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ABSTRACT

We propose a model-free offline multi-step reinforcement learning (RL) algorithm,
Conservative Peng’s Q(λ) (CPQL). Our algorithm adapts the Peng’s Q(λ) (PQL)
operator for conservative value estimation as an alternative to the Bellman operator.
To the best of our knowledge, this is the first work in offline RL to theoretically
and empirically demonstrate the effectiveness of conservative value estimation
with the multi-step operator by fully leveraging offline trajectories. The fixed
point of the PQL operator in offline RL lies closer to the value function of the
behavior policy, thereby naturally inducing implicit behavior regularization. CPQL
simultaneously mitigates over-pessimistic value estimation, achieves performance
greater than (or equal to) that of the behavior policy, and provides near-optimal
performance guarantees — a milestone that previous conservative approaches
could not achieve. Extensive numerical experiments on the D4RL benchmark
demonstrate that CPQL consistently and significantly outperforms existing offline
single-step baselines. In addition to the contributions of CPQL in offline RL,
our proposed method also contributes to the offline-to-online learning framework.
Using the Q-function pre-trained by CPQL in offline settings enables the online
PQL agent to avoid the performance drop typically observed at the start of fine-
tuning and to attain robust performance improvements. Our code is available at
https://github.com/oh-lab/CPQL.

1 INTRODUCTION

Offline RL aims to learn policies from a static dataset collected under unknown behavior policies
without further interactions with the actual environment. However, offline RL faces a major challenge
known as distributional shift (Levine et al., 2020). A distributional shift arises when the state-action
distribution under the learned policy diverges significantly from that under the behavior policy.
This issue is exacerbated when the application of the Bellman updates to value functions requires
querying values of out-of-distribution (OOD) state-action pairs, which can lead to an accumulation of
extrapolation errors and ultimately result in poor performance of learned policies.

To tackle OOD actions in policy evaluation, conservative Q-learning (CQL) (Kumar et al., 2020)
penalizes the learned Q-function for OOD actions induced by the learning policy. Building on CQL,
subsequent algorithms (Ma et al., 2021; Lyu et al., 2022; Chen et al., 2023; Nakamoto et al., 2023;
Shao et al., 2023; Yeom et al., 2024) address the potential over-pessimism in both in-distribution and
OOD actions, which stems from excessively conservative value estimates. These approaches rely on
additional components, such as estimating the unknown behavior policy to handle OOD actions (Lyu
et al., 2022; Yeom et al., 2024) or introducing extra networks for a quantile (Ma et al., 2021) or a state
value function (Chen et al., 2023; Nakamoto et al., 2023), which may lead to increased complexity
and further drawbacks despite their intentions to address the over-pessimism — such drawbacks
include distribution mismatches between the estimated behavior policy and the dataset (Zhuang et al.,
2023; Kun et al., 2024), the need for extensive parameter tuning, and prolonged training times.

Intuitively, leveraging offline trajectories that span multiple timesteps, rather than individual single-
timestep transitions, provides more information about the behavior policy and can potentially prevent
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the selection of OOD actions for offline datasets. Although trajectories are readily available in offline
datasets, most previous model-free offline RL methods for policy evaluation have utilized these
trajectories only in the form of fragmented single-step transitions (Fujimoto et al., 2019; Kumar et al.,
2019; Wu et al., 2019; Fujimoto & Gu, 2021; Kostrikov et al., 2021). Hence, the following question
arises:

Can we design a value estimation method for offline RL that utilizes the multi-step learning?

In online RL counterparts of offline RL, there is a line of work that extends a single-step temporal-
difference (TD) learning (e.g., Q-learning (WATKINS, 1989)) to multi-step generalizations (Peng &
Williams, 1994; Precup, 2000; Munos et al., 2016; Harutyunyan et al., 2016; Rowland et al., 2020;
Kozuno et al., 2021), introducing multi-step operators that leverage temporally extended trajectories
to update Q-values. These operators improve learning efficiency and provide a more forward-looking
perspective, leading to enhanced performance in determining optimal actions compared to the single-
step Bellman operator across various benchmarks (Harb & Precup, 2017; Mousavi et al., 2017; Hessel
et al., 2018; Barth-Maron et al., 2018; Kapturowski et al., 2018; Daley & Amato, 2019). However,
whether such an extension to multi-step TD learning is possible in offline RL is still unclear. Hence,
the follow-up questions arise:

What is a suitable multi-step operator for offline RL?
Is it possible to demonstrate that the multi-step operator enhances performance?

In this paper, we propose an effective conservative multi-step Q-learning algorithm for model-free
offline RL, Conservative Peng’s Q(λ) (CPQL). Our algorithm builds on conservative value estimation
by incorporating the Peng’s Q(λ) (PQL) operator (Peng & Williams, 1994; Kozuno et al., 2021)
instead of the standard Bellman operator. Unlike other multi-step operators (Precup, 2000; Munos
et al., 2016; Harutyunyan et al., 2016; Rowland et al., 2020) that truncate trajectories, the PQL
operator fully leverages whole trajectories to improve policy evaluation. Since the PQL operator does
not use importance sampling, which requires estimating the behavior policy from offline datasets, it
avoids the mismatch issues arising from inaccurate behavior policy estimation (Zhuang et al., 2023;
Kun et al., 2024). Because the fixed point of the PQL operator in offline RL converges to the Q-
function of a mixture policy that interpolates between the behavior policy and target policy, coupling
it with a conservative value estimation method ensures that even mild conservatism is sufficient
to mitigate Q-value overestimation caused by distribution shift. In contrast to other conservative
methods (Kumar et al., 2020; Ma et al., 2021; Lyu et al., 2022; Chen et al., 2023; Nakamoto et al.,
2023; Shao et al., 2023; Yeom et al., 2024), CPQL mitigates over-pessimistic value estimation in the
Q-function (Theorem 1) without requiring additional estimation procedures or auxiliary networks.
Our main contributions are summarized as follows:

• We propose CPQL, the first multi-step Q-learning algorithm for model-free offline RL.
CPQL adapts the PQL operator to conservative value estimation and fully leverages offline
trajectories without estimating additional models. To the best of our knowledge, our work is
the first to demonstrate both theoretically and empirically the effectiveness of conservative
multi-step value estimation.

• We provide rigorous theoretical analyses for CPQL. The policy learned by CPQL is guaran-
teed to achieve performance greater than (or equal to) that of the behavior policy (Theorem 2)
and further reduces the sub-optimality gap compared to CQL (Theorem 3). Our theoretical
analyses effectively address the key limitations of over-pessimistic value estimation in offline
RL, ensuring balanced conservatism and improved policy exploration.

• Extensive numerical experiments on the D4RL benchmark demonstrate that CPQL consis-
tently and significantly outperforms existing offline single-step RL algorithms. In contrast to
CQL, whose performance is highly sensitive to the choice of the conservatism parameter (An
et al., 2021; Ghasemipour et al., 2022; Tarasov et al., 2024b), CPQL remains robust across a
wide range of conservatism parameter values.

• Beyond the contribution of CPQL to mitigating over-pessimistic value estimation in offline
RL, CPQL also contributes to the offline-to-online learning framework. Using the Q-function
pre-trained by CPQL enables the online PQL agent to avoid the performance drop observed
at the start of the online phase and attain robust performance improvements.
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2 RELATED WORK

Model-free Of�ine RL. To overcome the distributional shift and extrapolation error, model-free
of�ine RL methods focus on learning policies using techniques such as penalizing learned value
functions to assign low values to unseen actions (Kumar et al., 2020; Ma et al., 2021; Lyu et al.,
2022; Chen et al., 2023; Nakamoto et al., 2023; Shao et al., 2023; Ma et al., 2023; Yeom et al.,
2024), constraining the learned policy to remain similar to the behavior policy (Fujimoto et al.,
2019; Kumar et al., 2019; Wu et al., 2019; Fujimoto & Gu, 2021; Fakoor et al., 2021; Ghasemipour
et al., 2021; Wu et al., 2022; Tarasov et al., 2024a), quantifying the uncertainty (Wu et al., 2021;
Zanette et al., 2021) by adding ensemble techniques to obtain a robust value function (Bai et al.,
2021; An et al., 2021; Ghasemipour et al., 2022; Yang et al., 2022; Nikulin et al., 2023), and learning
without querying OOD actions (Chen et al., 2020; Kostrikov et al., 2022). However, most model-free
of�ine RL algorithms use the single-step TD learning in off-policy methods based on TD3 (Fujimoto
et al., 2018), SAC (Haarnoja et al., 2018), and AWR (Peng et al., 2019). Thus, our work addresses
over-pessimistic value estimates by leveraging multi-step TD learning based on of�ine trajectories.

Multi-step Operators. Among off-policy multi-step operators (WATKINS, 1989; Peng & Williams,
1994; Cichosz, 1994; Sutton & Barto, 1998; Precup, 2000; Munos et al., 2016; Harutyunyan et al.,
2016; Rowland et al., 2020; Kozuno et al., 2021; Daley et al., 2023) inonlineRL, the PQL operator
consistently outperforms the Bellman operator and other multi-step operators across several complex
onlinetasks (Harb & Precup, 2017; Mousavi et al., 2017; Hessel et al., 2018; Barth-Maron et al., 2018;
Kapturowski et al., 2018; Daley & Amato, 2019). The �xed point of the PQL operator inonlineRL
has been criticized for its inability to converge to the optimal Q-function without additional technical
conditions, such as the updated behavior policy being close to the target policy (Harutyunyan et al.,
2016; Kozuno et al., 2021). However, under the �xed behavior policy (of�ine settings), we exploit the
property (Kozuno et al., 2021) that its �xed point is closer to the Q-function of the behavior policy.
By integrating conservative value estimation into this property, CPQL tackles two central of�ine RL
challenges: distributional shift and overly pessimistic value estimates.

