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Abstract

Designing learning agents that explore efficiently
in a complex environment has been widely recog-
nized as a fundamental challenge in reinforcement
learning. While a number of works have demon-
strated the effectiveness of techniques based on
randomized value functions on a single agent, it
remains unclear, from a theoretical point of view,
whether injecting randomization can help a soci-
ety of agents concurently explore an environment.
The theoretical results established in this work
tender an affirmative answer to this question. We
adapt the concurrent learning framework to ran-
domized least-squares value iteration (RLSVI)
with aggregated state representation. We demon-
strate polynomial worst-case regret bounds in
both finite- and infinite-horizon environments. In
both setups the per-agent regret decreases at an
optimal rate of © (7%) highlighting the advan-
tage of concurent learning. Our algorithm exhibits
significantly lower space complexity compared
to (Russo, 2019) and (Agrawal et al., 2021). We
reduce the space complexity by a factor of K
while incurring only a v/K increase in the worst-
case regret bound, compared to (Agrawal et al.,
2021; Russo, 2019). Interestingly, our algorithm
improves the worst-case regret bound of (Russo,
2019) by a factor of H'/2, matching the improve-
ment in (Agrawal et al., 2021). However, this
result is achieved through a fundamentally differ-
ent algorithmic enhancement and proof technique.
Additionally, we conduct numerical experiments
to demonstrate our theoretical findings.
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1. Introduction

The field of reinforcement learning (RL) is dedicated to de-
signing agents that interact with an unknown environment,
aiming to maximize the total amount of reward accumu-
lated throughout the interactions (Sutton & Barto, 2018).
When the environment is complex yet the learning budget
is limited, an agent has to efficiently explore the environ-
ment, giving rise to the well-known exploration-exploitation
trade-off. A large body of works in the RL literature have
addressed the challenge related to smartly balancing this
trade-off. Among the many proposed methods, algorithms
based on randomization are receiving growing attention,
both theoretically (Russo & Van Roy, 2014; Fellows et al.,
2021) and empirically (Osband et al., 2016; Janz et al., 2019;
Dwaracherla et al., 2020), due to their effectiveness and po-
tential scalability in large applications.

Randomized least-squares value iteration (RLSVI) repre-
sents one example of such randomization-based algorithms
(Osband et al., 2019). On a high level, RLSVI injects Gaus-
sian noise into the rewards in the agent’s previous trajec-
tories, and allows the agent to learn a randomized value
function from the perturbed dataset. With judicious noise in-
jection, the resultant value function approximates the agent’s
posterior belief of state values. By acting greedily with
respect to such randomized value function, the agent effec-
tively executes an approximated version of posterior sam-
pling for reinforcement learning (PSRL), whose efficacy
has been substantiated in previous works (Osband et al.,
2013; Russo & Van Roy, 2014; Xu et al., 2022). Compared
with PSRL, RLSVI circumvents the need of maintaining
a model of the environment, severing huge computational
cost. Since its advent, RLSVT has been studied extensively
in theoretical contexts, such as (Russo, 2019) and (Ishfaq
etal., 2021).

In this work, we look into RLSVI from the perspective of
concurrent learning (Silver et al., 2013). Specifically, con-
current RL studies the problem where a cohort of agents
interact with one common environment, yet are able to share
their experience with each other in order to jointly improve
their decisions. Such a collaborative setting has useful ap-
plications in a variety of realms, such as robotics (Gu et al.,
2017), biology (Sinai et al., 2020), and recommendation
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systems (Agarwal et al., 2016). For instance, a team of
drones may be cooperatively executing a search and rescue
mission in a given terrain, and cooperatively learning to
identify the locations of assets requires efficient concurrent
RL. Another example is a team of virtual agents conduct-
ing circuit design, proceeding in parallel the design-circuit
evaluation (via a simulator)-redesign loop. Here, they are
cooperatively exploring the vast and complex design space,
aiming to quickly identify an optimal design that meets all
the sepc requirements'. Importantly, although all agents
share the identical goal, coordination between agents is non-
trivial. In fact, as shown in (Dimakopoulou & Van Roy,
2018; Dimakopoulou et al., 2018), a poorly coordinated
multi-agent algorithm can drastically undermine the overall
learning performance. Results in the existing theoretical
literature on concurrent RL have demonstrated that PSRL
(Osband & Van Roy, 2017; Kim, 2017; Osband & Van Roy,
2014) in a coordinated style is provably efficient (Chen et al.,
2022), compared to the earlier cooperative UCRL type of
algorithms 2 As pointed out in (Chen et al., 2022), “these
sample-complexity guarantees notwithstanding, concurrent
UCRL algorithms suffer from the critical disadvantage of no
coordinated exploration: since the upper confidence bounds
computed by aggregating all agents’ data are the same the
entire team, each agent would follow the exact same pol-
icy, thereby yielding no diversity in exploration." However,
despite the exploration advantage offered by concurrent
Thompson sampling given in a very recent work (Chen
et al., 2022), it remains unclear whether the same level of
efficiency can be extended to cooperative model-free agents,
which are computationally more scalable.

Our Contributions We model the environment as a
Markov decision process (MDP) with I' aggregated states,
and show theoretically that a cohort of [NV agents, concur-
rently running RLSVI and sharing interaction trajectories
with each other, are able to efficiently improve their joint

'For instance, Arena, a world leading startup that specializes
in applying Al to shorten the hardware design loop, utilizes RL to
speed up the circuit design, test and debugging cycles.

™t is perhaps not surprising that UCRL algorithms are the first
family of algorithms that have been adapted to the concurrent
RL settings (Guo & Brunskill, 2015) and (Pazis & Parr, 2016).
In particular, concurrent UCRL has been analyzed for the sam-
ple complexity performance measure (i.e. how many samples
are needed to learn an e-optimal policy) under both finite action
space setting and infinite action space setting. More specifically,
(Guo & Brunskill, 2015) provided a high-probability bound of
é(sf—f + %) for the sample complexity with n agents inter-
acting in the environment. Their algorithm was extended from
MBIE(see (Strehl & Littman, 2008)), with a single agent perform-
ing concurrent RL across a set of n infinite-horizon MDPs. The
results there show that with sharing samples from copies of the
same MDP a linear speedup in the sample complexity of learn-
ing can be achieved. But no regret bound was derived there for
concurrent RL.

performance towards the optimal policy in the environment.
The efficiency is established through regret analysis. Ad-
ditionally, for aggregated state representation setup, the
performance typically will not converge to optimal solu-
tion if € > 0, and our result establishes that the cumulative
performance loss is no greater than O(¢) per period per
agent. This is consistent with the findings of (Dong et al.,
2019b) for single-agent scenario. Our worst-case regret
bound improves upon (Russo, 2019) by a factor of H/2,
matching the improvement in (Agrawal et al., 2021) but
achieved through a fundamentally different technique and
proof approach.

One major difference between our algorithm and those from
current literature of RLSVTI in tabular setup is that, the al-
gorithms in (Russo, 2019; Agrawal et al., 2021) require
storing the historical trajectories from the very beginning
while our algorithm only stores the trajectories from the
last episode for the finite-horizon case or the last pseudo-
episode (defined in Section 4) for the infinite-horizon case.
This is because for concurrent setup, the computational cost
of storing all historical data scales at least linear in K H N
for finite horizon and T'NN for infintie horizon, which is
infeasible for problems of practical scale.

In both cases, the regret dependence on the total number
of samples is optimal, signaling well-coordinated informa-
tion sharing among the agents.To our best knowledge, this
work presents the first theoretical analysis of a model-free
concurrent RL algorithm with aggregated states.

Besides theoretical contributions, our analysis also sheds
light on the empirical role of discount factor in RL. In prac-
tical applications, a discount factor is usually not subsumed
under the environment definition. Rather than prescribing a
specific learning target that involves a decaying sequence of
rewards, discount factors often simply function as a tuning
parameter of the algorithm that keeps the value updates sta-
ble. In this work, similar as in (Xu et al., 2022), when the
decision horizon is infinite, the discount factor only shows
up in the algorithm and does not appear in the learning tar-
get. The sole purpose of introducing a discount factor is to
decompose the single stream of interactions into “pseudo-
episodes” that facilitate decision-making. Such view aligns
with the authentic role of discount factor in agent design,
and distinguishes this work from earlier RL theory literature
on discounted regret such as (Dong et al., 2019a). While
(Xu et al., 2022) focuses on PSRL, this paper is the first to
extend the same view to a model-free algorithm that enjoys
empirical successes.

Related Work Multi-agent Reinforcement Learning
(MARL) has been widely studied to address problems in
a variety of applications like robotics, telecommunications
and e-commerce (Busoniu et al., 2010). Scenarios of MARL
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include fully cooperative (Abed-alguni et al., 2015; Zhang
et al., 2010), fully competitive (Bansal et al., 2017; Wang &
Klabjan, 2018) and other more general settings (Ryu et al.,
2021; Lowe et al., 2017). Under these settings, a group
of agents share and interact with a common random envi-
ronment (Shoham & Leyton-Brown, 2008; Vlassis, 2022;
Weiss, 1999). There are certain challenges of multi-agent
systems as pointed out by (Zhang et al., 2021). For example,
the agents may have non-unique learning goals (Shoham
et al., 2003). Besides, the concurrent learning structure of
MARL problem can cause the environment faced by each
individual to be non-stationary. Particularly in some set-
tings, the action taken by one agent affects the reward of
other opponent agents and the evolution of the state (Zhang
et al., 2021). Furthermore, to handle non-stationarity of
the problems, the agents may need to form the joint action
space, and the dimension the action spaces can increase
exponentially with the number of agents (Kulkarni & Tai,
2010).

We study the MARL problem under a concurrent learning
framework involving homogeneous agents with a common
learning goal. The agents interact with the unknown envi-
ronment independently in parallel, and draw actions from
a commonly shared action space. They communicate and
share information according to some strategically devised
schedule. All the agents share the same reward functions ac-
cording to the states and actions they take. This is different
from the Markov game setup (Szepesvari & Littman, 1999;
Littman, 2001) where the reward is influenced by the joint
action of all the agents in the system.

We apply concurrent learning (Min et al., 2023; Dubey
& Pentland, 2021) concept with the Randomized Least-
Squares Value Iteration (RLSVI) learning framework with
aggregated state representations (Dong et al., 2019b;
Van Roy, 2006). On the one hand, RLSVTI leverages random
perturbations to approximate the posterior, applying frequen-
tist regret analysis in the tabular MDP setting (Osband et al.,
2016), inspiring works that focus on theoretical analyses to
improve worst-case regret in tabular MDPs (Russo, 2019;
Agrawal et al., 2021) and linear settings (Zanette et al., 2020;
Ishfaq et al., 2023; Dann et al., 2021). On the other hand,
while a large body of literature is established on tabular rep-
resentations (Agarwal et al., 2020; Azar et al., 2011; Auer
et al., 2008; Jiang et al., 2017; Jin et al., 2018; Osband et al.,
2013;2016; Strehl & Littman, 2008), aggregated state repre-
sentation offers an approach to reduce statistical complexity
given the fact that the data requirement and learning time
scales with the number of state-action pairs in tabular repre-
sentations. In this paper, we present a concurrent version of
the randomized least-squared value iteration algorithm with
aggregated states in finite-horizon and infinite-horizon set-
tings, and we provide their corresponding worst-case regret
bounds and numerical performances.

As an outline of the rest of the paper, in Section 2, we
define the finite-horizon case and introduce a concurrent
learning framework with aggregated states. In Section 3, we
summarize the finite-horizon concurrent RLSVI algorithm
in Algorithm 3 and provide its worst-case regret bound in
Theorem 2. Section 4 focuses on the infinite-horizon con-
current learning framework with aggregated states, with the
infinite-horizon concurrent RLSVI algorithm summarized
in Algorithm 4. The corresponding worst-case regret bound
is provided in Theorem 7 of Section 5. Numerical results of
both algorithms are reported in Section 6. We also include
Table 1 in Appendix A comparing our approach with prior
work.

