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Abstract

In this paper, we introduce a model-based deep-learning approach to solve
finite-horizon continuous-time stochastic control problems with jumps. We it-
eratively train two neural networks: one to represent the optimal policy and
the other to approximate the value function. Leveraging a continuous-time
version of the dynamic programming principle, we derive two different train-
ing objectives based on the Hamilton—Jacobi-Bellman equation, ensuring that
the networks capture the underlying stochastic dynamics. Empirical evalua-
tions on different problems illustrate the accuracy and scalability of our ap-
proach, demonstrating its effectiveness in solving complex, high-dimensional
stochastic control tasks. Code is available at https://github. com/jdupret97/
Deep-Learning-for-CT-Stochastic-Control-with-Jumps.

1 Introduction

A large class of dynamic decision-making problems under uncertainty can be modeled as continuous-
time stochastic control problems. In this paper, we introduce two neural network-based numerical
algorithms for such problems in high dimensions with finite time horizon and jumps. More precisely,
we consider control problems of the form

T
/ FE X8 an)dt + FXE) | M
0

supE
[e3

for a finite horizon T' > 0, where the supremum is over predictable control processes a = (a;)o<i<T
taking values in a subset A C R™. The controlled process X evolves in a subset D C R? according
to

dXP =B, X7, ap)dt + o(t, X, o )dWy + /V(t,Xﬁ,z,at)Na(dz,dt), X§=zeD, (2
E

for an initial condition z € D, an n-dimensional Brownian motion W and a controlled random
measure N on ' x R, with E = R'\ {0}, and suitable functions 3: [0,T] x D x A — R,
0:[0,T]xDxA— R™™and: [0,7] x Dx Ex A — R%. The functions f: [0,7]x Dx A — R
and F': D — R model the running and final rewards, respectively. We assume the controlled random
measure is given by N%(B x [0,t]) = Z;w:tl 1;z,eBy for measurable subsets B C E, where M©
is a Poisson process with a stochastic intensity of the form A(t, X2 , o) and Z1, Zs, ... are i.i.d.
FE-valued random vectors such that, conditionally on «, the random elements W, M® and 71, Zo, . ..

are independent. Our goal is to find an optimal control o* and the corresponding value of problem
(1). In view of the Markovian nature of the dynamics (2), we work with feedback controls of the
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form a; = a(t, X7 ) for measurable functions «: [0,7) x D — A and consider the value function
V :[0,T] x D — R given by

T
V(t,z) = supE / (5, X2 an)ds + F(X$)
a t

Xo = z] . A3)

Under suitable assumptions?, V' is the unique solution of the following Hamilton—-Jacobi—Bellman
(HJB) equation
OV (t,x)+sup H(t,z,V,a) =0, V(T,z)=F(x), )
acA

for the Hamiltonian H : [0,T) x D x V x A — R given® by

H(t,2,V,a) = [(t,2.0) + 57 (1 2,0) V.V (t,2) + L Te[oo (t,2,0) V2V (1,2)]
+ At x,a) E[V(t,x +~(t,z, Z1,a)) — V(t,z)],

&)

where V,V, V2V denote the gradient and Hessian of V' with respect to x. Our approach consists in
iteratively training two neural networks to approximate the value function V' and an optimal control
o™ attaining V. It has the following features:

* It yields accurate results for high-dimensional continuous-time stochastic control problems
in cases where the dynamics of the underlying stochastic processes are known.

* It can effectively handle a combination of diffusive noise and random jumps with controlled
intensities.

* It can handle general situations where the optimal control is not available in closed form but
has to be learned together with the value function.

* It approximates both the value function and optimal control at any point (¢, z) € [0,T) X D.

While methods like finite differences, finite elements and spectral methods work well for solving
partial (integro-)differential equations P(I)DEs in low dimensions, they suffer from the curse of
dimensionality, and as a consequence, become infeasible in high dimensions. Recently, different
deep learning based approaches for solving high-dimensional PDEs have been proposed (Raissi et al.,
2017, 2019; Han et al., 2017, 2018; Sirignano & Spiliopoulos, 2018; Berg & Nystrom, 2018; Beck
etal., 2021; Lu et al., 2021; Bruna et al., 2024). They can directly be used to solve continuous-time
stochastic control problems that admit an explicit solution for the optimal control in terms of the value
function since in this case, the expression for the optimal control can be plugged into the HIB equation,
which then reduces to a parabolic PDE. On the other hand, if the optimal control is not available
in closed form, it cannot be plugged into the HIB equation, but instead, has to be approximated
numerically while at the same time solving a parabolic PDE. Such implicit optimal control problems
can no longer be solved directly with one of the deep learning methods mentioned above but require
a specifically designed iterative approximation procedure. For low-dimensional problems with non-
explicit optimal controls, a standard approach from the reinforcement learning (RL) literature is to
use generalized policy iteration (GPI), a class of iterative algorithms that simultaneously approximate
the value function and optimal control (Jacka & Mijatovié, 2017; Sutton & Barto, 2018). Particularly
popular are actor-critic methods going back to Werbos (1992), which have a separate memory
structure to represent the optimal control independently of the value function. However, classical GPI
schemes become impractical in high dimensions as the PDE and optimization problem both have to
be discretized and solved for every point in a finite grid. This raises the need of meshfree methods for
solving implicit continuous-time stochastic control problems in high dimensions with continuous
action space. Several local approaches based on a time-discretization of (2) have been explored by
e.g. Han & E (2016); Niisken & Richter (2021); Huré et al. (2021); Bachouch et al. (2022); Ji et al.
(2022); Li et al. (2024); Domingo-Enrich et al. (2024a,b). Alternatively, this can also be achieved
using popular (deep) RL techniques including policy gradient methods such as A2C/A3C (Mnih et al.,
2016), PPO (Schulman et al., 2017) and TRPO (Schulman et al., 2015); Q-learning type algorithms
with DQN (Mnih et al., 2013), C51 (Bellemare et al., 2017), see also Wang et al. (2020); Jia &
Zhou (2023); Gao et al. (2024); Szpruch et al. (2024); and hybrid approaches with DDPG (Lillicrap

Zsee e.g. Soner (1988)
3By V we denote the set of all functions in C2([0, T) x R%) such that the expectation in (5) is finite for all
t,x and a.



et al., 2019) or SAC (Haarnoja et al., 2018). However, these model-free deep RL algorithms do not
explicitly take into account the underlying dynamics (2) of the stochastic control problem (1) but
instead, solely on sampling from the environment. As a result, they are less accurate in cases where
the state dynamics are known (see Figure 3 below). Moreover, this curse of dimensionality inherent
in solving high-dimensional PDE:s is further exacerbated when dealing with the jump-diffusion (2),
as the resulting HIB PIDE (4) requires the numerical evaluation of jump expectations for every
space-time point sampled from the domain.