Of�ine-to-Online RL. To prevent the forgetting of of�ine pre-training bene�ts and to enable ef�cient
online exploration, of�ine-to-online RL methods have explored diverse techniques such as leveraging
an of�ine dataset to sample-ef�cient online �ne-tuning (Nair et al., 2020; Lee et al., 2022; Song et al.,
2022), avoiding the need to retain of�ine data (Uchendu et al., 2023; Zhou et al., 2024), maintaining
a balanced replay buffer (Ball et al., 2023; Ji et al., 2024; Luo et al., 2024), calibrating the value
function (Nakamoto et al., 2023), adopting Bayesian approaches (Hu et al., 2024), bridging the
value gap between of�ine and online RL (Yu & Zhang, 2023; Wagenmaker & Pacchiano, 2023), and
proposing policy expansion schemes (Zhang et al., 2023). However, since CPQL mitigates over-
pessimistic value estimation in the of�ine phase, it eliminates the need for additional mechanisms
such as critic-actor calibration or alignment when transitioning to vanilla PQL in the online learning.
This allows the online agent to directly leverage the pre-trained Q-function without further adjustment,
ensuring a smoother transition to online �ne-tuning. As a result, CPQL avoids the performance drop
typically observed at the start of �ne-tuning and attains robust performance improvements.

3 PRELIMINARIES

3.1 MARKOV DECISION PROCESS

We consider a Markov Decision Process (MDP) de�ned by a tupleM := ( S; A ; P; R; d0; 
 ),
whereS is the state space,A is the action space,P : S � A ! � S represents the state tran-
sition probability kernel,R is the reward distribution,d0 2 � S is the initial state distribution,
and 
 2 [0; 1) is the discount factor. We let the reward functionr 2 RS�A be de�ned as
r (s; a) :=

R
r 0R (dr0js; a), and assume thatjr (s; a)j � Rmax , 8 (s; a) 2 S � A . Let a policy

� : S ! � A be a mapping from states to actions (deterministic) or a probability distribution over
actions (stochastic). Given any policy� , an agent starts from an initial states0 and interacts with
M , repeatedly taking actions, receiving rewards, and observing subsequent states. This process
generates a trajectory� = f (st ; at ; r (st ; at ))gt � 0, whereat � � (�jst ) andst +1 � P (�jst ; at ).
The state-value function and action-value function (Q-function) for the policy� are de�ned as
V � (s) := E� [

P 1
t =0 
 t r (st ; at ) j s0 = s] andQ� (s; a) := E� [

P 1
t =0 
 t r (st ; at ) j s0 = s; a0 = a],

respectively. We de�ne the discounted state visitation distribution of a policy� under the environment
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M asd�
M (s) := (1 � 
 )

P 1
t =0 
 t Pr � (st = s j s0 � d0; P), wherePr � (st = s j s0 � d0; P) de-

note the probability of reaching states at time-stept under� andP, starting from initial state
s0 distributed according to the initial state distributiond0. Similarly, we de�ne the discounted
state-action visitation distribution asd�

M (s; a) := d�
M (s) � (ajs).

3.2 OFF-POLICY OPERATORS

Off-policy RL consists of two main tasks: evaluation and improvement. The evaluation process is to
learn the Q-function of a �xed policy. In the improvement setting, the goal is to obtain an optimal
policy � � that maximizes the expected discounted return underd0, represented asmax� JM (� ) :=
Es� d0 [V � (s)] = 1

1� 
 Es;a � d�
M

[r (s; a)]. Operators are a fundamental concept in RL because all
value-based RL algorithms update the Q-function using a recursionQk+1 := Ok Qk , whereOk :
RS�A ! RS�A is an operator that speci�es the update rule of the algorithm. We de�neP � as the
transition matrix coupled with the policy, given byP � Q(s; a) := Es0�P ( �j s;a ) ; a 0� � ( �j s0) [Q(s0; a0)] :

Bellman Operator. The Bellman operatorT � : RS�A ! RS�A is de�ned asT � Q := r + 
 P � Q.
We denote the set of all greedy policies with respect toQ asG(Q). The Bellman optimality operator
T � is de�ned byT � Q := T � Q Q, where� Q 2 G(Q).

Peng's Q(� ) (PQL). For � 2 [0; 1], PQL updates the Q-function using the recursionQk+1 :=
T � �;k ;� k

� Qk (Peng & Williams, 1994; Kozuno et al., 2021), where� k 2 G(Qk ). The PQL operator
T � � ;�

� : RS�A ! RS�A is de�ned asT � � ;�
� Q := (1 � � )

P 1
n =1 � n � 1T � � ;�

n Q, whereT � � ;�
n Q :=

(T � � )n � 1 T � Q is the uncorrectedn-step return operator (WATKINS, 1989; Cichosz, 1994; Sutton
& Barto, 1998; Hessel et al., 2018).

3.3 OFFLINE RL

In of�ine RL, the learned policy is constrained to a static dataset without additional interactions
with the environment during the control process. The of�ine datasetD consists of either trajectories
f � i gn

i =1 gathered by unknown behavior policies� � . On all statess 2 D , we denote the empirical

behavior policy aŝ� � (ajs) :=
P

s;a 2D 1[s= s;a = a]
P

s 2D 1[s= s] . We de�ne the state space induced byD asS(D),
consisting of all states inD. SinceD typically covers a subset of the tuple space, of�ine RL algorithms
based on the Bellman operator suffer from action distribution shift. Because the learning policy is
updated to maximize Q-values, cumulative extrapolation errors in unseen actions can drive it toward
OOD actions with erroneously high Q-values (Levine et al., 2020).

To address the overestimated Q-value problem, CQL (Kumar et al., 2020) penalizes the learned
Q-function for OOD actions induced by the learning policy. The objective function of CQL with a
non-negative conservatism parameter� is de�ned as follows:

1
2

Es;a;s 0�D

h
(Q (s; a) � T � Q (s; a))2

i
+ �

�
Es�D ;a � � ( �j s) [Q (s; a)] � Es;a �D [Q (s; a)]

�
: (1)

4 CONSERVATIVE PQL

In this section, we develop the CPQL algorithm, where the learned Q-function mitigates overestima-
tion bias in value estimation. We provide several novel theoretical results that include guarantees for
the sub-optimality gap between the optimal policy and the policy learned via CPQL. It is important
to note that PQL has not been studied underof�ine RL settings. Hence, we �rst present how previ-
ous �ndings on online PQL can be adapted to of�ine PQL, addressing fundamental challenges of
Q-learning in of�ine RL.

4.1 TOWARDS OFFLINE PQL

Prior works (Peng & Williams, 1994; Sutton & Barto, 1998; Kozuno et al., 2021) have investigated
the PQL operator only inonlineRL. In this work, we focus on constructing the PQL operator in
of�ine RL for the �rst time. Adapting PQL to of�ine RL not only facilitates faster convergence to the
�xed point but also mitigates the effects of extrapolation errors and over-pessimistic value estimation,
which are key issues in of�ine RL. We begin by recalling the �xed-point characterization of the PQL
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operator and reinterpreting it from anof�ine RL perspective. We consider the exact case where no
update errors exist in the value functions.

Proposition 1 (Harutyunyan et al. (2016)) The �xed point of the PQL operator,Q� � ;� , satis�es:

Q� � ;� = ( � T � � + (1 � � ) T � ) Q� � ;� :

Proposition 1 states that a �xed point of the PQL operator coincides with the �xed point of� T � � +
(1 � � ) T � for the target policy� . Since� T � � + (1 � � ) T � is a contraction with modulus
 under
L 1 -norm, the existence and uniqueness of this �xed point are guaranteed. However, this �xed point
does not ensure the convergence of the optimal Q-function in online RL unless� � is suf�ciently close
to � (Harutyunyan et al., 2016; Kozuno et al., 2021). In contrast, when we use the�xed empirical
behavior policŷ� � from D, the Q-function updated by the PQL operator converges toQ� �̂ � +(1 � � ) � .

Proposition 2 (Kozuno et al. (2021))Let � be a policy such thatQ� �̂ � +(1 � � ) � � Q� �̂ � +(1 � � )��

holds pointwise for any policy�� . Then,Qk for the k-th iteration, updated by the PQL operator,
uniformly converges toQ� �̂ � +(1 � � ) � with a contraction rate of� k , where� := 
 (1 � � )

1� 
� .

Proposition 2 states a trade-off between bias and contraction rate, that is, PQL with the �xed behavior
policy converges to a biased �xed point that differs fromQ� , with a contraction rate� .

Interpretation to of�ine RL. Prior work (Kozuno et al., 2021) focused on online RL, particularly
on how updating the behavior policy is necessary for this �xed point to converge toQ� . However, the
�xed point Q� with � = 0 , corresponding to the value derived from the Bellman operator, can still
deviate fromQ� due to distribution shift in of�ine RL (Fujimoto et al., 2019; Kumar et al., 2019;
Levine et al., 2020). Thus, one of our main points is that we should focus onhow an appropriately
chosen� mitigates Q-value overestimation for the learned policyby shifting the �xed point closer to
Q�̂ � , rather than focusing on increasing the bias introduced by a large� . Because the �xed point lies
closer to the behavioral value, it naturally induces implicit behavior regularization. A carefully chosen
� can effectively address the over-pessimism problem in conservative value estimation methods and
yield a more robust learned Q-function, as it mitigates the in�uence of the learned policy.