2. Finite-Horizon Concurent Learning

In this section, we consider a finite-horizon Markov De-
cision Process MDP) M = (H,S, A, P,R). There are
N agents interacting with the same environment across K
episodes. Each episode contains H periods. For episode
k € [K], period h € [H], and agent p € [N], we use
s}, , to denote the state that the agent resides in, a, ,, the
action that the agent takes, and 77 , = r(s}, ,,,ay ;) the
reward that it receives, where r : S x A — [0,1] is
a deterministic reward function. Let the information set
Hi = {(8h» @4 > Thp) + I € [H]} be the trajectory dur-
ing episode k for all the agents. The transition kernel P
is defined as P, 5 ,(s') =P (shﬂ = s"ah =a,s, = s) .
The expected reward that an agent receives in state s when it
follows policy 7 at step h is represented by Ry, s x(s) =
E [Y,camn(als)-r(s,a)]. We assume that all agents
start from a deterministic initial state s; = {s}},¢n) with
51,;’1 = s, Vk, p. In this work we consider deterministic
rewards, which can be viewed as mappings from S to A,
but all our results apply to the environments with bounded
rewards without change. We say that agent p € [N] follows
policy  if for all b € [H], a}, = 7, (s}). We use V;© € RS
to denote the value function associated with policy 7 in
period h € [H], such that

H
Vir(s) =E ZRLS;'JU(SJ) Sh =981,
j=h

where the expectation is taken over all possible transitions,
and we set V7 (s) = 0 for all s € S. The optimal value
function is denoted as V;*(s) = max.en V7 (s), which is
the value function associated with the optimal policy. For
all s € S, h € [H], and policy 7, the value function is the
unique solution to the Bellman equations

Vhﬂ(s) = Rh’s’ﬂ(s) + Z Ps,h,ﬂ'(s) (Sl)szr—i-l(S/)'
sES
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When 7 is the optimal policy 7*, there should be V;™" (s) =
Vi¥(s), and we have

Vi (s) = Ry s mv(s) + Z Py hre(5) (8" Vi (87)-
s€S

For each policy 7, we also define the state-action value func-
tion of Q-function of state-action pair (s, a) as the expected
return when agent takes action a at state s, and then follows
policy 7, so that

H
QZ(Sa a) = Rh,s,a+E Z Rj,sj,ﬂ'j(sj) Shp = S8,ap = Qa
Jj=h

Correspondingly, we define
QZ(S, CL) = Rh,s,a + th};k_i,.l(sa a)7

where we use the notation P,V (s,a) = Eypsa[V(s)].
Thus by definition Q7 (s, @) is the maximum realizable ex-
pected return when the agent starts from state s and takes
action ¢ at period h. From the optimality of V*, we have

Vir(s) = meaj(Q}’;(s,a), Vh e [H],s €S.

Furthermore, under the assumption that the reward is
bounded between 0 and 1, we have

0<V] <Vy<H, VYhe[H|,mell

Regret under Finite Horizon Case The goal of an RL al-
gorithm is for the agents to learn a good policy through con-
secutively interacting with the random environment, without
prior knowledge about the transition probability P and the
reward R. Formally, given m = {m*"};.c(x) pe(ny» With
each agent p € [N] taking policy 7*? during each episode
k € [K], the cumulative expected regret incurred over K
periods and NV agents is defined as

N K
Regret(M, K, H,N, ) = Z ZVl*(sf) — Viern (8Y).

p=1 k=1
(1)

3

Empirical Estimation We examine two types of empiri-
cal estimation methods below. The first method stores data
from a single episode only, meaning the empirical counts
used by the agents to evaluate policies are derived from just
one episode. We take this limitation into account because,
as the number of agents N increases, storing all historical
data becomes practically infeasible. For the second method,
we store all historical data; specifically, at each episode k&,
the buffer retains data from all episodes prior to k. This
results in a space complexity of O(KX HN).

For the first empirical estimation method, define ny (s, a)
to be the number of times action a has been sampled in state
s, period h during episode k by all the agents p € [N]:

ngn(s,a) = ﬁ: 1 {(si,h,ai’h) = (s,a)} :

p=1

Define the empirical mean reward for period h during
episode k by

N
B szl 1 {(Si_w ai—l,h) = (s, a)} 7"2-1,11
hos,a Ni—1,n(s,a) 7
(2)

and Vs’ € S, define the empirical transition probabilities
for period h during episode k as

Pk
Ph,s,a(sl)
N
Zp:1 1 {(ngl,hvaifl,m SZ—l,h+1) = (s,a, 5/)}

nk—l,h(57a)

3

If (h, s, a) is never sampled during episode k — 1, we set
Rf,,=0€Rand P}, =0 € R® Note that R* and

P* are computed from the trajectory from episode k£ — 1.

The second method stores all historical data up to the current
episode, with the reward and transition probability estima-
tions defined as:

k—1 N
S S () = (s a) b,
Zfz_ol ni,h(sa Cl)

Rk,full

h,s,a ’

k—1 N
Zi:o Zp:l 1 {(Sf,h»azh752h+1) = (s,a,s’)}
Yo nin(s,a) '

2.1. Aggregated-state Representations

Many RL algorithms aim to estimate the value of each state-
action pair (e.g. under a tabular representation), but this
can be infeasible in some setup where SA is large, since
both the required sample size and computational cost will
scale up at least linearly in S A. One alternative approach
is to consider aggregated-state representations (Dong et al.,
2019b; Wen & Van Roy, 2017; Jiang et al., 2017), which
reduces complexity and can accelerate learning by focusing
on aggregated state-action pairs. This method partitions the
space of state-action pairs into I" blocks, each block can
be viewed as an aggregate state, so that the value function
representation only needs to maintain one value estimate per
aggregated state. Formally, let ® be the set of all aggregated
states, and let ¢, : S x A — ® be the mapping from state-
action pairs to aggregated states at period h. Without loss
of generality, we let ® = [']. We define the aggregated
representation as follows:
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Definition 1. We say that {¢y, }1_, is an e-error aggregated
state-representation (or e-error aggregation) of an MDP,
if for all s,s' € S, a,a’ € Aand h € [H]| such that
on(s,a) = ¢p(s’',a’), we have

‘QZ(S,CE) - QZ(S/,G/” S €.

When e = 0 in Definition 1, we say that the aggregation
is sufficient, and one can guarantee that an algorithm finds
the optimal policy as K — oo. When € > 0, there exists
an MDP such that no RL algorithm with aggregated state
representation can find the optimal policy (Van Roy, 2006).
In this case, the best we can do is to approximate the optimal
policy with the suboptimality bounded by a function of e.

3. Finite-horizon Algorithm and Regret Bound

The concurrent RLSVI algorithms for the finite-horizon case
are Algorithm 1 and Algorithm 3.

Tradeoff: Regret Reduction vs. Sample Complexity Al-
gorithm 1 and Algorithm 3 reflect a trade-off between re-
ducing the worst-case regret and the consideration for the
sample complexity in practice. Algorithm 1 stores all his-
torical data, while Algorithm 3 retains only the data from
the previous episode. Although Algorithm 1 achieves lower
regret due to its larger data storage, it becomes impractical
when N is large. Therefore, for practical reasons, we use
Algorithm 3 in our numerical experiments. We first describe
Algorithm 3, with Algorithm 1 following a similar structure,
differing only in the buffer size (i.e. the amount of data
stored for policy evaluation).

We initialize the all the aggregated state values as H, i.e.
Qi(’y) = H for all h € [H]. At the beginning of each
episode, all the agents restart at initial states s; = {s’lj }, with
agent p starting from state s}. During pre-round (episode
0), each agent randomly samples their initial trajectory
{80,1:00.0: 70,15+ -+ 50,11 0 11+ 7011 Fpe1- With 0y = s7.

During each episode k € [K], each agent samples a ran-
dom vector with independent components w*? € R754,
where w*?(h, s,a) ~ N(0,0%(h, s,a)) and ok (h, s,a) =

Bk . .
N o ED where (5 is a tuning parameter,

Ni—1,n(¢n(s,a)) is the total number of times that aggre-
gated state ¢y, (s, a) is reached at period h across all agents
during episode k — 1. Given w*?, we construct a randomized
perturbation of the empirical MDP for agent p as

M = (H,S, A, P* RF + wh?), “

where the empirical distributions RF, P¥ are computed as
in (2) and (3). During each episode k € [K], the data set
bi ;, contains perturbation of samples from episode k£ — 1
for time period h used by agent p.

Each agent computes the values for aggregated states us-
ing a backward approximation, where during episode k,
the uncapped value of aggregated state  during period h
computed by agent p is

AP
k,h(V) . ~
= arg min ﬁ(Q|Q1€,h+1v DZh,’ ANy 1 1 (7)) gNk—l,h('Y))

€R B
+HQ - OéNkfl,h("/)QZh”%’

where £, _, , () is defined as (7) for n = Ny n(7), and
we set terminal values as Qi a1(7) = 0, and the reg-

ularization noise th € R%*4 is an independently sam-
pled random vector, such that for each (s,a) € S x A,

M (s,a) ~ N (0, W) By is a tuning param-
eter, and

E(Q | CQhext, D, 5)
= Z(s,a,r,s/)eD{Q - g - (1 - OZ)Qk,Lh((ZSh(S, a))
—a(r + maxg e 4 Qnex(s', a')) }.
5

Here the regularized loss function defined in (5) is such
that Q(y) as the computed value of aggregated state v =
on (s, a) for some pair (s, a) approximates

(1_aNk—1,h('Y))Qkflah—’_aNk—l,h('Y) (T+(rlr,lgﬁ Qnext(s/; al))'

And since ay, _, ,(y) = m as defined in Theo-
rem 2, we see that when Nj_q p,(7y) increases, the algorithm
puts more weight on the value learned from the previous
episode. At the end of episode k, after each agent inter-
acts with the environment, the algorithm takes a weighted
average of the values learned by each agent p € [N], by

taking

. 1 N

Qr,n(7) = Nea(r) 1,2::1 H{on(sy poapp) = W}Qi,h,(v)
(6)

for each v € T', where Ny, 5,(y) is the total number of times
that aggregated state -y appears during episode k period h.

Given tuning parameter 5 = {8 }xen, we denote Algo-
rithm 3 by RLSVIg. While Algorithm 3 is based on the
RLSVTI algorithm of (Russo, 2019), there are some notable
differences. The algorithm of (Russo, 2019) is with single-
agent, and at each time period h during episode k, the agent
needs to keep all the trajectory prior to episode %k, which
can be infeasible for multiple agents, because the space
can grow very fast. In our algorithm, we only keep the
historical data of the last episode, to make the algorithm
computationally feasible. This leverages the fact that with
N agents interacting with the random environment, the
information within one single episode is already rich. Al-
gorithm 3 is also related to the aggregated-state algorithm
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proposed by (Dong et al., 2019b), where the authors ap-
ply the aggregated-state idea to an optimisitic variant of
Q-learning on a fixed-horizon episodic Markov decision
process based on the previous UCB-type result by (Jin et al.,
2020). Our work incorporates this idea in the concurrent
randomized least square value iteration.

Algorithm 1 follows a similar structure, with Ny, ,(¢1(s, @)
redefined as the total number of times the aggregated state
®r(s,a) is visited at period h across all agents up to and
including episode k. We denote it by RLSVIZ** to indicate
that Algorithm 1 uses the full history up to the current
episode.

With the employment of aggregated state and the modified
loss function for the learning process, the result highlights

(#) The
VN )*

concurrent learning algorithm for the finite-horizon case is
Algorithm 3. The worst-case regret bound for Algorithm 3

is provided in the next section.

that the per-agent regret decreases at a rate of ©

3.1. Worst-case Regret Bound

Let M be the set of MDPs with episode number K, horizon
H, state space size S, action space size A, transition prob-
abilities P, and rewards R bounded in [0, 1]. Let N be the
number of agents interacting in the same environment. We
use M = (K, H,S, A, P, R) to denote an MDP in M.

Suppose {¢n }re(m) is an e-error aggregation (defined as in
Definition 1) of the underlying MDP. For a tuning parameter

sequences ﬁ = {Bn}neNva = {an}nENag = {fn}’nEN

where 3, = $H3log(2HI'n), a,, = l—s%n’ and

20, H/1og(2K HN/5)

S =et /max{n, 1} e

20,/ Br—110g(2KHN/0)
V/(n+ 1) max{n, 1}

We now provide our main results for the finite-horizon case.
As explained, Algorithm 1 stores all historical data, while
Algorithm 3 retains only the previous episode, making it
straightforward that Algorithm 1 has a space complexity of
O(K HN), while Algorithm 3 has a space complexity of
O(HN), and their worst-case regret bounds are

Theorem 2. Algorithm I has a worst-case regret bound

sup Regret(M, K, N,m, RLSVIS'%)
MeM o ®)
< O(eVKHN + H’TVEN).

