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ABSTRACT

Deep Ensemble (DE) approach is a straightforward technique used to enhance
the performance of deep neural networks by training them from different initial
points, converging towards various local optima. However, a limitation of this
methodology lies in its high computational overhead for inference, arising from
the necessity to store numerous learned parameters and execute individual for-
ward passes for each parameter during the inference stage. We propose a novel
approach called Diffusion Bridge Network (DBN) to address this challenge. Based
on the theory of the Schrodinger bridge, this method directly learns to simulate an
Stochastic Differential Equation (SDE) that connects the output distribution of a
single ensemble member to the output distribution of the ensembled model, al-
lowing us to obtain ensemble prediction without having to invoke forward pass
through all the ensemble models. By substituting the heavy ensembles with this
lightweight neural network constructing DBN, we achieved inference with reduced
computational cost while maintaining accuracy and uncertainty scores on bench-
mark datasets such as CIFAR-10, CIFAR-100, and TinyImageNet.

1 INTRODUCTION

Deep Ensemble (DE) (Lakshminarayanan et al., 2017) is one of the straightforward yet powerful
techniques for improving the performance of deep neural networks. This method involves averaging
the outputs of multiple models trained independently with different random initializations and data
scan orders. DE is an instance of bagging (Breiman, 1996) where the models are trained with fixed
datasets, and can be interpreted as an approximatation of Bayesian Model Averaging (BMA). DE can
significantly improve the prediction accuracy of deep neural networks, and more importantly, the
uncertainty quantification and out-of-distribution robustness for tasks across various domain.

However, the major drawback of DE lies in the fact that the computational overhead and memory
usage during inference calculations scale linearly with the number of ensemble members, which
may be problematic for resource-limited environments or when a model is prohibitly large. Various
approaches have been proposed to mitigate this issue, ideally reducing the inference cost of DE down
to a single forward pass while minimizing the degradation in the predictive performance. A popular
method in this direction is ensemble distillation, which is based on knowledge distillation (Hinton
et al., 2015) over the ensemble outputs. In ensemble distillation, the average output of multiple
ensemble members is set as the output of the teacher network, and a single model is set as a student
whose output is learned to minimize the discrepancy from the teacher outputs. Additionally, tech-
niques involving the use of multi-head models (Tran et al., 2021), shared weights (Wen et al., 2019),
learning ensemble distributions (Malinin et al., 2020), employing diversity-promoting augmentation
(Nam et al., 2021), or training generators simulating the ensemble predictions (Penso et al., 2022)
have been presented. However, these methods either still demonstrate performance inferior to DE or
require an inference cost comparable to DE in order to achieve equivalent performance.

Recently, Yun et al. (2023) proposed an orthogonal approach to reduce inference costs of DE.
They achieve this by connecting ensemble members through low-loss subspaces, employing tech-
niques such as Bezier curves between each pair of ensemble members based on methods outlined
by Garipov et al. (2018). For each ensemble member, a low-loss subspace is chosen, originating
from that member, and a parameter within the subspace is sampled (usually from the center of the
subspace). To streamline the inference process, they introduce Bridge Network (BN), a lightweight
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neural network that takes an intermediate feature from the ensemble member and directly predicts
the output originally computed from the model on the low-loss subspace. The final output is ap-
proximated through an average of the ensemble member’s output and the output predicted by the
bridge network. Crucially, the bridge network is designed to have a negligible number of parameters
and inference cost compared to the full ensemble model, resulting in significantly reduced infer-
ence costs. Experimental results using real-world image classification benchmarks and large-scale
deep neural networks validate their approach, showcasing faster ensemble inference with sub-linear
scaling of inference costs in relation to the number of ensemble members.

However, the bridge network presented in Yun et al. (2023) comes with critical limitations. First, it
does not directly predicts the output from the other ensemble members, but only for the models on
the low-loss subspaces. This incurs an extra training cost of learning low-loss subspaces between
all pairs of ensemble members. Second, in the framework presented in Yun et al. (2023), a single
bridge network can only be constructed between a pair of ensemble members. This means that as
the number of ensemble members grow, the number of bridge networks to be constrcuted grows
quadratically. Due to this structure, even though they achieved sub-linear growth in inference cost,
there still is a large room for improvement.

In this paper, improving upon the bridge network, we present a novel method for reducing inference
costs of ensemble models. Our approach is as follows. Given a set of ensemble members, we des-
ignate one of the ensemble members as a starting point. Then we learn a mapping that transports
an output from the starting point to the output computed from the ensemble model (averaged out-
put). Compared to the bridge network, our approach does not require learning low-loss subspaces,
and do not require learning as many mappings as the number of pairs among ensemble members,
at the cost of increased complexity to learn the mapping. Then we propose to learn this mapping
via Diffusion Schrodinger Bridge (DSB) (Bortoli et al., 2021; Liu et al., 2023), a powerful statisti-
cal model that can build a stochastic path between two probability distributions. Leveraging DSB,
we create a sequence of predictions that progressively transition from the predictions of the start-
ing point model to those of the ensemble model, capturing the inherent correlations among these
predictions. Importantly, recognizing our primary objective of lowering inference costs, we design
the score network within DSB to be lightweight and incorporate diffusion step distillation to further
minimize computational overhead. We refer to our approach as Diffusion Bridge Network (DBN),
and our experimental results demonstrate its significant improvements in the efficiency of ensem-
ble inference cost reduction, surpassing the performance of the bridge network and other ensemble
distillation techniques.

