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Abstract

The local intrinsic dimension (LID) of data is a fundamental quantity in signal
processing and learning theory, but quantifying the LID of high-dimensional, com-
plex data has been a historically challenging task. Recent works have discovered
that diffusion models capture the LID of data through the spectra of their score
estimates and through the rate of change of their density estimates under various
noise perturbations. While these methods can accurately quantify LID, they require
either many forward passes of the diffusion model or use of gradient computation,
limiting their applicability in compute- and memory-constrained scenarios.
We show that the LID is a lower bound on the denoising score matching loss,
motivating use of the denoising score matching loss as a LID estimator. Moreover,
we show that the equivalent implicit score matching loss also approximates LID
via the normal dimension and is closely related to a recent LID estimator, FLIPD.
Our experiments on a manifold benchmark and with Stable Diffusion 3.5 indicate
that the denoising score matching loss is a highly competitive and scalable LID
estimator, achieving superior accuracy and memory footprint under increasing
problem size and quantization level.

1 Introduction

Observations of high-dimensional data which are generated by physics or other natural phenomena
tend to inherit low-dimensional structure. This is commonly referred to as the manifold hypothesis,
and it underpins central assumptions in machine learning [2]. The fundamental quantity encapsulating
the lower dimensional structure of data is the local intrinsic dimension (LID). For a point x on a data
manifold, the LID is the local number of dimensions required to losslessly encode the data around x.

The LID has clear implications in signal processing, as it determines bounds on how (locally)
compressible a distribution is [4]. Moreover, the LID is vital to deep learning [14], where learning
from high-dimensional data is made possible by its relatively low-dimensional structure. More
specifically, lower LID improves the statistical efficiency of learning - lower dimensional structure
makes learning and generalization easier [19]. The LID is also a practical tool which has been
leveraged in engineering for anomaly detection [30], clustering, and segmentation [3].

Historically, non-parametric methods have estimated LID by modeling nearby samples with statistical
processes [15], gleaning nearest neighbor information [6], measuring fractal dimension [9], and
calculating simplex skewness [12]. While these methods are effective in simple, small-scale scenarios,
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they require large amounts of sampled data, are strongly affected by hyperparameter choice, and fail
to generalize in low-data settings [25, 24, 13, 28].

Recent works have estimated LID using parametric deep generative models – they inherit the
advantages of deep learning: scalability to big problems and generalization to unseen data. Harnessing
the power of deep generative models has led to unprecedented LID estimation capabilities on complex
synthetic manifolds and applicability to high-dimensional, real-world problems [25, 24, 13].

Our work provides the following contributions:

• We prove that the denoising score matching loss is lower bounded by the LID, motivating
its use as a scalable LID estimator that does not require exhaustive samples or gradient.

• We demonstrate a close relationship between the score matching losses and the current
leading estimators, FLIPD [13] and the normal bundle method [24]. We prove that expected
FLIPD is also lower bounded by the LID through its connection to the implicit score
matching loss.

• We provide experiments on a manifold benchmark and with Stable Diffusion 3.5 and Stable
Diffusion 2 which show that the denoising score matching loss is a highly competitive
LID estimator. Moreover, it exhibits superior scalability in terms of memory footprint and
consistency under model quantization.

2 Background and Related Work

Denoising Generative Models Diffusion and flow-based models have achieved state-of-the-art
generative modeling capabilities by learning to denoise data [10, 5]. The connection between
denoising and generative modeling was proven by Vincent [26], who showed that the denoising
objective is a scalable method to learn the score of the probability density (∇ log p(x̃)) of noised
samples x̃← x+σϵ, where x ∼ p(x), σ ∈ R+, and ϵ is drawn from a standard Gaussian distribution.
For a score function sθ : Rn → Rn parameterized by θ, the denoising objective is equivalent (up to a
constant) to the explicit score matching and implicit score matching objectives [11] for the noised
distribution:

Ex̃ [LESM(x̃, σ, θ)] = Ex̃ [LISM(x̃, σ, θ)] + CISM = Ex [LDSM(x, σ, θ)] + CDSM, (1)

where each loss L(x, σ, θ) is the pointwise version of the loss evaluated at the point x, and CISM
and CDSM are constants which do not depend on the parameters θ. The denoising objective LDSM is
particularly appealing for training deep generative models, as it does not require oracular knowledge
of the true score (required in LESM) or expensive computation of∇x · sθ(x) (required in LISM). Once
the score is approximated for many distributions bridging the data distribution and an easy to sample
distribution (typically Gaussian), one may employ reverse diffusion samplers [23], ODE solvers [16],
or Langevin dynamics [22] to draw samples from the data distribution.