Algorithm 3 has a worst-case regret bound
sup Regret(M, K, N, m, RLSVIg o)

MeMm )
< O(eKHN + KH**TVN),

where 5() hides the dependence on logarithmic factors.

Since the only difference between the algorithms is the
amount of data stored, and their structures are identical, we
only prove (9), with (8) following immediately by reducing
a factor of v/K from the regret bound in (9). We omit the
redundant proof for Algorithm 1 and defer the proof for (9)
to Appendix C.

Comparison with worst-case regret bounds from (Russo,
2019; Agrawal et al., 2021) A worst-case regret bound
of O(H®S3/2/AK) was obtained in (Russo, 2019)
for a single-agent version of RLSVI algorithm. This
bound was improved later by (Agrawal et al., 2021) to
O(H%/2S\/AK). For the single-agent case with N =
1, Algorithm 1 results in a worst-case regret bound of
O(V/K H°/?T'), which translates into O(H>T'v/T'). So our
bound matches that of (Agrawal et al., 2021)if ' =5 x A
and S ~ /T. Algorithm 3 implies a worst-case regret
bound of O(K H?/2T"). Here an extra v/K compared to that
of (Agrawal et al., 2021; Russo, 2019) comes from the fact
we only keep the trajectories of the agents from the previous
episode rather than all the episodes up to the current period
as in (Russo, 2019; Agrawal et al., 2021) to reduce space
complexity. The extra e term for both algorithms comes
from model misspecification of state-aggregation formula-
tion, which is similar to the result in (Dong et al., 2019b).

At each time period h, each agent gets NV samples of tuples
(s,a,r,s"), and they share information by the aggregation of
information through the computation of a weighted @)-value
(6) at the end of each episode. With this trick, though agents
learn their own policies concurrently in parallel within each
episode, we are able to obtain a sub-linear worst-case regret
bound of O(v/N) with respect to the number of agents.

4. Infinite-horizon Concurrent Learning

We now turn to the infinite-horizon case. Consider an un-
known fixed environment as M = (T, A, S, P,r, N), with
N agents interacting in M. Here A = [A4] is the action
space, S = [5] is the state space, P(s’ | s,a) is the transi-
tion probability from s € S to s’ € S given action a € A.
After agent p selects action al at state s, the agent observes
s¢,1 and receives a fixed reward 77, ; = (s}, a}) where
r € [0,1]. A stochastic policy 7 can be represented by a
probability mass function 7 (-|s;) that an agent assigns to
actions in .4 given situation state s;. For a policy 7, we
denote the average reward starting at state s as

Ax(s) = liminf E
—00

1 T-—1
= rt+1‘51 - S] . (10
t=0

For any state s € S, denote the optimal average reward as
A« (8) = sup, Az (s). We consider weakly-communicating
MDP, which is defined as follows:
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Definition 3 (Weakly-communicating MDP). A MDP is
weakly communicating if there exists a closed subset of
states, where each state within is reachable from any other
state within that set under some deterministic stationary
reward. And there exists a transient subset of states (possibly
empty) under every policy.

For any 5,5’ € Sand a € A, denote P, , v = P(s|s,a).
For each policy 7 define transition probabilities under 7
as Py = Y ,cam(als)Psq,s, and reward as v, =

ZaeA 7T(CL|S)7’(S, a)'

Pseudo-episodes We extend our concurrent learning
framework for the finite-horizon case to the infinite-horizon
case by incorporating the idea of pseudo-episodes from
(Xu et al., 2022). Suppose time step ¢ is the beginning
of a pseudo-episode when we sample a random variable
H ~ Geometric(1l — n), where Geometric(1 — n) is geo-
metric distribution with parameter 1 — 7). In the numerical
experiment (section 6), we set n = 0.99. The agents com-
pute new policies respectively according to the collected
trajectories from last pseudo-episode, and sample their own
MDPs respectively at time steps ¢+ 1,...,t+ H — 1. Now
the beginning of the next pseudo-episode is set as ¢t + H.
We use Hy, 1, = Uévzl Ufitl {s?,a¥ rP} to denote the tra-
jectories of all agents from time step ¢; to time step to.
For policy 7, denote the n-discounted value function as
V1 € RS, then we have
M] |

H-1 oo
> Plrg M] —E [Z n" Pl
h=0 h=0
(1D

where the expectation is taken over the random episode
length H. A policy is said to be optimal if V) = sup,., V..
For an optimal policy, we also write V!(s) = V/I(s) as
the optimal value. Note that V7 € R® satisfies the Bell-
man equation V7 = r, + nP, V. For any (s, a), define
Q" (s,a) =r(s,a) +nPV(s), where we use the notation
that P,V (s) = Es/wp, ., [V (s")]. Correspondingly, define

V7:7 = EH

Q1(s,a) =r(s,a) +nPV](s").

By definition, we have V. (s) = max,c4 Q¥ (s, a).

Discounted Regret To analyze the algorithm over 7" time
steps, consider K = arg max{k : t;, < T} as the number
of pesudo-episodes until time 7". We use the convention that
tx+1 = T+1. Given a discount factor ) € [0, 1), define the
n-discounted regret up to time 7" as Regret, (M, T, ) =

Zszl Ay, where Ay is the total regret of all N agents over
pseudo-episode k: Ay = ZZJ,V:1 Vil (sh1) = Vi (sh1)s
where V! = Vf* , policy 7*P is computed from the trajec-
tory H¢, —1,,—1 from pseudo-episode k — 1 by agent p,
and ai) ~ Wkp(' | Sf)vsf+1 ~ P('|Sf7a?)’rtp = r(sf,af)

for t € Ey, and Ej, denotes the time steps within pseudo-
episode k. So the discounted regret is a random variable
depending on the algorithm’s random sampling, and the
random lengths of the pseudo-episodes, and as a result,

N Hy

> D (P
p=1h=0

N oo
>

p=1h=0

Ak = IEHk

— Pﬂ.kaﬂ.kp) | M]

=E

nh(PT}rﬁrﬂ* — PoipTrin) | M] .

Regret The optimal average reward A, is state-
independent under a weakly-communicating MDP. The
agent p selects a policy 7*P and executes it within the k"
pseudo-episode. The cumulative expected regret incurred
by the collection of policies 7 = {m*7},.c(x) pen) Over T
time steps and across /N agents with the fixed environment
M is

K

> AM

k=1

Regret(M, T, N, 7) := Ex . (12)

where the expectation is taken over the random seeds used
by the randomized algorithm, conditioning on the true MDP
M. In the following, we denote (s}, ;,,aj .7} 5,) as the
state, action and reward for agent p during pseudo-episode
k and period h.

Empirical Estimation We let nx (s, a) be the total num-
ber of times that (s, a)-pair appears during the k" pseudo-
episode, such that

N tky+1—1

ny(s,a) = Z Z 1 {(Sfaai)) = (s,a)}.

p=1 t=ty

Then Vs’, the empirical estimate P (s/ | s, a) of the transition
probability for pseudo-episode k is

P, (s’|s,a)
_ Z;V:l ZtGEk_l 1 {(Si)a af7 5{;—5—1) = (S?aa 51)}

ng—1(s,a)

13)
The empirical estimate of the corresponding reward is
Rk(sa a)
N
Yo H(sta) = (s,0)} Xoyep, (st af)

ng—1(s,a)

(14)
For the second empirical estimation method, we utilize the
full historical data, and similar to the finite-horizon case, the
empirical estimates for transition probability and reward are

p}guu (5’|s,a)
k=1 N
_ Dm0 2op—1 2ater, 1 {(s7,a7,s71) = (s,a,8')}
Yo mils, a)
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Ri (5, a)

Aggregated States We extend the aggregated states in the
finite-horizon case to the infinite horizon case. Let ® be
the set of all aggregated states, and let ¢ : S x A — &
be the mapping from state-action pairs to aggregated states.
We let & = [[']. The aggregated representation for the
infinite-horizon case is defined as follows:

Definition 4. We say that ¢ is an e-error aggregated state-
representation (or e-error aggregation) of an MDP, if for all
s,8" €8, a,a’ € Asuchthat ¢(s,a) = ¢(s',a’), we have

Qi(s,a) = QU(s',d)| < e

We are now ready to present the concurrent learning al-
gorithm for the infinite-horizon case and the theoretical
guarantee, as detailed in the next section.

5. Infinite-Horizon Algorithm and Regret
Bound

The concurrent learning algorithm for the infinite-horizon
MDP is summarized as Algorithm 4. Our result is based on
the following definition of reward averaging time proposed
by (Dong et al., 2022).

Definition 5. The reward averaging time 7, of a policy
is the smallest value T € [0, 00) such thatVT > 0,s € S,

Er [ZtT:_Ol Tt+1‘80 = 8} —T~/\7r(s)‘ <T

Typically the regret bounds established in the literature re-
quires assessing an optimal policy within bounded time.
Examples include episode duration (Osband et al., 2013; Jin
et al., 2018), diameter (Auer et al., 2008), or span (Bartlett
& Tewari, 2012). Policies that require intractably large
amount of time are infeasible in practice. So we impose the
following assumption:

Assumption 6. For any weakly communicating MDP M
with state space S and action space A, 3T < oo such that
Te < T.

When 7* is an optimal policy for M, 7, := 7.« is equiva-
lent to the notion of span in (Bartlett & Tewari, 2012). Let
M be the set of infinite-horizon weakly-communicating
MDPs with state space size .S, action space size A, rewards
bounded in [0, 1] that satisfy Assumption 6. Let N be the
number of agents interacting in the same environment. Re-
call that 7 is given by Assumption 6.

Suppose {¢} is an e-error aggregation (defined as in
Definition 4) of the underlying MDP. For a tuning pa-

rameter sequences 3 = {Bn}nen, = {an}tnen,§ =
{&:}nen, where for k as the index of pseudo-episode,

Br = %7’3 log(27Tk), a,, = ﬁ and

B 2a,1/10g(2T N/9)
o =t (1 —mn)y/max{n,1}
20,/ Br—110g(2T'N/6)
V/(n+ 1) max{n, 1}
Theorem 7 (Infinite-horizon Worst-case Regret Bound).
Algorithm 2 has a worst-case regret bound

15)

sup e v Regret (M, T, N, RLSVIf' )

~ . 16

< O(evTN + 73/?TVTN). (16)
Algorithm 4 has a worst-case regret bound

sup e Regret(M, T, N,RLSVIg o) (17)

< O(eTN + m3/2TTV/N).

Note that the bound in (17) matches that of the finite-
horizion case (9) by noting that 7' = K H for the finite-
horizon case. And 73/2 corresponds to the H3/2 factor in
the finite-horizon case bound by noting that taking 7 = H
makes the condition holds in Definition 5 in the finite-
horizon case with 7' = K H. Similar to the finite-horizon
case, (16) follows directly from (17) with a VT reduction,
as Algorithm 2 utilizes the full history, whereas Algorithm
4 retains only the last pseudo-episode. The intuition and
worst-case regret comparison follow the discussion after
Theorem 2.

6. Numerical Experiments

We present numerical results for both finite-horizon and
infinite-horizon cases in Figure 1. For the finite-horizon
case (S, A, K, H) or the infinite-horizon case (S, A,T),
the transition probabilities are drawn from a Dirichlet
distribution, and rewards, fixed as deterministic, are uni-
formly distributed on [0, 1], forming inherent features of
the MDP class. The finite-horizon case settings are (i)
K =20,H = 30,8 = 5,A =5; (ii)) K = 25,H =
40,5 = 10,A = 10; (i) K = 30,H = 50,5 =
20, A = 20. The infinite-horizon case settings are with
T =300and (i) S = 5,4 = 5; (i) S = 20, A = 20; (iii)
S = 30, A = 30, where n = 0.99 in the pseudo-episode
sampling. Under each setting, we compare the results for
N = 1,3,5,7,10, 15,20, 30, 40, 50, with ¢ = 0. We set
n = 0.99.