2 BACKGROUNDS

2.1 DEEP ENSEMBLE AND BRIDGE NETWORK

In the ensemble methods as DE (Lakshminarayanan et al., 2017), a single neural network is trained
M times with the same data but different random seeds (thus with different initializations and data
processing orders), yielding M different models with parameters {0; } | located in different modes
in the loss surface. For the prediction, the outputs from those M models are averaged at the output
level to construct a final output. The M members participating in ensemble often disagree on their
predictions, thus giving functional diversity facilitating more accurate, robust, and better calibrated
decision makings. However, it requires M number of models loaded on memory and M number of
forward computations.

The BN (Yun et al., 2023) is one of methods suggested for reducing computational costs of ensemble
methods. BN hinges on the mode connectivity (Garipov et al., 2018) of ensemble members, meaning
that it is possible to connect two different modes via a low-loss subspace, indicating the intrinsic
connection between them. The main intuition behind BN is that, if we can learn such a low-loss
subspace, then we may directly predict the outputs computed from the parameters on the subspace
in the output level. In detail, consider a neural network fg(-) with a parameter 6 trained with a
loss function £(@). Let ; and €; be two modes. BN first search for a new parameter 6; ;(«) that
satisfies on the parametric Bezier curve,

Om-(a) = (]. - 04)201‘ + 2@(1 — a)Oi,j + OZQOJ' (1)
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where the anchor parameter 6; ; is obtained by minimizing Eq~y/(0,1) [£ (6:,())], so that the
parameters {6; j(a)}qac[o,1] on the curve locate on the low-loss subspace. After building such a
curve, a light-weight neural network s (BN) is trained, where s gets a feature vector z; of an input x
computed solely from the first model 8; and try to predict the output evaluated at the center of the
Bezier curve 6; ;(0.5) for the same input . That is, the BN is an estimator trying to approximate
fo. ;0.5 (%) = s(2;). Then the ensemble of two models, 6; and ; ;(0.5), can be approximated via
the BN as follows:

;( fo. (@) + fei)j(oﬁ)(a;)) ~ ;( fo. () + S(zi)>. )

Since the 6; ;(0.5) encompasses the information of both 8; and 6, s is expected to approximate
the outputs to decent quality. However, since BN does not directly predict the output of 8; but only
approximates the models with 8; ;(0.5), it has limitation in mimicking the actual ensemble predic-
tions. In addition, a single bridge network is constructed between only a pair of given ensemble
members. As a result, the number of BNs to be constructed may grow quadratically in the number
of ensemble members, leading to extra training costs.

2.2 DIFFUSION SCHRODINGER BRIDGE

DSB (Bortoli et al., 2021; Chen et al., 2023) is a conditional diffusion model that solves Schrodinger
Bridge (SB) problem (Schrodinger, 1932), an entropy-regularized optimal transport problem that
finds the diffusion process between two distributions. Even though the SB problem provides the
finite-time solution on finding the probability path, it requires iterative optimization and inference
procedure which is time-consuming, and has rarely demonstrated its practicality in deep learning
models albeit its theoretical soundness. Recently, Liu et al. (2023) proposed a tractable special case
of DSB called Image-to-Image Schrodinger Bridge (1sB) for an application of image manipulation
such as image restoration or super-resolution. In their work, a tractable special case of DSB is
proposed, and has demonstrated its efficiency for real-world image datasets. Due to its training
stability incurred from training a single score network, we choose it out of several DSBs despite of
its strict condition. In this section, we introduce a brief overview of 1>SB method.

First of all, Schrodinger Bridge (SB) is an optimal transport problem that seeks to find the forward
and backward processes
dZt = [ft —+ “BtVIOg \I](Zt, f)}dt -+ 1/ “Btdl/l/t, Z() ~ Po

. ) _ (3)
AdZ, = [f, — B;V1og U(Z,, 1)]dt + /BedWy, Z1 ~p

where (pg,p1) are the boundary distributions, {W;, W} are the standard Wiener process and its
time-reversal, and {f;, 5;} are the drift and diffusion coefficients. If the pair of functions {¥, W}
solves the following coupled PDE

O\I’(Zt, 1’)
ot

O\if(zt, t)
ot

with ¥(z0,0)¥(2z0,0) = po(z0), U(z1,1)¥(21,1) = pi(2z1),

1 . 1
=VU'f — QmA\y, = -V (Uf)+ 5@@1}

“4)

then (3) provides the optimal solution to an entropy-regularizing optimization problem that finds the
optimal path between pg and p;. Then (4) and its time-reversal directly follows the Fokker-Planck
equation of the SDE in (5) as follows, respectively.

AdZ; = fidt + /B AWy,  Zo ~ U(-,0) and dZ; = fodt + /B dW,, Z1 ~U(-,1).  (5)

However, both ¥ and U are intractable drifts so 1>SB assumes a certain form of the boundary
distributions pg and p;. Followed from Liu et al. (2023), we take the energy potential functions
U(-,0) = po(-) := da(-) and U(-,1) = py(-)/U(-,1). Here d4(-) is the Dirac delta distribution
centered at a € RY which makes the diffusion process computationally tractable. Then, we can ap-
proximate both forward and backward Stochastic Differential Equations (SDES) using a single score

network in the framework of DDPM (Ho et al., 2020) with the following Gaussian posterior:
—2 2 =2 2

_ . __ 9 9% _ 99
Zi~q(Zi| Zo, Z1) = N(Zt; e, B4), e = ﬂzo + th Y = 2+ o2’

(6)
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Figure 1: Overview of DBN. For a given data, the conditional diffusion bridge learns a transition
between logit distribution of one of the ensembles (left; source) and that of the target ensemble
models (right; target).

where 02 = ]OL Bydt and 57 = /tl By dt’ are cumulative forward and backward noise variances. For
algorithmic design for restoration problems, we take p(Zo, Z1) = po(Zo)p1(Z1|Zy) and f = 0,
and construct tractable SBs between individual Z and p;(Z+|Zy).