Non-Parametric LID Estimation Non-parametric local intrinsic dimension estimation methods
provide data-driven approaches to estimate the structural dimensionality of high-dimensional datasets
without assuming specific parametric forms. The MLE method by Levina and Bickel [15] models the
distribution of distances from each point to its k nearest neighbors, estimating intrinsic dimension
through maximum likelihood fitting of Poisson distribution parameters to ratios of consecutive
nearest neighbor distances. Similarly exploiting nearest neighbor statistics, the TwoNN (Two Nearest
Neighbors) [6] method analyzes the ratio of distances to the second and first nearest neighbors, using
the empirical distribution of these ratios to infer local dimensionality. Taking a more geometric
approach, Expected Simplex Skewness (ESS) [12] estimates dimension by measuring the skewness
of volumes of simplices formed by points and their nearest neighbors. Beyond these smooth manifold
approaches, fractal dimension methods such as box-counting and correlation dimension estimators
[9] handle datasets with self-similar or fractal structure.

Parametric LID Estimation Parametric estimators of local intrinsic dimension typically leverage
deep generative models such as diffusion models, flow-matching models, or normalizing flows. LIDL
[25], originally developed with normalizing flows, uses an ensemble of generative models trained on
different levels of Gaussian noise. The generative models provide a set of density estimates at a point
x from which the LID can be retrieved by measuring the rate of change of density estimates under
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increasing noise perturbations. The normal bundle (NB) method [24] estimates LID through the
connection between the score and the vector to a manifold. The NB method adds m scaled Gaussian
noise instances to a point x ∈ Rn to yield x̃ and computes the score estimate sθ(x̃) for each, yielding
a (m, n) matrix of score estimates. The count of non-negligible singular values is taken as the normal
dimension, and that can be subtracted from the ambient dimension to yield the LID. The authors
recommend using a large number of samples to ensure that there are at least as many samples as the
normal dimension. Recently, Kamkari et al. [13] proposed FLIPD, which uses the Fokker-Planck
equation from diffusion models to accurately estimate LID. While FLIPD shares LIDL’s approach of
measuring density change rates under increasing Gaussian noise, it achieves greater efficiency by
requiring only a single diffusion model and one Fokker-Planck equation evaluation.

3 Score Matching as a LID Estimator

We consider training a score model on a single, sufficiently small noise level σ ∈ R+, and we draw
connections between the denoising score matching loss and the LID of the data manifold. Let x
be a random variable drawn from a d-dimensional data manifold M embedded within Rn. Let
sθ : Rn → Rn be the score function parameterized by θ. Furthermore, let ϵ be a standard Gaussian
random variable in Rn. Recall that the scaled denoising score matching loss [26] is:

Ex [LDSM(x, σ, θ)] := Ex∼p(x),ϵ∼N (0; I) σ
2
∥∥∥ ϵ
σ
+ sθ(x+ σϵ)

∥∥∥2 = Ex,ϵ ∥ϵ− ϵθ(x+ σϵ)∥2 , (2)

where ϵθ(x) = −σ sθ(x), the noise prediction parameterization of the score.
Theorem 3.1 (Denoising Score Matching Loss Lower Bound). Let x, LDSM,M, and d take on the
definitions above. Let σ → 0+ be sufficiently small such that the density p(x) onM appears locally
constant and the curvature ofM is negligible over the region where the Gaussian perturbations σϵ
have significant probability mass. Then,

Ex [LDSM(x, σ, θ)] ≥ d. (3)

Please see figure (1a) for a conceptual depiction and the appendix for the proof.
Remark 3.2 (Stratified Manifolds and LID). Theorem (3.1) states that the denoising score matching
loss is lower-bounded by the intrinsic dimension d of a manifold M. Note that in the (com-
mon) case that the data comes from a stratified manifold comprised of different submanifolds
Mi which may have different dimensions di, the denoising score matching loss can be written as
EMi

[Ex∼Mi
LDSM(x, σ, θ)]. In this sense, the denoising score matching loss is lower bounded by

EMi
[di] and the pointwise LDSM(x, σ, θ) estimates the LID of the stratified manifold.