For each agent number N in the finite-horizon setting, we
sample 500 MDPs from the defined class. For each sam-
pled MDP, we compute the cumulative regret over time and
then identify the maximum regret across all 500 instances,
representing the worst-case regret in our analysis.

For the infinite-horizon setting, we estimate regret by av-
eraging over 50 geometric segmentations of [T] per MDP,
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consistent with the definition of infinite-horizon regret based
on pseudo-episodes in (12). The worst-case regret is then

obtained by taking the maximum across 500 sampled MDPs.

Figure 1 illustrates a 1/ VN decreasing trend in per-agent
regret for both settings, consistent with our theoretical
predictions. The replication code is available at https:
//github.com/yz2/rlsvi_code.

Finite-Horizon Per-Agent Regret

—— 5=5, A=5,K=20, H=30
5=10, A=10, K=25, H=40

—— 5=20, A=20, K=30, H=50

+++ 15000 / sqrt(N)

-+ 35000 / sqrt(N)

50000 -

-+ 55000 / sqrt(N)

40000 4

30000

Regret

20000

10000

Number of Agents (N)

Infinite-Horizon Per-Agent Regret

20000 + T —— 5=5, A=5, T=300
5=20, A=20, T=300
—— $=30, A=30, T=300
17500 7 - 5000 / sqrt(N)
++ 10000 / sqrt(N)
15000 1 A <+ 20000 / sqrt(N)

12500

10000

Regret

7500 -

5000 -

2500

Number of Agents (N)

Figure 1. Per-agent regret vs number of agents for finite-horizon
(top panel) and infinite-horizon (bottom panel) settings. The solid
curves represent the per-agent worst-case regret computed from
500 random environments. The dashed ones are the reference
curves of constant//N fitting the ©(1/+/N) trend as we show
in our theoretical results.
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A. Comparison Table: Existing Work vs. Our Approach

Table 1. Comparison of regret bounds for various RLSVI/LSVI algorithms

Agent  Setup Algorithm Regret Bound  Regret-Type Data Stored Numerical
Single  Tabular RLSVI (Russo, 2019) O(H?S*/?\/AK ) Worst-case All-history N/A
Single = Tabular RLSVI (Agrawal et al., 2021) O(H 528V AK ) Worst-case All-history N/A

Multi ~ Tabular Concurrent RLSVI (Taiga et al., 2022) N/A Bayes All-history Synthetic
Multi Linear Functional Concurrent LSVI (Desai et al., 2018)  O(H?Vd3KN) Worst-case All-history N/A

Approximation ’
Multi klnear Functional Concurrent LSVI (Min et al., 2023) O(HVdKN)  Worst-case All-history N/A
pproximation
Multi  Tabular Concurrent RLSVI (ours-1) (H 5/ 21“\/ KN ) Worst-case All-history N/A
Multi  Tabular Concurrent RLSVI (ours-2) O(H SI2PKVN ) Worst-case One episode  Synthetic

We outline several key observations for Table 1 below:

* The methods marked as “N/A" in the “numerical" column store all agents’ trajectories at every step, making them
computationally infeasible as N grows large. These approaches (including our first finite-horizon algorithm, second-to-
last row in the table) provide only theoretical analyses without numerical results.

* Although Taiga et al. (2022) stores all data empirically, their RLSVI algorithm assumes a known parametric feature
matrix, making it simpler to implement than ours. Also they evaluate only Bayes regret—Iless stringent than our
worst-case regret—and provide empirical results exclusively on synthetic data without theoretical guarantees.

* The last row corresponds to storing only the latest episode data, increasing the regret bound by a factor of v/ K but
reduces space complexity by a factor of K, making it computationally feasible.
B. Algorithms

Algorithm 1 and Algorithm 3 are finite-horizon algorithms, where the former stores all historical data, and the latter only
keeps one episode in the buffer. Algorithm 2 and Algorithm 4 are infinite-horizon algorithms, where the former stores all
historical data and the latter only keeps one pseudo-episode.
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Algorithm 1 Concurent RLSVI: Finite-Horizon Storing All Historical Data

Data: K, H, S, A, N, s, {¢n}L ,, Tuning parameters {8 }ren
Define constants oy, < 1/(1 +¢),t =1,2,...
/+ Define squared temporal difference error =/
L(Q | Qk—1,n @next, D, §, ) = Z(s«w',s/)eD(Q — &= (1 = a)Qk—1,n(¢n(s;a)) — a(r + maxyea Qnex (s’ a,)))2
Initialize:
on(7) = H,Vh € [H], v € [[],p € [N]
Each agent randomly samples the initial trajectory {s, ,,ag 1,70 1, - >80 11> @0 g 7o b 1> With 8§ | = o7

N
NO,h(’Y) = Zl 1{¢h(sg,ha a&h) = 7}’ V’)’ S [F]a h € [H]
p:

compute Qo,h by (6)
for episode k = 1,2, ... do
/+*Each agent rollouts in the evironmentsx/

forp=1,...,Ndo
/+xExecuted in parallelx*/
for period h =1,..., H do
aypj, < argmax,e 4 Q5 _y 5, (on(sy , a))
observe reward 7, and next state s, ;.
p p D D
Dy, = D U{(S) 1 @ > T Skopr1) )

end
end

/+*Visitation of aggregated-states=*/

New(y) < S0 S0l 1{on(sy,ab,) =}y € [T, h € [H)

/+*Construct perturbed data sets and sample regularization noise Q*/
forp € [N]and h € [H] do
/*Executed in parallelx/

For any (s,a) € S x A, sample array

) B
Qun(s,a) ~ N (07 WM)’
/* Draw prior sample x/
Dy < {}
for (s,a,r,s') € DF do
Sample u)p(S7 a) ~ N (0, m)
D;;c)h A Dzh U {(Sa a,r + ,wp7 S/)}

end

end

/+Estimate Q on perturbed datax/
forp=1,...,Ndo

/*Executed in parallelx/

Define terminal value Qﬁ a(y) < H ¥y e[l

for period h = H,...,1do
Q’é,h(v) <~ argminQeR L(Q|Qk—1,n; Qﬁ,h+p Dih,f,a) + 1@ — OéNk-—l,h('Y)QZh
en(7) < min{Qy ,, (v), H}, ¥y € [T

5, vy e [T

end
D D
Sk 51

end
Update Q.1 (7), Vv € [[] by (6)

end
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Algorithm 2 Concurent RLSVTI: Infinite-Horizon Storing All Historical Data

Data: Discount factor 7, to = 1,t =1,k =0, X; =0, S, A, N, T, ¢, tuning parameters {5 } xen.&,1
Initialize N, (7) < 0,Vy € [[],k € [K]; Qo(7) < 0, Vv € [T
Define constants oy <— 1/(1+1t),t =1,2,...
/ * Define squared temporal difference errorA*/
E(Q | Q, Qrext, D, &, 1, a) = Z(s,a,r,s’)eD(Q —né — 77(1 - O‘)Q(¢(S’ a)) - 0”7(7“ + maxgca Qnexl(3/7 a/)))Q
Sample Hy ~ Geometric(1 — n), set Hy <— min{Hy, T + 1 — ¢}
Each agent randomly samples the initial trajectory {sf ,,ag 1,75 1, - -
k< k+1,t, =1+ Hy
ti <—the start time of pseudo-episode k
while ¢ < T do
Sample H ~ Geometric(1 — 7)
H+ min{H,T+1—t}
tk41 < ti + H (the start time of pseudo-episode k + 1)
/*Each agent rollouts in the environment =*/
forp=1,...,Ndo
/+*Executed in parallelx/
fort =ty,...,ty4+1 — 1do
af « argmax,e 4 Q7 (¢(s%, a))
observe reward r} and next state s
Dy < DU {(51{)’ afv Tf’ 3?—}-1)}

p P p N PR S
-vso,Hvao,HvTo,H}p:h with 5o ; = 57

end
/ * Vlsltatlon of aggregated-states */

N1 () + S0 S0  1{b(s8, af) =~} Wy € [T

end

/* Construct perturbed datasets and sample regularization noise Q */
fOl‘p € [N] andt =Tk, .y bkt —1do
/* Executed in parallel x/
~ BNy, _1(¢(s,0))
Sample array Qf(s, a) ~ N0, 7= ana1): V(s:a)
/+ Draw prior sample x/
Hy < {}
for (s,a,r,s') € Dy do
/* Randomly perturb data x/
BNy, _1(8(s,0))
Sample w” (s, a) ~ N(0, 7550771
Hy — HE U{(s,a,r +wP,s")}

end

end

/* Estimate ) on perturbed data =/

forp=1,...,Ndo

/* Executed in Parallel =*/

Define terminal value th“( )« 0 Vyell

fort =t511—1,...,1;do
/* Estlmate Q on noisy data */
Qt — argmaneR L(Q] Qk 1;Qt+177{k’5 QN 1(7)) +1Q —naw, 1(7)Qt [E
Qf  min{@f, 15} ¥y € I1)

end
st =s},Vpe[N].
end
N N thot1— P a? r
Quly) = Ze=2 =l G af) =) QF, ! wyer

Ny (v)

t—tpr1, k—k+1
end
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Algorithm 3 Concurent RLSVI: Finite-Horizon (Storing the Data of One Episode)

Data: K, H, S, A, N,s1,{¢n}L |, Tuning parameters {3 }ren
Define constants oy «— 1/(1+¢),t =1,2,...
/+ Define squared temporal difference error =/
‘C(Q | Qk*l,ha Gnext; D, €, a) = Z(s,a,r,s’)GD(Q -§— (1 - O‘)Qkfl’h(¢h(s7 a)) - O‘(r + maXaeA Qnexl(8,7 a,)))Q
Initialize:
on(v) = H,Vh € [H], v € [[],p € [N]
Each agent randomly samples the initial trajectory {s{ 1, ag 1,70 15+ -+ 50 g> a0, 115 gt . with sf = b

No() = 3 1{on(shs0af) = 7). € [T € 1]

compute QQ n by (6)
for episode k = 1,2,...do
/*Each agent rollouts in the evironmentsx/

forp=1,...,Ndo
/+*Executed in parallelx/

for period h =1,..., H do

D AP D
Ay < ATEIMAX ;e g Qkfl,h((bh(sk,h? a))
p P
observe reward Tkoh and next state Skoht1

Dy « Dj U {8k @ ps T Shns)

end
end
/+*Visitation of aggregated-states=*/
N

Nigh(7) < 2 et Hon(sy . af ) =1 ¥y € [T],h € [H]
/*Construct perturbed data sets and sample regularization noise Qx/
forp € [N]and h € [H] do
/*Executed in parallelx/

For any (s,a) € S x A, sample array

AP B

Qin(s,a) ~ N (O, 1+Nk7h(2>h(s,a))>’

/* Draw prior sample x/

Dy, < {}

for (s,a,r,s') € Df do

Sample w?(s,a) ~ N (0, m)

DY, « DY, U{(s,a,r +wP,s')}
end

end

/+Estimate Q on perturbed datax/
forp=1,...,Ndo

/+*Executed in parallelx/

Define terminal value QZ a1(y) < H Yy e[l

for period h = H,...,1do
Qrn(7) < arg mingep £(Q|Qk—1,h, Q1 DY 60) +11Q = any () Q0|
(V) < min{Q} , (v), H}, ¥y € [T]

5. ¥y e [I]

end
D P ok _
Sk € 515 Dy = 0

end
Update Q1 (), Vv € [I'] by (6)

end
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Algorithm 4 Concurent RLSVI: Infinite-Horizon (Storing the Data of One Pseudo-episode)

Data: Discount factor 7, to = 1,t =1,k =0, X; =0, S, A, N, T, ¢, tuning parameters {5 } ken.&,1
Initialize N () < 0,Vy € [T],k € [K]; Qo(v) < 0, Vy € [I]
Define constants oy < 1/(1+1¢),t =1,2,...
/ * Define squared temporal difference errorA*/
E(Q | Q, Qrext, D, &, 1, a) = Z(s,a,r,s’)eD(Q —né — 77(1 - O‘)Q(¢(S’ a)) - 0”7(7“ + maxgca Qnexl(3/7 a/)))Q
Sample Hy ~ Geometric(1 — ), set Hy < min{Hy, T + 1 — ¢t}
Each agent randomly samples the initial trajectory {s 1, ag 1,70 1, - -+ S0 g5 @0 g 70,11 }pet1» With 50 ; = 57

k
ty

—k+1,t,=1+Hy
<the start time of pseudo-episode k

while ¢ < T do

end

Sample H ~ Geometric(1 — 7)
H+ min{H,T+1—1t}
tk41 < tx + H (the start time of pseudo-episode k + 1)
/*Each agent rollouts in the environment =*/
forp=1,...,Ndo
/+*Executed in parallelx/
fort =ty,...,ty+1 — 1do
ay < argmax,c 4 @ (¢(s7,a))
observe reward 7 and next state s
Dy < D U {(Sf’ afv Tf’ 3?—}-1)}
end
/+ Visitation of aggregated-states =/