4.2 THEORETICAL ANALYSIS

We aim to mitigate the over-pessimistic estimation of Q-values for the learned policy induced
by conservatism. We integrate the PQL operator into the CQL loss, as it provides a simple and
effective way to alleviate the over-pessimism of Q-values. We replace the standard Bellman operator
in Equation 1 with the PQL operator. This leads to the following iterative Q-value update in CPQL:

bQk+1 2 argmin
Q

�
1
2

Es;a;s 0�D

� �
Q (s; a) � T �̂ � ;� k

�
bQk (s; a)

� 2
�

+ �
�
Es�D ;a � � k ( �j s) [Q (s; a)] � Es;a �D [Q (s; a)]

�
�

: (2)

The following theorem shows that the expectation of the learned Q-function obtained by iterat-
ing Equation 2 lower-bounds the expectation of the true Q-function. This result is an adaptation of
Theorem 3.2 in Kumar et al. (2020). The proofs with sampling error are deferred to Appendix B.1.

Theorem 1 (Lower Bound on the State Value Function of CPQL)Let bQ� �̂ � +(1 � � ) � denote the
Q-function derived from CPQL as de�ned in Equation 2. Then, the state value of� �̂ � + (1 � � ) � ,
bV � �̂ � +(1 � � ) � (s) = Ea� ( � �̂ � +(1 � � ) � )( �j s)

h
bQ� �̂ � +(1 � � ) � (s; a)

i
, lower-bounds the true state value

of the policy obtained via exact policy evaluation,V � �̂ � +(1 � � ) � (s). Formally, with probability at
least1 � � , for all s 2 S(D) and some� > 0,

bV � �̂ � +(1 � � ) � (s) � V � �̂ � +(1 � � ) � (s):

The next two theorems show that the policy learned by CPQL is guaranteed to achieve the performance
greater than (or equal to) that of�̂ � (Theorem 2) and reduces the sub-optimality gap (Theorem 3),
which previous conservative value estimation methods had not achieved. The proof with sampling
error is deferred to Appendix B.2 and B.3.
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Theorem 2 (Comparison to the Behavior Policy)Let �̂ := argmax � Es� d0

h
bV � �̂ � +(1 � � ) � (s)

i
.

With probability at least1 � � , � �̂ � + (1 � � ) �̂ achieves a policy improvement over�̂ � in the actual
MDP M as follows:

JM (� �̂ � + (1 � � ) �̂ ) � JM (�̂ � ) +
� (1 � � )

1 � 

E

s� d
� �̂ � +(1 � � ) �̂

M (s)

�
Ea� �̂ ( �j s)

�
�̂ (ajs)
�̂ � (ajs)

� 1
��

:

Theorem 3 (Sub-Optimality Gap) With probability at least1� � , the gap of the expected discounted
return between the optimal policy� � and the mixture policy� �̂ � + (1 � � ) �̂ under the actual MDP
M satis�es

JM (� � ) � JM (�̂; � �̂ � + (1 � � ) �̂ )

�
2�R max

(1 � 
 )2 E
s� d

� �̂ � +(1 � � ) � �

M

h
dTV (� � ; �̂ � ) (s)

i

+
2� (1 � � )

1 � 

E

s� d
� �̂ � +(1 � � ) � �

M (s)

�
dTV (� � ; �̂ )(s)

�
� (�̂ )(s) +



1 � 


Ea� �̂ ( �j s)

�
�̂ (ajs)
�̂ � (ajs)

� 1
���

;

where� (�̂ )(s) :=
P

a2A
� � (ajs)+ �̂ (ajs)

�̂ � (ajs) anddTV (� 1; � 2) is the total variation distance of� 1 and� 2.

Discussion of Theorems 2 and 3.In Theorem 2,� �̂ � + (1 � � )�̂ achieves at least the performance
of �̂ � under the actual MDPM . When accounting for sampling error,� is chosen such that the
conservative term exceeds the sum of the sampling error terms. However, an excessively large� does
not guarantee that the sub-optimality gap decreases. In Theorem 3, increasing� signi�cantly can
lead to larger in�uence of� (�̂ ) andEa� �̂ ( �j s) [�̂ (ajs) =�̂ � (ajs)] on the RHS. To reduce these gaps, it
is crucial to control the two unbounded terms, since their reduction has a greater effect than reducing
the total variation distance. Thus,�̂ approacheŝ� � when� takes on a large value by Theorem 2.
However, CPQL can reduce the sub-optimality gap more effectively than CQL. If�̂ deviates from̂� � ,
leading to� (�̂ ) andEa� �̂ ( �j s) [�̂ (ajs) =�̂ � (ajs)] growing to in�nity. While CQL lacks a mechanism
to directly mitigate this divergence, CPQL addresses it through� , which balances between the �rst
and second terms on the RHS. For example, since� � and�̂ � are �xed policies, if�̂ � is similar to� � ,
choosing a large value of� further reduces the sub-optimality gap. Conversely, if�̂ � differs from� � ,
adjusting� appropriately is more effective than CQL at reducing the sub-optimality gap.

4.3 PROPOSEDALGORITHM

Algorithm 1 Conservative Peng's Q(� ) (CPQL)
Require: Critic networksQ� 1 ; Q� 2 , Actor network� � , DatasetD, Conservatism factor� , and�
1: Initialize target networks� �

1  � 1, � �
2  � 2

2: for gradient stept = 1 ; 2; � � � do
3: Sample batch partial trajectories each of lengthn, f (s0; a0; r 0; s1; a1; r 1; � � � ; sn )g, from D
4: for i = n � 1 to 0 do
5: ComputebQi

� j
= r i + 
Q � �

j
(si +1 ; � � (si +1 ))+ 
�

�
bQi +1

� j
� Q� �

j
(si +1 ; � � (si +1 )

�
, j = 1 ; 2

6: end for
7: Construct target valuey = min j =1 ;2 bQ0

� j
� 
 n � td log � � (�jsn )

8: Update critic� j for j = 1 ; 2 with gradient descent via minimizing

� Es�D

"

log
X

a

exp
�
Q� j (s; a)

�
� Ea� � � ( �j s)

�
Q� j (s; a)

�
#

+
1
2

Es;a;s 0�D

h�
Q� j (s; a) � y

� 2
i

9: Update actor� for learned policy� � with gradient ascent via maximizing

Es�D ;a � � � ( �j s)

�
min
j =1 ;2

Q� j (s; a) � � pol log � � (�js)
�

10: Update target networks:� �
j ! � � j + (1 � � ) � �

j , j = 1 ; 2
11: end for
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Table 1: Results for MuJoCo locomotion, Adroit manipulation, and AntMaze navigation tasks in
of�ine D4RL. * indicates reproduced results: (algorithm*) for all datasets, (score*) for a speci�c
dataset. Bold numbers are the scores within 2% of the highest in each environment.

Task BC� TD3+BC CQL IQL MCQ MISA CSVE EPQ� CPQL (ours)

halfcheetah-random 2.2 11.0 17.5� 13.1� 28.5 2.5� 26.8 31.9 38.8� 1.0
hopper-random 3.7 8.5 7.9� 7.9� 31.8 9.9� 26.1 30.3 31.5� 0.5
walker2d-random 1.3 1.6 5.1� 5.4� 17.0 9.0� 6.2 11.2 21.2� 0.7

halfcheetah-medium 43.2 48.3 47.0� 47.4 64.3 47.4 48.4 67.1 66.6� 0.9
hopper-medium 54.1 59.3 53.0� 66.2 78.4 67.1 96.7 100.4 99.7� 2.0
walker2d-medium 70.9 83.7 73.3� 78.3 91.0 84.1 83.2 86.4 90.0� 1.5

halfcheetah-medium-replay 37.6 44.6 45.5� 44.2 56.8 45.6 54.5 51.4 60.3� 0.8
hopper-medium-replay 16.6 60.9 88.7� 94.7 101.6 98.6 91.7 97.3 103.0� 0.6
walker2d-medium-replay 20.3 81.8 81.8� 73.8 91.3 86.2 78.0 86.0 97.4� 4.0

halfcheetah-medium-expert 44.0 90.7 75.6� 86.7 87.5 94.7 93.1 86.6 95.3� 0.6
hopper-medium-expert 53.9 98.0 105.6� 91.5 111.2 109.8 94.1 110.4 111.3� 1.2
walker2d-medium-expert 90.1 110.1 107.9� 109.6 114.2 109.4 109.0 110.9 112.9� 2.0

halfcheetah-expert 91.8 96.7 96.3� 95.0� 96.2 95.9� 93.8 102.9 98.0� 1.6
hopper-expert 107.7 107.8 96.5� 109.4� 111.4 111.9� 111.3 111.1 112.0� 0.6
walker2d-expert 106.7 110.2 108.5� 109.9� 107.2 109.3� 108.5 109.8 114.1� 0.5

