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Is Escalation Worth It? A Decision-Theoretic Characterization of LLM Cascades
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Abstract
Model cascades, in which a cheap LLM defers
to an expensive one on low-confidence queries,
are widely used to navigate the cost-quality trade-
off at deployment. Existing approaches largely
treat the deferral threshold as an empirical hyper-
parameter, giving limited guidance on the geom-
etry of the resulting cost-quality frontier over a
model pool. We develop a decision-theoretic char-
acterization of deterministic threshold cascades
over a model pool: two-model frontiers are piece-
wise concave on decreasing-benefit regions, the
two-model pool frontier is the pointwise envelope
over pairwise cascades, and fixed k-model cas-
cades satisfy stagewise first-order conditions that
equalize marginal quality-per-cost. Across five
benchmarks and eight models, full fixed chains un-
derperform the pairwise envelope and optimized
subsequence cascades add little on held-out data.
A lightweight pre-generation router beats the best
cascade policy on four of five datasets, suggest-
ing that cascade performance is limited more by
paying the cheap model before escalation than by
a shortage of intermediate stages.

1. Introduction
Large language model (LLM) deployment is governed by
a cost-quality tradeoff: the most capable models are expen-
sive at scale, while cheaper models often miss application-
specific quality targets. Model cascades address this ten-
sion by querying a cheap model first and escalating low-
confidence responses to a more expensive model (Moslem
& Kelleher, 2026). Existing methods often treat the deferral
threshold as an empirical hyperparameter (Chen et al., 2023;
Yue et al., 2024), leaving open the geometry of the resulting
cost-quality frontier over a model pool.

We develop a decision-theoretic framework grounded in

1Anonymous Institution, Anonymous City, Anonymous Region,
Anonymous Country. Correspondence to: Anonymous Author
<anon.email@domain.com>.
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constrained optimization and duality. For two-model cas-
cades, the budget- and quality-constrained formulations
have reciprocal shadow prices, and the frontier is concave on
decreasing-benefit regions of the confidence support. Given
a pool of k models, the deterministic two-model threshold-
cascade frontier is the pointwise envelope over

(
k
2

)
pair-

wise frontiers. For fixed k-model threshold cascades, a
single shadow price equates decision-boundary expected
escalation benefit to expected downstream cost, equalizing
marginal quality-per-cost across active stage boundaries.

We validate the framework on five benchmarks (MATH lev-
els 3–5, MMLU, TriviaQA, SimpleQA, LiveCodeBench)
across eight models from five providers. All model pools,
valid pairs, thresholds, and routers are selected on calibra-
tion data only. Empirically, full fixed chains underper-
form the pairwise envelope, optimized subsequence cas-
cades add little on held-out data, and a lightweight pre-
generation router exceeds the best cascade policy on four of
five datasets. Our contributions are as follows:

• Pairwise envelope. We characterize the two-model
frontier over a pool as the envelope over

(
k
2

)
single-

threshold frontiers. At 90% of ceiling quality, the
envelope reduces cost by up to 79.5% and matches or
exceeds optimized subsequence cascades on all five
benchmarks. Operationally, a deployed policy needs
only the selected model pair and one threshold for a
chosen budget, rather than a longer cascade chain.

• Theory for threshold cascades. We derive monotonic-
ity, piecewise concavity, reciprocal shadow prices, and
first-order conditions that allow expected quality to
depend on prior confidence scores.

• Cascading vs. diagnostic routing. A lightweight pre-
generation router exceeds the best cascade policy on
four of five datasets, suggesting that cascade perfor-
mance is limited more by the cheap model’s generation
cost before escalation than by a shortage of intermedi-
ate stages.

2. Related Work
Recent LLM deployment work studies both routing, which
selects a model before inference, and cascading, which es-
calates after observing a generated response (Ong et al.,

1
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2025; Chen et al., 2023; Gupta et al., 2024; Dekoninck et al.,
2025). Several cascade papers formulate cost-quality trade-
offs as constrained optimization problems, but typically
select thresholds by empirical search rather than character-
izing the geometry of the attainable frontier. Our focus is
complementary: for deterministic threshold cascades, we
derive first-order conditions, concavity and shadow-price
structure for two-model cascades, and the pairwise envelope
over a model pool. Appendix B gives a more detailed com-
parison to routing, cascading, and unified routing-cascading
formulations.

3. The k-Model Cascade Framework
3.1. Setup and Cascade Mechanism

Let X denote the space of queries and let x ∼ P be
drawn from the deployment distribution. A k-model cas-
cade consists of an ordered model pool {M1, . . . ,Mk}
together with a threshold vector τ = (τ1, . . . , τk−1) that
governs escalation between adjacent stages. When queried,
model i incurs a random per-query cost Ci(x) and produces
a response yi(x) with quality Ui(x) := u(yi(x), y

∗(x)),
where y∗(x) is the ground-truth answer for x, available
only offline. Let ci ≡ E[Ci(x)] and E[Ui] denote the ex-
pected cost and quality, respectively. We assume the model
pool is non-dominated: the models are ordered such that
c1 < c2 < · · · < ck and E[U1] < E[U2] < · · · < E[Uk].1

Each non-terminal model i < k additionally produces a
scalar confidence score si(x), available at no additional
model-call cost from the same call used to generate yi(x).
Given τ , the cascade escalates from model i to model i+ 1
whenever si(x) < τi, while the terminal model k always
returns its response if stage k is reached.2

Stopping index, cost, and quality. Let I(x; τ ) :=
min

(
{j < k : sj(x) ≥ τj} ∪ {k}

)
denote the stopping

index on query x; including {k} ensures that the terminal
model always stops. The cascade returns yI(x;τ )(x), with
output quality and total cost

U(x; τ ) := UI(x;τ )(x), C(x; τ ) :=

I(x;τ )∑
j=1

Cj(x).

(1)
1Non-dominance is a simplifying assumption used to order the

pool and reduce the number of candidate pairs. Average domi-
nance does not preclude a model from being useful on particular
conditional subpopulations; ruling this out would require a stronger
conditional-dominance condition on all reachable score-prefix re-
gions.

2Hereafter, we carry the query argument x explicitly in per-
query random variables; all expectations and probabilities are over
x ∼ P unless otherwise noted.

Joint score distribution. Let s(x) =
(s1(x), . . . , sk−1(x)) denote the vector of confi-
dence scores that govern escalation decisions, and
let s<i(x) := (s1(x), . . . , si−1(x)) denote the prefix
through stage i− 1. Under x ∼ P , s(x) is a random vector
with joint density fs, which need not factorize due to shared
dependence on query difficulty. We write fsi|s<i

for the
conditional density of si given the prefix, and suppress the
x-argument when no ambiguity results.3

Conditional quality. For non-terminal models j < k,
let mj(s1:j) := E[Uj(x) | s1(x), . . . , sj(x)] denote the
expected quality of model j conditional on the scores ob-
served through stage j; for the terminal model, mk(s<k) :=
E[Uk(x) | s1(x), . . . , sk−1(x)].4 Because confidence
scores correlate with query difficulty, thresholds affect cas-
cade quality through two channels: the probability that a
query reaches each stage, and the difficulty composition of
the queries reaching that stage.

Continuation values. Let I>i(x; τ ) := min
(
{j : i <

j < k, sj(x) ≥ τj} ∪ {k}
)

denote the stopping index
restricted to stages after i. The quality continuation value
and cost continuation value at stage i+ 1 are functions of
the prefix scores s1:i5:

Vi+1(s1:i; τ ) := E
[
UI>i(x;τ )(x) | s1:i(x) = s1:i

]
, (2)

Wi+1(s1:i; τ ) := E

I>i(x;τ )∑
ℓ=i+1

Cℓ(x) | s1:i(x) = s1:i

 .

(3)

The constrained optimization. The practitioner faces two
dual problems:

(P1) min
τ

E[C(x; τ )] s.t. E[U(x; τ )] ≥ Q, (4)

(P2) max
τ

E[U(x; τ )] s.t. E[C(x; τ )] ≤ B. (5)

Both describe the same efficient tradeoff geometrically; on
concave segments, standard Lagrangian duality applies with
the shadow-price interpretations developed in Section 4. We
focus on (P2) below.

3We assume scores are continuously distributed. Discrete sig-
nals (e.g., self-consistency vote counts) can be handled by replac-
ing densities with mass functions and integrals with sums.

