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Abstract

Large language models represent prompt-
conditioned beliefs (posteriors over answers
and claims), but we lack a mechanistic account
of how these beliefs are encoded in represen-
tation space, how they update with new evi-
dence, and how interventions reshape them. To
make these questions measurable, we study a
controlled numerical setting where L1ama-3.2
infers a parametric posterior predictive distribu-
tion from stochastic time series, yielding a map
from hidden states to output distributions and
forming curved “belief manifolds.” This lets us
follow belief updates as trajectories when the
underlying data-generating process switches,
and then test interventions that try to move the
model’s belief along a desired coordinate. We
demonstrate that standard linear steering of-
ten pushes states off-manifold and induces cou-
pled, out-of-distribution shifts, while geometry-
and field-aware steering better preserves the
intended belief family.

1 Introduction

AT agents act in the world by making implicit in-
ferences about the current state of reality. Their
processing core, large language models (LLMs),
are conditional belief engines that continuously as-
sign probabilities to claims — what we refer to here
as beliefs. Formally, given an input prompt Z and a
factual claim c, a belief is the conditional probabil-
ity:
P(c = true | 7).

These beliefs have multiple origins. Some are pri-
ors acquired over the course of training and fine-
tuning (sometimes with engineered calibration, for
instance to guard against harmful content or instill
political stances) and persist robustly across inputs;
for example: the Earth is round. Others, typically
called posteriors, are formed and updated at in-
ference time from the prompt’s content (Minder
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Figure 1: The Shape of beliefs. (A) Stochastic time
series u(t) € [0,999] are generated from normal dis-
tributions V,, , and passed into Llama 3.2 as strings.
(B) Representations (PCA at layer 14) form curved man-
ifolds parametrized by (i, 09 = 100) (pink to green)
and (po = 500, o) (shades of purple). They encode the
model’s current posterior inferred from the input data.
(C) Softmax outputs, visualized with inPCA, mirror the
geometry of activations. (D) Softmax probabilities (pos-
terior predictive), projected onto the subset of tokens
corresponding to integers from 0 to 999, closely reflect
the input distributions.



et al., 2025); for example: Alice is the character
of a novel, or Alice is a famous writer, or Alice
is a large ion collider experiment — depending on
context. Finally, causal interventions such as steer-
ing aim to divert a model’s belief from its “natural
course,” based on knowledge of how beliefs are
represented internally (Bigelow et al., 2025).

Crucially, LLMs do not rely on isolated beliefs
but on systems of beliefs: structured collections of
interdependent claims whose probabilities evolve
with context. Understanding how these belief sys-
tems are encoded, updated, and manipulated is es-
sential for explaining model behavior. This paper
takes a step toward that goal by studying belief
systems as first-class objects of analysis, leading to
three main questions:

* Geometry: How is a prompt-conditioned pos-
terior belief encoded in the model’s internal
representations, and what geometric structure
does it form?

e Dynamics: When evidence changes over
time, how does the model update that pos-
terior — do trajectories move along or across
belief manifolds?

¢ Interventions: If we try to manipulate a be-
lief by intervening on activations, when do
standard linear methods succeed, and when
do they produce unintended behavior?

Assessing a model’s beliefs is often a difficult
task, in particular because its behavior might not
be readily inferrable from a model output’s dis-
tribution (logits). That’s why many studies rely
on carefully designed prompts so that a model’s
belief can be read out directly from its verbal out-
put (Bigelow et al., 2024). An alternative is to seek
a signature of these beliefs in the internal repre-
sentations, because representations encode not just
a next-token prediction, but also contextual infor-
mation and reasoning processes (Razzhigaev et al.,
2025; Hu et al., 2025).

Our strategy is to construct a tractable belief fam-
ily with ground truth and a continuous parametriza-
tion. We leverage the emergent ability of LLMs to
infer distributions from numerical sequences: given
a prompt containing a time series of numbers sam-
pled from a generating distribution Gy, the model
converges to a next-token prediction that closely
matches Gy. This gives us a controlled notion of a
posterior over a small set of interpretable parame-
ters 0 (e.g., # = (u, o) for Gaussians), and it lets

us measure both outputs (logits/softmax) and their
preimages (hidden states) in a calibrated way with
ground-truth anchors.