MuJoCo Total 744.1 1013.2 1010.2 1033.1 1188.4 1081.4 1121.4 1193.7 1252.1

pen-human 34.4 64.8� 37.5 71.5 68.5 88.1 106.2 65.7 72.1� 4.6
door-human 0.5 0.0� 9.9 4.3 2.3 5.2 2.8 5.1 14.3� 2.2
hammer-human 1.5 1.8� 4.4 1.4 1.3 8.1 3.5 0.3 1.4 � 0.9
relocate-human 0.0 0.1� 0.2 0.1 0.1 0.1 0.1 0.1 0.1 � 0.0

pen-cloned 56.9 49.0� 39.2 37.3 49.4 58.6 54.5 55.8 70.9� 6.9
door-cloned -0.1 0.0� 0.4 1.6 1.3 0.5 1.2 0.5 6.4 � 5.0
hammer-cloned 0.8 0.2� 2.1 2.1 1.4 2.2 0.5 1.2 1.6 � 1.1
relocate-cloned -0.1 -0.2� -0.1 -0.2 0.0 -0.1 -0.3 -0.1 -0.1 � 0.0

Adroit Total 93.9 115.7 93.6 118.1 124.3 162.7 168.5 128.7 166.7

antmaze-umaze 65.0 78.6 74.0 87.598.3� 92.3 - 96.2 96.7� 1.9
antmaze-umaze-diverse 55.0 71.4 84.0 62.2 80.0� 89.1 - 72.3 68.6� 0.5
antmaze-medium-play 0.0 10.6 61.2 71.2 52.5� 63.0 - 59.0 72.4� 1.2
antmaze-medium-diverse 0.0 3.0 53.7 70.0 37.5� 62.8 - 57.5 71.7� 0.8
antmaze-large-play 0.0 0.2 15.8 39.6 2.5� 17.5 - 23.8 41.6� 5.2
antmaze-large-diverse 0.0 0.0 14.9 47.5 7.5� 23.4 - 17.4 46.6� 4.9

Antmaze Total 120.0 163.8 303.6 378.0 278.3� 348.1 - 326.2 397

Algorithm 1 presents a general version of our proposed method. In Line 5, given a partial trajectory
of lengthn, we recursively compute the target Q-function using the trace parameter� . While updates
are based on SAC (Haarnoja et al., 2018), we set� td = 0 at all steps except the last (Line 7), ensuring
stability during Q-function updates. This is because the entropy bonus term is added to the target
Q-function at each step, amplifying its numerical scale and complicating value estimations (Kozuno
et al., 2021). In Line 8, we adopt the log-sum-exp method from CQL (Kumar et al., 2019) to
incorporate conservative value estimation. Compared to CQL, CPQL reduces the in�uence of the
learned policy on Q-value estimates, enabling stable learning even with a small conservatism factor�
(see Question (ii) in Section 5).

5 EXPERIMENTS

In this section, we describe our detailed experimental procedures and report the corresponding results
to address the following pertinent questions:

(i) How does the performance of CPQL compare to prior single-step of�ine baselines, some of
which incorporate conservative value estimation methods, across various tasks and datasets?

(ii) What advantage does CPQL provide over CQL in terms of sensitivity to the conservatism
parameter� , and does it mitigate over-conservatism while achieving strong performance?

(iii) How does CPQL compare with other multi-step operators (e.g., Uncorrected N-step, Retrace,
and Tree-backup) when combined with conservative value estimation? (Note that there are
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no existing of�ine RL methods with a multi-step operator. Here, we are asking a question
on ablation.)

(iv) Can the online PQL agent, using the Q-function pre-trained by CPQL in of�ine settings,
mitigate performance drop at the start of the online phase and enable faster adaptation and
improvement in online learning compared to of�ine-to-online baselines?

For a fair comparison, we evaluate all algorithms using results after1M gradient steps in of�ine
D4RL (Fu et al., 2020). In the of�ine-to-online setting, we �rst pre-train algorithms for0:25M of�ine
steps and then �ne-tune them for0:3M online steps. Our score is computed from the policy during
the last10 iterations, averaged over5 seeds, with� denoting the standard deviation across seeds. For
CPQL evaluation, we setn = 5 to cap the length of the partial trajectories. (See Appendix C for
details).

Tasks.MuJoCo (Todorov et al., 2012) consists of datasets from three environments (HalfCheetah,
Hopper, andWalker2d), each with �ve dataset types (Random, Medium, Medium-Replay, Medium-
Expert, andExpert). Adroit (Rajeswaran et al., 2017) involves two dataset types (humanandcloned)
and four Shadow Hand robot tasks (hammer, door, pen, andrelocate). AntMaze provides three maze
layouts (umaze, medium, andlarge) and three dataset types (umaze, play, anddiverse).

Baselines. In the of�ine setting, we compare CPQL to prior model-free single-step of�ine RL
algorithms: (i) TD3+BC (Fujimoto & Gu, 2021) that incorporates an explicit policy constraint
through the behavior cloning (BC), (ii) CQL (Kumar et al., 2020) that penalizes the Q-function
for OOD actions, (iii) IQL (Kostrikov et al., 2022) that learns the Q-function without querying
OOD actions, (iv) MCQ (Lyu et al., 2022) that uses the mildly conservative Bellman operator, (v)
MISA (Ma et al., 2023) that constrains the policy based on mutual information, (vi) CSVE (Chen
et al., 2023) that learns a conservative state-value function, and (vii) EPQ (Yeom et al., 2024) that
learns the Q-function by selectively penalizing states with insuf�cient action coverage. In of�ine-
to-online RL, we evaluate the performance of CPQL (of�ine pretraining) followed by PQL (online
�ne-tuning), and compare it against several algorithms: (i) AWAC (Nair et al., 2020) that utilizes the
advantage weighted actor-critic with weighted maximum likelihood, (ii) Cal-QL (Nakamoto et al.,
2023) that calibrates the value-function, (iii) IQL (Kostrikov et al., 2022), (iv) SPOT (Wu et al., 2022)
that uses density-based regularization, and (v) CQL (Kumar et al., 2020) (of�ine) to SAC (online).

5.1 RESULTS ON OFFLINE AND OFFLINE-TO-ONLINE D4RL

Question (i): Our experimental results, summarized in Table 1, are based on evaluations carried
out across diverse tasks. CPQL achieves high performance in the vast majority of the tasks with22
out of29 tasks. In MuJoCo locomotion tasks, CPQL consistently achieves remarkable performance
improvements across all tasks, regardless of data distribution—whether diverse (Random, Medium-
Replay) or narrow (Medium, Medium-Expert). In Adroit manipulation tasks, CPQL surpasses all other
algorithms fordoor on humanandcloneddatasets. Excluding only CSVE in thepen-humandataset,
we achieve high performance in twopentasks. In Antmaze navigation tasks, CPQL demonstrates
outstanding performance despite sparse rewards and diverse datasets (undirected and multi-task).
These results on diverse tasks demonstrate that CPQL effectively mitigates the problem of over-
pessimistic value estimation by leveraging actual trajectories and the PQL operator.

Figure 1: Normalized scores of different conservatism parameters� in Walker2dtasks.

Question (ii): CPQL maintains high performance even at small� , unlike CQL. The smaller� helps
CPQL address the issue of overly penalizing the Q-values of certain states in CQL, particularly
less observed or unobserved states inD. Prior works (An et al., 2021; Ghasemipour et al., 2022;
Tarasov et al., 2024b) have pointed out that CQL is extremely sensitive to the choice of� , as even
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Figure 2: Comparisons of CPQL (ours) with CQL using alternative multi-step operators on MuJoCo tasks.

Figure 3: Comparing CPQL! PQL (ours) with several baselines for of�ine-to-online RL.

small changes can lead to signi�cant performance differences. In Figure 1, the red line representing
CQL clearly illustrates this sensitivity issue. In contrast, CPQL outperforms CQL and exhibits less
sensitivity to� across diverse datasets. By mitigating over-conservatism, CPQL enables the learned
policy to better explore promising actions. As shown in Theorem 3, selecting an appropriate�
reduces the sub-optimality gap and yields remarkable scores across diverse datasets.

Question (iii): In Figure 2, the Uncorrectedn-step return, Retrace, and Tree-backup operators indeed
learn faster during the �rst0:2M steps, but their performance drops after reaching an early peak.
Retrace (Munos et al., 2016) suffers from performance degradation because it relies on accurate
behavior policy estimation, which is dif�cult to estimate (Zhuang et al., 2023; Kun et al., 2024).
Tree-backup (Precup, 2000) is developed for discrete action spaces, and in continuous spaces, it leads
to unstable updates due to the numerical scale ofln � . The Uncorrectedn-step return overly restricts
exploration of OOD actions, which can lead to unstable performance in the later stages of training.
However, CPQL achieves both stable and competitive performance without additional requirements.

Figure 4: Average Q-values by conservatism parameter
� for CPQL! PQL (ours), CQL! SAC, and Cal-QL.

Question (iv): In Figure 3, we show that initial-
izing PQL with the Q-function pre-trained by
CPQL helps the online agent avoid or quickly
recover from the performance drop at the start of
online �ne-tuning and achieve robust improve-
ment. First, CPQL outperforms other of�ine-
to-online baselines with only0:25M gradient
steps, so the online agent is initialized with the
well-trained Q-function, reducing exploration
trials. Second, in Figure 4, the Q-values learned
by PQL do not degrade at the start of the online
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phase. Since CPQL reduces the in�uence of the learned policy on Q-value estimation (Proposition 2
and Theorem 1), the average Q-value gradually increases after pretraining across different values of� .
In contrast, when transitioning from CQL to SAC, a larger� shows a more severe performance drop.
While Cal-QL avoids the performance drop, its performance improvement is signi�cantly slower.