3 DIFFUSION BRIDGE NETWORKS

In the previous BN (Yun et al., 2023), there was a limitation in learning the transport between in-
dependent models, prompting them to adopt an alternative approach: it utilizes a neural network to
predict the output of local optima aligned between the source and target models in terms of a low
loss subspace instead of directly predicting the output of the target model. To overcome this limi-
tation, instead of tackling the problem of predicting the ensemble outputs as one-step prediction (a
single neural network evaluation), we cast the problem as a diffusion bridge construction between
the output distributions of ensemble members.

3.1 SETTINGS AND NOTATIONS

In this paper, we restrict our focus on the K-way classification problem, where the goal is to train
a classifier taking d-dimensional inputs and predict K -dimensional classification logits. We assume
that a classifier with parameter € is decomposed into two parts, a feature extractor gy, : R? — R
that first encodes an input x into a feature vector h, and then a classifier cy : R" — RE that
transforms the feature vector h into a logit z of the class probability. That is, fo(x) = (cx © gy ) ()
and @ = (1, ). A collection of M ensemble members are denoted as © = {6, }4,.

3.2 CONDITIONAL DIFFUSION BRIDGE IN LOGIT SPACE

Our goal is to construct a conditional diffusion bridge on the logit space, that is, a stochastic path
{Z t}te[o,l] where Z is constructed from the logit of the source model and Z from that of the
target ensemble model. More specifically, given ®, we choose one of the ensemble members 8, as
a source model, and set z; be the logit distribution computed from ;. Then the target 2z is set to
be the logit distribution of the ensembled prediction.

More specifically, let z € R? be an input, and let h; = g, () be the corresponding feature vector
computed from the source model 6. Conditioned on x, we define the source logit distribution as an
implicitly defined distribution as follows,

Z1
T? (7)

where T is a annealing temperature drawn from some distribution piemp. The target logit, Z, is then
set to be the logit computed by the ensemble model as follows,

Z1 :Ckl(hl)a TNplempa Zl =

K
) . . 1
20 = fo (@), p; = Softmax(=("), Zy = EnsLogit({z"}1,) =logp ~ - > logpis,
k=1
®
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Algorithm 1 Training DBNs
Require: An (empirical) data distribution pgai, a temperature distribution premp,
ensemble parameters {6, }72,, and the score network 4.
Fix a source model fg, .
while not converged do
Sample T ~ Ddata-
for : = 1to M do
Compute the logits z; = fo, ().
end for
Get a target ensemble logit Zo = EnsLogit({z;},).
Draw a temperarture T ~ piemp and compute the annealed source logit Z; = z3 / T.
Compute the loss according to (10), and update ¢ < ¢ — nV4L(@).
end while
return ¢.

where p = M p;/M and Softmax(EnsLogit({z(?}M)) = p. Then we construct 1SB be-
tween Z1 and Z .

The intuition behind this construction is as follows. If we directly use the original logit z;, the
learned DSB can easily be trapped in a trivial solution where it just produces the copy of the source
logit z; along the path {Z}¢o,1), as the discrepancy between the source logit and the target logit
is not large compared to the typical situation for which DSB is constructed. That is, the source z;
can be a strong hint that acts a simplicity bias for DSB learning. Also, 1°SB requires the source
of the diffusion to be a conditional probability distribution, but z; is a deterministic value. Hence
by randomly annealing the source logit via a temperature 7, we can naturally construct the source
as the distribution of the annealed logits and also dilute the information included in z1, and this
encourages DSB to discover non-trivial paths between the source and the target.

Based on the formulation on constructing the conditional diffusion bridge between the source and
target distributions, we build an approximate reverse SDE derived from (3) that simulates the path

from Z; to Z by estimating the score function V log \P(Zt, tlhy) = ep(h1, Z4,t) /By as
dz; = %Etb(hhztat)dt +VBedWy,  Zy ~pi(Zy | ), 9
t

where p; is the distribution of Z; implicitly defined as in (7) and £ : R" x RE x [0, 1] — R¥ is the
score function estimator built with a neural network parameterized by ¢, and is trained to estimate
the score function V z log p;(z+ | ) by minimizing the following objective function,

Z, - Z|

€¢<h17zt7t)_ o
t

L(¢) =Egy z, l , (10

2

with © ~ pga, t € U([0,1]), and Z¢ ~ ¢(Z;| Zy, Z1) as defined in (6). The overall training
pipeline is summarized in Algorithm 1.

3.3 DISTILLATION OF DIFFUSION BRIDGE

Even though the family of diffusion models (Ho et al., 2020; Bortoli et al., 2021; Liu et al., 2023)
achieves superior performance in learning generative models or constructing paths between dis-
tributions, they typically suffer from the slow sampling speed due to a large number of function
evaluations required for simulation. The distillation techniques for diffusion models, which distill
multiple steps of the reverse diffusion process to a single step, do not significantly harm the gener-
ation performance while accelerating the sampling speed. In this paper, we adapt the progressive
distillation proposed in (Salimans & Ho, 2022) to reduce the sampling cost of DBN.

Let T = {t;}), be the discretized time interval used for diffusion bridge, with 0 = tq < t; <
o+ <ty = 1. Thenlet 7" := {t} ;vz/l be the distilled time interval with 7/ C 7. Let Z;, |, ~
pp(Zy, . | Zy,) be the sample from an ancestral sampling following the score network 4. Then a
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distilled score network with parameter ¢’ is then trained with the loss
2

Laisit (') = Eaj ||leg (h1, Zy, 1)) — ———= |, (11)

2

where j ~ U({1,...,N'}) and Zy | ~ [ i pe(Zi | Zy,,,) with )| = t;_j and £ = t;.
This distillation is then recursively repeated until there only remains a single time step (N’ = 1).