Using Llama-3.2 and prompts consisting of
stringified integers, we tile the representation space
with activation ensembles whose output distribu-
tions are approximately A (i, o) over the inte-
ger tokens (0 to 999). The resulting preimages
form smooth and curved manifolds parametrized
by (i, o), providing a concrete geometric object
that we can treat as a small, well-defined concep-
tual space in the sense of Girdenfors (Géardenfors,
2000): a continuous domain of related beliefs with
interpretable coordinates. A belief system is not a
single scalar or direction, but a structured region of
representation space supporting families of related
posteriors.

Once a geometric map of beliefs and their tran-
sitions is established, two additional steps follow.
First, we seek a readout that describes how an in-
terpretable belief coordinate, such as p, can be de-
coded throughout the manifold; we implement lin-
ear field probes (Yocum et al., 2025), which char-
acterize not just separability but the geometry of a
probe family across a continuous domain. Second,
we investigate intervening along that coordinate,
by comparing standard linear steering to geome-
try aware and field-aware steering schemes that
attempt to respect the manifold structure.

2 Experiments and analysis

Our goal is to make a posterior belief state both
observable in the logits and indexable by a small
set of interpretable parameters, so we can study its
preimage geometry and update trajectories along
this manifold. Stochastic numerical time series
provide this setting: the model’s next-token dis-
tribution can be compared directly to the ground-
truth generating distribution G(6), and varying 6
provides a continuous family of belief states.

Liu et al. (2024) have showed that LLMs are
capable of various time series extrapolation tasks;
in particular, given a prompt such as:

533,460,689,432,501,487,508,465, 340,

where the numbers are random variables drawn
from a normal distribution N (¢ = 500, o = 100)
(as an example), the model quickly in-context
learns the distribution underlying the input series
of (stringified) numbers, and reproduces this distri-
bution in its logits (Appendix A).



For convenience, we rely primarily on the
Llama 3 models (Grattafiori et al., 2024), whose
tokenizer discretely represents every single num-
ber between 0 and 999 (Bao et al., 2025). We re-
strict the input distribution to integers in that range
by rounding and clamping. No finetuning or rein-
forcement learning is applied to open-source base
models.

In our setup, there are two categories of tokens:
the comma-predicting-number (com2num) tokens
and the number-predicting-comma (num2com) to-
kens. Unless otherwise noted, we consider the
com2num tokens in what follows. More detail in A.

2.1 Methods

We use Principal Component Analysis (PCA) to
visualize and analyze high-dimensional sets of vec-
tors. For vectors describing probability distribu-
tions, such as softmax outputs, we employ Inten-
sive PCA (inPCA) instead (Quinn et al., 2019), a
variation of PCA more informative for prediction
vectors, i.e. constrained to the unit d-simplex.

2.2 Notations and definitions

We write vectors in bold (e.g., v) and matrices in
capital letters (e.g., A). We use activations, repre-
sentations, and hidden states interchangeably to re-
fer to the model’s residual stream, denoted x; 1 (1),
where ¢ is the token index, k the sequence index,
and [ > 0 the layer index.

A normal distribution with mean p and standard
deviation o is written N (p1, o) or N}, . Its preim-
age manifold is denoted M, ,: if € € M, ,, after
layer-norm and unembedding it maps to a softmax
corresponding to V,, ,. For preimages at interme-
diate layers [/ (not the final layer), we write Mﬁ?g.

Logits serve as a proxy for model behavior. To
compare input and output distributions, we use
probability vectors obtained by applying softmax
to the logits with temperature 7' = 1.0.

3 Results

We first investigate the geometry of belief mani-
folds tiled by the activations from various input
time series. Then, we report the dynamics along
and across these manifolds when time series switch
between distributions. Finally, we describe how
the belief parametrization, materialized by p, is
encoded along the activation manifold using lin-
ear field probes, and evaluate causal interventions
based on the discovered geometry.

3.1 Shape of beliefs

Given enough number samples, of the order of 100,
Llama 3.2 converges towards the true distribution
underlying the data (Appendix A), as evidenced by
its logit output in Fig. 1C & D. This is in-context
learning (Brown et al., 2020). In other words, over
the course of the prompt the model acquires a pos-
terior belief about the input contextual information.