6 CONCLUSION

CPQL proposes the �rst approach to a model-free of�ine multi-step RL algorithm by incorporating
the PQL operator for conservative value estimation, mitigating over-pessimism in the Q-function, and
reducing the sub-optimality gap. A key insight of CPQL is that the �xed point of the PQL operator lies
closer to the value function of the behavior policy, thereby inducing implicit behavior regularization.
CPQL outperforms existing of�ine RL algorithms, and its pre-trained Q-function enables PQL to
avoid the performance drop at the start of �ne-tuning and achieve robust performance improvements
in the online phase. There are two limitations of CPQL. First, CPQL incurs additional computational
cost due to multi-step backups, but in practice, the overhead and the increase in running time are
small. Second, on low-quality datasets, performance may degrade, and single-step updates can be
preferable to multi-step operators. However, CPQL can reproduce the single-step TD learning.
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A PROOF OFTECHNICAL LEMMAS FOR THEOREMS

First, we provide a Lemma and a proof for the sampling error bound of the PQL operator. We assume
the concentration properties of the reward function and the transition dynamics:

Assumption 1 Given a state-action pair(s; a) 2 D , the following relationships hold with probability
at least1 � � ,

jr (s; a) � r̂ (s; a)j �
C �

rp
N (s; a)

;





 P (� j s; a) � bP (� j s; a)








1
�

C �
Pp

N (s; a)
;

whereC �
r andC �

P are constants that depend on� 2 (0; 1), N (s; a) is the number of samples for
(s; a), and the concentration properties ofr andT , respectively.

Under Assumption 1 and Proposition 1, the sampling error between the empirical PQL operator and
the actual PQL operator can be bounded, as shown in the following proof:

Lemma 1 (Sampling Error Bound of the PQL operator) Given a state-action pair(s; a) 2 D ,
with probability at least1� � , the sampling error between the empirical PQL operator and the actual
PQL operator for(s; a) satis�es the following inequality:

�
�
�T

�̂ � ;�
� Q(s; a) � bT �̂ � ;�

� Q(s; a)
�
�
� �

C �
r + 
C �

P Rmax =(1 � 
 )

(1 � 
� )
p

N (s; a)
;

whereC �
r; P is a constant dependent on the concentration propertiesr andP, with � 2 (0; 1).

Proof For (s; a),
�
�
�T

�̂ � ;�
� Q(s; a) � bT �̂ � ;�

� Q(s; a)
�
�
�

=

�
�
�
�
�
I � 
� P �̂ �

� � 1
(r + 
 (1 � � )P � Q(s; a)) �

�
I � 
� bP �̂ �

� � 1 �
r̂ + 
 (1 � � ) bP � Q(s; a)

� �
�
�
�

�
�
�
�
�
I � 
� P �̂ �

� � 1
(r + 
 (1 � � )P � Q(s; a)) �

�
I � 
� P �̂ �

� � 1
�

r̂ + 
 (1 � � ) bP � Q(s; a)
� �

�
�

+

�
�
�
�
�
I � 
� P �̂ �

� � 1
�

r̂ + 
 (1 � � ) bP � Q(s; a)
�

�
�

I � 
� bP �̂ �

� � 1 �
r̂ + 
 (1 � � ) bP � Q(s; a)

� �
�
�
�

�
�
�
�
�
I � 
� P �̂ �

� � 1
�
�
�
�

jr (s; a) � r̂ (s; a)j + 
 (1 � � )





 P � (�js; a) � bP � (�js; a)








1
Q(s; a)

�

+

�
�
�
�
�
I � 
� P �̂ �

� � 1
�

�
I � 
� bP �̂ �

� � 1
�
�
�
�

�
�
� r̂ + 
 (1 � � ) bP � Q(s; a)

�
�
�

�
�
�
�
�
I � 
� P �̂ �

� � 1
�
�
�
�

jr (s; a) � r̂ (s; a)j + 
 (1 � � )





 P � (�js; a) � bP � (�js; a)








1
Q(s; a)

�

+ �

�
�
�
�
I � 
� P �̂ �

� � 1
�
�
�





 P �̂ � (�js; a) � bP �̂ � (�js; a)








1

�
�
�
�

�
I � 
� bP �̂ �

� � 1
�
�
�
�

(1 � 
� )Rmax

1 � 


�
C �

r + 
 (1 � � )C �
P Rmax =(1 � 
 )

(1 � 
� )
p

N (s; a)
+


�C �
P Rmax =(1 � 
 )

(1 � 
� )
p

N (s; a)

�
C �

r + 
C �
P Rmax =(1 � 
 )

(1 � 
� )
p

N (s; a)
:

This completes the proof of Lemma 1.

Based on the interpretation of the sampling error of the PQL operator, if� is zero, the sampling error
of the PQL operator is equivalent to that of the Bellman operator. For example, when� = 0 , the
sampling error between the empirical PQL operator and the actual PQL operator for(s; a) is bounded

by C �
r + 
C �

P R max =(1 � 
 )p
N (s;a )

. This result aligns with the sampling error between the empirical Bellman

operator and the actual Bellman operator (Section D.3 in Kumar et al. (2020)).
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Now, we provide proofs for several technical lemmas that utilize our theorems, such as the construction
of the conservative value estimation and the sub-optimality gap between the optimal and learned

policies. In Lemma 2,Ea� � ( �j s)

h
� (ajs)

�̂ � (ajs) � 1
i

has non-negative values for all states inS(D). In

other words,Ea� � ( �j s)

h
� (ajs)

�̂ � (ajs)

i
is greater than or equal to1 for any� .

Lemma 2 For any states and any two policies� 1 and� 2, the following inequality holds:

Ea� � 1 ( �j s)

�
� 1(ajs)
� 2(ajs)

� 1
�

� 0:

with equality if and only if� 1 = � 2.

Proof For any states,

Ea� � 1 ( �j s)

�
� 1(ajs)
� 2(ajs)

� 1
�

=
X

a

� 1(ajs)
�

� 1(ajs)
� 2(ajs)

� 1
�

=
X

a

(� 1(ajs) � � 2(ajs) + � 2(ajs))
�

� 1(ajs)
� 2(ajs)

� 1
�

=
X

a

(� 1(ajs) � � 2(ajs))
�

� 1(ajs)
� 2(ajs)

� 1
�

+
X

a

� 1(ajs)
�

� 1(ajs)
� 2(ajs)

� 1
�

=
X

a

(� 1(ajs) � � 2(ajs))
�

� 1(ajs) � � 2(ajs)
� 2(ajs)

�
+

X

a

(� 1(ajs) � � 2(ajs))

=
X

a

(� 1(ajs) � � 2(ajs))2

� 2(ajs)

� 0;

where the last equality follows from the fact that� 1(ajs) and� 2(ajs) are positive values for all
actions and

P
a � 1(ajs) =

P
a � 2(ajs) = 1 . This concludes the proof.

Next, two lemmas are adaptations of Lemma 3 from Achiam et al. (2017).

Lemma 3 For any two polices� 1 and� 2, the vector difference of the discounted future state visitation
distributions on two different policies holds:

d� 1 � d� 2 = 
 (I � 
 P � 1 ) � 1 (P � 1 � P � 2 ) d� 2 :

Proof Recall that the discounted state visitation distribution of a policy� , d� , which is de�ned as

d� (s) = (1 � 
 )
1X

t =0


 t Pr (st = s j �; P) :

For �nite state spaces,d� can be expressed in vector form as follows:

d� = (1 � 
 )
1X

t =0

(
 P � )t d0 = (1 � 
 ) ( I � 
 P � ) � 1 d0;

whered0 is the initial state distribution. Then, we obtain

d� 1 � d� 2 = (1 � 
 )
h
(I � 
 P � 1 ) � 1 � (I � 
 P � 2 ) � 1

i
d0

= (1 � 
 ) ( I � 
 P � 1 ) � 1
h
(I � 
 P � 2 ) � (I � 
 P � 1 )

i
(I � 
 P � 2 ) � 1 d0

= 
 (1 � 
 ) ( I � 
 P � 1 ) � 1 (P � 1 � P � 2 ) ( I � 
 P � 2 ) � 1 d0

= 
 (I � 
 P � 1 ) � 1 (P � 1 � P � 2 ) d� 2 :

This concludes the proof.
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Lemma 4 The divergence between discounted state visitation distributions,jjd� 1 � d� 2 jj , is bounded
by an average divergence of the policies� 1 and� 2:

jjd� 1 � d� 2 jj1 �



1 � 

Es� d� 2

"
X

a

�
�
� � 1(ajs) � � 2(ajs)

�
�
�

#

=
2


1 � 

Es� d� 2 [dTV (� 1; � 2) (s)] ;

wheredTV (� 1; � 2) (s) = (1 =2)
P

a j� 1(ajs) � � 2(ajs)j.