3.4 INFERENCE PROCEDURE

The inference with DBN consists of forwarding an input through the source model and computing a
single diffusion step from the model distilled by (11). Given an input x, we first compute its feature
h; using the feature extractor of the source model g, with h; = g, (). Then we initialize the
diffusion by drawing 7" ~ piemp and put Zy = 2z, /7. The corresponding ensembled prediction ¥ is
then approximated as,

ZO = Zl + %5(1)’(’7/17 Zl,O) + 51 where 51 ~ N(0,21)7
1

M (12)
1 )
p(y | r, {02};]\11) = M E Softmax(z(z)) ~ Softmax(ZO).
i=1

3.5 COMBINING MULTIPLE DBNS

Note that the size of the score network €4/ should be limited, because otherwise the cost from
the diffusion simulation can outnumber the cost of computing the full ensemble. Hence, there is
an intrinsic limit in the capacity of ¢4/ representing the path between the source model and an
full ensembled model (we study this capacity empirically in § 4.3). When a single DBN reached
its limit for representing the ensemble models, we may introduce multiple DBNs, increasing the
approximation quality at the cost of additional inference time. Given M ensemble models, we first

build a DBN with ef;,), starting from a source model 8. Then we build another DBN, starting from

a source model 5 to yield £ (¢'). Let {eg/) }L_| be a set of score networks built in that way, with
L < M. Then we can approximate the ensembled prediction y for x as,

1 L

ply |z, {0:}L,) ~ Z;SOftmaX(Zo(f)), (13)
where Z(¢) is the sample drawn as in (12) with /" score network. In our implementation, we
combined L DBNs where i DBN consist of the recovered predictions by a collection of models
{fors Joia—rypar s Sbiniia }, approximating the ensembled prediction of LM + 1 ensemble mod-
els. We note that the source models for L DBNs need not be different; in § 4, we show that a single
source model can be shared for all multiple DBNs, minimizing the additional inference cost while
significantly improving the accuracy.

4 EXPERIMENTS

Settings. We evaluate our approach using three widely adopted image classification benchmark
datasets: CIFAR-10, CIFAR-100, and TinylmageNet (Li et al., 2017). In our experiment, the en-
semble models that we construct to serve as bridges adopt the configuration outlined in the Bridge
Network (Yun et al., 2023) and are trained based on the ResNet architecture. We use widely used
ResNet-32x2, ResNet-32 x4, and ResNet-34 networks (He et al., 2016) for baseline ensemble clas-
sifiers for CIFAR-10, CIFAR-100, and TinylmageNet datasets, respectively. In this context, the
suffices ”x2” and ”x4” denote that the channel widths of the convolutional layers are multiplied by
2 and 4 from the conventional ResNet-32, respectively. For the score network, inspired by Sandler
et al. (2018), we utilize residual connections (He et al., 2016) and Depthwise Separable Convo-
lution (DSC) (Chollet, 2017) to mitigate redundant computations and implement a light-weighted
score network. Further details on datasets, model architectures, and hyperparameter settings used to
evaluate our experiments are listed in Appendix A.
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Figure 2: Confidences from the source model (first ce- DEn 4~ RNAIDBN 4 RN+1BN - 1ED 4 1EwD?
column), from the ensemble model (third column),
and from the diffusion bridge (middle column) in the
CIFAR-10 dataset. The middle column illustrates a
transition of the diffusion process.

Figure 3: The number of teachers that a
single model can distill in terms of ACC
(left) and DEE (right). DEEs less than 1
are set to 0.5.

Training. We train a single score network with 3 ensembles. If we need to mimic more than 4
ensembles, we can average 2 or more diffusion bridges according to § 3.5. Since they share the
source model, we can easily enhance the performance with low extra costs. We train the diffusion
bridge with 5 steps before distillation for fast and efficient training of the score networks and 5 steps
are enough to approximate the transport between the two conditional logit distributions.

Baseline methods. We validate how well our method accelerates the inference speed with
lightweight networks by comparing our DBN with the target DE (Lakshminarayanan et al., 2017)
as the oracle ensemble. We also compare our method with three existing methods that are widely
used in fast and efficient ensemble distillation or bridge networks: Ensemble Distillation (ED) (Hin-
ton et al., 2015), Ensemble Distribution Distillation (EnD?) (Ryabinin et al., 2021), and BN (Yun
et al., 2023). We use more refined version of EnD? (Ryabinin et al., 2021) instead of the original
EnD? (Malinin et al., 2020) that improved convergence.

Metrics. We measure the computational cost of each model in terms of FLoating point OPerations
(FLOPs) and the number of parameters (#Params). FLOPs count the number of additions and multi-
plications operations, and it represents a cost during an inference of a model. #Params represents the
memory usage required for the inference. For the performance, we consider the classification accu-
racy (ACC), Negative Log-Likelihood (NLL), Brier Score (BS) (Brier, 1950), Expected Calibration
Error (ECE) (Guo et al., 2017), and Deep Ensemble Equivalent (DEE) (Ashukha et al., 2020). BS
and ECE measure how much the classification output (confidence) is aligned with the true probabil-
ity and thereby it implies the reliability of the model output. DEE approximates the number of DE
similar to a given model in terms of NLL. More profound formulations of the metrics are described
in Appendix A.3.

