-game Nash equilibria that rely on continuation incentives and long-horizon strategic
reasoning, myopic approaches should generally fail, whereas PS-BR, which explicitly evaluates
continuation strategies, should succeed.

D.3.1 EXPERIMENT DESIGN

To verify whether a particular long-horizon cooperative Nash equilibrium can be implemented, we
included a prompt for each agent that specifies a particular long-horizon non-trivial cooperative Nash
equilibrium and asks them to “strongly expect the opponent to play” the strategy. Such prompting
sets the initial point of the evolution of their beliefs. For example, in PD, this meant prompting
both agents to expect the opponent to play a continued grim-trigger strategy, i.e., cooperation until
a defection triggers permanent punishment. On the other hand, in Promo, it meant prompting both
agents to expect the prescribed alternating cooperative pattern (P, R), (R, P), (P, R), ..., until a
defection triggers finite punishment.

As before, all experiments use symmetric self-play with two copies of the same model under perfect
monitoring. Each match lasts 7" = 200 rounds. In every round, players act simultaneously, observe
both actions and realized payoffs, and then condition the next-round decision on the updated history.

Again, for each round ¢ € {161, ...,180} in each run, we checked if both players’ realized actions
match the desired nontrivial cooperative equilibrium behavior in terms of percentage, then averaged
the percentages over the 20 rounds (161-180) and reported the mean by setting and game. (We chose
round 180 as the endpoint since PS-BR uses 20 rounds of lookahead, and we excluded pre-161 results,
as we want to see the equilibrium outcome.)

D.3.2 RESULTS.

Table 2: Equilibrium-follow percentage in late rounds (rounds 161-180) for the prompt-specified
nontrivial cooperative equilibrium. Reported scores are averaged over 20 trials.

Game Base SCoT  PS-BR
BoS 0.0% 0.0% 92.5%
PD 0.0% 100.0% 98.0%

Promo 0.0% 0.0% 94.8%
Samaritan 0.0% 0.0% 93.3%
Lemons 0.0% 0.0% 93.5%

Table [2| shows a sharp separation across methods. PS-BR achieves high late-round follow rates in all
five environments, reaching 92.5% in BoS, 98.0% in PD, 94.8% in Promo, 93.3% in Samaritan, and
93.5% in Lemons. Thus, once the cooperative equilibrium is explicitly specified, the non-myopic
planner tracks the intended long-horizon path quite reliably across all benchmark games.

27



Published as a conference paper at ICLR 2026 Workshop on MALGAI

By contrast, Base remains at 0.0% in every environment. SCoT succeeds only in PD, where it reaches
100.0%, and remains at 0.0% in BoS, Promo, Samaritan, and Lemons. Since the three settings use
nearly the same game instructions and history context, the main difference is the reasoning/decision
strategy (direct action for Base, myopic predict—then—act for SCoT, and posterior-sampling best
response with rollout planning for PS-BR). This pattern suggests that direct prompting is insufficient
for following contingent cooperative equilibrium prescriptions, while myopic prompting can recover
the simple stationary cooperative path in PD but not the richer coordination, punishment, or trust-based
prescriptions in the other games. PS-BR’s explicit modeling of opponent strategy and continuation
value is what enables sustained on-path behavior in late rounds.

The results in Table 2] provide a clear separation between myopic and non-myopic reasoning. Unlike
Experiment 1, where multiple equilibrium-consistent outcomes were credited, this experiment sets up
initial beliefs so that agents follow a specific cooperative equilibrium path that requires non-myopic
reasoning. Under this stricter criterion, PS-BR consistently achieves high follow rates across all
environments, whereas Base fails entirely and SCoT succeeds only in the simplest case (PD).

This pattern aligns closely with the theoretical distinction developed in Section[d] Implementing
a nontrivial repeated-game equilibrium requires reasoning over continuation values: agents must
understand that short-term deviations trigger future punishment, and that adherence to the cooperative
path is optimal only when these future consequences are taken into account. PS-BR explicitly
evaluates such continuation strategies through rollout, and therefore can internalize these long-
horizon incentives. By contrast, SCoT operates on one-step predictions and local best responses,
which are insufficient to sustain equilibria that depend on multi-period incentive compatibility.

The one partial exception is Prisoner’s Dilemma, where SCoT achieves perfect performance. This is
consistent with the structure of the grim-trigger equilibrium in PD: the cooperative phase (J, J) is
itself a stage-game Pareto-dominant outcome and is locally consistent with mutual best responses
under optimistic beliefs. As a result, myopic reasoning can incidentally align with the cooperative
path. In contrast, games such as BoS, Promo, Samaritan, and Lemons require coordination on
asymmetric roles, punishment phases, or trust-dependent behavior that cannot be justified purely
from one-step optimization, making myopic approaches ineffective.

More broadly, these results indicate that equilibrium selection and path-following are fundamentally
harder than equilibrium action convergence. While Experiment 1 shows that simple reasoning can
often eliminate non-equilibrium behavior, Experiment 2 demonstrates that sustaining a particular
equilibrium—especially one supported by continuation incentives—requires explicit modeling of
future play. This provides empirical support for the theoretical claim that the posterior-sampling best
response, by operating over full continuation strategies, can implement repeated-game equilibria that
lie beyond the reach of myopic predict—then—act rules.

Having established this distinction under known and deterministic payoffs, we next consider a more
realistic setting in which agents must simultaneously learn the payoff structure from noisy private
observations while engaging in strategic interaction.

D.4 EXPERIMENT 3: NONTRIVIAL NASH CONVERGENCE UNDER UNKNOWN PAYOFFS
D.4.1 SETUP

We keep the interaction protocol, horizons, and game set from Experiment 1 (Section [D.2)) and
Experiment 2 (Section[D.3), and modify only the payoff observations: agents no longer receive the
payoff matrix in the prompt and instead learn solely from noisy, privately observed payoffs.

For each benchmark game g € {BoS, PD, Promo, Samaritan, Lemons}, let v} (a) € R denote the
deterministic stage payoff from Experiment 1 for player ¢ and joint action a € A. In Experiment 3,
after the public joint action a? is realized, player i observes a private payoff

ri = ud(a’) + €y, €it S N(0, 0'3)7 (13)

independent across players ¢ and rounds ¢. Players observe the full public action history but only their
own payoff sequence (r!);. All equilibrium notions continue to refer to the underlying mean-payoff
repeated game induced by u?

I
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Known common noise family, unknown mean matrix. Experiment 3 instantiates the private-
payoff theory in the special case where the reward noise family is known and only the mean payoff
matrix is unknown. Concretely, for each player ¢ and joint action a,

ri | a' = a~N(m(a),0p),

where UZ is common knowledge and the unknown object is the matrix m; : A — R. The finite
reward menu used by PS-BR is therefore a finite menu of candidate mean matrices. Equivalently,

each candidate matrix m induces a full payoff kernel
a" (- ‘ a) = N(m<a)703)7

so payoff-matrix sampling in the implementation is exactly payoff-kernel sampling in the theory,
expressed in mean-matrix coordinates.

We choose a noise level large enough that, on a single step, the realized payoff can often reverse the
ranking between two outcomes whose true mean payoffs differ by the smallest strategically relevant
gap. Formally, for each game g, define the minimal nonzero payoff separation

Apin,g = m€1}1 min{|uf(a) —uf(a’)| : a,a’ € A, uf(a) #ul(a’)}. (14)

For the payoff matrices used in Experiment 1, the smallest payoff gaps are Aninpos = 3 and
Anmin,pp = 2, while for Promo, Samaritan, and Lemons the smallest gap is 1.

‘We set the Gaussian noise standard deviation to
Og = Amin,g- (]5)

With additive Gaussian noise, the noisy difference between two outcomes with mean gap A has
standard deviation \/509; hence when A = Ai, 4 and 0y = A g, a single observation reverses
the sign of the comparison with probability <I>( -1/ ﬁ) ~ 0.24. Thus, roughly one in four
observations on the tightest gaps is directionally misleading, while averaging over time still reveals
the true mean incentives.

Then we repeat the same experiments in Experiment 1 (late-round adherence to the any Nash equilib-
rium path) and Experiment 2 (late-round adherence to the prompt-specified nontrivial cooperative
Nash equilibrium path), using the same scoring window and reporting conventions; the only change
is that agents must infer incentives from the private noisy payoffs equation rather than reading u?
from the prompt.

To match Assumption[d] we equip each agent with a finite hypothesis class over the unknown mean
payoff matrix. Fix a game ¢ and player ¢, and define the offset set

K :={-2,-15,-1,-0.5,0,40.5,+1,+1.5, +2}.
The finite menu of candidate mean matrices is
M, 4 :={m:A—R:m(a) =ul(a) + kgo, foreacha € A, withk, € K}.
In particular, the true mean matrix u{ belongs to M; , by taking k, = 0 for every joint action a.

Operationally, player 7 may internally maintain a posterior over M, , using the Gaussian likelihood
t—1
wh(m | W) ocm (m) T é(rf; m(a®), 07),
s=1

where ¢(-; p, 03) is the Gaussian density. PS-BR then samples one candidate mean matrix from this
posterior and evaluates continuation strategies against the induced payoff kernel. Because M; 4 has
product form over joint actions, this posterior can be updated action-wise under a product prior over
offsets (kq)aca; one need not enumerate the full menu explicitly in order to sample a complete mean
matrix. Accordingly, Experiment 3 should be interpreted as testing strategic learning under noisy
private observations of an unknown mean-payoff matrix, rather than learning an arbitrary payoff
distribution. The informational difficulty comes from identifying the mean incentives relevant for
continuation planning, while the noise family itself is held fixed and known.
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D.4.2 RESULTS.

We report two complementary late-round metrics under unknown stochastic payoffs: convergence to
any Nash equilibrium action (Table [3)) and follow-through on the prompt-specified cooperative Nash

equilibrium path (Table [4).

Table 3: Unknown stochastic
equilibrium-follow percentage in late rounds

(rounds 161-180) for any Nash equilibrium.

Reported scores are averaged over 20 trials.

payoffs:

Table 4: Unknown stochastic payoffs:
equilibrium-follow percentage in late rounds
(rounds 161-180) for the prompt-specified
cooperative Nash equilibrium. Reported scores

are averaged over 20 trials.

Game Base SCoT PS-BR

BoS 60.0% 95.0% 99.8% Game Base SCoT PS-BR

PD 60.0% 98.0% 98.0% BoS 0% 0% 98.0%

Promo 0.0% 100% 100.0% PD 0% 0% 71.2%

Samaritan  0.0% 0.0% 96.2% Promo 0% 0% 71.0%

Lemons 00% 98.5% 82.5% Samaritan 5% 0% 81.0%
Lemons 0% 0% 73.8%

On the broader “any Nash” metric (Table [3), SCoT still performs very strongly in BoS (95.0%),
PD (98.0%), Promo (100.0%), and Lemons (98.5%), but falls to 0.0% in Samaritan. PS-BR is
near-perfect in BoS (99.8%), PD (98.0%), and Promo (100.0%), remains strong in Samaritan (96.2%),
and reaches 82.5% in Lemons. Base remains limited, scoring 60.0% in BoS and PD and 0.0% in
Promo, Samaritan, and Lemons.