Proof First, from Lemma 3, we obtain

jjd� 1 � d� 2 jj1 = 
 jj (I � 
 P � 1 ) � 1 (P � 1 � P � 2 ) d� 2 jj1

� 
 jj (I � 
 P � 1 ) � 1 jj1jj (P � 1 � P � 2 ) d� 2 jj1:

jj (I � 
 P � 1 ) � 1 jj1 is bounded by:

jj (I � 
 P � 1 ) � 1 jj1 �
1X

t =0


 t (jjP � 1 jj1)t = (1 � 
 ) � 1 :

To conclude the lemma, we boundjj (P � 1 � P � 2 ) d� 2 jj1.

jj (P � 1 � P � 2 ) d� 2 jj1 =
X

s0

�
�
�
�
�

X

s

(P � 1 � P � 2 ) d� 2

�
�
�
�
�

=
X

s;s 0

jP � 1 � P � 2 j d� 2

=
X

s;s 0

�
�
�
�
�

X

a

P (s0js; a) ( � 1(ajs) � � 2(ajs)) d� 2 (s)

�
�
�
�
�

�
X

s;a;s 0

P (s0js; a) j� 1(ajs) � � 2(ajs)j d� 2 (s)

�
X

s;a

j� 1(ajs) � � 2(ajs)j d� 2 (s)

= Es� d� 2

"
X

a

�
�
� � 1(ajs) � � 2(ajs)

�
�
�

#

Therefore, we obtain that:

jjd� 1 � d� 2 jj1 �



1 � 

Es� d� 2

"
X

a

�
�
� � 1(ajs) � � 2(ajs)

�
�
�

#

:

If we express this inequality in terms of the total variation distance, it becomes the following
inequality:

jjd� 1 � d� 2 jj1 �
2


1 � 

Es� d� 2 [dTV (� 1; � 2) (s)] :

This concludes the proof.
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We prove the following lemma, which bounds the difference between the expected discounted return
underM and cM .

Lemma 5 Given any policy� , for any MDPM and the empirical MDPcM , the following holds
with probability at least1 � � :

�
�JM (� �̂ � + (1 � � ) � ) � J cM (� �̂ � + (1 � � ) � )

�
�

�
C �

r + 
R max C �
P =(1 � 
 )

1 � 

E

s� d
� �̂ � +(1 � � ) �

cM
(s)

" p
jAj

p
N (s)

 

� + (1 � � )

s

Ea� � ( �j s)

�
� (ajs)
�̂ � (ajs)

� !#

:

Proof To prove this inequality, we use the triangle inequality to separate the gap in the expected
discounted return into differences in rewards and transition dynamics, as follows:

�
�J cM (� �̂ � + (1 � � ) � ) � JM (� �̂ � + (1 � � ) � )

�
�

=
1

1 � 


�
�
�
�
�

X

s;a

d� �̂ � +(1 � � ) �
cM

(s) ( �� � (ajs) + (1 � � )� (ajs)) r cM (s; a)

�
X

s;a

d� �̂ � (ajs)+(1 � � ) � (ajs)
M (s) ( �� � + (1 � � )� ) (ajs)r M (s; a)

�
�
�
�
�

�
1

1 � 


�
�
�
�
�
�
�

X

s;a

d� �̂ � +(1 � � ) �
cM

(s) ( �� � (ajs) + (1 � � )� (ajs))
�
r cM (s; a) � r M (s; a)

�

| {z }
=:� r (s)

�
�
�
�
�
�
�

+
1

1 � 


�
�
�
�
�
�
�
�

X

s;a

�
d� �̂ � +(1 � � ) �

cM
(s) � d� �̂ � +(1 � � ) �

M (s)
�

| {z }
=:� d (s)

� (ajs)rM (s; a)

�
�
�
�
�
�
�
�

:

We �rst bound the term that includes the difference between the actual rewards and the estimated
rewards by applying concentration inequalities to derive an upper bound for� r (s). Note that under
concentration assumptions, and using the fact thatE [� r (s)] = 0 in the limit of in�nite data, we
obtain:

j� r (s)j �
X

a

(�� � (ajs) + (1 � � )� (ajs))
�
�r cM (s; a) � r M (s; a)

�
�

�
X

a

(�� � (ajs) + (1 � � )� (ajs))
C �

rp
N (s) � �̂ � (ajs)

=
C �

rp
N (s)

X

a

 

�
q

�̂ � (ajs) + (1 � � )
� (ajs)

p
�̂ � (ajs)

!

�
C �

rp
N (s)

 

�
p

jAj + (1 � � )
X

a

� (ajs)
p

�̂ � (ajs)

!

: (3)

Next, we bound the term that involves the difference between the actual and estimated transition
dynamics by applying concentration inequalities to derive an upper bound for� d (s). By Lemma 3,
we obtain the following equation:

� d = 

�

I � 
 P � �̂ � +(1 � � ) �
cM

� � 1 �
P � �̂ � +(1 � � ) �

M � P � �̂ � +(1 � � ) �
cM

�

| {z }
=:� P

d� �̂ � +(1 � � ) �
cM

:
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We know that
 is positive andjj (I � 
 P � ) � 1 jj1 � (1 � 
 ) � 1 for any policy� , we only need to
bound the remaining terms.

�
�
�
�

�
�
�
� � P d� �̂ � +(1 � � ) �

cM

�
�
�
�

�
�
�
�
1

=
X

s0

�
�
�
�
�

X

s

� P (s0js) d� �̂ � +(1 � � ) �
cM

(s)

�
�
�
�
�

�
X

s0;s

j� P (s0js)j d� �̂ � +(1 � � ) �
cM

=
X

s0;s

�
�
�
�
�

X

a

�
P cM (s0js; a) � P M (s0js; a)

�
(� �̂ � (ajs) + (1 � � ) � (ajs))

�
�
�
�
�
d� �̂ � +(1 � � ) �

cM
(s)

�
X

s0;s

�
�
�
�

�
�
�
�P cM (�js; a) � P M (�js; a)

�
�
�
�

�
�
�
�
1

(� �̂ � (ajs) + (1 � � ) � (ajs)) d� �̂ � +(1 � � ) �
cM

(s)

�
X

s

d� �̂ � +(1 � � ) �
cM

(s)
C �

Pp
N (s)

X

a

� �̂ � (ajs) + (1 � � ) � (ajs)
p

�̂ � (ajs)

=
X

s

d� �̂ � +(1 � � ) �
cM

(s)
C �

Pp
N (s)

X

a

 

�
q

�̂ � (ajs) + (1 � � )
� (ajs)

p
�̂ � (ajs)

!

�
X

s

d� �̂ � +(1 � � ) �
cM

(s)
C �

Pp
N (s)

 

�
p

jAj + (1 � � )
X

a

� (ajs)
p

�̂ � (ajs)

!

where the last inequality is derived from the Cauchy–Schwarz inequality. Hence, we can bound
� d (s) as follows:

j� d(s)j �

C �

P

1 � 


X

s

d� �̂ � +(1 � � ) �
cM

(s)
1

p
N (s)

 

�
p

jAj + (1 � � )
X

a

� (ajs)
p

�̂ � (ajs)

!

: (4)

To derive the �nal upper bound of the objective function, it is necessary to bound
P

a
� (ajs)p
�̂ � (ajs)

, as

follows:

Ea� � ( �j s)

�
� (ajs)
�̂ � (ajs)

�
=

X

a

(� (ajs))2

�̂ � (ajs)
=

X

a

 
� (ajs)

p
�̂ � (ajs)

! 2

�

 
X

a

� (ajs)
p

�̂ � (ajs)

! 2

� jAj Ea� � ( �j s)

�
� (ajs)
�̂ � (ajs)

�

Then we obtain
s

Ea� � ( �j s)

�
� (ajs)
�̂ � (ajs)

�
�

X

a

� (ajs)
p

�̂ � (ajs)
�

s

jAj Ea� � ( �j s)

�
� (ajs)
�̂ � (ajs)

�
: (5)

By Equation 3, Equation 4, and Equation 5, we have that:
�
�JM (�; � �̂ � + (1 � � ) � ) � J cM (�; � �̂ � + (1 � � ) � )

�
�

�
C �

r + 
R max C �
P =(1 � 
 )

1 � 

E

s� d
� �̂ � +(1 � � ) �

cM
(s)

" p
jAj

p
N (s)

 

� + (1 � � )

s

Ea� � ( �j s)

�
� (ajs)
�̂ � (ajs)

� !#

(6)

Equation 6 re�ects the trade-off between1 and

r

Ea� � ( �j s)

h
� (ajs)

�̂ � (ajs)

i
(� 1), by weighting them

with � and1 � � , respectively. This equation can more effectively reduce the difference than the
single-step method. This completes the proof of Lemma 5.
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B PROOF OFTHEOREMS

In this appendix, we provide all proofs of our main theorems with sampling error.

