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Abstract

We propose a new best-of-both-worlds algorithm for bandits with variably delayed
feedback. In contrast to prior work, which required prior knowledge of the maximal
delay dp.x and had a linear dependence of the regret on it, our algorithm can
tolerate arbitrary excessive delays up to order 7" (where 7' is the time horizon). The
algorithm is based on three technical innovations, which may all be of independent
interest: (1) We introduce the first implicit exploration scheme that works in best-
of-both-worlds setting. (2) We introduce the first control of distribution drift that
does not rely on boundedness of delays. The control is based on the implicit
exploration scheme and adaptive skipping of observations with excessive delays.
(3) We introduce a procedure relating standard regret with drifted regret that does
not rely on boundedness of delays. At the conceptual level, we demonstrate that
complexity of best-of-both-worlds bandits with delayed feedback is characterized
by the amount of information missing at the time of decision making (measured by
the number of outstanding observations) rather than the time that the information
is missing (measured by the delays).

1 Introduction

Delayed feedback is an ubiquitous challenge in real-world applications. Study of multiarmed bandits
with delayed feedback has started at least four decades ago in the context of adaptive clinical trials
(Simon, 1977} [Eick, |1988)), the same problem that has earlier motivated introduction of the bandit
model itself (Thompson, |1933)). We focus on robustness to delay outliers and to the loss generation
mechanism. In practice occasional delay outliers are common (e.g., observations that never arrive).
Robustness to the loss generation mechanism implies that the algorithm does not need to know
whether the losses are stochastic or adversarial, but still provides regret bounds that match the optimal
stochastic rates if the losses happen to be stochastic, while guaranteeing the adversarial rates if they
are not (so-called best-of-both-worlds regret bounds). Such algorithms are important from a practical
viewpoint, because the loss generation mechanism can rarely assumed to be stochastic, but it is still
desirable to have tighter regret bounds if it happens to be. From the theoretical perspective both
forms of robustness are interesting and challenging, requiring novel analysis tools and yielding better
understanding of the problems.

*Current affiliation of Saeed Masoudian is Churney ApS; however, the research for this paper was conducted
during his time as a postdoctoral researcher at the University of Copenhagen.
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Table 1: Comparison to state-of-the-art. The following notation is used: 7" is the time horizon,
K is the number of arms, 7 indexes the arms, A; is the suboptimality gap or arm 4, o,y is the
maximal number of outstanding observations, D = Zthl d; is the total delay, S C [T is a set of
skipped rounds, S = [T\ S is the set of non-skipped rounds, Ds = >, 5 d; is the total delay in
the non-skipped rounds, and dy,ax is the maximal delay. We have ming (|S | + \/Dig) < /D and

Omax < dmax, and in some cases ming (\S| + 4 /DS) < VD and opax < dimax.

_ Paper Key results

Joulani et al. (2013) Stochastic bound: O (Zi:Ai>O <logT + amaxAz>>

" |Zimmert and Seldin/(2020) Adversarial bound
without skipping: O (\/KT + +/Dlog K)
with skipping: O(\/KT—HninS (IS + \/DglogK))

(Masoudian et al.[(2022)) provide a matching lower bound)

“[Masoudian et al.[(2022) Best-of-both-worlds bound, stochastic part
O (Sigie (M7 + %t ) + dmaK /08 K )
The results assume oracle Best-of-both-worlds bound, adversarial part
knowledge of dmax o (\/TK 4+ V/DIog K + dypa K1/3 log K)
Our paper Best-of-both-worlds bound, stochastic part

o (Zi#i* (logT + Aﬁ’é}%) + Komax + S*), where

S*=0 (min (dmasz log K, ming {|8| + \/DSK% logK}>)

Best-of-both-worlds bound, adversarial part

O (VET + mins {|S| + /DgI0g K} +5° + Ko

Joulani et al.[(2013) have studied multiarmed bandits with delayed feedback under the assumption that
the rewards are stochastic and the delays are sampled from a fixed distribution. They provided a mod-
ification of the UCBI1 algorithm for stochastic bandits with non-delayed feedback (Auer et al.,[2002).

They have shown that the regret of the modified algorithm is O (Zl A0 <1°gT + UmaxAz)),

where ¢ indexes the arms, A; is the suboptimality gap of arm ¢, T is the time horizon (unknown to the
algorithm), and o, is the maximal number of outstanding observations. (An observation is counted
as outstanding at round ¢ if it originates from round ¢ or earlier, but due to delay it was not revealed
to the algorithm by the end of round ¢. The number of outstanding observations ¢; at round ¢ is the
number of actions that have already been played, but their outcome was not observed yet. We also call
o the [running] count of outstanding observations. The maximal number of outstanding observations
Omax 18 the maximal value that o, takes and is unknown to the algorithm.) The result implies that in
the stochastic setting the delays introduce an additive term in the regret bound, proportional to the
maximal number of outstanding observation.

In the adversarial setting, multiarmed bandits with delayed feedback were first analyzed under the
assumption of uniform delays (Neu et al.,|2010} 2014)). For this setting |Cesa-Bianchi et al.| (2019)
have shown an Q(v KT + +/dT log K) lower bound and an almost matching upper bound, where K
is the number of arms and d is a fixed delay. The algorithm of (Cesa-Bianchi et al.| is a modification of
the EXP3 algorithm of|Auer et al.|(2002b)). |(Cesa-Bianchi et al.| used a fixed learning rate that is tuned
based on the knowledge of d. The analysis is based on control of the drift of the distribution over arms
played by the algorithm from round ¢ to round ¢ + d. [Thune et al.|(2019) and |Bistritz et al.|(2019)
provided algorithms for variable adversarial delays, but under the assumption that the delays are
known “at action time”, meaning that the delay d, is known at time ¢, when the action is taken, rather
that at time ¢ + d;, when the observation arrives. The advanced knowledge of delays was used to tune
the learning rate and control the drift of played distribution from round ¢, when an action is played, to
round ¢ 4 d;, when the observation arrives. Alternatively, an advance knowledge of the cumulative
delay up to the end of the game could be used for the same purpose. Finally, Zimmert and Seldin
(2020) derived an algorithm for the adversarial setting that required no advance knowledge of delays



and matched the lower bound of |Cesa-Bianchi et al.| (2019) within constants. The algorithm and
analysis of Zimmert and Seldin avoid explicit control of the distribution drift and are parameterized
by running counts of the number of outstanding observations oy, which is an empirical quantity that
is observed at time ¢ (“at the time of action™).

Masoudian et al.| (2022) attempted to extend the algorithm of |[Zimmert and Seldin| (2020) to the
best-of-both-worlds setting. The stochastic part of the analysis of Masoudian et al.| is based on a
direct control of the distribution drift. The control is achieved by damping the learning rate to make
sure that the played distribution on arms is not changing too much from round ¢, when an action is
played, to round ¢ + d;, when the loss is observed. Highly varying delays cannot be treated with this
approach, because fast learning rates limit the range d; for which the drift is under control, while slow
learning rates prevent learning. Therefore, Masoudian et al.| had to reintroduce the assumption that
that the maximal delay d,.x is known, and used it to tune the learning rate. Unfortunately, damping
of the learning rate to control the drift over d,,,,x rounds made dy,,x show up additively in the bound,
meaning that potential presence of even a single delay of order 7' made both the stochastic and the
adversarial bounds linear in the time horizon. We emphasise that the linear dependence of the regret
on d, . is real and not an artefact of the analysis, because it comes from damped learning rate.

We introduce a different best-of-both-worlds modification of the algorithm of [Zimmert and Seldin
(2020) that is fully parameterized by the running count of outstanding observations and requires
no advance knowledge of delays or the maximal delay dy,.x. Our algorithm is based on a careful
augmentation of the algorithm of Zimmert and Seldin| with implicit exploration (described below),
followed by application of a skipping technique (also described below) as a tool to limit the time span
over which we need to control the distribution shift.

