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ABSTRACT

Nonconvex optimization is central to modern machine learning, but the general
framework of nonconvex optimization yields weak convergence guarantees that are
too pessimistic compared to practice. On the other hand, while convexity enables
efficient optimization, it is of limited applicability to many practical problems.
To bridge this gap and better understand the practical success of optimization
algorithms in nonconvex settings, we introduce a novel unified parametric assump-
tion. Our assumption is general enough to encompass a broad class of nonconvex
functions while also being specific enough to enable the derivation of a unified
convergence theorem for gradient-based methods. Notably, by tuning the parame-
ters of our assumption, we demonstrate its versatility in recovering several existing
function classes as special cases and in identifying functions amenable to effi-
cient optimization. We derive our convergence theorem for both deterministic and
stochastic optimization, and conduct experiments to verify that our assumption can
hold practically over optimization trajectories.

1 INTRODUCTION

There is a large disconnect between the theory and practice of nonconvex optimization with first-order
methods. The theory for nonconvex optimization allows us only to guarantee convergence to a
stationary point, or at most, a higher-order stationary point (Carmon et al., 2017a;b). In practice,
neural scaling laws show smooth decreases in the loss function value as the number of training
steps increases (Kaplan et al., 2020). In contrast, convex optimization theory typically allows us
to derive tight guarantees on the function value (Nesterov, 2018), but is too restrictive to apply to
nonconvex models directly. This discrepancy has motivated researchers to develop intermediate
theoretical frameworks that allow us to obtain stronger convergence guarantees without losing too
much applicability. These developments include star convexity (Nesterov & Polyak, 2006), quasi-
convexity (Hardt et al., 2018; Bu & Mesbahi, 2020), the Polyak-Lojasiewicz (PL) condition (Polyak,
1963; Liu et al., 2021), Aiming (Liu et al., 2023), and the a-3 conditions (Islamov et al., 2024).

Problem statement. We are primarily concerned with the minimization problem

min f(x
i f(2),

where f(z) : R? — R is a differentiable function. We study gradient descent variants of the form
AR . v (Ik) 7

where 7% > 0 is a stepsize and V f(z*) represents the gradient of the function f at the current point
x¥. Our analysis also extends to stochastic gradient descent (Section 2.5).

A novel unified assumption. We build on this line of work by introducing a new assumption that
allows us to obtain convergence guarantees for nonconvex optimization. Our unified framework is
broadly applicable— it subsumes prior assumptions on nonconvex optimization and allows for unified
analysis of convex and nonconvex objectives. The main idea of our framework is that even in complex
nonconvex landscapes, effective optimization algorithms rely on the gradient possessing a degree of
directional alignment towards the set of solutions. To formalize this, we first make the assumption
that a set of solutions exists.
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Assumption 1. The function f is continuously differentiable and has a nonempty set S C R? of
global minimizers. Let f* denote the minimum value of the function f.

We now introduce our main assumption, an inequality that relates the gradient at any point x to

its projection onto a subset S of optimal solutions, using a progress function P(xz;.S) to quantify
proximity to this set.

Assumption 2. There exists constants ¢; > 0 and ¢ > 0 such that for any x € R< one can find a
projection point z;, € argmin, g ||z — y||? satisfying

(Vf(z),z—xp) > c1P(x; S) — coIx (),

where S C S, S C RY is a set of global minimizers of f, S # 0, P(x; S ) is a nonnegative function
1, ifreX
of the argument z € RY, X C R4, I'x(z) :=< .
0, otherwise
Assumption 2 has a clear and intuitive interpretation: the progress function controls how “informative”
the gradient is in pointing us towards the set of minimizers, while the constants ¢; and co control how
stringent this information is.

Our contributions. We develop a new framework for analyzing gradient descent under Assump-
tion 2. We demonstrate that our framework recovers classical convergence guarantees for convex
optimization as a special case, and also subsumes several existing assumptions in nonconvex optimiza-
tion (such as quasiconvexity and the aiming condition). We provide convergence analysis under this
new assumption for gradient descent (Theorem 2.1) and stochastic gradient descent (Theorem 2.5)
and demonstrate the flexibility of these theorems in deriving new convergence guarantees. Finally,
we provide experimental validation for how applicable our assumption is in half-space learning with
the sigmoid, training MLPs on Fashion-MNIST, and training the ResNet model on CIFAR-10.

1.1 BRIEF LITERATURE REVIEW

Bridging the gap between theory and practice in nonconvex optimization has spurred significant
research into developing more refined analytical frameworks. Classical convex optimization theory
provides strong convergence guarantees, but its assumptions are often too restrictive for modern
machine learning. Conversely, standard nonconvex optimization results guarantee convergence to
stationary points and do not reflect the empirical success of first-order methods in deep learning.
Convexity can be seen as controlling the lower curvature of a function while smoothness controls the
upper curvature. The literature has explored generalizations and alternatives to both.

Alternatives to convexity. The Polyak-Lojasiewicz (PL) condition (Polyak, 1963; Liu et al., 2021) is
a prominent example that relates the function value to the gradient norm, provides a lower bound on
the function growth, and ensures linear convergence under certain conditions. Quasi-convexity (Hardt
et al., 2018) and star-convexity (Nesterov & Polyak, 2006) represent other relaxations of convexity
that have been studied in optimization. More recently, conditions like the Aiming property (Liu et al.,
2023) and the a-f conditions (Islamov et al., 2024) have emerged as tools to characterize the loss
landscapes of neural networks and analyze the convergence of optimization algorithms.

Alternatives to smoothness. Recent work has explored alternatives to smoothness that may more
accurately describe neural network optimization, e.g. generalized smoothness (Zhang et al., 2020a;
Xie et al., 2024), directional sharpness or smoothness (Pan & Li, 2022; Mishkin et al., 2024), and
local smoothness (Berahas et al., 2023).

Assumptions on the stochastic gradients. Another line of work has considered the various properties
of the stochastic gradient noise, and its effect on the convergence of gradient-based methods, see
e.g. (Khaled & Richtérik, 2020; Faw et al., 2022; Zhang et al., 2020b). Our work is primarily aimed
at relaxing convexity and is therefore orthogonal to these results.