On the other hand, on stricter prompt-specified cooperative-equilibrium metric (Table ), PS-BR
remains the only method with substantial late-round follow-through under unknown payoffs: 98.0%
in BoS, 71.2% in PD, 71.0% in Promo, 81.0% in Samaritan, and 73.8% in Lemons. Both Base and
SCoT are at 0.0% in BoS, PD, Promo, and Lemons, while Base reaches only 5.0% in Samaritan.
These results suggest that under noisy private payoffs, myopic reasoning is often still enough to reach
some equilibrium-like late-round behavior, but not to track the specific long-horizon cooperative
prescription; the non-myopic planner, PS-BR, retains a clear advantage when the task requires
identifying and sustaining the intended cooperative repeated-game path.

Taken together, Tables [3]and 4] show that payoff uncertainty preserves the basic separation observed in
the deterministic-payoff experiments, while also making the task meaningfully harder. On the broader
“any Nash” metric, both SCoT and PS-BR still often reach equilibrium-consistent late-round behavior,
indicating that noisy private payoffs do not prevent agents from eventually identifying at least some
strategically stable pattern of play. This is consistent with the idea that coarse equilibrium-action
convergence can survive substantial observational noise as long as the underlying incentives remain
learnable over repeated interaction.

As in Experiment 2, the stricter cooperative-equilibrium metric reveals a much sharper distinction.
Again, under unknown payoffs, PS-BR remains the only method that reliably tracks the prompt-
specified nontrivial repeated-game equilibrium across all environments, whereas Base and SCoT
almost completely fail. This gap is important because it shows that the main difficulty is not merely
predicting the opponent’s next move, but jointly inferring the payoff structure and reasoning over
continuation incentives. To sustain a particular cooperative equilibrium under payoff uncertainty,
an agent must learn which action profiles are valuable, which deviations are tempting, and why
future punishments make cooperation incentive compatible. PS-BR is designed to do exactly this
by sampling both opponent strategies and payoff hypotheses and then planning against the sampled
continuation game.

The fact that PS-BR still performs well, though less perfectly than in the known-payoff case, is also
informative. Relative to Table[2] follow rates decline in PD, Promo, Samaritan, and Lemons once
payoffs must be learned from noisy private observations. This is the expected direction: payoff
uncertainty introduces an additional layer of posterior dispersion, so even when the opponent strategy
is inferred correctly, errors in the learned payoff model can still distort continuation-value comparisons.
In other words, the unknown-payoff setting does not overturn the mechanism established earlier, but
it weakens it quantitatively by making both belief learning and best-response computation noisier.

30



Published as a conference paper at ICLR 2026 Workshop on MALGAI

At the same time, the results suggest that the theoretical extension in Section[C]is empirically mean-
ingful rather than merely formal. The model class that explicitly represents uncertainty over payoffs
and updates from private observations retains a substantial advantage precisely in the environments
where long-horizon repeated-game incentives matter most. Thus, the experiments support the broader
claim of the paper: reasonably reasoning agents need not know the full game in advance to move
toward equilibrium-like behavior. What matters is whether they can infer both the strategic behavior
of others and the payoff consequences of interaction well enough to approximate continuation best
responses on the realized path.

Overall, the three experiments draw a coherent empirical picture. Simple predict-then—act reasoning
is often sufficient for convergence to some stage-game or equilibrium-consistent action pattern. But
when the objective is to implement a specific nontrivial repeated-game equilibrium, especially under
realistic informational frictions such as unknown and stochastic payoffs, explicit continuation-level
reasoning becomes decisive. This is exactly the regime in which PS-BR provides a robust advantage,
matching the central theoretical message of the paper.

E TECHNICAL LEMMAS

Because PS-BR best responds to a single draw f—; rather than to the posterior predictive continuation

fz_f, it can be suboptimal if the posterior remains dispersed: different posterior samples can induce
different best responses, producing unstable play and potentially persistent deviations from best-
response optimality. The key observation is that this suboptimality is entirely driven by posterior
dispersion. The next lemma makes this quantitative by upper-bounding the best-response gap by a
simple collision statistic of the posterior.

Lemma E.1 (PS-BR is a D!-best response). Fix player i and a history h'. Suppose pt(- | h') is
supported on a finite set S_; and write

pilg—i) = pi(g-i | B"),  g-i € S
Define the posterior collision complement

Di(h') = 1= > plg)® = [ #7].

g—i€S—; 9,9’ ~u ( |h*)
Let 05?( | h') be PS-BR at h'. Then

V,'(a,fts | k') > sup V;(o; | hY) — DI(R").

Equivalently, of3(- | h') € BRD (h) ( ff|h, | ht).

The statistic D! (h') = 1 — ||p;||3 is 0 exactly when the posterior is degenerate (a point mass) and is
close to 1 when the posterior is highly spread out. Thus Lemma|E.T|says: PS-BR is an approximate
best response to the agent’s posterior predictive belief, with an approximation error equal to the
probability that two independent posterior samples would disagree.

To obtain RR’s asymptotic e-consistency, it suffices (by Lemma to ensure that D} (h'(z)) — 0
along 11/ -almost every realized path z. Intuitively, we need the agent’s posterior to concentrate so
that posterior sampling becomes (asymptotically) deterministic.

Under Assumption |3} standard likelihood-ratio arguments yield posterior concentration on the true
hypothesis.

Lemma E.2 (Posterlor concentration under KL separation). Fix player i and suppose Assumption[3]
holds for i. Then pf-a.s. in z,

wi(foi | R'(2)) — 1, and hence max pi(g—i | h'(2)) — 0.
g—ies—i\{f—t}

Lemmal|E.2]implies D?(h'(z)) — 0 on-path, and then Lemmal|E.1Jupgrades PS-BR from a dispersion-
dependent approximation to an eventual e-best-response rule.
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F CONTINUITY AND FINITE-HORIZON ROBUSTNESS

Lemma F.1 (Continuity of discounted payoff). For each agent i and every § > 0, there exists
pi(8) > 0 such that for any strategy profiles f,g € F,

d(p!, 1?) < pi(6) = |Ui(f) —Uilg)| < 6.
In particular, if p(8) = min;e p;(8) and d(p?, 19) < p(6), then |U;(f) — Ui(g)’ < dforallic I

F.1 FINITE-HORIZON VARIANTS AND ROBUSTNESS

For a finite horizon T' € N, we denote by F7 the set of behaviour strategies specified on histories of
length at most 7T'; two full strategies that coincide on these histories induce the same distribution over
histories up to time 7" and the same truncated payoff. For f € FT, define the T-period discounted
payoft

T

UT(F) = Eampr (1= 2) 3N (2.
t=1
Definition 15 (Finite-horizon weak £-subjective n-equilibrium). Let £, > 0 and a fixed horizon T'.
A truncated strategy profile f € F7 is a finite-horizon weak £-subjective n-equilibrium if for each
agent i € I there exists a supporting truncated profile f* € F*' such that:

s fi="fs
¢ U;I‘(f’nfl_z) 2 Supgie]:iT UzT(gu 7,—1) - g;
o d(uf i, u!) < n when d is computed using only cylinder events in B with t < T.

We now show that finite-horizon weak subjective equilibria can be “patched” into approximate
finite-horizon Nash equilibria without changing the induced distribution of play up to time 7.

Lemma F.2 (Finite-horizon purification for n = 0|Norman| (2022)). Fix a finite horizon T and a
profile f € FT. Suppose f is a finite-horizon weak 1)-subjective 0-equilibrium for some 1) > 0. Then
there exists a truncated strategy profile f € F* such that:

. f is a 1-Nash equilibrium of the T-period game, i.e., for all i € I and all g; € F[,
UL (fis f=i) = U (gis f-0) = 5
. thfe induced distributions of histories of length at most T coincide: for every E € BT, ,uf (E) =
! (E).

We next extend this to the case where 1 > 0 but small, using a compactness and limit argument.

Lemma F.3 (Finite-horizon robustness). Fix a finite horizon T and 1) > 0. For every 6 > 0 there
exists ip (1, 0) > 0 such that: if f € FT is a finite-horizon weak 1)-subjective n-equilibrium with
n < 77 (1, 0), then there exists a 1)-Nash equilibrium f € FT satisfying

d(u! u') < 6
(again with d computed on cylinder events of length at most T).
We now patch finite-horizon robustness to the infinite-horizon game by truncating the payoff at a

sufficiently large horizon and using Lemma [FI} the resulting infinite-horizon patching lemma is
recorded below.

Lemma F.4 (Infinite-horizon patching). Fix £ > 0 and € > 0. There exists )(€, &) > 0 such that if
f € Fis a weak &-subjective n-equilibrium in the sense ofDeﬁnitiOnwith n < (&, ), then there
exists a strategy profile f € F satisfying:

. f is a (€ + €)-Nash equilibrium of the infinite-horizon game;
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« dpf pf) <.
Remark 2 (Continuation-game analogues). Lemmas|F.2) apply verbatim to continuation games
after any history h! by interpreting U;(+) as continuation payoff from h! and d(-,-) as the weak

distance between p;, and p7,. They also apply verbatim to the private-payoff continuation game
after any realized information-history vector z* when J; is replaced by ¥;, histories h' are replaced
by z*, payoffs are U;(7 | '), and weak distance is computed on the public-action marginals fi_;".
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G PROOFS

Proof of Lemma[F1] Fix i and § > 0. Choose a finite horizon T" € N large enough that

Nt )
11—\ AT < o 16
(1=X) ; < (16)
For any profile g € F, define the truncated payoff

T
Uz’T(g) =E.ups |[(1 =) Z Af_lui(zt) :
t=1

Then for any g we have

= >

Uig) = UT ()| < (1=x) 3 A" <

t=T+1
by equation[16] using that u;(-) € [0, 1]. '
Now fix f,g € F. We can decompose
Ui(f) = Ui(g)| < |U:(F) = UL (N)| + [UF () = U (9)] + U (9) = Uilg)|-
(B}}; t(l;(;|b0und above, the first and third terms are each at most §/4. It remains to control |[UZ (f) —

Foreacht € {1,...,T} and each joint action profile a € A, let
of (a) = pf({ze H® : 2" =a}), of(a) =p?({z € H®: 2" =a}).
Since u;(a) € [0, 1] for all a, we have

> uila)(af(a) — af(a))

a€cA

< sup [u! (E) — p?(E)].
EeBt

Hence

M=

UF () = UF (@) = D0 =N wila)(af (a) — af(a))

1 a€A

o~
Il

B

(1= AN sup ‘,uf(E) - MQ(E)‘.
EecBt

t

Il
—

By the definition equation|§| of d(uf, u9), for each ¢t we have
27" sup |p/ (B) — p?(B)| < d(p/, p9),
EeBt

hence
sup |pf (E) — 9 (B)| < 2'd(p”, p?).
EcBt
Thus .
U (f) = UL (9)] < d(pf, 1) > (1= X)L "2t
t=1

The finite sum on the right depends only on T" and \;; call it C;(T"). Define
0
i(0) =minq ———, 1.
0 =min{ 771}
If d(pf, 19) < pi(0), then
)

[UT(f) - UL (9)] < CT)pi(6) < 5.