Ni—a(y) < S0l S 1{o(sh,af) = 4}, Wy € [T

end

/* Construct perturbed datasets and sample regularization noise @ =*/
forp € [N]andt =ty,...,tp41 — 1 do
/+ Executed in parallel =/

~ BNj_1(4(5,a))
Sample array Qf(s, a) ~ N(0, %), V(s,a)
/* Draw prior sample =*/
My {}
for (s,a,r, s") € Dy do
/* Randomly perturb data =/
BNy _ 1 (6(s,a))
Sample w?(s,a) ~ N (0, %)
HY — HY U{(s,a,r +wP,s")}
end

end

/* Estimate @ on perturbed data x/

forp=1,...,Ndo

/+ Executed in Parallel «*/

Define terminal value Qf, , (7) « 0 Vv € [I]

fort =t511—1,...,t; do

/ﬁ Estimate Q on noisy data */ ~
Qf < arg minQeR E(Q | Qkflu Qf+1aHZ7§7n7 aNk,l(’y)) + HQ - naNkfl(’y)Q?H%

Q7 min{QV, 1}, vy € 1]

end

sy, = s,Yp € [N]; Dy, 0.
end
. SN ST 1{6(sP,al) =1} QP (7)
Qk(fy) = e Nk(w)t ko,
VyeTl

t—tpr1, k—k+1
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C. Proofs for the Finite-Horizon Case

In this section, we prove the worst-case regret bound for the finite-horizon case. We use the following notations:

. ”Z (7): the number of visits to aggregate state -y at period h from episodes 0 to k — 1.
* N5 (7): total number of agents who visit aggregate state -y during episode & and period h.

o 7¥P: the greedy policy with respect to QZ 5> 1.6. the policy that the agent p follows to produce the trajectory

P p D p p P
Sk %10 k1 Sk, 1 Y 1 TR

. Vkp »(5): the state value function estimate at period h, induced by Qﬁ »(v) through
V2,(5) = max Q2 (6n(s,0)).

e VP(M,n): the value function corresponding to policy 7 from the initial state s}, where s/ is the initial state of agent p
at the beginning of each episode. For the true MDP M we have V{"(s}) := VP (M, 7).

. Vk’fip (sP) := VP(M ", 7%P): the value function corresponding to MDP M with initial state s” and policy ",

where MDP 3" is defined as 4).

For any v € [I'], we define the following events:

Ni—1,0(7)
E(v) = { N () Z 1{¢h(5fﬁ_17haai—1,h) = 7}{Vh+1($£—1,h) - thh+1(5i—1,h)}
1) (18)
ﬂil%@KHNMq
B Ni—1,1(7) .
1 Ni—1,0(7) _ _ - _ _
g(y) = { ~ Z 1{¢h(5i—1,h>ai—1,h) = ’Y}Qi—1,h(3i—1,hvai—1,h)
Ni—1n(v) = (19)

<9 V/Br-110g(2KHN/9) }
T Vo () +F DN () )

C.1. Proof of Finite-Horizon Main Result: Theorem 2
Proof of Theorem 2. Following the derivation of (37) and (38) in Lemma 11, we have

Ni—1,0(v) 1

H K H K
Zwe[r] D h=1 2k=1 \/ﬁ =D h=1 k=1 ZVG[I‘} Zj:l g

(20)
K —H K —H
< D k=1 2oh=1 2omer] 2V Nen(7) < 2\/KHF 2kt 2ohet 2amer) Vin(v) = 2KHVIN

and
N K H H K Ni—1.1n(7)
2p=1 2k=1 2h=1 \/ﬁ = D hm1 2okm1 Dayer] 2ogmt K %
H K
<Dt 2ot 2omeqr) 2V Nk—1,0(7)

< 2\/HKF ZhH:l Zszl > very Ve-1.0(7)
=2HKVTN.

Under events E(;,,), G(vhn): Van € [I'], we have
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K N s K N ¢
Regret(M, K, N, 7, RLSVIga,e) = 3 po1 2oper V2T (51) = Vi (87) < 205y 2opmn Vea(st) — Vi, (s7)-

Recall from Lemma 11 that when £(~%, ) and G(~;,,) hold for all »7, € [I'], with probability 1 — 24, we have

N K .
Z Z Vﬁl(sﬁ’) - V:kp (s7)
p=1k=1
< 2eKHN + 8K H>VTN\/log(2K HN/$) + 32H*VKTN \/log(HK N/6)
+2K H%*T'V/N/log(2K HT)\/1og (2K HN/6).

Note that by (18), (19) and the first statement of Lemma 10, we have

P(E(vpn)s G (Vin)s Yions Yk € [K], h € [H],p € [N])
> 1= ke[K] he[H]peN] (P(E(VR)) +P(G(Vin))) (2D
>1-2NKH§/(2KHN) > 1 4.

Hence with probability 1 — 34, we have
Regret(M, K, N, 7,RLSVIg o ¢)

< 2eKHN +8KH>VTN\/log(2KHN/§) + 32H*V KT N+/log(HK N/)
+2K H**TVN\/log(2K HT)\/1og(2K HN/6).

So we obtain (9).

C.2. Lemmas for State-Aggregation Results

Lemma 8 (Concentration Bound). Conditioning on Dy, = Upe[n] > helH] {sh_1 h,ai_1,} as the trajectories of episode

k — 1 across all agents, for every possible (), = én(s}, 1, a? ,) in episode k, event E(~%, ) defined in (18) and event G(~%,)
both hold with probability 1 — 6 /(2K HN).

Proof of Lemma 8. By Hoeffding’s inequality, conditional on the trajectory during episode k£ — 1, with probability 1 —
§/(2KHN), we have

Ni—1,0(Vip,)
2H\/log(2KHN
1 Z /log( /5) 22)

. Vi (st — PV (s <
Nkah(’Yzh) = { i+1( k 1,h+1) h+1( k 1,h)} Nkfl,h(’}/ih)

Additionally, recall from Algorithm 3 that for £ > 2, the random perturbation during episode k£ — 1 is drawn from normal

s o : J J J Br—1 : J J _ AP
distribution @}, (87,1 4, a7._1) ~ N(0, SPTY P a—— h))“)’ and since ¢p(sy,_; 5,51 ;) = Yy in (24),
3J J J Br— : NJ J J
we have Qk_lﬁ(sk_lﬁ7 ak_l’h) ~ N(0, Nk—?,hk('ylgh)"’_l ). Also note that the random perturbations Qk_17h(sk_17h, ak_l,h)

are i.i.d. across j € [N], hence by Hoeffding bound, conditioning on Dy, with probability 1 — § /(2K HN), we have

P
1 N’“‘Zl’m’“")éj (s ;<o Br-1 log(2K HN/5)
—_— S ,CL _ ~ .
Ni—1,0(Vn) P LRATE LR TR L Ni—2n(vpp) + 1\ Ne—1n(vin)

j=1

Thus the result follows. O

Lemma 9 (Optimism). When events (1)) and G(~y;,,) hold for all i, in episode k and for all k € [K],p € [N], the
on-policy error Vlgh(s) — V¥ (s) is lower bounded by zero for any s € S, k € [K], p € [N].
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Proof of Lemma 9. Recall from Algorithm 3 that the unclipped value function estimates Qi ,(+) in episode % can be written
as

_z,h(’Y) = arg minQE]R Z(s,a):¢h(s,a):’y(Q - gNk—l,h(’Y) - (1 - OéNk—l,h(’Y))Qk—l,h(FY)

R . 2
_aNk—l,h(V){r(S? CL) + maXq e A Qzlz,thl(S/’ a/)})Q + HQ - aNk—l,h('Y)szhHQ.
By first-order condition, we have

0 =23 aygnsa= (@Qhr(1) = Enicint) = (1= N, 1)) Qb—1,()
o 7(5,) + misen OF 1))
+2 Z (s,a)EDF :¢pp(s,a) (Qk h( ) O[Nlc—l,h,(’Y)C)Z,h(S7 a))’

so by calculation we have

_i,h(’Y)

1 R
=&Neinm T Ne in(y) Z (1= an, () @r-1,0(7)
o (s,a)€DE:pp (s,a0)="

+aNk—1,h(7)(r(87 a) + (Ilr,lgﬁ Qi,hjtl(s/? al)) + O‘Nk—l,h(“/)Qi,h(‘S? a))

N
= ENk—l,h( ) Nk 1, h Z Z (1 - aqu,h(“/))Qk—lvh(’Y)

p:l (5% —1,1:0% —1,,)EDLp 1 Pn(s,0)=7
p 974 p p
N ) (T(Sh_ 1 @1 ) + Vk,h+1<sk71,h+1)) +ane )@ (Sh—1.1 A 15)

= é-Nk—l,h("/) + (1 - aqu,h(’Y))Qk*l»h(’Y)
N

ANy 1,1 (7) o =
‘*‘7]\[ — h(,y) Z Z (r(sh_ v @o_yn) T Vi1 (581 nan) + Qun (8100 _10)
b P=1(s}_, 1.0k _1 n)EDY p:dn(s,a)=y

= gNk—l,h,("/) + (1 - aNka,h(’Y))Qk*l»h(’Y)

Ni—1,n(7)
AN _1.1(v) (r(s? p Orp P AP (P P
~ T(Sh— 1 U10) Vi no1 (St na1) T Qen(Sh_1ms @_1.))
Ne—11(7) ; k—1,h> Yk—1,1 kh+1\8k—1,h+1 EA\Sk—1,h k—1.n
1 Ni_1,n(7) A
= SN YT p; (I = an 1) @i-1,0(7)

Fan, () TSh 1 @1 ) T Vi1 (St n1) + Q1 n(Sk_1 40 @h_10));

where in the above derivation we used the fact that Z;V:l Hon(sh_ 1 @_1.) =7} = Ne—1,0(7)-

Thus for 4%, = ép(s? ., a? ), with ¢n(sl_, ., al_, ;) =7, in the following, we have
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Qrn Sk arp) — Qh(sh p ap
1 Ni—1,n(Vgn)

= gNk—l,h('Y) + Np_s h(’Y}Z:h) (1- aNk—l,h,(’Y]T:h))(Q‘chfl,h(S‘ljcfl,h’a?cfl,h) - QZ(SZ,hvai,h))
_1, T =

+0‘Nk71,h(w£h)[{7"%71@(5?@71,}1’ aiq,h) + V1371,h+1(5i71,h+1> + Qiq,h(siq,ha agcq,h)}
*
*Qh(si,hv aZ,h)]

Ne—1,0(V53) 4 ' ,
(1- aNk—l,h('Y;Zzh))(Q‘/]Cfl,h(S-I]cfl,h’a?ﬁfl,h) - QZ(si,hvGZ,h))

= §Nk—l,h(W) + P
Nkfl,h('ykh) =1
Nk—l,h('th,)
e O S (5 @) e (5 e) + @ (0 a)
N ) k=1, Sk—1,1n Ok—1,h F—1,h+1Sk—1,h+1 k=1, \Sk—1,h> V1 p
k—1,h\Vkh =1

—Qn(Sh—1 0 @1p)}
Nk—l,h('th,)

Oszth(’th) %/ J j w/p »
4+ Q 81 1,0 _ Q P a
Nk—l,h(’ygh) Z { h( k—1,h> %k 1,h) h( k.h kh)}

Jj=1

>—€
1 Ni_1,n(V8,) » ' ‘ _ '
> =€+ &Ny T N P Z (1- aNk—l,h(’Y;fh))(Qi—l,h(Si'—l,h’agv—l,h - Q;(Si—l,hv ai-—m))
k—1,n(Vkn) i=1

Nie—1,1 (%)

O[Nk_l’h(,pr) . . . ~ - . -~ . .