4We assume that all conditional expectations (e.g., continua-
tion probabilities and conditional accuracies) are well-defined and
continuous in the threshold τ . This ensures existence of optimal
thresholds and justifies differentiation under the expectation.

5Vi+1 and Wi+1 are the expected quality and expected addi-
tional cost of the downstream cascade given the prefix s1:i; both
are well-defined on the support of s1:i and can be evaluated at
si = τi.
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Pareto frontier. The Pareto frontier of the cascade is the
value function of (P2) as the budget varies:

U†(B) := sup
τ∈[0,1]k−1

{
E[U(x; τ )] : E[C(x; τ )] ≤ B

}
.

(6)

Integral form over the confidence support. The expecta-
tions E[U(x; τ )] and E[C(x; τ )] admit integral representa-
tions over the confidence support that make the mechanism
transparent. Define the stopping regions

Ri(τ ) =


{s : s1 ≥ τ1}, i = 1,

{s : s<i < τ<i, si ≥ τi}, 1 < i < k,

{s : s<k < τ<k}, i = k,

where vector inequalities are elementwise. Then expected
quality decomposes stagewise as

E[U(x; τ )] =
k−1∑
i=1

∫
Ri(τ )

mi(s1:i)fs1:i(s1:i) ds1:i

+

∫
Rk(τ )

mk(s<k)fs<k
(s<k) ds<k.

(7)

and expected cost decomposes analogously as the sum of
per-stage costs over reached regions:

E[C(x; τ )] = c1 +

k∑
i=2

∫
{s<i<τ<i}

E[Ci(x) | s<i]

· fs<i
(s<i) ds<i.

(8)

Thus τ affects expected quality by shifting probability
mass across stopping regions and by changing the diffi-
culty composition within those regions. The structural re-
sults below follow from how expected escalation benefit,
Vi+1(s1:i; τ )−mi(s1:i), varies with the boundary score si.

3.2. First-Order Optimality Conditions

Applying standard Lagrangian methods for constrained re-
source allocation to the LLM threshold-cascade problem,
the following theorem gives the stationarity condition in
terms of conditional expectations that are estimable from
calibration data (the continuation values Vi+1 and Wi+1 as
functions of the prefix s1:i). Appendix A.3 gives the com-
plete KKT conditions for both constrained formulations.
Theorem 3.1 (First-Order Optimality Conditions). Con-
sider problem equation 5 with Lagrangian

L(τ , λ) = E[U(x; τ )]− λ(E[C(x; τ )]−B),

so that λ ≥ 0 has units of quality per unit cost. Under
regularity conditions on fs (stated precisely in Appendix A),
at an interior optimum each threshold τi satisfies:

E
[
Vi+1(s1:i; τ )−mi(s1:i)

∣∣∣ s<i < τ<i, si = τi

]
= λE

[
Wi+1(s1:i; τ )

∣∣∣ s<i < τ<i, si = τi

]
.

(9)

Proof sketch. The threshold τi enters E[U(x; τ )] and
E[C(x; τ )] only through the indicator 1[si(x) < τi] in the
stopping regions Ri, . . . , Rk.6 Let S<i(τ ) = {s<i : s1 <
τ1, . . . , si−1 < τi−1} denote the prefix region of score vec-
tors whose associated queries reach stage i. Applying the
Leibniz integral rule:

∂E[U(x; τ )]

∂τi
=

∫
S<i

[
Vi+1(s<i, τi; τ )−mi(s<i, τi)

]
· fs1:i(s<i, τi) ds<i, (10)

∂E[C(x; τ )]

∂τi
=

∫
S<i

Wi+1(s<i, τi; τ )

· fs1:i(s<i, τi) ds<i. (11)

where fs1:i is the marginal density of (s1(x), . . . , si(x)).7

Setting ∂L/∂τi = 0 and dividing both sides by
Pr(s<i(x) < τ<i) · fsi|s<i<τ<i

(τi), which appears as a
common factor, yields equation 9.

Economic interpretation. The FOC equation 9 admits
a clean economic reading: at the optimum, the ratio of
decision-boundary expected escalation benefit to decision-
boundary expected downstream cost is equalized across all
stages and equal to the shadow price λ. Equivalently, at
each decision boundary si = τi, marginal quality-per-cost
(Vi+1 − mi)/Wi+1 = λ is the same regardless of stage.
This is the standard optimality condition for constrained
resource allocation applied to LLM threshold cascades.

3.3. Monotonicity

The FOC characterizes interior optima but does not by it-
self imply that the cost-quality curve is monotone. The
following decision-boundary dominance condition is a local
sufficient condition: at each active stage, marginally esca-
lated queries must benefit in expectation from continuation.

Proposition 3.2 (Stagewise Monotonicity). Suppose that,
at a threshold vector τ ,

E
[
Vi+1(s1:i; τ )−mi(s1:i)

∣∣ s<i < τ<i, si = τi
]
> 0,

(12)
for every i = 1, . . . , k − 1. Then increasing any single
threshold τi locally, with the others fixed, strictly increases
both E[C(x; τ )] and E[U(x; τ )]. Hence, on any connected
region of threshold space where equation 12 holds for all

6The conditioning event {si(x) = τi} has measure zero; con-
ditional expectations at the boundary are defined using the regular
conditional distribution induced by the joint density of (s<i, si),
equivalently by disintegration via the conditional density of si
given the prefix-reaching event s<i < τ<i. The required densities
are assumed continuous and positive at the boundary under the
regularity conditions of Appendix A.

7The optimal policy may lie at the boundary (i.e., always or
never escalate). In such cases, the first-order condition is replaced
by a one-sided condition. For clarity, we focus on interior optima.
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stages, any local coordinate increase in an active threshold
increases both expected quality and expected cost.

Proof sketch. Condition equation 12 is the quality-gain
term in the FOC equation 9: at the stage-i boundary, con-
tinuing the cascade has strictly higher expected quality than
stopping at model i. By the gradient expressions equa-
tion 10–equation 11, both expected quality and expected
cost therefore increase locally with τi.

4. Specialization to Two-Model Cascades
The two-model cascade is the basic building block of the
pairwise envelope and admits a sharper characterization
than the general case. When k = 2, write ML := M1,
MH := M2, sL := s1, cL := c1, cH := c2, and τ := τ1.
Escalating past the cheap model deterministically invokes
the expensive model, so the continuation values simplify
to V2(s; τ) = E[UH(x) | sL(x) = s] and W2(s; τ) =
E[CH(x) | sL(x) = s]. Define:

mL(s) := E[UL(x) | sL(x) = s],

mH(s) := E[UH(x) | sL(x) = s].
(13)

The stagewise integral form equation 7–equation 8 reduces
to a pair of one-dimensional integrals over the confidence
support T = {τ ∈ (0, 1) : fsL(τ) > 0}:

E[C(x; τ)] = cL +

∫ τ

0

E[CH(x) | sL(x) = s]fsL(s) ds,

(14)

E[U(x; τ)] =

∫ τ

0

mH(s)fsL(s) ds

+

∫ 1

τ

mL(s)fsL(s) ds. (15)

If expected escalation cost is score-independent, E[CH(x) |
sL(x) = s] = cH for all s ∈ T , specializing Theorem 3.1
yields the two-model first-order condition

mH(τ)−mL(τ) = λ cH , (16)

and the stagewise dominance condition equation 12 reduces
to the standard expected-dominance condition mH(τ) −
mL(τ) > 0 for τ ∈ T ◦.

