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Abstract

We study the problem of transfer learning and fine-tuning in linear models for
both regression and binary classification. In particular, we consider the use of
stochastic gradient descent (SGD) on a linear model initialized with pretrained
weights and using a small training data set from the target distribution. In the
asymptotic regime of large models, we provide an exact and rigorous analysis and
relate the generalization errors (in regression) and classification errors (in binary
classification) for the pretrained and fine-tuned models. In particular, we give
conditions under which the fine-tuned model outperforms the pretrained one. An
important aspect of our work is that all the results are "universal", in the sense that
they depend only on the first and second order statistics of the target distribution.
They thus extend well beyond the standard Gaussian assumptions commonly made
in the literature. Furthermore, our universality results extend beyond standard SGD
training to the test error of a classification task trained using ridge regression.

1 Introduction

Deep neural networks have revolutionized the way data processing and statistical inference are
conducted. Despite their ground-breaking performance, these models often require a plethora of
training samples, which can make the process of data acquisition expensive. Moreover, with the
advent of increasingly complex deep networks and especially Large Language Models (LLMs), the
process of training from scratch has also become prohibitively expensive. To alleviate the scarcity of
prepared data and the high training costs, various strategies have been proposed. One such method is
fine-tuning in which a network previously trained on a source dataset/task different from the target
dataset/task is leveraged as the initialization point for training on the target dataset/task. In many
practical applications, especially for networks containing billions of parameters, only a subset of
weights are updated to adapt the model to the new task. A particularly attractive method involves
fine-tuning only the last layer of the network. A foundational question would be: How effective is
this procedure? Are there fundamental limits to how much one can achieve by utilization of a model
pretrained on a different distribution?
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In this work, we would like to investigate this problem rigorously through the lens of linear regression
and binary classification in the overparametrized regime, where the number of weights/parameters
exceeds the number of data points. To do so, we analyze the performance of regressors/classifiers
obtained through performing SGD initialized at a weight wy € R? acquired through training on
the source domain. It was shown in |Gunasekar et al.| [2018]] and |Azizan and Hassibi| [2018]] that
gradient descent (GD) and stochastic gradient descent(SGD) iterations converge to the optimal
solution w € R¢ of the following optimization problem:

min [|w — wo |3 (1
w
st y=Xw

where wy € R? is the initialization point for SGD, X € R™*¢ is the design/data matrix which is
comprised of independent rows reflecting the fact that datapoints (x;, y;) are sampled independently,
and y € R" is the vector of labels. This property of SGD is known as "Implicit Regularization"
and will serve as the basis for our analysis as the pretraining step is captured by the vector wy.
Understanding this "interpolating regime" is key to the theoretical analysis of machine learning
models as most of the deep neural networks, on account of their highly overparametrized nature,
operate in a setting where they are able to attain negligible training error. It is noteworthy that,
even for linear models, characterizing the exact performance of fine-tuning approach has been
somewhat limited and is inhibited furthermore by the Gaussianity assumption on X. One of our
main contributions is to overcome this limitation. In fact, to showcase the ubiquity of our results, we
establish a general universality theorem that applies to a large class of data distributions and extends
beyond the context of Transfer Learning. To go into more detail, we say that Gaussian universality
holds for a data distribution P and a training algorithm 7 if the test error obtained by training on
data sampled from P using T is the same as the test error obtained by training on data sampled
from the Gaussian distribution N (up, Xp) using 7, where up and Xp stand for the mean and the
covariance matrix of P respectively. In the context of binary classification, we establish universality
of the classification error with respect to the distribution of each class. In light of the the latter result,
the problem reduces to analyzing the case of the Gaussian design matrices. We allow classes with
different non-scalar covariance matrices X; and X, and build on the results of |[Akhtiamov et al.| [2024]
to address the problem in this specific scenario.

1.1 Related Works

Transfer Learning has been an active topic of research at least since the 1970’s Bozinovski|[2020]. It
is mainly applied in the situations where obtaining data from the true distribution, which we will refer
as the target distribution, is costly but there is a cheap way to access data from a source distribution,
which bears resemblance to the target distribution. The two most popular approaches to transfer
learning consist of instance-based transfer learning and fine-tuning.

Instance-based transfer learning incorporates the source dataset, along with the target dataset, and
trains the model on this amalgamated dataset. The key insight is that, provided that the source
distribution is close enough to the target distibution and a suitable training scheme is chosen, the final
performance enjoys an improvement. We refer the reader to the landmark workDai et al.|[2007] as
well as to the comprehensive overviews covering the empirical advances in this area Tan et al.| [2018]],
Zhuang et al.|[2020]. For theoretical analysis, we would like to emphasize a recent work Jain et al.
[2024] that characterized the scaling laws for ridge regression over the union of the source and target
data in the high dimensional regime.

The present manuscript focuses on fine-tuning in which a model is first pretrained on the source
distribution and then fine-tuned using the target data. Dar et al.| [2021] analyzes transfer learning for
linear regression assuming Gaussianity of the data. The results obtained in this paper, in particular,
imply that the generalization error obtained in their work is universal, in the sense that they can be
immediately extended to a much broader set of target distributions, which we elaborate on in much
greater detail in the main body of the paper.

Gerace et al.|[2022] consider the problem of binary classification via a two-layer neural network in
a synthetic setting. The source data and the source labels are sampled according to x = Relu(Ga)
and y = Sign(a’z) respectively where G, a and z are i.i.d. Gaussian. The target data and labels are
generated by perturbing G and a and then applying the same rules as for the source data. |Gerace
et al.|[2022] trained the network on the source dataset and then proceeded by only fine-tuning the



last layer on the target domain using the cross-entropy loss with an £, regularizer. The analysis was
conducted using the Replica method. The authors of |Gerace et al.|[2022] compared their results with
an equivalent random feature model and observed empirically a certain kind of Gaussian universality
for real-world datasets, such as MNIST.

Extension of results obtained under Gaussianity assumptions to non-Gaussian distributions remains a
pertinent research direction in which the idea of Gaussian universality plays a central role. Montanari
and Nguyen|[2017] proved the universality of the generalization error for the elastic net, assuming the
design matrix A is i.i.d subgaussian. [Panahi and Hassibi|[2017] generalized the result to the problem
of regularized regression with a quadratic loss and a convex separable regularizer which is either
fC) =111 (LASSO) or strongly convex. |Han and Shen|[2023]] generalized |Panahi and Hassibi
[2017]’s results to non-separable Lipschitz test functions and provided non-asymptotic bounds for
the concentration of solutions. In the random geometry literature, (Oymak and Tropp| [2018|] showed
universality of the embedding dimension of randomized dimension reduction linear maps with i.i.d
entries satisfying certain moment conditions. |Abbasi et al.|[2019] proved universality of the recovery
threshold for minimizing strongly convex functions under linear measurements constraint, assuming
the rows are iid and the norm of the mean is asymptotically negligible compared to the noise. [Lahiry
and Sur [2023]], proved the universality of generalization error for ridge regression and LASSO when
the rows are distributed iid with a specific block structure dependence per row, AD where A has zero
mean iid random subgaussian vectors per row and D being diagonal.

Leveraging universality is not limited to the signal recovery literature. As an example,[Hu and Lu
[2022], Bosch et al.|[2023]], [Schroder et al.|[2023]], have analyzed the performance of the random
feature models by replacing nonlinear functions of Gaussians with the corresponding Gaussian
distribution having the same mean and covariance in single-layer and multiple-layer scenarios,
respectively, through a universality argument, referred to as the Gaussian equivalence principle. In
a more general setting, under subgaussianity assumption on the data, Montanari and Saeed|[2022]]
proved the universality of the training error for general loss and regularizer and test error when the
regularizer is strongly convex and the loss is convex. |Hastie et al.|[2022]] proved universality for the

the minimal ¢,-norm linear interpolators for the data generated via a very specific rule x = O'(WE%Z),
where z is i.i.d zero mean and satisfies several other technical properties and X is a deterministic PSD
matrix. |Dandi et al.|[2024] considered the universality of mixture distributions in a similar setting to
Montanari and Saeed|[2022] and proved the universality of the free energy of the test error.

1.2 OQutline of the Paper

In Section[2.1] we formally define the optimization problem for which we aim to establish universality.
Section[2.2]outlines our primary contributions. In Section [3] we present our main universality result,
accompanied by several insightful remarks. Section[d]focuses on our findings related to fine-tuning
in the contexts of linear regression and binary classification. In Section 5] we validate our theoretical
results through empirical experiments. Finally, we conclude with a summary and discussion in
Section

2 Problem Formulation

2.1 The Setting

We use bold letters for vectors and matrices. We denote the i’th largest singular value of matrix A by
s;(A). We consider the proportional regime where d = ®(n) and % — k > 1. We refer to Section
for the other notations and definitions necessary for the rest of this exposition.

Given a training dataset {(x;, y;)}'_, and a model with a fixed architecture, the conventional approach

of learning the weights for the model consists of choosing a loss function £ and finding w minimizing
% iy L(xi,w;, y;). In this exposition we focus on linear models and loss functions of the form
L(xX;, Wi, yi) = €(y; — XiTwi), where ¢ is differentiable and £(0) = 0. |Azizan and Hassibi| [2018|]
characterized behavior of a broad family of optimizers, called stochastic mirror descent (SMD)
algorithms, for linear models in the over-parametrized regime. For a strictly convex function
g : R¢ — R, the update rule of the SMD with a mirror g and a learning rate 77 > 0 is defined as

Vg(wy) =Vg(w,_1) =V L (Wi—q), t2=1, 2)



where 17 > 0 is the learning rate and £, is the loss function £ evaluated at a point chosen at random
in the dataset corresponding to the #’th iteration. Due to strict convexity, Vg(-) defines an invertible
transformation, which is why (@) is indeed a well-defined update rule. Note also that this includes
SGD as a special case, which corresponds to taking g(-) = || - ||§ Azizan and Hassibi| [2018]] show
that applying SMD initialized at wy to minimize % ", C(y; —x!'w) yields a weight vector defined
by the following optimization problem:

rrgn D4 (W, wp)

s.t y,-:xiTw, 1<i<n
We construct the random matrix A € R by setting its rows equal to x;. Hence, stating in a more
general fashion, we are interested in the analysis of the following optimization problem, with the
main case of interest being when f is a quadratic:

min f(w)
w
s.ty=Aw

As the objective is comprised of minimizing a strongly convex function f over a closed convex set, it
has a unique minimizer. By using a Lagrange multiplier A € R, this convex optimization problem can
be written in the unconstrained form:

LA
®(A) := supmin §||Aw—y||§ + f(w) 3)
>0 v
Considering the objective without the sup . yields the following regularized linear regression
problem for which we will also establish a universality theorem:

A
©;(A) = min = [|Aw - yII3 + £(w) “

Note that (@) captures the case of explicit regularization, which is of highest importance whenever
there is a high amount of noise or label corruption present. Furthermore, by deliberately choosing
the regularizer f, it is possible to obtain solutions that exhibit certain behavior, viz being sparse or
compressed. In order to tackle optimizations such as[3] 4 we prove their equivalence to a problem
with a suitable Gaussian design G which is described in Definition ]in Section[A.T] Our approach
for proving universality will be the Lindeberg approach Lindeberg[1922]] Chatterjee|[2006].

2.2 Our Contributions
2.2.1 Transfer Learning

Linear Regression We extend the results from Dar et al.[[2021] by providing precise expressions for
the generalization error in linear regression tasks. In addition, we demonstrate that the test error is
always lower-bounded by a quantity that is attained only when the covariance matrix of the data is
scalar. Furthermore, we identify specific conditions under which fine-tuning is successful.

Binary Classification We present the first precise characterization of the classification error for
linear models trained using stochastic gradient descent (SGD) on data drawn from a general mixture
distribution with arbitrary covariance matrices. Moreover, we delineate the regimes in which fine-
tuning proves effective.

2.2.2 Universality

Proof of universality for implicit regularization. In the context of SGD and, more generally,
SMD (see[2)) with a mirror f satisfying the assumptions of Theorem|[I] we prove universality of the
generalization error as well as of the value of the corresponding implicit regularization objective for a
wide range of data distributions characterized by Assumptions|I] Note that this cannot be reduced to
any known results on universality of constrained objectives as the latter assume that the constraints
are deterministic, i.e the optimization variables belong to some determinitic set C chatacterized by
the constraints. While to analyze SMD one has to deal with constraints of the form Aw =y which
represents a random polytope. To the best of our knowledge, the only other paper dealing with
universality in the context of implicit regularization is Hastie et al.[[2022]. They study minimal



{>-norm linear interpolators, but they work with a very specific (random feature) model for data

distributions defined by x = o(WX2z), where z is i.i.d zero mean and W is i.i.d. Gaussian. Our
paper generalizes theirs in two non-trivial ways, as it allows for arbitrary smooth convex strongly
convex mirrors f(w) as well as more general data distributions.

Relaxing assumptions for explicit regularization. To the best of the authors’ knowledge, all
previous results on universality assumed either that the data points x € R? have i.i.d. entries or
that the rows are independent and x is subgaussian. We relax these assumptions. That is, we
show that, for the quadratic loss function and any strongly convex not necessarily differentiable
regularizer universality holds as long as the rows are i.i.d., all moments of the x up to the 6th satisfy

q
Ex|(x-Ex)Tv|? <K % for v.e R? and Var(x'Cx) — 0 for any C of bounded operator norm.

Extending universality to mixtures of distributions. Since the main motivation behind this work is
the study of generalization in classification tasks, we focus on data matrices sampled from mixture
distributions. Note that most previous papers on universality, such as Montanari and Saeed|[2022]],
do not apply to this setting directly. As an illustration to why results of [Montanari and Saeed [[2022]]
cannot just be applied to the mixture distributions directly, consider P = % N, 1) + %N (-, 1)
corresponding to a mixture of two classes with antipodal means and the resulting classification
error depends on || ||, while P has mean 0 and covariance I meaning that the matching gaussian
distribution N (0, I) does not contain any information about the classes.

However, there is one prior paper Dandi et al.|[2024]] that studies universality specifically in the
context of mixture distributions. It is worth mentioning that their definition of universality is different.
Namely, they prove universality of the expectation with respect to the Gibbs distribution, which
suffices to show universality of the train but not of the test error.