TN ( 1];}) Z U n S @) Vi i) Qe (k1 @10

k—1,hVkn = ‘ _
—Qn(Sh—1n @1 )}

(23)

where we use the definition of e-error aggregation as in Definition 1 in the last inequality above, and the right hand side of

(23) is equal to

Ne—1,n(V53)

(1—()4N_1’(p)) - . . N . .
RHS of (23) =@) —€+ gNk—l,h(’Y) + Nki h)(hy;kh Z (Q?cfl,h(sfc—l,}w a’;cfl,h) - Qh(siq,h,aiq,h))

Ni—1.n(78,)

O‘Nk,l h(’YlZZh) ~ . .
kR Z Q) _ (st _ysan_1 )
Ne—14(1%) k=1, \Sk—1,n> Q1,1

j=1

i=1
Nk—l,h('th,)

ONe_1.0(v2,) o i j
e Z {ijfl,h+1<5§cfl,h+1) - V§+1(5;€71,h+1)}

Ni—1,0(Ven) =

ay (Yen) Nkﬁyih) j j
e Vi1 (St ng) = PuVipa (st )}
Ni—1,n(Vin) = ’ )
Ni—1.n(vpp)

AN _1,n (V2 5j J J
=) —€+ &N, 4+ ———kht Q) _, . (s1_4,,a7_
(2) k1,1 () Nk_l,h(,yzh) Z k 1,h( k—1,h> Yk 1,h)

Ni—1,.n(V8,)

1 » ) .
44— VJ_ S]_ 7v* Sj_
Ni—1,n(vhn) Z Vi 1vh+1( k 17h+1) h(sy, 1,h+1)}

j=1

Jj=1
Ni—1,0(Vgn)

QN1 ( %) * v - 4
Y Z {Vh+1(3i71,h+1) - PthJrl(Si*Lh)}

Ni-1n(in) =

(24)
where the equalities (1) and (2) use the fact that
Qn(s',a") =rp(s',a") + PV (8',a"), V(s',d) e S x A
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Suppose events £(74;,) and G(~%, ) hold for all 47, in episode k, then by (18),(19), we have

Ni—1,0(Vip,)

a . . 2 » \H\/log 2K HN/3
Nk_lvh(vgh) E : {Viria (s4 1) ~ PuViia(sh_p)} = — ALS S g(p / )7
Ni—1,(Vn) = ’ ’ \/max{Nk,l’h(’ykh), 1}

and

N "
aNk*Lh(Vzh) Al ~J j j 20&Nk—1,h(’7£h),\/ﬁk_l 10g(2KHN/§)

Q]_ (SJ_ 7a]_ ) 2 - .
Ni—1.0(ven) ; k=1Lh\"k=1,h> Th=1,h \/(Nkfl,h('yzh)+1)maX{Nk71,h(7£h)71}

So recall from (7)

20N,y (yp,) H V108 QKHN/(S 2aNk_1,h,(7,§’h)\/6k—1 log(2KHN/6)
\/max{Nk 1 h(’Ykh) 1} \/(Nk—l,h(%gh) +1) maX{Nk—l,h(Vzh)v 1}’

ka—l,h,(’Yf,L) =€+

thus we have

. Niotn () 10 ' :
Qrn (50 @) = Qi Sk s T p) = Nk,_l,t(vih) SV S na) — Vi (St ) ) (25)

Note that when Ny, 1 () = 0, then Q} ,(7) = Qﬁh(fy) = H, and we define terminal values as H with Q}, ,, ;(v) =
QZ ne1(7) = H, soby plugging in h = H in (25), for any possible v € [I'], we have Q¥ 5(7) > Q3(7). Thus

Vka(s) >Vi(s), Vs € S,k € [K],p € [N].
Furthermore, suppose that at period h, we have

V2, (s) = Vii(s), Vs € S,k € [K],p € [N],
then from (25) we have

) . Nicin(@n(sa) , A
Qrp_1(s,0) = Qj(s,a) > Nen(on(s.a) Vi i in) = Vi (k) 2 0,

Jj=1

which implies that -
Qrn1(s,0) > Qj(s,a), ¥(s,a) € S x Ak € [K],p € [N].

By maximizing over a € A on both sides above, we have
VP na = Viia(s), Vs € S,k € [K].
Thus by induction, we conclude that when events £(v%,,) and G(~},,) hold for all 77, in episode k for all k € [K], we have

V2, (s) > Vi (s), Vs € S,k € [K],p € [N].

Lemma 10. Suppose events E(~y,) and G(vi,,) hold for all 4%, , for all k € [K] and p € [N, then we have
Zp 1 Zk 1 [ wn(Shon) — Vh*(szlg,h)} <2eKN(H —h+1)
K N H

1 1
+4H\/log(2K HN/6)
; Z,Z:; Z;L VNe—1,0(7E,) 1+ Nie—1.e(vie)

o N K V/Br_110g2KHN/6 1

-
(”k L (Ven) + N2 h(ﬁh) L+ Nie-1e(vke)
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Proof of Lemma 10. By (23) we have

Qi,h(SZ,m ai,h) - QZ(Si,h» ai,h)
1 Ne—1,n(V53) 4 4 .
=&Npsnn t Z (L= an, ) @11 n (St @1 ) — Q1 (Sk s ah 1)
k—1,R Y qu,h(%fh) 'j:1 | 4k 1,h(7kh) | s | ,ho 1, | | N l,
tTaN, W7 [{Tifl,h(sgcfl,h’ aiq,h) + V1371,h+1(53c71,h+1) + Qi:q,h(siq,hv agcq,h)}
*
—Q5(sy prap )]

Ni—1.n(78,)

1 . . ) .
(1- aNk,_l,h(vﬁh))(Qiq,h(Siq,hvagcq,h) - Qh(sz,m ai,h))

= N F
gNA, 1,h(7) Nkfl,h(%fh)
Nk—l,h('Yih,)

apn, i (’YIT ) . . . ~ . ~ . . .
+N - R Z {[’“271,11(5%71,}1’ aiﬂ,h) + ijfl,thl(S?cfl,thl) + chq,h(‘sfcq,h’aiq,h)]
k—l,h(’)/kh)

J=1

p=1 ) .
—Qh(Sh—1 0 @1 )}
Nk—l,h('Yih,)

ONk_1.0(v2,) vl g j . v
4+ Q Sy 1,0 _ Q P a
Ni—1.0(v4n) Z {Qn (s 1,k 9k 1,h) i k,h k,h)}

=1 <e
1 Ni—1,0(75y)
oY J J J J
SeF+EN iy T N P Z (1- aNk—l,h(’Y;I:h,))(Qk—l,h(sk—l,h’ Ap_1,n — QZ(sk—l,mak—l,h))
k—1,h (Ven) =
Ni—1,n(08,)

Osz_lyh(,Ypl) . . . ~ - . o . . .
Ne—n( ;’3’) Z {[Ti—l,h(si—mv ai—Lh) + Vlg—l,h-i-l('s?c—l,h-',-l) + Qi—Lh(si—Lh»ai—l,h)]
k—1,h\Vkn =
—Qh(St—1 0 @1 )}

(26)

where we use the definition of e-error aggregation as in Definition 1 in the last inequality above, and the right hand side of
(26) is equal to
Ne—1,n(V53)

(1—()4N_1’(p)) - . . N . .
RHS of (26) =) €+ ENean(n t Nki h)(hy;kh Z (Q?cfl,h(sfc—l,}w aiq,h) - Qh(siq,h:aiq,h))

Ne—1,n(Vh3)

OéNk—lh('th) NJ j j
S S g
Nk—l,h(’th) k—1,h\"k—1,h> "k—1,h

J=1

Jj=1
Ni—1.n(Vh5)

AN_1,n(V2) - j . ;
TNy Vi_ 5, -V (st
Ni—1.0(vhn) Z Vi 1»h+1( k 1,h+1) 157, 1,h+1>}

=1
Ni—1,n(7hp)

QN n(en) * j * j
Y Z {Vh+1(3i_1,h+1) - Pth+1(S?c—l,h)}

Ni—1,0(7%n) =

Ni_1,n(7h)

AN _1,n(V2) 5j J J
=) €+ &N, _ + E Q1 n (k1. U
(2) k—1,n(7) Nk_l,h(,ygh) k 1,h( k—1,h> Yk 1,h)

Ni_1,n(7)

1 n . .
N T ner (5 pen) = Viesa (51
Ni—1,0(Vin) Z Vi 1’h+1( k 1,h+1) 1 (5% 1,h+1)}

Jj=1

=1
Ni—1.n(Viin)

aNﬁ— ( . ) * j * j
e Z Vi in) = PV (i 0)}

Ni—1,0(Vn) =1
27

where the equalities (1) and (2) above use the fact that
Qn(s',a") =rp(s',a") + P,V (8',a"), V(s',ad') e S x A
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Now suppose E(~;,,) and G(7%,,) holds for all aggregated states %, during period k for all p € [N].

By definition, note that

Vf,h(Si,h) - Vﬁk(si,h) < Qi,h(sg,h’ ai,h) - QZ(Si,hv ai,h) < Qi,h(%,m ai,h) - QZ(S?M aﬁ,h)’ (28)

Denote
AL w = Vin(sh) = Vi (s (29)

then under events £(v%;,) and G(v7,),

20‘Nk_1,h(wgh)\/ﬁk_11og(2KHN/5)
vV (Ni—2,0 (Vo) + DNe—1,0(75)
Ni—1,n(7p)
4 Nk (Okn) 3 . ALt 20,y n(op,) H V108 2K HN/0)

Ni—1,0(Ven) = Ni—1,0(Vin)

QS @ n) = Qn(sEprar ) < e+&n ) +

(30)
Since £(~%,,) and G(~1,,) hold for all 77, € [I'], and recall from (7)

2aN’€ 1,h(Vin )H log 2KHN/6 2aNk:—1,h("/}fh)\//8k—1 log(QKHN/(S)
vmax{Ny_1,(75,), 1} \/(Nkflyh(ﬁyih) + Dmax{Ni_1n(75,), 1}

gNk—l,h('th) =e+

so we have
N K
N K s ~
ZZA kh skh §Zp:1 D k=1 Qh(SZ,hvai,h)— Ils,h(sz,hva?h)
p=1k=1
H./log(2KHN/¢)
<K Ner 43S ectatoly B VIECRHNTS)

p=1 k=1 Nkfl,h('ykh)
» XN: i‘: ANy i)V Be—1 log(2K HN/6)
=1k=2 \/(Nk—Q»h(’Vzh) + D) Ni—1,0(v4p)

3D

Ny —1 h("fkh

p
i iv: EK: ON_1,0(¥2)) Z AJ
k,h+1"
=1

Ni—1,0(Vin) =

For any v € [}, for s}, ,,, aj , such that ¢ (s, ,, a}, ;,) = 7, denote

- 1 Ni—1,0(7)
A ny1(7) = N Z Al ht1-

Note that
N K Ni—1,n(V8,)

ANy h("/kh) Z A
k,h+1
— Ni—1.0(Vir) = L+

—1.0(Vin)

(
Nk—l,h(VZh)OéNk_l_,h(yk, Ajht1 = ZaNk n(v8) Z AV (32)
-

My

b
Il
—

p
Ak,h+17

M=
M=

£
Il
-

iS]
Il
-

where the last inequality above follows from Lemma 9.