In this paper, we introduce a deep model-based approach for stochastic control problems with jumps
which takes the system dynamics (2) into account by leveraging results derived from the HIB equation
(4). This removes the need to simulate the underlying jump-diffusion equation and, as a result, avoids
discretization errors. Our approach combines GPI with PIDE solving techniques and approximates
the value function and optimal control in an actor-critic fashion with two neural networks trained
iteratively on sampled data from the space-time domain. It has the advantage that it provides a
global approximation of the value function and optimal control available for all space-time points,
which can be evaluated rapidly in online applications. We develop two related algorithms. The
first one, GPI-PINN, approximates the value function by training a neural network to minimize the
residuals of the HIB equation (4), following a physics-inspired neural network (PINN) approach
(Raissi et al., 2017, 2019) while leveraging Proposition 3.1 below to avoid the direct computation
of the gradient V.V and Hessian V2V in the Hamiltonian (5). GPI-PINN can thus be viewed as
an extension of the method proposed by Duarte et al. (2024), adapted to a finite-horizon setup with
time-dependence and a terminal condition in the HIB equation, leading to time-dependent optimal
control strategies and value function. It works well in high dimensions for control problems without
jumps in the underlying dynamics (2) (v = 0), but becomes inefficient in the presence of jumps as
it requires computing the jump-expectation E V (¢, z + ~(t, z, Z1,a)) at numerous sample points
(t, ) in every iteration of the algorithm. To address this, our second algorithm, GPI-CBU, relies on a
continuous-time Bellman updating rule to approximate the value function, thereby circumventing the
computation of gradients, Hessians and jump-expectations altogether. This makes it highly efficient
for high-dimensional stochastic control problems with jumps, even when the control is not available
in closed form.

We illustrate the accuracy and scalability of our approach in different numerical examples and provide
comparisons with popular RL and deep-learning control methods. Proofs of theoretical results and
additional numerical experiments are given in the Appendix.

2 General approach

Let a: [0,T) x D — A be a feedback control such that equation (2) has a unique solution X* and
consider the corresponding value function

T
Vat,z) = El/ fs, X a(s, X )ds + F(XT) | X = x] , (t,x) €1[0,T] x D.
t

Under appropriate assumptions, one obtains the following two results from standard arguments®.
Theorem 2.1 (Feynman—Kac Formula). V¢ satisfies the PIDE

oV (t,x)+ H(t,z, V¥ a(t,z)) =0, VYT,z)=F(z).
Theorem 2.2 (Verification Theorem). Let v € V N C([0,T] x D) be a solution of the HIB equation
(4) such that there exists a measurable mapping & : [0,T) x D — A satisfying

Ga(t,r) € argmax H(t,z,v,a) forall (t,z) € [0,T) x D

acA

and the controlled jump-diffusion equation (2) admits a unique solution for each initial condition
x € D. Then v =V and & is an optimal control.

Based on Theorems 2.1 and 2.2, we iteratively approximate the value function V' and optimal control
o* with neural networks® Vy: [0,7] x D — Rand ag: [0,T] x D — A. For given oy, we train Vp
so as to solve the controlled HJB equation

OVo(t,x) + H(t,x,Vy, ap(t,z)) =0, Vop(T,z)=F(x), (6)

“see e.g. the arguments in the proofs of Theorems 1.3.1 and 2.2.4 in Bouchard (2021).
3Using a C%-activation function in the network Vj ensures that it belongs to C2([0, T] x R%).



while for given Vj, 4 is trained with the goal to maximize the Hamiltonian H (¢, z, Vp, ag(t, x)).

In the following, we introduce two different training objectives for updating the value network
Vi, leading respectively to the algorithms GPI-PINN and GPI-CBU. GPI-PINN uses a PINN-type
loss together with a trick adapted from Duarte et al. (2024) to bypass the explicit computation
of gradients and Hessians, whereas GPI-CBU relies on a continuous-time Bellman updating rule
with an expectation-free version of the Hamiltonian, thereby also avoiding the computation of the
jump-expectations in (5).

3 GPI-PINN

GPI-PINN, described in Algorithm 1 below, relies on a PINN approach to minimize the residuals
of the controlled HIB equation (6) in the value function approximation step. To avoid explicit
computations of the gradient V.V (¢, z) and Hessian V2Vj (¢, z), which appear in the Hamiltonian
(5), we use the following trick, adapted from Duarte et al. (2024).

Proposition 3.1. Consider a function v € V together with a pair (t,x) € [0,T) x D. Define the
function i : R — R by

Y(h) = iv <t+ h—Q x+ ﬂcr-(t x,a) + h—Qﬂ(t x a)>
N P 2n7 \/i (2 ) ) 2n ) ) )

where a;(t, z, a) is the i'" column of the d x n matrix o(t, z, a). Then,
1
V" (0) = dpo(t,x) + B (t,2,a) Vou(t,z) + §Tr [oo " (t,2,a)V2u(t,2)] . (7)

Proposition 3.1 makes it possible to replace the computation of gradients and Hessians of v by
evaluating the univariate function ¢”(0), the cost of which, using automatic differentiation, is a small
multiple of n - cost(v).

To formulate GPI-PINN, we need the extended Hamiltonian
H(t,xz,v,a) := Opw(t,x) + H(t, z,v,a), (8)
which by Proposition 3.1, can be written as
H(t,z,v,a) =¢"(0) + f(t,@,a) + A(t, 2, a)E[v(t, x + y(t,z, Z1,a)) — v(t, x)].

In Algorithm 1, we simplify notations using H(t, x,0, ¢) := H(t, z, Vo, ay(t, x)).

Algorithm 1 GPI-PINN

Initialize admissible weights 8(©) for Vj and ¢(©) for og. Choose proportionality factors &1, &2 > 0
and set epoch k = 0.

repeat
Step 1: Update the value network Vyx+1) for a given control a.yx) by minimizing the loss
0+ = arg min % (@, gZ)(k)) , ©)
0
where
31 (9, ¢) - 51 E(t,;c)NMH2(ta €, 0; ¢) + 52 Eenw (%(Ta x) - F(x))Q (10)
Step 2: Update the control network c 1) for a given value network V1) by minimizing
the loss
o) = argmin 25 (0“1, ), (11)
where ¢
32(9a¢) = _E(t,m)N#H(tvx79a¢) (12)
k+—k+1

until some convergence criterion is satisfied.
return V) and Qg k) and set k, < k.