2 MAIN THEORY & RESULTS

In this section, we first discuss further Assumption 2 and its implications, then present our convergence
theory for gradient descent under this assumption, followed by stochastic gradient descent.
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2.1 DISCUSSION OF ASSUMPTION 2

To analyze Assumption 2, we start by considering the simpler setting co = 0. In this case, Assump-
tion 2 takes the form

(Vf(x),x —2p) > c1 P(x;5) >0 forallz € R

This means that the negative gradient —V f(z) points toward S in the sense that —V f (z) is nontriv-
ially correlated with the direction x, — x. The term ¢; P(x; S) can tighten or relax this correlation
depending on the choices of ¢; and P(z; S ), leading to narrower or wider classes of functions.
Introducing c, relaxes the correlation, possibly allowing the inner product to be negative at certain
points z € X.

Now, consider the case where 2 € R% is a stationary point of f, i.e., V f(z) = 0. From Assumption 2

we have that P(x; 5) < i—f This implies, in terms of the measure P(z;.5), the stationary point x is

not too far from the set S.

A specific and natural choice for the progress function in Assumption 2 is P(z;S) = f(x) — f*,
withc; =1, ¢co =0, and S = {a*}, where 2* € S. With these choices, Assumption 2 becomes

(Vf(z),z —x*) > f(z) — f* forallz € RY,
which is a simple consequence of the convexity of f from the standard convex analysis.

For additional examples of various classes of functions derived from Assumption 2 that yield
meaningful convergence results, please refer to Section 2.4 and 2.5, where by adjusting the parameters
of Assumption 2, we can recover many well-known function classes as special cases, including
convex, strongly convex, weak quasi-convex functions (Hardt et al., 2018), strongly weak quasi-
convex functions (Bu & Mesbahi, 2020), and functions satisfying the Aiming (Liu et al., 2023)
property or the a- condition (Islamov et al., 2024). Moreover, this framework also reveals entirely
new classes.

Role of the parameters (c1, c2,.5). Now, let us examine how the flexibility of the choices (¢1, ¢a, S)
in Assumption 2 leads to wider classes of functions for the particular choice of P(z, S) = f(z) — f*,
where we assume without loss of generality that f* = 0. We include examples of how our assumption
subsumes existing conditions and allow for relaxed ones in Table 1, including different examples of
functions f(z), € R (see Figure 4 and Section A for details):

2 f1, r>-1 at 5,1
fl_x7 fQ_{4 /7_1‘_3’ < —1" f3_ 2 € 9’
10 fa, >0
4 3 2 9 =
_ _ 3 — .
Jai=w 37 o f5 {fg, x <0

Table 1: Examples of function classes described by Assumption 2 for P(z, S) = f(x) — f*, f* =0,
S C S, and different (¢, cq,.S). Here, S C R is a set of global minimizers of f, z* € S.

c1, S co =0 c2 >0
a1 =1,8={z*} CONSEQUENCE OF CONVEXITY
EXAMPLES: f f1, f3, fa
1 >0,8= {z*} WEAK QUASI-CONVEXITY (HARDT ET AL., 2018)
EXAMPLES: fi, f2 fi, fo. f3, fa, f5
c1 >0, S=9 AIMING CONDITION (LIU ET AL., 2023)
EXAMPLES: fi, f2 f1, fo. f3, fa, f5

We can observe that incorporating constants into Assumption 2, allowing ¢; # 1 and ¢y # 0, leads to
broader classes of functions. When ¢, # 0, Assumption 2 can describe functions with local minima
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and saddle points. Note that for certain functions, choosing ¢; # 1 and S = S allows us to satisfy
Assumption 2 with a smaller constant cy:

* Specifically, for a fixed ¢; = 1, if S = {z*}, 2* = 1, then f5 satisfies Assumption 2 with
¢ =~ 1.437, and if S = 5, then f5 satisfies Assumption 2 with ¢o = 0.5. In both of these
cases, we choose the smallest co for the given ¢ .

* For the function fj, it can be shown that f; satisfies Assumption 2 with ¢; = 1, ¢ ~ 1.013,

or ¢; = 0.1, co = 0.467. Also, if f3 is considered with S = S, it satisfies Assumption 2
withc; = 1, c5 = 0.5, or ¢; = 0.1, co = 0.05. In all these examples, we select the smallest
co for the given c;.

2.2 MAIN CONVERGENCE THEOREM
In this section, we examine the convergence guarantees we can obtain under the proposed Assump-
tion 2.

Theorem 2.1. Let Assumptions I and 2 be satisfied. Further assume that the stepsize ¥* satisfies the
relations

<Vf (mk) xh — x’;> + czlx(sck) + gk
IV £ (k)]

that holds for all k > 0, where 0 < o < 2, B¥ > 0. Then we have the following "descent inequality"
that holds for all k > 0 and the convergence result:

0<y"<(2-w)

kaH - x’;HHQ < ka - x];HQ —ac;yV*P(2*; 8) + (2 — a) BEAF 4 207 F Ix (),

- 2
< Zico Pt 8) _ 2% - o

min  P(z*;5) < Ve < 174 +CF,
ke{0,...,K} YooV act Y o *
K ._ S e-a)8r | 20 58 (P Ix (")
where C** .= oot K ook + = S oo

Analysis of Theorem 2.1. Theorem 2.1 provides convergence guarantees for P(x; 5) within a
neighborhood C'¥, given that the sum of the stepsizes, Z?:o v, is sufficiently large. However,
achieving a precise convergence rate to the neighborhood requires additional assumptions on P(x; S),
the function f, or the stepsizes v*. For instance, under assumptions such as P(z; S) = f(z)— f* and
smoothness (Corollary 2.2), bounded gradients (Corollary 2.3), or decreasing stepsizes (Corollary 2.4),
we can establish convergence to a neighborhood within the framework of Theorem 2.1. However,
the latter two results—bounded gradients and decreasing stepsizes—are only meaningful if P(zx;.S)
satisfies certain regularity properties, which are discussed in detail in Section 2.3. If we further
Sio " Ix @) _ (%)

Yho* Ko
6 > 0, then the convergence neighborhood can shrink. In Section 3, we empirically observe that
along the training trajectories, the set X contains only a few such “problematic” points.