This belief is not only manifested in the logits,
but also encoded in the internal representations
of the prompt. We extract an ensemble of acti-
vations corresponding to the preimages for nor-
mal distributions with various means and standard
deviations N, w0+ Fig. 1B reveals two orthogonal
manifolds, one corresponding to varying means
€ {300,350,...,700} and constant standard
deviation oy = 100, the other to constant mean
o = 500 and varying o € {20,50,...,200}.
These manifolds appear to form smooth, contin-
uous structures, exhibiting substantial curvature.
This implies, a priori, that the geometry supporting
the data is complex, and might not be adequately
described by standard linear frameworks such as
the Linear Representation Hypothesis (LRH, (Park
et al., 2024)).

This tiling of a well-defined manifold can be
interpreted as constituting a conceptual space (Gir-
denfors, 2000; Hindupur et al., 2025).

3.2 Belief dynamics

Now that we have established a ground-truth map
of beliefs, we investigate the situation where the
input materializes a sharp change of distribution
and the corresponding response of the model to
this impulse perturbation. Concretely, we study
the model’s output distribution when we input
a time series whose first 1000 numbers follow
N (300, 100) and the next ones abruptly switch to
N(700,100) (Fig. 2A).

We observe two timescales of adjustment in
Fig. 2B. The mean of the output distribution
quickly settles on the new mean. The variance
takes longer to equilibrate, defining an effective
timescale of belief equilibration. The specific tra-
jectory that the model follows is reflected both in
probability space (Fig. 2D) and in representation
space (Fig. 2C). They show that, after the switch,
the model jumps to a phase of high variance, which
can be seen equivalently as a high entropy state!
reflecting the model’s uncertainty about what the

"For a normal distribution, entropy h = log o + h.
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Figure 2: Belief dynamics. Input (A) is a time series
with a sharp transition between two distinct regimes,
N300,00 — N700,0, at t = 1000. Output (B) shows
the model quickly adapting its mean after the switch
while broadening its variance, which relaxes back to
its true value after about 300 tokens. This switch in
belief is apparent in the model’s activations (C). The
trajectory in probability space (D) shows two attractors
corresponding to the true input distributions, and the
path taken by the model across them.

input data represents.

In Appendix B, we compare the model’s em-
pirical response to that of an ideal observer. In
Appendix C, we consider the response to a time
series with multiple switches and observe meta-in-
context learning capabilities.

3.3 Features encoded along data manifolds

With belief states mapped as manifolds and updates
measured as trajectories, we investigate which co-
ordinates of belief are accessible to simple read-
outs. This matters for two reasons: (i) probing:
how we extract what the model “believes” with-
out relying on prompting; and (ii) intervention: —
how we define a principled steering objective, such
as: “increase y while preserving o”. We therefore
study how the p-parameter is decodable along the
manifold using linear field probes.

3.3.1 Linear field probes

To address the mounting evidence that neural net-
works, and transformers in particular, encode fea-
tures using geometries and topologies far more
complex than single directions, Yocum et al. (2025)
recently introduced feature fields to describe fea-
tures defined over (non-Euclidean) manifolds. The
framework proposes a natural extension of lin-
ear probes into families of probes, called linear
field probes (LFP), which essentially operate a
piecewise-linear tiling of an underlying manifold.

Using our continuous representation of beliefs,
we examine the linear field probing on the gaussian-
preimage manifolds Mg,)a. We find that linear field
probes produce an excellent representation of the
belief manifolds.

Specifically, we train a set of linear probes for
activations representing the discretized manifold
oo = 100, u; = {300, 350,...,700}, at all lay-
ers (see Appendix D.2 for details). We report the
following findings:

* Separability: probes achieve high accuracy
on all activation classes u;, from 0.87 at
layer 0 to 0.99 at layer 15 (Fig. 3A); this
shows that p-indexed representations are lin-
early separable at all layers.

* Continuity: probes vary smoothly with the
parameter L, as revealed by the structured co-
sine similarity matrix in Fig. 3B; this smooth
similarity structure reflects an underlying ge-
ometry over the domain p, as further dis-
cussed below.