Implicit exploration was introduced by |Neu| (2015) to control the variance of importance-weighted
loss estimates in adversarial bandits. But the exploration parameters add up linearly to the regret
bound, making it highly challenging to design a scheme for best-of-both-worlds setting. The implicit
exploration schedule of [Neu| leads to Q(\/T) regret bound and, therefore, unsuitable for that. [Jin
et al.| (2022) introduced a different schedule for adversarial Markov decision processes with delayed
feedback. However, it is unknown whether their schedule can work in a stochastic analysis. We
introduce a novel schedule and show that it works in best-of-both-worlds setting.

Skipping was introduced by [Thune et al.|(2019) as a way to limit the dependence of an algorithm on
a small number of excessively large delays. The idea is that it is “cheaper” to skip a round with an
excessively large delay and bound the regret in the corresponding round by 1, than to include it in the
core analysis. Thune et al.| have assumed prior knowledge of delays, butZimmert and Seldin| (2020)
have perfected the technique by basing it on a running count of outstanding observations. In both
works skipping was an optional add-on aimed to improve regret bounds in case of highly unbalanced
delays. In our work skipping becomes an indispensable part of the algorithm, because, apart from
making the algorithm robust to a few excessively large delays, it also limits the time span over which
the control of distribution drift is needed.

In Table|l|we compare our results to state of the art. In a nutshell, we replace terms dependent on
dmax by terms dependent on oy,,«, and terms dependent on the square root of the total cumulative

delay D = Zthl d, by terms dependent on the number of skipped rounds |S| and a square root of
the cumulative delay Dg = ), s d; in the non-skipped rounds S (those with the smaller delay).
This yields robustness to excessive delays, because neither o,,,,x nor ming (|S |+ +/D 5) depend on

the magnitude of delay outliers. By contrast, both the stochastic and the adversarial regret bounds of
Masoudian et al.|(2022) become linear in 7" in presence of a single delay of order 7.

There are also additional benefits. It has been shown that 0,4 < dmax, and in some cases oo <K
dmax (Joulani et al., [2013| Masoudian et al.} 2022). For example, if the first observation has delay
T, and the remaining observations have zero delay, then d,,,x = 7', but o,,,x = 1. We also have

that mins (|S| + \/Dg) < VD, because S = @ is part of the minimization on the left, and in
some cases ming (|S | ++/D g) < V/D. For example, if the delays in the first v/7" rounds are of

order T, and the delays in the remaining rounds are zero, then ming (\S |+ /D 3) =0 (\/T ) , but

VD=9 (T3/ 4) (Thune et al., |2019). Therefore, bounds that exploit skipping are preferable over
bounds that do not, and for some problem instances the improvement is significant. In Appendix



we show that bounds with an additive term d,, ., including the results of Masoudian et al.| (2022),
cannot benefit from skipping, in contrast to ours.

The following list highlights our main contributions.

1. We provide the first best-of-both-worlds algorithm for bandits with delayed feedback that is robust
to delay outliers. It improves both the stochastic and the adversarial regret bounds relative to the
work of Masoudian et al.| (2022), which lacks such robustness. For some problem instances the
improvement is dramatic, e.g., in presence of a single delay of order 7' both the stochastic and the
adversarial regret bounds of  Masoudian et al.| are of order 7', whereas our bounds are unaffected.

2. We provide an efficient technique to control the distribution drift under highly varying delays.
3. We provide the first implicit exploration scheme that works in best-of-both-worlds setting.
4. We provide a procedure relating drifted regret to normal regret in presence of delay outliers.

5. At the conceptual level, we show that best-of-both-worlds regret depends on the amount of
information missing at the time of decision making (the number of outstanding observations) rather
than the time that the information is missing (the delays). It was shown to be the case for the stochastic
and adversarial regimes in isolation (Joulani et al., 2013, |[Zimmert and Seldin, [2020), but we are the
first to show that it is also the case for best-of-both-worlds.

2 Problem setting

We study the problem of multi-armed bandit with variable delays. In each round ¢t = 1,2, .. ., the
learner picks an action I; from a set of K arms and immediately incurs a loss ¢; ;, from a loss
vector /; € [0, 1]%. However, the incurred loss is observed by the learner only after a delay of d,
at the end of round ¢ + d;. The delays are arbitrary and chosen by the environment. We use o}
to denote the number of outstanding observations at time ¢ defined as oy = >, ., 1(s + ds > t)
and opax = max;e (7] 0t to be the maximal number of outstanding observations. ‘We consider two
regimes for generation of losses by the environment: oblivious adversarial and stochastic.

We use pseudo-regret to compare the expected total loss of the learner’s strategy to that of the best
fixed action in hindsight. Specifically, the pseudo—regret is defined as:

T
RegTzE[;et,f,,] - minE Zem E bor, — étzT],

where i = min;c(x) E [Zthl ¢, ;| is the best action in hindsight. In the oblivious adversarial

setting, the losses are assumed to be deterministic and independent of the actions taken by the
algorithm. As a result, the expectation in the definition of 7 can be omitted and the pseudo-regret
definition coincides with the expected regret. Throughout the paper we assume that 47, is unique. This
is a common simplifying assumption in best-of-both-worlds analysis (Zimmert and Seldin} 2021]).
Tools for elimination of this assumption can be found in|Ito|(2021).

3 Algorithm

The algorithm is a best-of-both-worlds modification of the adversarial FTRL algorithm with hybrid
regularizer by [Zimmert and Seldin| (2020). It is provided in Algorithm [I]display. The modification
includes biased loss estimators (implicit exploration) and adjusted skipping threshold. The algorithm
maintains a set of skipped rounds S; (initially empty), a cumulative count of “active” outstanding
observations (those that have not been skipped yet), and a vector of cumulative observed loss estimates
E;’bs from non-skipped rounds. At round ¢ the algorithm constructs an FTRL distribution x; over
arms using regularizer F; defined in equation (2)) below, and samples an arm according to x;. Then
it receives the observations that arrive at round ¢, except those that come from the skipped rounds,
and updates the vector f;’b“‘ of cumulative loss estimates. The loss estimates /; are defined below in
equation (I). Then it counts the number of “active” outstanding observations ; (those that belong to
non-skipped rounds), updates the cumulative count of outstanding observations D;, and computes

the skipping threshold d?.,. = , /49}(2?7;10%. Finally, it adds rounds s for which the observation
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Algorithm 1: Best-of-both-worlds algorithm for bandits with delayed feedback

Initialize Sy = @, Dy = 0, and Egbs = 0, where 0 is the zero vector in R
fort=1,2,...do
// Playing an arm and receiving observations (except from skipped rounds)
Set z; = arg mingcax—1 (L%, z) + Fy(x) // Fy is defined in @)
Sample [; ~ z;
fors: (s+ds; =t)A(s¢ Si—1)do
Observe (s, s 1.)
Lgbs = LY + 4 // s is defined in ()
// Counting “active” outstanding observations and updating the skipping threshold
Set Gy = sei—1ps,, L(s +ds > 1)
Update D; = D;_1 + 0

Setd!, . = \/ D/ (49K% log K)

// Skipping observations with excessive delays (by Lemmaat most one is skipped at a time)
fors € [t — 1]\ S;—1 do

if min {d,,t — s} > d!,, . then

| St =8-1U{s} /1 Tf the waiting time ¢ — s exceeds d', , then s is skipped
else

| St =8

has not arrived yet and the waiting time (¢ — s) exceeds the skipping threshold d’, . to the set of
skipped rounds S;. Lemma 20} which is an adaptation of [Zimmert and Seldin| (2020, Lemma 5) to
our skipping rule, shows that at most one round s is skipped at a time (at most one index s satisfies

the if-condition for skipping in Line[I3]of the algorithm for a given t).