Combining the three bounds gives

5
Vi)~ Uilg)| < 2 +
Setting p(d) = min;eg p;(6) yields the final claim. O
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Proof of Lemma[F2] This is the finite-horizon analogue of the “purification” or “deviation-tree
patching” result for weak subjective equilibria in Norman| (2022). The key idea is to modify off-path
behavior so that, for each player 7, any history that can only arise from a deviation by ¢ triggers
opponents’ play according to the supporting profile f* (which makes f; a 1)-best response), while
on-path histories preserve the original profile f.

Formally, one constructs a deviation tree for each player and assigns to each subtree corresponding
to a first deviation by ¢ the opponents’ strategies from f* ;, keeping f on the non-deviation branch.
This construction ensures: (i) if all players follow f, the induced distribution of histories up to time
T coincides with that under f (item 2); and (ii) any unilateral deviation by player 4 induces, up to
time 7', the same distribution of histories as deviating against f* ;, against which f; is a 1)-best reply

by Deﬁnition Therefore f is a y-Nash equilibrium of the T-period game (item 1).
A detailed construction and proof of these properties is given in Norman| (2022}, Proposition 3.1, and

the associated deviation-tree arguments; our setting is the same repeated-game environment, so the
proof carries over verbatim. O

Proof of Lemma[F:3] Suppose, towards a contradiction, that there exist 7,¢) > 0 and 6 > 0 such
that for every m € N there is a finite-horizon weak ¢-subjective 7,,-equilibrium (™ € FT with
N < 1/m and such that no v-Nash equilibrium lies within weak distance # of ;. o (measured on
BT).

For each m and each i € I, let f%("™) be a supporting truncated profile witnessing that f(™) is a
(m)

finite-horizon weak 1-subjective 7,,,-equilibrium, i.e., ff’(m) = f",
UM ™) 2 sup UF (gir 5 =, d(u 18 <
gi €F;

Because the horizon T and action sets are finite, the space of behaviour strategies F is a finite-
dimensional product of simplices and hence compact in the product topology. Thus, by sequential
compactness, there exists a subsequence (which we relabel for notational convenience) such that

fO) 5 and 50 5 f* forallie I,
as m — 00, in the product topology on F7.

The map f — pf on finite histories (up to time 7') is continuous with respect to this topology and the
weak topology induced by d (restricted to BT), so

(m) N i, (m) i
pl = I s
Since d(p!" ™, 1F") < gy — 0, we must have d(pf " uf*) = 0,50 " = p?” on BT

Moreover, the best-response inequality passes to the limit. Fix i and any g; € F. For all m,

UL (™, £y > sup UT (g, 1) = ¢ > UL (i, £2™) = o,

gieFl

By continuity of U7 in the product topology (an immediate consequence of LemmalF.1|restricted to
horizon T'), taking m — oo yields

UL (2 020) = U (g, S27) = w0
Since g; was arbitrary and ff " = f* (by pointwise convergence of f; ST f; ™ and of fi(m) to f7),

we conclude that _ )
UL (f5, £27) = sup UL (g, £27) = 0
gi€FF

Together with d(u/"", uf") = 0, this shows that f* is a finite-horizon weak 1)-subjective 0-
equilibrium of the T'-period game.

By Lemma there exists a profile f * € FT such that f * is a 1)-Nash equilibrium of the T-period
game and z/” coincides with ;7" on histories of length at most T'. In particular, d(p/", /™) = 0.
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Since pf ™ — pf" in the weak metric d (restricted to BT), we have d(u ™, uf*) = 0as m — oco.
Thus for all sufficiently large m, d(uf i /") < 6. But f* is a ¢-Nash equilibrium, contradicting
the assumption that no ¢-Nash equilibrium lies within weak distance 6 of /", This contradiction

shows that such a sequence (f(™)) cannot exist, and hence there must exist 777 (1, §) > 0 with the
stated property. O

Proof of Lemma Fix £ > 0 and € > 0. Choose a finite horizon 7" large enough that, for all : € 1
and all profiles h € F,

Ui(h) = U (h)| < (17)

<
8’

—t 3
22 < (18)

t>T
Such a T exists because the tails of both geometric series are uniformly small.

and also

Let f be a weak &-subjective 7-equilibrium with supporting profiles { f};cs as in Deﬁnition ie.,
for each ¢,

fi=Jis Uilfis fL) = sup Uilgir f15) = &, d(u’" 1ty <.
gi €S

Consider the truncated profiles f(7) and (f*)(™) obtained by restricting the prescriptions of f and f°

to histories of length at most 7. For each i we have (f{)(T) = fi(T) and, since the weak distance on
histories up to 7" is bounded by the full weak distance,

i\ (T) (T) i
A ) < d(u! ul) <.

We now show that f(7) is a finite-horizon weak tp-subjective n-equilibrium for a slightly relaxed
parameter . Fix ¢ and note that for any profile h,

|Ui(h) = U] (h)] <

ool ™

by equation Using the weak subjective inequality for f and f, we obtain
UT (D (L)) = U (£ 1)

i €
> Ui(fi, L) — 3
i €
> sup Ui(gi, f2;) — € — 3
gi€Fi
For any truncated deviation gz(T) € F} we can extend it arbitrarily to a full strategy g; € F;, and
then
Ui 1) 2 U (0™, (7)) — &
again by equation Taking the supremum over gET) yields
Ur D (LT = sup U (o (L)) — 6 - 1.
g eFr
Thus, if we define
€
'(/JT = 5 + Za

then for each i the truncated profiles f(7) and (f?)(™) satisfy

UL (£ 0™y > sup U™, (F1)D) = r,

o err

and d(,u(fi)(T) , ufm) < n, so f(T) is a finite-horizon weak 1)-subjective n-equilibrium in the sense
of Definition
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Applying Lemma[E3|with this 7', 1) = 7 and 6 = £/2, there exists 7jr (¢, £/2) > 0 such that if
n < i (7, €/2) then there is a 1»p-Nash equilibrium f(T) € FT for the T-period game with
d(p! " ") < %
Define
(&) =7 (E+ 5. 5)-
Assume henceforth that n < 7)(&, €) so that this conclusion holds.

Extend f(T) arbitrarily to a full strategy profile f € F by specifying its behaviour after period 7" in
any way. Then f and f(T) coincide on periods ¢ < T, and similarly f and f(*) coincide on t < T
The weak distance between f and f can be bounded as

£ : £ F(T) F(T) - (T) (T) 4
d(p!,p) <d(p 0y +d! w ) +d( ).

The second term is at most /2 by construction. For the first and third terms, any discrepancy between

f and f (T) (respectively, f and f()) occurs only at times ¢ > T, so each of these weak distances is
bounded by the tail }~,. 27" < &/4 by equation (18| Hence
€

£ 9 9
d(ﬂfaﬂf)§1+§+125~

It remains to show that f is a (£ +¢)-Nash equilibrium of the infinite-horizon game. Fix ¢ € I and any
deviation g; € F;. Let ng) denote the truncation of g; to a T-period strategy, i.e., its prescriptions
on histories of length at most T'; clearly U (g;, f_v) = UiT(gET), f’(j)) since f and f(*) coincide
on the first T periods.

Because f (T) is a 9»p-Nash equilibrium of the T-period game,
Ul (F 75 = ule 58 — e
Using the truncation bound equation|17] we obtain

PN PPN 13 i 7 €
Uifiofoi) = UT (i fo) = 5 = UF G 79 - 5
and . . . o -
Ui(gi, f-i) < U (gir f-i) + 3= Ul (g, 79 + 3
Combining these inequalities yields
Ui J=) 2 UF (7,70 - 5
5 €
> Ul (g7 F5) — e — 5
5 €
> Ui, f-i) — Y1 — 1
Recalling that ¢)r = £ 4 €/4, we have
€ €
R z <
’(/}T + 4 §+ 5 = §+ g,
so for every deviation g;,
Ui(fis f=i) = Ui(gi, f=i) — (§ +&).
Thus f is a (€ + )-Nash equilibrium. O

Proof of Lemmal|E.1} For each g_; € S_; define the continuation value envelope

M(g—;) = SUPVi(Ui | ' 9-:) € [0,1].

For each g_; pick a (measurable) best response o * € BR;(g_; | h'), so that V;(o] " | ht;g_;) =

M(g—s).
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By definition, PS-BR first samples §_; ~ p;(-) and then plays of ~*. Evaluating against the posterior
predictive belief and using linearity in the mixing over opponent hypotheses,

VilolP TR = > pulg—i) > pelg—i) Vile? | b gs)

g-i€S—i g—i€S—i

2 Z pe(9-i)* Vi(o! ™" [ h'59-4)
g-i€S_;

= Y pilg—i)® M(g_).
g-i€S—i

On the other hand,
SHPV(Oth)—Sup > g Viloi [ hf9-0) < > pilg—s) M(g—).
i g eS8, g_i€S_;

Subtracting and using M (g,i) <1,

sup Vilorg | h) = Vi(oT S R <3 (mulo-) = milg—0)?) M(g-2)

g

g—i€S_;
< Z (pt(g—i) —pt(g_i)2>
g—iE€S_;
=1- Y pilg—i)® = Di(h").
g—i€S—i
This proves the claim. O

Proof of Lemma[EZ2] Fixany g_; € S_;\{f_:}. Write a’ = (af, a’ ;) for the period-¢ action profile
along the realized play path z, and write h® for the length-¢ history (a®, ..., a’™1).
Because S_; is finite and all menu strategies are v-cautious, Bayes’ rule is well-defined at every
history and the posterior odds admit the standard likelihood ratio form:

1

it | 1) _ pllo—s) T 9o )
W |0~ (S Hz - 1

Define the log-likelihood ratio increments

s=1

X, = logg i(h )(as’).

Taking logs in equation [T9] gives

t—1

pi(g—i | hY) 19 (g—s)
Jog Pi\I=i 1)y - Y x,. 20
8 TR i) T 2 20

Let F, be the o-algebra generated by the history ~*. Under the true play distribution i/, conditional
on F the opponents’ action a ; is distributed according to f_;(h®). Therefore,

E,s[Xs | F] ai;ﬂ Fa(h) (@) 1o W DKL(f_ (h) Hg‘z hS)

Define the martingale difference sequence Y; := X — E[X | Fs]. By v-caution, for all s we have
J-i(h*)(a,) € [, 1] and g (h*)(a,) € [1, 1], hence

| Xs] < log(1/v), ‘E[XS |f5]| <log(1/v), and thus |Ys| < 2log(1/v) = e

Azuma—Hoeffding yields, for any € > 0,
T
>l | <2 —— .
) < 2o 51

Pr(
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The right-hand side is summable in 7", so by Borel-Cantelli,

T
1
TZYS — 0 pl-as.

s=1
Consequently,
1« 1 « 1 —
X = 2 Y B F] + o) = =37 Dia(filh) || g-ih)) + o(1) s,
s=1 s=1 s=1

By the KL-separation part of Assumption 3} the liminf of the empirical averages of these KL terms is
strictly positive ./ -a.s., hence

t—1

Z Xs — +o0 uf-a.s.

s=1

Returning to equation [20] we obtain

pi(g—i | hY)
/ﬁ(ffi | ht)

0 pt(g—i | h')/pt(f=i | h') — 0 almost surely. Because there are finitely many g_; # f—;, this
implies (/- | A*) — 1 and maxy_, 27 (g | h') — O almost surely. .

log — —o0 pl-as.,

Proof of Lemma Identical to the proof of LemmalE.2] with (f_;, uf) replaced by (f_;, i%").
O

set S_; and the associated D} (h*(2)) = 1 -3, pi(g-i)*. By LemmaE2| pi(f—i | h'(2)) — 1

Proof of Proposition Along any realized play path z, define p;(-) = ﬁ | ht(z)) on the finite
almost surely, hence

Z pe(g-i)? > pi(f-i | '(2))* — 1,

g—i€S_;
and therefore D! (h'(z)) — 0 almost surely.