Corollary 2.2. Under the assumptions of Theorem 2.1 with P(x; S) = f(z) — f*, if we additionally
e (fe*)—f%)

assume that only a small finite number of points * belong to X, such that

assume that f is L-smooth, and choose v* = a =1, % =0, then we obtain

IV fR)I* 2
. k * < QLH:EO*ngQ oK
ke{%l,.l.r.l,K} UG A(K+1) + ’

where CK .— 22 SR o Ix (") < ALea S e Y Ix (@)
’ e Yoo = i (K+1)

Note that for S = {z*},2* € S, ¢c1 =1, co = 0, Corollary 2.2 presents a well-known result from
standard convex analysis for the Polyak stepsize (Polyak, 1987).
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Corollary 2.3. Under the assumptions of Theorem 2.1, if we additionally assume that f has bounded

k.& k
(x) || < G forall x € R, and choose v* = (2 — a)%, then we

gradients, i.e.,

obtain
B G 0_ ,.0

min P(:Bk;S) < ||x po ! + Ok,

ke{o,...,K} \/ 2 —a)ac; VK +1

Where CK Zk 0 (2 a)ﬁk + 2ca Zk 0 IX(-Lk)
aer K o7 o 3Ky 7

Corollary 2.4. Under the assumptions of Theorem 2.1, if we additionally assume that v* < ~*~1
fork =1,..., K, then we obtain

- D2 -

min  P(z*; S <$+C’K,
ke{0,...,K} ( )< aciyE (K +1)
AR L (22 @) 3R B 20 S Ix(@®) 12 E k1|2
where C = Oacl(Kjl) b0 Dmax = MaXge{o,...,K} Hl‘ - xPH

2.3 SPECIAL CASES

Let us consider some examples of stepsizes that satisfy Theorem 2.1 for a specific choice of P(z;.5) =
f(z) — f*and S = {a*}, ¥ € S. These results are summarized in Table 2. From the table, we
observe that for various stepsizes of the Polyak type (Polyak, 1987; Loizou et al., 2021; Orvieto
et al., 2022), convergence is achieved up to a neighborhood under the assumptions of Theorem 2.1,
along with additional conditions such as the smoothness of the function f or the boundedness of its
gradients, i.e., ||V f(z)|| < G for all z € R? (see Section C for details).

Table 2: Examples of stepsizes that satisfy Theorem 2.1 for a = 1, P(z, S) = f(x) — f*, ¥ =0
where S = {2*}, 2* € S. Here, I* < f*, cF = VEk +1,0% := f* —I*.

STEPSIZE, 7" EXTRA ASSUMPTION  CONVERGENCE RATE

c zk _g*

W SMOOTHNESS O (i) + ¥
BOUNDED V f (@) (f) + K

k

C|1|('f;a(c ))|l| ) SMOOTHNESS O (%) + 0K 4 o2

BOUNDED V f O LK) + K 4 o2
o [ el r) e ()"
mln{ckl‘vf(mk)”27 ok SMOOTHNESS O — _|_C’

2.4 EXAMPLES OF FUNCTION CLASSES

Next, let us consider some choices of P(x; S ), 1, and ¢o in Assumption 2 that describe specific
classes of functions and lead to meaningful convergence results. Our first example is one we have
already mentioned before.

Example 1. Let P(x;S) = f(z) — f*.

Note that if S = {z*}, * € S, co = 0, then Assumption 2 is equivalent to the definition of ¢;-weak
quasi-convex functions (Hardt et al., 2018). If additionally ¢; = 1, then Assumption 2 follows from
the convexity of the function f.

Pl er (Fh)—
Hlvl}((m‘f‘) = 1H(Vf( k)HQ)’W‘tha =1,and §* =0.1f we

additionally assume that f is L-smooth, then v* > 53 and from Corollary 2.2 we get the following

Consider using the Polyak stepsize *
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convergence result

oL 120 — 20% K & A
min f(xk) — f* < ’2|33‘ xPH 2¢9 Zk:o’y Ix(:L' )
ke{0,...,K} (K +1) 01 ZkK:o "

If ¢ = 0 or Yro7*Ix(z¥) = O(1), then we obtain an O (%) convergence rate for
mingeqo,... Kk} f(z*) — f* under Assumptions 1, 2, and the smoothness of f.

If, instead of the smoothness of f, we assume that f has bounded gradients, then from Corollary 2.3,
we get the following convergence result

G||2° - 22| 2 K oY Ix (2
pin, 14— < L] s St
ke{0,..., K} avk +1 CPIL L

If ¢co = 0, then we obtain an O (ﬁ) convergence rate for mingego,... x} f(x*) — f* under
Assumptions 1, 2, and the boundedness of the gradients of f.

Example 2. Let P(z;S) = +|Vf ()| L > 0.

Note that if S = {z*},z* € S, ¢1 = 1, ¢ = 0, then Assumption 2 follows from the convexity and
L-smoothness of the function f. Here, we used the fact that f is L-smooth and convex , which is
equivalent to the property that for all z,y € R¢

LIVF@) ~ VI < (V) V), ).

caaP@Eh8) _

Let us choose fyk = = % Then, by setting o = 1, Bk =0, fyk satisfies the relations of

TVEERI?
Theorem 2.1. Therefore, we get the following convergence result

2
L? on ~ x?)“ 2¢o lec{:() 'YkIX(xk)
(K +1) 1Yo

If co = 0 or Ypo7*Ix(z*) = O(1), then we obtain an O (L) convergence rate for
mingego,... k3 | V.f (z*) ||? under Assumptions 1, 2.