Definition 4.1 (Decreasing-Benefit Region). An interval
I ⊆ T ◦ is a decreasing-benefit region if the escalation
benefit is weakly decreasing on I:

mH(s′)−mL(s
′) ≤ mH(s′′)−mL(s

′′),

for all s′, s′′ ∈ I with s′ > s′′.
(17)

This condition is an ordinal informativeness requirement on
sL: lower confidence scores must identify queries for which

escalation has weakly larger expected benefit. The support
T ◦ need not be a single decreasing-benefit region.8

Proposition 4.2 (Piecewise Concavity and Reciprocal
Shadow Prices). Suppose expected escalation cost is score-
independent, E[CH(x) | sL(x) = s] = cH for all s ∈ I ,
and let I ⊆ T ◦ be a decreasing-benefit region. Then
the Pareto frontier U† is concave on the cost interval
{E[C(x; τ)] : τ ∈ I}. If the optimum of (P1) or (P2)
for a given target lies in the interior of I , it is characterized
by equation 16, and the optimal multipliers at τ∗ ∈ I◦ are
reciprocals:

λ∗
P1 =

cH
mH(τ∗)−mL(τ∗)

,

λ∗
P2 =

mH(τ∗)−mL(τ
∗)

cH
=

1

λ∗
P1

.
(18)

The P1 multiplier λ∗
P1 has units of cost per unit quality

and equals the local marginal cost of tightening the quality
constraint by one unit. The P2 multiplier λ∗

P2 has units of
quality per unit cost and equals the local marginal quality
obtainable per additional unit of budget. If T ◦ is itself a
single decreasing-benefit region, U† is globally concave, the
Lagrangian relaxations of (P1) and (P2) have zero duality
gap, and the local marginals are global shadow prices.

Proof sketch. Under score-independent expected escala-
tion cost on I , dE[C(x; τ)]/dτ = cHfsL(τ) and
dE[U(x; τ)]/dτ = (mH(τ) − mL(τ))fsL(τ). Thus, at
any interior τ ∈ I with fsL(τ) > 0, the frontier slope
is dU†/dC = (mH(τ) − mL(τ))/cH . On a decreasing-
benefit region this slope is non-increasing in τ ; since cost is
strictly increasing in τ , the slope is non-increasing in cost,
so U† is concave on the corresponding cost interval. The
reciprocal relationship follows from the envelope theorem.
Full proof in Appendix A.4.

The score-independence assumption isolates the economic
geometry: thresholds change the probability and compo-
sition of escalation without systematically changing the
expected downstream cost conditional. Appendices A.2
and C.7 discuss and empirically check this condition.

5. The Pairwise Envelope Over a Model Pool
Given a pool of k models, a practitioner can deploy any two-
model cascade formed from a pair (i, j) with i < j. This
section characterizes the frontier achievable over all such
two-model cascades and identifies the budget levels at which
the optimal pair transitions. Let Q = {(i, j) : 1 ≤ i < j ≤

8Section 6 evaluates the condition empirically on representative
envelope pairs. Outside any decreasing-benefit region the frontier
is locally non-concave; see Appendix A.5 for a discussion of
randomized threshold policies in this regime.
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k} denote the set of
(
k
2

)
cost-ordered pairs, and for each

(i, j) ∈ Q let U†,(i,j) denote the Pareto frontier equation 6
of the two-model cascade with ML = Mi and MH = Mj .
By non-dominance of the pool, each pair satisfies ci < cj
and E[Uj ] > E[Ui], so every pair defines a non-trivial two-
model cascade. The pairwise envelope is the pointwise
supremum of per-pair Pareto frontiers:

U∗(B) := sup
(i,j)∈Q:

B∈[ci, ci+cj ]

U†,(i,j)(B), B ∈ [c1, ck].

(19)
Each pairwise frontier U†,(i,j) has domain [ci, ci + cj ]. We
restrict attention to budgets B ≤ ck, i.e. budgets no higher
than the most expensive standalone model.9

Remark 5.1 (Switching points). Since U∗ is the point-
wise supremum of the piecewise smooth per-pair frontiers
{U†,(i,j) : (i, j) ∈ Q}, it is smooth on each region where a
single pair (i, j) attains the supremum and has a corner at
the switching points where the optimal pair changes. Gener-
ically, at a switching point B∗ the left- and right-derivatives
of U∗ differ, so the shadow price of quality jumps discontin-
uously; tangential intersections are non-generic but possible.
Practically, these are the budget levels at which the optimal
cascade recipe changes.

6. Experiments
6.1. Experimental Setup

We evaluate eight models from five providers: Llama 3.1-8B,
Qwen2.5-7B, GPT-4o mini, GPT-oss-20B, DeepSeek-V3,
Llama 3.3-70B, GPT-4o, and MiniMax-M2.7. Benchmarks
cover MATH levels 3–5 (Hendrycks et al., 2021b), MMLU
(Hendrycks et al., 2021a), TriviaQA (Joshi et al., 2017), Sim-
pleQA (Wei et al., 2024), and LiveCodeBench (Jain et al.,
2024); grading details are in Appendix C.2. Single-model
operating points are reported in Appendix C.3: Llama 3.1-
8B is the lowest-cost model throughout, while the highest-
accuracy model varies by dataset. Descriptive pairwise fron-
tiers are in Appendix C.4. Confidence scores are white-box
log-probability signals (Bouchard et al., 2026); main-text
cascades use mean token negentropy, with alternative sig-
nals and a learned scorer compared in Appendix C.1.

We compare the pairwise envelope against the highest-
accuracy single-model baseline, a full fixed cost-ordered
cascade chain, a FrugalGPT-style cascade that selects a cost-
ordered model sequence and thresholds (Chen et al., 2023),
and a diagnostic frozen-embedding router, a lightweight

9The pointwise supremum of locally concave pairwise frontiers
need not itself be globally concave; switches between pairs can
introduce non-concavities. If randomized mixtures over cascade
policies are allowed, the achievable set is convexified and the rele-
vant frontier becomes the concave envelope of these deterministic
frontiers.

version of the learned routing approach in RouteLLM (Ong
et al., 2025) (see Appendix C.11). The envelope is built
from deterministic two-model uncertainty-threshold cas-
cades, closely related to token-level uncertainty cascades
(Gupta et al., 2024); candidates are restricted to calibration-
admissible model pairs and evaluated under the same cost-
quality criterion.10 Per-query cost uses actual token counts
and the token prices in Appendix C.7, which also checks the
cost–score independence approximation. We report test-set
median curves with pointwise 10th–90th percentile bands
over 50 random 50/50 calibration-test splits.

6.2. Held-Out Frontier Comparisons

Figure 1 compares three deterministic threshold-cascade
policy classes. The pairwise envelope selects the best two-
model cascade at each budget. The full fixed chain uses the
calibration-selected non-dominated pool in cost order and
optimizes thresholds only, matching the fixed-chain object
in the theory. The optimal subsequence baseline is broader:
it jointly selects a cost-ordered subsequence and thresholds
on calibration data. Table 1 summarizes these frontiers
using two deployment-oriented metrics: normalized gain
over random escalation between the cheapest and highest-
accuracy models, which measures area above the no-signal
baseline across budgets, and cost reduction at 90% of ceiling
quality relative to always using the highest-accuracy model.
On both metrics, the pairwise envelope is competitive with
optimized subsequence cascades across all datasets: normal-
ized gain differs by at most 0.014, and CR@90 is identical
on MMLU, TriviaQA, and MATH, within one point on Sim-
pleQA, and higher for the envelope on LiveCodeBench. By
contrast, the full fixed chain has lower normalized gain and
lower CR@90 in every dataset. Thus, within the determinis-
tic threshold-cascade class studied here, additional manda-
tory stages can hurt, while optional intermediate stages add
little beyond the best pairwise policy. The practical impli-
cation is that, for the evaluated model pools and tasks, a
practitioner can sweep one threshold per calibration-valid
pair, take the envelope, and deploy only the selected pair
and threshold for a chosen budget, obtaining performance
comparable to joint subsequence optimization while avoid-
ing a higher-dimensional search. Appendices C.5, C.8, C.9,
and C.10 verify the two-model sweep against k=2 NSGA-II
and show stability across calibration size, grid resolution,
and optimizer choice.

10Admissible edges, model pools, model sequences, thresholds,
and router classifiers are selected on calibration data only, before
held-out evaluation. An escalation edge is included only when
the downstream model is more costly and more accurate on the
calibration split. The router is a diagnostic baseline, not a state-of-
the-art learned-routing claim. Monetary cost is not incurred by the
open-source sentence-transformer embedding used by the router;
the reported costs count LLM token costs.
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Figure 1. Optimal pair, full fixed chain, optimal subsequence, and diagnostic router across five datasets. Curves are medians across 50
random 50/50 splits; shaded bands are 10th–90th percentiles. Thresholds/sequences fit on calibration data and evaluated held out.

Table 1. Method comparison across five datasets. Gain = normalized area above the random-escalation baseline connecting the lowest-cost
and highest-accuracy single-model endpoints, computed on the median held-out frontier. CR % = cost reduction at 90% of ceiling quality
vs. the highest-accuracy single model. Computed over 50 random 50/50 calibration-test splits.