4.1 CLASSIFICATION PERFORMANCE AND UNCERTAINTY METRICS

The ACC, NLL, BS, ECE, and DEE comparisons with the baselines with respect to FLOPs and
#Params on CIFAR-10, CIFAR-100 and TinyImageNet are shown in Table 1. We assume the situ-
ation where both BN and DBN can utilize only a single source model to make the problem difficult.
As we can see in the results of CIFAR-10 and CIFAR-100, with only a small increase in the compu-
tational costs (FLOPs and #Params), DBN achieves almost DE-3 performance, whereas BN struggles
to achieve even DE-2 performance with more computational costs than DBN. In TinyImageNet, DBN
even outperforms DE-3 with less than a half of computation costs. On the other hand, the two distil-
lation methods, ED and EnD?, are competitive with BN but they shows poor uncertainty metrics such
as NLL, BS, and ECE, and interestingly DBN also shows poor ECE scores even with high perfor-
mance in the other uncertainty metrics. In addition, the actual output results through the diffusion
processes are illustrated in Figure 2 and the results for the other images are listed in Appendix C.

4.2 PERFORMANCE L0OSS VS. COMPUTATIONAL EFFICIENCY

Furthermore, depending on the number of ensemble models that DBN is trained on, the left hand side
of Figure 4 demonstrates how much performance loss occurs compared to the DE when the number
of target ensemble models increase. Conversely, the right hand side of Figure 4 illustrates how much
cost savings DBN can achieve compared to DE, given the same computational cost (FLOPs). The
comparison is made from the perspectives of ACC and DEE. In this experiment, a maximum of 9
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Table 1: Performance on CIFAR-100, and TinyImageNet. BNpedium 1S the standard size of BN and
BNgman has reduced channels compared to BNpegium. The parentheses next to each model (e.g. (DE-
3)) means the number of DEs that each model learns as a target.

CIFAR-10
Model FLOPs () #Params (}) ACC (1) NLL () BS (1) ECE (1) DEE (1)
ResNet (DE-1) x 1.000 x 1.000 91.30 £00.10 0.3382 +0.0023  0.1409 +£0.0011  0.0658 £0.0003  1.000
+2 BNgman (DE-3) x 1.125 x 1.097 91.79 £00.05 0.2579 +£0.0009 0.1198 +£0.0003  0.0599 +£0.0037 1.899
+4 BNgman (DE-5) x 1.245 x 1.283  91.87 £00.05 0.2580 +0.0010  0.1195 +£0.0004  0.0624 +£0.0098 1.898
+2 BNpedium (DE-3) x 1411 x 1.319  91.91 £00.04 0.2544 £0.0011  0.1182 +£0.0005 0.0591 +0.0096 1.938
+1 DBN (DE-3) x 1.166 x 1213 92.98 £00.16  0.2403 +0.0027 0.1084 +£0.0013  0.0666 +0.0010  2.363
+2 DBN (DE-5) x 1.332 x 1426 93.23 +£00.07 0.2247 £0.0005  0.1033 +£0.0005 0.0662 +0.0009 3.031
ED (DE-3) x 1.000 x 1.000 91.96 +£00.42 0.3505 £0.0214  0.1366 £0.0074  0.0674 +0.0037 <1
ED (DE-5) x 1.000 x 1.000 91.86 £00.21 0.3577 £0.0083  0.1391 £0.0031  0.0683 £0.0017 <1
EnD? (DE-3) % 1.000 x 1.000  91.99 £00.14  0.3405 £0.0079  0.1358 +£0.0026  0.0690 +0.0013 <1
EnD? (DE-5) x 1.000 x 1.000  92.11 £00.23 0.3313 £0.0057 0.1336 £0.0029 0.0645 +0.0014  1.077
DE-2 x 2.000 x 2.000 92.724+00.13 0.2489 £0.0031  0.1125 +£0.0012  0.0484 +0.0010 2.000
DE-3 % 3.000 % 3.000 93.06 +£00.14 0.2252 +0.0024 0.1038 +£0.0008  0.0469 +£0.0012  3.000
DE-5 % 5.000 % 5.000 93.61400.11  0.2005 +0.0015 0.0951 +£0.0004  0.0466 = 0.0009  5.000
CIFAR-100
Model FLOPs (}) #Params (}) ACC (1) NLL () BS (1) ECE (1) DEE (1)
ResNet (DE-1) x 1.000 x 1.000 7229 £00.36  1.1506 £0.0100  0.4001 +£0.0044 0.1526 £0.0005 1.000
+2 BNmedium (DE-3) x 1.419 x 1.320  74.97 £00.05 1.0360 £0.0022  0.3500 +0.0007  0.1228 £0.0210 1.642
+1 DBN (DE-3) x 1.166 x 1213 76.02 £00.11  0.9434 +0.0051  0.3438 £0.0009 0.1352 £0.0020 2.461
+2 DBN (DE-5) x 1.332 x 1.426  76.82+00.22 0.8998 +0.0046  0.3305 £0.0018  0.1269 £0.0013  3.297
ED (DE-3) x 1.000 x 1.000 74.18 £00.22 1.237540.0125 0.4095 £0.0019 0.1819 £0.0013 <1
ED (DE-5) x 1.000 x 1.000 74.00 £00.29 1.2428 £0.0174  0.4120 +£0.0041  0.1840 £0.0022 <1
EnD? (DE-3) x 1.000 x 1.000 73.35400.22 1.357240.0079 0.4350 +£0.0013 0.1973 £0.0006 <1
EnD? (DE-5) x 1.000 x 1.000 73.22400.33 1.3597 £0.0156  0.4370 £0.0052  0.1980 £0.0030 <1
DE-2 % 2.000 % 2.000 74.98 £00.42 0.9721 £0.0099  0.3505 +£0.0034  0.1259 £0.0021  2.000
DE-3 x 3.000 % 3.000 76.04 £00.13 0.9098 +0.0019 0.3342 +£0.0007  0.1233 £0.0020  3.000
DE-5 % 5.000 X 5.000 77.03 £00.08 0.8606 +0.0036 0.3216 +0.0013 0.1234 £0.0019  5.000
TinyImageNet
Model FLOPs () #Params () ACC (1) NLL (}) BS (1) ECE (1) DEE (1)
ResNet (DE-1) x 1.000 x 1.000 59.26 £00.23  1.8399 £0.0294 0.5438 +£0.0076  0.1671 £0.0091  1.000
+2 BNpedium (DE-3) x 1.359 x 1412 5890+0.16  1.8380 4+0.0021 0.1137 £0.0022  0.1520 £0.0157 1.009
+1 DBN (DE-3) x 1.209 x 1.149  64.254+00.35 1.5542 +0.0045 0.4768 +0.0024 0.1862 +0.0017 2.893
+2 DBN (DE-5) x 1.418 x 1.298 64.73 £00.10 1.5247 £0.0045 0.4702 +£0.0016 0.1838 £0.0019  3.586
ED (DE-3) x 1.000 x 1.000  60.81 £00.26 1.83124+0.0129 0.5443 +£0.0052 0.2126 £0.0021 <1
EnD? (DE-3) x 1.000 x 1.000  60.71 £00.31  1.9991 £0.0165 0.5828 £0.0026  0.2279 +0.0010 <1
DE-2 x 2.000 % 2.000 62.49 £00.24 1.6219 £0.0046  0.4929 +0.0015 0.1404 +£0.0011  2.000
DE-3 % 3.000 % 3.000 64.00 £00.27 1.5461 £0.0086 0.4769 +£0.0026  0.1384 £0.0011  3.000
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Figure 4: Cost-performance tradeoff about ACC (top) and DEE (bottom) with respect to the number
of the target ensembles (left) and the relative FLOPs (right) in CIFAR-10.