: k 2 <
pefnin IV ()7 <

Example 3. Let P(z;5) = f(x), f* = 0.
Note that if S = S, where S is a nonempty set, co = 0, then Assumption 2 is equivalent to the
Aiming condition (Liu et al., 2023).

aP@E*8) af@Eh) : _ E _ k :
N7 = TS FEE Then, by setting a = 1, 8% = 0, v* satisfies the

relations of Theorem 2.1. Similar to the previous examples, assuming that f is L-smooth, we can
show that

Let us choose 7% =

0 0 2 K
min _ f(z¥) 2L [|2% — ap||” | 2¢p Yoo 7 FIx (a")
Re{0.... K3 B C%(K +1) c1 22{:0 ~k

)

and assuming that f has bounded gradients, we get

Gll2° = 20| 20, oK AFIx(a*
min _ f(z") < H pH T C2 Zk:OK'Y x(z )
ke{0,.... K} avK+1 c1 Zk:o 'yk

If g = 0 or ZkK:o Y*¥Ix(z*) = O(1), then we obtain an O (%) convergence rate for
mingejo,... K} f(x*) under Assumptions 1, 2, and the smoothness of f. Also, if c; = 0, then

we get an O (ﬁ convergence rate for minge(o, . x} f(z") under Assumptions 1, 2, and the
boundedness of the gradients of f.

Additional examples of function classes are provided in Section D.
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2.5 EXTENSION TO THE STOCHASTIC SETTING

Problem formulation. In this subsection, we extend our results to the stochastic optimization

problem
min {f(z) := Eep [fe(2)]}

where ¢ are samples from some distribution D. We solve it using the stochastic gradient method
it = gk — ’kafgk (xk) .

Assumptions. To facilitate our convergence analysis, we make the following assumption on fe.
Assumption 3. There exists constants c1¢ > 0 and cg¢ > 0 such that for any x € R< one can find a
projection point z,, € arg min, g ||z — y||? satisfying

(Ve (), x—xp) > c1ePe(;5) — caglx (),

where S C S, S C R%is a set of global minimizers of f, S # 0, Pe(x; S ) is a nonnegative function
1, ifreX

of the argument z € R?, X C RY, I (z) := {0 otherwise”
, W

Theorem 2.5. Let Assumptions 1 and 3 be satisfied. Further assume that the stepsize v* =
min{7*,~,}, where 3* satisfies the relations

<Vf£k (a:k) ,xk — x§> + c%klx(a:k) + ﬁéﬂc
IV e @)

Y <AF < (2-a)

that holds for all k > 0 almost surely, where 0 < o < 2, ﬁgk >0, 7%« > 0, v > 0. Then we have the
following "descent inequality” that holds for all k > 0 and the convergence result:

Hx]”l - x’;H H2 < Hmk - :c];Hz - a’yk01£kP§k (z*;8) + (2 - a)’ykﬂgk + 27k025kIX(xk),

i Blaaratis) < 10 ol o
el Blorer P 058 < Sy e
o 27, Efcae| STE_ B[Ix (2*) .
where CE .= Mjm(])gil) Zk 0 [55;6} + = [ ifllnink(§+1[)x ] Ymin = min{v., 7}

Corollary 2.6. Under the assumptions of Theorem 2.5 with P(x; S) = fe(x) — fe(xp), c1e = ¢1 > 0,
if we additionally assume that f¢ are bounded from below, i.e, ¢ := inf,cga fe (x) > —o0, fe are

p_ alfer @)1 .
L-smooth, and choose 7% = W, a=1, B?k = c1(fer (2p) — fiv), then we obtain

| — "32}’2 + % + 2%E [ca¢] ZkK=0E [Zx (a*)]

E[f(z") - ] <
[f( )~ f ] T 1 Ymin(K + 1) Ymin C1Ymin (K + 1)

)

min
ke{0,...,K}

where iy := min{ £, 7}, 02 :=E [fg(xp) - fg}

Corollary 2.7. Under the assumptions of Theorem 2.5, if we additionally assume that 7% < 7*
almost surely for k =1, ..., K, then we obtain

: Q Dr2nax 1
cin B lagPe(ahiS)] < B [ } w1t G
(2—0) 50 B | Bgk | +2Elca] 350 B[1x (=") 2
where CE .= — [ skl(K+1)25 =0 Bl } , D2, = maxyeqo, .k} ||2" —z];H .

Let us consider some examples of the choices of Pg(m; S’), C1g, Cog in Assumption 2 that describe
certain classes of functions and lead to meaningful convergence results.
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Example 6. Let Pe(x;S) = fe(x) — fe(,), cig =c1 >0, ff > —o0.

Note that if S = S, S'is a nonempty set, c; = & — B, Coe = B(fg(:cp) — fg), where & > B > 0,

then Assumption 2 is equivalent to the definition of the &-B condition (Islamov et al., 2024).

c1 (fgk($k)_fgk)
1V e ()|

Thus, by setting o = 1, ﬁgk = c1(fe(zp)— fé ), from Corollary 2.6, we get the following convergence

result

Let us choose 7% = . If we additionally assume that f¢ is L-smooth, then 7% >

<
2L

2 K k
. K\ px [|2° — 23| oy | 2WE [e2e] 4o B [Ix (2")]
ke{%%.l»r.l,K}E [f(x )= ] = €1Ymin (K + 1) * Ymin * C1Ymin (K + 1)

If 02 = 0 (in the interpolation regime) and c2¢ = 0 (under &-3 condition either 3 = 0, or in
the interpolation regime) or ZkK:O E [IX (a:k)] = O(1), then for mingeyo,... k1 E [f(xk) — f*] we

obtain an O(1/K) convergence rate for under Assumption 1, 3, and the smoothness of fe.

Example 7. Let P:(x;S) = H|V fe(2)

2,L>0,01§:C1>0.

Note that if S = {z*}, 2* € S, c1 = 1, co¢ = 0, then Assumption 2 follows from the convexity

W = <. Then, by setting o = 1,
n

ng =0, ’?k satisfies the relations of Theorem 2.5 with v, = v, = % Therefore,

and L-smoothness of functions f¢. Let us choose 7% =

m L2 |ja® —af|[* | 2L2E [eae] S B [Ix ()]
kefo,..., A(K+1) (K +1) '

If coc = 0 or S E[Ix(z¥)] = O(1), then we obtain an O(1/K) convergence rate for
mingeqo,... k3 B [|V.f(2¥)]|?] Assumption 1, 3, and the smoothness of fe.