Connection with Implicit Score Matching and FLIPD

If the LID is a lower bound on the denoising score matching loss, what does this imply for alternative
losses such as implicit score matching? Here, we shall analyze the implicit score matching loss also
captures the geometric properties of the data manifoldM. The implicit score matching loss [11] is:

Ex̃∼p(x̃) [LISM(x̃, σ, θ)] := σ2 Ex̃∼p(x̃)

[
∇ · sθ(x̃) +

1

2
∥sθ(x̃)∥2

]
, (4)

where sθ(x) = −σ−1 ϵθ(x), σ ∈ R+, and p(x̃) := (px ∗ N (0, σ2I))(x̃).
Theorem 3.3 (Implicit Score Matching Loss Lower Bound). Let x, LDSM,M, x̃, and d take on the
definitions above. Let σ → 0+ be sufficiently small such that the density p(x) onM appears locally
constant and the curvature ofM is negligible over the region where the Gaussian perturbations σϵ
have significant probability mass. Then,

Ex̃ [LISM(x̃, σ, θ)] ≥ −(n− d). (5)

Hence, under these conditions, the implicit score matching loss is lower bounded by the negative
normal dimension ofM. Please see the appendix for the proof. We observe that FLIPD [13], the
current SOTA in parametric LID estimation, is remarkably similar to the implicit score matching loss.
In fact, FLIPD at a point x is:

FLIPD(x, σ, θ) := LISM(x, σ, θ) +
σ2

2
∥sθ(x)∥2 + n. (6)
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(a) Conceptual depiction of the denoising loss as a LID
estimator on a uniformly sampled 1-dimensional mani-
fold. Noise components corresponding to the tangent
space yield an expected squared error of approximately
1 each, whereas noise components corresponding to
the normal space yield an expected squared error of
approximately 0 each. Adding up the expected squared
error for each dimension yields the LID.

(b) Conceptual link between the error bundle method
(solid lines) versus the denoising loss method (dashed
lines). Starting from the the error Gram matrix, the
error bundle method estimates the LID by counting
the number of non-negligible eigenvalues, whereas the
denoising loss method computes the sum of the eigen-
values (area under each spectrum). The denoising loss
method is accurate at small sample sizes (e.g., m = 8).

Figure 1: Conceptual depiction of the denoising loss as a LID estimator (left) and a conceptual link
between the denoising loss and the error bundle (EB) method.

FLIPD is calculated on noiseless data, so the additional score norm term is typically negligible.
Leveraging Theorem (3.3) and the fact that Ex̃

[
σ2

2 ∥sθ(x̃)∥
2
]
≥ 0:

Ex̃ [FLIPD(x̃, σ, θ)] ≥ Ex̃ [LISM(x̃, σ, θ)] + n ≥ −(n− d) + n = d. (7)

Hence, expected FLIPD is also lower bounded by the LID through its connection to LISM.

Connection with the Normal Bundle Estimator

Stanczuk et al. [24] propose the normal bundle (NB) LID estimator which counts the number of
non-negligible singular values from a (m,n) matrix A of noise predictions ϵθ(x̃) around a point x.
This is equivalent to counting the number of non-negligible eigenvalues of the (n, n) Gram matrix
C := ATA, in which case the eigenvalues of C are the square of the singular values of A.

Let us consider a variant of the NB estimator which operates on a (m,n) matrix B comprised of
error vectors (ϵ− ϵθ(x̃)). We call this the error bundle (EB) method. Let C ′ := BTB/m be the
Gram matrix scaled by m−1. Then the number of non-negligible eigenvalues of C ′ should be upper
bounded by d. Moreover, the sum of the eigenvalues of C ′ is equivalent to the denoising score
matching loss at x: trace(C ′) = LDSM(x, σ, θ) ≈ d.

Figure 1b depicts this relationship for a 128 dimensional manifold in a 256 dimensional ambient
space. The denoising loss is equal to the area under each of the spectra of C ′ calculated from
increasing numbers of samples m. The denoising loss is accurate at small sample sizes (e.g., m = 8),
whereas the EB (respectively NB) methods need at least as many samples as the LID (respectively
normal dimension) to get a good estimate.