Fix any ¢ > 0 and any z in the full-measure event where D!(h!(z)) — 0. Choose T;(z, ) such that
Di(h'(z)) < eforallt > T;(z,¢). For each such ¢, Lemma|E.1|implies that PS-BR at h’(z) is an
e-best response to the posterior predictive continuation belief, i.e.,

fi‘h‘(z) € BRf(fl_f|h1(z) | ht(z))

This is exactly the asymptotic e-consistency requirement in Definition 4] O

Proof of Lemma[.1] Let uf = Pio’f ‘ be the distribution induced by the belief-equivalent profile
(fi, f*,) representing the prior predictive. By Assumption wh < pl.

By the merging of opinions theorem (Kalai & Lehrer,|1993a; Blackwell & Dubins||1962), absolute
continuity guarantees that the conditional predictive distributions over future play paths merge almost
surely in total variation. Specifically, for 1 -almost every path z € H>:

lim sup [/ (B | C(h(2))) = p/ (B | C(h'(2)))] =0,

t—o00 EEB
where B is the product o-algebra on H.

Recall from Definition[6]that the continuation weak distance is bounded by the total variation distance.
For any finite length &, the o-algebra B* generated by cylinder events of length k is a sub-c-algebra
of B. Therefore:

sup |u (E | C(h'(2))) — ! (B | C(h'(2)))| < sup |pf (E | C(h'(2))) — ! (E | C(h4(2)))]-
EeBk FEeB
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Using this bound, the continuation weak distance dj,:(.) (1, u/") satisfies:

die oy (0! 1) =3 278 sup [/ (B | C(h(2)) = w! (B | C(h'(2)))]
k=1

EeBF
<> 27Fsup [ (B | C(h'(2)) — p! (B | C(h'(2)))]
1 EeB

= sup |u! (B | C(h'(2))) — p! (B | C(h'(2)))].
EeB

Since the total variation distance on the right-hand side converges to zero as ¢ — oo for zf-almost
every z, we have:

Jim dyey (! p7) =0 plas,
By the definition of the limit, for any 7 > 0, there 11/ -a.s. exists a finite time T (z, n) such that for all

t > Ti(z,m), dpe(z) (!, uf Z) < n. This precisely satisfies the strong path prediction requirement in
Definition 0l O

Proof of Propositiond.2} Fix £, 1 > 0. For each player i, RR implies that uf-a.s. in z there exists
TP*(2) such that for all ¢ > TF*(z),

Filhe oy € BRISZ oy | 1(2)).

By the representative choice equation we may equivalently write f’_f
t > TP (2),

‘ht(z) = fii|ht(z)’ so for all

fi’ht(z) € BRf(fii’ht(z) ‘ ht(z))a
which is exactly the subjective best-response condition in Definition [§]
Similarly, strong prediction implies that zf-a.s. in z there exists TP"°%(z) such that for all ¢ >
TP (z), |

dpe ) (0, 1) <,

which is the weak predictive accuracy condition in Definition 8]
Let T'(z) := max; {TP"(z), TP***(2)}, which is finite x./-a.s. since I is finite. Then for all ¢ > T'(z)
and every player 7, both conditions in Definition ﬁ hold with supporting profile f, so f ] Bt (=) isa
weak £-subjective n-equilibrium after h(2).
Proof of Theorem|.3| Fix ¢ > 0 and set £ := £/2. Let 7(-,-) be the function from the infinite
patching lemma (Lemmal[F.4]in Appendix [}, and set n := 7)(£,£/2).

By Proposition p’-as. in z there exists T(z) such that for all t > T'(z), the continuation profile
f ] Bt (=) is a weak £-subjective n-equilibrium after ht(z). Applying Lemma|F.4|at each such ¢ yields an

e-Nash equilibrium ¢ of the continuation game after h'(z) satisfying dpe () (1 uf Y<e O
Proof of Corollaryd#.4 By Proposition [3.1] under Assumption [3] each player is RR. Because As-
sumption 3] (specifically the menu grain of truth) implies Assumption 2] Lemma[4.I) guarantees each
player learns to predict the path of play under f. Theorem &3] therefore applies. O
Proof of Lemma[C.2] Fix any m; € M; \ {u;}. By Bayes’ rule equation [6]

Hmg | 2t)  wQ(my) Tp wilrs;mala®))

s
Tl | 2h)  w0(u) L (e)
Equivalently,
mi(m; | zt) O(m;) e
log#zlog RSV X,
i (ui | z}) my (i) ;
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where

X, = log L2lrfi wile’)

Yi(rismi(a®))”
Let
Hy = a(hs+17ri1:871),
so that a® is Hs-measurable and, under the true interaction law, r; is conditionally distributed as
¢;" (- | a®). Therefore

E[X, | Hs] = DKL((J;”(' | a®) ‘

¢ (- a%)).
Define the martingale difference sequence
Y, = X, — E[X, | Hs].

By Assumption[4]3),
sup E[Y?] < 0.

Hence

S

- E[YY]
> s <
s=1

so the martingale strong law implies

1 I
T ZYS — 0 as.
s=1
Therefore,
1 & 1 E
T;Xs = T;DKL(ql ’L(. | aS) H q z(, | QS)) +0(1) as.

By Assumption[#(4), the liminf of the empirical KL average is strictly positive almost surely, hence

t—1
ZXS — 400 a.s.

s=1

It follows that

t .
log ﬁlt(ml | IZ) — —00 a.s.,
i (ui | 7)

o) , .

mtmi|2)

m; (us | 27)
Since M; is finite, this implies

mh(u; | 2h) — 1 and max mh(m; | 2t) — 0

almost surely. O

Proof of Lemma[C.3] By equation [T} for every measurable event E C H,

t i _(oi,g"8),m; (04,97 us
Z i (m | xz‘)ﬂmg (E) = [y (E)
m;EM; )

Y mmi|al) =1 —nf(u; | af).

miFEu;

gt w
(B | o) = " ()| =

IN

Taking the supremum over cylinder events at each horizon and summing with the weights 2~ yields
the stated bound. O
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K3
and for each m = (g_;, m;) € M define the continuation value functional

Vi (ri | af) o= V(7 | afi9-0) € [0,1],

Proof of Lemma Fix player i and an information history 2t = (h?,r}*™!). Let M := S_; x M,

and the value envelope
M(m) = supV/"(r; | 2}) € [0,1].

Ti

For each m € M fix a (measurable) best response 7™ attaining M (m), i.e., V™ (7™ | zt) = M(m).

By Definition , PS-BR samples (§_;, m;) ~ p¢(-) and then plays Ti(g""m"’). Let aEtS denote this
randomized continuation strategy at x.
Because Vimix’t is linear in both the opponents-mixture and the payoff-matrix mixture, we can write
VIl et = 3 e m) VO ) = 3 pulm) VI | af).
(9—imi)eEM meM
Therefore, evaluating PS-BR under the mixed subjective objective gives

V;mix,t(a_zts | l‘:) _ Z pt(m) V;mix,t(Tim ‘ xD

mEM
=Y (i) D pe(m) V(| )
mEM meM
> Y p(mP VT el = ) pi(m)? M(m).
meM meM
On the other hand,
sup VI | af) = sup 3 pu(m) VI (m [ ) < 37 pulm) sup V(| 2f) = 3 pulm) M(m).
i T meM meM i meM
Subtracting and using M (m) < 1 for all m,
sup V" (| af) — VIS (P | 2f) < 3 (pu(m) — pi(m)?) M(m)
i meM
< 3 (pelm) —pu(m)?) =1— " pi(m)* = DI (at).
meM meM
This proves the claim. O

Proof of Proposition|C.3] Work on the full-measure event on which both posterior concentrations
hold:
wh(foi | AY) —1 and mh(u; | 2k) — 1.
Then o
DM () -0 and SH(xl) =1 —ml(u; | 2f) — 0.

By equation [I2} Lemma[C.4} and equation[I0]

sup  V3i(m | alig") — V(o) | aligth) = sup Vil (i | &) = Vi (o} | @)
€3 (x}) Ti

< D (af) + 267 ().
The right-hand side converges to 0 almost surely, so the stated eventual e-best-response property
follows. O

Proof of Lemma|C.6] By the Blackwell-Dubins merging argument applied on the observable process
O;, Assumption [5]implies
d<H§(' | 2t (w)), ﬂ?jx@(@) — 0  for P7"-ae. w.
Assumption [6] gives
d(ﬂf; (w)? ﬂ;f{w)) —0 for P7"-a.e. w.

The claim follows by the triangle inequality. [
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Proof of Proposition|C.7] Fix £, > 0. For each player 4, Proposition implies that P%“-a.s.
there exists 7" (w) such that for all ¢ > T (w),

ol (- | 2t(w)) € BRS, (9"} | 2l(w)).

Also, Lemma together with Lemma implies that P?-a.s. there exists T""*?(w) such that for
all £ > TP (w),

_(Ui’gi_fj):ui

d(ﬂzi(w)a ,Uzg(w) > <n.

Indeed,
—o,u _(oi, 2:)»7% —o,u _(o4, 1_:)7’“1
i w5 ) < e atn) + (e et afl ).

and both terms vanish almost surely by Lemmas [C.6]and [C.3]
Let
T(w) = max{T}" (w), T/ (w)}.
1€

Then for all ¢ > T(w) and every player ¢, both conditions in Definition |14 hold with supporting
reduced-form model g*". O

Proof of Lemma[B.1} Fix player i, let p,q € A(A_;), and suppose «; € bré (q).
For any a; € A(A;) define
Pa;(a—i) = Z ai(a;) ui(ai, a_;), a; €A,
a;€EA;
Since u;(a;, a—;) € [0, 1], we have ¢y, (a—;) € [0,1] foralla_; € A_;. Also,

ui(ag, p) — ui(, q) = Z ba; (a,i)(p(a,i) - Q(aﬂ'))~

a_;€EA_;
Set
St i={a_; € A_;:pla_y) > qla_;)}.
Because 0 < ¢, < 1, we have

wi (o, p) — ui(oy, q) = Z b (a—i) (pla—i) — qla—s)) + Z b, (a—i)(pla—i) — qla_s))

a_,€St a_; ¢S+t

< Z (p(a—i) —q(a—y))

a_;€ST
= p(S*) — a(S7)
< [lp = qllrv-
Applying the same argument with p and ¢ interchanged yields
ui(ai, q) — ui(as,p) < [lp — qllrv.
Therefore

lui (e, p) — wilay, @) < |lp — qllvv for every a; € A(4;). 21

Now suppose a; € brf(q). Then

ui(oi,q) > sup  wag,q) —&.
alEA(A;)
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Using equation[21]
uiai, p) = wias, q) — [lp — gqllov
> sup  wi(ag,q) — €= lp—qllry

al€EA(Ay)
> sup  (ui(aj,p) = llp—gqllov) — €= llp — allvv
al€A(Ay)
= sup w(,p) —&—2[p—qllrv-
al€A(A;)
Hence er2lp—al
a; € br; TIPTAITY (),

Proof of Lemma(B2] Fix player i and history h'. For each g_, € S_; define
M(g—i):= sup uie,g-i(h')) €[0,1].