We use implicit exploration to control importance-weighted loss estimates. The idea of using implicit
exploration is inspired by the works of [Neu| (2015) and Jin et al.| (2022), but its parametrization and
purpose are different from prior work. To the best of our knowledge, it is the first time implicit
exploration is used for best-of-both-worlds bounds. For any s,¢ € [T] with s < t we define implicit

. _ Dt . . . .
exploration terms A, ; = e~ P+~ Ps . Our biased importance-weighted loss estimators are defined by
z\ o gt,i]l(-[t = Z)
ti =
max {xm, At7t+@}

; ey

)

where d; = min (ds,min{(t —s) : t — s > di,,} ) denotes the time that the algorithm waits for
the observation from round s. It is the minimum of the delay d,, and the time (¢ — s) to the first
round when the waiting time exceeds the skipping threshold d®

max-*

Similar to Zimmert and Seldin| (2020), we use a hybrid regularizer based on a combination of the
negative Tsallis entropy and the negative entropy, with separate learning rates

K K
—2n;t (Z \/:m) + ;1 <Z x;(logz; — 1)) ) 2)
i=1 i=1

Ft($)

where the learning rates are 7, * = v/t and ;' = f‘fgplg. The update rule for z; is
= VE (-L{") = arg_min (L§" ) + Fy(x), 3)
z€ -1

where Egbs = Zi;ll lZ]l(s +ds < t)1(s ¢ S;—1) is the cumulative importance-weighted loss
estimate of observations that have arrived by time ¢ and have not been skipped. We use S* = St to
denote the final set of skipped rounds at time 7.



4 Regret Bounds

The following theorem provides best-of-both-worlds regret bounds for Algorithm[I} A proof is
provided in Section [5]and a bound on S* can be found in Appendix

Theorem 1. The pseudo-regret of Algorithm|l|for any sequence of delays and losses satisfies

TWT_ (F—F min {|S|+W}+S*+K0111ax)

where Giax = maxycir) {04} is the maximal number of outstanding observations after skipping and

S*=0 (min (dmaxKl/glogK mln {|8| + \/DSKS logK}))

Furthermore, if the losses are stochastic, the pseudo-regret also satisfies

_— log T arnax ~ *
RegT:(’) Z ( Al +AllogK)+KUmax+S

Masoudian et al.|(2022) provide an €2 (\/ KT + mingc7) {|S| + +/Dslog K}) regret lower bound

for adversarial environments with variable delays, which is matched within constants by the algorithm
of (Zimmert and Seldin} [2020) for adversarial environments. Our algorithm matches the lower bound
within a multiplicative factor of K 3 on the delay-dependent term, which is the price we pay for
obtaining a best-of-both-worlds guarantee. It is an open question whether this factor can be reduced.

In the stochastic regime, assuming that the delays in the first o,,,x rounds are of order 7', and that
the losses come from Bernoulli distributions with bias close to %, a trivial regret lower bound is

Q (0 maXEL +>, i l(f T) . This bound is almost matched by the algorithm of |Joulani et al.

(2013) for the stochastic regime only. Our bound has some extra terms, most notably > . #ix A?E‘g 74
and S*. It is an open question whether these terms are inevitable or can be reduced.

Theorem |I| provides three major improvements relative to the results of Masoudian et al.| (2022): (1) it
requires no advance knowledge of d,,.x; (2) it replaces terms dependent on dp,.x by terms dependent
0N Tpyax, Which never exceeds dyy.x, and in some cases may be significantly smaller; and (3) it makes
skipping possible and beneficial, making the algorithm robust to a small number of excessively large

delays and replacing /D log K term with mingscr {|S | +1/DsK ilog K }, which is never much

larger, but in some cases significantly smaller.

5 Analysis

In this section, we present a proof of Theorem[I] We begin with the stochastic part of the bound in
Section[5.1] followed by the adversarial part in Section

5.1 Stochastic Analysis

We start by defining the drifted regret RengTift =E [Zle ((Jct, gobsy — Z;’I;ST )} , where 90 =
Zi:l lZ]l(s +d, = t)1(s ¢ S;) is the cumulative vector of losses received at time ¢. Lemmais

the first major contribution establishing a relationship between Reg?p”ft and the actual regret Reg .
Lemma 2 (Drift of the Drifted Regret). Let o

max

= maXe[y] {0s}. Then

T
. 17 Umax *
Regp = > ZReQT - QKZ ( titd, T Ay t+dt+ffmx> 4 o
t=1

where S* is the total number of rounds skipped by the algorithm.
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In prior work on bounded delays the relation between Riegg 7" and Reg was achieved by shifting
all the arrivals by dpax, leading to an additive term of order dy,,x. This approach fails for unbounded
delays, because a single delay of order 7" prevents shifting and leads to linear regret. We address the
challenge by introducing a procedure to rearrange the arrivals (Algorithm [2|below) and advanced
control of the drift (Lemma [3]below). A proof of Lemma [2]is provided at the end of the section.

Algorithm 2: Greedy Rearrangement
Initialize v'** = 0 forallt =1,...,T +d%,
fort=1,...,T do

fors=1,...,t:s+ds =tdo

L Find the first round 7 (s) € [t,t + d,

| such that 768 = 0

Move the arrival from round s to round 7 (s) and update v"(eu)’ =1

max

The drift control lemma (Lemma 3 is the second major contribution of the paper. Prior work on
bounded delays controlled the drift by slowing the learning rate in accordance with dy,,x. This
does not work for highly varying delays, because slow learning rates prevent learning, whereas
fast learning rates fail to control the drift. Lemma [3|relies on implicit exploration terms in the loss
estimators in equation (I)) and on skipping of excessive delays, leaving the learning rates intact.
Lemma 3 (Drift Control Lemma). Let d!,.. be the skipping threshold at time t. Then, for any
i € [K]and s,t € [T), where s < tandt—s <d',., we have

max’

xrs < dmax(zs i, Ast)-

The proof is based on introduction of an intermediate variable T, = V F* (—f;’ésl), which is based
on the regularizer from round s and the loss estimate from round ¢. It exploits the implicit exploration
term ), ; to show that W < 2 and skipping to show that -2 < 2. The latter implies that
% < 2, and in combination with the former completes the proof The details of the two
steps are provided in Appendix [B]

Given Lemmas [2]and Lemma[3] we apply standard FTRL analysis, similar to[Masoudian et al.|(2022),
to obtain an upper bound for RegT . Specifically, in Appendix |A|we show that

L1 30 DEETLNED 3D DN TIPS MUVERS pp prai L ULt

t=1 ¢£4* t=1 i#£* t=2 i=1

T
+0 (KZ)\nH@), €y

t=1

where a, b, ¢ > 0 are constants and v; = 22:1 1 (s + c?s = t) is the number of arrivals at time ¢

(if a round s is skipped at time ¢ it counts as an “empty”’ arrival with loss estimate set to zero). By
combining (@) with Lemma 2] we obtain

T T
R 9D SUTTEEY 3) DRRTIIFETRINERY gp plairle CLt)

t=1 q#£¢* t=1 i#£* t=2 i=1
T
+0 (KZ (Measds F Aasdiron, ) + max + s*) , )
t=1

Then we apply a self-bounding analysis, similar to Masoudian et al.|(2022), and get

T
a5 1 Omax *
RegT = O( Z (Al IOg(T) A logK> + Omax + KZ ()\t,t+&\t + )\t’t+g’t+gfilax) =+ S >

Qi t=1

The details of the self-bounding analysis are provided in Appendix



The stochastic analysis is completed by the following lemma, which bounds the sum of implicit
exploration terms above. It constitutes the third key result of the paper and shows that the bias from
implicit exploration does not deteriorate neither the stochastic nor the adversarial bound. The proof is
based on a careful study of the evolution of D; throughout the game, and is deferred to Appendix

Dy
Lemma 4 (Summation Bound). Forall s € [T), let Dy =Y ."_, 0, and \s; = ¢ P¢-P=, then
T
Z ()‘t,t+3t + )‘t,t+3t+a;nax) = O(Tmax)-
t=1
Proof of Lemma 2| (Drift of the Drifted Regret)

We start with the definition of the drifted regret.

T T K T
——drift ~bsv Tobs Os s Ty s i Ts 32 Tt i
Regr ™" =E |} (o ") =05 )| =2 X2 D_E -
T _ - max {xs,i7 /\5715} max {xs,i’%a )\s,t}

t=1

T -
L iTs iy

> E|———=22 2" f .