The loss function .%; in (10) consists of two terms. The first represents the expected PIDE residual
in the interior of the space-time domain with respect to a suitable measure p on [0,7) x D. The
second term penalizes violations of the terminal condition according to a measure v on D. Hence,
2 measures how well the function Vj satisfies the controlled HIB equation (6) corresponding to a
control ay. In every epoch k, the goal in Step 1 is therefore to find a parameter vector 6 such that the
value network Vj minimizes the error .Z; (6, ¢(*)). We do this with a mini-batch stochastic gradient
method which updates the measures i and v according to the residual-based adaptive distribution
(RAD) method of Wu et al. (2023), as it is known to significantly improve the accuracy of PINNs. In
Step 2, we then minimize .,2”2(9(’“’1), @) with respect to ¢. This corresponds to choosing the control
vy S0 as to maximize the extended Hamiltonian H (or equivalently H); see Duan et al. (2023), Dupret
& Hainaut (2024) and Cohen et al. (2025) for theoretical convergence results supporting this approach.

Since the expectations in .2, % and the extended Hamiltonian (8) are typically not avail-
able in closed form, we replace them by sample-based estimates. First, we estimate H (¢, x, 6, ¢)

with ’;’-At(t7 x,0, ) by approximating the jump-expectation

J
1
EVy(t,x +~(t,x, Z1,a4(t,x))) ~ N Z Vo(t,z +(t, x, 25, ae(t, x))) (13)

j=1

for points (z;) 37:1 in E sampled from the distribution Z of Z;. Then in every gradient step, we

approximate .} and % by

My Mo
7 “)ng o ®y)” L?Z _ 2
21(0,0) M, = (H(t7n’mma9,¢ )) + M, Z Vo(T,ym) — F(ym)) (14)
and
M,
- 1 R
(k+1) _ (k+1)
B0*,0) = 51 WEL:1H(tm,a:m,9 9). (1s)

where (t,,, 2,,)ML, € [0,T) x D and (y,,)M2, € D are sampled from y and v, respectively. In
every epoch k =0, ..., k. — 1, we initialize Qék) := %) and make N, gradient steps

M,
0, = 0~ Ve A0, 6) = 0~ 2B S (1,00, 60) T (2,0, 6
1
m=1
My

2
_ ng > (Vyo(Toym) = Flym)) VaVyw(Toym),  (16)
m=1 K °

i=0,...,N;—1,toobtain 01 = 9](\],? Then, we initialize ¢>g’“) = ¢ and perform N, gradient
steps

My
ol = 0 Vs 2o, 6) = 6P 4 LNV (b, 0040, 61)(17)
M,

m=1
- _ (k+1) _ 4(K)
1=0,...,No — 1, togeto = dn,-

GPI-PINN then yields global approximations Vj.) and k., of the value function and
optimal control on the whole space-time domain [0, 7] x D. By using Proposition 3.1, it avoids
the computation of the gradients and Hessians appearing in the Hamiltonian. However, it still has
two drawbacks that make it inefficient for high-dimensional control problems with jumps. First,
it has to approximate the jump-expectations E [Vg(tm, T + Y(tm, Ty Z1, 0 (i, xm)))] for all
sample points (¢, ), m = 1,..., M, in each of the gradient steps (16)—(17) and for every
epoch k = 0,1,...,k,, see Eq. (13). Secondly, since the Hamiltonian is already a second-order
integro-differential operator, the gradient steps Vgﬁ in (16) require the computation of third order
derivatives, which is numerically costly.



4 GPI-CBU

GPI-CBU addresses the shortcomings of GPI-PINN by using a value function updating rule based on
the expectation-free operator G¢ : [0,7] x D x E x V x A — R given by

Ge(t,, z,0,a) = o(t,2) + ([Bpo(t,2) + f(t,2,a) + BT (¢, 2,a) Voo (t, z)
18
Mo m, V200 0)] 4 A2,0) (010 + (1 20) — o))
for a scaling factor ¢ € R.

Proposition 4.1. Let X be a solution of the jump-diffusion equation (2) corresponding to a
feedback control o: [0,T) x D — A with associated value function V* € CY2([0,T] x D).
For given t € [0,T), let Y be a D-valued random variable independent of Z, such that
EG?(t,Yt, Z1, Ve a(t,Y:)) < co. Then V(t,Y;) = g(Yi) for the Borel measurable function

g : D — R minimizing the mean squared error

E[(9(Y) — Ge(t, Vi 20, V2, a1, Y0))) ]

Proposition 4.1 suggests to update® the value function parameters according to

T 2
glk+1) :argmin]E/ (Vg(th) —Gg(t,}Q,Zl,%(k),a(t,Yt))) dt. (19)
% 0

By adding a penalty term enforcing the terminal condition, we obtain the recursive scheme
g+ = argemin Jl(k) (6) (20)
for the loss
(*) ®_ g0 2
"S’ﬂl (G)ZélE(t,z,z)Nu(X)Z (%(t7x) _GC(t7x7250 7¢ )) +§2E’£NV (%(T,ﬂ?) - F(l‘)) y

where we use the notation G¢(t,z,2,0,¢) = G¢(t,x,2,Vp, as(t, x)). To implement (20), we
approximate ,fl(k) (0) with

M Moy

Sty g E1 B CION RS _ 2

"fl (9) - ]\41 "LZZI(Ve(tm’xm) GC(tm,wmvzmve 7¢ )) +M2 mZZI(‘/Q(T7y'm) F(ym)) (21)
for (tym, Tm, 2m) ML, € [0,T) x D x E sampled from p ® Z and (y,,)22, € D sampled from v.

In every epoch k = 0,..., k, — 1, we initialize Oék) = %) and perform N, gradient steps

2méz 2
162

0%, =% — V.2 (0N = o) — B > (Vegk)(T, Ym) — F(ym)> vevegk)(T, Ym)

2y m (22)
_2m&

k
M1 Z:l (Vegk)(t'rn,mm) - G( (tm7 T,y Z’m>0(() )7 ¢(k)))v9V9£k)(tm7 zm) )

i=0,...,N; — 1, to obtain §(*+1) = HJ(\’,? To update the control network cvs, we next introduce the
operator

G(t,x,2,0,0) :=0:Vo(t,x) + f(t, z, ap(t,x)) + /BT(t,x, ay(t,x)) VaVa(t, z)
+ %Tr [UUT(t, z, ag(t, z))V2Va(t, x)] F A 2, ap(t, ) (Volt, o+ y(t, 2, 2, a0 (t, 7)) — Volt, ),

which is an expectation-free version of the extended Hamiltonian 7{ that, instead of the
jump-expectation EVp(t,z + ~(¢,x, Z1,a4(t,x))), only contains a single jump Vy(t,z +
Y(t,z, z,a4(t,x))), z € E. GPI-CBU updates the parameters of the control network «, according to

St = arg min f;kﬂ) (¢)
¢

5By (27), the update rule (19) corresponds to Vy+1) = TVy) := Vyy + CH(:, Vyy, a(+)) for the
continuous-time Bellman updating (CBU) operator 7' associated with the feedback control « and fixed point
TV =V



for the loss
L (@) = —E(t 2 mymnpz Gt @, 2,007 0) = —E(y oo H(t, 2, 00D ).