4 Experiments

We conduct a series of LID estimation experiments using manifolds of known local intrinsic dimension
from the scikit-dimension package [1]. We use the mean absolute error (MAE) across 2000
data points of true LID versus estimated LID as our main accuracy metric. We employ MLE [15],
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Table 1: LID Estimate Mean Absolute Error (MAE) on Benchmark Manifolds
Parametric Denoising Loss (DiT) FLIPD (DiT)

Manifold σ = 0.01 σ = 0.02 σ = 0.05 σ = 0.01 σ = 0.02 σ = 0.05

d = 16 n = 64 HyperSphere 2.00 2.16 2.58 1.93 1.59 0.70
d = 16 n = 64 HyperBall 2.57 2.59 2.71 0.27 0.51 3.69
d = 128 n = 256 HyperTP 0.47 1.63 4.48 1.93 1.30 1.07
d = 32 n = 128 CliffordTorus 17.47 8.47 4.18 20.15 11.16 3.30
d = 32 n = 128 Nonlinear 12.47 7.54 2.15 26.54 20.44 12.87

Average 7.00 4.48 3.22 10.16 7.00 4.32
Parametric Denoising Loss (MLP) FLIPD (MLP)

Manifold σ = 0.01 σ = 0.02 σ = 0.05 σ = 0.01 σ = 0.02 σ = 0.05

d = 16 n = 64 HyperSphere 2.06 2.07 2.09 0.67 1.20 0.95
d = 16 n = 64 HyperBall 2.66 2.66 2.69 0.35 0.07 0.20
d = 128 n = 256 HyperTP 0.74 0.55 0.42 1.27 7.65 3.02
d = 32 n = 128 CliffordTorus 28.90 28.87 28.76 32.02 33.03 30.50
d = 32 n = 128 Nonlinear 10.67 6.95 3.44 19.69 14.16 7.32

Average 9.01 8.22 7.48 10.80 11.22 8.40
Non-Parametric MLE TwoNN ESS

Manifold k = 50 k = 100 k = 50 k = 100 k = 50 k = 100

d = 16 n = 64 HyperSphere 3.18 3.94 3.99 3.53 0.49 0.32
d = 16 n = 64 HyperBall 3.55 4.44 4.28 3.65 0.71 0.61
d = 128 n = 256 HyperTP 79.02 84.89 83.0 78.24 7.05 2.47
d = 32 n = 128 CliffordTorus 3.46 3.24 4.54 3.11 29.67 30.85
d = 32 n = 128 Nonlinear 11.68 13.55 12.74 11.86 1.30 1.37

Average 20.18 22.01 21.71 20.08 7.84 7.12

TwoNN [6], and ESS [12] (from scikit-dimension) with k = 50 and k = 100 nearest neighbors.
We train a diffusion transformer (DiT) [18] architecture with a patch size of 4, hidden dimension
of 128, 16 attention heads, and 8 layers on each of the manifolds using a flow matching objective
[16]. We also train an MLP with skip connections, akin to [13]. Each manifold is represented by
2000 uniformly sampled points and the model is trained for 50000 batches of size 100 using a cosine
annealed learning rate schedule. We convert model output (flow predictions) to noise predictions via
the parameterization presented by Esser et al. [5]. We use the same trained model to provide LID
estimates using the denoising loss and using FLIPD at σ = 0.01, σ = 0.02, and σ = 0.05. Note that
prior to estimating LID with either the denoising loss or FLIPD, the data must be scaled according
to the schedule the flow matching model was trained on (scaled by (1 − σ) in our experiments).
We employ 8 Gaussian noise samples for the denoising loss method, and we employ 8 Rademacher
samples to compute the divergence estimate for FLIPD. All experiments are implemented in PyTorch
[17] and run on a single NVIDIA H100 80GB GPU. For the Clifford torus, we randomly permute
the dimensions of the data such that the patch-based DiT architecture must use attention to learn the
manifold’s structure. We center all manifold data and scale it with σ−1

A , where σA := maxi σi and
σi is the standard deviation of manifold data feature i.

Table (1) depicts the results of the LID benchmark experiment. The non-parametric estimators
perform well (MAE < 5) on low-dimensional manifolds such as the 16-HyperSphere and 16-
HyperBall, however their performance drops on highly curved, high-dimensional manifolds such
as the 128-dimensional HyperTwinPeaks, 32-dimensional Clifford torus, and the 32-dimensional
‘Nonlinear’ manifold. Of the non-parametric methods, ESS performed best with average MAE of
7.84 and 7.12 for k = 50 and k = 100, respectively.

In all combinations of architecture (MLP or DiT) and σ, the denoising loss method outperforms
FLIPD in terms of average MAE. The difference in MAE between the denoising loss and FLIPD
is small in most cases, but the differences can be significant on highly-curved manifolds such
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Figure 2: Comparison of LID estimation mean absolute error (left) and peak memory usage (right) of
LID estimators as ambient dimension and true LID of a HyperSphere manifold increase.

as ‘Nonlinear’. We hypothesize that this could be due to the impact of manifold curvature on
the divergence term in FLIPD. Overall, the parametric methods leveraging the DiT architecture
outperformed the non-parametric methods, with the denoising loss achieving an average MAE of
3.22 and FLIPD achieving an average MAE of 4.32 for the hyperparameter choice σ = 0.05.