=D DD DD I} e P W SR

T K
Esixsixti
> E| ——2" " (x| —S*.
>N S S|
) *

(©)

Note that when taking the expectation, we rely on the fact that E s with s + c/l\s = t does not affect x;.

If max {zs;, As,1 } = ®s,i, then x = € ;x4 ;, otherwise

es,ixt,i (/\s,t - xs,i) 4)\s,t()\s,t - xs,i)
>\s,t )\s,t

where the first inequality uses z;; < 4max(xs;, As¢) = 4As ¢ by Lemma and /, ; > 1, and the
second inequality follows by =, ; > 0. Plugging (7)) into (6) gives

_ T K
@;TW > Z Z ZE [(Csimei — ANgp — Loz ae)] — S

t=1 g\ J.—¢ i=1

T K T
SEY D Y D A | 4K > E] - S" ®)

t=1 S+C’l\s:t i=1 t=1 s+a\_g:t

* =Vl x4 — > s ;% — >l —4he e, (1)

Rt

It suffices to give a lower bound for R in terms of the actual regret Reg,. The difference between
Ry and Regy is that Regy = E [2;1 Zfil Aixt,l}, whereas in Rp the sum Zfil Az is

multiplied by the number of arrivals v; = 2221 1 (s + c/l\s = t) at time ¢, and v; might be larger
than one or zero due to delays.

Our main idea here is to leverage the drift control lemma to provide a lower bound for R7 in terms of
Reg. Specifically, by Lemmafor allr € [0,d!,,,], we have max(zy;, A y4r) > 22440, which
implies x; ; > ixtﬂﬂ' — At,t4+r- Thus, we obtain the following bound for any r € [0,d!, ]

1

K K
i:Zl Az‘mt,i > 1 ; Ai$t+r,i - K)\t,t+r- )

In Algorithm 2] we provide a greedy procedure to rearrange the arrivals by postponing some arrivals

to future rounds to create a hypothetical rearranged sequence with at most one arrival at each round.

|



Colliding arrivals are postponed to the first available (unoccupied) slot in the future. In Lemma 5]
below we show that arrival originally received at time ¢ stays in the [t, ¢ + amwx] interval (note
that of .. < d! ..). When an observation from round s is postponed from arriving at round ¢

to arriving at round ¢ + r for r € [0,d! ,.], by (9) it is equivalent to replacing Zfil A;xy; by
% Zfil ATy — K¢ty in Rp. Note that Algorithmmay push an arrival to a round larger
than 7", which is equivalent to replacing 21K:1 Az, ; by zero.

Let ve¥ for all t € [T + dL,.] be the total arrivals at time ¢ after the rearrangement, and let 7(t) be

the round to which we have mapped round ¢ for all ¢ € [T']. Then for any rearrangement

T K T
>E lz iv;ww S Aiwi =Ky Na| - (10)
i=1 t=1

t=1

T K

Z Ut Z Aixt,i

t=1 i=1

Rr=E

The following lemma provides properties of the rearrangement procedure.

Lemma 5. Let 0!, = max,c {Gs}. Then Algorithm 2| ensures for any t € [T + dL,.] that
v € {0, 1}. Furthermore, for any round t € [T it keeps all the arrivals at time t in the interval

[t,t+0o suchthatVs <t:s+ds =t = m(s) —t < ol ..

max}

We provide a proof of the lemma in Appendix [E] As a corollary, after the Greedy Rearrangement
(Algonthm the number of rounds with zero arrivals is at most o' __. This is because there will

max-*

T ..
max and > +U""“" vpeY = Zt 1 v¢ = T, which implies there are at most
zero arrivals as each round receives at most one arrival. Therefore

be no arrivals after T + o1

T
O max

K

|:Z Unew Z Aixt,i:| — RiegT lz ]l new — O) Z Aixtﬂ'
i=1 =1

< R769 [Z ]]. new —

t=1

Rf —-E [Ugax} < @T — Omax;
(11)

where the first equality uses the definition of Reg; = E[Zthl Zszl Az ;] and that Vt € [T :
vrew e {0,1}.

Since Vt € [T : 7(t) < t + dy + o, we have Atr(t) < A yydsor - Together with (TI), (T0),
and () it completes the proof. :

5.2 Adversarial Analysis

The adversarial analysis is similar to the analysis of | Zimmert and Seldin| (2020, Theorem 2). In
Appendix [G we show that

T
Regr =0 <\/KT+SHC11[¥] {|S| + \/DglogK} + 5"+ KZ)‘M%) ,
- t=1

where the first two terms originate from the analysis of Zimmert and Seldin|due to structural similarity
of the algorithm, S* is due to adjusted skipping threshold, and K Zthl A¢¢+q, 1s due to implicit

exploration bias and is bounded by Lemma[d] The proof is completed by the following bound on S*,
which is shown in Appendix [H]

Lemma 6. We have S* = O (min (dmasz log K , minscr {S| + \/DSKJ logK}>)

6 Discussion

We have successfully addressed the challenge of handling varying and potentially unbounded delays
in best-of-both-worlds setting. The success was based on three technical innovations, which may



be interesting in their own right: (1) A relation between the drifted and the standard regret under
unbounded delays (given by Lemma[2] Algorithm[2} and Lemma[5)); (2) A novel control of distribution
drift based on implicit exploration and skipping that does not alter the learning rates and exhibits
efficiency under highly varying delays (Lemma[3); and (3) An implicit exploration scheme applicable
in best-of-both-worlds setting (Lemma ).
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A Details of the Drifted Regret Analysis

In this section we prove the bound on drifted regret in equation (@). The derivation is same as the
one by Masoudian et al.[(2022), however, for the sake of completeness we reproduce it here. The
analysis follows the standard FTRL approach, decomposing the drifted pseudo-regret into penalty
and stability terms as

T T
=B Y (o0 %) + Fy (-L) = Fr (=L9) | +E | D F (=L") = Fy (~L3%%) — b,

t=1 t=1

dmft

stability penalty

The penalty term is bounded by the following inequality, derived by |Abernethy et al.|(2015)

T
penalty Z Fi_q1(x) Ft(ﬂﬂt))-i-FT(ez‘*T) — Fy(x1), (12)
t=2

where e;: represents the unit vector in RX with the i%-th element being one and zero elsewhere.
This leads to the following bound for penalty term

'Ll 1 K3
penalty < O Zznﬂ,“_’_zz O’t%mtbgi /Zt,:) ’ (13)

t=2 jH£* t=2 i=1

where we substitute the explicit form of the regularizer into (I2) and exploit the properties 7; -
1
n1 =0, % =y = Olovy/log K), and x ;. —1<0.

For the stability term, following a similar analysis as presented by Masoudian et al.| (2022, Lemma 5),
but incorporating implicit exploration terms, for any o; < ;' we obtain

T K
stability < Z Z ft Ti) EObs — o)

)
w
S

Let A, = {s <t:s+ ES = t}, then due to the choice of skipping threshold, o = ZseAt

Ef(lft (Itz) _ ft (ﬂl )~ alb

EtK_l ft (x4, 7) 1 Zfil ft (ze,1)~ re Thus we have

satisfies the condition oy < 7y, ! where t =

stability

IA
N
™
£
—
B
)

0
7
N
)

SI
& |
S
N——
[NV}

ﬁ
Il
_
.
I
—
S
T
m
b
&
5
Y
w
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For brevity we define z; ; = ft” (z¢,;)" ! and mZL = max {zs,;,As} forany s < tandi € [K]. We
begin bounding S} by replacing definition of loss estimators from (I]) and get