OciGA(Ai
By Deﬁnition@ for each g_; € S_; we have chosen
_;,ht
of € bri(g,i(ht)),
so
_i,h?
ui(af ™" g—i(h")) = M(g-).
Write pi(g—;) = pt(g—; | h'). The ex ante mixed action induced by myopic PS-BR is
m ~ ~_7‘,,ht
alFSCIRY) = Y plgei) e (),
Jg—i€S_;
and the one-step posterior predictive belief is
G- 1R = > pelg-i) g-i(h")(-).
g—iE€S_;
By bilinearity of w;(-, -),
m ~ g—iht
ui(ai,tps7 qf) = Z pe(g—i) Z pe(g-i) Uz’(af ,g—i(ht))
g-i€S_; g_i€S_;
_i,ht
Z bt (94)2 Ui(af 797i(ht))
g—i€S—;
= Y pilg)* M(g).

g—iE€S_;

On the other hand, again by bilinearity,

sup  ui(ai,ql) = sup pi(g—i) uiai, g—i(hY)
a; €A(A;) a; €EA(A;) Z ( )

Y

g-i€S_;
S Z pt(gfz) sup ui(ai, gfz(ht))
g—i€S_s a; EA(A;)
= Y pilg—i) M(g—s).
g—i€S_;
Subtracting,
sup u; (v, ) ) — uz‘(azr'l,ltps, q;) < Z (pt(g,i) _ pt(g,i)Q) Mg)
N g-i€S_i
< Y (-0 - pulo-0)?)
g—i€S_;
=1- Z pe(9—i)?
g-i€S—i
= Df(ht),

This proves the claim.
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Proof of Lemma[B.3] Fix player i and let f* = (fi, f*,) be the supporting profile from Definition El
Fix a realized path z € H° in the full-measure event from Definition @ By definition of ¢! and the
representative choice equation 4]

gi(- | h'(2)) = [ (W (2)) = fLi(R!(2)).
Let ) > 0. By Definition[9] there exists 7;(z,7/2) < oo such that for all ¢ > T;(z,7/2),
dpe(zy (0F, 17) < /2.
Fix such a t. For any subset B C A_;, define the one-step cylinder event
Ep:={ye H*: y', € B} € B..
By the definition of continuation measures,
il (Be) = f(W (2DB), i) (Bn) = FL(H (2)(B) = ¢!(B | h'(2)).
Therefore,

Jah 1R = £sh Dy = sup [al(B () = (K ) (B

= sup ‘utz Ep) — pye\(E ‘
) ht( )( B) Rht( )( B)

< sup Nit(z)(E) - H{Lt(z)(E)‘ .
EeB?!
By Definition|[6]
dpe () (! 17") = 27 sup |uf, . (B) - Mﬁf(z)(E)) :
=1 EeBF
In particular,
5 Sup Mit(z)(E) - Mit(z)<E)‘ < dht(z)(:u’fnulfz)a
EeB!
) v ,
Sup /’L{Lt(z)(E) - M{Lt(z)(E)’ < 2dht(z)('uf“uf ) <.
EeB!
Hence
t t t
qu( | h'(2)) — f-i(h (Z))HTV Sy
forallt > T;(z,1/2). Since n > 0 was arbitrary, this proves the claim. O

Proof of Theorem|B4} Fix e > 0 and set £ := £/3.
For player i, Assumption [3]implies, by Lemma|[E-2] that there is a full-measure event on which
pi(f=i | W' (2)) — 1.

Since f_; € S_; by menu grain of truth, on that event we also have

Di(h'(2) =1— Y phlg—i | h'(2))> — 0.
g-i€S_;

Therefore there exists 7" (z) < oo such that for all t > T”*(2),
Di(h'(2)) < €.
Because player 7 uses myopic PS-BR, we have
fi(h'(2)) = &5 (- | 1'(2)).
Applying Lemma it follows that for all ¢ > TP (2),
fih'(2)) € bri(gi(- | W'(2)).
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Next, write
pe(9-i) = pi(g—i | h'(2)).
At history h'(z),

GCIR ) = Y pelg-i) g-i(h'(2)(:).

g—iE€S_;
Forany B C A_;,

g} (B[h'(2) = f(B (DB = | D pelg-0) g-:(h"(2))(B) = f-i(h'(2))(B)

g_i€S_;

=1 Y =) (g-i (W' (2))(B) = f-i(h'(2))(B))

g—iFf—i

< > pilg)

g—iFf—i
=1—pi(f-i | P'(2)).
Taking the supremum over B C A_; gives
i (- | 7' (2) = fi(h' (2)[| gy < 1= pi(f=i | B (2)) — 0.

Hence there exists 77"°!(2) < oo such that for all £ > T™(z),

@i (- | h*(2)) = fi(h"(2)) || 3y < €

Now fix ¢ > max{TP"(z), T""*%(z)}. We already know that

fi(h'(2)) € br(gf (- | h*(2))),
and that
[gi (- [ 2*(2)) = f=i(h"(2)) || oy < €
Applying Lemma[B.T|with p = f_;(h'(2)) and g = g!(- | h¥(2)) yields

fi(R'(2)) € brf T25(f_s(h'(2))) = bri(f-i(h'(2))).

Intersect the full-measure events above over all players ¢ € I. Since I is finite, on that intersection
we may define

— br _pred
T(z):= IglealxmaX{Tl (2), TP (2)} < oo.
Then for all ¢ > T'(z) and all players ¢,
fi(h'(2)) € bri(f-i(n'(2)))-
By Definition |10} this means that f(h'(2)) is a stage £-Nash equilibrium for all ¢ > T'(=2). O

Proof of Lemma[B3] Fix player i and let f* = (f;, f,) be the supporting profile from Definition @
Fix a realized path z in the full-measure event from Definition @ By definition of ¢! and the
representative choice equation 4]

ai(- | h'(2)) = fLi(h'(2)) = fL,(h'(2)).
For each ¢, define the one-step cylinder event
Eiz)i={y € H®: y', = a*,(h'(2))} € B
Because the true opponents’ next action at history h!(z) is pure,

foi(h'(2)) = ax ,(nt(2))»
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) ;
Mht(z)(Et(Z)) =1
Also, by the on-path identification above,

ey (Bu(2) = f1(04(2)) (a7 (hE(2))) = gl(a”,(h'(2)) | h'(2)).

Hence
L= gl(an (W) | B(2)) = [ oy (Bu(2)) = sife o) (Ba(2))]
< sup ,uﬁt(z)(E) - ,uit(z)(E)‘ .
EcB!
As in the proof of Lemma[B.3]
sup Uit(z)(E) - M{Lt(z)(E)‘ < th‘(z)(,ufnulfz)'
EeB!

Because player ¢ learns to predict the path of play,

ey (1, ) — 0.
Therefore
gi(a”;(h'(2)) | h'(2)) — L
It follows immediately that

= max gl | () < 1= gllan, (0 (2) | H'()) — 0,

a_;EA_
which proves asymptotic purity.

Finally, because
qi(a”i(h'(2)) | h'(2)) — 1,

there exists 7;(z) < oo such that for all ¢ > T;(z),

) ) > L

For such ¢, the action a*,(h'(z)) is the unique maximizer of ¢!(- | h'(z)), because all other
probabilities sum to

1—qgi(a™;(h'(2)) | h(2)) <
Hence the deterministic MAP selector must satisfy
at (h'(2)) = a*,;(h'(2)) forall t > T;(z).

This proves the claim. O

DN | =

Proof of Theorem|B.6] Because every player j € I uses deterministic MAP-SCoT, for every history
h € H we have
fi(h) = 6ax(n) for some a}(h) € Aj;.

Hence for every player ¢ and every history h,
foi(h) = dar (n) for some a* ;(h) € A_,.
For each player i, apply Lemma There is a full-measure event on which there exists T;(z) < oo
such that for all t > T;(z),
a;(h'(2)) = a”(h'(2)).

Because the player set [ is finite, the intersection of these full-measure events over all players still
has measure one.

Fix a realized path z in that intersection. For any player ¢ and any ¢ > T;(z), Definition 12| gives

fi(R'(2)) = pyat ,(h(2))) = Obutar ,(ht(2)))-
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By definition of the pure best-response selector b;,
bi(a_;) € arg max ui(a;, a_q) foreverya_; € A_;.

Therefore
Tbiar (he()) € Drildar (e (z)) = bri( fi(h'(2))).

So for every player ¢ and all tlz Ti(2),
fi(h'(2)) € bry f-i(h' (2)))-
Define
T(z) := I?GaIXTL(Z) < oo0.
Then for all ¢ > T'(z) and every player i,
fi(h'(2)) € bry( f-i(h*(2)))-
By Deﬁnition this means that f(h®(2)) is a stage Nash equilibrium for all t > T'(z). O

Proof of Corollary[B.7} By Lemma4.1] Assumption[2]implies that every player learns to predict the
path of play under f in the sense of Definition[9] Theorem [B.6|therefore applies directly. O
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H BOUNDED-MEMORY STRATEGIES AND FINITE-STATE REDUCTION

Many practical agent policies (including menu-based planners) depend only on a bounded window of
recent interaction. Following the bounded-recall restriction in|[Norman|(2022), we formalize this as a
bounded-memory condition.

For a history h = (a',...,a'~!) € H let |h| := t — 1 denote its length. For x € N, define
K
suffix, (h) = (atfmm{“’t*l},...,at*l) € U A™,
m=0
i.e., the last min{x, ||} joint actions of i (with suffix, () = 0).

Definition 16 (x-memory (bounded-recall) strategy). A strategy f; : H — A(A;) has memory at
most k if for all histories h, h' € H,

suffix, (h) = suffix, (k') = fi(h) = fi(W').
Let F* C F; denote the set of x-memory strategies for player i, and write 7" := [[,o; .

Let

Se = | am
m=0
be the finite set of action-suffixes of length at most . Define the deterministic state update map
T.:S.xA—S,by
T.(s,a) = suffix;((s,a)),
i.e., append the new joint action a to the suffix s and keep the last « entries. For any play path
z = (a',a?,...) € H>, define the induced memory state at time ¢:

s'(z) = suffix,(h'(2)) € S,.