* Interpolation: probe vectors can be inter-
polated across p based on trained endpoints
(Fig. 3C); for example, the probe at i = 350
can be interpolated between wsgg and wygg
without retraining. This indicates that the
probes form a coherent field over p rather
than a collection of unrelated classifiers.

* Transfer: probes transfer only locally along
the manifold; transfer performance decays
with distance in y at a rate matching the de-
cay lengthscale in the Gram matrix (Fig. 3D).
This indicates curvature in the domain embed-
ding and limits the validity of a single (global)
linear direction.

Together, these observations support the inter-
pretation that the set of linear probes constitute a



LFP as defined in Yocum et al. (2025). Separabil-
ity establishes that p is linearly decodable, while
continuity and interpolation establish that p is lin-
early represented as a field. Thus, the manifold of
gaussian activations is a feature field that is linearly
represented.

We stress that, in general, a standard linear probe
for (non-parametric) classes, for example {cats,
dogs, horses, raccoons} would not show the con-
tinuous and interpolative structure that character-
izes linear field probes. A LFP represents a bilin-
ear form f(x,u) = (@, ¥(u)), where W(u) de-
notes the probe vector associated with field value
i € Z; evaluation of the field is simply an inner
product (-, -).
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Figure 3: Linear field probes. (A) Separability: probe
accuracy (on test set) on all y-indexed representations,
for each layer. (B) Continuity: cosine similarity be-
tween probes, showing smooth variation over p and
revealing structured geometry over the domain. (C) In-
terpolation: cosine similarity between true and (kernel-)
interpolated (see D.3) vectors at intermediate u; for
reference, cosine similarity between two random vec-
tors in a space of d = 2048 dimensions has mean 0
and standard deviation 1/4/2048 ~ 0.02. (D) Trans-
fer: probes only transfer locally; here showing a probe
trained on p = {300, 350} (layer 0) and applied on sets
= {350,400} (Ap = 50), u = {400,450} (Ap =
100), etc. (An untrained binary probe has accuracy 0.5.)

3.3.2 Field geometry

In return, the linear field probe implicitly endows
the domain Z = [300, 700] with a particular geom-
etry. Importantly, this geometry does not describe
where activations corresponding to different do-
main values are (co-)located in activation space.
Instead, it describes which linear directions in ac-

tivation space matter for decision boundaries: the
way p is encoded is not the same as the way p
can be read out. This distinction between encoding
geometry (primal) and separability geometry (dual)
is central to Yocum et al. (2025). We provide addi-
tional intuition and discussion of this subtle point
in Appendix D.1.

The geometry of this linear readout space is cap-
tured by the Gram matrix of probe vectors (cosine
similarity), shown in Fig. 3B. Its eigendecompo-
sition reflects the underlying dimensionality and
directionality necessary to decode p values from
the embedded representations. Following standard
kernel PCA, this dual geometry can be visualized
by embedding each p; as

(VA (i), VA (12), s ()

where \g and ug are the leading eigenvalues and
eigenvectors of the Gram matrix (Fig 4B).

Figure 4 thus illustrates a representation in which
the readout geometry is dominated by a small num-
ber of principal directions, even when the underly-
ing activation manifold is highly curved. This high-
lights the duality between encoding complexity and
linear usability: complex internal representations
can give rise to comparatively simple linear fields.

Finally, the LFP also reveals the evolution of the
field geometry across layers. In particular, eigen-
values of the Gram matrix show that the intrinsic
dimensionality of the manifold increases over lay-
ers (Fig. 4A) — with the exception of the last layer?.
It may be interpreted as the deeper representations
encoding an increasing number of features, requir-
ing the feature field to densify and spread across
more dimensions in readout space.

3.4 Interventions

Based on the model’s belief map, can we purpose-
fully intervene on its activations and engineer its
output to match a specific distribution? This is
traditionally referred to as model steering.

Model steering is usually performed along a spe-
cific direction with a tunable magnitude; in other
words: linearly. Some have recently argued that
steering ought to be done along the manifold that
supports the underlying data rather than a constant
direction (Hindupur et al., 2025). Alternatively, the

This “last layer anomaly” (Sarfati et al., 2025) has been
noted many times before, but remains to this day to be char-
acterized and explained precisely. Intuitively, the model con-
verges to a next token prediction.
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Figure 4: Field geometry. (Left) Cumulative variance
explained as a function of rank of the eigenvalues of
the LFP Gram matrices (Fig 3B), for each layer. The
intrinsic dimensionality increases with layers, but drops
at the last layer (L.15). (Right) Kernel PCA embedding
of the first 3 eigenvectors of the Gram matrix at layer 15.
This represents the field geometry, dual to the activation
space manifold.

field geometry uncovered above suggests the pos-
sibility for field-aware steering relying on probe
vectors.