Allowing for non-vanishing means. In Definition [EI, we assume only that E,lja — ,u||§ = 0(1),
whereas in |Abbasi et al.| [2019]], Montanari and Saeed| [2022] and [Dandi et al.| [2024] they have
3
Ealla—p|3
data points on average. To our knowledge, our work is the first to tackle it.

— 0, implying that the norms of the means are negligible compared to the norms of the

3 Main Result

In this section, we present our main universality theorem and before doing so, we list the required
technical assumptions. Consider the following convex optimization problem

.4 1
®;(A) = min o—||Aw — y||3 + — f (W) ®)
w 2n n
Denote the solution to the optimization problemE] above by Wg,(a). Then we assume the following:
Assumptions 1. 1. Ais a regular block matrix and G is its matching Gaussian matrix as in
SectionlA ]

2. The regularizer f(-) is regular also as Section[A.1|or there exists a sequence of regular f,,’s
converging uniformly to f.

3. f(-) is M-strongly convex.

4. Byllyll3 = O(d) with E|y ;|7 = O(1) for j € [n] and q € [6] and is independent of A.
5. smin(AAT) = Q(1) with high probability,

6. Var(llyll3) = 0

7. IVf(Wa,a))ll2 < K¢vn for a constant K 5 independent of A.
Theorem 1. If'¥Y = ® = sup . D, suppose parts (1) - (7) ofAssumptionshold and for ¥ = @,,
only assume parts (1) - (4) of Assumptions[I} Then

1. (Universality of the training error) For any L-Lipschitz g : R® — R, and every t| > 0,1, >
t1, ¢ € R the following holds:

* IfP(|g(P(G)) —c| > t1) = Othen P(|g(¥(A)) —c| > tp) — 0.



* Furthermore, if g has bounded second derivative, then
lim [Ex yg(‘P(A)) = Eg,yg(¥(G))|=0

2. (Universality of the solution) For a function  with V2 < ql if either ¢ is regular
(Definition|l)) or there is a sequence of regular functions converging uniformly to s,

o If for everyt > 0, P(|J¥(G) — c| > t) — O then for B € {A, G}, there exists c; € R
such that for any t; > 0 we have P(|y (wyp)) — c1]| > t1) — 0.
» Furthermore, if Y is bounded

Jim [Eg vy (W (a)) = Ey¥ (W ()| = 0

To sum up, Theorem|I|says that the vector of weights wy trained on data sampled from a non-gaussian
distribution A either via SMD with a mirror f or by minimizing the least squares objective with
regularizer f, shares many similar characteristics with the vector of weights wg trained on data
sampled from the matching GMM G via the same optimization procedure under certain technical
assumptions on A and f. By "similar characteristics", we mean that for any ¢ : RY — R with
bounded Hessian, y(wa) = ¥ (wg) holds in the limit.

We would like to point out a few remarks.

Remark 1. Note that Y need not be convex, in fact any linear combination of regular  is also
regular. An immediate result is the universality of the empirical distribution of the coordinates of
solutions.

Remark 2. The assumption ||V f (Wa,(a))ll2 = O(V/n) in Theorem is satisfied for any function f
with a locally lipschitz gradient, i.e ||V f(n)||2 < K(1+||ul|2). In particular it applies to f () = || - ||§
Remark 3. In both parts of Theorem|[I] the regularizer is allowed to be an M-strongly convex uniform
limit of differentiable convex functions, which implies that f(w) = t||w]||| + M||w||§,t >0,M >0,
known as the elastic net, is also included in our results.

Remark 4. In Theorem([l] the optimal value of ®, is only achieved when A — oo and is not attained
at any finite A. This means that proving the results for ¥ = ® in Theorem[l|requires additional ideas
apart from the case ¥ = ® in Theoreml[l] as the latter makes use of the boundedness of A extensively.
To tackle this issue, we present a uniform convergence result in A which might be of independent
interest.

Remark 5. The condition syin(AAT) = Q(1) can be satisfied for a variety of random matrix models.
If for each block of A, A; = Ai):l!/z where A; has iid entries and spin(X;) = Q(1), then by the
Bai-Yin’s law|Bai and Yin| [2008]] the condition is satisfied. The second family is comprised of blocks
with independent and identical rows where the norm of rows have exponentrial concentration. We
prove this in the Appendix. One particular instance will be the distributions satsifying LCP from
Definition[3}

Remark 6. The second assumption in Assumptions |l|is not too restrictive and is in particular
satisfied for y(w) = P(a’w > ¢). We have with high probability for ¥ € {®,, ®}

lim P(aTW\y(A) > C) - P(aTW\y(G) > C)| =0
n—oo

For a independent of A, G but sampled from the same distribution as the rows of A, respectively. Note
that by this argument we have reduced the problem of verifying CLT for aTpr( A) to its Gaussian
counterpart, aTW\{J(G). Then, specifically for the applications presented in this paper, we provide a
proof that aTqu(G) satisfies CLT w.r.t. to randomness in a with high probability in G. However, in
general the latter CLT condition has to be verified on a case by case basis.

4 Applications: Transfer Learning

4.1 Regression

We consider the classical problem of recovering the best linear regressor for the following linear
model

y=Xw,.+2Z (6)



Here, w,. is the ground truth, the rows of the data matrix X are i.i.d with Ex; = 0 and Ex,-xl.T =: R,,

z is centered and is independent of X and satisfies ]EZ||Z||§ = o?n. For a given W, its generalization
error is defined by:

egen(W) = Ex(xX"w, —x" W) = (W - w,) TR, (W - w,)

Now in order to recover w, given observations (y, X), we choose to optimize the least squares
objective, miny, ||y — lel%, and to do so, we leverage SGD. We would like to investigate how useful
having a pretrained classifier w can be for the recovery of w... As pointed out earlier, SGD initialized
from w = wy, by its implicit regularization property, converges to the solution W of (I)). We denote
eq = egen(Wo); hence the name "a priori error”, e,,. We provide the assumptions necessary for our
results on linear regression in Section[A.2] In what follows we give a precise characterization of the
posterior error, e, of the model after training with SGD, in terms of e, and the other parameters of
the problem. In order to leverage Theorem|[I]to establish the universality of the generalization error,

it is sufficient to apply a change of variable w’ := R;l/ w and use Y(w) = ||w||§ as the test function.
Theorem 2. Under Assumptions 3| in Section the generalization error of the SGD solution
initialized from wq converges in probability to
2—k(l—-1) , t
= +

T -n-17 Tk-pn-1%
With t = f (gfr(;)ﬁ dr where 0 is found through KT’] = %Sp(—%) . And k > 1 is the proportional
constant, i.e for X € R"™¢4, % — k. Moreover, for any distribution p(r) we have

@)

1 ~1
2+, (8)
K

e, >
P= -1

The lower bound is attained if and only if p(r) = 6(r — rg) for some ry > 0

The following remark is immediate:

Remark 7. Theorem[2|entails that, depending on the noise level present in the data, training could

be even potentially harmful. Indeed, if 7> > e, then ep > K—lla'z + KT_Iea > 0(2eqs—0) = e,

for any k > 1 and it is therefore more appropriate to use vector Wy instead of performing fine-tuning.
Moreover, if the covariance Ry is scalar, then the converse is true. Namely, if e, > o2, then the

best achievable error corresponds to k. = \/fa and equals o (2+[e, — o), which is less than e,.

Therefore, transfer learning contributes to improving the test performance when the variance of the
noise is not too high, but the model has to be fine-tuned on the correct amount of target data.

4.2 Classification

4.2.1 Problem setting

Consider a binary classification task and let X stand for the data matrix and y denote the vector
of labels where each y; = +1 depending on what class the i-th point x; falls into. We denote
pe =EBx; and Xy = ]Ex[xl.T — e ug, for the mean and covariance of each datapoint x;, respectively
and ¢ € {1,2} depending on the class of x;. After learning a linear classifier w, we assign labels to
new previously unseen points according to Y,eyw = i gn(waneW). Without loss of generality we
will assume that the first 7 rows of X are sampled from the first class and the remaining rows are
sampled from the second as we can permute the rows otherwise. Modulo such permutation, it is
straightforward to see that X satisfies parts (1) - (3) of Definition[2} Since the topic of the present
paper is fine-tuning, we assume that the following steps are performed:

1. Obtain a pre-trained classifier wy
2. Renormalize w( obtained during the previous step using the target data via

min ||y — an0||2
(e
This yields:
yI Xw
a=-——
I Xw]|2

©))



After finding @ take wy, := awo. This transform preserves the direction of wo, while setting

T 2 2
its squared magnitude to a||wg||*> = %, which depends only on the direction of

Wy but not on its magnitude anymore. We find applying this transform very meaningful, as
it does not change the classification error for the source data but simplifies learning for the
regression problem defined by the target data.

3. Learn the final classifier from the target data X € R™*? and labels y € R”" using SGD
initialized at wj,, obtained from the previous step.

We will use the assumptions in Section [A.3]to define further details of the classification task we
consider. Note that in practice the main difficulty of the classification task in the over-parametrized
regime (n < d) arises due to the fact that 1, pp, X1 and X, are not known and cannot be estimated
reliably. Nevertheless, we would like to start with characterizing the optimal performance in the
scenario where these are provided to us by an oracle. Lemma|l|in Section provides such a
characterization under certain symmetry assumptions. In view of Lemmal [I]it is natural to introduce
the following assumption:

Assumptions 2. The initialization point Wy satisfies
Wo =1LW. +1;m (10)

where w, = (£1+X) " (1 — p2) is the optimal classifier defined as in Lemmal 1) is a noise vector
with |n||? = 1 = r and for any deterministic matrix C of bounded operator norm it holds that n* Cn

converges in probability to M Note that the smaller the ratlo is, the better performance
wo has.

Indeed, [10] m captures the closeness of the 1n1tlhzat10n point wq to the optimal classifier w,. For
example, in the isotropic case | = Xy = 0 21, if wy has the classification error e, this means that

we should take tti = %2, /% — 2. Finally, we would like to remark that, under notation and

assumptions from Theorem I} the following corollary is implied by Theorem [I| modulo Theorem 4]
presented in the Appendix along with the explanation of the implication:

Corollary 1 (Universality of the classification error for SGD and ridge regression objectives). If
f(w) = ||lw = wol2, when ||W0||2 O(d) then for a, g independent of A, G but sampled from the
same distribution as their rows, respectlvely, we have with high probability for ¥ € {®,, ®}

11H20|P(a WyA) > 0) ]P’(g Wy(G) > 0))

4.2.2 Analysis of the Classification Error

Theorem 3. Let wy be an initialization point that satisfies Assumption [2|and X be a data matrix
satisfying AssumptionsH|in Section|A.3] Then the classification error of the SGD solution initialized

where y and T are

at aw for a defined by () and trained on X,y is given by e, = Q —y+2 =
7

determined in terms of a 0 solving \\?Szﬁzz i) =1- % whose expressions are provided in the
Appendix (cf. Secnonm equatton.} Wlth % — k> 1.

The expressions from Theorem [3| can be simplified drastically in the case of scalar covariance
matrices.

Corollary 2. Under the notation from Theorem assume ¥y = Xy =
Let e, be the classification error of Wy initialized according to[I0] Then

(07 (ca)?@x4p=2) +p)yk(c— D)

V@K p) (46 =207 (ea)* + 071 (ea)? (26° +K2p — 24(p = 1) + p) +26)
(11)

d(l r)

ep<x,p>iQ(

We arrive at the following conclusion summarizing the derivations above.



Remark 8. o If p = w(l), then ep(k, ) LN Q((Q_l(ea) + ﬁ)\/ﬁ) < e, and fine-

tuning always succeeds. It is observed that for e, > Q(1), the worse e is, the better e,
will be.

e If p = O(1), then the fine-tuning step may or may not succeed depending on whether
ep(k,p) < eq ornot. See Section forfurther (empirical) explorations on the usefulness
of the fine-tuning of the pre-trained solution for this regime.

e If p = 0(1), then the classification error of any linear classifier goes to % as n — oo since it

is lower bounded by Q(\/g) according to Lemma Thus, any kind of learning will fail in
this regime.

An interesting regime is where the number of samples is much lower than the number of parameters,
which naturally rises in the context of fine-tuning large models and corresponds to letting x > 1. For
this regime, we have

esz(Q‘(em ( pl(a)—zg '(ea)) )

We observe that if p < 1, transfer learning always fails independent of value of e, for x > 1 and

training would not help with improving performance. On the other hand, if e, > Q(4/ ’%1) > Q(\/g ),
for large enough «, transfer learning always achieves an error less than e,,.

5 Numerical experiments

5.1 Regression

To corroborate our findings, we plotted the generalization error of the weight obtained through
running SGD according to the Assumptions [3|in Section with respect to k = %. To do so, we
fixed d = 1000 and varied n across different values. We used CVXPY (Grant and Boyd| [2014],
Agrawal et al| [2018])) to solve (I)) efficiently on a Laptop CPU. To verify the universality of our
results, we initially constructed a centered random matrix X’ with i.i.d components according
to the distributions A(0, 1), Ber(0.5), and x*(1) and using a correlation matrix R, we defined

X := X'R)l/ 2. On the other hand, we generated R, according to the following three distributions:
single level p(r) := 6(r — 1), bilevel p(r) :=0.36(r — 1) + 0.76(r — 5) and uniform on the interval
[1,5]. We specifically consider these cases as they are common in the literature and we use the
parameter o> for the component-wise variance of z in @ Additionally, wg is chosen according to
Assumptions [3]in such a manner that e, = 1. In both Figures [I] [2] the blue line represents the
prediction|/|made by Theorem [2} the red line depicts the lower bound [§] The markers showcase the
performance of weights obtained under different distributions as described earlier. It can be seen that
from Figures for the bilevel and uniform distributions, depending on the value of o, transfer
learning might not be beneficial as discussed in Remark /] In particular, in Figures|Ic|and|2c| the
generalization error is always lower bounded by e, = 1 and only in k — oo can get close to 1. Finally,
the single-level distribution on Ry is always a lower bound for the generalization error of various
distributions on R,.