N EI]I(I:Z') 2e1.0s,1 ’
:ZZZQE Zt,i<s’smts T t’sls(’s )

t=1 i=1 sc A, 88 mg g, Zj:l 2,5

K . 2
1(I, =1 z
SY 9m <( A )
i £ ¢ L Ms,i ms,ls Zj:l Ztvj
1(I, = i) 20 1(I, = 14)
2ZE [Zt’i < t 2t ot K

t=1scA, i=1 Mg 4 mg Mg 1, Zj:lztyj
h
2 K )
21, 2,1, 2,1 (Ls = 1)
+ 2E — g
mt ;2 (00 2e) mb mt Yz
t=1 s€A; 5,1 j=1~tJ i=1 "vs,ils I, Laj=1 ~t,j
s7

Where the first inequality uses 5 ;, < 1. We show that S7 has negative contribution to S; by taking
expectation w.r.t. I, as the following

912]1ztﬂ

t
t=1 sc A, i=1 Ms (ZJ 1265) =

Thus we only need to bound S}, for which we take expectation w.r.t. I and separate i* from the
other arms to get

(Is =1 21 11 =14
ZE[Z“< tz)_ P ’I;]l( K) >1

Mg 4 Mg ;Mg 1, Zj:l 2,5
) 2
< ZE 2t,i%s,i zl"sz LE Zti*Tsyir zf;‘*x;i* ]
mt
iF£i* s i s,i* Mg i ] 1%t,j
1/2 Zt *
< E E{élnfx/ +E xzt1*< L )]
iFEL* - L j 1 Zt,j
~ _ i $3/2
1/2 Ts, z* t,i*
< E 4K nt:cs’/i +E p ma:t/z 1- 32 373
i ) - _ms,z* (1 —2¢+)3/2 + T ix

_ - i Lp3l2 3/2

ML s,i* Ty s 1 -

< E 41E ntxi’/iz +E It t 2t X <( 22;2) )]
iti* ) ) L s

< Z 4E _ntmi/f— +E 4\/57% Z Tt

)

i#i* B - i#£i*

< Z 4E ntxi/f +E |16v2n, Z(x“ + Ast)

2

i#i* ) . i#i*

<O(E|n Y ol +E[KA] ] .

iF£*
where the second inequality uses z;; = ft”(:vt,i)’l < nt;cff along z;; < mz)i from Lemma
the third inequality is due the fact that 2z ;+ (1 — fﬁ) is an increasing function in terms
j=1%t.j
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of both 2, ;+ and Z#Z zt,; and we substitute z; ;« < ntxf/f and Zj#* 2z < Z#i* ntxi/f <
ne(1 — 24,4+ )%/2, the fourth inequality is due to (1 — a)®/2 + a®/2 < 271/2  the fifth and the sixth
inequalities rely on Lemma and finally the last inequality is followed by Vi : 2, ; < wi/l * and that

n¢ < ns. Combining bounds for S and S? gives the following bound for Sy
T T
1/2
E[5:] <0 Z Z ”tE[zt,/i I+ Z KA 4d, (14)
t=1 iti* t=1
For S5, we take expectation with respect to [, I, and randomness of losses, all separately to get

ES]=Y Y > 2E [zt,i <2\sz - Es) (Zrz - Zs>:|

t=1 i=1 r,s€ Ay, r#s

Sy Y =

t=1 i=1 r,s€As,r#s

t K
M, 2‘7‘:1 2,5

7 K
M Djm1 Pt
(15)

For simplicity we define €, ; = p; — £ for any s < t and any i € [K], for which we have the

S5

following bounds

0<ée ;< —
S,1

We then continue from[I3]and bound it as the following

K s, K
Zj:l Zt,j Zj:l 2t

0

K
Zj:l Ztvj

K t K t
. <l%1kg §:j_1zmjﬂj$sa/7n&j> <;wa»¢ D jm1 At Tr /My,
t,1 - -

I

K ) K ot K o K Lt

Zj:l 2,5 Mg t Zj:l 2t,j€s, 5 Zj:l 2,51 : Zj:l 2t,5€r j

i\ i — =g St | |Hi——=xg—— —¢€ JrizK
L Zpi
g=1"tJ

)

T K ZK o 2 K K Lt K ot
j=1%t,j g (D im1 2ti€ )(Z:l Zt,i€ )
<D D0 D a (“ S ) + D ik e + 2ana(el s+ )+~ s

Zj:l Ztaj

t=1 r#s i=1

K
i=1 Zizl Zt,i

r,s€A; 3
S3 53 53

(16)

where the inequality holds because we ignore the negative terms after multiplication and that |(u; —

K . .
wﬂ < 1. We need to bound each part from (T6). We start with S3,

j=1 %t
K K 2
gl — Zj:l Zt,5Hj
2 = E Rt | i — ——xk
i= Ej:l 2t,j

=1
2
K
K 9 (Zi:l Zt,iﬂz‘)
= E Rty — T =k
i=1 D i1 P

2
K
(Zi:l Zt,il“i*)

Z 2
< Rty — K
1 D i1 i

K
< zipd — i)
=1
< 294,30 17
it
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We bound S3 as

K
S5 = Z Zt,ifi,zfi,i + ZZt,i(ez,i + 63,1‘)

i=1
K t et

<Zzt7, R r71+22t1(651+6£1)
i=1

K

5 Zeidst ZiAn

S e ) s + s )
2 ; mil mﬁﬂ
5

< §K7t()‘s,t + At (18)

where the last inequality holds because z; ; < y;a¢,; and that z; ; < 4m, ;, 4mj. ; from Lemma
It remains to give upper bound for S5 as

(ZzK:1 Zt,ie.i,i)(Zfil Zt,iei,i)
Zi}il Zt,i
K t K t
i=1 ~t,i\s,t s.1 i=1~t,i\r,t ri
(Dic1 2tids,e/myg ) (D251 2eiArt/ M)
K
D1 Rt
1
< iK’yt()\s,t + Art)s (19)

5% =

where the second inequality rely on z; ; < Yi2si, Asp < Mm% 5 Ay < mlyand 2y < 4ml x; <

4m! ; from Lemma It is suffices to plug bounds in (T7), (I8), and (I9) to obtain
T T

E[S] <Y > AAyE[z oy = 1) +6 Y Kv,, 5 (v, 5 — DA,z
t=1 i£i* t=1
T T
<IN D AAEm i + A (0= 1) + 6> K75 (v, — DA,
t=1i#i* s€A,; t=1
T
= Z Z Z A8y E[zs i) (v — 1) + 1OZK7t+Et A D
t=1 i#i* €A, t=1
T T
<SOD D ea A, g —D+HEY Avird, | - (20)
t=1 j#£i* t=1

where the third inequality uses Lemma 3]and the last inequality holds because of the skipping that
ensures vy, , 5 ( 1) < 1. Now, it is sufficient to combine the bounds for S; and Sy in (]E) and

(20) and get
T

T T
Efstability] < O | Y3 B2+ 3N v 2 Blecd(v,z — D+ K> N a0

t=1 i#i* t=1 izti* t=1

YVird, —

2
Combining the stability bound from (ZI)) and the penalty bound from (T3) concludes the proof.

B Proof of the Drift Control Lemma

In this section we provide a proof of Lemma[3] We start with a few auxiliary results, and then prove
the lemma.

B.1 Auxiliary results for the proof of the key lemma

For the proof we use two facts and a lemma from Masoudian et al.|(2022), and a new lemma. Recall
that fi(z) = —2n; 'z +7; 'z(logz — 1).

14



Fact 7. (Masoudian et al.| 2022} Fact 15) ft/ (2) is a concave function.

Fact 8. (Masoudian et al., 2022, Fact 16) f, (z)~" is a convex function.
Lemma 9. (Masoudian et al.||2022, Lemma 17) Fix t and s witht > s, and assume that there exists «,
such that xy ; < amax(zs;, As,¢) foralli € [K], and let f(z) = (—277[1\/5 +7; 'z(logz — 1)),
then we have the following inequality
K 7" 17
Zj:l f (mm) les,j
K " —
Zj:l fr@ey)t

Lemma 10. Ift > sand (t — s) < d' ., then

max’

20(K — 1)3.

dfnax S ﬁdfnaxv

which is equivalent to Dy < 2D,.