Here, we use our experiments to compare vari-
ous steering schemes based on the underlying ge-
ometry of the manifolds. We find that steering
linearly tends to push next-token prediction out of
the target distribution.

3.4.1 Activation-aware steering (primal space)

Assume we have an ensemble of last-layer repre-
sentations x§3k00) € M300,100 mapping onto next-

token predictions ~ /\/’300,100, and a second set

700 .
ml(k ) e M 700,100 mapping onto N7go,100. Sup-

pose we aim to steer the © = 300 representations
towards an intermediate target N (500,100). A
simple steering approach computes the “difference
of means” steering vector

S8 = X700 — T300,

where T3q0, T7go are class centroids, and applies
the linear intervention::

7(500) (300)

ik zaf:“c + as,

with a = 0.5 (halfway between 300 and 700). This
is essentially Contrastive Activation Steering (Rim-
sky et al., 2024).

However, the set M, 199 of the preimages to
N, 100 vary nonlinearly with p, and the resulting
trajectory is curved in activation space (Fig 5A).
Thus, steering linearly towards Moo 100 might
push activations out of the gaussian manifold, so
that when they reach p = 500 their shape departs
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Figure 5: Steering based on activation geometry: lin-
ear vs manifold-aware. The manifold of activations
(A) for p € [300, 700] provides a principled basis for
steering directions, for example a centroid-to-centroid
vector (orange), and a manifold-fitting spline (yellow).
The corresponding resulting logits are shown in (B).
Steering linearly brings steered logits far out of the
o = 100-manifold (orange path), while steering along
the manifold keeps outputs significantly more aligned
with the targeted behavior.

significantly from that of the normal distribution
N5007100. This is indeed what we observe experi-
mentally in Fig. 5B, where the linear steering in ac-
tivation space forms a curve in logit (image) space
so that steered activations reaching p = 500 have
a large variance (orange curve).

In contrast, if we parametrize along the proto-
types of M, ,,=100 and steer along the manifold,
we preserve the class-conditioned structure: in-
duced predictions remain close to N (u, o¢) while
shifting their mean towards . = 500 (Fig. 5B yel-
low curve).

This is concrete evidence that linear steering
can lead to unexpected and unpredictable behav-
iors when the underlying geometry is not well-
characterized.



3.4.2 Field-aware steering (dual space)

A complementary approach to steering acts in the
dual (feature) space using probe vectors. Rather
than steering towards prototypes in activation
space, this method attempts to modify the com-
ponent of the representation that controls a linear
readout of L.

Linear probe steering. In our setup, we can use
point probes to define the steering vector:
st — W;=700 — Wyp=300
|w =700 — Wpu=300|

Steering (399 € M3 towards Mg reads:
z,(a) = 283 4 as*.

One immediate caveat is that, since feature geom-
etry is agnostic to scale, it’s unclear which values
of o are meaningful. Prior work has found that
small o can have negligible effects on logits (Ste-
fanHex and Mendel (2024)’s “activation plateaus”™),
whereas large values break the model towards dis-
tribution shifts and degenerate outputs.

We directly visualize the evolution of the in-
duced output distribution as a function of « in
Fig. 4. Again, this naive linear steering scheme
pushes output distributions away from the Gaus-
sian manifold.

Field-aware steering from LFP. Alternatively,
the linear field probe provides a geometry over u to
extract field-aware steering vectors. Specific imple-
mentations vary; we propose the following. We use
the first r eigenmodes of the LFP Gram matrix K
and obtain a low-dimensional embedding:

) = (VA (), VA ()

We then fit a spline ¢(x) and use it to define an
interpolated steering direction s* = . a(u)w,,,
where the weights «; are obtain by kernel regres-
sion using K. This removes noisy components and
preserves only the smooth and predictive geometry.