MMLU TriviaQA MATH (levels 3–5) SimpleQA LiveCodeBench

Method Gain CR % Gain CR % Gain CR % Gain CR % Gain CR %

Always-expensive — 0.0 — 0.0 — 0.0 — 0.0 — 0.0
Optimal pair 0.360 73.7 0.316 74.5 0.393 79.5 0.158 15.1 0.329 56.1
Full fixed chain 0.259 59.3 0.249 67.2 0.344 66.7 0.093 1.3 0.277 41.4
Optimal subsequence 0.360 73.7 0.306 74.5 0.390 79.5 0.156 14.2 0.315 51.2
Diagnostic learned router 0.393 73.7 0.219 59.9 0.394 81.2 0.193 26.7 0.365 64.9

Diagnostic learned router comparison. The embedding
router has higher normalized gain than the cascade enve-
lope on 4/5 datasets, with the largest gains on SimpleQA
and LiveCodeBench (Table 1). A same-signal compari-
son shows that this advantage is primarily structural: pre-
generation dispatch avoids paying the cheap model’s cost
cL on queries sent elsewhere, while an embedding cascade
using the same signal remains below the UQ cascade on 4/5
datasets. TriviaQA is the exception, where query embed-
dings are near-uninformative (AUROC ≈ 0.49). This diag-
nostic comparison is intended to separate structural costs
from signal quality rather than to benchmark the strongest
possible learned router. It should therefore be read as evi-
dence about the structural cost of post-generation escalation,
not as a claim that this simple router is optimal among
learned routing policies.

Structural condition diagnostics. Appendix C.6 reports
escalation-benefit diagnostics for the conditions in Section 4.
Representative envelope pairs satisfy expected dominance
on most of the score support and satisfy the decreasing-
benefit condition on 90–100% of the support. The main de-
viations occur in high-confidence regions, where the cheap
model is already reliable and escalation can add little or
negative expected benefit.

7. Conclusion
We developed a decision-theoretic framework for LLM cas-
cades that characterizes cost-quality tradeoffs via piecewise
concavity, reciprocal shadow prices, and first-order con-
ditions equalizing marginal quality-per-cost across stage

boundaries. For a pool of k models, we characterize
the frontier achievable by deterministic two-model thresh-
old cascades as the pointwise envelope over

(
k
2

)
pairwise

frontiers. Empirically, within the deterministic threshold-
cascade class studied here, optimized subsequence cascades
do not deliver practically meaningful held-out gains over
the pairwise envelope, while full fixed chains underperform
it across five benchmarks, eight models, and five providers.
A diagnostic learned k-model router that dispatches pre-
generation, however, exceeds the best cascade policy on
four of five datasets, including three where its embedding
signal is weaker than the cascade’s white-box uncertainty
signal, because it avoids paying the cheap model’s gener-
ation cost on queries routed elsewhere. The exception is
TriviaQA, where query embeddings are uninformative and
post-generation confidence remains the only viable signal.
Together, these results suggest a narrower practical diagnos-
tic: when inexpensive pre-generation features contain usable
difficulty information, even simple routing can expose the
structural cost paid by post-generation cascades; when such
features are uninformative, confidence-based cascading re-
mains competitive. This structural-cost conclusion is not an
exhaustive claim about all learned routing systems, includ-
ing richer routers or route-then-cascade hybrids. Extending
the theoretical framework to jointly characterize routing and
cascading under a common cost-quality formulation is a
natural next step. The empirical scope is also limited to
the evaluated model pool, short-form and code correctness
benchmarks, and monetary token-cost objectives; dedicated
reasoning models, long-form generation, and latency-aware
objectives may change the relative value of intermediate
stages.
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A. Supplementary Theoretical Analysis
A.1. Regularity conditions for Theorem 3.1.

We assume the joint density fs is continuous and strictly
positive on the interior of its support, and that mi, Vi+1,
and Wi+1 are continuous in (s1:i, τ ). The proof follows the
sketch in Section 3.2; boundary optima require replacing
stationarity with one-sided inequalities.

A.2. Score-Dependent Per-Query Cost

Proposition 4.2 does not require constant per-query
costs. It requires the weaker score-independence condi-
tion E[CH(x) | sL(x) = s] = cH on the relevant con-
fidence region, which makes expected cost linear in the
escalation probability. If expected token cost varies sys-
tematically with the cheap model’s confidence score, then
E[CH(x) | sL(x) < τ ] can depend on τ and the realized
cost curve need not be linear in FsL(τ). In that case, decreas-
ing escalation benefit alone no longer guarantees concavity
of the realized token-cost frontier, though Theorem 3.1 and
Proposition 3.2 still apply. Appendix C.7 reports the corre-
sponding cost–score correlation diagnostic.

A.3. Complete First-Order Conditions for the
Constrained Problems

Section 3.2 states the stationarity component of the FONC
for the budget-constrained problem (P2). For completeness,
the KKT conditions for an interior optimum of (P2) are

E[C(x; τ )] ≤ B, (primal feasibility) (20)
λ ≥ 0, (dual feasibility) (21)
λ (E[C(x; τ )]−B) = 0, (complementary slackness)

(22)

and, for each active threshold,

E
[
Vi+1(s1:i; τ )−mi(s1:i)

∣∣∣ s<i<τ<i
si=τi

]
= λE

[
Wi+1(s1:i; τ )

∣∣∣ s<i<τ<i
si=τi

]
.

(23)

Boundary optima replace stationarity with the appropriate
one-sided inequalities.

The quality-constrained problem (P1) uses the same
marginal objects with the reciprocal shadow price. Write its
Lagrangian as

LP1(τ , µ) = E[C(x; τ )] + µ (Q− E[U(x; τ )]) ,

where µ ≥ 0 has units of cost per unit quality. Its KKT
conditions are

E[U(x; τ )] ≥ Q, (primal feasibility) (24)
µ ≥ 0, (dual feasibility) (25)
µ (Q− E[U(x; τ )]) = 0, (complementary slackness)

(26)

and, for each active threshold,

E
[
Wi+1(s1:i; τ )

∣∣∣ s<i<τ<i
si=τi

]
= µE

[
Vi+1(s1:i; τ )−mi(s1:i)

∣∣∣ s<i<τ<i
si=τi

]
.

(27)

Thus the marginal cost-per-quality ratio is equalized across
active stage boundaries. Whenever the same interior fron-
tier point solves both constrained formulations, comparison
with equation 9 gives µ = 1/λ. In the two-model score-
independent case, equation 27 reduces to

cH = µ (mH(τ)−mL(τ)), (28)

which is the P1 counterpart to equation 16.

A.4. Proof of Proposition 4.2 (Piecewise Concavity and
Reciprocal Shadow Prices)

Proof. Fix a decreasing-benefit region I . Under score-
independent expected escalation cost on I , differentiating
the two-model integral expressions gives

d

dτ
E[U(x; τ)] =

(
mH(τ)−mL(τ)

)
fsL(τ),

d

dτ
E[C(x; τ)] = cHfsL(τ).

The slope of the cost-quality frontier at an interior point
parameterized by τ is therefore

dE[U(x; τ)]

dE[C(x; τ)]
=

mH(τ)−mL(τ)

cH
.

On a decreasing-benefit region this slope is non-increasing
in τ and, because expected cost is increasing in τ , non-
increasing in cost. Hence U† restricted to the corresponding
cost interval is concave.

For a target whose unrestricted optimum τ∗ lies in int(I),
stationarity of the Lagrangian on I is necessary and suf-
ficient. The envelope theorem applied to the value func-
tions VP1(Q) = minτ E[C(x; τ)] s.t. E[U(x; τ)] ≥ Q
and VP2(B) = U†(B) yields λ∗

P1 = V ′
P1(Q) and λ∗

P2 =
U†′(B). Since V ′

P1(Q) = cH/(mH(τ∗) − mL(τ
∗)) and

U†′(B) = (mH(τ∗)−mL(τ
∗))/cH , these are reciprocals.