5.2 Classification

Similar to the preceding subsection, we experimented with sampling the entries of X independently
from three different centered distributions: normal, Bernoulli, and )(2. We also sampled the means
w1 and po from N (0, L1,;) with a cross-correlation r = E[p; 0] = 0.9 and added them to
the corresponding rows of X. For Figures 3] we fixed p = 0.8,2,5 respectively and plotted the
classification error predicted by Corollary [2|as a solid red line, empirically observed classification
errors for the normal, Bernoulli and y? entries as black squares, green circles and red triangles
respectively. The blue lines depict the classification error at the initialization. It can be seen that there
is a close match between the empirical errors between points from different distributions as well as
with the theoretical prediction, thus validating both Theorem [I]and Theorem 3] Note that fixing p



in this setting corresponds to fixing o as p = . It is also worth mentioning that fine-tuning
improves performance in the setting of Figure [3c|but hurts it for Figure Moreover, note that
in Figure [3b] although for smaller « transfer learning hurts, past a certain «, training improves the
performance. Also we observe that by increasing p across the three plots, the classification task
becomes easier and fine-tuning improves performance as supported by Remark [§]
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6 Conclusion and future work

We presented a novel Gaussian universality result and used it to study the problem of transfer learning
in linear models, for both regression and binary classification. In particular, we were able to precisely
relate the performance of the pretrained model to that of the fine-tuned model trained via SGD and,
as a result, identified situations where transfer learning helps and where it or does not. Possible future
directions include investigating other problems where the universality result may be useful, extending
the results to potential functions that are not necessarily convex nor separable, as well as exploring
the implications of universality for objectives with explicit regularization.
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A Notations, Definitions and Assumptions

A.1 Notations and Definitions

We call a convex function f : R — R separable if f(w) = Zflzl fi(w;), where f; : R — R are
convex. Examples of such functions include || - ||1’; for every p > 1. A function f : RY — Riis
M-strongly convex for M > 0 if for every w € R¢, f(w) — M||w||% is convex.

Functions satisfying the following definition will be instrumental in the statements of our results:
Definition 1. We call a function f : R — R regular if it satisfies the following conditions

1. f is convex with f(0) = O(d).

2. f is three times differentiable.

3. f satisfies the following third-order condition for some Cy > 0:
d d
*f 3
—————Vvivijvk < C i
ijz:k—l 6w,~6wj6wkv . ! ; v

Note that separable functions with bounded third order derivatives satisfy the third assumption of
Definition[I] For the description of the main results on regression and classification we recall several
probability theory concepts.

Given a real-valued measure y, its Stieltjes transform is defined as

1
$u(2)i= [ ou(dn). € HUR\ Supp(u) (12)
RI"—2

With H, = {z : Im(z) > 0}. Moreover, we denote convergence in probability and weak convergence

P . . .
for measures by — and ~» respectively. For a random variable X, we sometimes use Var(X) for the
variance of X. For a convex differentiable function g, the Bregman divergence is defined by

D (W, wo) := g(W) — g(wo) — Vg(wo)" (W — wo)
Next, we will provide a description of the design matrices investigated in this paper. It will be clear
soon that these assumptions are often satisfied in practice.

Definition 2. E] We call a random matrix A € R™ block-regular if it satisfies the following
properties:

1. AT = (AlT A; . Az) with k being finite and for each A; € R™*4 n; = ©(n)
2. For 1 <i < k, the rows of A; are distributed independently and identically.

3. EA; = ]l,ul.T
4

. Let a be any row of A and p be its mean. Then for any deterministic vector v € R?, and
lIvily

q €N, g < 6, there exists a constant K > 0 such that By|(a — pu)Tv|? < K Jar

5. For any deterministic matrix C € R4 of bounded operator norm we have Var(a’ Ca) — 0
asd — oo.

6. Each [|pi]}3 = O(1)

Note that assumptions 1-3 from Definition[2]are satisfied for the design matrix both in the classification
and regression scenarios, and the assumption ||ui||§ = O(1) is just a matter of normalization. While
assumptions 4 and 5 might appear obscure at first, any a € R¢ satisfying the Lipschitz Concentration
Property (LCP) also satisfies the aforementioned assumptions. Recall that the LCP is defined as
follows.

2We would like to point out that in this definition and throughout this work in general, mathematically
speaking, we are dealing with sequences of vectors and matrices with increasing dimensions. So, for example,
assumption 5 can be formally stated as follows: given any sequence of C; € R% >4 satisfying ||C;|lo p < K for
some constant K > 0 and all i > 0, we have that Var(a;C;a;) —» 0asi — o
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Definition 3. We say that a distribution a € R? satisfies LCP if the following inequality holds for
any Lipschitz function ¢ : R? — R

2

d
P(l¢(a) - Bo(a)] > 1) < zexp(—W)
Lip

It is also worth mentioning that, as shown in [Seddik et al.|[2020]], any data distribution from
which one can sample using a GAN satisfies Definition [3] Since it is known that many natural
datasets can be approximated well by GAN-generated data in practice, we thus find this assumption
realistic. These assumptions also bear significance for the instance-based approach to transfer
learning as utilizing GANs can remedy the dearth of data. What is more, these assumptions are not
limited to the subgaussians and include many other subexponential distributions, including y? which
appears naturally in many signal processing applications such as Phase Retrieval. In order to tackle
optimizations such as[3| @] we prove their equivalence to a problem with a suitable Gaussian design
G. For this purpose we will need the following definition:

Definition 4. We call a Gaussian matrix G matching a block-regular A if G is block-regular as well,
EG; = EA; = ]l,u,l.T and for any row g of G; and any row a of A, it holds that Egg' = Eaa.

A.2  Assumptions for Theorem 2]

Assumptions 3. 1. R, > 0 is diagonal without loss of generality.

2. Let pn be the empirical spectral density of Ry, then pn ~»> p for some probability distribu-
tion p.

3. Wq is a white perturbation of true W, in the R, basis. That is, Wy = W, + R;l/ 2£ where
E¢ =0, EEET = 41 for a fixed e, > 0.

The third assumption from Assumptions [3|represents the fact that w is a perturbation of the ground
truth w, in the eigenbasis of R,.

A.3 Assumptions for Theorem 3]

Assumptions 4. 1. The data matrix X satisfies parts (4)-(6) of Definition

2. The means 1, py are of norm 1 and for any deterministic matrix C of bounded operator
norm it holds that ulTC/u , p,zTCuz and ulTCp,z converge in probability to @, % and
rTrdﬁ respectively.

3. Xy, X, are diagonal.

4. Let pn be the joint empirical spectral density of X1, Xy, then pn ~> p, where the distribu-
tion p is such that p(sy, s2) = p(s2, s1) holds for all sy, ;.

For a discussion of the first assumption from Assumptions ] see the paragraph after Definition [2]
The second assumption from Assumptions [4|is satisfied, for example, for any random vector of
the form £'/?z, where X is an arbitrary PSD matrix and z is i.i.d. The third assumption postulates
that the means are normalized generic d-dimensional vectors with an angle arccos r between them.
The fourth assumption says that X; and X, are simultaneously diagonalizable and, finally, the fifth
assumption simply introduces notation for the joint density function of the eigenvalues of X; and X,.

Lemma 1. Assume that the feature vectors are equally likely to be drawn from class 1 or class 2
and Assumptionshold. Then the optimal classifier is given by w, = (X1 + X2) ' (1 — o) and its
classification error is equal to the following, where Q(-) is the integral of the tail of the standard
normal distribution.

1 Tr(E +E) 'Vl -r +1Q Tr(Z) +Z2) V1 -7
20 \W2r(Zi (B +20)7) ) 2 \V2Tr(Za (X1 + 22) )
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B Proof of Theorem[l

In this section we provide the complete proof of Theorem [I]

B.1 Proof of part 1 of Theorem[Ijwhen ¥ = @,

We prove the universality of the objective value and then use it to prove the universality of a i applied
to the optimal solutions. To do so, we construct the perturbed objective. Let

I .2
r.c(A) =~ min JIAW = y| + (W) + e (w)

Where |e| is small enough that ey (w) + f (W) is p-strongly convex. For such €’s, we will show that
@D, (A) and ®, (B) converge in probability to the same value and use that to deduce a similar
result involving ¥ (Wo, ,(A))> ¥ (Wa, ,(B)) - A key step is to reduce the proof to upper bounding the
difference of expectations, to do so, the following proposition will be instrumental whose proof is
given in Appendix

Proposition 1. If for any Lipschitz function g : R — R and t; > 0, P(|g(d>,1,e(B)) —c| > tl) -0
and for every twice differentiable g : R — R with bounded second derivative, we have that
1imn%’EA,yg(q>ﬂ,€(B)) —Epyd(®pe (A))‘ — 0 then for any ty > 1.

Tim P(|g(@4,¢ (4)) - ¢| > 12) =0

Thus it suffices to prove limnqm‘EA’yg(dD/l(B)) - EB,yg(®, (A))| = 0 for every twice differentiable

g with bounded second derivative. As stated earlier, we proceed by Lindeberg’s approach. Fixing A
and €, to simplify notation we use ®(A) for @, (A). For 0 < j < n, let g € N be the largest such
that j > 37 nj,andletr = j — 37 nyif, then

T
A _ [31,1 a2 ... Qagr bq,r+1 A bk,nk] r <ng4i
J = T
[al,l a2 ... aq,r bq+1,1 . bk,nk] r =ng+1

It follwos that A = Ag and B = A,,. Then we have by a telescopic sum

n-1
[Eas8(@(4)) - B yg(@(B)| = [Eany ). ¢(@(A)) - g(@(A;-1)|
=0

n-1
< D [Ba, 48 (@A) ~ By 8(@(A;0)
Jj=0
Now we define a new matrix by dropping the j’th row.
T
i {[al,l ap ... ag,1 bgra oo b T <nga
j=

T
[air ain ... ag,-1 bgin ... bew| F=nga

Note that
X 1 . A, 4 2
®(Aj) == min S[|A;w—y||" + f(W) + e (W)
n wes,, 2

1 A, -~ A
= wﬂelgzv §||AjW - 5’||2+§(31T-W =)+ f(w) + ey (w) = M(a;)

A | R AN
®(A;-1) =~ min S[IA;w-ylI* + f(w) + ey (w)

nweS, 2

| R o A
= — min —||A,-w—y||2+§(b§w—yj)2+f(w)+ew(w) =: M(b;)

n wes,, 2
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And we define M(a) := minyes, 72(a,w). So, we need to bound |EAj’yg(d)(Aj)) -
EAj,I,yg(q)(Aj—l)) , to do so, we condition on Aj:

Ba, 8 (@A) ~Ea (2(®(A;1)| = [Bx, sBa by, [gw(aj)) - ¢(M(b))

Let us define the optimization whose terms are shared by both of M(a;) and M(b;)

o

0= 1 min /—IHAJ‘W_S’“Z + (W) + ey (W)

n wes,, 2
Now note that since the second derivative of g is bounded, we have

[6(©) - g(M()) - g/ (@) (M(a) - 0)| < llg"ll(© - M(a;))?

[¢(0) - g(M(b)) - g'(©)(M(b)) - ©)] < llg”l|s(© ~ M(b;))* (13)
Adding and subtracting g(0®) and taking expectation and moving inside, we have
EAj,yEaj,bj,yj g(M(aj)) - g(M(bj)) AJ’ y ‘
< |E4, sBa;b,.y, [g(G)) -g(M(a))) - ¢'(©)(M(a)) -©) (A, y”
+|E&, 5Ba;b,.y, [g(@)) - g(M(b))) - g'(©)(M(b;) - ©)|A,, y”
+[Ex, Ea, by, [g%@)(M(aj) - M(b)))[A;, y”
Using['l;?;], and by the independence of ® and a;,b;, y;, we have
Ex, Ea,.b;.y; [g(M(am - (M)A, 5| < [Ex, 58" (©)Ea, b, ., [(M(a.» - M(b;)) A,-,y”
118" IwE4, 5.0y, (O = M(@)))> + 18" B, g5, 5, (O = M(b)))?
< By, 518 (©)I[Ea, b,y [(M(a,-) ~ M(b))|A;.§

418" 1o (B 50,0, (© = M(@))% +E5 5, (O = M(b)))?)
A5

(©-M(b,)?)  (14)

< l1g'lIoE, 5

Ea;.b;.y; [(M(aj) - M(b;))

’” 2
418" o (B4, 5.0,y (@ = M(@,)? + B3 g,
Thus we focus on M(a;), M(b;) conditioned on A - From now on, we drop the index j from A s
a;, b;, y;. Intuitively, we show that by dropping (a”w — y)? and (bTw — y)? and approximating
£, ¥ by their second-order Taylor expansion, the objective values ®(A i) DA j-1) would not change
much. Which implies (D(Aj) and dD(Aj) are also close in value.

Let u := argmin ’%llAw —§|I? + (W) + e (w) and it is unique because of strong convexity. Now we
use the second order Taylor expansion of f + ey:

FwW) +ep(w) = f(u) + ey (u) + V(f(u) + ey (u)’ (w - u)
+ %(w —w) ' V2(f(u) + ey (u)) (W —u) + R(W —u)

R(w-u)
llw—ul|?

Where limy_,y =0. Let g := V(f(u) + ey (u)), H := V>(f(u) + e (u)). Moreover, let

1 A, < A
L(a) = mjsn £(a,w) := — min =||[Aw - §|* + E(aTw—y)2
€

wesS,, n wes,,

+ f(u) + ey (u) + gT(w —u) + %(w - u)TH(w —-u)
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Note that a and b match in distribution up to the second moment, which implies that
Ea,y (aTu - y)2 = Ep,y (bTu - y)2
Eaa’ @ 'a=E,b" Q7 'b
By triangle inequality we obtain

Eiy A, y”

Buns [(M(a) ~ M(b))

< By 5[Bay [(M(a) — L(@)|A,5|[+ Bz fEwy [(M(b) - L(b))‘& y”
A Bay(@aTu—y)? | A Epy(bTu-y)?|.
E; .[E —e- 22" IRyl + B LB by-@- — 2"~ Xy
+ A,y 2,y L(a) 2” 1 + /UEaaTQ_la Y + A,§ b,y L( ) 2” 1 + /lEbbTQ_lb y
< Ej g.a,yIM(a) - L(@)| +Eg 5 ,IM(b) — L(b)]
A (@u-y? | A (blu-y)? |-
E; .|E —o-L—" "V X y||+E; . [E b)-0- ——— 2 I}
+ A.§|Cay L(a) m 1 +/1EaaTQ_1a Y|+ A§[Fb.y L( ) m 1 +/1EhbTQ_1b y
< Ej ga,yIM(a) - L(@)| +Eg 5, IM(b) — L(b)]
LAp | @u-y?  @u-yp? | A, | (bTu-y)?  (bu-y)?
2n A¥AY] L paTQ a1+ AB,a’Q lal 21 AYPYI1 4 apTQ b 1+ AE,bTQ b

(15)

First we will provide an upper bound for the third and fourth terms in|15} As the function x — ﬁ is

1-Lipschitz and using Cauchy Schwartz we arrive at
1 (aTu - y)? (aTu - y)? A2 -
2n AV 4 1aTQ a1+ AB,a’Q lal T 20 AR

(a’u-y)?(@’Q 'a- EaaTQ_la)‘
(16)

A’ -1 -1
< ﬂ\/EA,y,a,y (aTu—y)*Ez 5, ,(aTQ a - E,a’ Q™ 'a)?
A7)
By Lemma there exists a constant C; < oo such that B Ag.ay (a"u—y)* < C; for any n. Furthermore,
by the assumptions, lim,,_,o EA’y’a,y(aTQ’ la—E,a’Q 'a)? = 0.