As shown in Fig. 4, this approach maintains the
induced output distribution closer to the intended
N0, family, within a certain range.

Field-constrained interventions. Another
promising approach would intervene only on
the component of activations that lives in probe
subspace by defining a projector onto the probe
span. The field-constrained steering would hence
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Figure 6: Steering based on feature and field ge-
ometry. Steering along a single probe direction, here
wsp0—700 (diamonds) again brings the steered activa-
tions far from the 0y = 100 manifold. Taking advantage
of the linear field probe to smoothly travel along the field
geometry (squares), however, maintain the same stan-
dard deviation while increasing the mean — at least in a
certain regime between 300 and 500.

preserve all orthogonal information that does
not align with the steering objective. This is
out-of-scope for this current work.

4 Discussion

The Linear Representation Hypothesis (LRH) is a
convenient framework to think of latent represen-
tations as a linear sum of features encoded as di-
rections. However, ample evidence has found that
features are often encoded along curved manifolds,
such as circular supports (Gurnee et al., 2025). Our
previous observations herein concur.

Hence the question: given manifold parametriza-
tions, can we instead interpolate any combination
of parameters as a mixture of manifolds? More pre-
cisely, around an anchor (1, 0¢), we hypothesize
that the effect of  and o on the representations
decomposes into independent subspaces U and V'
such that

c(p, o) > c(po, 00) + ulp) +v(0),

with u(u) € U,v(o) € V, and the gauge fixed
at u(pog) = v(op) = 0. Under this model, the
surface of prototypes is approximately a product
manifold embedded as an additive superposition.
We investigate experimentally by fitting a spline
cu(p) through the centroids of the M, 109 tiles
and another spline ¢, (o) across Moo . Then, we



interpolate:

(p*,0%) = co + (cu(p”) = cu(po))
+ (¢o(07) = ¢o(00)),

with ¢g = (0, 00) denoting an anchor point, for
example (u = 500, 0 = 100). Fig. 7 shows the in-
terpolated centroids compared to the ground-truth
centroids computed from the activations of the
corresponding time series. Evidently, the simple,
spline-based interpolation fails to capture the true
geometry of the (u, o) sheet. This is possibly due
to non-linear interactions between parameters, here
wand o.

Other decompositions might be possible. For
example, Fel et al. (2025) recently proposed the
Minkowski Representation Hypothesis, according
to which concepts are represented as convex hulls,
and representations can de decomposed as (non-
unique) sums of polytopes.

» o

PC1
PC2 c

Figure 7: Mixture of manifolds. Prototypes interpo-
lated from the anchor manifolds M, ,, and M, ,
with (uo = 500,009 = 100), marked with a cross, do
not match the geometry of the ground-truth centroids
(circles).

5 Conclusion

We introduced a principled framework for tracking
language models’ beliefs by mapping how posterior
beliefs are encoded as structured manifolds in acti-
vation space, and how non-stationary inputs induce
dynamics between attractor regions. Using this
setup, we showed the linear field probes naturally
capture belief manifolds and that their induced field
geometry provides guidance for inference-time in-
terventions.

Our main finding is that purely linear concept
representations are often an inadequate abstraction.
Even when a target feature, such as the mean of an
output distribution, is locally decodable, the under-
lying representations can exhibit substantial curva-
ture. Hence, linear steering can move activations
off-manifold, producing unintended coupled shifts
in other covariates, such as the variance or shape of
the distribution. This geometric mismatch offers a
concrete explanation for why steering methods can
be brittle and why controlling a certain behavior
can affect others.

Our analysis relies on true activations of base
models without finetuning; yet, it is currently con-
strained to numerical settings. Extending these
findings to broader natural language processing
(NLP) contexts remains open, particularly because
identifying continuous parametrizations in natural
language is more challenging.

Accordingly, our results should be interpreted as
clarifying what internal representations look like
geometrically, and what geometry implies for prob-
ing and steering, rather than as a complete account
of belief formation in general-purpose NLP.