When I = T ◦, the value function U† is globally con-
cave. For any non-degenerate budget B ∈ (cL, cL + cH),
Slater’s condition for (P2) follows from strict budget fea-
sibility: integrating dE[C(x; τ)]/dτ = cHfsL(τ) gives
E[C(x; τ0)] = cL + cHFsL(τ0), so any τ0 with escala-
tion probability p0 = FsL(τ0) < (B − cL)/cH satisfies
E[C(x; τ0)] < B, which exists by continuity of FsL . Stan-
dard Lagrangian duality for the resulting concave program
then gives zero duality gap, and the local marginals are
global shadow prices at interior optima. Boundary budgets

9
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B ≤ cL and B ≥ cL + cH reduce to one-sided derivative
cases.

If the optimum lies at the boundary of I , the stationarity
condition is replaced by a one-sided inequality and the re-
ciprocal relationship holds as an inequality between the left-
and right-derivatives of the value functions.

A.5. Randomized Threshold Policies Outside
Decreasing-Benefit Regions

Outside any decreasing-benefit region, the map τ 7→
mH(τ) −mL(τ) is locally increasing, so the slope of the
Pareto frontier U† is locally increasing in cost. In this
regime, the frontier is locally non-concave and a random-
ized mixture of two thresholds (i.e., deploying threshold
τa with probability α and τb with probability 1 − α) can
achieve a cost-quality pair strictly above the deterministic
frontier. Specifically, for any τa < τb in a locally increasing
region, the convex combination (α ·E[C(x; τa)] + (1−α) ·
E[C(x; τb)], α · E[U(x; τa)] + (1 − α) · E[U(x; τb)]) lies
above the deterministic curve whenever the curve is locally
convex.

However, local non-concavity does not imply that determin-
istic cascades are empirically uncompetitive, but rather that
randomizing between two thresholds can convexify a lo-
cally convex segment of the deterministic frontier. Whether
the deterministic cascade lies above the single-model end-
point chord depends on the average escalation benefit among
escalated queries relative to non-escalated queries. In prac-
tice, the magnitude of local non-concavities (reversals in
mH −mL) is small relative to the overall frontier curvature
on the datasets studied in Section 6, so deterministic thresh-
old cascades remain near the relevant empirical frontier.

B. Extended Related Work
LLM routing and cascading. A large body of recent
work studies cost-efficient LLM deployment via model se-
lection. Routing methods select a single model per query
prior to inference, typically using learned routers trained on
query representations or preference data (Ong et al., 2025;
Zhuang et al., 2024; Feng et al., 2025; Wang et al., 2025).
Several works incorporate explicit constraints such as bud-
get, latency, or capacity into routing decisions (Mei et al.,
2025; Markovic-Voronov et al., 2026; Ding et al., 2025).
Cascading methods instead query models sequentially and
decide whether to accept or escalate a response based on sig-
nals observed after generation, including learned confidence
estimators, token-level probabilities, and self-consistency
signals (Chen et al., 2023; Yue et al., 2024; Aggarwal et al.,
2025; Jitkrittum et al., 2024; Gupta et al., 2024). Extensions
consider reasoning-intensive settings (Valkanas et al., 2025),
uncertainty-aware routing with statistical guarantees (Su

et al., 2025), deployment constraints such as privacy (Zhang
et al., 2025), and unified routing-cascading formulations
(Dekoninck et al., 2025). We focus on the cascading setting.

Analytical characterization of the cost-quality tradeoff.
Several prior works formulate cascade design as constrained
optimization (Zhang et al., 2024; Gupta et al., 2024; Chen
et al., 2023; Jitkrittum et al., 2024), but do not character-
ize concavity conditions, dual shadow-price structure, or
the geometry of threshold-cascade frontiers over a model
pool. Chen et al. (2023) minimize expected cost subject
to an accuracy constraint, selecting thresholds by empir-
ical search rather than deriving first-order necessary con-
ditions for optimality. Valkanas et al. (2025) introduces
probabilistic cost constraints and provides generalization
guarantees, but does not characterize the structure of the
achievable cost-quality tradeoff. Dekoninck et al. (2025)
derives optimal routing, cascading, and cascade-routing
strategies from query- and output-dependent quality esti-
mates. We address these gaps by modeling expected quality
conditional on stage-wise confidence scores, and deriving
piecewise concavity on decreasing-benefit regions, recipro-
cal shadow-price relationships, and the pairwise envelope
as the frontier achievable by two-model threshold cascades.
We also study whether k-model cascades (k > 2) improve
on the best two-model cascade from the same pool, deriving
stagewise first-order necessary conditions for multi-stage
cascades and providing held-out evidence that optimized
multi-stage threshold cascades do not materially improve
on the pairwise envelope in our evaluated settings.

C. Additional Empirical Analyses
C.1. Scorer Choice Ablation

Figure 2 compares alternative UQ signals as cascade de-
ferral scores. Within each calibration-test split, we first
select the admissible model pairs using calibration data only.
We then recompute the two-model threshold frontier for
each scorer and each calibration-valid pair, summarizing
performance by pair-level normalized gain over a no-signal
random-escalation baseline. The plotted point is the me-
dian gain across pair cells, and the vertical bar gives the
10th–90th percentile range across those cells. The averages
include calibration-valid pairs that never attain the envelope,
so low pair-average gains need not reflect the performance
of the selected envelope.

Scorers. We compute the UQ signals using the UQLM
library (Bouchard et al., 2026; Bouchard & Chauhan, 2025).
Six confidence signals are compared: five off-the-shelf log-
probability scorers (mean token negentropy, min token ne-
gentropy, probability margin, min probability, sequence
probability) and a learned logreg_ensemble that fits a
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Figure 2. Scorer choice ablation. Points show median pair-level normalized gain over a no-signal random-escalation baseline; vertical
bars show the 10th–90th percentile across calibration-valid pair cells, including pairs that need not attain the pairwise envelope. Values
are computed from 50 calibration-test splits.

logistic regression on calibration data using all five base scor-
ers as features, predicting cheap-model correctness UL(x).
For a generated response y = (t1, . . . , tL), let pj denote the
probability assigned to the generated token tj .

Length-Normalized Sequence Probability (LNSP).
This score uses the geometric mean of the probabilities as-
signed to the generated tokens, which removes the mechan-
ical penalty faced by longer responses (Malinin & Gales,
2021):

LNSP(y) =

 L∏
j=1

pj

1/L

.

Minimum Token Probability (MTP). This score records
the least confident generated token in the response (Manakul
et al., 2023):

MTP(y) = min
j∈{1,...,L}

pj .

The remaining scorers use the top-K alternatives at each
output position. Let {pj,1, . . . , pj,K} be the top-K prob-
abilities at position j, sorted from largest to smallest,
and define the renormalized top-K probabilities p

(K)
j,k =

pj,k/
∑K

ℓ=1 pj,ℓ for k = 1, . . . ,K. In all experiments, we
request K = 15 top log-probabilities when available; for the
Llama models served through the Together AI API, which
exposes only K = 5 in our setup, the top-K scorers use
K = 5.

Probability Margin (PM). This margin averages the prob-
ability gap between the most likely and second-most-likely
token at each position (Farr et al., 2024):

PM(y) =
1

L

L∑
j=1

(p
(K)
j,1 − p

(K)
j,2 ).

Average Token Negentropy (ATN@K). This score av-
erages a normalized negentropy transformation over token
positions (Scalena et al., 2025; Manakul et al., 2023). First
define the top-K entropy at position j as

TE@K(tj) = −
K∑

k=1

p
(K)
j,k log p

(K)
j,k .

We convert entropy to a confidence-oriented score in [0, 1]
by

TN@K(tj) = 1− TE@K(tj)

logK
,

ATN@K(y) =
1

L

L∑
j=1

TN@K(tj).

Minimum Token Negentropy (MTN@K). This score
takes the least confident normalized-negentropy value across
the generated positions (Scalena et al., 2025; Manakul et al.,
2023):

MTN@K(y) = min
j∈{1,...,L}

TN@K(tj).

Gain metric. For a pair (L,H), the scorer-choice ablation
uses a no-signal random-escalation baseline within the same
cascade architecture: with escalation probability p, every
query pays the cheap-model cost and a random fraction
p also pays the expensive-model cost, giving Urand(p) =
(1− p)aL + paH and Crand(p) = cL + pcH .

Benefit-AUROC diagnostic. As a secondary diagnostic,
Table 2 reports benefit-AUROC in parentheses. For each
pair, benefit-AUROC is the AUROC of −sL(x) for pre-
dicting positive realized escalation benefit, 1{UH(x) >
UL(x)}; thus larger values mean low confidence better iden-
tifies queries on which escalation changes the answer from
incorrect to correct.