3 EXPERIMENTS

In the last section, we test whether our assumption holds for two choices of functions, defined by

Pe(x;8) = fe(z) — fe(zp) and Pe(x;S) = ||V fe()]|?, with c1¢ = ¢1 > 0. We assume S = {z*},
¥ ~ ¢* € S. For each experiment, we use 4 different random seeds. The results demonstrate that
X contains only a few "problematic” points for which cz¢ > 0, and even then cy¢ remains very close
to zero. Consequently, by Theorem 2.5, one can obtain a reducible convergence neighborhood. All

experiments were conducted in PyTorch (Paszke et al., 2019) on a single NVIDIA A100 40GB GPU.

3.1 HALF SPACE LEARNING PROBLEM

In the first experiment, we consider the following half-space learning problem

moig {f(m) =15 o (~birTa) + ;w} :

=1

where {a;,b;};—, ,a; € R%b; € {0,1} is a given dataset, \ = 105, and o is a sigmoid function.

We draw n/2 = 20 samples a; € R® from two multivariate Gaussian distributions with different
means and the same variance of 2, and assign the labels b; € {0, 1} accordingly. We use SGD with a
learning rate of 0.25 and a batch size of 1 for minimization problem.'

The results of the experiment are presented in Figure 1. The problem is nonconvex (Daneshmand
et al., 2018), and we observe that the gradient norm becomes near zero early, indicating that the
SGD trajectory passes through saddle points or local minima. From the plots, you can observe

! Our implementation is based on the open-source GitHub repository.


https://github.com/archana95in/Escaping-saddles-using-Stochastic-Gradient-Descent
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that for different functions P (z; S ), E [c2¢] remains close to zero and Assumption 3 holds with
relatively small constants co¢ along training trajectories, when c; is fixed. Specifically, when
Pe(x;S) = fe(z) — fe(zp), c1 = 1, it follows that co¢ < 0.002, and when P (z;.5) = ||V fe(2) |,
c1 = 0.1, it follows that co¢ < 0.058.

Full Loss f(x¥)

Gradient Norm [|[V(x")|| (Vfe, XK = xK) = ca(felx¥) = fe(xK), c1 =1

—— Mean
Min-Max

(Vfe, xK = xX) = c1|VFe)?, 1 = 0.1

—— Mean
Min-Max

04 2
—— Mean

Min-Max

—— Mean
Min-Max

125

V)|

(Vfg, xk = xK) = 1 | Vg |2

025

(Vfe, xK = xK) = c1(Fe(xK) = Fe(x¥))

0.00

0 200 400 600

Iteration k

800 1000 o 200 400 600

Iteration k

800 1000 o 200 a00 600

Iteration k

800 1000 0 200 400 600

Iteration k

800 1000

Figure 1: Training half-space learning problem.

3.2 MLP ARCHITECTURE

In the second experiment, we train an MLP model with 3 fully connected layers and ReLU activation
functions (the second layer has a size of 64) on the Fashion-MNIST dataset (Xiao et al., 2017),
using SGD with a learning rate of 0.05 and a batch size of 128. The experimental results are shown
in Figure 2. The plots indicate that for different functions Pt (z; S), E [co¢] remains close to zero
and Assumption 3 holds with relatively small constants co¢ along training trajectories when c; is
fixed. Specifically, when P (; g) = fe(x) — fe(xp), e = 1, it follows that coe < 0.402, and when
Pe(x;8) = ||V fe(x)||% e1 = 0.1, it follows that co¢ < 0.072.

(VFelxk), xK = xK) = e (Felx*) = felxK)), c1 =1

(VFe(xk), xk = x¥) — | VFe(x) P €1 = 0.1

(VFelx), x5 = xK) — e (Felxk) = felx¥)), c1 =1

{VFelx¥), X = x¥) — 1 |VFelx*) |12, €1 = 0.1
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Figure 2: Training MLP model. Figure 3: Training ResNet model.

3.3 RESNET ARCHITECTURE

In the final experiment, we employed the ResNet architecture (He et al., 2016) with a batch size of
128, training on the CIFAR-10 dataset (Krizhevsky, 2012) using the Adam optimizer with a learning
rate of 0.001.> As shown in Figure 3, we observe that Assumption 3 is once again satisfied for fixed
values of ¢, while the values of co¢ remain relatively close to zero along training trajectories.

2Our implementation is based on the open-source GitHub repository.


https://github.com/99991/cifar10-fast-simple
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A DETAILS AND PROOFS FROM SECTION 2.1
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4.0 4.0 4.0

3.5 35 3.5

3.0 3.0 3.0

2.5 25 2.5

2.0 2.0 2.0

15 15 15

1.0 1.0 1.0

0.5 0.5 0.5

0.0 0.0 0.0
-20 -15 -1.0 =05 00 05 1.0 15 20 -20-15-10-05 00 05 10 15 20 =20 -15-10-05 00 05 1.0 15 20

4.0 4.0

35 35

3.0 3.0

25 25

2.0 2.0

0.5 0.5

0.0 0.0
-2.0 -15 -1.0 =05 0.0 05 1.0 15 20 -20 -15-10 -05 00 05 1.0 15 20

Figure 4: Examples of the function f(z), z € R.

We consider different examples of functions f(z), © € R (see Figure 4):

_ 2 _ fl; .’1,'2—1 _x4_ 2 1
fl_x7 fQ_{4 — _3’ $<—1’ f3_2 .13-'—2,
10 f4 x>0
4 3 2 9 =
= _—— 3 = .

that belong to a particular class of functions. We denote each class of function in Table 2 as F}, Fb,
Fg, F4, F5, and FG.

Table 3: Assumption 2 for P(z, S) = f(x) — f*, where f* =0, S C S, and for different choices of

(c1,¢2,5). Here, S C R is a set of global minimizers of f, z* € S.

c1, S c2=0 c2 >0
~01:1, f1€F1 f17f37f4eF2
S ={z*}
a>0,  fi, f2, €F3 f1, fa, f3, fa, fs € F4
S ={z*}
c1 >0, fi, f2, € Fs f1, fo, f3, fa, f5 € Fo
S=S5

1. Obviously, since f; is a convex function, we have f; € F; fori =1,2,3,4,5,6.

2. The function f5 € F; for: = 3,4, 5,6, since
(Vis(x),z) =2vV—x>c1f(zx) = 1 (4/—2x—3), for z< -1

=1/2
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With ¢; = 1, it can be shown that it is not possible to satisfy this inequality by choosing any constant
Co Z 0.