In figure (2) we compare the MAE and peak GPU memory usage of FLIPD and the denoising loss
for a sequence of hypersphere manifolds of increasing LID and ambient dimension. We use the DiT
architecture in this experiment. For each manifold, the ambient dimension is twice the true LID of
the manifold. Both FLIPD and the denoising loss (left) achieve low LID MAE as the hypersphere
grows. ESS, a non-parametric method, has low MAE on small manifolds, but it fails to scale to
larger manifolds (MAE ≈ 25 when n = 256 and d = 128). On the right, we compare peak GPU
memory usage for simultaneous LID computation on all 2000 data samples for the two parametric
methods. As the LID and ambient dimension of the space increases, the peak GPU memory usage for
the parametric methods increases due to the use of higher dimensional data and larger DiT models.
The memory usage of FLIPD increases rapidly due to its reliance on gradient computation. The
peak memory usage of the denoising loss method grows slowly, as it does not leverage gradient
computation.

Stable Diffusion 3.5 Experiments

Next, we implement the denoising loss method and FLIPD for LID estimation with the rectified flow
transformer Stable Diffusion 3.5 medium (SD-3.5) [5] implemented in the diffusers library [27].
We sample 500 256× 256 images of “a photo of a cat” from SD-3.5 with 28 sampling steps and a
guidance level of 3.5. We use the null prompt “” and the noise parameterization from Esser et al. [5]
for LID estimates.

Figure (3a) depicts the distributions of LID estimates for 100 of the images at varying noise scales
(flow matching time). Note that the LID is estimated in latent space and that the latents are scaled by
(1− σ) for each noise level. On average, FLIPD estimates are higher than denoising loss estimates
at each noise scale. At low noise scales, the data appear relatively high dimensional and occupy
most of the 16384 dimensions of the perceptually compressed latent space. Note that this is still a
fraction (< 8.4%) of the ambient dimension of the images. At high noise scales, the scaled data
appear as a 0-dimensional point. Figure (3b) depicts a scatter plot of LID estimates with FLIP versus
LID estimates with denoising loss at various noise scales. The FLIPD and denoising loss estimates
are highly correlated, and the line of best fit for each noise scale has a slope < 1 due to FLIPD’s
higher-on-average LID estimates.

Next, we quantize SD-3.5 (float16 and bfloat16) and record change in LID estimates (measured as
MAE from float32) and peak GPU memory usage (on a batch of 10 images) for the two parametric
methods. We average results across all 500 images in this case. In figure (4a) we observe that the
change in LID estimates for the denoising loss is lower than the change in FLIPD estimates after
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(a) LDSM and FLIPD LID estimates on 100 256× 256
images using SD-3.5.

(b) LDSM and FLIPD LID estimate scatter plot using
SD-3.5. The LID estimates are highly correlated.

Figure 3: FLIPD and LDSM LID estimates for 100 256× 256 images using SD3.5-medium. The LID
estimates are highly correlated, with LDSM providing lower estimates on average.

quantization. We hypothesize that this is due to accumulated error in the gradient computation that
was introduced by quantization. Compared with bfloat16, the float16 quantization leads to lower
MAE from float32, suggesting that LID estimation with SD-3.5 benefits more from higher precision
than higher dynamic range. In figure (4b) we compare the peak GPU memory usage of FLIPD and
the denoising loss on batches of 10 images. In each case, the peak GPU memory consumption of the
denoising loss is roughly 60% of the peak memory consumption of FLIPD. Note that a significant
portion of the memory consumption can be attributed to storing SD-3.5 on the GPU, and larger batch
sizes could lead to larger differences in peak memory consumption.

Stable Diffusion 2 Experiments

We include a similar experiment comparing FLIPD and the denoising loss using Stable Diffusion
2 (SD2) [20]. SD2 is a latent diffusion model which uses a U-Net [21] architecture. Figure (5)
depicts the results of the experiment. Like with SD3.5, the LID estimates are highly correlated, and
FLIPD typically assigns higher LID estimates at low noise levels. We note that the FLIPD LID
estimates become invalid (negative) at higher noise levels. This is due to the tendency of deep neural
networks (such as the U-Net) to parameterize functions with high Lipschitz constants [7, 8, 29]. We
hypothesize that the negative LID estimates do not occur for FLIPD with SD3.5 due to the superior
noise parameterization ϵθ(x, σ) := (1− σ)vθ(x, σ) + x of flow matching models [16, 5].