Limitations

We rely on small open-source base models and fo-
cus on a restricted family of prompt distributions:
time-series. While this improves interpretability,
it may not capture the diversity of internal geome-
tries induced by other model families, tokenization
schemes, or real-world prompting regimes. The
core of our methodology relies on the principle that
beliefs live on manifolds that can be indexed by
interpretable parameters, such as i and o. Linear
field probes and the induced field geometry are par-
ticularly well-suited to such settings, but it remains
unclear how broadly this assumption holds in nat-
ural language tasks, where the relevant latent may
not be fully parameterizable. Finally, in this paper,
we do not investigate causal attribution to uncover
which neuronal structure or circuits are responsible
for the geometry observed.
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A Convergence to the input distribution

A prompt consisting of n numbers contains 2n +
1 tokens: an initial <|begin_of_text|> token,
n com2num tokens, and n num2com tokens. We
denote by ¢t > 0 the index of each input number,
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i.e. each number token has global index 2¢ + 1
(0-indexed). The corresponding com2num tokens
predicting the following numbers have index 2¢ 4 2.

Figure 8 shows the convergence of the com2num
outputs p, = p(2t+2) towards the true distribution
underlying the data. After about 100 numbers have
been seen, the model adequately reproduces the
underlying distribution in its logits. Figure 9 further
shows that outputs are locally close to each other,
suggesting continuity of the output softmax along ¢.

Liu et al. (2025) and Bao et al. (2025) have al-
ready studied the mechanisms of convergence in
various numerical settings, starting with syntactic
matching and a high-entropy phase correspond-
ing to the uniform distribution. We further note
here that even 100 input numbers is insufficient to
sketch an underlying distribution with o = 100,
even though the model’s output is faithful to it. In
other words, the model believes the input data is
Gaussian, even though it doesn’t yet look like it.
This suggests the model’s prior is biased towards
normality.

B Ideal observer

In a previous study, Liu et al. (2025) observed that
LLMs operate an implicit, context-dependent Ker-
nel Density Estimation procedure to compute logit
distributions from a numerical input. Here, we con-
sider the perspective of a Bayesian observer which
incorporates the sequentiality of input data to infer
its own posterior.

Considering the switching dynamics of Sec-
tion 3.2, it is apparent that the language model
does not conform to an online ideal Bayesian ob-
server under standard assumptions. For one thing,
intuitively, and ideal observer would compute a
running average of the input data and hence the
output distribution mean would not converge fast
enough to 700 as in Fig 2.

More precisely, assuming the model’s generative
model is stationary & independent Gaussian, with
unknown mean and unknown variance, the output
distribution should follow:

o2

~N (uo, ) | 02 ~ InvGammal(ay, fo).
Ko

The resulting posterior p(z¢41|x1.¢) is StudentT
distributed, with the posterior mean converging as
1/t and the posterior standard deviation converg-
ing above 100 as it attempts to bridge a bimodal
distribution with equal halves.
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Figure 8: Convergence to the normal distribution.
(A) KL divergence between the softmax distribution
and the distribution underlying the input numbers,
KL(p; || N500,100)- The convergence appears to be
reached after about 100 numbers. (B) Entropy of the
softmax distribution. (C) Output distributions at differ-
ent times, showing convergence from a uniform distri-
bution on integers to the true distribution (red).

Alternatively, a Kalman filter with constant o =
100 would result in a sharp convergence of the
mean, but would lack any variance shift.

C Meta-in-context learning

In Fig. 2, we observed the response of the LLM
upon a change of input distribution. We now ex-
tend this experiments to a long sequence of several
switches between N (300, 100) and N (700, 300).
The main question here is whether the model starts
to understand the meta-distribution of the input
data. Figure 10 provides early evidence that it does.
Indeed, the model’s response to a change of distri-
bution becomes faster and faster, as evidenced in
the shape of the softmax standard deviation over
time, and the trajectories of activations between the
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Figure 9: Pairwise distances between output distri-
butions. The Hellinger distance is a (symmetric) dis-
tance between two probability vectors: Dyel(ps, pr) =
271/2||,/p; — /Py ||2- Early outputs are far from those
at ¢ > 100, which encode the stationary distribution.

two attractors. The model transitions much faster
and follows a more direct path for later switches
and the early ones. This ability of meta-in-context
learning has been reported before, in different set-
tings (Coda-Forno et al., 2023).