11



605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659

Is Escalation Worth It?

Findings. Mean token negentropy is the most stable de-
fault: it achieves the highest average gain on MMLU,
MATH, and LiveCodeBench, and is close to the best scorer
on SimpleQA. TriviaQA is the exception, where the learned
ensemble and min-token negentropy perform best. The
benefit-AUROC correlations are positive in the pooled data
on all five datasets and remain positive after pair demean-
ing on four of five datasets, but the ranking is not perfect.
For example, the learned ensemble often has high benefit-
AUROC without the highest gain. This reflects the fact
that cascade value depends not only on ranking positive
escalation-benefit cases, but also on where thresholds place
mass along the score support and on the cost distribution of
escalated queries. We therefore use mean token negentropy
as the common main-text scorer because it is consistently
competitive without dataset-specific scorer selection.

Table 2. Median pair-level gain (benefit-AUROC in parenthe-
ses) per scorer × dataset, averaged across valid pairs. Gain < 0
indicates that the cascade underperforms the no-signal random-
escalation baseline on average. Bold marks the highest-gain scorer
per dataset. The bottom rows report Spearman correlations be-
tween benefit-AUROC and gain before and after subtracting pair-
specific means across scorers.

Scorer MMLU TriviaQA MATH SimpleQA LiveCodeBench

Mean negentropy 0.146 (0.68) 0.303 (0.76) 0.035 (0.55) 0.019 (0.49) 0.058 (0.56)
Min negentropy 0.139 (0.68) 0.368 (0.78) −0.013 (0.60) −0.021 (0.45) 0.011 (0.55)
Prob. margin 0.141 (0.67) 0.266 (0.73) 0.031 (0.55) 0.023 (0.50) 0.056 (0.55)
Min probability 0.112 (0.66) 0.355 (0.77) −0.036 (0.58) −0.020 (0.45) 0.018 (0.55)
Seq. probability 0.111 (0.67) 0.324 (0.76) 0.034 (0.55) 0.007 (0.48) 0.054 (0.55)
LogReg ensemble 0.144 (0.68) 0.378 (0.79) 0.003 (0.59) −0.020 (0.45) 0.014 (0.55)

Pooled rs 0.83 0.42 0.56 0.81 0.83
Pair-demeaned rs 0.48 0.90 −0.09 0.94 0.40

C.2. Dataset Grading Details

We use dataset-specific binary correctness labels. MMLU
responses are graded by exact match to the selected multiple-
choice letter. TriviaQA uses normalized exact match after
lowercasing and removing punctuation, articles, and excess
whitespace. MATH is graded with a symbolic-equivalence
checker based on SymPy after extracting the final answer.
SimpleQA is graded with the official short-answer factuality
rubric using an LLM judge, mapped to binary correctness.
LiveCodeBench is graded by executing submitted solutions
against the benchmark test cases. Grading is completed
before calibration-test splitting and cascade optimization.

C.3. Model Operating Points

Table 3 reports single-model frontier endpoints for the
lowest-cost and highest-accuracy models on each dataset.

C.4. Descriptive Pairwise Frontiers

Figure 3 visualizes the full-sample pairwise frontiers and
switching points. This figure is descriptive: it shows the
geometry of the pairwise-envelope object on the full sample,
while the held-out comparison to full fixed chains, optimized

Table 3. Single-model frontier endpoints. Cost is mean dollars per
query multiplied by 106; accuracy is the dataset-specific correct-
ness metric.

Dataset Lowest-cost model Acc. Cost Highest-accuracy model Acc. Cost

MMLU Llama 3.1-8B 0.554 12.4 GPT-oss-20B 0.843 79.9
TriviaQA Llama 3.1-8B 0.579 4.4 Llama 3.3-70B 0.830 40.2
MATH Llama 3.1-8B 0.145 60.1 DeepSeek-V3 0.818 1398.7
SimpleQA Llama 3.1-8B 0.044 7.0 GPT-4o 0.382 356.4
LiveCodeBench Llama 3.1-8B 0.179 70.8 DeepSeek-V3 0.645 1512.1

subsequences, and routers is reported in Figure 1.

C.5. Two-Model Sweep Verification

We verify that the k=2 NSGA-II search recovers the same
operating points as direct threshold enumeration. For each
Pareto-optimal k=2 trial across 50 calibration-test splits, we
interpolate the per-pair threshold-sweep frontier at the trial’s
test-evaluated cost and compare to the trial’s test-evaluated
quality. The median agreement gap |Utrial − Ufrontier(Ctrial)|
is 0.000 on all five datasets, and the 90th percentile is
≤ 0.0014 (Table 4). This confirms that the two-model opti-
mizer is numerically recovering the one-threshold frontier;
the analytical FOC in Section 4 characterizes interior points
of this frontier under the score-independent cost condition.

Table 4. Two-model sweep verification: frontier agreement gap
|Utrial − Ufrontier(Ctrial)| between k=2 NSGA-II solutions and the
threshold-sweep frontier, across all Pareto-optimal trials and 50
splits.

MMLU TriviaQA MATH SimpleQA LiveCodeBench

Median 0.0000 0.0000 0.0000 0.0000 0.0000
90th pct 0.0008 0.0008 0.0011 0.0009 0.0014

C.6. Full Escalation Benefit Curves

Figure 4 tests the two structural conditions underlying
Section 4 on the representative envelope pair per dataset.
Expected dominance (Proposition 3.2) holds on 100% of
the score support for MMLU, TriviaQA, and SimpleQA.
MATH and LiveCodeBench show benefit reversal only in
the highest-confidence regions, covering 16–19% of the plot-
ted support, where the cheap model is already sufficiently
reliable and escalation can add negligible or negative ex-
pected benefit. Decreasing benefit (Definition 4.1) holds
on 90–100% of the support: it holds on all plotted support
for TriviaQA, at least 97% for MMLU and LiveCodeBench,
94% for MATH, and 90% for SimpleQA. Because empiri-
cal costs vary by query and need not be score-independent,
these diagnostics support but do not by themselves prove
global concavity of the realized token-cost frontier.

Figures 5–9 show the escalation benefit mH(s)−mL(s) for
all pairs on each dataset. Each panel annotates the expected-
dominance fraction (dom) and the decreasing-benefit frac-
tion (dec). For LiveCodeBench, GPT-oss-20B is excluded
from the cascade pool because it is cheaper and more accu-
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Figure 3. Descriptive cost-quality Pareto frontiers per dataset. Gray curves are per-pair frontiers U†,(i,j) among non-dominated models;
shapes mark the corresponding single-model endpoints. Black dashed: pairwise envelope U∗. Black diamonds: switching points.
MiniMax-M2.7 is omitted because it is dominated on all datasets. Computed on the full dataset (2,000 examples for MATH, MMLU,
TriviaQA, and SimpleQA; 1,055 for LiveCodeBench).
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Figure 4. Escalation benefit mH(s) −mL(s) as a function of the cheap model’s confidence score sL, for one representative pair per
dataset (the pair dominating the largest cost range on the envelope). Solid curves are medians across 50 random 50/50 splits; shaded bands
are 10th–90th percentiles. The dotted line marks zero. Annotations report the expected-dominance fraction (dom) and decreasing-benefit
fraction (dec) of the median curve.

rate than the higher-cost models, making the high-cost side
of the pool degenerate; the figure shows cascade dynamics
among the remaining models.

C.7. Cost–Score Independence Check

Per-query costs are computed from realized input and output
token counts using the prices in Table 5. Prices reflect public
provider pricing at the time experiments were run (May
2026): OpenAI prices for GPT-4o and GPT-4o mini, and
Together AI prices for all other models.

Table 5. Token prices used for cost computation, in dollars per
million input and output tokens.

Model Input Output

Llama 3.1-8B 0.10 0.10
GPT-oss-20B 0.05 0.20
GPT-4o mini 0.15 0.60
Qwen2.5-7B 0.30 0.30
Llama 3.3-70B 0.88 0.88
MiniMax-M2.7 0.30 1.20
DeepSeek-V3 0.60 1.70
GPT-4o 2.50 10.00

Proposition 4.2 assumes that the expensive model’s expected
escalation cost is independent of the cheap model’s confi-
dence score: E[CH(x) | sL(x) = s] = cH . This condition
permits per-query costs to vary, but rules out systematic
variation in expected cost along the thresholding score. To
assess this approximation, we compute the Spearman rank

correlation between the cheap model’s confidence score sL
and the expensive model’s realized token cost CH for every
cost-ordered model pair in each dataset.