We hence minimize the sample estimate

M,

1 > Gltms T, 2m, 0% 6) (23)
=1

2 (¢) = YA
1

by setting (b(()k) = ¢ and making N, gradient steps
n
o1ty = 0 = Ve BV 0) = 0 + {7 Vel tms w2, 040,017, 24
m=1

i=0,...,Ny—1, to obtain p(Ft1) = ¢>§§3

Algorithm 2 GPI-CBU

Initialize admissible neural weights 6(°) for Vj and ¢(®) for ag. Choose learning rates 7y, 12,
proportionality factors &7, {; and numbers of gradient steps N7, No. Set epoch k& = 0.
repeat

Step 0: Generate M, sample points (¢, Tm, 2m) € [0,T) X D x E from p® Z and M5 sample

points y,, € D from v.

Step 1: Update Vj(x+1) by minimizing the loss (21)

. k
gl+1) — argemln.,?l( )(9),

with N7 gradient steps (22).
Step 2: Update vy x+1) by minimizing the loss (23)

oD = argmin 25V (9),
¢

with N, gradient steps (24).

k<—k+1
until some convergence criterion is satisfied.
return Vyx) and Qg k) and set k, < k.

Like GPI-PINN, GPI-CBU leverages Proposition 3.1 to bypass the computation of the gradients
V. Vy and Hessians V2Vj. In addition, it avoids the costly computation of the jump-expectations
E Vo (tm: @m +7 (s Tm, Z1, s (tm, T ))) | at each sample point (¢, ), m = 1,..., M. Also,
when updating the value network using (22), it does not have to compute third-order derivatives
like (16) since only VyVj is needed. This relates to the value update rule (19) of GPI-CBU being
recursive as G¢ now depends explicitly on the value weights 6%) computed at the previous epoch, in
contrast to the residual-based GPI-PINN. On the other hand, since GPI-PINN averages over different
jumps in each update, it exhibits more stable convergence than GPI-CBU; see the numerical results
in Section 5 below. The proportionality factors &1, €2 and the scaling factor ( are hyperparameters. &;
and &5 can be fine-tuned following Wang et al. (2022). While Proposition 4.1 holds for any scaling
factor ¢ € R, its choice has an influence on the numerical performance of GPI-CBU. In the numerical
experiments of this paper, we set ( = 1 as it provides a good trade-off between convergence speed
and accuracy of the improvements in GPI-CBU. On the other hand, negative scaling factors always
failed to converge to the true solutions with exploding losses .i/’zck) and Dé;(k) after only a few epochs.
Alternatively, one could consider an adaptive scaling factor (;, > 0 depending on the epoch k. More
details on hyperparameter fine-tuning are given in Appendix B. Finally, we emphasize that the policy
updating rule of GPI-CBU (24) is equivalent to that of GPI-PINN (17), except that it circumvents the
computation of the jump-expectations in 7 as it is now based on the expectation-free operator G.



5 Numerical experiments

In our numerical experiments, we choose the DGM architecture of Sirignano & Spiliopoulos (2018)
for both the value and optimal control networks, as it has been shown to empirically improve the
PINN performance. Details on the network design and hyperparameters are given in Appendix B.

5.1 Linear-quadratic regulator with jumps

We first consider the linear-quadratic regulator (LQR) problem with jumps
T
inf / o1 lasl2 ds + eo| X212 (25)
0

where the infimum is over d-dimensional predictable processes (c)o<¢<7 and X ® is a d-dimensional
process with controlled dynamics

My
AX{ = qpdt +SdW, +dY  Z;, Xo=xeR?, (26)

j=1

for a d x d matrix ¥, a d-dimensional Brownian motion W, a Poisson process M “ with intensity
A* = Ay + As||oy||3 for Aj, A2 > 0 and independent i.i.d. mean-zero square integrable
d-dimensional random vectors Z; with E[||Z;||3] = v, j = 1,2,... This problem admits a closed-
form solution (see Appendix C), which provides a benchmark for our two numerical algorithms.
We report their mean absolute errors with respect to the true solutions V' and a, defined as

MAEy = & S [Vowo(ti, 2:) =V (ti, ;) and MAE, = & SoM | [lovgoen (8, ) — o (i, 1) |12
on a test set of size M uniformly sampled from [0, 1] x [-2.5, 2.5]%.

Figure 1 compares MAEy and runtimes of GPI-PINN and GPI-CBU as functions of the
number of epochs & for 10-dimensional (d = 10) LQR problems (25) with and without jumps. It can
be seen that GPI-PINN and GPI-CBU exhibit similar convergence in the number of epochs. The
residual-based approach of GPI-PINN makes it more stable than GPI-CBU; see also Baird (1995).
On the other hand, GPI-CBU has a lower computational cost. This is already the case without jumps
(left plot of Figure 1) since it avoids the numerical evaluation of third-order derivatives but becomes
much more significant with jumps (right plot of Figure 1) as it also circumvents the numerical
integration of the jumps.

025 . —— GPLPINN w/o jumps , —— GPIRINN jumps 000
=== GPL.CBU w0 jumps i === GPI.CBU jumps

MAEV

o 200 400 600 800 1000 0 200 a00 600 800 1000
Epoch k Epach k

Figure 1: Comparison of MAEy (blue) and runtime in seconds (green) of GPI-PINN (solid line) and GPI-CBU
(dashed line) for a 10-dimensional LQR problem without jumps (left) and with jumps (right).

Figure 2 shows results of GPI-CBU applied to a 50-dimensional LQR problem with jumps compared
to the analytical solution (30)-(33). While GPI-PINN is inefficient for this problem, GPI-CBU
achieves high accuracy in the approximation of the value function as well as the optimal policy.
Additional results for up to 150-dimensional LQR problems are reported in Appendix C.
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Figure 2: Value function V/ (¢, =) (left) and first component of the optimal control o (¢, =) (right) at ¢ = 0 for
z = (x1,0,...,0) with 1 € [-2.5,2.5] for a 50-dimensional LQR problem with jumps. Orange dotted line:
numerical results of GPI-CBU with +1 standard deviation given by orange shaded area. Blue line: analytical
solution (30)—(33).