B.1 THEOREM 1

Theorem 1 (Lower Bound on the State Value Function of CPQL)Let bQ� �̂ � +(1 � � ) � denote the
Q-function derived from CPQL as de�ned in Equation 2. Then, the state value of� �̂ � + (1 � � ) � ,
bV � �̂ � +(1 � � ) � (s) = Ea� ( � �̂ � +(1 � � ) � )( �j s)

h
bQ� �̂ � +(1 � � ) � (s; a)

i
, lower bounds the true state value

of the policy obtained via exact policy evaluation,V � �̂ � +(1 � � ) � (s), for suf�ciently large� . Formally,
with probability at least1 � � , for all s 2 S(D),

bV � �̂ � +(1 � � ) � (s) � V � �̂ � +(1 � � ) � (s);

if � � C �
r + 
R max C �

P =(1 � 
 )
(1 � 
� )(1 � � )(1 � 
 ) max

s;a 2D

1p
N (s;a )

max
s2S (D )

�
Ea� � ( �j s)

h
� (ajs)

�̂ � (ajs) � 1
i� � 1

Proof By setting the derivative of Equation 2 to zero, we obtain the following recursive update
expression forbQk+1 in terms of bQk , incorporating the sampling error under Lemma 1. Given a
state-action pair(s; a), with high probability� 1 � � :

bQk+1 (s; a) = bT �̂ � ;� k

�
bQk (s; a) � �

�
� k (ajs)
�̂ � (ajs)

� 1
�

� T �̂ � ;� k

�
bQk (s; a) � �

�
� k (ajs)
�̂ � (ajs)

� 1
�

+
C �

r; P

(1 � 
� ) (1 � 
 )
p

N (s; a)
:

In Proposition 2, we known thatlim k !1 bQk = bQ� �̂ � +(1 � � ) � when the function approximation error
is zero for every(s; a) 2 S � A . Thus, the state value function of� �̂ � + (1 � � )� k , on the other
hand,bVk+1 is underestimated, since:

bVk+1 (s) = T �̂ � ;� k

�
bVk (s) � � Ea� ( � �̂ � +(1 � � ) � k )( �j s)

�
� k (ajs)
�̂ � (ajs)

� 1
�

+ Ea� ( � �̂ � +(1 � � ) � k )( �j s)

"
C �

r; P

(1 � 
� ) (1 � 
 )
p

N (s; a)

#

:

Now, we can compute the �xed point of the recursion in the above equation. Because the �xed
point of the PQL operator coincides with the unique �xed point ofT � �̂ � +(1 � � ) � , this gives us the
following estimated policy value:

bV � �̂ � +(1 � � ) � (s)

= V � �̂ � +(1 � � ) � (s) � �
� �

I � 
 P � �̂ � +(1 � � ) �
� � 1

Ea� ( � �̂ � +(1 � � ) � )( �j s)

�
� (ajs)
�̂ � (ajs)

� 1
��

(s)

+

"
�

I � 
 P � �̂ � +(1 � � ) �
� � 1

Ea� ( � �̂ � +(1 � � ) � k )( �j s)

"
C �

r; P

(1 � 
� ) (1 � 
 )
p

N (s; a)

##

(s): (7)

In this case, the choice of� , that prevents overestimation is given by:

� �
C �

r + 
R max C �
P =(1 � 
 )

(1 � 
� ) (1 � � ) (1 � 
 )
max
s;a 2D

1
p

N (s; a)
max

s2S (D )

�
Ea� � ( �j s)

�
� (ajs)
�̂ � (ajs)

� 1
�� � 1

This completes the proof of Theorem 1.
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B.2 THEOREM 2

We prove that� �̂ � + (1 � � )�̂ achieves at least the performance of�̂ � in the actual MDPM .

Theorem 2 (Comparison to the Behavior Policy)Let �̂ := argmax � Es� d0

h
bV � �̂ � +(1 � � ) � (s)

i
.

With probability at least1 � � , � �̂ � + (1 � � ) �̂ achieves a policy improvement over�̂ � in the actual
MDP M as follows:

JM (� �̂ � + (1 � � ) �̂ ) � JM (�̂ � ) +
� (1 � � )

1 � 

E

s� d
� �̂ � +(1 � � ) �̂

cM
(s)

�
Ea� �̂ ( �j s)

�
�̂ (ajs)
�̂ � (ajs)

� 1
��

�
C �

r; P

1 � 

E

s� d
� �̂ � +(1 � � ) �̂

cM
(s)

" p
jAj

p
N (s)

 

1+ � + (1 � � )

s

Ea� �̂ ( �j s)

�
�̂ (ajs)
�̂ � (ajs)

� !#

;

whereC �
r; P is a constant dependent on the concentration propertiesr andP.

Proof The proof of this statement is divided into three parts:

JM (� �̂ � + (1 � � ) �̂ ) � JM (�̂ � )
= JM (� �̂ � + (1 � � ) �̂ ) � J cM (� �̂ � + (1 � � ) �̂ )

| {z }
=:� 1

+ J cM (� �̂ � + (1 � � ) �̂ ) � J cM (�̂ � )
| {z }

=:� 2

+ J cM (�̂ � ) � JM (�̂ � )
| {z }

=:� 3

:

By Lemma 5, we obtain the upper bound of� 1 and� 3, as follows:
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j� 3j �
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R max C �
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 )

1 � 

E

s� d
� �̂ � +(1 � � ) �̂

cM
(s)

" p
jAj

p
N (s)

#

:

Next, we obtain the lower bound of� 2 by the de�nition of �̂ and Equation 7:

J cM (�̂; � �̂ � + (1 � � ) �̂ ) �
� (1 � � )

1 � 

E

s� d
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cM
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�
Ea� �̂ ( �j s)

�
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� 1
��

� J (�̂ � ) � 0:

Thus, we have that:

� 2 �
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E
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� 1
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Therefore, by integrating the bound of� 1, � 2, and� 3, we obtain that:
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;

whereC �
r; P = C �

r + 
R max C �
P =(1 � 
 ).

This completes the proof of Theorem 2.

When� = 0 , we obtain the following equality:

JM (�̂ ) � JM (�̂ � )

�
�

1 � 

Es� d �̂

cM
(s)

�
Ea� �̂ ( �j s)

�
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� 1
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�
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cM
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" p
jAj

p
N (s)

s

Ea� �̂ ( �j s)

�
�̂ (ajs)
�̂ � (ajs)

� #

:

This result coincides with Theorem 3.6 from CQL (Kumar et al., 2020). Our theorem converges
under the same conditions, thereby ensuring consistency with the CQL framework.

22



Published as a conference paper at ICLR 2026

B.3 THEOREM 3

We �rst present, to the best of our knowledge, theoretical guarantees concerning the sub-optimality
gap between the optimal policy and the mixture policy.

Theorem 3 (Sub-Optimality Gap) With probability at least1� � , the gap of the expected discounted
return between the optimal policy� � and the mixture policy� �̂ � + (1 � � )�̂ under the actual MDP
M satis�es

JM (� � ) � JM (� �̂ � + (1 � � ) �̂ )
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where� (�̂ )(s) :=
P

a2A
� � (ajs)+ �̂ (ajs)

�̂ � (ajs) anddTV (� 1; � 2) is the total variation distance of� 1 and� 2.

Proof The proof of this statement is divided into four parts:

JM (� � ) � JM (� �̂ � + (1 � � ) �̂ )
= JM (� � ) � J cM (� � )

| {z }
=:� 1

+ J cM (� � ) � J cM (� �̂ � + (1 � � ) � � )
| {z }

=:� 2
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+ J cM (� �̂ � + (1 � � ) �̂ ) � JM (� �̂ � + (1 � � ) �̂ )
| {z }

=:� 4

:

By Lemma 5, we obtain the upper bound of� 1 and� 4, as follows:
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Next, we derive the upper bound of� 2, as follows:
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where the second inequality follows from Lemma 4 and the last equality holds with the de�nition of
total variance distance,dTV (� 1; � 2) (s) =

P
a j� 1(ajs) � � 2(ajs)j =2.
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By the de�nition of �̂ and Equation 7, we derive the upper bound of� 3, as follows:
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where the last inequality follows from the de�nition of� (�̂ ) and Lemma 4.

Therefore, by integrating the bound of� 1, � 2, � 3 and� 4, we have that:
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This completes the proof of Theorem 3.
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C EXPERIMENTAL DETAILS AND PARAMETER SETUP

In this appendix, we �rst brie�y introduce how normalized scores are calculated in the D4RL
benchmark. We then describe our implementation and experimental details.

C.1 D4RL BENCHMARKS

D4RL provides a metric, the normalized score, which represents a normalized undiscounted average
return, to evaluate the performance of of�ine RL algorithms. It is calculated as follows:

Normalized score=
average return - return of the random policy

return of the expert policy - return of the random policy
� 100:

Note that0 represents the performance of a random policy, and100represents the performance of
an expert policy. In D4RL, if the task is in the same environment, different types of datasets share
the same reference minimum and maximum scores. We summarize the reference score for each
environment in Table 2. For AntMaze, we set the number of episodes to100and evaluate the number
of times the goal is reached. If the ant successfully reaches the goal location, it is rewarded with1:0,
indicating a successful episode. Conversely, if the ant fails to reach the goal, it receives a reward of
0:0, re�ecting an unsuccessful attempt.

Table 2: The reference minimum and maximum scores for MuJoCo, Adroit, and AntMaze datasets.

Domain Task Reference Min Score Reference Max Score

MuJoCo Halfcheetah -280.18 12135.0
MuJoCo Hopper -20.27 3234.3
MuJoCo Walker2d 1.63 4592.3

Adroit Pen 96.26 3076.83
Adroit Door -56.51 2880.57
Adroit Hammer -274.86 12794.13
Adroit Relocate -6.43 4233.88

AntMaze Umaze / Medium / Large 0.0 1.0

C.2 BASELINES

C.2.1 OFFLINE BASELINES

To generate the results reported in Table 1, we conduct experiments on MuJoCo “-v2”, Adroit “-v0”,
and Antmaze “-v0” datasets. We adopt behavior cloning (BC), several canonical of�ine RL algorithms
(TD3+BC (Fujimoto & Gu, 2021), CQL (Kumar et al., 2020), and IQL (Kostrikov et al., 2022)), and
more recent extensions of CQL (MCQ (Lyu et al., 2022), MISA (Ma et al., 2023), CSVE (Chen et al.,
2023), and EPQ (Yeom et al., 2024)). For a fair comparison, we evaluate all algorithms using results
after1M gradient steps. Thus, certain algorithms must be reproduced for all datasets, while for some
datasets, several algorithms with missing values must also be reproduced.