Table 6. Cost–score independence diagnostic. Each entry summa-
rizes pair-level Spearman correlations between the cheap model
confidence score sL and the expensive model realized cost CH

across cost-ordered pairs. LiveCodeBench has fewer pairs because
GPT-oss-20B is excluded from that dataset’s cascade pool.

Dataset Pairs Median |ρs| 90th |ρs| Max |ρs| Share |ρs| < 0.20

MMLU 28 0.148 0.413 0.614 0.571
TriviaQA 28 0.142 0.390 0.534 0.714
MATH 28 0.150 0.487 0.506 0.607
SimpleQA 28 0.064 0.155 0.165 1.000
LiveCodeBench 21 0.321 0.496 0.526 0.238

Interpretation. The score-independence approximation
is most plausible on SimpleQA, where all pair-level corre-
lations satisfy |ρs| < 0.20. MMLU, TriviaQA, and MATH
show weak-to-moderate median correlations but nontrivial
tail cases, while LiveCodeBench exhibits the strongest cost–
score dependence. These diagnostics explain why Figure 4
should be read as evidence about the benefit side of the con-
cavity condition, not as a proof that the realized token-cost
frontiers are globally concave. All empirical frontiers and
tables use actual per-query token costs.
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Figure 5. Escalation benefit curves for all 28 pairs on MMLU.
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Figure 6. Escalation benefit curves for all 28 pairs on TriviaQA.
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Figure 7. Escalation benefit curves for all 28 pairs on MATH (levels 3–5).
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Figure 8. Escalation benefit curves for all 28 pairs on SimpleQA.

17



935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971
972
973
974
975
976
977
978
979
980
981
982
983
984
985
986
987
988
989

Is Escalation Worth It?

0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95

0.0

0.1

0.2

0.3

0.4

0.5
dom=1.00
dec=0.99

MiniMax-M2.7
gpt-4o

0.93 0.94 0.95 0.96 0.97 0.98 0.99 1.00

0.6

0.4

0.2

0.0

0.2

dom=0.12
dec=0.98

deepseek-v3
MiniMax-M2.7

0.93 0.94 0.95 0.96 0.97 0.98 0.99 1.00

0.1

0.0

0.1

0.2

0.3 dom=0.30
dec=0.97

deepseek-v3
gpt-4o

0.800 0.825 0.850 0.875 0.900 0.925 0.950 0.975 1.000

0.30

0.25

0.20

0.15

0.10

0.05

0.00

0.05

0.10 dom=0.03
dec=0.97

gpt-4o-mini
MiniMax-M2.7

0.800 0.825 0.850 0.875 0.900 0.925 0.950 0.975 1.000

0.1

0.0

0.1

0.2

0.3

0.4

0.5

0.6
dom=1.00
dec=0.94

gpt-4o-mini
deepseek-v3

0.800 0.825 0.850 0.875 0.900 0.925 0.950 0.975 1.000

0.0

0.1

0.2

0.3

0.4

0.5

0.6
dom=0.95
dec=0.98

gpt-4o-mini
gpt-4o

0.800 0.825 0.850 0.875 0.900 0.925 0.950 0.975 1.000

0.05

0.00

0.05

0.10

0.15

0.20

dom=1.00
dec=0.73

gpt-4o-mini
llama-3.3-70b

0.800 0.825 0.850 0.875 0.900 0.925 0.950 0.975 1.000

0.25

0.20

0.15

0.10

0.05

0.00

0.05

0.10 dom=0.00
dec=0.89

gpt-4o-mini
qwen2.5-7b

0.70 0.75 0.80 0.85 0.90 0.95

0.0

0.2

0.4

0.6

0.8
dom=0.84
dec=0.97

llama-3.1-8b
MiniMax-M2.7

0.70 0.75 0.80 0.85 0.90 0.95

0.0

0.2

0.4

0.6

0.8

1.0
dom=1.00
dec=0.76

llama-3.1-8b
deepseek-v3

0.70 0.75 0.80 0.85 0.90 0.95

0.0

0.2

0.4

0.6

0.8

1.0 dom=1.00
dec=0.84

llama-3.1-8b
gpt-4o-mini

0.70 0.75 0.80 0.85 0.90 0.95

0.0

0.2

0.4

0.6

0.8

1.0
dom=1.00
dec=0.88

llama-3.1-8b
gpt-4o

0.70 0.75 0.80 0.85 0.90 0.95

0.0

0.2

0.4

0.6

0.8

1.0
dom=1.00
dec=0.59

llama-3.1-8b
llama-3.3-70b

0.70 0.75 0.80 0.85 0.90 0.95

0.00

0.05

0.10

0.15

0.20

0.25 dom=1.00
dec=0.89

llama-3.1-8b
qwen2.5-7b

0.84 0.86 0.88 0.90 0.92 0.94 0.96 0.98 1.00

0.4

0.2

0.0

0.2

0.4

dom=0.24
dec=0.79

llama-3.3-70b
MiniMax-M2.7

0.84 0.86 0.88 0.90 0.92 0.94 0.96 0.98 1.00

0.1

0.0

0.1

0.2

0.3
dom=0.81
dec=0.97

llama-3.3-70b
deepseek-v3

0.84 0.86 0.88 0.90 0.92 0.94 0.96 0.98 1.00

0.10

0.05

0.00

0.05

0.10

0.15

0.20
dom=0.64
dec=0.99

llama-3.3-70b
gpt-4o

0.800 0.825 0.850 0.875 0.900 0.925 0.950 0.975 1.000

0.2

0.1

0.0

0.1

dom=0.56
dec=0.89

qwen2.5-7b
MiniMax-M2.7

0.800 0.825 0.850 0.875 0.900 0.925 0.950 0.975 1.000

0.1

0.0

0.1

0.2

0.3

0.4

0.5 dom=0.98
dec=0.45

qwen2.5-7b
deepseek-v3

0.800 0.825 0.850 0.875 0.900 0.925 0.950 0.975 1.000

0.1

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7 dom=0.98
dec=0.63

qwen2.5-7b
gpt-4o

0.800 0.825 0.850 0.875 0.900 0.925 0.950 0.975 1.000

0.2

0.0

0.2

0.4

0.6

dom=0.93
dec=0.54

qwen2.5-7b
llama-3.3-70b

Escalation benefit mH(s) mL(s)  LiveCodeBench

Figure 9. Escalation benefit curves for all 21 pairs on LiveCodeBench (GPT-oss-20B excluded; see text).
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C.8. Calibration-Size Sensitivity

Figure 10 and Table 7 report the median quality gap ∆ =
Ûsub − Ûenv at the median operating cost across 50 random
splits, as the calibration fraction increases from 50% to 90%.
The optimal subsequence cascade uses Optuna NSGA-II
with 2,000 trials and population size 100 at every calibra-
tion fraction; the number of trials is held fixed so that the
only variation is the amount of calibration data available to
select candidate pools, valid pairs, thresholds, and model
sequences.

Table 7. Calibration-size sensitivity diagnostics. ∆: median qual-
ity gap at the median cost (optimal subsequence cascade minus
envelope). BWR: band-width ratio (subsequence cascade / enve-
lope), values near 1 indicate similar generalization variance.

MMLU TriviaQA MATH SimpleQA LiveCodeBench

Split ∆ BWR ∆ BWR ∆ BWR ∆ BWR ∆ BWR

50/50 −0.000 0.99 +0.003 0.94 −0.002 1.16 +0.002 0.97 −0.002 1.04
70/30 −0.001 0.93 +0.004 0.99 −0.003 1.06 +0.002 1.06 +0.000 1.10
80/20 +0.000 0.97 +0.003 1.03 −0.003 0.99 +0.001 1.02 +0.000 0.93
90/10 +0.000 1.09 +0.000 0.84 −0.005 0.99 +0.000 0.88 +0.000 1.09

∆ remains within about 0.005 accuracy of zero at every
calibration fraction. Increasing the calibration fraction does
not produce a monotone improvement: the largest posi-
tive gaps occur on TriviaQA at 50/50–80/20, while MATH
remains slightly negative and LiveCodeBench alternates
around zero. BWR shows no systematic decline with in-
creasing calibration fraction, confirming that the optimal
subsequence cascade does not generalize better as the cal-
ibration set grows. The result is therefore structural: addi-
tional calibration data does not reveal a practically mean-
ingful subsequence-cascade improvement over the pairwise
envelope.