(a) MAE (↓) of full precision LID estimates versus
quantized model LID estimates.

(b) Average peak CUDA memory usage (↓) for batches
of 10 256× 256 images.

Figure 4: Comparison of LID prediction disagreement (MAE) and peak GPU memory usage (GB) of
SD-3.5-medium at various quantization levels.
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(a) LDSM and FLIPD LID estimates on 500 512× 512
images using SD2.

(b) LDSM and FLIPD LID estimate scatter plot for 100
samples using SD2. The LID estimates are highly cor-
related.

Figure 5: FLIPD and LDSM LID estimates for 512× 512 images using Stable Diffusion 2 (SD2). The
LID estimates are highly correlated, with LDSM providing lower estimates at low noise levels.

5 Discussion

The Constants CDSM and CISM In this work, we show that the denoising score matching loss
matches the LID ofM in its minimum. Furthermore, recall that the minimum of LESM is 0 and that
denoising model training involves amortizing the point-wise denoising loss over an entire dataset.
Hence, the minimum of the average loss across a dataset is the average LID across the dataset,
implying that the denoising constant CDSM from equation (1) is the (negative) average LID of the
data. Similarly, this implies that CISM is the average normal dimension of the data.

Interpretation of Multi-scale Training and Likelihood Computation Diffusion and flow-based
generative models are often trained on many data and noise scales which bridge the data distribution
to a normal distribution [23, 10, 16, 5]. At each data and noise scale, one can view denoising score
matching training as identifying the average LID for that particular scaled and noised manifold - see
figure (3a) for visualization. Additionally, likelihood computation for both diffusion and flow-based
models is based on integration of ODEs which are expressions of the negative divergence of the
learned score function through the data and noise scales. Since Ex̃ [LISM(x̃, σ, θ)] ≥ −(n− d) from
theorem (3.3), we hypothesize that one may associate higher likelihood attribution with a higher
learned normal dimension (i.e., higher level of learned structure) at each point in the ODE solution.

Limitations Our experiments only use 1 H100 80GB GPU and do not leverage distributed computa-
tion to support larger batch sizes. We do not quantize models beyond half precision. We do not include
“knee search” on LID curves [13] and merely report average statistics for a few hyperparameters.

Societal Impacts Our research is largely theoretical and has positive value in increasing our
understanding of denoising models. We believe it does not pose any plausible negative societal
impacts. The training of denoising models used in the experiments can be computationally expensive,
so it caused increased electricity consumption and potential emissions.

6 Conclusion

We show that the denoising score matching loss is lower bounded by the local intrinsic dimension
(LID) of the data manifold, motivating its use as a LID estimator. We show that the current leading
LID estimator, FLIPD, is highly related to the implicit score matching loss, an objective which is
equivalent to denoising score matching. Our experiments using a manifold benchmark indicate that
the denoising loss is the most accurate LID estimator, and that it uses significantly less peak memory
than FLIPD as the ambient dimension (problem size) increases. Lastly, our experiments with Stable
Diffusion 3.5 show that the denoising loss requires less memory than FLIPD and exhibits less LID
estimate degradation under quantization.
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A Proofs

A.1 Proof for Theorem 3.1: Denoising Score Matching Loss Lower Bound

Proof. We adopt the symbol definitions from the paper. Let x be a random variable drawn from
a d-dimensional data manifoldM embedded within Rn. Let sθ : Rn → Rn be a score function
parameterized by θ. Furthermore, let ϵ be a standard Gaussian random variable in Rn and σ ∈ R+.
Leveraging the parameterization ϵθ(x) = −σ sθ(x), the scaled denoising score matching loss is:

Ex [LDSM(x, σ, θ)] := Ex,ϵ

[
∥ϵ− ϵθ(x+ σϵ)∥2

]
. (8)

For each x ∈ M, let TxM be the tangent space of M at the point x and NxM be
the normal space of M at the point x. Since M is d-dimensional, there exists an or-
thonormal basis {ux,1, . . . , ux,d, vx,1, . . . , vx,n−d} such that span{ux,1, . . . , ux,d} = TxM and
span{vx,1, . . . , vx,n−d} = NxM for each x ∈M. We may re-write the denoising score matching
loss using the bases TxM and NxM at each point:

Ex [LDSM(x, σ, θ)] = Ex,ϵ

[( d∑
i=1

∥⟨ϵ, ux,i⟩ − ⟨ϵθ(x+ σϵ), ux,i⟩∥2
)