Figure 3 shows the accuracy of GPI-CBU on a 10-
dimensional LQR problem with jumps compared with
the two popular model-free RL algorithms PPO and SAC

— Ghicay w0 as well as the model-based discrete-time approach of Han
. k‘ e & E (2016) applied to a time-discretization of the state
dynamics (26). It can be seen that in this setup, PPO

and SAC cannot compete with the two model-based ap-

E: \ proaches since they do not explicitly use the dynamics
g o (26) but instead solely rely on sampling from the envi-
ronment. The method of Han & E (2016) outperforms

-t PPO and SAC but does not achieve the same accuracy as

GPI-CBU due to discretization errors and since it does not
T om0 2000 200 om0 - generalize well to unseen points in the test set. Trying to
Epoch {iteration} cover the space-time domain well, we ran the method of
Han & E (2016) from several randomly sampled starting
points zo € D. But being a local method, it tends to learn
the optimal control only along the optimal state trajecto-
ries (t, Xf‘* )Jo<t<7, which results in poor performance
in parts of the space-time domain that are not explored
well. Additional results are discussed in Appendix C.

-2

Figure 3: log MAEy of different deep-learning
methods for a 10-dimensional LQR problem with
jumps.

5.2 Optimal consumption-investment with jumps

As a second example, we consider an economic agent who consumes at rate ¢; and invests in n
financial assets according to a strategy’ (7}, ..., ") so as to maximize

T
E / e P u(c,Y)ds + e PTU (V)
0

for two utility functions® u, U: Rt — R, where Y, is the wealth process evolving like

n n My

dyy” Z i E: i i E : :

Y; = (’]"t—l— ‘ 17Tt(,LL —Tt)—6t> dt+ ‘ 1’th \/O:E‘—Svrﬁlth‘i‘d 1(€ZJ —1)
i= i= Jj=

for a stochastic interest rate r;, expected return rates ui, stochastic volatilities af@ and stochastic
jump intensities ! whose dynamics are given in Appendix D.2 below. We consider strategies of the
form 7 (t, oy, A\, e, Y2 ) and c(t, o4, A, 74, Y, ). This problem has d = 2n + 2 state variables. The
corresponding HIB equation, given in (42) in Appendix D.2, does not have an analytical solution,
but Figure 4 shows that GPI-CBU converges numerically. More details about this consumption-
investment problem with stochastic coefficients are provided in Appendix D.2.

"l describes the fraction of the agent’s total wealth held in the i** asset at time ¢.
8In our numerical experiments, we choose CRRA utility functions.



In Appendix D.1, we also consider a simplified version of the problem where the coefficients ¢, i, \i
are constant. This case can be reduced to a 1-dimensional ODE that can be solved with a standard
Runge—Kutta scheme to obtain reference solutions. GPI-CBU generates results that are virtually
indistinguishable from the Runge—Kutta results.
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Figure 4: Losses 5’?“(9(’““)) (left) and ggk)(qﬁ(”l)) (right) of GPI-CBU as a function of the epoch k. The
blue curve in the left plot represents the interior loss of .,ch)
(21).

and the orange curve its boundary part, see Eq.

6 Conclusions, limitations and future work

In this paper, we have introduced two iterative deep learning algorithms for solving finite-horizon
stochastic control problems with jumps. Both use an actor-critic architecture and train two neural
networks to approximate the value function and optimal control, providing global solutions over
the entire space-time domain without requiring simulation or discretization of the underlying state
dynamics. Our first algorithm, GPI-PINN, works well for high-dimensional problems without jumps
but becomes computationally infeasible in the presence of jumps. The second algorithm, GPI-CBU,
leverages an efficient expectation-free iteration based on Proposition 4.1 which makes it particularly
well-suited for high-dimensional problems with jumps. Both algorithms are model-based. As such,
they outperform model-free RL methods in cases where the underlying state dynamics are known. The
accuracy and scalability of the two algorithms has been demonstrated in different numerical examples.

A limitation of our approach lies in the need to know the underlying dynamics of the state
process, which are not always available in real-world applications. While it is reasonable to assume
that physical systems obey known laws of motion, dynamics in economics and finance typically need
to be inferred from data. However, in such cases, they can be learned in a preliminary step using e.g.
recent model-learning algorithms such as Brunton et al. (2016) or Champion et al. (2019). Once
an approximate model has been learned from data, one of the proposed algorithms, GPI-PINN or
GPI-CBU, can be applied to efficiently solve the resulting stochastic control problem.
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to particular applications, let alone deployments. However, if there is a direct path to
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to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
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Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: None.
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* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
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* The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

¢ For scraped data from a particular source (e.g., website), the copyright and terms of
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* If assets are released, the license, copyright information, and terms of use in the
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* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: The paper does not release for now new assets. The related code will be made
open access upon acceptance of the paper.

Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: The paper does not involve any crowdsourcing nor research with human
subjects.

Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects
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16.

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve any crowdsourcing nor research with human
subjects.

Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: This research does not involve LLMs as any important, original, or non-
standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Proofs

A.1 Proof of Proposition 3.1
Letting v(-) = v(t + %, x4+ %ai (t,z,a) + %ﬁ(t, x, a)), the second-order derivative of ¢ (h) :=
o, v(+) is given by

=3 (a?tvc)j; + 290" (22D 4 Lo,0,0) + o) + 900 B0,2.0

- + (L\/g“) + %/B(t,x, a))Tvivc) (M + %/B(t,w, a))

. T Ui(t7a77a‘) ﬁ E
+ 190 (22 4 Lgr,0.0)) n) .
Evaluating it at & = 0 gives
1
" (0) = dp(t, z) + [Vau(t, x)]Tﬂ(t,:c, a) + §Tr [JJT(t,x, a)Viv(t,x)] ,
which proves the proposition.

A.2 Proof of Proposition 4.1

Since Y; is independent of Z;, one obtains from the definition of G¢ that
E[G(t,Yi, 21,V a(t,Y) |V = a] = V(t2) + ¢ (aV (L) + f(t 2, alt,2)
+ BTt z, at,z)) V, VO (t, x) +%TI' [UUT(t, z, ot z)) V2V (t, )]
AL, alt, ) B[V (Lo + (2, 21, alt @) = VO (L))
=V, x) + CH(t,z, V" alt,z)) 27)
=Vt ),
where the last equality follows from Theorem 2.1. On the other hand, it is well known that
E[G¢(t, Y1, 21,V a(t, V) | Yi] = g(Y)
for the Borel measurable function g: D — R minimizing the mean squared error

E[(9(¥0) = Ge(tYi, 21, V*,a(t, 1))

see e.g. Theorem 4.1.15 of Durrett (2019). This concludes the proof. ]

B DGM Architecture

ay(W?-(t,x) + bY)

1ahe1 Woa

@ Gppe(W - SH1 4 b) }—.