3. The function f3 € F; for+ = 2,4,6. It is easy to show fs has two global minima: a global

minimum at x = 1 with f* = 0 and a global minimum at x = —1 with f* = 0. Then, choosing
c1 = 1 and ¢ = 0.5 (it is the smallest ¢ when ¢; = 1), we can show that
4 1
(Vfslw), o — 1) — o1 folw) = (225 — 22)(w — 1) — ¢4 (9; e 2) > ep for 23>0,

(Vfs(x), 2 +1) —c1fa(z) = (22° = 22)(x + 1) — &1 (24 — 2%+ ;) > —cy, for z<0.

With ¢, = 0, it can be shown that it is not possible to satisfy these inequalities by choosing any
constant ¢; > 0.

By choosing ¢; = 1 and cg = 1.437 (it is the smallest c; when ¢; = 1), we have

(Vs(x),x —1) — i fa(z) = (223 — 22)(x — 1) — ¢ (:c; —z2 4+ ;) > —cg, for zeR.

With ¢y = 0, it can be shown that it is not possible to satisfy this inequality by choosing any constant
c1 > 0.

4. The function f4 € F; for i = 2,4, 6. It is easy to show that f; has two minima: a global minimum
at z = 0 with f* = 0, and a local minimum at = = 1.5. Then, choosing ¢; = 1 and ¢ =~ 1.013 (it is
the smallest ¢y when ¢; = 1), we can show that

(Vi (x),2) —crfalz) = (4 —cr)a* — (10 — %cl)aj‘?’ + (6 —3c1)x? > —cy, for z€R.

With ¢z = 0, it can be shown that it is not possible to satisfy this inequality by choosing any constant
c1 > 0.

5. The function f5 € F; for i = 4, 6. It is simply a piecewise function composed of f5 and f4. This
statement can be easily proven using the proofs for f> and fy.

B PROOFS FROM SECTION 2.2

B.1 PROOF OF THEOREM 2.1

Proof. By the definition of x,, and the gradient update, we have
ka-+1 . x1;+1H2 < ka+1 . xlgHz
= Jla* =24V # (2*) = ab”
= [Ja* — &h|* = 29% (T F (a%) 0" — 2k + (F) (|9 F (0]

Vf(a:k),xk—x’;>+021x(a:k)—i-Bk

IV 7 ()2 » we have

Since 0 < v* < (2—a)<
et =y <l = 2 - ar* (VF (@*) . —af) + 2 - @)t
+ (2 — a)ealx (zF)y*
% [|2* — x’;H2 — aciy*P(z*; 8) + (2 — ) BEyF + 2¢0Ix (2% ).

After telescoping the last inequality, we get
Z?:o 'Ykp(xk§ S)

min _ P(z*;S) <

el S o
2 K K
on - xSH 4 Zk:o ’Vk(2 - Q)Bk n 2¢9 Zk:o 'YkIX(CEk)
= K K K :
acy Zk:() 'Yk acy Zk:() 'Yk acy Zk:() 'Vk
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B.2 PROOF OF COROLLARY 2.2

AN _ e ko_ aP@Eh8) _ a(fEh)-f)
Proof If P(z;5) = f(z) — f*and 2" = 15200 = S5ene

ﬂk =0, fyk satisfies the relations of Theorem 2.1
" 2 <Vf (mk) ,zh — x*> + colx (%)
< 5 .
V£ (@F)]]
If we additionally assume that f is L-smooth function, we can show
2
p_a(f@) =) asp [VIE] | a
= 2 2 = :
[V f (%) [V f (@*)]] 2L
Indeed, consider function ¢ (y) = f(y) — f*, then ¢(y) > 0 for all y € R?. Using smoothness of ¢
and choosing y = = — 1V f(x), we get

05 o(y) < pla) + (Vo @),y — ) + 5 Iy — 2l = f(a) — F* = S IV @),

, then, by setting o = 1,

0<~

>

Therefore, from Theorem 2.1 we get the following convergence result

2L |ja® — 20|*  de,L K F Ik (ak
win (o) pr < 2Tl del iy )
ke{0,...,K} (K +1) (K +1)

B.3 PROOF OF COROLLARY 2.3

c1 P(z*;8)+5"

Proof. Let us choose % = (2 — «) DIk , then
2 Vf(2F),zF — 2B + el x (aF) + B
0<vk§(2—a)< /() P>k jX( )5
IVF (@)l
From Theorem 2.1 we have
K = 2
koY P(2"; S) < HCUO_CU;O)H L oK
K = K )
Zk:o o acy Zk:o o
or equivalently
- k k. & K on_onQ
Z*y (P(m ;9)—-C ) < -—2r
acCy
k=0
: k > _ Clp(mk?g)
Since v* > (2 a)iwf(xk)”%wehave
K P(a*;8) (P(58) = CF) |00 — o)
<
p) = 3"
=0 IVf (@F)] (2—a)ac

Let us assume that P(z*; S) > CX fork = 0,..., K, otherwise, mingeqo,... Kk} P(z*;§) < CK.
If we also assume that f has bounded gradients, i.e., |V f (x) | < G for all z € R, then we get
~ 2 ~ ~
o= (P - 0T) | KPS (P8 - CF) a0 -
< <
= 2 = 20
k=0 G* k=0 V£ (@*)l] (2 - ajacy
consequently,

21,.0 _ .02
min (P(xk;g)_ K)2_ ¢ ||JC po !

kel{0,...,K} (2-a)ac? K+1’
or equivalently
- G ||2° — 29 1
min _ P(z*;S) < H pH + K.
ke{0,...,K} V(2 - a)ac; VK +1

16



Under review as a conference paper at ICLR 2026

B.4 PROOF OF COROLLARY 2.4

Proof. From Theorem 2.1 we have the following descent inequality

Hl’k+1 — x’;HHZ < ka - xI;HQ — aciy*P(z"; S) + (2 — ) B + 2e0Ix (aF)AF.