Now for the first and second terms in (T3), using Lemma[5] we obtain with probability 1,

8Criey p
IM(a) - L(@)] < ——F[lu-wl31{Jlu-wgls < ——}
n 18Criey
A T 2 p
+ — —y) 1{|ju- > —
3 @0l el > et
Which implies
8Criey 3 p
Ef yayM@) = L@ <— Bz, |0 - well3L{{lu-wclls < m}
A P
LB Ty —v)21 - _rFr
5 A,y,a,y[ @"u =1 {Jju - wls > 18Cf+w}]

We apply Cauchy-Schwarz to each term:
8Criey
n

B y.ayM(a) - L(a)] < EX gayllu—w 3

A
+ o= [Eiyay L2{llu—wgls >

- Ty — v)4
m w}EA,y,a,y(a u-y)

_r
18Cf+6

8C
= LR Sl =Wl

A P T 4
gy P (=Wl > gl )
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To deal with the terms involving P, we leverage Markov’s inequality

8Criey
EA,y,a,ylM(a) - L(a)| ST+EA,y,a,y ||u - W_E”%

A 18Criey 32
+§(—p v \3/ \/EA’y’a’y”u—w£||gEA’y’a,y(aTu_y)4

By Lemma  there exists a C» < cosuchthat By 5, |[a— w£||3 < d , and recall that By 5 y(a u-
y)* < Cy for any n. Thus
8C:Crvey VG ( 18Crrey P2 < Ca
nd 2nVd P ~ nVd
For some constant C = A—\? (%)3/2 +8CyCrey. Plugging (16) and (]E[) in (T3)), yields
c+C 2C
< \/]EA ;
wd
For the other terms in (T4), we have by Lemmas 4] [7}
" lwBA 50, (©® = M(2))*+llg" B3 51, (© = M(b))

Eg g.ayM(a) - L(a)| <

(18)

Eiy i.5Varm,(b7Q'b)

Baps [(M(a) _ M(b))‘& y

IA

” /12 T 2 ’” /12 T 2
I8 B 5.0,y 35 (870 =) + 118" B 51,y 7 (BT = 3)
2g" [l(C1 +CY)

B 4n?
Plugging in (T4)), we obtain
Ex Eab.y [g(/\/l(a)) - 8(M(b))‘A, 5’”
. (C+C 22C 26 ro ) 2l Nl (C + G
<llg ”‘X’(W o - Ex yva"a(a o ~’yVarb(b Q b)) + o
Therefore,
[Ba (@A) - Bp yg (0(B)| < |E SB@A)) “By | g(@(A;0)]

J=

-1 ’ 2 2/ 2 ’” ~ ~r
C+C /lC _ pLie _ |g" | (C +C")
< an ||m( 5 BR g, Var, (] Q7' a) + S By Vary, (b7 1bj))+ 8

4n?

_llg’ IIm(C+C') . /lzllg"lloo(C~+C~’)
Vd 4n

n-1 24 2/
o (22€ - 26 -
+ E ||g ||M(E\/EAj’ijaraj(a]T.Q laj)+7\/EAj’ijarbj(bjT.Q lb]))
J=0

Now note that since [|2[|,, < % with probability 1, lim, e Vara;, (aJTQ‘laj) = 0 from assumptions,
thus for every class [j], there exists a function {|;)(n) that Var,, (aJTQ_laj) < g"[zjj (n) for every
n € N and lim,, o {];)(n) = 0. Thus

By g(®(A) - Epvg(0(B))| < 181=(C+C)  Zlg"Il=(C+C)
LY. .y <

k
~ ~ ni
2lg leo(C +C’ iy s
+ 278 |l (C + );:l 2n,((n)

Vd 4n
g’ lo(C+C)  2lg"Nle(C+C) o s i
< TS T Rl (€ ) max i)

Now since & is finite and n; = ©(n) for every 1 < i < k, we have that lim,, _,co max <;<x 5= ;(n) = 0
Thus for every 4,€ > 0

Tim [Ba (@1, (4)) — B yg(@.c (B))] =
and the proof of part 1 of Theorem [I]is concluded.
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B.2 Proof of part 1 of Theorem[I)when ¥ = ®

Now to prove the part 1 of Theorem [T} we will combine the following lemma with the previous
section. For the ease of notation, we drop the dependency on €. Recall that since f is p-strongly
convex, we can write

oA o
@3(4) = min S [1Aw - 1B + 2 [Wli3 + h(w)

For some convex 4 : R — R.

Lemma 2. [f for every A > 0, we have ®'}(A) LN ¢, then for every Lipschitz function g : R — R,
P P

we have g(sup .o @ (A)) — g(sup g ca) and g(sup .o P (B)) — g(sup, . ca)

Proof. First note that for a given ¢ > 0, we have for every Lipschitz function g
t
P(lg(@3) —g(c) > 1) < P(P} ~cal > )
Letting ¢ := %, 81 > 0, we know that for every A > 0, there exists N; € N such that for every n > N;

P(|CD; - C,1| > 5) < 51

We will show that an R; > 0 can be chosen in such a way that there exists N, € N such that for every
n>N,

P(sup®; — sup @) >6) <,
A>0 0<A<R,

To see this, by the monotonicity of @', in 4, we have by the fundamental theorem of calculus for a
given R

(o]

P(sup®} — sup @ >5)=P(lim @ — @} > 6) = P(/ il AN 5)
>0 0<A<R, Ao R, 04
By Danskin’s theorem,
P(sup®” — sup @ > §) = P(l /m IAW(s) — y|2ds > 5) (19)
>0 0<A<R,; n JR,
Now for the gradient of the main optimization we have, by g := Vi(w)
AAT(AW—y) + pw+g=0

Which implies w = (1ATA + pI)~' (AATy — g). Hence by matrix inversion lemma,

Aw-y=—-T-AATA + pI)"1AAT )y - A(QATA + pI)7'g

=—p(AAAT + pI) 'y — A(AATA + pI)'g = —p(AAAT + pI) 7'y — (AAAT +pI)~'Ag
By triangle inequality and definition of the operator norm we have

AW + y13 < 4p°[[(AAAT + p D) 17, lIylI3 + 41| (AAAT + pD) 7' A|l17 I3

Whence plugging back in[I9] yields

4 [ _ _
Plup @i~ sup @15 0) <B(2 [ pAIGAAT 4 p0) I, Iyl + IGAAT + p1) I AIR, lig(s) s > o)
>0 0<A<R, nJRr,

p%ylz _ s
P(—2/ I(sAAT + pD) 72, > 2)
n R, 2

IA

4 " T -1 2 2 0
+P(; '/Rl I (sAAT + pD)7' A7, llg(s)|3ds > 5)

S 2 .
For the norm of g, by assumption, there exists a C, independent of A, such that % < Cq with
high probability.
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Consider the following the events

- {ng(’j)n% <c)

Ta = {smin(AAT) > CA}

‘We further have
—4p2||y||§ " T -1)12 0 ¢ 2 ® T 12 0
P(—; /R1 IGAAT + pD) |2, ds > 5) < B(T) +B(4p7C, /Rl |GAAT +pD) 72, ds > 5 )

4 1" T “1A2 2 0 ® T a2 5
P(; /R IGAAT+ 1) A||0p||g(S)||2ds>§) P(TS) + (4c | IGAAT+p1) A”opdpz)
(20)

Thus we need to focus on the operator norm of each term in[20} After diagonalizing and using the
fact that for any two rectangular matrices X, Y with matching dimensions, spec(XY) = spec(YX)

{ 1

AAAT + )72 = -

IC P lop = X AT % 77 ™ omn(AAT) 7 7
SL(AAT)

AAAT + o)A T ——
I pD7AIG, = max R

Now by the event 74, Smin(AAT) > Cy, then for a large enough R such that Rﬁl < Cy, then for every
1> Ry

1

op = (ACa +p)?
Ca

or = (/lC +p)?

IAAAT +pD7IG, <
I(AAAT + pD) Al

Bounding the integrals implies

1 1

I(SAAT + pD)7"2,ds < — ———
-/R] P CaCaR  +p

/ (sAAT + p1) 7' A7 ,ds <

R, CaR1 +p
Summarizing,
4p*C 5 C 5
P(sup®” — sup @ > 6 sP(—y —)+P(—g>—)+P7’” +P(T) + 2P(TE
(/I>I(; 1 0</l<pR1 4 ) CA(CARl +p) CaR  +p 2 ( y ) ( g) ( A)

21

Now we choose R; to be large enough such that the first two terms vanish. Therefore there exists an
N, € N such that for every n > N>, IP’(’];C) + IP’(‘];C) + ZIP’(’ZX) < 03. Thus for such R; and N,, we
have

P(sup®} — sup @ >6) <
A>0 0<A<R;

Now we can let R, > 0 be chosen in such a way that:
supcy— sup cy <96

A>0 0<A<Ry
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Take the maximum of R and R; as R. By triangle inequality we observe
P(]sup @ —supc,| > 6) < P(| sup @ —supcy| > ) +P(sup®@’) — sup @) > 6)

>0 >0 0<A<R >0 0<a 0<A<R
<P(] sup ®)— sup cal >6)+P(supcy— sup cy > 6)+P(sup®@; — sup D) > 6)
0<A<R 0<A<R >0 0<A<R 0<A 0<A<R
<P(] sup @} - sup cy| >6)+0+6
0<A<R 0<A<R
<381 +P( sup |®] —cq| >9)
0<A<R
<81 +P( sup |@)—ca| >0)
0<A<R

First we prove c, is concave in A. Then by appealing to the Convexity Lemma (lemma 7.75 in
Liese and Miescke| [2008]), the result follows. Note that @) is concave in A as it is the pointwise-
minimum of a concave function in 4 everywhere. Now to prove the concavity of c,, for a given pair of
A1, 42 € [0,R] and 0 < 6 < 1, we prove the deterministic event {cg,+(1-9)1, —0ca, —(1-0)ca, < 0}
has probability zero. First note that

q>n

oa+(1-0)n, — 094, — (1 -0)@ >0

Thus by union bound for € > 0

P(90,11+(1 — G)C/lZ —CoA,+(1-0) 1, > 6)
< B(0(ca, = @)+ (1= 0)(cay = D) + @ (1 g0 = Coneii-ona, > €
< P(0les, = @ 1+ (1= O)lea, = O |+ 1P (1)1, = Cors1-0r:] > €)

n €
3) +]P((1 e)lc/lz —(1)/[2| > 3) +P(|(I)9/11+(1 ), c0/11+(1—9)/12| > g)

Now by taking n to be large enough, the RHS can be made arbitrarily small for every € and 6, thus c,
is concave. Furthermore, since [0, R] is a compact set, we can appeal to the convexity lemma 7.75 in
Liese and Miescke| [2008]] and the first claim follows. For the second claim, note that so far we have
proved

< P(m% nl>

D,(A) LN cp = supD,(A) LN supc,
>0 >0

Then since |®,(B) — ©,(A)| LA 0 thus ®,(B) LA ¢y, repeating the same argument this time for
@, (B) yields

P
sup®,(B) — supc,
>0 >0

B.2.1 Sequence of Regularizers

We prove that by constraining ourselves to a large enough compact set Sy, if f,, — f uniformly,
then the universality results also hold. Note for the ®, case, we have that by setting w = 0 in the
optimization, we have [|Wg,(a)ll2 < C,,v/n for some C,, > 0 with high probability, thus we can
instead set Sy := C,,\/n and consider the following equivalent constrained optimization problem

i 1 .2
Pc(A) = min S[|Aw = Y113 + fn (W) + er(w)

Now consider a sequence of regular functions fy,, converging uniformly to f on Sy. Take m large
enough such that || f = fiull < no for any n which implies [®7] (A) — @, (A)| < 6. Thus for any
t>0

(|<D/1 e(A) —cae

>t)<P(|d>,15(A) cpTe(A)) )+P(|<I> JA) =,

> %) 22)

If @/’{1’6 (A) 5 c} ¢ then by [@2), we have ®, ((A) 5 c1.e- A similar argument holds for
- 1 .
(A i= o | min  fu(w)+ ew(w)
Furthermore, subsequent results also hold for w(W¢T(A)) and ¥ (Wo, (4)), ¥ (Wom (a)) and ¥ (Wo(a))
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B.3 Proof of Part 2 of Theorem!]]
B.3.1 Proof of Part 2 of Theorem |I|for a regular test function when ¥ = @,

Now we prove the second part of Theorem Since we assumed @, o(A) converges to some ¢ o in

probability, then for a small enough €, we also have ®, (A) 5 c,e. Therefore we may write by an
application of triangle inequality and the union bound

P( Qe (A) - Pao(A)  cae—capo

> z) < P(‘(D,LE(A) —ead> %t) +P(’d>,w(A) —c,w‘ > %t)

€ €
(23)
For every €t > 0, the RHS of (@23) goes to zero. Similarly we have
P( Du0(A) @1 () _ ca,o—ecﬂ,_s' . t) o