MuJoCo Locomotion Tasks.We take the results for TD3+BC (Table9 in Fujimoto & Gu (2021)),
MCQ (Table1 in Lyu et al. (2022)), and CSVE (Table1 in Chen et al. (2023)) as reported in their
original papers. Since the reported scores in the CQL paper are based on ”-v0” datasets, and the
scores for BC are needed, we take the scores for BC and CQL from Table1 in Lyu et al. (2022). Since
the IQL and MISA papers do not report performance on the Random and Expert datasets, we take the
results for IQL from Table1 in Lyu et al. (2022) and for MISA from Table1 in Yeom et al. (2024).
For the Medium, Medium-Replay, and Medium-Expert datasets, we directly take the results of IQL
(Table1 in Kostrikov et al. (2022)) and MISA (Table2 in Ma et al. (2023)) from their original papers.
Since the EPQ paper reports scores after 3M gradient steps, we run the of�cial implementation of
EPQ on all datasets for 1M gradient steps, available at https://github.com/hyeon1996/EPQ.

Adroit Manipulation Tasks. We take the results for CQL (Table2 in Kumar et al. (2020)), IQL
(Table1 in Kostrikov et al. (2022)), MCQ (Table9 in Lyu et al. (2022)), MISA (Table2 in Ma et al.
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(2023)), and CSVE (Table2 in Chen et al. (2023)) as reported in their original papers. Since the
scores for BC are needed, we take the scores for BC from Table2 in Kumar et al. (2020). Since
the TD3+BC papers do not report performance on Adroit tasks, we take the results for TD3+BC
from Table1 in Yeom et al. (2024). Since the EPQ paper reports scores after 0.3M gradient steps,
we run the of�cial implementation of EPQ on all Adroit datasets for 1M gradient steps, available
at https://github.com/hyeon1996/EPQ.

AntMaze Navigation Tasks.We take the results for TD3+BC (Table8 in Fujimoto & Gu (2021)),
CQL (Table2 in Kumar et al. (2020)), IQL (Table1 in Kostrikov et al. (2022)), and MISA (Table2
in Ma et al. (2023)) as reported in their original papers. Since the scores for BC are needed, we take the
scores for BC from Table2 in Kumar et al. (2020). Since the MCQ papers do not report performance
on AntMaze tasks, we take the results for MCQ from Table1 in Yeom et al. (2024). Although a
repository (https://github.com/2023AnnonymousAuthor/csve) appears to be the code for the paper, it
does not provide parameters for the AntMaze dataset, preventing us from conducting experiments.
Since the EPQ paper reports scores after 3M gradient steps, we run the of�cial implementation of
EPQ on all AntMaze datasets for 1M gradient steps, available at https://github.com/hyeon1996/EPQ.

C.2.2 OFFLINE-TO-ONLINE BASELINES

To generate the performance curve reported in Figure 3, we conduct experiments on MuJoCo “-v2”
datasets. We adopt canonical of�ine-to-online RL algorithms (AWAC (Nair et al., 2020) and Cal-
QL (Nakamoto et al., 2023)), of�ine RL algorithms that achieve high performance in online RL
(IQL (Kostrikov et al., 2022) and SPOT (Wu et al., 2022)), and CQL (Kumar et al., 2020) (of�ine) to
SAC (online). For a fair comparison, we evaluate all algorithms using results after0:25M gradient
steps for of�ine settings and0:3M gradient steps for online settings. We run the implementations
of the �ve algorithms based on the CORL (Tarasov et al., 2024b) GitHub repository, available
at https://github.com/tinkoff-ai/CORL.

C.3 CPQL IMPLEMENTATION DETAILS

Table 3: Hyperparameters setup for CPQL

Hyperparameter Value

SAC hyperparameters

Optimizer Adam (Kingma, 2014)
Critic learning rate 3e-4
Actor learning rate 1e-4
Batch size 256
Discount factor 0.99 / MuJoCo and AntMaze

0.90 / Adroit
Target update rate 5e-3
Target entropy -1� Action Dimension
Entropy in Q-target False

Architecture

Critic hidden dim 256
Critic hidden layers 3 / MuJoCo and Adroit

5 / AntMaze
Critic activation function ReLU
Actor hidden dim 256
Actor hidden layers 3
Actor hidden layers ReLU

CPQL hyperparameters

Lagrange True / AntMaze
False / MuJoCo and Adroit

conservatism parameter f 0:1; 0:5; 1:0; 3:0; 5:0; 7:0; 10:0g
Lagrange gap 0.8 / AntMaze
Pre-training steps 0
Num sampled actions (during eval) 10
Num sampled actions (logsumexp) 10
Trajectory Length 5
� f 0:0; 0:1; 0:3; 0:5; 0:7; 0:9; 0:95; 0:99g
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We set the trajectory lengthn = 5 for CPQL to cap the length of the partial trajectories. Across
all of our experiments, we tune the conservatism parameter� and� from the following potential
values with grid search:� 2 f 0:1; 0:5; 1; 3; 5; 7; 10g and� 2 f 0; 0:1; 0:3; 0:5; 0:7; 0:9; 0:95; 0:99g.
In of�ine-to-online RL, we set the conservatism parameter� to either1 or 5. We extend our
experiments to include� values lower than the previously typical choices of5 and10used in CQL.
We optimize the learned policy following the standard SAC (Haarnoja et al., 2018) approach. We run
the CPQL implementation based on the CORL (Tarasov et al., 2024b) GitHub repository, available
at https://github.com/tinkoff-ai/CORL. The hyperparameter setup for CPQL, including the default
SAC con�guration, is detailed in Table 3. We summarize the hyperparameters used for running the
MuJoCo, Adroit, and AntMaze tasks in Table 4. We plot the performance of CPQL in Figure 5 using
the best parameters from Tables 4.

Table 4: Detailed hyperparameters of CPQL, where we conduct experiments on MuJoCo-Gym
(“v2”) and Adroit and AntMaze (“v0”) datasets.

Task conservatism parameter� PQL parameter�

halfcheetah-random 0.1 0.3
halfcheetah-medium 0.1 0.0
halfcheetah-medium-replay 0.1 0.3
halfcheetah-medium-expert 10.0 0.1
halfcheetah-expert 3.0 0.0

hopper-random 0.1 0.0
hopper-medium 0.1 0.7
hopper-medium-replay 0.5 0.1
hopper-medium-expert 5.0 0.1
hopper-expert 10.0 0.9

walker2d-random 0.5 0.9
walker2d-medium 1.0 0.5
walker2d-medium-replay 1.0 0.7
walker2d-medium-expert 1.0 0.95
walker2d-expert 1.0 0.99

pen-human 10.0 0.5
door-human 5.0 0.7
hammer-human 7.0 0.9
relocate-human 1.0 0.9

pen-cloned 1.0 0.5
door-cloned 3.0 0.1
hammer-cloned 5.0 0.7
relocate-cloned 10.0 0.1

antmaze-umaze 7.0 0.1
antmaze-diverse 5.0 0.9
antmaze-medium-play 10.0 0.3
antmaze-medium-diverse 5.0 0.1
antmaze-large-play 10.0 0.1
antmaze-large-diverse 5.0 0.0

Analysis of the Halfcheetah-expert-v2 dataset suggests that the underlying behavior policy is not truly
near-optimal (the normalized score of the trajectories is approximately 85, compared to approximately
100 for Hopper and Walker2d). Thus, a large� may degrade performance.
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Figure 5: Performance of CPQL in MuJoCo locomotion tasks.
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C.4 RUNNING TIME

We compare the computational cost of CQL and CPQL, which use a single-step operator and a
multi-step operator, respectively. We run such a comparison based on theHopper-Medium-v2dataset
with a single GeForce RTX 3090 GPU. We measure the average runtime per epoch (1K training steps)
except for the evaluation step. The results are reported in Table 5. We observe that CQL and CPQL
have average runtimes of40:6 and42:4 seconds, respectively. The runtime difference between the
two algorithms is minimal, but as shown in Table 1, we observe signi�cant performance differences.

Table 5: Computational costs of CQL and CPQL.

Epoch runtime (s) CQL CPQL

1,000 gradient steps 40.6 42.4

Compared to two recent conservative value estimation algorithms, MCQ (Lyu et al., 2022) and
EPQ (Yeom et al., 2024), CPQL not only outperforms diverse tasks but also has a lower runtime.
According to Table 3 in Yeom et al. (2024), the reported runtimes using a single NVIDIA RTX A5000
GPU are as follows: CQL (43:1 seconds), MCQ (58:1 seconds), and EPQ (54:8 seconds). For a fair
comparison, we compute the ratio that indicates how much the training time increases in Table 6. We
con�rm that CPQL is the most ef�cient compared to other algorithms.

Table 6: Epoch runtime-increase relative to CQL.

Ratio of epoch runtime (%) CPQL MCQ EPQ

Epoch time growth 4.4 34.8 27.1

Additionally, MCQ and EPQ require more training time because they rely on autoencoder-based OOD
action estimation (Lyu et al., 2022) and additional penalty adaptation factors (Yeom et al., 2024),
respectively. Therefore, CPQL achieves superior performance with signi�cantly lower computational
cost, outperforming MCQ and EPQ while requiring less training time by avoiding autoencoder-based
OOD action estimation and additional penalty adaptation factors.
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