+

(
n−d∑
i=1

∥⟨ϵ, vx,i⟩ − ⟨ϵθ(x+ σϵ), vx,i⟩∥2
)]

. (9)

For the remainder of the proof, we use the shorthand notation ϵi := ⟨ϵ, ux,i⟩ or ϵi := ⟨ϵ, vx,i⟩,
depending on the context. Similarly, we use ϵθ(x + σϵ)i := ⟨ϵθ(x + σϵ), ux,i⟩ or ϵθ(x + σϵ)i :=
⟨ϵθ(x+ σϵ), vx,i⟩, depending on the context. We omit the dependence of u or v on x for simplicity.
Moreover, we define x̃ = x+ ϵ as the ‘noised’ version of x.

Lemma A.1 (Mean Squared Error Bound). The mean squared error of the Gaussian variable ϵi with
its estimator ϵθ(x̃)i is lower bounded by the entropy power [4]:

Eϵ,x̃ ∥ϵi − ϵθ(x̃)i∥2 ≥
1

2πe
e2h(ϵi|x̃). (10)

This bound on estimator error forms the basis for the bound on the denoising score matching loss.
The conditional differential entropy h(ϵi|x̃) is:

h(ϵi|x̃) =
∫
x̃

p(x̃)

∫
ϵi

− p(ϵi|x̃) log p(ϵi|x̃) dϵi dx̃. (11)

Leveraging the identity p(x̃) = Ex∼p(x)p(x̃|x) and distributing, we have:

h(ϵi|x̃) =
∫
x

p(x)

∫
x̃

p(x̃|x)
∫
ϵi

− p(ϵi|x̃) log p(ϵi|x̃) dϵi dx̃ dx. (12)

Here, x ∼ p(x) yields TxM and NxM, and p(x̃|x) generates a (sufficiently small) neighborhood
around each x such that TxM and NxM are valid for x̃ and p(x) is locally constant onM with
probability one. The innermost term

∫
ϵi
− p(ϵi|x̃) log p(ϵi|x̃) dϵi is sensitive to whether ϵi lies in the

tangent or normal space at x, connecting the bound to the LID. We apply Bayes’ theorem:

p(ϵi|x̃) =
p(ϵi) p(x̃|ϵi)

p(x̃)
. (13)

Leveraging the fact that x̃ = x + σϵ and the identity p(x̃|ϵi) =
∫
x
p(x̃|x, ϵi)p(x)dx, we discern

that p(x̃|ϵi) is the result of a convolution of p(x) with the product of a scaled Gaussian distribution
and a Dirac delta in the i-th (tangent or normal) dimension. Hence,

p(x̃|ϵi) =
∫
y

px(x− y)

δ(yi − σϵi)
∏
j ̸=i

N (yj ; 0, σ
2)

 dy (14)

With x fixed and with x̃ = x + σϵi, the distributions p(ϵi) and p(x̃) from equation (13) are
asymptotically similar with varying ϵi. In other words, the ratio p(ϵi)

p(x̃) from (13) is finite in the tails.
Leveraging this, we first consider the case that ϵi ∈ NxM.
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Case 1: ϵi ∈ NxM. If ϵi lies in the normal space, p(x̃|ϵi) ≈ p(x̃) in every dimension except
vi. p(x̃|ϵi) is a translation of p(x) in vi due to the Dirac delta δ(yi − σϵi) from (14). Because
the distribution p(x) ∈ M appears as a Dirac delta in NxM, the differential entropy along vi∫
ϵi
− p(ϵi|x̃) log p(ϵi|x̃) dϵi = −∞. Plugging this into lemma (A.1), we yield

Eϵ,x̃ ∥ϵi − ϵθ(x̃)i∥2 ≥
1

2πe
e2Ex,x̃−∞ = 0. (15)

Case 2: ϵi ∈ TxM. If ϵi lies in the tangent space, p(x̃|ϵi) ≈ p(x̃) in the neighborhood, and the
ratio p(x̃|ϵi)

p(x̃) is finite in the tails. p(ϵi|x̃) is therefore dominated by p(ϵi), a 1D standard Gaussian
distribution with differential entropy 1

2 log 2πe. Plugging this into lemma (A.1), we yield

Eϵ,x̃ ∥ϵi − ϵθ(x̃)i∥2 ≥
1

2πe
e2Ex,x̃

1
2 log 2πe = 1. (16)

Combining Case 1 and Case 2 with (9), we yield the statement of the theorem:

Ex [LDSM(x, σ, θ)] ≥ d. (17)