Figure 5: DGM architecture for the value neural network with L = 3 (i.e. 4 hidden layers).
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Each DGM layer in Figure 5 for the value network Vj is as follows
St=oy (W' (t,z)+b"),

—aV(U” o)+ WS ) =1, L,

f=oy (U2 ( a:)+W9’Z-Sl+b9*Z), (=1,...,L,

_aV(U“ o)+ WrE Sty =1,...,L,

H' =0y (UM (t,2) + WP (SY @ RY) +0™), ¢=1,...,L,

S =(1-GY) @Huzf@se, (=1,...,L,
Vo(t,z) = ov,,, (W-SE +b),

where the number of hidden layers is L 4 1, and ® denotes element-wise multiplication. The DGM
parameters for the value network are

9:{W1,b1 (UZZ Wz@ bzé) (Ugf Wge bg/)Z L

(U’r@ WTZ br@)é 17(Uhl Wh@ bhé)e L

w.b}.

The number of units in each layer is N. oy : RV — R¥ is a twice-differentiable element-wise
nonlinearity and oy, : R — V is the output activation function, also twice-differentiable, where
V C R is chosen such as to satisfy possible restrictions on the value function’s output, inferred
from the form of the stochastic control problem (e.g. non-negative value function). The control
network is designed following the same DGM architecture with o, : RY — A. Throughout the
numerical examples of the paper, we consider L = 3, each one with N = 50 neurons, see Figure 5.
For the value network, we use tanh as the activation function oy and softplus for oy, ,,. For the
control network, we adopt tanh for o, while the output activation o, is linear in Example 5.1 and
sigmoid in Example 5.2.

Unless otherwise stated, we take a number of sample points My, My equal to 256, a num-
ber of gradient steps N7, N equal to 64, and a maximum number of epochs k, < min{k,, 1500}.
In practice, we sample a new batch of size M; + M, at each gradient step for Step 1 and 2 of
Algorithms 1 and 2, covering a total batch size of (N7 + No)(M; + M>) per epoch k. The network
parameters are then updated using the Adaptive Moment Estimation with constant learning rates
71, N2 equal to 0.001. For both GPI-PINN and GPI-CBU, the algorithms are fairly robust to these
choices. In our setting, the most critical hyperparameters for convergence are then the proportionality
factors &1, &2, which we determined using the approach of Wang et al. (2022), together with the
scaling rate ¢ (specific to GPI-CBU). In our experiments, we set ( = 1 as it provides a good trade-off
between convergence speed and accuracy of the improvements in GPI-CBU. Alternatively, one
could consider an adaptive scaling factor (; depending on the epoch k, similarly to learning rate
schedules. On the other hand, we observe that negative scaling factors always fail to converge to the

true solutions with exploding losses .,?fk) and .,?;(k) after only a few epochs. Finally, Algorithms 1
and 2 are implemented using TensorFlow and Keras, which are software libraries in Python with
reverse mode automatic differentiation. GPU acceleration has been used on a NVIDIA RTX 4090.

C Linear-quadratic regulator with jumps: detailed results

The value function for the LQR problem with jumps (25) is given by

V(t,z) =infE

T
/ e lla 3 ds + el X713 | X7 = x] : (28)
0
The corresponding HIB equation is

1
0=,V(tz)+ =T [SSTV2V,(t,2)] + inf {c1||a||§
2 acRd (29)
(A + Al E[V(t o+ Z1) — Vit 2)] + aTVmV(t,x)}
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with terminal condition V(T,z) = co||z||3. It is straightforward to show using the verification
Theorem 2.2 with HIB equation (29) and the Ansatz

1
V(t,x) = Sh(®)el3 +9(t), (30)

that g satisfies

N |

T
g(t) = (Tr[zzT}+A1v)/t h(s)ds, (31)

where h solves the non-linear ordinary differential equation

h(t)

! —
h (t) o 201 + h/(t)'UAQ,

WT) = 2¢s, (32)

which can be computed efficiently using a numerical method such Runge—Kutta of order 5(4)
(Dormand & Prince, 1980). The optimal control o* is then given by

h(t)x

at(t,z) = T2+ h()uhy

(33)

In the constant intensity case Ao = 0, A; > 0, (31) and (32) simplify to

26102

C2
c1 + CQ(T — t)

h(t) = and g(t) = (Tr[ZXT] + Av) ¢y (ln( (T —t)+ 1)) .

C1

In this section, we assume for each jump size Z; ~ Na(04,% ), with 35 € R4%4, Hence, we

sample according to Z being a Gaussian distribution the M3 points z](-m) of GPI-PINN for each
(tms Tm), m = 1,..., My, and the M; points z,, of GPI-CBU, see Section 4. Moreover, the
frequencies with which various states appear in the sample should be roughly proportional to the
probabilities of their occurrence under an optimal policy (Bachouch et al., 2022). As one can guess
from (28), it is optimal to drive the process X* towards 0. Therefore, since p(t,x) = p(x | t)u(t),
we assume /i(t) ~ Upo 71 and p(z | t) ~ VENy(04, 1) to generate the values of x and ¢. Similarly,
v(z) ~ \/TNd(Od, 1;). We then use as parameters of the LQR: 7" =1, ¢; = 1, ¢o = 0.25 and each
element of 3, 31 is sampled from Ug 1.

The three following Figures 6-7-8 are obtained with GPI-CBU in d = 50 dimensions under
the constant intensity case A; = 0.25, Ao = 0.
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Figure 6: Value function V (¢, z) (left) and first component of the optimal control o (¢, ) (right)
att = 0 for x = (21,0,...,0) with z; € [-2.5,2.5]. Orange dotted line: numerical results of
GPI-CBU with 41 standard deviation given by orange shaded area (k. = 1500, A5 = 0). Blue line:
analytical solution (30)-(33).
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Figure 7: Value function V (¢, z) (left) and first component of the optimal control o (¢, x) (right) at
x = 150 with ¢ € [0, 1]. Orange dotted line: numerical results from GPI-CBU with + one standard
deviation in orange shaded area (k. = 1500, A; = 0). Blue line: analytical solution (30)-(33).
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Figure 8: Heatmaps of MAEy (left) and MAE,, (right) for ¢ € [0,1] and for = (1, 149) with
x1 € [—-2.5,2.5], obtained from GPI-CBU for the LQR problem with A = 0.

MAE:

We now consider in the following results the controlled intensity case with A; = 0, A2 = 2, using
the same parameters and sampling procedure as above. Since the intensity now also depends on the
control, GPI-PINN becomes even more computationally intensive than in the constant intensity case
and of no practical interest in the presence of jumps. Consequently, in the following Figures 9—10
(and 2), we again focus exclusively on GPI-CBU for a 50-dimensional LQR problem.

-0.01

—0.02
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Figure 9: Value function V (¢, z) (left) and first component of the optimal control o (¢, ) (right) at
x = 150 with ¢ € [0, 1]. Orange dotted line: numerical results from GPI-CBU with + one standard
deviation in orange shaded area (k. = 1500, A; = 0). Blue line: analytical solution (30)—(33).
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Figure 10: Heatmaps of MAEy (left) and MAE,, (right) for ¢ € [0,1] and for x = (1, 149) With
x1 € [—2.5,2.5], obtained from GPI-CBU for the LQR problem with A; = 0.