Proof. It suffices to prove that Dy < 2D,, which is equivalent to proving that (D; — D) < 1D,. We
have:
t
D D
Dy — D, = a\r<t_8dfnax<d£nax2:7t<7tv
' T:ZS“ < (t = ) < (o) 19K3 log K ~ 2

t

max?

where the first inequality holds because due to skipping, for all » < ¢ we have 7, < d and

(t—s)<dt

max-*

B.2 Proof of the Drift Control Lemma

Now we are ready to provide a proof of Lemma [3] Similar to the analysis of Masoudian et al.| (2022),
the proof relies on induction on valid pairs (t, s), where a pair (¢, s) is considered valid if s < ¢
and (t — s) < d!,,.. The induction step for pair (¢, s) involves proving that z; ; < 4max(xs ;, As.+)
for all ¢ € [K]. To establish this, we use the induction assumption for all valid pairs (', s") such
that &', ¢ < t, as well as all valid pairs (¢, s), such that t’ = t and s < s’ < ¢. The induction base

encompasses all pairs (¢/,t') for all ¢ € [T, where the statement x ; < 4y ; holds trivially.

Tt,i

To control — v we first introduce an auxiliary variable 7 = F* (—Eoﬁs ). We then address
max(Ts,i,\s,t) s t—1

the problem of drift control by breaking it down into two sub-problems:

1 Tt,i
* max(Ti,As,¢)

2. f— < 2: the drift due to loss shift.

< 2: the drift due to change of regularizer,

Deviation induced by the change of regularizer
The regularizer at round r is defined as
K K
Fola) = fole) = (~20, VE + 7, wi(logz, — 1))
i=1 i=1

We have 2, = VF7 (—L9%%) and & = VE*(—L2%). According to the KKT conditions, there exist
Lagrange multipliers ¢ and fz, such that for all i:

fs(@i) = _ngsl,i + 1,
fe(@e) = *Lgﬁsl,qi + p.

We also know that there exists an index j, such that z; > x ;. This leads to the following inequality:

_Lgisl,j +u=fi () < fo(we) < f5(T5) = _ngsl,j + fy
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where the first inequality holds because the learning rates are decreasing, and the second inequality

is due to the fact that f; (z) is increasing. This implies that ;4 < [z, which gives us the following
inequality for all ¢:

/ 1 log(z+ ;) 1 log(z;) .
filwn) = —— o8 oL — @),
o (T4,1) T - e o s(Ti)
Thus, we have two cases, either ——L—— < ——L_ or log(@¢.i) < log(@i)
Ne/Tt,i NsVTi Tt Vs
) 2
Casei: If — m\/lﬁ < - ; \1/? holds, then we have x}f < Z—z = f On the other hand, we have
Ji sVT; i A

t ~
_ 22t
t_ < dt — ZT—I UT < < -
§ S Qax K3/2log K — \| K3/2logK — 2’

where the second inequality holds because trivially &, < r. This implies that % <2

2

~ t
Case ii: If log(v%) < log’yﬂ’ it implies that =, ; < z*. Using =; < max(Z;, \s,¢), we get

at

@y < max(T;, Agt) s
= max(T;, As,¢) X max(¥;, )\s,t)%*l
< max(Z;, Ast) X Ay

_VDi—vDs
= max(Ti, Ast) X Agy Ve

= max(T;, As ) X €70 7" VDt

VDe L
= max(T;, A ¢) X e VPP < max(T;, Asy) X €' 2 < max(ZT;, As¢) X 2.

Therefore, in both cases we obtain

T < 2max(Ti, As ). (22)

Deviation Induced by the Loss Shift

The initial steps of the proof of this part are the same as in[Masoudian et al.|(2022). However, for the
sake of completeness, we restate them here.

Since we have x, = VEF*(—L%%) and & = VF*(—L2%), they both share the same regularizer
Fi(z) = Zfil fs(z;). For brevity, we drop s from fs(z). By the KKT conditions Ju, fi s.t. Vi:
[ (@s) *Lgb—sl,i + i,
f@) ==L+ B

Let £ = L9 — L%, then by the concavity of f'(z) from Fact we have

s—1°
(e — T (52) < [ (w00) = [ @) < (w50 —T) [ (%) (23)
—/N_/
w—ptl;

Since f” (xs,;) > 0, from the left side of 23) we get z,; — T; < f” ()7t (u -+ Zz) Taking
summation over all ¢ and using the fact that both vectors x; and Z are probability vectors, we have

K K

0= (w0i = 30) <3S (wo) " (=i + 1),
=1 =1

Yoy £ (wai)

Sy (@ei)

= p—p < (24)
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Combining the right hand sides of (23)) and (24) gives

T "(F m D DAY S C s
(fEi - l's,i)f (:Ul) < n— = él < J >
Zj(:lmf (ISJ‘)il

b

and by rearrangement we get
K " _ -~
Zj:l f(@s )M
K 1" —
Zj:l (s g)t
K " _ -~
Zj:l I (@s,5) 7
K 1" —
Zj:l [ (s g)t

T <moit+ [ (@)t x

(25)

S Ts,i + /YSEZ X

"o, —— —~ -1
where the last inequality holds because f (7;)”! = (n;lém 3/2 —|—'ys’1:c<_1) . The next

K3 3
K

” - _1~ ~ o~
step for bounding Z; is to bound % in @3), where ¢; = 3 .,/ ; and
A:{r:s§r+c/l\,,<t}.

If there exists » € A, such that r > s and 4max(xr7i, A < x4, then combining it with

), leads to

7',7“-1—(% )
the induction assumption for (r + d,., ), where we have Tog ot d

Tog < x4 ;. On the other hand, by the induction assumption for pair (r+ cj,«, t), we have

< dmax(z,;, A

Ty < 4maX(xr+J,,.,w )‘r+c?mt)'

So using Toyd i S T and )‘r+3r,t < Xs,; we can derive z; ; < 4max(zs ;, As ). This inequality
satisfies the condition we wanted to prove in the drift lemma. Therefore, we assume that for all » € A
we have either r < s or x5 ; < 4 max(z, ;, )‘r,r+3r)' If r < s, using the the induction assumption for
(s, ) together with the fact that \,. ; < )‘m vd results in =, ; < 4max(z, i, Ars). Consequently, in
either case, the following inequality holds for all r € A

To; < dmax (g, A, rd ). (26)
Thus, inequality in (26) satisfies the condition of Lemma(9] and for all € A we get:
K 1" 71/\
o Tg i) s
Zj_lf ( 7]) 5] S8(K—1)% (27)

S [ ()t

We proceed by summing both sides of the inequality (27) over all » € A and obtain

ZJI'{=1 f”(x&j)ile]‘ 1 : : : .
SR T e T S 4|A|(K — 1)3. Now it suffices to plug this result into (23):
j=1 Ts,j

Ti < e+ 8A|Ti(K —1)5 =

1

T 28
w <o (g 8)

< X 1

Tsi
=Tt X\ 2dyuds,, (K — 1)1/
1
STei X | ——5 | = 2244, 2
_z,x<1_1/2> - (29)
where the third inequality uses |A| < d5,. +t —s < d.,, + d5 . and that d,, < 2d% . by

Lemma|I0] and for the last inequality we use the definitions of ~, and d5, ...
Combining (29) and (22) completes the induction step.
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C Self-Bounding Analysis

In this section we show the details of how to apply self-bounding analysis to bound the right hand
side of (3).

We start from (5) and decompose it as follows

T T
Regy <E az Z 77tl':,/i2 +bz Z Seras (Visd, — Daesds "‘CZ Z Ut%xtlzolggKl/xt i)

t=1 itir t=1 itir t=2 i=1
A B c
T
*
E : ( tird, TN t+(it+a;mx) + Omax + 57 | .
t=1
D

We rewrite the pseudo-regret as Regr = 4Regr — 3Regr, and then based on the decomposition
above we have

Regr <E [4aA — Regy] + E [4bB — Regy| + E [4¢C — Regy| + 4D. (30)
Masoudian et al.|(2022) provide the following three lemmas that give the bounds for the first three

terms in (30).