Lemma H.1 (Finite-state Markov property under bounded memory). If f € F", then for everyt > 1
and every history ht with s = suffix,,(h'), the next-period action distribution depends on ht only
through s:

¢ t
pl(a =a|h') = T] fils)(a).
icl
Moreover; the induced state process satisfies s'T' = T, (s', a') almost surely, so (s');>1 is a time-
homogeneous Markov chain on S,.

Proof. Fix t and history h*. By Definition 2]
p (@' =a| ') =T] fi(h")(as).

iel
If f € F~, then f;(h') = f;(suffix,(h')) = f;(s) for each i, giving the displayed equality. The
state update is deterministic by construction of T}: s'*! = suffix, (h'*!) = suffix,((h!,a?)) =
T, (suffix, (ht), a?) = T (s, at). Thus (s!) is Markov with kernel induced by the conditional law of
a® given s?. O

Lemma H.2 (Continuation distributions depend only on the memory state). Let g € F" and let
h,h' € H satisfy suffix,;(h) = suffix,.(h'). Then the continuation play-path distributions coincide:

1y, = K-

Proof. By Lemma[H.I] the conditional distribution of the next action profile and all future evolution
under g depends on the past only through the current memory state s = suffix,(-). Since h and b’
induce the same state, the induced kernels for (af,a’*?,...) are identical from either starting history.
Therefore the induced continuation measures coincide. O
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H.1 BEST RESPONSES TO BOUNDED-MEMORY OPPONENTS ARE BOUNDED-MEMORY

A key benefit of bounded-memory opponents is that each player faces a finite-state discounted MDP
in the continuation game. In particular, the best-response search in BR; (g—; | k') can be restricted
without loss to bounded-memory policies.

Lemma H.3 (Markovian best responses to xk-memory opponents). Fix player i, a history ht, and an
opponents’ continuation profile g_; € F*,. Then there exists a best response o} € BR;(g—; | h')
that is stationary Markov with respect to the memory state. That is, there exists a map m; : S, —
A(A;) such that for every continuation history h = ht,

o (h) = mi(suffix,(h)).

K2

Consequently, for every € > 0,

sup Vi(oi | h'59-:) =  sup  Vi(oi | h'59-4),
O'ie]'—i(ht) O'ie]'-,f(ht)

and BR;(g—; | h*) N FF(ht) # 0.
Proof. Let sq := suffix,(h') € S,. Fix g_; € FE,. Define a controlled Markov process on

S, as follows. In state s, the player chooses a; € A;, the opponents’ joint action is drawn as
a—; ~ g—;(s) € A(A_;), the stage payoff is u;(a;, a—;), and the next state is s = T} (s, (a;, a_;)).

For any bounded function v : S,, — R, define the Bellman operator 7 by

(Tv)(s) ;= max E ai~a {(I—A)ul(a“ i)+ A v( (s, (ai,a_i)))].

a€A(A;) a—i~g—i(s)
Because A; € (0,1), T is a contraction in || - ||: for any v, w and any s,

|(Tw)(s) = (Tw)(s)] < maxE[X; [u(s') — w(s)]] < Aillv = w]lee.

Hence 7 has a unique fixed point V* : S,;, — R.

For each s, the maximization over o € A(4;) attains its maximum because A(A4;) is compact and
the objective is continuous and linear in «. Fix a maximizer ;(s) € A(A4;) for each s and define the
associated policy evaluation operator

(Toit)(s) =B oy [(1=0) (05, 0-0) + Aol T (s a-0) )
a—i~g—i(s
Then (7, V*)(s) = (TV*)(s) = V*(s) for all s, so V* is a fixed point of T,. Since T, is also a
A;-contraction, its fixed point is unique; denote it by V™. We conclude V™ = V™.

Now define o} to be the stationary Markov continuation strategy induced by 7;, i.e. o7 (h
; (suffix,, (h)) for all h = h'. By construction, the induced continuation value from h! is V(

bt g-i) = V*(s0).

It remains to show optimality against all continuation strategies, including those with unbounded
memory. Let o; be any continuation strategy and define its statewise value envelope

) =
a; |

W,,(s) := sup {Vi(ai | h;g_s) : h = R, suffix,(h) = s}
Fix any s and € > 0, and choose h with suffix, (h) = s and V;(o; | h;g_i) > W,,(s) — €. Let

a := o;(h) € A(A;) be the first-step mixed action. Conditioning on the first joint action (a;, a_;)
and using that the next state is s’ = T, (s, (a;,a—;)), we have

Vil | ig-i) = E[(1 = MJuslar, a—) + X Viloi | (b (aia-0));9-4)]
g]E[u—A Yui (s, a_i) + N W, (s’)]
Therefore,

Wo(s) =€ SE ama [(1=Aui(ai, a—i) + AiWe, (Tu(s, (ai,a-)) | < (TWo,)(s).

a_i~g—i(s)
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Letting € | 0 gives W,,, < TW,,, pointwise. By monotonicity of 7 and contraction, iterating yields
W,, < T"W,, for all n, and T"W,, — V* uniformly as n — co. Hence Wy, (s) < V*(s) for all
s, and in particular

Vi(oi [ h'sg-i) < Wo,(s0) < V*(s0) = Vi(o] [ B';9-0).

Thus o} is a best response. The final displayed equality of suprema follows because an optimal policy
exists within 77 (h'). O

H.2 A CHECKABLE KL-SEPARATION CONDITION UNDER BOUNDED MEMORY
Assumption 3}(3) (on-path KL separation) is stated for general history-dependent strategies. Under
bounded memory, it reduces to a state-frequency condition.

Lemma H.4 (State-frequency decomposition of on-path KL averages). Fix player i, k € N, and
f—i,g—i € F¥,. For a realized path z, define s*(z) = suffix, (h!(z)) and empirical state frequencies

1 T

i(s) = > 1{s'(z) =s},  s€S..

t=1

Then for every T and every z,

}éDKL(Mht(z» |o-ih' =) = 3 #2(s) Dicu(f-i6) [ 9-4(9))-

SES,

In particular, for any fixed state s,

v

lim inf }éDKL(f_mz)) | o)) = (mint77(5)) - D F-i(5) | 9-i(5) )

Proof. If f_;,g—; € F*,, then for each t we have f_;(h'(z)) = f_i(s"(z)) and g_;(h'(z)) =
g—i(s'(2)) by Definition[16] Therefore,

T T
1 1
7 20 Dia(F-h' () || 9=k (2))) = 5 D= Dia(£-s(s' () || 9-4(s"(2)).
t=1 =1
Grouping the sum by the value of s?(z) yields the stated decomposition. The inequality follows by

lower bounding the sum by a single state’s contribution and taking lim inf. [

Corollary H.5 (A sufficient condition for Assumption EKS)). Fix player i and suppose S_; C F*,.
Fixg_; € S_; \ {f_i} and a state s € S, such that Dx1,(f—i(s)|lg—i(s)) > 0. If u¥-a.s. in z,

liminf #%.(s) > pi(9—:) > 0,
T— o0

then the on-path KL separation condition in Assumption 3 ) holds for this g_; with k;(g—;) =
pi(9—i) - DxL(f-i(s)llg-i(s)).

Proof. Immediate from Lemma[H.4] O

All statements in Sections are formulated on the full history space H and therefore apply
verbatim when the realized profile f (and/or the menu strategies in Assumption [3) lie in 7*. The
main additions above are: (i) best responses to k-memory opponents can be taken to be stationary
Markov (Lemma [H.3), and (ii) Assumption [3{3) can be verified by state-frequency separation
(Lemma[H.4]and Corollary [H.3). Once Assumption [3]is verified (e.g. via Corollary [H.3)), the proofs
of Lemma [E.2] Proposition 3.1} and Corollary [4.4] are unchanged.
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I IMPLEMENTATION DETAILS OF THE STRATEGY-LEVEL PS-BR PLANNER

This appendix details the implementation used in our experiments. At each round, an agent samples
a latent opponent strategy from its inference based on the previous history, evaluates candidate
self-strategies by rollout, and plays the current action induced by the best rollout-value strategy.

1.1 OPPONENT STRATEGY SAMPLING

Fix player 4 at round ¢ with local history 1! = ((a},a',), ..., (a'~',a'3"')). For opponent-strategy

inference, the implementation rewrites this to the oppon.&:nt—viewzhistoryz

By =((ahsab), (a5 al ),
so each tuple is ordered as (opponent action, your action). The opponent strategy inference is
performed once per real decision round (with configured label-sampling temperature) and then held
fixed across all K rollout samples used to evaluate candidate self-strategies at that round. Inference
supports two modes:

* 11lm-label (default): construct an in-context prompt containing the game rules, observed history,
and the allowed strategy labels (with short descriptions), then ask the model to output exactly one
label. Parsing is label-constrained; if parsing fails repeatedly, a deterministic label fallback is used.

e likelihood: infer from a hand-coded likelihood over the menu (described below), with no
model call.

1llm-label mode details. In 11m-1label mode, if the model call itself fails, the implementation
falls back to 1ikelihood mode for that decision round.

The template used in code is:

{rules_text}
Observed action history tuple format: (opponent action, your action).
Infer the opponent strategy from the FIRST action in each tuple.
Round 1: {opp_action_1}, {self_action_1}
Round 2: {opp_action_2}, {self_action_2}

You are inferring the opponent strategy in repeated {game_name}.
Observed rounds so far: {observed_rounds}.

Objective: sample one opponent strategy label according to your
posterior belief over allowed labels.

Estimate that posterior using ALL observed rounds

(do not ignore older rounds), and focus on recent patterns.

The opponent may change strategy over time; if you detect a shift,
prioritize the most recent consistent behavior while still
accounting for earlier rounds.

Internally assign a compatibility score from 0 to 100 to every
allowed label, convert them into relative posterior weights, and
sample exactly one final label from those weights.

Output rule: do NOT output scores, reasoning, or ranking.
Respond with exactly one label only.

**Output only the label.xx

Allowed labels:
- {label_1}: {description_1}
- {label_2}: {description_2}

where game_name is the active repeated-game name (e.g., BoS, PD, Promo, Samaritan’s dilemma,
or Lemons), and observed_rounds=t-1.

When collusive-prior guidance is enabled (-—collusive-mode), the prompt appends a strong-
prior line. In our code this prior is mad0 for Promo opponent 1 and madl for Promo opponent
2.
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Likelihood-mode details. To score strategy s, the implementation evaluates history under the

opponent’s perspective it ; = ((a';,al), ..., (a'3', al™h)):
t—1
log Li(s) = »_log(1{a", = J}p¥ + 1{a", = F}(1-pY)),
u=1

with clipping to [1076,1 — 107%] for numerical stability. Given temperature 7 > 0 (implemented as
T = max{sample_temperature, 107°}), weights are

s it)),

wils) o exp( :

and one opponent strategy is sampled from this categorical distribution.

1.2 ROLLOUT VALUE AND STRATEGY SELECTION

Given a sampled opponent strategy s_;, for every candidate self-strategy s; € M, the planner rolls
out from round ¢ to ¢, where

P min{T, t+ H -1}, H >0,
7 H =0,

T is the game horizon, and H is the planning horizon.