Now we observe that by triangle inequality

dc/[,e
de

We take € to be small enough such that

dc/l,e
de

P

v (Wo,a)) — e

——

dcy e
4, L:O+l‘) +P(¢(W®,1(A)) <

_,)
e=0

- > t) < P((P(Wq)/l(A)) >

deae|  cpe—caol ¢t |deae|  cap—cCa-e !
de le=0 é 2’ de le=0 é 2
This implies
dC,L Cr0—Ca-¢ 1t Cre —Ca0
P(!ﬁ(w@,t(A))_ dEE‘ o >t) SP((&(W(D/{(A)) > T€+§ +P W(Wd),,(A)) < E—A

And by Danskin’s theorem, @, ¢ (A) is minimum of a concave function e, therefore it is also concave

and it is differentiable with respect to €, we observe that ¥ (wg,(A)) = dq)fj’—;(A) o Moreover, by
€=

concavity over €:

Dre(A) —Dyo(A) Dy0(A) — Dy _e(A)

< <
z SY(wo,a)) < z
‘Whence
dcy,e Dro(A) Dy _¢(A)  cro—ca-e t
— < —
P(‘lﬂ(W@A(A)) Ze o > l‘) < P( B > B + >
+P(q)/l,é(A) j‘ba,o(A) C Ge jC/l,O B 5)
é é 2
< P( D,0(A) _Aq)/l,—é(A) €0 _AC/l,fé S 5)
é é 2

Dpe(A) —Pao(A)  cpe—cao

A

€

A

By , the RHS goes to zero, thus ¢ (Wo,(a)) 5 d;‘:
e=

t
>_
2)

. Furthermore, we have
0

dcae Do(B) Dy _e(B) cao-—ca-e| ¢
P 24 < p(|=2 : _ a0~ L
("”(W‘M(B)) de lezo| ” t) = ( ¢ ¢ 2
D, :(B)-D B e -
+1P’(' el )A 10(B)  cq, ~ a0 >£)
é é 2
t t
< P( q)/l,s(B) —Cre| > %) +P(|(D/l,—e(B) —Ca—€| > %)
et
+2P(|q>ﬂ,0(B) - c,w| > 3) 24)
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P
By the result of the first part, we know that the RHS (24)) goes to zero as n — co. Hence, ¥/ (Wo, (8)) —

dc,l,e

de =0

Moreover, if  is bounded, by definition of convergence in distribution, [Ea¢(Woe,a)) —
Egy (Wo,(8))| — 0.

B.3.2 Proof of Part 2 of Theorem I]for a regular test function for ¥ = ®

Defining

D (A) = 1 min s F(wW) + ey (w)

n Aw=y,we

. = P . ~ P
Since sup1>0®a,e(A) — supasoca,e, or equivalently ®,(A) — c,, we can use the same argu-

: : L) P dCE
ment from previous section and Danskin’s theorem, to observe that Y/ (Wg,(a)) — 5 o and

P 4 .
V(W m) = 7|

B.3.3 Sequences of regular test functions

By a similar approach, it follows that for a sequence of regular functions ¢, converging uniformly to

. Indeed,
=0
t
—|+P
-5)e

Since we have uniform convergence, for %, there exists an mg such that for all m > mg and all x € R9,

P dcy,
Y, one also has ¢ (We,) — —=<

= limyy, o0 S5
=0 de €

dc/l,e
de

dC,Le
de

Um(Wapy(A)) —

P(‘!//(W%(A)) - ke t) < P('l/’(W@(A)) ~Um(Wa,(A)) > %)

e=0

we have |, (x) — ¢ (x)]| < % Thus for such m’s, P( U (Wa,A)) = ¥Um(Wo,(a))

> %) = 0. Then by

triangle inequality

dcp,e dcflne t dcy,e dCTE t
P - —( t) < B(|¢m S L) ppf| e T4 4
(“/’(W‘I’A(A)) de le=o| ) (‘!’ W) =77 o) > 3) TF\ e lewo™ de lezo| ™ 3
By assumption P( Ym(Wa,(a)) = d;‘: J> fT) — 0. And by the definition of d;‘e" , the claim
follows.

C Proof of Corollary ]|

We will utilize the result of the following Theorem.

Theorem 4. (Bobkov|[2003]) For an isotropic random vector X € R%, and an isotropic gaussian
geR? U‘P(|% — 1| = €4) < €4, then forall 5§ > 0

v(sup P(XT0 < 1) -P(g'0 < t)| > dey +6) < 4d3/8¢cds’
teR

Where @ ~ v the uniform measure on the unit sphere S?~!

Essentially, through CGMT, we observe that when we use a quadratic regularizer or run SGD, the
solution, wy () converges weakly in distribution to a Gaussian vector, gao. Whence we conclude
that wy () behaves the same as a generic vector. Therefore, by choosing X := a — Ea, a row of our
data matrix A, Theorem 4] enables us to prove the universality of the classification error. Note that in
general Ewy ) # 0, but by Assumptions E], the means of the classes are generic which allows us to
employ Theorem [ to conclude the proof.
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D Lemmata for the proof of Theorem ]|

Proposition 2. If for any Lipschitz function g : R — R and t; > 0, P(lg(CD/LE(B)) —c| > tl) -0
and for every twice differentiable g : R — R with bounded second derivative, we have that
limn_wo|EA,yg(<I>,1,6 (B)) —Epy8(P,e (A))‘ — O then for any t; > ty.

Tim P(|g(@4,c (4)) = ¢| > 12) =0

Proof. First note that P(|®,,(B) — c| > t) — 0, implies P(|g(®,e(B)) — g(c)| > Lt) — 0.
Thus it suffices to verify P(|®, (B) — ¢| > t) — 0. This follows similar to [Panahi and Hassibi

[2017). Let £(x) = 20 (-oo.—r)ulnnee) (%) + (952 = (x| = )L, _nomngpusm ) (6) + (x| =

tl)zﬂ(—ﬁ,—tdultl,ﬁ)(}c)' Then we have

P(101c(A) - | > 1) = P(¢(@a.c(A) - ¢) > 2)
Then by Markov’s and triangle inequality

B[00 (A) ~cl > 12) < 3BaE(@1c (A) )

A

IA

1 1
§|EA,yf((D/l,e (A) - C) - EB,yf(CD/l,e (B) - C)| + EEB,yf(cD/l,e (B) - C)

Note that £(x) < 21 (e —1]U[z,00)- Thus $Ep y& (@, (B) —¢) < P(IdD,l,E(B) —c| > tl). Moreover,

we know that £(.) has bounded second derivative derivatives almost everywhere and by assumption
on g’, we would have

B[00 (A) = el > 12) < 3 [Bayé(@(A) ~ ) B y£(@1.c(B) — c) | + B[00, (B) ~ c] > 1) — 0
]

Lemma 3. We have the following:

Ty_y)2
1. L(a)-0= ﬁ IT/I:TS;')':{

T
2. wyr—u=1-—22% Oly
£ 1+1aTQ 'a

Proof. We know for 0, taking derivative yields
AATAu- ATy +g=0
This implies —1AT§ + g = —1AT Au.

Note that for £(a), since the objective is quadratic in w, we solve the optimization in closed form,
we have

1 L(AATA + 1aa” + H) 1(-2AT§ - Aya + g — Hu) ) (w)
.Ea:—mianl( 2N 2 .
(a) = 7 min( ) 3(-AATy —ya+g-Hw)"  f(u)+ey(w) —glu+ ju"Hu+ 2(I5]° +y*)/ \1
Let Q := 1ATA + H. hence

L(a) = %

f(u) +ey(u) —glu+ %uTHu + %(uyn2 +y)) - %(Qu +Aya)T (Q + 21aa’) " (Qu + /lya)]

Using Sherman-Morrison as £ > 0:

-1 /lg—] TQ_]
(Qu + /lya)T(Q + /laaT) (Qu+ Aya) = (Qu + /lya)T(Q_1 - Ll) (Qu + Aya) =
1+1aTQ ™ 'a
Q! Q!
= (Qu+ /lya)T(u - /laTu—al +AyQ la - /lzyaTQ_]a—al) =
1+1aTQ 'a 1+1aTQ 'a
Ava’Q la+al T
- (@ ) [u Ay - 2SR R0 ta) (@ ) fu a0 )
1+1aTQ 'a 1+1aTQ 'a
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From here we obtain for the solution Thus for the first claim:
T
—-a
ws=(Q+1aa") ' (Qu+1ya) =u + /ly—ulﬂ_la
1+1aTQ "a
Hence we have for the first claim
T
—a'u
wL—ule—y : Q'a
1+1a7Q 'a

Now we continue with the calculation of the objective value
y—alu
1+1a7Q 'a

y—alu

—_— a’Q 'a=
1+1a’Q 'a

u'Qu+2 alu+ AyaTu+ A%y

=u’Qu

+ —1 1 Tg_l (yaTu — (aTu)2 +J’aTu+/1y(aTu)(aTQ_la) +/lyzaTQ_1a —/ly(aTu)(aTQ_la)) —
+ Aa a

A
T T T, \2 2.To-1
=u'Qu+ —(2ya'u—-(a'u)"+1y"a' Q 'a
l+/laTQ‘la(y (7w + Ay )
Thus
1| T 1 A oo o0 1 g
L(a)z; f(uw)+ey(u)—g u+§u Hu+§(||y|| +y)—§u Qu
1 4 T T, \2 2. To-1
T s mra AU @wTe b
1] T A ri7i Ay 4 (aT“—y)2
== + —g’u-Zu"ATAu+ S|§)2 + S —— 2
o7+ e —glu = SuTAT R SIS+ G S

Since g = AAT§ — AAT Au, then g"u = 257 Au — Au"AAu, therefore

1 (aTu-y)?
21+1a7Q 'a
A @u-y? 1 _ o A (au-y)?
21+1a7Q'a 2n1+2a7Q 'a

N N N R |
L(a) = [ f(u) + ey (u) — 257 Au+ u’ AAu - 5uTATAu *+3 91 +

S|l—= SI=

[+ o+ 1Au- 517+

Lemma 4. We have the following:
1. M(a) -0 < 3 (a"u-y)?
2. (a,w) — L) 2 £ lw-w,l3
3. |m(a,w) - £(a,w)| < <L )lw - w2
Proof. 1. By definition,
M(a) < 7z(a,u) =0 + ;—n(aTu —y)?

Thus M(a) - © < £ (alu-y)?

2. The idea of the proof is by strong convexity. By assumption, f(w) + ey (w) for small enough € is
p-strongly convex. This implies from defintion:

p
(W) = L() + 2w = wll
n
3. By Taylor remainder theorem for some 0 < ¢t < 1:

) = o) = 10+ ) = 1w = ew) = 7 (=) = w0 HOw - w
=% > oe(f+en)((1 —t)u+tw)(w;—'u)a

la|=3
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Since f and y are separable, 3% (f + ey) = 0 unless a = 3e, (e, is the standard basis vector in R¥,
Then by assumption on the third derivative of f + ey,

(2, w) — £(a, w)| = = |Z 8% (f +ep) (1 - pu+rw) =W _“) )
|a|=3
3 — Ay . e
=l|za(f”‘”(a(jv3 D) gy, — ] < Ly~

Now we are ready to prove the following key lemma.
Lemma 5. We have |IM(a) — L(a)| < m1n{2n (aTu - y)2 f“"’ Wz — u|| }
Proof. Let w = argmin 7z(a, w). Note that since ® < M(a) and by Lemmad] we have
1 (aTu-y)?
L(a)-M(a)=L(a)-O+O0 - M(a) £ ———
(a) - M(a) = L(a) - (a) 1+ a0 'a
On the other hand, note that 7z(a,u) = © + 5= (a”u - y)? and © < L(a)

M(a) — L(a) = M(a) — m(a,u) + 7(a,u) —O+ 0O — L(a) < ;—n(aTu —-y)?

A _(aTu-y)?

25
Thus as 5 L@u-y)?> 2n 140270 Ta

A
IM(a) - L(a)] < ——(a"u-y)*
2n
But as we will see, (a’u — y)? is of order O(1), which will not suffice. Thus we break down
M(a) — L(a) depending on the distance of u and w
M(a) — L(a) =m(a,wp) —m(a,wg) +m(a,wg) —€(a,Wr)

Cf+e

v 3
Wz —ully

<m(a,wyz)—{(a,wy) <
For the other direction

L(a) — M(a) = £(a,wr) — (a,Wp0) +€(a,Wp() — 72(a, Wpt) < m—ull3

C

IV
n

Let R := ||w,z — u||3 and consider the ¢3 ball centered at w. Now if ||Wy — W||3 < R then

|Iwaq —ull3 < 2R by a straightforward application of triangle inequality. Which implies

L(a) - M(a) < thfT+“”R3. Now when does ||[Wp; — W, ||3 < R hold? We show that for every point

on the boundary, w, 77z (a, w) > »z(a, w ), this implies that w 5 is indeed inside the ball. We have

Criey Criey
m(a,w) —m(a,wy) > {(a,w) - TGIIW —ul}-ta,wp) - ——F|lwy —ulf3

Creet o

P 2 3 3
> —|w—w - -ul;+R
ol liz 5+ R%)

Then using Lemma 4]

[\

m(a,w) —m(a,wy)

C
LY (lw -l + RY)
n

P 2
2n|| zll3
> P
2n
Now if R < ﬁ, then 77z (a, w) — 72z(a,w) > 0. Thus all in all

c 9¢
R f+€‘”(8R3+R) (Z—%R)

|£(a) - M(a)] < f*“”nw —ul}
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Lemma 6. We have the following upper bounds
1 ||u||§ = O(n) with high probabilty.
2. EA’yuTu =0(1)

Proof. 1. Since f + ey is p-strongly convex, one can decompose f(w) + ey (w) = §||W||§ + h(w)
for some convex function 4(-). Then

Az o A,
5 llAu— yII3 + Ellull2 +h(u) < 5||Y|I§ +h(0) = O(n)
Thus this implies ||u||2 O(n).