Hence by above recursion and (31) we have that when (7, ) and G(v%,,) hold for all 4, € [I'], we have
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K N H
1 1
SN OSK AP < 2eKN(H — h+ 1) +4H\/log(2K HN/5)
e ZZZ VN1 OF) T+ N OF)
H N K
\/Bk,llog(QKHN/(S) 1
4> D >

-
t=h p=1 k=2 \/(Nkfzh(%ih) + 1)Nk71,h(’)/£,h) 1+ Nkfl,l(’yk,[)

(33)
O
Lemma 11. Suppose E(7%,,) and G(~y,,) hold for all v%, € [T'], then with probability 1 — 25, we have
N K
DD VD) = Vi, (sD)
p=1k=1
< 2eKHN +8KH>VTN\/log(2KHN/§) + 32H*V KT N+/log(HK N/§)
+2K H°/?>T'V/N\/log(2K HT)\/1og(2K HN/6).
Proof of Lemma 11. Note that
~ k
Algh(si,h) -V ,,( 2;1) .
= Ak”Q(SZ )~ Qh<5k o ak R) + Qh(sk h O h) Vir (52;}6)
= ﬁk (Spons ) — Qi(Sk s ap ) + Q1 (8% poak ) — QF (Sik,h’ai,h)
= }Z . (S’é,h»ai ) — Qh(sk h a‘k )+ Pth—H(Sk h+1) Pth+1(5£ h+1) (34)
= [QF (sﬁ,h’ k,h) Qh(sk,hv ak,h)} [Vh+%(sk,h+1) Vh+1 (Sk )
+[P£1Vij+1(5£,h+1) - V;+1(5£,h+1)] + [VhﬂJrl(Sz,h-i-l) Pththl (Sk,h+1)]
ATI' P * 9 T °P s °P
= [Q} (Si,h’ ai,h) - Qh(szli,iw ai,h)} + [Vk,h:rl(si,thl) - Vh+1£‘9z,h+1)} - Az,thl
+[thizk+1(5£,h+1) - Vf+1(5£,h+1)] + [Vhﬂ+1 (5£,h+1) — PV (Sz,hﬂ)]-
Summing over k = 1,2,..., K, by (28), (31), (32) and (33) of Lemma 10 we have
N K .
ZZ kp,h(sz,h) -V (Sz,h)
p=1k=1
N K
< Z Z[Vzg),thl(SZ,thl) Vh+1 Sk hi)] Z Z Ak h+1
p=1k=1 p=1k=1
N K
+2KN€+4ZZ O[Nk—lvh(’Y;fh)H log(QKHN/é)
p=1k=1 Ni—1,1n(Yin) (35)
K K N
I I ST aEaM
p=1k=2 \/(Nk—lh('ﬁ;h) + 1)Nk—1,h(’71€h) 14+ Ni—1.0(vp) —lp=1 +
N
+ Z Z[PhV;+1(3z,h+1) — Vi (h )]
k= 1p 1
+ Z Z h+1 (Skons1) PthH(Sz,hH)]-
k=1p=1

Note that (35) is recursive. Recall that s} | = s{ for any & € [K], p € [N]. Thus by Lemma 10, when £(vz,,) and G(v;,)
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hold for all 7}, , for all k € [K7],p € [N], we have

N K
DD Via(sh) = Vi (sh)
p=1k=1
K N H

1
< 2KHN + 4H\/Tog 2K HN/3)
kz:“; Z:: V/Ni-1 h(’th) 1+ Ni—1.0(v5)

AN K L log2KHN/$ 1
YTy V/Br—1log( /0)

— == V20 (F,) + DNe—1n(F,) 1+ Ne—1,0(0in)

h=
H K N .
+ Z Z Z[Vthl (Shnt1) = PuViga (sy )]
h=1

Further note that

K N
ZZ[ Vh+1(sz,h+1) Vh+1(5112,h+1)]

K N
kp rkp
= Z Z 1{¢h(«9§,h7 ai,h) =VHPu Vi (si,h-u) — Vi (Sz,h+1)}

and

K N
Z Z[P}LVIT+1(5£,};+1) - VIT+1(££,h+1)]
k=1p=1

N
= Z Z Z 1{¢h(82,h7 ai,h) = 7}[thi;k+1(5§,h+1) - Vi;k+1(5§,h+1)]~

~e[D] k=1p=1

By Azuma-Hoeffding’s inequality, with probability > 1 — 6/T",

Z Z {on(sy o ak ) = 7}[Pth+1(5k h+1) Vh+1(sk h+1 | <2H \V ”h \/ IOg

k=1p=1

and with probability > 1 — ¢ /T, we have

K N
% * [, T
Z Z 1{¢h(3z,hv aﬁ,h) = 'Y}[thh+1(5i,h+1) - Vh+1(5§,h+1)] <2H \/ ”{f(V) log 5

k=1p=1

thus by summing over all the possible 71, € [I'], with probability 1 — 24,

K N
kp « «

Z Z PthH Sh h+1) Vizr+1(sz,h+1)] + [PthH(SZ,hH) - Vh+1(SZ,h+1)}

k=1p=1

<41 3 | los

v€[T]

25
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Finally, note that

Sy ! !
51 1 he1 Ni—1n(V0) 1+ Ne—1,0(Vin)

H K Nk—l,h(')’)l
<3N D

<O D D VN D<) YUY D 2y Neen(7)
k=1 h=1y€[I] j=1 h=1 k=1 y€[I]
H K
<@3) 2 HKFZZ Z Ni—1,n(7)
h=1k=1y€[T]
=2HKVI'N
where (1) and (3) hold by Cauchy’s inequality, and (2) holds because /72/6 < 2.
Furthermore, we also have
H H
S S (7K () < JHT SIS, oyl () = VIPRTN. (38)
Additionally, note that whenever Nj,_o »(75),) > 1, we have
i i\’: i V/Br_110g 2K HN/?) 1
h= 1p 1k= 2\/Nk 2,h th)Jfl)Nk 1h(7kh)1+Nk lh(%h) (39)

V/Be—11log(2K HN/6) 1
<ZZZ \/N——Fl 1+Nk h(’Yp )’
h=1p=1 k=2 k—2,n(Vion) —Lh\Tkn

and note that

H N K

1 1 & Nen(y) 1
hz::lpz::lkg::g \/Nk_g n(Vigap) T 1 L4 Ni—1.n (Vi) —W kz_:lhz_:” ] VN1 (7) + 11+ Nen(v)
Z P — ZZZM< KHTS S S Noaty) = KHTVE

\/Nk 1, ( Nin(y) ba(y ’

k=1h=1~€[I] k=1h=1~€[l] k=1h=1~€[I]
(40)

where equality (1) holds because Ny, 5,(7y) is the number of agents that reach aggregated state y at period h during episode k.
And the last inequality holds by Cauchy’s inequality. Recall that 8, = %H 3log(2kHT), thus by (39),

DOFD DINID SIS \/NVﬁ b1 s BRITN/D) L < KH?TVN\/log(2K HT)/Tog 2K HN/3).

k—2,h (V) +1) N - 1}1("/,\,1) 1+Ne-1,0 (Vi)
41)

Thus by (36), when events £(~y;,,) and G(~4,,) hold for all 7, € [I'], with probability 1 — 24, we have

N K
DD VD) = Vi, (sh)
p=1k=1

< 2eKHN + 4K H?>VTN\/log(2K HN/§) + 32H*VKTN/log(HK N/)
+2K H?T'V'N \/log(2K HT)\/1og(2K HN/6).
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D. Proofs for the Infinite-Horizon Case

Additional notations For true MDP M and policy m we denote the discounted value function under 7 at state s as.
V! (s) = V(s). We denote V. as the discounted value function under the optimal policy 7*.

During each pseudo-episode k¥ € [K], each agent samples a random vector with independent components w*? €

RHARSA where w*P(h,s,a) ~ N(0,0%(h,s,a)) and ok (h, s,a) = ,/W, where f3, is a tuning parameter,

Ni_1,n(¢(s,a)) is the total number of times that aggregated state ¢ (s, a) is reached across all agents during episode k — 1.
Given w*P, we construct a randomized perturbation of the empirical MDP for agent p as

M7 = (1,8, A, PF, R* + v N), (42)
where the empirical distributions P* and empirical rewards R* are computed as in (13) and (14). During each pseudo-episode

k € [K], the data set l~)£ contains perturbation of samples from pseudo-episode k£ — 1 used by agent p.

We define the following events:

EN(v) 3{ Ne () Z Z {o( Sk 1haak Ln) = 7HVE (Sk 1n) — PV (Sk La)}
) T ey 43)
- 2Hj,_1+/log(T'N/9)
B Ni—1,(7) '

G'(v) 1:{ Neo 1(7)221 Z 1{o( sk 1h7ak 1h)—7}Qk 1h(sk 1h’ak 1;,)
5=1 he[Hy 1] (44)

Br—1log(TN/3) }
T VNeo () F DN ()

Lemma 12 (Lemma 2 of (Dong et al., 2022)). Forall ,s € Sandn € [0,1), |V(s) — 5 (f]) < T

Remark 13. For weakly communicating M, the optimal average reward is state independent, so under Assumption 6,
almost surely for any s,s' € S, we have |V, (s) — V,'(s')| < 27, < 27.

Regret Decomposition Recall that Regret(M, T, N,RLSVIg . ¢) denotes the regret under infinite-horizon case for MDP
M. Here K = argmax{k : t;, < T}. We put K explicitly here to derive the regret bound in a way dependent on the
random K. Let Hy, be the length of pseudo-episode k. So we can decompose the regret as

Regret(M,T, N,RLSVIg o)
N K H
=Ex H, szl Dkt 2oy (A — RY) |M}
N K a
=Ex.m, Ep 1Ek 1 HiAs _Zp Dy 12 - RP|M}

(45)
e [0S VI M|+ 303 (V) - V)
p=1k=1 p=1k=1
(a) (b)
Recall from (11) that V3, V" < ——. Note that (a) in (45) is the difference between the optimal average reward weighted

by the pseudo-horizons and the d1scounted reward, and part (b) is the sum of the differences between the optimal discounted
value and cumulative the discounted value of the employed policies throughout K pseudo-episodes by all agents. We
provide an upper bound for the worst-case regret by bounding (a) and (b) respectively.
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D.1. Proof for Infinite-Horizon Main Result: Theorem 7

Proof of Theorem 7. By Azuma-Hoeffding inequality, conditional on the trajectory during pseudo-episode k£ — 1, with
probability 1 — §/(2T'N), we have

1 Nig—1(7)

log(2T'N/9)
Nea(y) I Z sk 1h+1) PV (Sk 1h)} < (1—n) Nk—l('Y)'

Additionally, recall from Algorithm 4 that Qi_L h(si_L b a',i_L n) ~N (O7 #{J)H) Note that conditional on the

trajectories during pseudo-episode k — 1, the random perturbations are i.i.d. across j € [p], h € [Hj_1], thus by Hoefdding’s
inequality, conditional on the trajectory during pseduo-period k& — 1, with probability 1 — §/(2T'N ), we have

o _ log(2T'N/6
Nk 1 Z Z {on(sh_ 1h7ak 1h) ’Y}Qi—Lh(SZ—Lmaz—l,h) §2\/Nk_ﬁ1127;+1\/0§\;k—1(7/) ).

j 1 he[Hy_1]

So we have

P(E(VeR): G(Oin)s Vien, Yk € K], b € [Hy],p € [N]) = P(E(77), G (7). 7/, ¥t € [T, p € [N])
>1- Y (PEO))+PG())) 2 1-2NT§/(2NT) 21— 6. (46)
te[T],p€[N]

By Lemma 15 and Lemma 14, with probability 1 — 39, we have

N[(1 = )T +1
Regret(M, T, N,RLSVT pae) < G DTHY g p e (14 VNIog(NT))

VNT
8T\/1"N log(2T'N/9) 8FT3/2T\/N log(27TT) log(2T N/$6)
(- P = “
4K\/ 1_\/log (T'/9) + 2T N.

Recall that 7 = max{7, 7}, so with probability 1 — §, we have

TN[(1—n)T +1]
Regret(M, T, N,RLSVIg o < + T+ 17 (1++/Nlog(NT)
gret( B.ag) INT [(1—mn) ( V/ N log( )

L STVIN log 6TN/5 87-3/2TF\/N log(27LT) log(6TN/5)

(1- (1—n)?
4K\/71 \/lz;g (3T/5) ¢ 2meTN.