For rollout sample m € {1,..., K}, at each simulated round r, actions are sampled from the fixed
opponent strategy s_; and the currently evaluated candidate s;:

a;"™ ~ Bernoulli(p} ), a7 ~ Bernoulli (pg_i) ;

where p;. and p;_, are the round-r probabilities of action .J induced by s; and s_; under the simulated
history prefix generated so far. The rollout value for candidate s; against sampled opponent strategy
5_;1s
' t
Vi (s | 5-) = Z’Yr_tui(&?mﬁzyl),
r=t

with discount ~.

The estimated value of strategy s; is

K

_ 1 m

Vi(si | s—i) = 72 D V™ (s ] 5-),
m=1

and the chosen strategy is B
sy € argmax Vi(s; | s—;),
Sq

with deterministic hash-based tie-breaking when needed. The executed action at real round ¢ is then
sampled from s} at the current history.

For Experiment 3, the environment payoff law in Algorithm [I]is the known Gaussian noise family
centered at the true mean matrix. On the player’s own side, player ¢ additionally samples 1m; ~ 7! (- |
xt), rollout values are computed under 772; in place of the true u;, and player i’s local information

history stores only (h?, ril:t_l); in particular, the update step above never reveals or conditions on
1:t—1
o

—1
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Algorithm 1 Strategy-level PS-BR loop for two-player games

Require: game g, total rounds 7', menu M, samples K, horizon H, discount vy, temperature T,
inference mode € {11m-label,likelihood}
1: Initialize h' < 0, 21 « (R, 0), 23 + (h',0), C; + 0,and Cy + 0
2: fort=1,...,T do
3 fori € {1,2} do
4 Let 2t = (ht,7;"~") be player 4’s current local history
5: Construct opponent-view history h' ; by swapping tuple order in the public history i’
6 Infer one strategy label s_; € M, from rules, history i’ ;
7 for all s; € M, do
8 fork=1,...,Kdo

9: Vi(k)(si | s_;) < RolloutValue(g, i, s;, s_;, ¢, ¢, T, H,)
10: end for
I Visi | 5-5) « 2 Spey Vi (si | s24)
12: end for B
13: 57— argmax, en, Vi(si | 5-4) > deterministic tie-break
14: Sample real action a! from strategy s} at history z!
15: end for
16:  Sample realized rewards (%, rl) from the environment payoff law at (af, ab)

17: C1+ Cy+rtand Cy < Cy + 1}

18:  Set 't « (A, (al,ab))

19: Set mt1+1 . (ht+1’7,%:t) and xfé-‘rl . (htJrl,’l"%:t)
20: end for
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J  SOCIAL CHAIN-OF-THOUGHT PROMPTING (SCOT)

This appendix discusses that the social chain-of-thought (SCoT) prompting intervention of |Akata
et al.[(2025) can be viewed as a particularly simple instance PS-BR.

J.1 SCOT AS A TWO-STAGE “PREDICT-THEN-ACT” OPERATOR
In|Akata et al.| (2025)), SCoT is implemented by prompt-chaining in each round of a repeated game:

1. Prediction prompt (belief elicitation). Given the public history h’, the model is asked to predict
the opponent’s next move (or, more generally, to describe what the other player will do next).

2. Action prompt (best response to the elicited belief). The model is then asked to choose its action
given the predicted opponent move, typically phrased as “given your prediction, what is best for
you to do now?”

This “separate belief report, then act” structure forces an explicit theory-of-mind step before action
selection, and empirically improves coordination in some repeated games.

J.2 MAPPING SCOT AS A SPECIAL CASE OF PSBR

Fix agent i at history h’. Let A_; denote the opponents’ joint action space, and define the agent’s
posterior predictive over opponents’ next action as

g (- | n') € A(A-y).
In our paper’s belief language, qf( | ') is the one-step marginal induced by the agent’s posterior
predictive continuation belief fl_f| ht-

SCoT can then be expressed as the following generic operator:

1. Infrence: produce a' ; as an imputation of the missing opponents’ next action. Operationally, this
is obtained by querying the model with the prediction prompt.

2. Optimize given the imputation: choose a! as an (approximate) best response to the imputed a’ ;
(and the known payoffs), e.g.

al € arg max u;(a;,a" ;) (myopic).
a;€EA;

More generally, one may replace u; by the continuation objective, i.e., choose a! (or a continuation
strategy) that maximizes the discounted value conditional on @’ ; and the induced continuation

play.
Two special cases are worth separating because they clarify the relationship to PS-BR.
(i) Deterministic SCoT = point estimation. In the implementation studied by |Akata et al.| (2025),
the model is often run in a near-deterministic regime (e.g., decoding choices consistent with tempera-
ture ~ 0), so the prediction step behaves like a point estimate (roughly “MAP” under the model’s

implicit predictive distribution). In this view, SCoT is an inference-and-optimize heuristic that can
still improve play by making the model’s implicit prediction problem explicit.

(ii) Myopic PS-BR = sampling-based estimation. If instead the prediction prompt is decoded
stochastically (e.g., sampling at nonzero temperature), then a’ , becomes a draw from the model’s

own predictive distribution:
~t t t
a_; ~q;(- | h).

K PROMPTS

K.1 BASE PROMPTS

In BASE, each player’s round-¢ prompt is:

rules text + compact history + “You are currently playing round ¢” 4 action query.
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The compact history prefix used in code is:

Observed action history (your action, opponent action):
Round 1: <self_1>, <opp_1>

Round t-1: <self_{t-1}>, <opp_{t-1}>

Round-level action query templates (Base).

* BoS:

Q: Which Option do you choose, J or F?
A

* PD (order randomized each round):

Q: Which action do you choose, J or F?

A:

* Harmony:
Q: Which action do you choose, C or D?
A:

* Promo:

Q: Which action do you choose, R, P, or Z?
A:

* Samaritan (Helper prompt):

Q: Which action do you choose, H or N?
A

* Samaritan (Recipient prompt):

Q: Which action do you choose, W or S?
A:

* Lemons (Seller prompt):

Q: Which action do you choose, HQ or LQ?
A

* Lemons (Buyer prompt):

Q: Which action do you choose, B or D?
A:

Before the final “A:” token, code injects a strategy-context block (same helper used in BASE and
SCoT):

In repeated <GameName>, a strategy maps prior history to a player’s next action
(possibly probabilistically).

Allowed strategies:

- <label_1>: <short description>

Role mapping in this prompt:

- Player A is the other player.

- Player B is you.

Observed rounds so far: <t-1>.

Context: full history prefix up to round <t-1>.

Strongly expect Player A to play with strategy ’<prior_label>’. [1f available]
Allowed action tokens: <tokens>. [if available]
Output rule: do NOT output scores, reasoning, or ranking.

Respond with exactly one action only.

K.2 SCOT PROMPTS

SCOT uses two prompts per player per round.
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Stage 1 (prediction prompt). The prediction queries are:

* BoS:

Q: Which action do you predict the other player will choose, J or F?
A:

¢ PD (order randomized each round):
Q: Which action do you predict the other player will choose, J or F?

A:

* Harmony:
Q: Which action do you predict the other player will choose, C or D?
A

* Promo:

Q: Which action do you predict the other player will choose, R, P, or Zz°?
A:

» Samaritan (Helper predicts Recipient):

Q: Which action do you predict the other player will choose, W or S?
A:

» Samaritan (Recipient predicts Helper):

Q: Which action do you predict the other player will choose, action H or action N?
A:

* Lemons (Seller predicts Buyer):

Q: Which Option do you predict the other player will choose, Option B or Option D?
A:

* Lemons (Buyer predicts Seller):

Q: Which Option do you predict the other player will choose, Option HQ or Option LQ?
A

As implemented, the Stage-1 prediction prompt is enriched with the same strategy-context block
shown above.

Stage 2 (action prompt conditioned on Stage-1 prediction). After receiving prediction <PRED>,
code uses:

* BoS:

Q: Given that you think the other player will choose Option <PRED> in round <t>,

imagine the outcome for both of your possible actions (Option J and Option F),

compare which gives you a better result, and then choose.

Which Option do you think is the best to choose for you in this round, Option J or Optio:
Output only one letter: J or F.

A

PD (with randomized <optl>, <opt2>):

Q: Given that you think the other player will choose Option <PRED> in round <t>,

imagine the outcome for both of your possible actions (Option <optl> and Option <opt2>),
compare which gives you a better result, and then choose.

Which Option do you think is the best to choose for you in this round, Option <optl> or (
Output only one letter: J or F.

A

* Harmony:

Q: Given that you think the other player will choose <PRED> in round <t>,
imagine the outcome for both of your possible actions (C and D),

compare which gives you a better result, and then choose.

Which action do you think is best for you in this round, C or D?

Output only one action: C or D.

A:

¢ Promo:
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Q: Given that you think the other player will choose <PRED> in round <t>,
imagine the outcome for your possible actions (R, P, and Z),

compare which gives you a better result, and then choose.

Which action do you think is best for you in this round, R, P, or Z?
Output only one action: R, P, or Z.

A

» Samaritan (Helper):

Q: Given that you think the other player will choose Option <PRED> in round <t>,
imagine the outcome for both of your possible actions (Option H and Option N),
compare which gives you a better result, and then choose.
Which Option do you think is best to choose for you in this round, Option H or Option N?
Output only one letter: H or N.
A:
» Samaritan (Recipient):
Q: Given that you think the other player will choose Option <PRED> in round <t>,
imagine the outcome for both of your possible actions (Option W and Option S),
compare which gives you a better result, and then choose.
Which Option do you think is best to choose for you in this round, Option W or Option S?

Output only one letter: W or S.
A:
¢ Lemons (Seller):
Q: Given that you think the other player will choose Option <PRED> in round <t>,
imagine the outcome for both of your possible actions (Option HQ and Option LQ),
compare which gives you a better result, and then choose.
Which Option do you think is best to choose for you in this round, Option HQ or Option L(

Output only one letter: HQ or LQ.
A:
* Lemons (Buyer):
Q: Given that you think the other player will choose Option <PRED> in round <t>,
imagine the outcome for both of your possible actions (Option B and Option D),
compare which gives you a better result, and then choose.
Which Option do you think is best to choose for you in this round, Option B or Option D?

Output only one letter: B or D.
A

K.3 PS-BR PROMPTS FOR KNOWN DETERMINISTIC PAYOFFS

PS-BR does not query the LLM for direct action choice. Actions are produced by rollout-based
strategy evaluation after sampling one opponent strategy per round. The prompt-facing LLM call is
for opponent strategy-label inference in 1 1m—1abel mode.

Opponent strategy inference prompt (11m—-label). Atround ¢, for player ¢, history is rewritten
to opponent view ~
ht; = ((al a’l)a sy (at_l at_l))a

—1 —1 % —i 2

so tuples are (Player A action, Player B action) with:

* Player A = opponent whose strategy is inferred.

* Player B = current decision-maker.
The prompt template is:

You are inferring Player A’s strategy (the opponent) in repeated <GameName>.

In a repeated-game setting, a strategy is a rule that maps prior history to the
player’s next action (possibly probabilistically).

<rules_text>

Observed rounds so far: <t-1>.

Allowed labels:
- <label_1>: <description_1>
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Observed action history tuple format: (Player A action, Player B action).