2. In a similar fashion, we have for E Ay uTu

0= l[fuziu—yn% Ffu)+ ew(u)] < 1[4”9”2 + £(0) + v (0)
nl|2 nl2

Let AT = (AT f;; fxz) Now we use the definition of A to obtain a lower bound:
PR
2R - 1B + £ () + e (u) > 5 2, A+ 1pfu -3l
i=1
/_1 nia 2 T
2IIALu+1wlu ylllzz (u,u) +A(p] w)l (Au—§)

Thus plugging in w = 0 in the optimization yields an upper bound, which is a quadratic inequality in
T
TR

n;A a 2 A,
= (1 W + A w1 (Ao = 3:) = 2151 = £(0) - ey (0) <0 (25)
Now note that for a quadratic optimization with b > 0

a—Va’+4b a+Va?+4b

2

—ax—-b<0 <x<

X —ax <0 = 3 <x< 5
Whence
+ Va2 +4b + |a] +2Vb
o < lalrYal b altlal 2N g
2 2

We apply this result to[23]

2 2 ~ 2 A, .
lujul < =117 (A - §:)| + —\/—Ilyll2 +/(0) + ey (0)
n; /ln; 2

2 2 2 2 2 4,
< =17y + =17 Aylla[lull2 + —\/—IIyII2 +/(0) + ey (0)
n; n; /lni 2

Now taking expectation and using a combination Cauchy-Schwarz and Jensen inequalities yields

2 o 2 A
B gluful < BRIVl \/EAyWAnZEAynunZ \/ SEx TN+ £(0) + ey (0)

Now note that EAZ- = 0, and by the independence of the rows:
Ex sl17A 13 = Z Z(A Vioit)” Z Z Ex(An) i (Ao, = Z Ex Z(A )i,
Ji=l =1 J1=1 j2,j3=1

By assumption, for each row &; of f&i, we have that E;, ||4; ||% = O(1), which implies EA’yH]lTA,- ||§ =
O(d). Therefore, by the previous part, since ||u||2 4 ||§f||§ 2 h(0) then Ey ||u||2 < %h(O) +
/l]Ey||y||2 O(d) by assumption on the §. Hence it can be seen that Ex yu u=0(1) O
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Now we are ready to conclude the proof with the following lemma.
Lemma 7. We have the following

1. Bgya,(@"u—y)* =0(1) for g € [3]
2 By lu-weli=0(h)

Proof. 1. First note that

2q
2q ; _
Bi gy @ 0= =B, > ( ; )((a — 4 ) ()2
j=1
Moreover,

2 2q
EAyay(au y)q<z ) Ay

y|l@—p+ )l |y y]

( ) Ava [Iqu *2) max{|u"ul. | (a - mT“'}’]

IA
]

'(2]") i [|y|2" Y(luTul + [(a - u)Tu|'>]

J=1

2q
%S (%)t (VBT + VBTG )
j=1

By assumption E|y|??~Y < C for some constant C > 0 that is dimension-independent. Moreover, by

Hd l/lz2 Also, from the previous lemma, E|u"u*/ = O(1). The

IA

our assumption, E|(a — p)Tul/ < C
claim follows.

y-alu

3
2. First note that [u — wz||3 = TRt |2 'a||3 and since Q@ > 0, 1 +1a”Q"'a > 0 hence by

Minkowski’s inequality
Ex gyl - Well3 < OBz g, lau—y P2 all3
< VEjgayla’u—yP 1 @-p+p)l;
< 8B 5, la"u =y max{[Q7" (a — )3, 127" lls}’
<8V gayla’u—yP Q7 (a = )3 +8Eg 5, yla"u - yP Q7 i3
< 81 \[Ex 5y (87U~ )OEg 5,197 (2 o)
+80\ By g0, (70— )0Bg g, (197 pll§

Now since we assumed that the objective is p-strongly convex, or there exists p > 0 that ||Q~!]|, p <
i , denoting w; as the jth row of @', we have by the inequality between Frobenius and Operator
norm, ||wg||2 <5 . Now by the assumptions we have

d

2
Ba a2 @=mI§ = Ex g, (D 1@ =) w;P?)
j=1
d d
=Biy ) Bayl@a-wTwil®+ > Ella-w wPla-w wl’
Jj=1 J=Lj#
<CZ o +C Z \/E l(a— p)Tw;[6Ba|(a — p)Tw|6 < Cd—— + C(d? — d)— < i
= 43 a 12 J a 124 1 6d3 6d3 = d

j=1 Ju=1j#
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‘We also have for the other term:
1,6 -1, .6
Ex 5,127 pll3 B 50,1927 1l

Note that [| Q7 |2 < [|Q712(|,, 1272 p]l2. Thus it is sufficient to analyze 7 Q™ 'u”. Letr € R
be an upper bound for u” Q' 7, that is p’Q~'u” < r. Note that by the Schur complement
property, we need to find the smallest # > O such that © — %u,uT > 0 with holds with high probability.
Recall that Q := 1ATA + H and by assumption H > pI, thus it suffices to find the largest ¢ > 0
that AATA + pI — L pup” > 0. Let A’ := A — M be centered. This problem is equivalent to having
I(A” + M)V”% + p||V||% - %(HTV)Z > 0 forevery v e RY .

Thus we should have

Ty)\2
W
I(A” + M)vl[5 + plIvil3
2 N . . eqe
Let t* := sup, m. We show * = O(n~*) for some s > 0 with high probability. Let
(u"v)?

v* 1= arg max This implies

I (A +MD)VII3+o V113

S 1 . [l ell3
1A+ M)Y'II3 < — (u"v)? < =2 |Iv'I3

On the other hand, by triangle inequality we have

4 “N”% 2 2 %112
(R 1A

% 1 V) 4 e v * A7k
(1'v)? < —IMv*|[3 < —(II(A +M)V'[)5 + A |I§) <
ne ne ne

. Now we have

op

”N”z 2 ’ %112
+||A v Hlpl3
- Ty ] ( IV 13+ A3, 1 ||2)_ B | A2
(A7 + M)V*|13 + plIvi]I3 ~ plIvili3 pne

We obtain a quadratic inequality in ¢*

4A’15, o 4|13

- <0
pne pne
Which implies the following upper bound
AlIA113 5
p’ Q! < min{ °P 14 sl }
pne pne’

. X s s . .
According to Lemma (8)) ||[A’||,, < n3** with probability 1 — C mg(ﬂ%’”.Thus using the law of total
expectation, we also observe that

2 2,3
4n3+2s lleell log(d + n)
_ -1,.116 ) -1,.116 ; To-1,,)3 2
B 19071 < B 190 S < B g, (70 5 (0 g[S ) B
For0 <s < g,as ||;¢||2 O(1) by assumption, the RHS goes to zero. O

Lemma 8. Let A’ be a centered random matrix Jfollowing the assumptions. We have ||1§’ lop < Cn3*s
with probability at least 1 — C'log(d+n)

ns

Proof. First, we provide an upper bound for the expectation Eg, 1A ]|, p using the matrix Bernstein
inequality and the symmetrization technique. First we construct a corresponding hermitian matrix:

141l = H( &7 )
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With X; ( A’;)E E’;)A ) where E;; is the all-zero matrix except (i, i)-entry where it is equal to 1.
il
Note that I = 3" | E;; and E;;A’ essentially picks the i’th row of A’, which is ﬁ;.T. Let {¢;}"", be an

iid sequence of symmetric Bernoulli random variables supported on {+1}, independent of Xi’zs. Then
by the symmetrization lemma |Vershynin|[2018]], we have

n
S
i=1

Now conditioning on A’ or equivalently X;’s, since €X;’s are independent zero-mean symmetric
matrices of size (d + n) X (d + n) with bounded operator norm, we can leverage Matrix Bernstein
inequality |Vershynin| [2018]] to obtain (< means up to some constant)

n 1/2
Ei lIA llop < Vlog(d +n)Eg, ZEEi (e:Xq
i=1

n 1/2

2
ZX

S EAATE; 0
0 Zn /T

n

. Z €X;

i=1

EA’“A/”op :EA' < EAf’

op

op

” +log(d + n)Ey, llgagxn”XiHop

= vlog(d + n)Ey,

+log(d + n)Ey, ]IglasanXiHOp

1/2

Note that for ||Xi”0p’ we have

+log(d + n)Ey, Irgiaé(nHXl-Hop

op

_ G _ 2 _ 2 2
I, = ], = max [EaA v} = max 7 = I3

Moreover, using triangle inequality

> EiA’ATE, 0 - S
= il il ' AT ~rzT
i=1 0 n wET i AATEl + Za,al
2ie L
op op i=1 op
n
_ =712 =rxT
= a|ZE;| + Zalal
op i=1 op
n
= max [|&]2 + Zﬁ'a’T
1<i<n =
=

op
Combining these results along with Jensen’s inequality yields

Ex A |op < \/log(d+n)(EA, max ;115 + Ex,

n

Z ﬁ/a/T

i=1

1/2
) +log(d +n)Eg, max ||al||3
op 1<i<n

Now to analyze Ej,

2y a’a’T , we use the symmetrization trick again with iid Bernoulli {€/} |
op

and Bernstein’s similar to Vershynin’s

a’a /T < EA/ Z a5 /T _ Eg:ﬁ:ﬁ: ZE~/a'a'T
op
n n
<Ex || eara +Z Eg /)
i=1 op =l op
1/2
< vlognEyg, ZE el’a:a:T +lognEy, 1I??<xn”ﬁ;ﬁ?”0 fa’a’T
op == op
172
= ylognEy, Z ||a; ||2 aa’| +lognEg, max”a ||2+Z /a'a'T
op i=1 op
12
< vlognEg, 1r£1ia<an€1;||2 Za'a’T +10gnEA, max ||a 3 Eg aja al
- i= op i=1

op
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Now for the first term, applying Cauchy Schwartz yields

n 1/2

Z ﬁ, a/T
i=1 op
Moreover, for the last term we have from our assumptions

n

Z ﬁ/a/T

Ex al
A max lla;l2 2
=

=12
< (EA, lrglagxn llaZ]I5E

1/2
op)

Ea;ﬁ:a:T = max Egz(a Ty)? < max C—= =

VI3 ¢
[Ivll2=1 Iv]l2=1 d d

op
Thus we have
n

Z ﬁla/T

i=1

n

Z ﬂla/T

i=1

Ex

< 4/log n(EA, max [EAE=E
<i<n

172
) +lognEg, max [|&}|3 +C
1<i<n
op op

Zl . ﬁlaIT

n
Z ﬁ’ﬁ’T
=1

(EA/
12

Solving for (EA/

1/2
) yields
op

1/2
) < Vlogn(EA, max ||ﬁ§||%)
op 1<i<n

12 12
+2(lognEA, max ||5§||%+C)
1<i<n

Thus

~/ IT

=712
< lognEg, max [|aj]|5 +C
1<i<n
Summarising, we have

1/2
Ex A llop < \/log(d+n)(]EA, max [EH ||2+lognEA, max ||a ||2+c) +log(d +n)Ez, max ;13
<i<n

Thus it remains to provide an upper bound for Ex, maxi<;<, [|a; ||2, we have by Jensen’s
3 n
Ei, max ||a/]|2] <E: max ||a’ 6<Z]E~ a’||$
( o max 113) < By max 1818 < 3 Byl

Now by Definition [2and Holder’s we have

1/3 1/3 1/3
ty ot / / / C
) ~2 ~2 6 6 5’6
Eglla ||2 = E Eara;,,8,5,8,,, < E (Ea/aml) (Ea/amz) (Eﬁi_ams) < E 7 <C

a),@2,a3 ap,a2,a3
Thus 1
i o, Il < o
All in all
Bz 1A lop < log(d +n)n’
Thus by Markov’s inequality for s > 0

A’ ’ 1 ’
B(IAlop > Cn'*) < A& lop  CTlog(d +mpnt _ C7log(d + 1)

1 - 1 s
Cn3ts n3ts n

]

Lemma 9. For any function  : R — R with bounded third derivative, y(w) = Eqyr(al w) is regular

Proof. We only need to verify the third order Taylor remainder bound,

>y T T )3 T
- = E.u"" a =E.(a " a
Z 6Wa]aWazaW(l3 VeV Fos alg“,(lg al/l ( W)aalaazaasvalvazvas a( V) w ( W)
By Cauchy Schwartz, we have
3y
Z awlll—wvmvazvag < \/]Ealﬂm(aTW)z\/]Ea(aTV)6

OW 0, OW a3

By boundedness of the third derivative of ¢, and assumptions

3y IIvli3
Vo VanV < Cy——= < Cyullv 3
Z 6W010W026Wa3 alVapVas 174 d3/2 lﬁ” ”3
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E Generalized CGMT

After reducing the analysis to the equivalent gaussian model, one can leverage a new generalization
of the CGMT |Akhtiamov et al.|[2024] to analyze ®(G) which is stated as follows and recover the
precise asymptotic properties of the solutions.

Theorem 5 (Generalized CGMT). Let S,, C Rd,Svl c R™,...,S8,, C R"™ be compact convex

sets. Denote S, = S, X --- X8, let v e S, stand for (vi,...,vk) € S, X --- X 8,, and
y(w,v) 1 Sy xS, — R be convex on S,, and concave on S,. Also let X1,...,X; € R4
be arbitrary PSD matrices. Furthermore, let G; € R"*4 ... Gy € R™*4 g, ... g € R4

h; e R™, ..., hg € R™ qall have i.i.d N(0, 1) components and G = (Gy,...,Gy), g = (g1,...,8k),
h = (hy, ..., hy) be the corresponding k-tuples. Define

k
1
¥(G) := mi TG,x2 , 26
(G) gggggkff€w+mWw (26)
k
h) := mi Ty: 22 wll,h? 27
#(g.h) := wnelgzvg;%f; Ivellge X7 w + |E; wll2hy ve |+ (w,v) (27

Let S be an arbitrary open subset of Sy, and 8¢ = S, \ S. Let ¢ s be the optimal value of the
optimizationwhen S, is restricted to S. Assume also that there exist €,6 > 0, ¢, ¢ sc such that

e ¢(g,h) < @+ 6 with probability at least 1 — €
o dpsc > dge — 6 with probability at least 1 — €

Then for the optimal solution w of the optimization we have P(wy(G) € S) > 1 —2k+1¢

F Proof of Theorem 2]

By leveraging our universality theorem [T] we are ready to analyze the linear regression problem
descrided in2lin full details

Proof. First note that for the ground truth we have w, = argminEp(y — xw)? = R;'Ry,. By a
simple transformation, the constraint could also be written as

o[t

We would like to write for a G with i.i.d entries:

(X y)=GS
Indeed
X7 R, R
STEGTGS:STS:E( ) X :E( * XY)
yT ( y) Ryx Ry
12 p-T/2
Now we can denote S = RE‘) RXR]E” with Ry == Ry—R,R;'R,,. AndR;"*R,, = R} *w..
A

Thus we can write the optimization as

min ||w — W0||2
w

st G

1/2
_RA

R¥%w—w9)=0
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we can write the optimization as

min [|w — woll*

1/2
st G (W]/ZW*)) 0

-R

A

Letu := R)I(/z(w —w,) and X = w, — W, then

min |[R; "2
w

¢ G( u ) 0
5. 12| =
_RA

u+x|?