Lemma 11. (Masoudian et al.| 2022, Lemma 6) For any a > 0, we have:

4aA — Regyp < Z (T+1)+1. (31)
iF£L*
Lemma 12. (Masoudian et al.| 2022, Lemma 7) Let Vpyq0 = maxye (7] Vt, then for any b > 0:
4bB — Regp < 64b%0p4, log K. (32)

It is evident that v, < Omax, SO the bound in Lemmais dominated by O(K o pax) term in the
regret bound.

Lemma 13. (Masoudian et al.| 2022, Lemma 8) For any ¢ > 0:

— 128¢%0max
4cC ~Regr < Y #‘;;. (33)

By plugging (31),(32),(33) into we get the desired bound.

D A Proof of Lemmald

First we provide two facts and two auxiliary lemmas.
Lemma 14. For any t we have

t
2Dy > Y ds.

s=1
Proof. We show that for any ¢ € [T] we have 22:1 c/i; — D, < Dy:

t
Sd-p= Y (@5
s=1

(s<t)A(s+ds>t)

Y

(s<t)A(s+ds>t)

IA

Dy

<(dt VYV =—Tt_ <,
< (dhna) 49K3log K — |
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where the second inequality holds because d < d! .., and the total number of steps that satisfy

(s<t)N(s+ dy > t) is less than the skipping threshold at time ¢, which is again d,
the inequality completes the proof.

Rearranging

max-*

Lemma 15 ((Orabond, [2022] Lemma 4.13)). Let ag > 0 and f : [0;400) — [0;400) be a
nonincreasing function. Then

Zt 0@t
Zatf (ao —|—Zaz> _/ f(x)dx.

x

IA

1
g

Fact 16. For any x > 0, we have e~
Fact 17. Forany x > 1, we have e™* < 1+
z log?(x)

Proof of LemmaH| We have two summations as
T P T  Prot +d
E e Derd: Tt o4 E e thohaxtd U

t=1 t=1

where we show an upper bound of O (G ,.x) for each of them.

Bounding the First Summation: Let Tj be the time satistying /Dr, = #&‘;(m, then using
Facts [T6 and [[7] we have
T Pt d, T ~
Ze t+dy D4, Dt < Z t+d’ D ’Dt+dt D
D R 1 2 Dt+(it
t=1 t-’rdt t=To+1 t+dy; og th+J -D,
\—/—/ ) t
A
B
For A we give the following bound
To t+dy 5 To s—1 ~
0'5 t + dt > S)
A=> > 5 =22 —p
t=1 s=t+1 t+dt s=1t=0 t+d¢
T() /\2

< Z*
Z K1/3 log

To

s
B ; K1/3log(K)v/D,
Dr, G
< O 0 — O max
- <K1/3 log(K)> (K2/3 1og2(K)> ’

where the second equality is by swapping the summations, the first inequality holds because D, a2

and the last inequality uses Lemrna

Dy, the third inequality uses 05 < dy.x < TSR Va?ogK,

19



The bound for B is as follows

T t+d, ~ T t+dy

Og 6'\3
Z Z Dt+dt - Z Z TK1/31log(K)D, , -
) e (0

A

t=To+1s=t+1 Dy 3 log” P t=To+1s=t+1 D, t+d;

t+d o‘mux,/'Dtert

B XT: i G A(t+dy > s)
—Tot1 t=To+1 VJTKY/3 log(K)Dt+J
s=to "D, g log? :

Omax

=To+1t=To+1
TR AD, T

S B+ d, > o
B - log? <49K2/Blog2(K)Dt+cﬁ>

T ~
a3

IN

s—Toi1 4D, log? (49K2/3 log?(K) 3?5 )

max

T

~ Z O
O-max
2 (49K2/31og?(K)Ds

s=To+1 4D, log (32—g()>

max

IN

IN

Dr 1
o -
e /DTO 4x log2(749K2/j21°g2(K)x )

max
D
~ -1 i
= Omax
49K2/31og?(K)x
410g(527())

max

== O(a—max) )

D Ty

where the first inequality follows by o, < 0., and our skipping procedure that ensures Jt < dfnax <
\ Dt+§t

K/3log K’

D, a2 Dgand >, 1(t + dt > s) = 05, the last inequality follows by Lemma , and the last

equality uses [ dr = log(w/éﬁlax)‘

the second equality is by swapping the summations, the second inequality follows by

1
zlog?(z/52,,,)

Bound the Second Summation: The bound for the second summation follows the same approach,
but it requires additional care due to existence of ot in it. Let Ty to be the time satisfying

— Cmax i
Dr, = 7173 o (R then using Facts andwe have
T Pttobintds -D r D :+ —D
B t t+ot e t
e Tmax Tt < mdx + — .
E : § : Z D, ot .d
t=1 t+ff§m,ﬁ+dt t=TH+1 2 [ __Tthomaxtdr
0 Dt+gt +df log Dt+0tyla +Jt 7,Dt
Y fax

B

For A we give the following bound
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D

S

To ttotnaxtde D

A= e Pt T < 30 ket
>~ D ~
1 t-"_a-fnax—"_dt

- D,

o+
Il

t=1

tol . +ds 5
S

S

S Progri
1_1 ~ o~

— Gl (t+ ol A+ di > s)
[2F

t=1

IN

ERIGE

t=0
s ~ ~
208 ax + Os—os__)0s

max
D,

IN

=1

_N>_ 3VD,
~ = K'/3log(K)D;

@

- 4~ K'/3log(K)v/D,

s=1

Dr, G
< O 0 _ O max
- <K1/3 log(K)> o log”(K) ),

where the first inequality is by Fact[I6] the second inequality holds by swapping the summations and

that D, tot 4ds > Dq, third inequality use the following derivation

Lt+d>s)+1(s>t+d >s—0b,,)
T

(t+d>s)+A(tels—ols—1)+1{t<s—ol  At+d >s—0b,),
(34)

IN

L(t+ ohoy +de > 5)

IN

the third equality is by swapping the summations, the third inequality uses s < d},.« < 5% glfggK,

and finally the last inequality uses Lemma T3]
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The bound for B is as follows
T tol +de ~
B = 2 : Zs:t+1 Os

’D —~
2 t+ol +de
t=To+1 - Fnaxt
Prich+d 108 <z”2§a&x”t a)
o

1/3 _
t=To+1 s=t+l 1 ~ 10g2 Y 108Dt oy +ds
ttohaxtde 23max\/Dt+gt +dy

ZT: i Gol(t+ot, +d > s)

3K1/3log(K) Dt+a‘, 4,

s=To+1t=Tp+1 =N 2
lDt+Urtnax+dt log Omax
T s—1 ~ T

- Z Z 40'31(t+0fnax—|—dt ZS)

o 9K2/310g2(K)D,, ¢ .=
_ _ 2 t+o +dy
=To+1t=Tp+1 ~ max

° oF o ,Dt—"—o-rtnax-"_dt 1og < a:tznax

o 4(20-fnax + as—os )as

max

soTos1  Dglog” (4£S )

max

IN

T

IN

~ 120,
O-max
s:%,:ﬂ D, log? (791{2/313%2(“%)

Un]ax

IN

/DT 12
o -
max Ty 10g2( 9K2/;l20g2(K):1:)

L —12 pr
= Omax 10g(9K2/3 logQ(K)x)

52
UH]&X

= O(a—max) )

Dr,

max? max

/D, tot o d the second equality is by swapping the summations, the second inequality follows
by D,,; > D and (39), 1the last inequality follows by Lemma E], and the last equality uses
dx = |

= log(z /o2

Thax)

where the first inequality is due to our skipping procedure that ensures max {O’t Et} <d . . <

f atlogQ(ml/Erznax)
E A proof of Lemma 5]

Proof. We use the term free round to refer to a round r such that v]**" is zero. By applying induction

on the time step ¢, we show that if the algorithm is currently at time ¢ and intends to rearrange the vy

arrivals, there exist v; free rounds in the interval [t, ¢ + ot . — ; + v;] to which the algorithm can
push the arrivals. This ensures that the arrival from round s, will be rearranged to round 7 (s) > s +JS,
such that 7(s) — (s + (YS) < ot To this end, we assume the induction assumption holds for all
r < t, and then proceed with induction step for ¢.