If v* < ~¥~1, instead of immediate telescoping the descent inequality, we can divide it by ac;v*
and then telescope

K ||a* — ak
> Pt Z
k=0

[ i

. i (2 — )BF + 2coIx (z%)

acyy* acy Y P acy
HxO—@“SH . ka_ka? [
SW*,;W ;ﬁ
i (2 — )B* + 2colx (zF)
-0 acCy
o ac; \1° et S Lok P acy

D? a K (2 — Oz)ﬁk + QCgfx(.%‘k)
— Tmax Z

acy ’

acyyE pors

2 . k k|2
where D2, = maxycqo,.. k} |[2% — k.
Therefore, we obtain

D2 K

5 2 -« 2
. P k'S < max k I
ke{%}%{K} (2% 9) < aciyK(K +1) + aci (K +1) [;OB + acy (K +1) kZ:O x(@

C PROOFS FOR EXAMPLES OF STEPSIZES FROM SECTION 2.3

k. alf&")-r")
T AVEEn)® )
of Theorem 2.1. If we assume that f is L-smooth function, we can show

k_ €1 (f( ") - f*) clzL ||Vf H
IV f (%)) IV @R)* QL

Indeed, consider function p(y) = f(y) — f*, then Vo(z*) = 0 and ¢(y) > ¢(z*) = 0 for all
y € R%. Using smoothness of ¢ and choosing y = 2 — L+ V f (), we get

0< oly) < ol@) + (Vo @)y — )+ 5y — o

= (&)~ f* — o IV S @)

Therefore, the convergence rate will be

Case 1. Let us choose . Then, by setting o = 1, 8% = 0, v* satisfies the relations

2L, 0 _ % 2 9 K k]' k
min f(xk) _ f* < ’2|CL' €z H 2 Zk:o}? X($ )
k‘G{O ..... K} Cl (K -+ 1) c1 Zk:o ryk?
. Ry _7*
k — %, I* < f*. Then, by setting o = 1, ¥ = ¢; (f*=101), vk
satisfies the relations of Theorem 2.1. If we assume that f is L-smooth function, we can show
o alE@) 1) aleh )
= 5 >
V£ (%) IV (25)]? 2L

Case 2. Let us choose
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Therefore, the convergence rate will be

)

) 2L ||2® — z* 2 2 K kT k
min pe) - pr< 2 ol ey 2 i e
ke{0,...K} (K +1) D
where 02 := f* —I*.
Case 3. Let us choose

YT = —; min R
ck IV f (k)]

L ~{Cl<f(xk)_l*) k—lck—l}
1

where [* < f*, {ck} is any non-decreasing sequence such that cF>1,e1 =, 'yfl = 70 > 0.
First, note that v* < ~*~! holds. Then, by setting o = 1, 8¥ = & (f* — I*), 7* satisfies the
relations of Theorem 2.1

0< < ikcl (f(xk) — l;) % <Vf (xk) ,zk — x*> +022[X(;l:k) —|—5k.
VT @) V£ (@F)]]
If we assume that f is L-smooth function, we can show recursively that

K_Lmin a (f@) =1 ki ko
TR { wreoE e

N { (") - 1) WK‘ch‘l}
- 2 b
KNIV (@F)|| cf
. o AKleK-1
= min 2eK [’ ck
0.0
. C1 cr yc
>
= mm { 2K L7 20L7 K }
. a0 2
min = =
- 2eK 7 K 2K [,

where L = max {L, Qled)}

Therefore, the convergence rate will be

D? 1 K 20 S kT (2F
ke{gﬁ?l{} =1 < a7 (K +1) " ci(K +1) kzzoﬂk ! 2216201@1;0 Vi( |
:27:/
2D%KL 0 (N1 2035 7 Ix(h)
—c%(K+1)+K+1kZ:0?k+ o K ok
! =/TFE 2D?NL 20 203 oM Ix (")
- d(K+1) K+1 a XK

where 02 = f* — [*.

D ADDITIONAL EXAMPLES OF FUNCTION CLASSES FROM SECTION 2.4

Example 4. Let P(x;5) = f(x) — f* + Bl — apl|?, 1 > 0.

Note that if § = {z*}, x* € S, co = 0, then Assumption 2 is equivalent to the definition of u-strongly
ci-weak quasi-convex functions (Bu & Mesbahi, 2020). If additionally ¢; = 1, then Assumption 2
follows from the u-strong convexity of the function f.
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Cl(f(fk)—f*) c1 P(z*;9)
IVF@RIZ = V@RI

relations of Theorem 2.1

b o c1 P(2%;5) i <Vf (xk) - x’1§> + CQIX(Ik).

EZACO IV ()|

Let us choose v* = Then, by setting o = 1, 3% = 0, v* satisfies the

Similar to the previous example, assuming that f is L-smooth, we can show that
2
T A W > I N
C% (K + 1) c1 Zsz() fyk’

. k x, My ok k2
— Ellak = <
ke{rg}gK}f(w )—f+ Q\Iw z,|I* <

b

and assuming that f has bounded gradients, we get
G |2° — ] 4 22 0" Ix (2¥)
avK+1 c1 ZkK:O fyk

: k x, My ok k2
— Zlgk — <
ke{%}}gK}f(x) o glla® =l <

If ¢ = 0 or Ypo7*Ix(z¥) = O(1), then we obtain an O (%) convergence rate for
mingeqo,... k3 f(2%) — f* + &||z* — 2| under Assumptions 1, 2, and the smoothness of f, and an

@] (\/%) convergence rate for minge o,k f(z*) — f* + §l2% — 2F||? under Assumptions 1, 2,
and the boundedness of the gradients of f.

We can also establish the linear rate of convergence for this class of functions. Indeed, using the
descent inequality from Theorem 2.1 and assuming f is L-smooth, we get

51— a2 <t — a2 — 19 P ) + 2eax (o)
k
C .
< (19T ) 1t - a4 2l (et

i k k2 kya K
< I—E 2% — 2p||” + 2c2lx (z7)".