C.9. Threshold Grid Sensitivity

Table 8 reports the mean and maximum pointwise accuracy
difference between each grid resolution and the 500-point
reference, across the median envelope over 50 splits. The
common interpolation cost grid is fixed at 500 points in all
conditions; only the number of threshold candidates swept
within each pair changes.

Table 8. Pointwise accuracy difference vs. the 500-point reference
(nτ = 500) for the median pairwise envelope. mean|d| and max|d|
are computed over the 500-point cost grid.

MMLU TriviaQA MATH SimpleQA LiveCodeBench

nτ mean|d| max|d| mean|d| max|d| mean|d| max|d| mean|d| max|d| mean|d| max|d|

50 0.0041 0.0130 0.0010 0.0065 0.0006 0.0072 0.0008 0.0081 0.0020 0.0089
100 0.0030 0.0099 0.0006 0.0048 0.0003 0.0042 0.0005 0.0051 0.0010 0.0078
200 0.0018 0.0050 0.0004 0.0040 0.0002 0.0029 0.0002 0.0039 0.0006 0.0046
500 (reference) (reference) (reference) (reference) (reference)

The maximum accuracy deviation at the 200-point baseline
is ≤ 0.005 on all five datasets, and the mean deviation is
≤ 0.002. Even the 50-point grid stays within 0.014 accuracy
everywhere. The 200-point baseline is therefore adequate
for all reported results.

C.10. Optimizer Sensitivity

Figure 11 and Table 9 compare two optimizer choices for
the optimal subsequence cascade search: NSGA-II (the de-
fault used throughout the paper) and random search. Both
share the same trial budget of 2,000 evaluations and popula-
tion size of 100 per split, and results are reported over 50
calibration-test splits. The optimized subsequence search
is capped at four models; the full fixed-chain baseline re-
mains uncapped and uses the full calibration-selected non-
dominated pool.

The point of this comparison is to test whether the near-zero
subsequence-cascade gains depend on NSGA-II’s specific
search dynamics. If random search, which samples model
sequences and threshold parameters uniformly at random,
produces a similarly positioned Pareto frontier, the search
space is not hiding a materially better subsequence configu-
ration that NSGA-II fails to find. The absence of a practi-
cally meaningful improvement is then a structural property
of the data rather than an artifact of the optimizer.

Table 9. Optimizer sensitivity diagnostics. ∆: gap between the
optimizer’s median frontier and the pairwise envelope, averaged
over a 20-point window around the median operating cost (same
computation as the main frontier comparison). BWR: band-width
ratio (optimizer / envelope), measuring relative generalization
variance.

MMLU TriviaQA MATH SimpleQA LiveCodeBench

Optimizer ∆ BWR ∆ BWR ∆ BWR ∆ BWR ∆ BWR

NSGA-II +0.0018 0.97 +0.0033 1.06 −0.0025 0.94 +0.0029 0.97 −0.0018 0.93
Random +0.0031 0.93 +0.0048 1.16 −0.0020 0.92 +0.0029 0.95 +0.0010 1.03

NSGA-II and random search produce very similar Pareto
frontiers, with median gaps no larger than about 0.005 accu-
racy in magnitude. The band-width ratios near 1.0 confirm
that the two optimizers also exhibit similar generalization
variance. This agreement implies that the search space con-
tains no subsequence-cascade configuration that materially
improves on the pairwise envelope: the near-zero result is
robust to the optimizer and is not a consequence of NSGA-II
failing to find such a configuration.

C.11. Diagnostic Learned Router: Signal Decomposition

The diagnostic learned router trains one logistic regression
classifier per calibration-selected non-dominated model us-
ing frozen sentence-transformer embeddings (all-MiniLM-
L6-v2, 384 dimensions), predicting P (modelj correct |
query embedding). Similar to the approach by Dekoninck
et al. (2025), at inference, each query is dispatched pre-
generation to argmaxj [Pj(x)− w c̄calj ] for a scalarization
weight w swept over a log-uniform grid, where c̄calj is the
model’s mean cost on the calibration split. The resulting
cost-quality Pareto frontier is evaluated using realized held-
out token costs after dispatch, over 50 calibration-test splits.
Classifiers, non-dominated pools, and valid pair sets are fit

19



1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078
1079
1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091
1092
1093
1094
1095
1096
1097
1098
1099

Is Escalation Worth It?

50 70 80 90
Cal. %

0.004

0.002

0.000

0.002

0.004

 (k
-c

as
c.

en
v.

)
MMLU

50 70 80 90
Cal. %

0.005

0.000

0.005

0.010

 (k
-c

as
c.

en
v.

)

TriviaQA

50 70 80 90
Cal. %

0.0150

0.0125

0.0100

0.0075

0.0050

0.0025

0.0000

 (k
-c

as
c.

en
v.

)

MATH

50 70 80 90
Cal. %

0.004

0.002

0.000

0.002

0.004

 (k
-c

as
c.

en
v.

)

SimpleQA

50 70 80 90
Cal. %

0.03

0.02

0.01

0.00

0.01

0.02

 (k
-c

as
c.

en
v.

)

LiveCodeBench

Figure 10. Median quality gap ∆ (optimal subsequence cascade minus pairwise envelope) at the median operating cost, as a function of
calibration fraction. Error bars span the 10th–90th percentile of per-split deltas across 50 random splits. The dotted line marks ∆ = 0.
For LiveCodeBench, GPT-oss-20B is excluded from the model pool.
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Figure 11. Median Pareto frontier (over 50 splits) for NSGA-II and random search versus the pairwise envelope. Both optimizers produce
very similar frontiers across all five datasets. For LiveCodeBench, GPT-oss-20B is excluded from the model pool.

on the calibration half of each split using the same stratified
50/50 design as all other comparisons, then evaluated on the
held-out half.

Table 10 decomposes the router’s advantage by isolating
signal quality from structural differences. We evaluate
three methods, all using the same logistic-regression clas-
sifiers: (i) UQ cascade: the pairwise envelope with mean
token negentropy as the deferral signal (post-generation);
(ii) Embedding cascade: the pairwise cascade with
P (cheap correct | embedding) as the deferral signal (pre-
generation, pairwise structure); (iii) Diagnostic learned
router: pre-generation dispatch to a single model (pre-
generation, k-model structure).

The embedding cascade is a weaker deferral signal than
mean token negentropy on 4/5 datasets (AUROC 0.49–0.73
vs. 0.65–0.77), yet the router (using the same embedding
classifiers) exceeds the UQ cascade on 4/5 datasets. The
same-signal comparison (router vs. embedding cascade)
shows positive gaps on all five datasets. The advantage is
therefore structural: the router avoids the cheap model’s gen-
eration cost cL on queries routed to other models, whereas
any pairwise cascade always pays cL first. TriviaQA is
the exception (AUROC ≈ 0.49), where query embeddings
carry near-zero information about correctness and no rout-

ing advantage can compensate. This baseline is intended to
diagnose the structural difference between pre-generation
dispatch and post-generation cascading, not to benchmark
the state of the art in learned routing.

Table 10. Signal decomposition. ∆ = median quality gap vs. UQ
cascade (pairwise envelope); AUROC = mean over pool models of
ROC-AUC for the routing signal against binary correctness labels,
averaged over 50 splits.

MMLU TriviaQA MATH (levels 3–5) SimpleQA LiveCodeBench

Method ∆ AUROC ∆ AUROC ∆ AUROC ∆ AUROC ∆ AUROC

UQ cascade (envelope) +0.0000 0.714 +0.0000 0.746 +0.0000 0.647 +0.0000 0.699 +0.0000 0.773
Embedding cascade −0.0079 0.657 −0.0200 0.490 +0.0000 0.715 −0.0036 0.608 −0.0082 0.725
Diagnostic learned router +0.0027 0.657 −0.0319 0.490 +0.0022 0.715 +0.0142 0.608 +0.0181 0.725
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