D Linear field probes

D.1 Data and feature geometry

In order to illustrate the dichotomy between data
manifold and field geometry (primal vs dual), as
framed in Yocum et al. (2025), we propose the
visualization in Fig. 11. Suppose representations
lie on a helicoid: their geometry is fully three-
dimensional. Let’s now assume that these activa-
tions describe separate classes: blue, orange, green;
class assignment varies along the manifold There
are many ways these classes can be encoded along
the manifold. In Fig 11A, B, D, E these classes
are linearly separable because there exists linear
probe vectors (equivalently: single hyperplanes)
that separate the classes. In Fig 11C, no such linear
separator exists, therefore the classes are not sepa-
rable from single decision boundary directions.

Let’s now consider the dimensionality of the lin-
ear field probe. In Fig 11D, the class probe vectors
are collinear across j, so that dimspan{w, } =1
(a rank-1 field). However, in Fig 11E, two non-
parallel hyperplanes are required, one to separate
blue from orange, and another for orange to green:
the span of the linear field probe is 2. This intrinsic
field dimensionality is reflected in the rank of the
LFP Gram matrix.
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D.2 Set of linear probes

Practically, to calculate a set of linear probes on
an ensemble of activations representing a set of
C classes, and test the hypothesis that they consti-
tute a LFP, we have two main options:

A multiclass probe, which computes the logits:

z(x) =Wax+b,

with z € RE, W € R*? b € RC. It is trained
using a softmax + cross-entropy loss. The point
probes correspond to the domain embedding vec-
tors W(u;) at the discretized points p;, i.e. ¥(u;)
are the rows w; of W.

A one-vs-rest probe set, i.e. a set of C' binary
classifiers with scores for each class ¢:

si(x) = 'w;ra: + b;,

and corresponding probabilities p;(x) = o (s;(x))
and a sigmoid + binary cross-entropy loss. The
point probes are the C' learned w; € R,

In either case, the bias term b is optional and a
weight-decay is applied for training. We set b = 0
for our probes for simplicity — it doesn’t seem to
affect performance. In practice, we find one-vs-rest
probes to be less efficient to separate a specific class
from all others. Hence we rely on the multiclass
probe in what follows.

The steering directions are calculated from differ-
ences of point-probes. (For multiclass probes using
a softmax model, the row vectors are defined up to
a shared shift, so we optionally center them across
classes without affecting steering differences.)

D.3 Manifold interpolation

We consider the unit-norm probe vectors w,,,; for
simplicity let’s take w3pg and w4g9. We aim to
find an interpolation for the probe vector w35 at
w = 350.

Linear interpolation. This is simply the arith-
metic weighted mean: wss0 = awspo + (1 —
a)wypp, with a = 0.5 for the midpoint.

Geodesic interpolation. We use the standard
spherical interpolation formula:

where 6 = arccos w3 w400 and a = 0.5.
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Figure 10: Meta-in-context learning. (A) The input time-series consists of 10 sequences of 1000 numbers each,
alternating between A/(300, 100) and A/ (700, 100). (B) Mean and standard deviation of the softmax output (next-
number prediction). (C) Activations (layer 14) for the corresponding input tokens in (A). (D) Trajectory in the
(mean,std) plane of the output distributions , colored by input index.

Kernel interpolation. In this case, w35 =
Ziaiwi, with a = G—1k350 and k350 =
OéG300,j + (1 — Q)G400’j, where G is the Gram
matrix (the notation G'3pp; is shorthand for
G (i j)|ui=300> 1-€. the row of G corresponding to
©=300).

Eigenbasis interpolation. Yocum et al. (2025)
propose a more rigorous approach from their Field
Geometry Equivalence Theorem based on spectral
decomposition in feature space.
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Figure 11: Data geometry vs field geometry. (A) The
data forms a 3D helicoid, yet the two classes
(blue/orange) depend only on the position along the
z-axis: they are linearly separable (by a hyperplane per-
pendicular to the x-axis). Separability does not require
the data manifold to be flat. (B) Another example of
linearly separable classes, along the y-axis (xz-plane).
(C) Non-linearly separable classes: no single hyperplane
separates the two colors. (D) The three classes are lin-
early separable, with probe vectors being all collinear:
the linear field probe is rank 1. (E) Curved field geome-
try: the probe directions rotate with i, requiring at least
a 2D probe subspace.
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