These results further validate the accuracy of GPI-CBU, even when considering a controlled intensity
for the jump process. As expected, the optimal control o is lower in magnitude compared to the
constant intensity setting, since it increases the intensity and thus the likelihood of jumps, while the
optimal strategy still consists in driving X * towards 0. Again, higher MAEy and MAE,, metrics,
computed from (30)—(33), tend to occur at the boundaries of the domain, see Figure 10.

Finally, you can find below a table summarizing higher-dimensional results for GPI-CBU in the
LQR setting with controlled intensity after k. = 5000 epochs. This illustrates the scalability of the
approach.

Dimensions d | MAEy | MAE, | Loss %, | Loss % | Time (sec.)
5 0.0023 | 0.0041 0.0237 -0.1332 6,410
10 0.0025 | 0.0049 0.0314 | -0.1972 8,093
50 0.0147 | 0.0075 0.1267 -0.4206 16,129
100 0.0492 | 0.00539 | 0.6970 | -0.4461 24,359
150 0.0979 | 0.0096 3.7210 | -0.4671 33,120

Table 1: GPI-CBU’s performance metrics in function of the state dimension d for the LQR example
with controlled intensity after k£, = 5000 epochs.
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D Optimal consumption-investment problem

D.1 Constant coefficients

We first study the optimal consumption-investment problem with constant coefficients, where we
assume the risk-free asset evolves according to

ds? = rSPdt, (34)
for a constant interest rate € R, and with n stocks whose price follows for: =1,...,n,
ds: Mo,
St =pidt+ s aw, +d Y (4 - 1) (35)
Si_ o

for some constants M € R, El € R”, correlated’ n—dimensional Brownian motions W, inde-
pendent Poisson processes M* with constant intensities A* > 0 and i.i.d. normal random vectors
21,75, ... ZMI ~ N (uly,0%) with %, € R,0% € RT. Suppose an investor starts with an initial
endowment of Y > 0, consumes at rate ¢;Y,* and invests in the n stocks according to 7rth s
i = 1,...n. If the risk-free asset is used to balance the transactions, the resulting wealth evolves

according to

o ]Wl
‘32 (MZWM r)cf>dt+27rt szWf+dZ(e Z-1)|. 66

- 1=1 =1 Jj=1

Let us assume she attempts to optimize

E

)

T
/ e Pu(esY)ds + U(YF)
0

for two utility functions v, U: Rt — R and p € R. Since the driving noise in (36) has stationary
independent increments, it is enough to consider strategies of the form ¢, = ¢(¢,Y;%) and 7} =

7 (t,Y,>) for functions ¢, 7*: [0,7) x Rt — (0,1),i = 1,...,n. This n + 1-dimensional control
is then written ay = (7},..., 7, ¢;) € A := (0,1)"*!. Assuming constant relative risk aversion
(CRRA) utility functions u, U with v € (0, 1), the reward functional is then denoted
g (csY)” ()"
Ve(t,y) =E / e T L s \Yﬂ =y|. 37)
t v v
Finally, writing po= (e w o nz = (pheny) oz = (0g,.,03) A =
T

AL = (7l ”) , the associated HIB equation for the value functlon Vit,y) =
sup,, V"‘(t Y) ‘satisfies!” for all (t,y) €[0,T) x R*,

0=0V(1,3) =V t) + s {4 e=nTr oo
c,m)EA
1 - ey Y
T T z ) Zi _ _ \MJ)
+om Y Tny? 02, Vi(t,y) +Z)\ [ (t,y+yr'(e 1)) V(t,y)}—&- 5 },

with V(T,y) = y7/v. This stochastic control problem does not admit an analytical solution but
we can instead characterize its solution in terms of a PIDE, so as to assess the accuracy of the
proposed Algorithms 1 and 2. Following @ksendal & Sulem (2007), we assume the following form
V(t,y) = A(t)y”/~ for the value function. First order condition on the HIB equation (38) then

‘Note that ¥ = (.. ., Zn)-r € R™™ can be seen as the upper Choleski decomposition of the correlation
matrix 3 of the Brownian motion W.

Note that the term — pV (t,y) in (38) is not contained in our general HIB equation (4). But GPI-PINN and
GPI-CBU still work if it is added.
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implies that optimal fractions of wealth is a vector of constants 7* (¢, y) = 7* := (7>*, ..., 7™
satisfying

(w—r)"+ 28 7 (y = 1) + i)\iE {(1 + wi’*(ezf - 1))'Y71 (e - 1)} =0, (39)
i=1

and the optimal consumption rate c* is independent from the wealth y and given by
¢ (t.y) = AR)/OY. (40)
Plugging back these optimal controls inside the HIB equation (38), we find that the function A(t)

satisfies the ODE
O A(t 1
LAD  y (¢ =) = A0OD) — Loy - e TEE

_ i g (el _ T4 1/(v—1)
;:1 ANE [(1 + ( 1)) 1} A(t) )

(41)

with A(T) = 1, which can be solved numerically using again the Runge—Kutta method of order
5(4). For both Algorithms 1 and 2, we sample the time and space points independently from the
uniform distributions Ujo 1) and Ujg 4, ), respectively. The parameters of the optimal investment
problem below are as follows: 7' = 1,y, = 150,7 = 0.02,p = 0.045,7y =0.3,A=045-1,, uz =
025-1,,07 =02 1,,u=0.032-1,,58" =02 1,, with diag(XX") = 1,,. Note that,
compared to the LQR problem in Section 5.1, the proportionality factor £ is now set to 10. Moreover,
since A = (0,1)"*1, 5., is chosen to be the sigmoid activation function. Instead of the DGM
architecture, we here train a classical feedforward neural network with 4 hidden layers, each of 128
neurons. Finally, the MAEy and MAE, metrics are again defined as in Section 5.1 on a test set of
size M, uniformly sampled from [0, 1] x [0, y5] with V and o* obtained from the RK45 method
described above.

We again compare in Figure 11 the MAEy and runtime between GPI-PINN and GPI-CBU
in function of the number of epochs k for n = 10 stocks in the consumption-investment problem
(37) with and without jumps. We again see that the residual-based GPI-PINN Algorithm 1 tends to
be more stable and accurate for larger epochs, despite having a higher runtime. When accounting
for jumps in the dynamics (36), GPI-PINN becomes numerically very time-consuming, even for a
10-dimensional control problem. This issue is even amplified compared with the LQR problem (see
Figure 1), as the jump size now depends on the control 7 in the wealth dynamics (36). In contrast,
GPI-CBU again handles these jumps far more efficiently.