When 1 — 7 such that )2 < C for some constant C, is bounded from below, we have

Regret(M,T, N,RLSVIgq¢) < 2eI'N +27VNT +4T7+/Nlog(NT)
+16C max{r3/2 1}TT\/T N log(27T) log(6TN/5)

D.2. Lemmas for bounding (a) and (b) in (45)
Lemma 14 (Bound for (a) of (45)). Ep, x |0 S0 Hih — V:’(s’,;l)} < AT 41 - T +

T(Hw).
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Proof of Lemma 14. Note that the expected length of each pseudo-episode is independent of the policy and is equal to ﬁ
Thus for K fixed, Eg, {Zi\;l Zszl Hi)\, — Vf’(s?l)} = Zp L Zk L ( (st 1)) thus

p=1 k=1
By Lemma 12, we know that ‘1’\_—77 - V*"(sz’l)’ < 7. So that for any p € [N], for any fixed K,

As
ﬁ - V*”(Si,l)

KA
Zl— < K.

k=1

*77(511;1)

Note that 52,1 are sampled i.i.d. across p at the beginning of each pseudo-episode k. Hoeffding’s inequality shows that for
any € > 0,

N K
A 2¢2
(ZZ = n—V77 o) Ze—!—KT) Sexp(—W>.
p=1k=1
Take
e =K71+/Nlog(NT),
we then have
N Ky
P BRI VAT >K7‘(1—|— Nlo NT) <1
(zz R V) ) <

Thus conditioning on the total number of pseudo-episodes K,

>y

p=1 k=1

A
1—n

*n(si,l)

] < j/f% (1 + \/Nlog(NT)) .

Further note that since Hj, ~ Geometric(1 — 1) and are i.i.d. across k, so
EK]<(1-nT+1.
Hence by taking expectation over K, we have

5]

p=1 k=1

A
n

~VI(sh )

/\

1 < TEIRIN | (1 + /Nlog(NT) )
TNl — )T M( T+ 10 (14 V/NIog(NT))

IN

O

Lemma 15 (Bound for (b) of (45)). Suppose events E1 () and G* () hold for any ~ € [T], then with probability 1 — 25, we
have

SNy {V (1)~ Vo 21)} 8T1/F(]\lfli)g )2TN/6 STB/QTF\/Nlogl(iT;T) log(2T N/6)
4T\/7\/10g (T/5) + 2neTN,
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Proof of Lemma 15. Recall from Algorithm 4 that the unclipped value function estimates Qi , () during pseudo-episode &
at time period h € [Hy] (recall that Hy, here is random) as

Qz,h( ) - argmanER E(s a):¢n(s,a) (Q gNk 1(v) — (1 - aNk—l('Y))Qk—l(’Y) )
0,1 (5,0) s @ (0D + @m0 @

So similar to the derivation in the proof of Lemma 10, we have

1 Ni—1(7)
7p _ 1 o /\p
pn(Y) = &Ny T )] ,,; (1= an,_()Qk-1(7)

o, (nn(r(sh_ysap 1) +VE(SE 1) T Qn Sk 1 n @1 p))-

By definition, we have Q] () = QF, (7). We denote Q}(v) := Q} ,(v) in the following. Thus for any v = ¢(s}, ,,, a}. ;)

during pseudo-episode k, with qS(si_l . ai_l ») = 7 in the following, where {(s{”_l o ai_l »)} come from all the
state-action pairs during pseudo-period £ — 1 (note that we don’t distinguish between different pseudo periods now),
where h € {1,2,...,Hi_1}, and Hg_; is the random length of pseudo-episode k — 1, and recall that Ny_;(y) =

N
D p=1 he[Hy 1) H{pn(sy_y p>ah_1,) =7} 50 we have

Qi,h(SZ,hv ai,h) - QZ(Sﬁ,h’ ag,h)

Ni—1(v)
1 N ) ,
=8N, _1(y) T Nea () Z (1 = an (pQI(SE s A1) — Qimr (St Wm1,)
_ =
Ne—1(7)
i N1 () Z {7[1' (j J )+f/j (j )JFQJ' (j J )]
777Nk () T—1,0\Sk—1,h> Vk—1,h k—1\Sk—1,h+1 k—1,h\Sk—1,h> Vk—1,h
- p=1 , .
+QZ(Séfl,h7ai71¢h)}
o - Ni—1,n(7) _ 4
e QU s} 1) = QUs]_y ol
N () ; {QI(sy p-aip) (Sh1,h @p—1,0))}
<e
1 Ni—1(7) . , ]
<e+néN,_1(v) T m Z (1- aNkfl(’Y))<QQ(S£7h7ai,h) - Q?cfl(s?cfl,h’ a{cfl,h)) (48)
_ =
Ny () Ni_1(v) ) ) ) . ) . ) )
= —[rl (s, ,al + V! (s _ + Q1 W (S Ty
No—1n(7) ; {=[re—1n(Sh1n @o1p) i1 (Sh_1h41) k1,0 (Sh—1,n0 @ )]
Ny 1 () Ni—1(7)
—1(Y oY j j
=€+77€Nk,1(7)_77m Z Qgc—l,h(sizfl,h’a?cfl,h)
- =1
77 Nk—l('Y)
_ VIo(s) — V(s
Neer (1) ; Vi (st pgr) (Sh—1,n41)}
an Nie—1(v)
77Nkk_ ) Z A Sk Lhg1) — PaVY (Sk La)ds

where we used the fact that under optimal policy 7* for the true MDP, we have

Q«(s'.a") =r(s,d") + nP.V.(s),

k—1,j

and under the optimal policy 7%~ under MDP M , we have

Ai_l(sla al) = 7"(5/7(1/) + npﬂw ‘A/k:71(8)~

Now suppose that events £ (1%, ) and G7 (7, ) hold for all aggregated states 7%, during pseudo-perido k for all k € [K].
Then by similar derivation as that for the finite-horion case in Lemma 9, we have

V,ﬁh(s)—V*(s)ZO, Vs € S,k € [K],p € [N]. (49)

30



Concurrent Reinforcement Learning with Aggregated States via Randomized Least Squares Value Iteration

We denote .
Ai,h = kp,h(si,h) - V*W(S?h).

Note that

Vk,h(si,h) —Vilsp ) < Qi,h(%,h’ ai,h) - QZZ(S%JL’ ai,h) < Qi,h(si,hvaz,h) - QQ(S?M ai,h)'

By (48) we have

Qi,h(S’é,m ai,h) - Q:‘](Si,h’ ai,h)
" Ni—1(7)
= NEN_1(v) T Ne_1(7) Z (1- aNk—l(’Y))(QZ(Si,h’ai,h) g@ 1(Sk 1 h7ak 1, n)
_ =

Nie—1(7)
ONy_1(7) £

+n Ner(7) Z = n i @) TV (k) F @ n (St @1 )]

p=1 ) .
+Qz(si:—17h7a?€—l,h)}

an - Ni—1,n(7) ‘ .
e {QZ(S’é,mai,h) - QQ(Siq,h,aiq,h))}
Ni—1(7) =
<e
Ni_1(7) . . 4
<ne+Enei(y + Nee1(7) Z (L= an, () (QI(sk 1 @) — Qo (110 @h—1 ) (50)
_ =~
aN ( ) Nkil(’Y) . . . ~ - . ~ - . .
—H?N et Z = n G @) F VSt ) F Qhy (St @1 )]
kfl,h('Y) =1
an ( ) Ni_1(7v)
N
:77§Nk_1(7)+776_ = Z Qk 1hsk 1h’ak 1h>
Ni_1(7) ]
Vi (s V(s
Nk N Z {Vi_1 (55 1h+1) (kfl,thl)}
NA 1(’Y)

an N
*”Nkkl - Z {va( Sk Lht1) — PaVY (Sk L))

where the inequality follows by definition of e-error aggregated states as in Definition 4.

Then by similar derivation as for (32), by summing from the i-th pseudo-episode to K -th pseudo-episode, we have

N K
4n apn (v#,)V/10g(2T'N/4)
Zp 1Zk zAﬁh <2N”ZE+ ZZ e
— N = Nk 1,0 (Ven)
Ny s (o) Ni_1,n(V5,) .
+WZ Z OBl S A
p=1 k=it+1 Nie— ”Lth) j=1

Then by similar derivation as in (33) under events £/ (1%, ) and G* (1%, for all 77, across K pseudo-episodes and p agents,
we have

K N H

1 1
Z Z ;A <2neN » Hj —I— log(21T'N/)
p=1 Zik=i =k,h ; ;;;}; Ni—1,0(7h) 1+ Ni—1,6(730)

H N
3% Z V/Bi—110g(2TN/5) 1

7
f=h p=1k=i+1 \/(Nk_g)h(’}/lf,h) —+ ]‘)Nk—l,h(’)/zh) 1+ Nk—l,é(’)/k,é)
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Then following similar steps as in the proof of Lemma 11, we have A} ; = V,f n(Shp) = Vi (s} )

V/f,hk(si.,h) - V:’w(si,h) .

Ankp NP T

= [Q7 (Sk ho ak h) - Qﬂ(ii,;ﬂ ai,h)] + n[Vk,h+1(S£,h+1) - Vﬁ]kp (Sz,h+1)] - WAI;Z;’h+1 (D
+77[V7Tkp (sk h+1) PhVW]kp (si,h+1)]~

Note that (51) is recursive, so when events &7 (7},) and G I (7,,) hold for all aggregated states ~y;,, during pseudo-perido &
for all k € [K], we have

HMN

N
Z Trkp (811))
- K N Hy

1 1
< 2eTN + — log(2T'N/6) nh=1
7Y 22 R T Nk

K Hy
log(2T'N/6 1
+4zznh 12 \/Bk 1 log( /9) . . (52)
k=2 h=1 \/ (Ng—2 ’Ykh) + 1)Nk—1(%ch) 1+Nk’—1(’7kh)
K Hy
+Zznh 1ZP’ZV Sk h+1 V*n(sz,hﬂﬂ
k=1h=1
K Hy N
+ZZTI Z "P sk? h+1 Pﬂkpv‘n'kp(SIk)’h+1)].
k=1h=1 =

Note that

K N Hyg

1 1
im =
/ kzzhz W 1+Nk_1<v£h>

4 K Hy,
< ——+/log(2T N/9) nht
1= / /;hzl Z\/Nlc 1( 1+Nk 17kh)

K Hy Ni—1(7)

Six/log (2T'N/96) ZZT}" ! Z Z 1/4
k=1h=1 ver]  j=1
K Hy

< ——10g(2TN/6) > > 0" Y 2/ Ni o ( (53)
k=1h=1 ~ElD]

K Hy

(1§n)\/10g 2TN/§) ZZT]h LT Z Ni—1(
h=1 ~€E[r]

IN

Y
< (lfn)mzznz vmﬁvm(bg 2TN/5) z = 1zm

b
Il

1
TN 1og(2TN/5) 8T+/TN log(2TN/$
8y/T'N log(2T'N/9) S H < 0g(2T'N/3)

(1—n)? (1—n)?

=
—_

Next, note that 5 = %7’3 log(27T'k), following similar steps as (53) and (40) we have

(54)

K H
u V/Bi—110g(2TN/6) 1 873/2TT\/Nlog(27T'T) log(2T N/0)
422 Z\/Nk 2(en) + D Nk—1(vz,) 1+ Nie— 1(Vin) = (1—-n) .

Additionally, denote Ny, 5, () as the number of times that aggregated state +y is attained during pseudo-episode % and pseudo
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period h, then by Azuma-Hoeffding’s inequality, with probability 1 — 26, we have

N

Z{[V:kp(sz,thl) - Pjﬂwvﬂz«p (Sz,hﬂ)] + [PhV*”(SZ,hH) (Sk 1 )} < T Z \/ Nin( \/ log

p=1 76[1‘]

Hence with probability 1 — 24,

K Hyg
DXt 12{ PoV(sy gen) = VST )]+ Vo (S 1) — Preo Vo (% 1)1}
k=1h=1
1og r/5 i - TN10g(T/0) e~ et ,_, 5
< ELIS S Z V(Y —ZZ 53
k=1h=1 k=1h=1
4K I‘Nlog(I‘/5)
(1—n)?

Thus by (52), (53), (54), (55), when events £/ (7%, ) and G’ (7%,) hold for all aggregated states ¥, during pseudo-perido k
for all k € [K], with probability 1 — 2§, we have

- 8T I'Nlog(2T'N/9) 87'3/2TI‘ Nlog(27I'T") log(2T'N/0)
ST 60— Vi) < 2T v

1 1—7)?
KT lo)g(F 75) e (56)
(1—n)? '

Finall, by (49), when events £/(+%, ) and G'(+7, ) hold for all aggregated states %, during pseudo-perido k for all k € [K],
VEy(s) = Vi(s) > 0, Vs € S,k € [K],p € [N],

And with probability 1 — 24, we have

2521 Z/I::l {V (s 1)~ V:kp (s )} 8T\/F(N log 2TN/5 873/2TF\/N 10g1(2T;T) log(2T'N/0)
4Trw/log F/(5

-n
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