ensemble models are used and we also compare with our competing model, BN. DBN trains one
diffusion bridge with three ensembles, while BN learns a low-loss curve between 2 ensembles for
one bridge. For more than four ensembles, DBN conducts ensemble inference aggregating two or
more diffusion bridges as BN does. We use the standard size of BN in "ResNet + 2 BNs” which
has 1.411 relative FLOPs for a single network compared to "ResNet + 1 DBNs” which has 1.166
relative FLOPs. As shown in Figure 4, DBN (left) achieves significant ensemble gains even when
the number of target ensemble increases, whereas BN (left) saturates at ACC 92.0% and DEE 2%.
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Moreover, DBN (right) shows rapid ensemble inference compared to the target ensemble DE (right)
and even faster than BN (right) to get the same ensemble performance.

4.3 ENSEMBLE CAPACITY OF A SINGLE DBN

Figure 3 demonstrates the ensemble capacity of how much a single DBN model learns and distills
knowledge from multiple teacher (ensemble) models in terms of ACC and DEE in the CIFAR-10
dataset. Existing ensemble distillation models have limited performance in learning likelihood and
are saturated in terms of ACC at learning at most 3 number of target ensembles. On the other hand,
BN assumes that a single model can cover at most two ensemble modes, hence the maximum gain on
ACC and DEE is capped at two. Compared to these competing methods, our DBN method succeeds
in learning slightly less than three ensembles only with a single lightweight model and the source
model.

5 RELATED WORK

Fast Ensembling Methods for Neural Network Prediction. Many works have suggested to re-
duce the computational cost of the typical ensemble methods that are multiplied proportional to the
number of the ensemble networks. To provide output diversity with lightweight computation, shar-
ing either weights or latent features of neural networks enabled to compress redundancy throughout
the ensemble members and add minor differences between them (Wen et al., 2019; Dusenberry et al.,
2020; Lee et al., 2015; Siqueira et al., 2018; Antordn et al., 2020; Havasi et al., 2021). This can also
be interpreted as the knowledge distillation from the ensemble of networks to the single network;
(Hinton et al., 2015), Malinin et al. (2020); Ryabinin et al. (2021); Penso et al. (2022) showed that
distilling deep ensemble to a single network helps retaining information of the ensemble distribution
without heavy computational burden.

Restoration with Conditional Diffusion Models. Our model is on the line of the reconstruction
problem from some degraded measurement, if we consider our method as reconstructing the ensem-
ble distribution from the degraded function output from a single model. This line of work starts with
the conditional diffusion model (Saharia et al., 2022), that refines the image given some conditional
features. Conditional diffusion models have achieved success in various problems such as time se-
ries imputation (Tashiro et al., 2021), deblurring (Whang et al., 2022), and super-resolution (Saharia
etal., 2023). As a generalized perspective, inverse problems dealt with diffusion (Song et al., 2022)
aims to restore the underlying clean signal from the noisy measurement. Wang et al. (2023) delves
into the null space of the image and utilize the valid space that should be recovered, and achieved
zero-shot restoration using diffusion models.