Therefore, we finally get the following convergence result

2\ % 8coL
K_ Ki2< (-4t 0 _ p0p2 4 225 Tmax
|27 =z, |7 < 1) e =l =

)
WNEre Ymax = MaXgeo,...,. Kk YV 1x(T7).

If ¢; = 0, then we obtain a linear convergence rate for ||z — z/*||* under Assumptions 1, 2, and the
smoothness of f.

Example 5. Let P(x;S) = f(z) — f* + IV f(2)|* L>o0.

Note that if S = {z*},2* € S, 1 =1, ca = 0, then Assumption 2 follows from the convexity and
L-smoothness of the function f. Here, we used the fact that f is L-smooth and convex , which is
equivalent to the property that for all z,y € R?

S IV )~ VI < F(a) — Fl) — (V)7 )

c1 P :vk;sV c f(wk)—f*
Let us choose 7/ = 70 = I\I(Vf(z"‘)\l"’)

the relations of Theorem 2.1
2 (Vf(zF),2F — zF) + colx (zF
<o 2 L@ 2t —ab) vaurre)
[V £ (@F)]]

Therefore, using the fact that ZkK:O 7% > £ (K + 1), from Theorem 2.1 we get the following
convergence result

+ 5+. Then, by setting a = 1, BF =0, " satisfies

2
2L [|2° —a|”  2¢0 Sop o V¥ Ix ()
C%(K + 1) c1 22{20 fyk

If co = 0 or Ypo7*Ix(z*) = O(1), then we obtain an O (L) convergence rate for
mingego, . i1 f(2%) — f* + 52 [IVf (#%) ||* under Assumptions 1, 2.

1
: kY _ f* - EY 12 <
ke{rg}_l_r}’K}f(w )= P+ 57 IV )P <
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E PROOFS FROM SECTION 2.5

E.1 PROOF OF THEOREM 2.5
Proof. By the definition of x,, and the gradient update, we have
kaﬂ _ $I;+1H2 < ”xk-i-l _ xl;HQ
= [[a" =V fer (&%) — 3
= [la* = ap||* — 20" (Ver (a*) . —af) + (+9)° [ Ver (P

I

(915 (o4) k) venge I (a4
el

Since 7, < A% < (2 - a) and v* = min{7*, 3}, we have

et = < flah = af|® - 295 (Vfer (ab) o — ) | 2* 44455 [ Ve ()|
< [la* = " = 2 (Vfer (a*) a* — )
+ (2= )y (Ve (a¥) 2% — 28) + (2 - ) (ykﬁgk + ch%k[x(xk»
= [[a* — f|[* — an* (Vfer (a*) 2" — af)
+ (2 ) (485 + Ve Ix(ab))
2 ||2* — 25| - anFeren Pen (2% §) + v eaer Ix (%)
(2= ) (V8L + 1 eageIx (@)

2 -
T = avferen Per (2% 8) + (2 — a)y* BE: + 29  cagn I (a¥)

= [|a* 2
< ||l2* = 25|” = avmmcrer Per (2% 5) + (2 — @)y Bhe + 2ypcaen Ix ("),
where Yin = min{"s, 7 }.
By taking expectation, we have
B[l = af 7] < B [[lo* - k)] - arminF |er00 Pex (a7 9)

+ (2 - a)WE {ﬂgk] + 27,E [coe| E [Ix (z")] .

After telescoping the last inequality, we get
. 20 — 20 H2 (2 —a)y K
in B lcigP k;s}<” r |85
kG{%Tln,K} 01§k ék (l‘ ) - a’Ymin(K‘i’ 1) + a’len K+ 1 I;) ﬁfk
| 2uE [eae] S B [Tx (0]
QFYmin(K + 1) -

E.2 PROOF OF COROLLARY 2.6
Proof. 1t follows straightforwardly from Theorem 2.5 and using the smoothness of f, since

o c1 (fgk(xk)—fgk) N o _
IV fer (ab)|* 2L
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E.3 PROOF OF COROLLARY 2.7

Proof. From Theorem 2.5 we have the following descent inequality

kaH - a:];HH2 < ||xk - xllf |2 — arFeren P (2, S)+(2— a)’ykﬂgk + 27Feaen Ix (%),

If 4% < 4%~1 then v¥ < v*~1 and instead of immediate telescoping the descent inequality, we can
divide it by ay* and then telescope

ZCl&kng ,

l=* — 2" b —

b
ok

omk = Oz’}/k

K k k

(2 = a)Bgk + 2coer Ix (%)
+Z -

NERS s

K ﬁfk +2C2§kIX( )

DI

k=0

vt p2 (1 E 1
- a(w+;(w‘w1»
K

>

A ’“II

(2 - a)Bb, + 256 Ix (F)
(0%

Bé:k + 2CQ£kIX (.'Ifk)

_ Dis i 2-a)
oK P Q ’

where D2, := maxye(o, . K} ka - xlgHz'

After taking expectation, we have

K [DQ } K (2-a)E [5@} + 2B [eo¢] E [Ix (27)]
k

];)E |:Clgkpgk (.Tk, S)j| S E a:dx

)
(0%
=0

Therefore, we obtain

i oot < [ 2] Ly 2o s e )
Oy LA = E+1 aE+D &1

E [025} Yo E [Ix (%))
a(K+1) '

21



	Introduction
	Brief literature review

	Main Theory & Results
	Discussion of Assumption 2
	Main Convergence Theorem
	Special Cases
	Examples of function classes
	Extension to the stochastic setting

	Experiments
	Half space learning problem
	MLP architecture
	ResNet architecture

	Details and proofs from Section 2.1
	Proofs from Section 2.2
	Proof of Theorem 2.1
	Proof of Corollary 2.2
	Proof of Corollary 2.3
	Proof of Corollary 2.4

	Proofs for examples of stepsizes from Section 2.3
	Additional examples of function classes from Section 2.4
	Proofs from Section 2.5
	Proof of Theorem 2.5
	Proof of Corollary 2.6
	Proof of Corollary 2.7