Induction Base:

The induction base corresponds to the first arrival time, denoted as ty. At this time step, all vy,
arrivals can be rearranged to the free rounds in the interval [to, to + vy, — 1], which is a subset of
[to, to + 00, — T, + vy, — 1]. Therefore, the induction base holds.

Induction step:
Assume that we are at round ¢, and our aim is to rearrange the arrivals of round ¢. We define ¢; as
the last occupied round, where ¢; > ¢. So it suffices to prove t; — t < o', — 0. We first note that

since the algorithm is greedy, all rounds ¢,¢ + 1,...,¢; — 1 must also be occupied by some arrivals
from the past.
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Let tg < t be the first round where one of its arrivals has been rearranged to ¢, and let U;O be
the number of arrivals at time ¢ that are rearranged to some rounds before ¢. Then by induction
assumption we know

to—1
t—to < Ol — Oty + Uy + 1 =010 — > L(r+dp > to) + vy + 1. (35)
r=1

On the other hand, by the choice of t(, each occupied round ¢,¢ + 1, ..., ¢; must be occupied by
exactly one arrival among the arrivals of rounds %, ..., ¢ — 1, except for the v; arrivals of ¢ that are
rearranged to some rounds before £. So we have
t—1
t—t+1<> Ltg<r+d, <t—1) v,
r=1

to—1 t—1

=Y Mo <r+d, <t-1)+ Y At <r+d <t—1)—vy,
r=1 r=to
to—1 R t—1 N

=Y Ato<r+d, <t—1)+t—to— > Ar+d, >t)—v,,
r=1 r=tg

where .the second e.quality.holds because Zf;}to 1(r+ c@ > tg) =t — tg. We use (33) to bound
t — to in the above inequality and get

to—1 to—1 t—1
b=t <o+ Y Uto <rtdy <t—1)= > LUr+dy >to) = > L(r+dy > 1)

r=1 r=1 r=tg
to—1 t—1

=0l = > Ur+d, >t)= > A(r+d. > 1)
r=1 r=to
t—1 N

:O—f‘gax_zﬂ(r—f—d’f’zt)gortnax_at7 (36)
r=1

where the last inequality follows by the fact that {07, .. },. €[] is a non-decreasing sequence. So if the

algorithm rearranges the v; arrivals at round ¢ to rounds ¢ + 1, . .., t; + vy, then, using the inequality

(36), we can conclude that these rounds fall within the interval [t, ¢ + ot . — 7 + vy].

F Adversarial bounds with d,,., cannot benefit from skipping

In this section we show that adversarial regret bounds that involve terms that are linear in d,,,x, such
as the bounds of [Masoudian et al.|(2022]), cannot benefit from skipping. We prove the following
lemma.

Lemma 18.

VD < min (|S\ + \/Di‘g) + dinax.

Proof. For any split of the rounds [T into S and S we have
D =Dg+ Ds < Dg + |S|dmax < D5 +|S|* + d;

— max"*

Thus
VD < \/Dg +[S]? + d2, < IS+ /D + dmax,
and since the above holds for any S, we obtain the statement of the lemma. |

We remind that skipping allows to replace a term of order /D by a term of order mins (|S | ++/D 5-)
(for simplicity we ignore factors dependent on K). Thus, it may potentially replace a bound

of order VD + dyax by a bound of order ming (|S | ++/D g) + dmax, but since by the lemma
ming (|S| + v/Ds) + dmax = 2(VD), this would not improve the order of the bound.
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G Details of the Adversarial Analysis

The only difference between our algorithm and the algorithm of Zimmert and Seldin| (2020) is the
implicit exploration and the slightly modified skipping rule. Let ¢; be the original loss sequence,

then the adversary can create an adaptive sequence /; that forces the player to play according to the
implicit exploration rule by simply down-scaling all the losses by

e

by =
max {mt}i, >‘t,t+3t}

Our regret bound decomposes now into

T
> we, b)) — £y i}‘|
=1

(i) i

t=1

Regr = max E

T
< maXE

E XT: <xt,£t —E>] .

t=1

For the second term we have

T T
Z <xt;€t — €t> Z %T)xti < KZ)‘LH@ )

t=1 i=1 t= 1 t,t+de t=1
which can be controlled via Lemma[4l

The first term is bounded by |[Zimmert and Seldin| (2020, Theorem 3) (since the player plays their
algorithm on the modified loss sequence) by

T
Z 2, 00) — Uy is ] <AVKT+» 76 +y7" log K + S*

t=1

max E

T ~
Viog K
< VKT + § % +7/DrlogK + S*
t

= 4K —&—\/logKZDt Dtl—f—?\/DTlogK—&—S*

<4VEKT + kaK Z VDi — \/Di_1 +7/Drlog K + S*
t=1

=4V KT + E\/DTlogK—i-S*
<4VK +— m1n {|S|+\/DslogK}+S*

where the first equality uses the definition of ~;, the third inequality follows by Va,b > 0 : =t <

5

2(y/a — /b), and the last inequality uses the following lemma
Lemma 19. The skipping technique guarantees the following bound

\VDrK3logK < rgm {|S|+\/D5K310gK}

Combining the bounds on the first and the second terms provides the regret bound in Section[5.2} It
only remains to provide a proof for Lemma

Proof of LemmalI9 For any t € [T] we have dy < \/ Dr /(49K % log(K)), therefore for any
RcC [T

S d> Y &> Dr [Rly/Dr/(49K log(K))

te[TI\R te[TI\R
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Hence we can dereive the following lower bound,

1
min [R|+ [ Y d.K%log(K) > min r+ \/DTK§ log(K) = =r DrK 3 log(K)
RET] sE[T\R re [0, 49Dr K3 log(K)

Z \/ DTK% 10g(K),

where the second inequality uses the concavity in 7.

H A Bound on S*

Next, we reason about the nature of skips. The following lemma is an adaptation of Zimmert and
Seldin| (2020, Lemma 5) to our skipping threshold. To this end we provide two lemmas and then
conclude then proof.

Lemma 20. Algorithm[I|will not skip more than 1 point at a time.

Proof. We prove the lemma by contradiction. Assume that s;, so are both deactivated at time

t. W.lo.g. let s; < s; — 1. Skipping of s; at time ¢ means t — s1 > 1/D;/(K3 log(K)) >

\/Dt_l/(K% log(K)). At the same time we assumed ¢ — 1 — s > ¢ — s1, which means that s,

would have been deactivated at round ¢ — 1 or earlier. |
Recall that (Z is the contribution of a timestep ¢ to the sum Dr. Let (¢y, ..., ts~) be an indexing of S
and ¢ = 49K % log(K ). We bound the number of skips by

S* < 2cdys. (37)

The above bound together with the fact that incurred delay Ets must be less than the the skipping
threshold and the maximal delay dy,.x give us

S*<0O (K% loch/Z;g)

<0 (min {dmaxK§ log K, \/Dr K% log K})
<0 (min {dmaxKg log K, min {|S| +1/DsKi 1ogK}}) ,
SC[T]

where the last inequality follows by Lemmal[19} [ |

Proof of bound (37). By Lemma[20|we skip at most one outstanding observation per round. Thus,
we have that
- m e, +
di,, 2Dy, 4d.,, Jez | D dife= :
i=1

Ve
By solving the quadratic inequality in cftm we obtain

14144y,
dt 2 Ezfl t
m 2¢

Now we prove by induction that C?tm > 4. The induction base holds since c/i\tl = 1. For the inductive
step we have
~ 14+4/144c 77171(?1. 1 1 1
S V 2im1 i o1+ +m(m —1) >

bm = 2c - 2c

Then the induction step is satisfied. |

E
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