A.2 Proof for Theorem 3.3: Implicit Score Matching Loss Lower Bound

Proof. We adopt the symbol definitions from the paper. Let x be a random variable drawn from a
uniformly distributed d-dimensional data manifoldM embedded within Rn. Let sθ : Rn → Rn be a
score function parameterized by θ. Furthermore, let ϵ be a standard Gaussian random variable in Rn

and σ ∈ R+. With the random variable x̃ = x+ σϵ, the scaled implicit score matching loss is:

Ex̃∼p(x̃) [LISM(x̃, σ, θ)] := σ2 Ex∼p(x)Ex̃∼p(x̃|x)

[
∇ · sθ(x̃) +

1

2
∥sθ(x̃)∥2

]
. (18)

Recall from (1) that the minimizer θ∗ of Ex̃ [LESM(x̃, σ, θ)] also minimizes Ex̃ [LISM(x̃, σ, θ)] and
satisfies sθ∗(x) = ∇ log p(x) almost everywhere [11].

For each x ∈ M, let TxM be the tangent space of M at the point x and NxM be
the normal space of M at the point x. Since M is d-dimensional, there exists an or-
thonormal basis {ux,1, . . . , ux,d, vx,1, . . . , vx,n−d} such that span{ux,1, . . . , ux,d} = TxM and
span{vx,1, . . . , vx,n−d} = NxM for each x ∈ M. The remainder of the proof will show that as
σ → 0+ the minimum implicit score matching loss is equivalent to the negative normal dimension of
the manifoldM, yielding the lower bound.

We assume σ → 0+ is sufficiently small such that in the neighborhood defined by p(x̃|x), p(x) is
locally constant onM and the curvature ofM is negligible. Therefore, the neighborhood samples
x̃ ∼ p(x̃|x) inherit TxM and NxM from the observation of x. Leveraging this, let us re-write the
implicit score matching loss (18) with optimal parameters θ∗ along the components ux,· of TxM and
vx,· of NxM:

Ex̃∼p(x̃) [LISM(x̃, σ, θ∗)] =

Ex∼p(x)Ex̃∼p(x̃|x)

[
σ2

(
d∑

i=1

⟨ux,i,∇sθ∗(x̃)ux,i⟩+
1

2
⟨sθ(x̃), ux,i⟩2

)

+ σ2

(
n−d∑
i=1

⟨vx,i,∇sθ∗(x̃)vx,i⟩+
1

2
⟨sθ(x̃), vx,i⟩2

)]
. (19)

Along tangent dimensions ux,i, the true distribution p(x̃) = (px ∗ N (0, σ2I))(x̃) is constant due to
the negligible curvature (within the σ-neighborhood) and locally uniform distribution of px(x) on
M. Hence, ⟨ux,i,∇sθ∗(x̃)ux,i⟩ = 0 for each ux,i. We note ⟨sθ(x̃), ux,i⟩2 ≥ 0.

Along normal dimensions vx,i, the true distribution p(x̃) = (px ∗ N (0, σ2I))(x̃) is proportional to
N (⟨x, vx,i⟩, σ2). Hence, ⟨vx,i,∇sθ∗(x̃)vx,i⟩ = −σ−2 for each vx,i. We note ⟨sθ(x̃), vx,i⟩2 ≥ 0.
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We plug these observations into (19), yielding the statement of the theorem:

Ex̃∼p(x̃) [LISM(x̃, σ, θ)] ≥ Ex̃∼p(x̃) [LISM(x̃, σ, θ∗)]

≥ Ex̃∼p(x̃)

[
σ2

(
d∑

i=1

(0) +
1

2
(0)

)
+ σ2

(
n−d∑
i=1

−1
σ2

+
1

2
(0)

)]
= −(n− d). (20)
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Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-
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whether the code and data are provided or not.
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one good way to accomplish this, but reproducibility can also be provided via detailed
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to reproduce that algorithm.
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the architecture clearly and fully.
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the model (e.g., with an open-source dataset or instructions for how to construct
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authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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• While we encourage the release of code and data, we understand that this might not be
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• The instructions should contain the exact command and environment needed to run to
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results?
Answer: [Yes]
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Answer: [Yes]
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our claims.
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• It should be clear whether the error bar is the standard deviation or the standard error
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8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justification: We provide information on the computing resources in the experiments section.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,
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• The paper should provide the amount of compute required for each of the individual
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• If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

• Examples of negative societal impacts include potential malicious or unintended uses
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• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.
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• If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
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• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their
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create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard component.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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