6 CONCLUSION

We have proposed a novel approach to approximate the performance of Deep Ensembles with re-
duced computational cost. To achieve this, we constructed Conditional Diffusion Bridge that con-
nects the logit distribution between one of the ensemble models and the target ensemble. We ap-
proximated the output distribution of the target ensemble using the features and logits obtained from
the source model. The computations involved in this process consist of a single forward pass of
the source model and the diffusion process with a lightweight score network. Additionally, during
the training process, distilling the multiple diffusion steps into one step accelerates the inference
speed while retaining the performance of three deep ensemble models. We evaluated this method on
three widely used datasets and achieved superior performance compared to the baselines. Notably,
we demonstrated significantly faster computations compared to competitive models such as Bridge
Network while achieving similar performance levels. Finally, we showed that, compared to a single
Bridge Network, our approach enables the training of a larger number of ensembles. However, there
are still some limitations to consider. First, a single Diffusion Bridge still has limitations in terms of
the number of ensembles it can learn. If more ensembles are required, additional diffusion bridges
must be used. Secondly, the use of multiple diffusion bridges leads to a proportional training time
because diffusion models demand a long training time due to their multiple diffusion steps.
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Ethics statement. This paper does not include any ethical issues. This paper presents a fast en-
semble inference algorithm of mainly image classifications which does not cause ethical issues.

Reproducibility statement. We described our experimental details in Appendix A and Ap-
pendix A.3 which includes information about datasets, architectures, and hyperparameters used.
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A EXPERIMENTAL DETAILS
We describe the overall details of our experiment below.

A.1 DATASETS

We employ CIFAR-10/100 (Krizhevsky et al., 2009), and TinyImageNet (Li et al., 2017) datasets
for our study. Our data augmentation strategy involves randomly cropping images by 32 pixels
with an additional 4-pixel padding, as well as applying random horizontal flipping. Furthermore,
we normalize input images by subtracting per-channel means and dividing them by per-channel
standard deviations.

A.2 TARGET MODEL ARCHITECTURES

In our investigation, we implement comparable ResNet block configurations. The overall network
architectures are consistent with one of our baseline, BN (Yun et al., 2023), to compare in a reliable
condition with a minor difference in TinyImageNet and ImageNet.

Classifier Architectures.

CIFAR-10. ResNet-32x2, characterized by 15 basic blocks distributed as (5, 5, 5) and a total of
32 layers with the Filter Response normalization (FRN) (Singh & Krishnan, 2020) and the Swish
activation layer. This model incorporates a widen factor of 2 and operates with in-planes set at 16.

CIFAR-100. ResNet-32x4, which closely resembles the CIFAR-10 network with a widen factor
of 4 with FRN and the Swish activation.

TinyImageNet. ResNet-34, which encompasses 16 basic blocks organized as (3, 4, 6, 3) and 34
layers in total with FRN and Swish. The in-planes parameter for this model is established at 64. The
only difference with the target model of Yun et al. (2023) is that we use bias in the convolutional
layers but they don’t.

ImageNet64. ResNet-34, which encompasses 16 basic blocks organized as (3, 4, 6, 3) and 34
layers in total with FRN and Swish. The in-planes parameter for this model is established at 64 as
in TinyImageNet. However, we don’t use bias in every convolutional layers in this task.

InvertedResiduals Convlxl
Linear

. Et

hy | Conv3x3

Z,

MLPs

Z]

Figure 5: Score network architecture.

Score Network Architectures. The score networks consist of three embedding networks for hq,
Z, and t, some inverted residual blocks (Sandler et al., 2018), and the output layer. The embedding
network for Z; consists of a LayerNorm layer followed by the average pooling layer, and returns
the embedding output by a forward computation to a lightweight MLP (width 2 — 2 — 1 with
the ReL U6 activation layer), and concatenate the embedding outputs to the embeddings of h;. The
embedding network for ¢ firstly use the sinusoidal time-step embeddings with the maximum period
10,000 and then feed-forward to a light weight MLP (width d/4 — d/2 — e with the Swish
activation, where d is the dimension of the logits and e is the input channels of each inverted residual
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blocks.) The specifications of the inverted residuals and the size of the output layers in the score

networks vary across the tasks as in Table 2.

Table 2: Specification of the inverted residual blocks and output layers in the score network across
the tasks. ¢ is the expansion factor (Sandler et al., 2018). c is the output channels. 7 is the number

of layers. s is the stride applied in the first layer of each inverted residual.

CIFAR10 CIFAR100 TinyImageNet ImageNet64
Operator t c n o s Operator t c n s Operator t c n s Operator t c n 5
InvertedResidual 1 32 1 1 InvertedResidual 1 64 1 1 |InvertedResidual 1 64 1 1 InvertedResidual 6 64 3 2
InvertedResidual 3 48 2 2 InvertedResidual 3 96 2 2 InvertedResidual 4 96 2 2 InvertedResidual 6 96 3 2
InvertedResidual 3 64 3 2 InvertedResidual 3 128 3 2 InvertedResidual 4 128 3 2 InvertedResidual 6 160 3 1
InvertedResidual 3 96 2 1 InvertedResidual 3 192 2 1 InvertedResidual 4 192 4 1 InvertedResidual 6 320 3 2
InvertedResidual 3 128 2 1 InvertedResidual 3 256 2 1 InvertedResidual 4 256 3 2 InvertedResidual 6 640 1 1
Conv 1x1 128 1 1 Conv 1x1 256 1 1 Conv 1x1 256 1 1 Conv 1x1 1280 1 1
AvgPool - - AvgPool 1 - AvgPool - AvgPool - 1 -
Linear 10 1 Linear 100 1 Linear 200 1 Linear 1000 1
A.3 METRICS
We introduce the metrics used in our experiments.
* Accuracy
_ k
E(x,y) [I[y = arg;naxp( )(a:)]}, (14)
where [ is the indicator function.
* Negative log-likelihood (NLL)
Yy
E(w’y)[—logp( >(w)]. (15)
¢ Brier score (BS)
2
Ew | |p@ — | (16)
where vy is a one-hot-encoded label .
* Expected calibration error (ECE)
Nbin nb| 6b|
ECE(D, Nyin) = > (17)

b=1 n1+”'+anin,

where Ny, is the quantity of bins, ny is the number of instances within the bth bin, and
dp is the calibration discrepancy associated with the bth bin. To elaborate, the bth bin
encompasses predictions characterized by the highest confidence levels falling within the
interval [(b — 1)/K,b/K), and the calibration error is defined as the disparity between
accuracy and the mean confidence values. We maintains Ny, = 15 throughout the paper.