Player A is the opponent whose strategy label you must infer.

Player B is you (the decision-maker).

Context: full history prefix up to round <...>.

Target: observed Player A action at round <...>.

Choose the allowed label that makes this observed Player A target most compatible
with the context.

At round <...>, use this mapping:

Context history as (Player A, Player B), rounds <...>:
round <k>: Player A=<...>, Player B=<...>

Observed target Player A action at round <...>: <...>

Strongly expect Player A to play with strategy ’<prior_label>’.

Player A’s strategy may have changed over time, so weigh recent rounds more heavily
than earlier rounds.

Output rule: do NOT output scores, reasoning, or ranking.

Respond with exactly one label only.

*xOutput only the label.xx

Likelihood mode (no prompt). If -—strategy-inference likelihoodisused, no LLM
prompt is issued for strategy inference; the label is sampled from a hand-coded likelihood over the
finite menu.

K.4 PS-BR PROMPTS FOR UNKNOWN STOCHASTIC PAYOFFS

Under the theorem-aligned implementation used for Experiment 3, PS-BR under unknown stochastic
payoffs still samples both an opponent strategy hypothesis and a payoff hypothesis at each round
before rollout-based strategy evaluation. The opponent-strategy side is handled exactly as in the
known deterministic-payoff case. The payoff side is not open-ended JSON inference. Instead,
Experiment 3 uses the known-common-noise / unknown-mean construction from Section |C| and
Section player ¢ maintains a posterior over a finite menu M; , of candidate mean payoff
matrices under the Gaussian noise family with known variance ag.

Opponent strategy inference prompt (11m—label). The opponent strategy is inferred from the
joint action history, exactly as in the known deterministic payoffs case. The prompt template remains
identical to the one detailed in the previous subsection.

Finite-menu Gaussian payoff posterior (experiment configuration). At round ¢, player ¢ updates

t—1
rh(m | B 1) o nd(m) T 66rsim(a®), 02), m e My,
s=1
where ¢(-; 1, 07) is the Gaussian density and 7§ | a® ~ N (m(a®), o7 ) under candidate mean matrix

m. The implementation then samples one matrix label /m; ~ 7! and evaluates continuation strategies
against the induced payoff kernel

¢ (- | a) = N'(mi(a), o3).

Product structure of the menu. Although the theorem-level menu M; , is finite but large, it has
product form over joint actions. With a product prior over the offsets (k,).c4 and the Gaussian
likelihood above, the posterior factorizes by joint action. Operationally, the implementation therefore
updates the discrete posterior for each action-specific offset k, € K separately and samples a full
mean matrix by drawing one offset for each joint action. This is exactly equivalent to sampling from
the full finite menu, without explicitly enumerating all of its elements.

Likelihood mode (experiment configuration). In the reported Experiment 3 runs,
--payoff-inference likelihood is used. No LLM prompt is issued for payoff in-
ference; the sampled mean-matrix label is drawn from the Gaussian posterior above. Opponent
strategy inference is handled either by the 11m-label prompt described above or by the
corresponding likelihood mode, depending on the strategy-inference setting.
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Heuristic prompt mode. An open-ended json payoff-table prompt can still be used as a heuristic
variant, but it is not the theorem-aligned implementation analyzed in Section |C|and instantiated in
Experiment 3.

L GAME-SPECIFIC STRATEGY MENUS

Denote a} ' and a’~;' denote own and opponent actions at round ¢ — 1. Then we consider:

(1) BoS strategy menu. Here p’, denotes the probability of playing J at round t.

e insist_j: p\ = 1forallt.

e insist_f: p! =0forallt.

« wsls bos: pt = 0.5 fort > 2,if al ' = a'7;' then repeat al !, else switch from a!™'.
e mlur: pi = 0.5;fort > 2, if aﬁ‘l = at__il then repeat aﬁ_l, else pi =0.5.

s alternate_phase0: p} = 1 onodd ¢, and p’ = 0 on even ¢.

» alternate phasel: p\ =0onoddt, and p} =1 onevent.

e noisy.insist_j: pt = 0.9 for all ¢.

* noisy.insist_f: p} = 0.1 forall ¢.

(2) PD strategy menu. Here p', denotes the probability of playing J at round t.

e allc: pl =1forallt.
e alld: pl =0forallt.
e soft_allc: p! = 0.9 forall t.
e soft_alld: p! = 0.1 forall ¢.
o tft:pl =1;fort > 2,pt = 1iffa’;' = J.
1

e wsls: pi =1;fort > 2,if af_l = af’__i1 then repeat aﬁ_l, else switch from aﬁ_ .

e soft_grim_trigger: p} = 0 if the opponent played F in either of the previous two rounds;
otherwise p% = 1.

e grim_trigger: pt = 1 until the opponent has played F at least once in the past; thereafter
pL = 0 forever.

(3) Harmony strategy menu. Here p, denotes the probability of playing C at round t.
e allc:pl =1forallt.

e alld: pt =0forallt.

e tft:pl =1;fort > 2,p! = 1iffa’' = C.

e stft:pl =0;fort>2,pl =1iffa’ ' =C.

* generous_tft: p! =1;fort > 2,if at:il = C'then p! = 1, else p’. = 0.3.

e grim trigger: p, = 1 until the opponent has played D at least once in the past; thereafter
pt = 0 forever.

* wsls_pavlov: pi =1;fort > 2,if aﬁ‘l = at:il then repeat af‘l, else switch from aﬁ_l.

* random_pc: p! = 0.5 for all ¢.
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(4) Promo strategy menu (actions: R = regular, P = promotion, Z = punishment/price war).

allR: play R at every round.
allp: play P at every round.
allz: play Z at every round.
soft_allR: play R with probability 0.9 and P with probability 0.1.
soft_allP: play P with probability 0.9 and R with probability 0.1.

madO0: cooperative path is odd-round P/even-round R; when a deviation from the prescribed phase
path is detected, play Z for 2 rounds, then return to phase-0 alternation.

madl: cooperative path is odd-round R/even-round P; when a deviation from the prescribed phase
path is detected, play Z for 2 rounds, then return to phase-1 alternation.

grim_trigger: follow the phase-0 alternating path until the first deviation, then play Z forever.

(5) Samaritan’s dilemma (Helper actions: H = Help, N = No-help; Recipient actions: 1/ =
Work, S = Shirk).  Helper strategy menu. Here p' denotes the probability the helper plays H at
round ¢.

always_help: pt = 1forall t.

never_help: pt = 0 for all ¢.

tft help: pt = 1;fort > 2,pt = liffa’ ' = W.

gtr im_forgive: p! = 0 if the recipient played S in either of the previous two rounds; otherwise
ps =1

grim_nohelp: p! = 1 until the recipient has played S at least once in the past; thereafter p’ = 0
forever.

wsls_helper: pi =1;fort > 2,if at__il = W then repeat az_l, else switch from af_l.
noisy help: pt = 0.9 forall ¢.

noisy._nohelp: p} = 0.1 for all ¢.

Recipient strategy menu. Here p’. denotes the probability the recipient plays W at round .

always_work: pt = 1forall t.

always_shirk: pt = 0 forall ¢.

work_if helped: p! = 0.5;fort > 2,p! = 1iffa’ ;' = H.
exploit_help: pt = 0.5;fort > 2,p! = 1iffa’ ;' = N.

grim_shirk_after_nohelp: p, = 1 until the helper has played N at least once in the past;
thereafter p! = 0 forever.

forgivingwork: pl = 1;fort > 2,if a’;' = H then p! = 1, else p’, = 0.3.
noisy.work: pt = 0.9 for all ¢.

noisy_shirk: p! = 0.1 forall t.

(6) Lemons (Seller actions: H () = High-quality, Q) = Low-quality; Buyer actions: B = Buy, D
=Don’t buy).  Seller strategy menu. Here p', denotes the probability the seller plays H Q) at round

t.

always_hq: pt = 1 forall ¢.
always_lq: pt = 0 forall ¢.
hg if bought_last: pt = 0.5; fort > 2, pt = liffa’;' = B.

grim_hguntil boycott: p} = 1 until the buyer has played D at least once in the past;
thereafter p!. = 0 forever.

61



Published as a conference paper at ICLR 2026 Workshop on MALGAI

* 1g.if boycott_last: pl = 0.5 fort >2,pt = 0iffa’ ;' = D.

s grim_forgiving: p. = 0 if the buyer played D in either of the previous two rounds; otherwise
pl=1.

* noisy_hq: p\ = 0.9 for all ¢.

e noisy_lq: pt = 0.1 forall ¢.

Buyer strategy menu. Here p, denotes the probability the buyer plays B at round .

e always_buy: p’ =1 forall ¢.

 never buy: p! = 0 forall ¢.

s soft_always_buy: p\ = 0.9 for all ¢.

* soft_never_buy: pt = 0.1 forall ¢.

 tft buy: pt = 0.5;fort > 2, pt = liffa’;' = HQ.

* generous buy: pl = 1;fort > 2,if a'' = HQ then p}, = 1, else p}, = 0.3.

» grimboycott: p\ = 1 until the seller has played LQ at least once in the past; thereafter pt = 0
forever.

. gtr im_forgiving: p} = 0 if the seller played L() in either of the previous two rounds; otherwise
ps = L.

M PROMO GAME

M.1 PROMO GAME (LAL,|1990): ALTERNATING PROMOTIONS WITH FINITE PUNISHMENT

Lal (1990) studies repeated price competition in a market with two identical “national” brands that
have loyal consumers and a third “local” brand with little/no loyalty. The local brand disciplines
prices in the switching segment, creating a tension for the national brands between (i) extracting
rents from loyals via a high “regular” price and (ii) defending the switchers via temporary price cuts.
A key result is that, even when the corresponding one-shot stage game has no Nash equilibrium,
an alternating promotions pattern — only one national brand is on promotion in a given period and
the roles alternate over time — can arise as a pure-strategy Nash equilibrium of the infinite-horizon
discounted game, supported by a credible number of punishment periods.

To obtain a compact repeated-game benchmark, we discretize [Lall (1990)’s richer price-choice
problem into three representative regimes per firm:

* Regular (R): charge the high “regular” price
* Promotion (P): charge the low promotional price

* Punishment/price war (Z): charge a very low price used only in punishment phases.

The resulting 3x3 payoff matrix in Appendix [D]is a reduced-form encoding of the ordinal incentive
structure: a unilateral promotion against a regular-price rival yields the highest current-period gain
(the “temptation” payoff); simultaneous promotions are less profitable than alternating promotions;
and outcomes involving Z are jointly bad, standing in for the “intense competition/price war” phase
used to deter deviations.

The canonical nontrivial Nash equilibrium is an alternating path: play (P, R) in odd rounds and
(R, P) in even rounds (or vice versa). After any deviation from the prescribed phase, switch to a
punishment phase (e.g., (Z, Z) for a fixed number of rounds) for a few periods and then return to
the alternating path (as defined as|Abreu| (1988)), or revert permanently to a low-payoff punishment
regime (grim trigger). For sufficiently patient players, the discounted loss from the punishment phase
outweighs the one-shot deviation gain, making the alternating-promotions path incentive compatible.
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