We Lagrange multiplier to bring in the constraint:

- u
minmax||Rx1/2u+x||2+vTG( 1/2)
u v _RA
Now we can appeal to CGMT to obtain the AO:

. - , u
min max [[RY 2w+ x|I* + [Vl (g"u +g'R,/*) + | (_ Rl/z) In"v
A

Dropping the g’RlA/ % term and doing the optimization over the direction of v, yields

. -1/2
min max IR a4 x| + BI[V|[ul]? + Ry + Bg"u

u
. . . . 2
Using the identity vx = min; s 7 + 5~

h h
i, mas [R5 2+ 2 + B2 £1RI

2 T
+ Rp) +
min max 5+ 5 (Iull” + Ra) + pg"u

Now we obtain a quadratic optimization over # which could be rewritten as
- -1/2
PR R A
R4 8gT x|

Doing the optimization over u, we are left with

(u

minmax 1 + £V AV, (i Byt 4 BV ;s B
Expanding the third term yields
2, Brvn  pyn Tp-T/2 -1 ,3\/_ IR-12 B ripe ,3\/_ g
—RA—-Xx'R R —I) 'R, —g (R —I
rp;grgggll)&ll 5t 5, Ra-x RT(R; )" -8 R, )"
Let z := R'/’x, we assume Ezz” = |zd”2 I, and e, = x' R x = ||z||? using concentration:
1 1
min max ||| + ﬂT‘/_ AL TrR.7 (RS ﬂ‘/_l) IR;! - ﬁ ~Tr(R; ﬁ‘/ﬁl)—1
>0 $>0 2T d 27
Therefore
), ﬁnf i / ! B / r
—R - ———dr—-d— —d
rfﬂ;grlglaXIIXII A~ €a p(r)r(1 P 1 p(r)HMr r
27
Dropping the constant term ||x||?, we arrive at the following scalarized optimization
TV pym e
min max —— —RA - (r)—d
>0 >0 2 r(l + r)
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Let ¢/, := %¢. To analyze the optimization further, noting that the objective is differentiable w.r.t 8, 7,

by taking derivatives we have at the optimal point:

M+\/ERA _d/p(r)‘r(\/_rzﬁ2+4r‘rﬁ 4e’ \/_) _o

2 2(27 + rB/n)?
BVn ,BRA\/_ BNn(Br* +4ey,)
2 / S Grrrgym: =0

Rearranging

) B 2 (\nr?p? +4rtB — del\n)
T \/ﬁ+\/ZRA—d‘/p(r) (27 + 1By dr

P o2(pPr? + ydel,)
*\n \/ERA—d/p(r) Qr B dr

Summing and subtracting:

r*p? r nr
=d/p()n ,8+2\/_T,8 / ("1 _2\/_Tﬁ+4‘1'

(27 + rBn)? 27 +rByn)?
T (2r‘rﬁ —4e’ A\/n)
nRy =d r < dr
yrks /p( oty
Thus
24/nrtp + 47‘ / 27 27 2r .
= r dr = Sp(- +i0
TR R e R o L il
2(2r7f3 — 4e’ \n)
Ry=d < -—d
ViR /;a(r) e
If one can solve dc_z S p(— ot i0) to find 6 := —, then plugging into the second equation
yields
2(2r07* - 4e’ 2rot” -4
\/ERzzd/p(r)T(rT ea\/_) /'()rT e«/_dr
(21 + rft+/n)? (2 +ro+/n)?
Which yields the following equation for 72
2= i\ . Ra +4de’, der]
Now note that
d—n 22+ rG\/_)
= [ pny—dr = [ )5 ——ar= [ )T
d 2T+ ,8\/_ (2 +r6+/n)
p(r)
=260 r r+4 dr
\/_/p( ) 2t rovn)? 0\/_)2 (2 +r6+/n)?
Leta := 4f (2“;’\})2 dr,a’ = 20\/5/ p(r)mdr and . Then the expression for 7 could be
written as
72 =
Asa+a’ = dT one can write
2 n n an
d(dn— )( At aeq) d— d( At aeg) dl—a)-n A+d(1_a)_nea
Now the generalization error is
2_R _2n—=d(l-a) N nB o = (2n — d)Rp + (dRA + negy)a
AT A0 —a)—n AT d0—a) —-n' d—n-da
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With @ = 4[ (2 —2U)__ gy Now note that using Cauchy Schwarz applied to 4/p(r) and 2Vp(r)

(2+rovn)? 2+r6+n
4p(r)
) (/ PO o 9«/‘ ary’ < / P4 / Qrrovir

Thus @ > (%)2. Now for the scalar distribution p(r) = 6(r —rg), since 2+rof+/n = 2+ = dzdn,

then a = (%)2. Thus a achieves its lower bound (uniquely) for the scalar dlstr1but10n. Now
note that assuming 7, d, e,, Ry are fixed, the generalization error is increasing in «, thus the error
expression for the generalization error in the scalar distribution case is a lower bound. m}

G Useful Results

Lemma 10. Given a weight vector w, and assuming the feature vectors are equally likely to be drawn
from class 1 or class 2 and satisfy part 2 of Assumptions[d the corresponding classification error is
given by

piw 1 Hy W -
—Q(m) EQ(_\/WT—W) (28)

Lemma 11. Assume that the feature vectors are equally likely to be drawn from class 1 or class 2,
Assumptions[| hold and wy is defined as in Assumption[2] Then the classification error corresponding
to Wy is equal to

%Q VI =rTr(E) + Xp) 7! .

2
\/2Tr(>:1(21 +X9)72) + 2TrE,

VI=rTr(E) +Xp) 7!

2
\/2Tr(22():1 +X9)72) + 2TrL,

Q

N —

H Proof of Lemmalll

Let us proceed to prove Lemma[I] We will take the gradient of (28) w.r.t. w and set it to 0:

Proof.
o | o phw ) L, ( W popdw AW, w W Zowpopd w — wh pop wEow
Z0(- - XD (—
127 wTmow | avzx P oW s,w prw (WT'E,w)?
1 53 My W pyW
(——)(Hztz szEzw) where s, = 1) =
4\/ [ 2 VWi E,w wiZow
v IQ( plw ) 1 ( wipipIw Wi ww Ziwpplw—wl g p T wew
= =- exp (— =
Y2 N aN2r P 2wlE | w ulTw (wlT'z w)?2
1 1 52 ) plw plw
—exp(——)(um s7X1w)| where s = =
o [ ! JWTE,w witw
Hence, the following equality holds at any optimal w:
2 2

1 55 2 1 51 2
— exp (—=) (patr — 53X0W) = — exp (== ) (p1t1 — STEIW)
52 2 81 2

Therefore, w = (5121 + §222) "' (f 1 — fap2), where we have
2 2
§1 =s)exp (——]), §» = —spexp (—s—z),
2 2
2 2

h ST - 1 S5
fi=—exp(—%), h=—exp(——=
S1 2 5 2
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Now we can consider the following optimization over 4 scalar variables:

1w ] 3w
min_ ~Q(——— ) 4 ~Q(- 2" (29)
51,852,812 2 ( WT21W) 2 ( ‘,WTEZW)

Note that since the optimization (29) is low-dimensional, by the Convexity Lemma|Liese and Miescke
[2008]], we can interchange the limit in #» and min, implying that we can analyze the concentrated
optimization instead. We then arrive at the following fixed point equations using Assumptions 4}

=Tr(X (51X + 5222)72)(5% + tg —20br)d (30)

) Nlh
— ==

=Tr(51X1 + 5:X0) L7 - Far)d (31)

-~ |

2 = Tr(Ea (518 + 52X0) 2) (P + 12 - 2f1ar)d (32)

S
== Tr(51Z) + 5222) (52 — Fir)d (33)
2

Note that, since we assume p is exchangeable in its arguments, the system of equations (30) is
invariant under the transformation (s, ¢, s2, 1) — (—$2,%2, —S1,%1). Assuch, s; = —sp and #; = £,
at the optimal point, implying that w, = (X1 + X5)~!(;; — p2) is the optimal classifier, as for the
chosen linear classification procedure the performance in invariant to the rescalings of the classifier
vector and therefore we can completely drop s1, 57, 11, t> from the equations.

]

I Proof of Theorem 3|

By Gaussian universality proved in Theorem [T} we analyze the binary classification problem as
follows

Proof. Define

2
(1 -r)
Ry := Eul,uzwowg =B (tWs +1,1) (1W, + t,m)T =1 "I+ IEEM,MW*WZ
2(1-r) 12
= ”Tld +22(1-1)(Z) +X,)72

2(1- 2(1—
Note that the eigenvalue density of Ry is captured by ¢(sy,s2) = M + W(m +52)72,

assuming (s1, s2) ~ p, where p is the joint EPD function of X and X,.

We would like to start with finding . Note that the data matrix X can be decomposed as follows
where G, G, are i.i.d. standard normal:

Gz (]1 0 (/J,T)
X = Lo+
(Gzz:;/2 0 1t

We then have:

_ GlziﬂWO) ; (% ]?) (NJ,TWo) (34)




It is immediate to see that the first term of (34) is a centered normally distributed random vector
with covariance diag(wgzlwo, R ng.]wo, wgzzwo, R WgZzwo), and therefore its norm con-

centrates to ./ %wg():l +X)wo = O(\/Tr(X; + Xy)||wo||) according to our assumptions. The second

term of (34) is a deterministic vector of norm O (+/n||wo|| V1 —r).
Similarly:

y Xwy = (17 -17) (

G]E}/ZWO (]l O) (,LLTW())) T T G2 ?w) n -
+ =(1* -1 ] +=(p1 - w
G,z 2w Tlo 1 quo ( ) G, 2w 5 (1 = p2)" wo

(35)

Note that we can drop the first term of (35 compared to the second term. Indeed, the first term is a
centered normal random variable with variance %wg(i‘.l +X2)wo = O(||wo|>Tr(Z; + £,)) and the

second term is a deterministic quantity of order ®(n||wg||V1 — r). Thus

e y' Xwy 5 (1 = p2)"wo
IXwoll?  Swi (Z1 +Zo)wo + 5 (1] wo)? + 5 (1] wo)?

Moreover, by independence of 17 from p; we can drop the first term in (g — p2) " wo = ty(p1 —
)T +t.(py — p2)"w, and have
(g1 = 12)"Wa = (1 = ) (E1 +E0) ™ (r = ) = 201 = 1) Te(E +E2)”!
On the other hand:
[ Wo = Ly M+ L] We = tpuf + fopa] (1 +E2) 7' (1 = )
Which implies that we can drop the cross term in the expansion of (NITWO)Z:

T N2 o 20, Tan2, 2(, T -1 2p l=r, £(1-r?_, -1
(/,LIW()) zlt;](ll’l 77) +t*(p’l (Zl +22) (/J’l _HZ)) - d t77+ d2 Tr (21+E2)
We can drop the first without loss of generality as #;, usually does not grow with d. This implies that
we have for @

16U DTr(E + Ep) 7!

Tr(Ro(E +£2)) + n 20T (8 + X))
10D (R + X))

2 —r)2
LTr(Ro(21 +X2)) + H T2 (2 + 5,) !
Then SGD converges to
min ||w — aw||?
w
st y=Xw

Introducing a Lagrange multiplier v € R™:

1/2
. )
min max |w — awol|> + v/ G (E{/z w+viMw-vly
w v
2

Using Theorem 4 from [Akhtiamov et al.|[2024],

2
: 2 Ts1/2 1/2.T T T ,T i
min max || - aol* + > IvillF 2% + |22 |0]: + T 1l + F1(-1)’
i=1
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Denoting S; := ||v;|| and performing optimization over the direction of v;:

2
: 2 Ts1/2 1/2
- G X h;||X; 1 i1
mmﬁ%éoll aoll +l§:1,31(l T I+ ] 1+ (-DL))
We have

2 Ty 1/2 ”\/ 1/2 112 T 2
min m W — aW, E B E w —/ |2 W w+ (=1
vénﬁ] fgx | awpl|” + l(g +\/g | i | +(M, +(=1)")?)

Applying the square root trick to the norm inside the objective we arrive at:

]
min  max_w - osz||2+Zﬁ,gT2”2 LA \[ (=W + (el w+ (- 1))

71,7220,w 81,522

Introducing vy;’s as the Fenchel duals for (,u.Tw +(=1) )2 we have:

. T 1/2 :BlTl ,81\/> 1/2_ 112 71
min ma w—awpl||” + E E w||“+ p; wy; + (=1
min o gmax lw—awoll Zﬁlg 375 (P WIP + ] wyi + (=) i =

Performing optimization over w y1elds

. T j
min  max 2||wo||2+Z N S
71,7220 B1,8220,71,72

12 12 B |n B2 [n )T( ,31\/7 ,32\/; )‘1
+ (81X, + Bx, +—./= +—./= I+ — =X+ —,[/=X
( aw (ﬁl g1 + 52X, g) i \/gylﬂl 4T2\/;72M2 V2o Yo, 2
n n
( awo + = (,312/ 1+,32>31/2g2)+—'81 \/j71u1+—ﬁ2 \/j)’zuz)
47‘1 2 4T2 2

We drop the o?||wo||> from the objective because it does not contain any of the variables the
optimization is performed over and therefore dropping it will not change the optimal values of
B1, 82,71, Y2, T1, 2. We obtain:

. npivi [0 i Yii ag ﬁl\/ﬁ ﬁz\/ﬁ "
2P (- =y - I+28 2y + 22 2% -
TlI:[‘lFlngﬁ],ﬁg%?(yl,nZ 22 T\aa, D 4) W+ 351+ o\ 22 W
B n ne ._
41 ngET/z(I B —21+& _22) 12}/2g1 4g2 27/2(1 /31 /32 Z) 12;/2g2
B o B \[ B2 \[ » B3y Rl \[ Ba \[
X X X X +
"3 py (I+ 1+ 2)” 202 »(I+ 1+ )
+f_1\/g 1a/W0(1+ \/72‘.1 P \/72) u1+—\/7 2awg(1+&\/g):1+&\/§22)—1u2_
T
n,811£27172 (1 +,31 \/721 B \/7):2) 1o
TIT>

The objective above can be rewritten in the integral form in the following way:

min max Z ’B‘T’ ﬁ[ ( (-1 )’ 12) —a/ZWT(I+ ﬂ\/EZ + &\/EZ )_lw -
22081520717 24 N 2 2 O T N2 T V2

2.2
518 +yzﬁ2 Lyt "ﬁﬂ;z
32‘r 32‘r2

—d//P(Sl,Sz) dSldsz—//P(Sl,Sz) dsydsy+

ﬁ]\/ﬁ T 1\/? ﬁz\/ﬁ . 2\/’ 2\/? ﬁz\/ﬁ 4
+—. /= I+ —,[zZ1+—,/=X + — I+ X+ /=X
27 27“”0( 2 N27' T V2 2 21 Y20 m\N27 T V2 27

np1Bry1y2

32T1T2
—Zr//p(51 52) dsids
’ B B
1+ by %Sl + 27, %52
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Note that

T B n B2 |n 1 5 ﬁl\/g ﬂz\/ﬁ -1
I+ o8+ 22 /% — PTr(Ro(I+ 25\ [ 31 + 2= 5%
"ol 271\/g : 272\/; 2 Wo = e TTH R+ 5 R+ o V25

Moreover

Bi B2 B(s1,52)
Tr(RO(I+ \/721 \/722) 1 —>d//p(sl,s2) Bl \/_s1+ B \/_s dsds;

And

T B |n B [n_ t.(1-7r) ﬂl\/ﬁ ﬁz\/ﬁ . .
I+ —[zZ1+—,/zZ - e Tr((I+ 2= [2E + == [=Z) (T + 2
"o ( 271\/;1 272\/; 2 a U R g, 2R (i)

The latter term can be derived in the integral form as:

-1
+
Tr ((I+ zﬁ—l\/gzl + 5—2\/?):2)‘(21 +22)1) — d/ /p(S1,S2) & (SIn SZ) B dsldS2
7 T2 1+ ﬁ\/gsl + E\/;SZ

Since p(sy, s2) is exchangeable in its arguments, we see that the latter objective remains invariant
under the transformation that swaps (81, 11,y1) with (82,72, —y2). Therefore, B := B = Bo,

T :=17 =1 and y := ¥, = —y; holds at the optimal point. The objective then reduces to the
following:
. n Wy daPg(s1, 52) + d BB 4 (1 )
min max [ =B7+./=—=(y - =) - p(s1,52) 3 dsyds;
720 820,y \ 2 27 4 1+?(s1+s2)\/;
(36)

By -1
n 52 (s1+52)
—2t.(1 - — , 37
. ”"\E//”“‘ P E T Gie ) e

Note that Y can be found explicitly in terms of 5 and 7 as the optimization over vy is quadratic. Denote

0= ”WOH . To facilitate derivations, let us introduce a few notations. Let

d : ’ 2 - 2* 1
Fl([;’?’) ::‘//p(SI,SZ) @P(s1.52) + g 167 S(1=r) +2,(1 - r)a5L(s1 +52)”

ds1dsy
1+ E(sl + Sz)\/;
B (S1+i2)ﬁ2
2(=,B) = d/ / p(s1,52) dsidsy
T 1+ 2’%\/?(5‘1 + S2)

Thus the objective is

2
min max -HEy-pE B)ﬂ/%ﬂﬂ@é(y—%)

Now taking derivatives w.r.t T yields
HTFl(—,’y) = - (9XF1 (X, }/)

075 p) = -L ok p)

Now for g:

1
sy = Lok (xy)
T T

B 2

1
aﬁFz(;,ﬂ) = EFZ('g,,B) + ;Osz(x,B)
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Setting the derivative of the objective w.r.t T to 0:

'Baﬂ(xynﬁan(xﬁn\[ﬁ (y——)—

Multiplying by 72 and dropping S yields:

n 2 n ’)’2
OxF1(x,y) + 0xFa(x, B) + 3T~ E(Y - Z) =0 (33)
Derivative w.r.t. 8

1 2 1 1 2
_;8xF1 (x,y) - ,EFZ([;’ﬁ) - ;asz(x,,B) + \/gT + \/g;(y - yz) =0

Multiplying by 7,

2 2
R (5 y) = S R(Ep) 0P ) + @Tz + \/gw -2=0

Therefore the set of equations is:

O Fi1(x,v) + 0« Fz(xﬁ)+\/772—\/7(y yz )=0
~0xFi(x,y) - ZF(2,B) - 5Fz(x,3)+\/_7 Iy -%)=0

Summing the equations yields

2r B n o, R % E B n
—FFQ( ﬁ)+2\/;‘r =0 ﬂFz(T,ﬁ)—2\/;T
(S1+2sz)ﬁ .

d//p(s,s) dsyds =2\/j‘r
b 1+2£T\/§(s1+sz) 1 2

Multiplying both sides by :{_

0
//P(Sl sz) ;/_\/(_S(IS] +S2))dslds2 _Zl—i

Which implies

and introducing 6 = g ~ we obtain:

This can be rewritten as:

2V2 _n
//p(SI’SZ)(I_2\/§+9\/ﬁ(s1+s2))dSIdsz_ y

We arrive at the following equation for 6:

d-n 2V2
_ , dsd 39
d //p(sl sz>2‘/§+9\/ﬁ(s1+s2) S 59

The last equation above can be reformulated in terms of the Stiltjes transform as follows:

2_\/55 (_&)_d—n
0\/5 21+):2 0\/5 - d

After finding 6 from the equation above, we proceed to identify the optimal value of y. We will do so
by taking the derivative of (36) by y and setting it to 0:
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nH)/ -
] 0D 0.0 =152 _
\/79(1 ) // (sl, 2)l+ H(SI+S2)\/_dS1dS2 2 2//p(slys2) 1+§\/¥(S1+S2)

Dividing both sides by 0, factoring y/n out and using (39) we obtain:

- 1 \Vrb(1—-r)d—-n _\/E_ \/E t.(1=r)(s1+52)7!
y\/_(zﬁ+ 8 d )_ 27" 2//;7(51,52) 1+ 84/5(s1+52)

Hence, we can find y via

-1
1 V261 = r)(d - n) t(1=r)(s1+52)""
’y—(§+ < ) ( //P(sl,s) 2T+ )

Finally, to find 7, recall (0)

(9XF1(x,7) +(9xF2(x’B) + \/g‘r2 - \/g(y - )=

Using F; is quadratic in its second argument we have:

2
axFl(x")/) +T2((9XF2(X, 0) + \/g) = \/g('y - 7?)
2
Tz(axF2(x’ 0) + \/g) = \/g(‘y - YZ) - 6xF1(x’7)

2
7 = (O Fa(x,0) + \@)-1(\/?(7 -2 - auFi ey
We have

da2¢(sl,s2)+"x7 (1=r)+26.(1 = r)ay/5F (51 +52) 7!
Fi(x,y) —f/l’(sl’s2) 1+ %(s1+52)4/%

ds1dsy

Then

a"Fl(x’Y):_d%z\/g/ / P (SI’SZ)(1¢J(rs%’(i21)4(rsslz;\;2§))2dsldsz
2

my (Sl_r)//p(s“sz)ng(sllﬂz)\/gds'dsz

N P, 1+;(ss11++s;2)) N

_at*(l—r)y(// (sl,sQ)H(“(; iziz)l‘/_dsldsz

at.(1-=r)xyn /' /' 1
— p(s1,52) dsyds>
22 (1+3(s1 +52)y5)?
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Moreover

(Y1+Yz)9

Fy(x,6) = d / / plsi.s)- \/_(Msz)dsldsz

e fr (514527
Ox ,0) = ’ e
F>(x,0) J [rons BTN D

Then

Thus, all in all:

B (\/g_ d?gz\/g//p(sl’sz)m +§(i}§+(z?)jsz))2dslds2 )
oo i
_n9)/2(81—r)//p(sl’sz)“-%(S11+s2)\/ids1ds2
+W\/g//p(“’”)(1+ ((ssllisszj)\/_)2 dsids2
oo
+w//p(sl’sz)(ug(s11+s2)\/§)2dsld”]

— " (d-n - ’ )1
y=(1+«/ﬂe(1 )(d )) ( //p(w)ml )<s1+2>) @0

2 8d g \/_(S] + S2)
- 1-%
The generalization error can be found through Q ( VTZ——W)

I.1 Single direction case.

t(l r)

In the special case when £ = %, = 0>1¢ we obtain as Ry = Ig+2% (1 —r)(Z + X))

CyTXwy LT (R + X))
B 2 2(1-r)2 -
IXWoll® ITe(Ro (2 + 2)) + ST (2 + o)
d
T

2 2
Lo+ 21 -1
We also have
t.(1 —r)%
- 2 2 208 2(1-r)2 200
T2+ S (1 - ) Te(2D) !+ - (d2r) T2 (2221) !

d d d
_ t*(l B l”) 202 _ Le 202 _ L 202
(-r)o? di2(1-r) | 2(1-r)2d®  God  di2 | 2(1-r)d2 o2 ,2 +t2 421 —r
a YT T a ti2t T 7 207) + 13 )4"4

Multiplying both sides by #*(1 — r)2%i2 we arrive at:
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d 1
F=at"(1-r)— = 41
ar"(1-r)5— (1)

7 4
(G2 41

Note that plugging in wg = . (X1 + £2) "' (1 — p2) + tynforX; =X, = %zld into the expression
for the generalization error yields

T d
W t.(1-r)5%
eq =0 sl =0 20

Jwgz]wo 2(1-r)5% + Z2(1-7)

Taking Q! of both sides and then squaring them we arrive at:

R Ul = f0-ri !

2(1—")2az+_t2(1 r) tz(l_’)zaZ“L_t (a-n 1irr2)d(2 43;”727)

This yields that by taking p : d(l )

Iy d_ _ P, _ P [P _»
Ly 202 Q_l(ea)2 2(1-r) Q_l(ea)z

We thus obtain from @T)):

1 1 “Heq)? 1
r- - S 2 () (42)
Q_l(ea)_2+1 Q_l(ea)_z"'] Q_l(ea)2+ 1 Q_l(ea)2+]
We proceed to find 6 next. From the general case we had
2V2 2V2. d-n
— Sz, (-—=) =
O+/n 0vn d

Now plugging for the distribution of X1, X, yields

2
no d
1 =
TONT T don

710'2 n

N2ad =da=n
d\2n
(d -n)o?

Using (@) we can simplify the last expression above:

-1
(1 N2n9(1 = r)(d —n) t(L=r)(s1+52)7"!
o T (L [ st

9 =

~ 1+\/ﬂ9(1—r)(d—n) - .
|2 8d 1+§\/;(s1+sz)

(1 on 2 (1 r)(d - n)) (1 r )

_+ —_—

2 8d Vw2
2(d n)o? \/_

Thus we can write for y

-1
1 n&(l-r) r
e 1 -
2 8 1+ﬁ

1, n(-r) -l _dong 1 ) =3+T—Q—1<ed>2+1 )
2 402 d 0 Hey)?+1 +

Y
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Furthermore, we have for 72

= (\/g_ dTHZ\/E//p(S“SZ)(l N g(?g(i)i s )
[\/g(y_%zﬂd%z\/g/ / P (sl’”)(1¢isé,(izl)iss1;\;2§))2dsldsz
—W//p(sl,n)mdﬂdh
+n92723(21_r)\/g//p(s"SZ)(HQ((Ssllisjz))\/?)zdsldsz
_at*(l")y\[//p( & 2)1WL(HSI(:Ib-vf)sz;\/‘ds”ls2

at,(1 =r)fyn 1 3
+—4 /'/p(sl,SQ)(l_'_%(Sl+Sz)\/§)2ds1dsz] =

Simplifying furthermore yields

. —(1——// (sm)
t2d

7 @ P(Sl,Sz)(l —r)z(f2 +10555)0?
[(7 2 )+// a1 —r)(ﬂ)2 dsidsy

y(1-r)
e n),,z //P(S1,S2)—dS1dS2

2nd>

y2(1-r)
(d n)20-4 //p(SI,sz) . dsld_yz
(75)?
—at*(l—F)V//P(SI,Sz)—dﬁdSz

a/t*(l r)—=%—=vyn
(d ,,),,z //P(%Sz) Y dsldSZ}

Further manipulation leads to

1

dsldsz)

I“‘

1 2 2 2
2K Y I 1 py .07
- A S § R S T 1——+1—— -r
’ K—l»y 4 Q*I(ea)z( K) 4k 82 7 )+ ( ) 7]
* 2 2 1 2
== 7—7—"'—( __)2_&_’_,07 (1——)2F7
k—1] 4 0 1(e,y)? K 4k 8«2

== » P P ! 1o re 1.,
=5 - g -0 e -

Recall thatI"' =1 — Q_]((}a)QH and Q"{ett)z =1 —T". Hence, we obtain:

2 _X (P_ﬁ_l) (1- __2) -ty
. 1[ 8 A 1 +({1-(1 T ly+I(1-I)(1 K) (43)
On the other hand, y = l(l—p ndI'=1- m combining these fact withyields

2t a

(07 (ea®@k+p=2) + p)yi(k = 1) )

ep =0
: (\/(2K +0)((4k = 2)0 1 (ea)* + 01 (ea)? (263 + K20 — 2k(p — 1) + p) +242)
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The main results are stated in Sections [3| ] along with numerical evidence in
Section

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: The limitations of our approach and assumptions are explained in Section [6]
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: The theoretical results, assumptions, and definitions are provided in sections
] Moreover, the complete proof of arguments in the main body is presented in the

E\Lppendices Bl [FL [H] 1

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: All the necessary details are given in Section[5} Moreover, the code is attached
to the supplementary materials.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: The code is attached to the supplementary material.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: All the necessary details are given in Section [5]
Guidelines:
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