* Deep ensemble equivalent score (DEE)

First introduced in Ashukha et al. (2020), this metric assumes that the NLL of the DE-k
model decreases monotonely by k, and obtain how equivalent the objective model to how
many ensemble of the baseline model, as

NLL(f) — NLL(fs)

NLL(fs41) — NLL(f)’ (18)
s = argmax{i € N: NLL(f;) > NLL(f)}

DEE(f) = s+

where f; is the DE-i model. In our paper, DEE is linearly extrapolated below 1 if
NLL(f) > NLL(f1).
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B HYPERPARAMETER SETTINGS
We list common hyperparameters for training DBNs in every dataset as follows:

Optimizer. For training our DBN model, we use the ADAM (Kingma & Ba, 2015) optimizer with
zero weight decay and apply consine-decay as a learning-rate scheduling. For training the teacher
ensemble model, we followed the BN paper by using the SGD optimizer with weight decay, as
followed in Table 4.

Regularization. We use Exponential Moving Average (EMA) with 0.99995 decay factor and the
mixup augmentation with o = 0.4 except for ImageNet, following (Yun et al., 2023).

Diffusion Model. Our DBNs follow the training policy of discrete-time conditional diffusion
model with uniform timesteps. After training the baseline DBNs, we distill them to one step, follow-
ing Salimans & Ho (2022).

Feature vector h;. We exploit the output of the first residual block of the teacher ResNet.

Temperature Distribution pic,,. The probability density of the temperature distribution pemp
follows the Beta distribution as follows: 7' = 2(1 + 0.2«), « ~ Beta(-;1,5).

The other hyperparameters are altered across the datasets and they are shown in Table 3. In addi-
tion, we also report the full list of hyperparameters used in training the baseline ensemble teacher
networks in Table 4.

Table 3: The hyperparameter settings used to learn the DBN network.

Dataset CIFAR10 CIFARI00  TinyIlmageNet ImageNet64
#Params of Teacher 1,860,986 7,460,708 21,798,504 21,798,504
#Params of Score 395,543 1,547,617 3,186,117 8,278,222
Batch Size 128 128 128 256
Epochs 800 800 250 250
Epochs (distill) 50 50 50 50
Learning Rate 0.00025 0.00025 0.0005 0.0005
Learning Rate (distill) 0.000025 0.000025 0.00005 0.00005
Mixup « 0.4 0.4 0.4 0.0
By 0.0001, ¢ € [0,1] 0.0001,¢ € [0,1] 0.001,¢ € [0,1] 0.005,¢ € [0, 1]

Table 4: The hyperparameter settings used to learn the baseline ensemble models.

Dataset CIFARIO CIFAR100 TinylmageNet ImageNet64
#Params 1,860,986 7,460,708 21,798,504 21,798,504
Batch Size 256 128 128 256
Epochs 200 200 200 250
Learning Rate 0.1 0.1 0.1 0.1
Cosine Decay Scheduling Yes Yes Yes Yes
Weight Decay 0.001 0.0005 0.0005 0.0001
Warmup Steps (Linear) 0 5 5 5
Initial Learning Rate 0.1 0.001 0.001 0.001
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C GENERATION QUALITY OF DIFFUSION BRIDGE
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Figure 6: Confidences from the source model (first column), from the ensemble model (third col-
umn), and from the diffusion bridge (middle column) for the given images in the CIFAR-10 dataset.
The middle column illustrates a transition of the confidence from the source model to the target
during the diffusion process.
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D DEPTHWISE SEPARABLE CONVOLUTION

Depthwise separable convolution is a method to modify conventional convolutional layer, which in-
clude a convolution operation between every input channel and the convolution filters. Precisely, let
the number of the input feature to have H x W spatial size with Cj, channels, and the convolutional
layer with h x w receptive field with Cy, filters. For simplicity, we take full padding and do not
allow strides,and biases. Then the number of parameters and the FLOPs of the convolutional layer is
hxw X Cy X Copand H X b x W x w X Ciy X Coy, respectively.

Compared to standard convolution, the depthwise separable convolution consists of two parts: sep-
arable convolution and point-wise convolution. First, separable convolution is the convolution with
h x w receptive fields and Cj, filters, taking the number of groups same as the input feature (Cj,).
Then, each filter is convolved by the corresponding filters, followed by H x W x Cj, intermediate
features. The number of parameters and the FLOPs of the separable convolution is & x w x Cf, and
H x h x W x w x Cy, respectively. Then the second part of the depthwise separable convolution
is the point-wise convolution, which is a 1 x 1 convolution with Cj, input and Cy, output filter
sizes. The number of parameters and the FLOPs of the point-wise convolution is Cj, X Cyy and
H x W x Ciy, x Coy, respectively. We do not consider biases for evaluating the complexity of the
convolution layers.

Table 5: The complexity measures of the standard convolution and depthwise separable convolution.

Model # Parameters # FLOPs

Standard h xw x Ciyy X Cout HxhxWxwxCiy X Cou

Depthwise separable  (h X w + Coy) X Cin (b X w4 Cout) X H X W x Cyyy
1 1 1 1

D-S / Standard

Con | Con | hw
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