—— GPI-PINN wio jumps N —— GPI-PINN jumps
=== GPI-CBU w/o jumps === GPI-CBU jumps

Runtime (sec)

Figure 11: Comparison of the MAEy (blue) and the runtime in seconds (green) between GPI-PINN
(solid line) and GPI-CBU (dashed line) in function of the number of epochs k for the optimal
consumption-investment problem without jumps (left) and with jumps (right) for n = 10 stocks.

We then address a 50-dimensional optimal consumption-investment problem with jumps, where only
GPI-CBU is implemented as GPI-PINN becomes numerically infeasible. Figures 12 and 13 again
confirm the accuracy of GPI-CBU for both the value function and the optimal consumption rate ¢*(t),
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with the standard deviation across 10 independent runs of GPI-CBU being virtually imperceptible.
The optimal wealth allocations 7*, being constant, are not depicted. However, the MAE,, heatmap in
Figure 14 corroborates our method’s accuracy in determining both c¢* and 7*. We also observe in this
Figure 14 that the higher absolute errors tend to occur at the boundaries of the domain.
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Figure 12: Value function V' (¢,y) at t = 0 for y € [0, 150] (left) and at y = 50 for ¢ € [0, 1] (right),
with n = 50 stocks. Orange dotted line: numerical results from GPI-CBU with + one standard
deviation in orange shaded area (k. = 1000). Blue line: numerical solution from the Runge-Kutta
scheme applied to (40)-(41).
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Figure 13: Optimal consumption rate ¢*(t) for ¢ € [0, 1]. Orange dotted line: numerical results from
GPI-CBU with + one standard deviation in orange shaded area (k, = 1000). Blue line: numerical
solution from the Runge-Kutta scheme applied to (40)-(41).
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Figure 14: Heatmaps of MAEy (left) and MAE,, (right) for ¢ € [0, 1] and for y € [0, 150], obtained
from GPI-CBU for the optimal consumption-investment problem with constant coefficents.
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D.2 Stochastic coefficients

We then study a more complex optimal consumption-investment problem in a realistic market of the
form (34)—(35) with a stochastic interest rate

th = ar(bt - Tt)dt + VT\/EZIthy
with stochastic (Heston) volatility models for the n stock prices

M}

;{fti:uidt+\/;2 th+dz<eifl)
1
do! = a’ (b° 70t+1/\/72 AW,

and with stochastic jump intensities

AN = a (B, — X)) + v/ ST, 4.

Note that ¥ = (551, -+, D6y Dols - -+ » Doy DALy - -5 S, D) | € REMHDXEnH1) g the (up-
per) Choleski decomposition of the correlation matrix XX T associated with the (31 -+ 1)-dimensional
Brownian motions W. In this case, the wealth process can still be described as follows

]Wz

i}:ﬁa: (Tt—FZWt,U — Tt —Ct>dt+2ﬂ't \FESdet+dZ(6 7-1) ,
—

and the strategies should be of the form c(t, oy, A, 7, ;%) and 7 (L, o4, A, 74, YV,% ), with o =
(m},...,7 )T € A := (0,1)"*L. Hence, denoting the (2n + 2)-dimensional process X{* =
(o1, A, 71, Y,2), its dynamics are given by

0 M

X7 = px (8, XP)dt + Sx (8, X)W, +9x (6, X7 d > S (e i - 1) ,
i=1 j=1
where
ao(bs — ot) Vo /01 5q
N by — A N e Ty
Hx (t7 Xt ) = L;i((bi t)) ’ EX (t7 Xt ) = l;i\ \/\/gz% )
Y (re+ (n—re) Tme — ct) VA DU S RVETD
and
0,
o 0,
X (t7 Xt ) = 0 )
Yo 1,

with pux () € R*"12, Xx(-) € Rf”+2)x(3"+1) and yx (-) € R?"*2. Therefore, the value function

Y

T a\Y a\Y
V(t,r) =supE l/ e (st (e V") ds + (¥r) ’Xt"‘ =z
t v Y

[e3

satisfies the following HIB equation for all (¢,z) € [0,T) x R} x R} x R x R*,

1
0=0aV(t,x) — pV(t,z) + sup {u}(t,x) VaV(t2) + 5 Tr [Sx ()% () VIV (L, 2)]
(e,m)EA

+ Y NE [Vl Ay +yr(es - 1) - Vi) + 20 @)

with terminal condition V (T, z) = y? /7. We consider a portfolio of n = 25 stocks, resulting in a
52-dimensional value function and a 26-dimensional control process, with the same parameters as in
Section D.1. This version of the consumption-investment problem is significantly more complex
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than the one discussed in Section D.1, with the value function’s dimensionality increasing from 2 to
52. Consequently, the RK45 numerical method can no longer serve as a reference point to solve
the associated HIB equation (42), making it impossible to compute the MAEy and MAE, metrics.
However, despite this lack of a reference for comparison, GPI-CBU still produces results that appear
reasonable. We indeed first observe in Figure 4 (main manuscript) that the losses i’ﬁck) (21) and
,{’;k) (23) converge as the number of epoch k increases. Note that the orange curve in the left plot
represents the interior loss (first right-hand term) of .,i/ﬂsz)
(second right-hand term) of .,2/’”1(’“), see Eq. (21).

, while the blue curve is the boundary loss

The following Figures 15 and 16 confirm that the results from GPI-CBU for both the value
function and the optimal control are reasonable, as they closely resemble those from Figures 12
and 13. For the value functions of Figure 15, the standard deviations across 10 independent runs
of GPI-CBU remain very low, confirming the stability of the approximations. For the optimal
consumption rate in Figure 16 (left plot), the standard deviation across the 10 runs tends to be higher
for values of time ¢ close to 0, although being still reasonable. Finally, varying the first dimension of
the intensity A\* mainly impacts the corresponding fraction of wealth 77151 *, while its effect on the
other proportions and consumption rate is more moderate (since arising from the correlation matrix
Y¥7 of the Brownian motion ).
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Figure 15: Value function V (¢,2) at t = 0 for z = (0.15 - 119, 110,0.02,y) with y € [0, 150]

(left) and at x = (0.15 - 119, 110,0.02,50) for ¢ € [0, 1] (right). Blue line: numerical results from
GPI-CBU with =+ one standard deviation in orange shaded area (k. = 1000).
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Figure 16: Left plot: optimal consumption rate ¢* (¢, z) at z = (0.15- 119, 110, 0.02,50) for ¢ € [0, 1]
with numerical results from GPI-CBU in blue line and £ one standard deviation in orange shaded
area (k. = 1000). Right plot: optimal consumption rate ¢*(¢, z) and first five optimal fractions of
wealth 7* (¢, z) att = 0 and x = (0.15 - 119, AL, 19,0.02, 50) for A! € [0, 5].
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