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ABSTRACT

Trust-region methods based on Kullback-Leibler divergence are pervasively used to
stabilize policy optimization in reinforcement learning. In this paper, we examine
two natural extensions of policy optimization with Wasserstein and Sinkhorn
trust regions, namely Wasserstein policy optimization (WPO) and Sinkhorn policy
optimization (SPO). Instead of restricting the policy to a parametric distribution
class, we directly optimize the policy distribution and derive their close-form
policy updates based on the Lagrangian duality. Theoretically, we show that WPO
guarantees a monotonic performance improvement, and SPO provably converges to
WPO as the entropic regularizer diminishes. Experiments across tabular domains
and robotic locomotion tasks further demonstrate the performance improvement
of both approaches, more robustness of WPO to sample insufficiency, and faster
convergence of SPO, over state-of-art policy gradient methods.

1 INTRODUCTION

Policy-based reinforcement learning (RL) approaches have received remarkable success in many
domains, including video games (Mnih et al.,|2013} Mnih et al.l 2015), board games (Silver et al.,
2016} [Heinrich & Silver, 2016)), robotics (Grudic et al.l2003;|Gu et al.,[2017), and continuous control
tasks (Duan et al.,|2016; [Schulman et al.,2016). One prominent example is policy gradient method
(Grudic et al., 2003} |Peters & Schaall, 2006; |Lillicrap et al.,2016; [Sutton et al., | 1999; |Williams, |1992;
Mnih et al.} 2016; |Silver et al., 2014). The core idea is to represent the policy with a probability
distribution 7y (a|s) = Plals; 6], such that the action « in state s is chosen stochastically following
the policy 7y controlled by parameter 6. Determining the right step size to update the policy is crucial
for maintaining the stability of policy gradient methods: too conservative choice of stepsizes result in
slow convergence, while too large stepsizes may lead to catastrophically bad updates.

To control the size of policy updates, Kullback-Leibler (KL) divergence is commonly adopted to
measure the difference between two policies. For example, the seminal work on trust region policy
optimization (TRPO) by |Schulman et al.|(2015) introduced KL divergence based constraints (trust
region constraints) to restrict the size of the policy update; see also Peng et al.|(2019);|Abdolmaleki
et al.| (2018)). [Kakade| (2001) and [Schulman et al.|(2017) introduced a KL-based penalty term to the
objective to prevent excessive policy shift.

Though KL-based policy optimization has achieved promising results, it remains interesting whether
using other metrics to gauge the similarity between policies could bring additional benefits. Recently,
few work (Richemond & Maginnis, [2017; |[Zhang et al., 2018 Moskovitz et al., [2020; [Pacchiano
et al., 2020) has explored the Wasserstein metric to restrict the deviation between consecutive policies.
Compared with KL divergence, the Wasserstein metric has several desirable properties. Firstly, it is a
true symmetric distance measure. Secondly, it allows flexible user-defined costs between actions and
is less sensitive to ill-posed likelihood ratios. Thirdly but most importantly, the Wasserstein metric
has a weaker topology (Arjovsky et al.,[2017), thus possibly leading to a more robust policy and more
stable performance.

However, the challenge of applying the Wasserstein metric for policy optimization is also evident:
evaluating the Wasserstein distance requires solving an optimal transport problem, which could
be computationally expensive. To avoid this computation hurdle, existing work resorts to differ-
ent techniques to approximate the policy update under Wasserstein regularization. For example,
Richemond & Maginnis| (2017) solved the resulting RL problem using Fokker-Planck equations;
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Zhang et al.| (2018)) introduced particle approximation method to estimate the Wasserstein gradient
flow. Recently, Moskovitz et al.| (2020) instead considered the second-order Taylor expansion of
Wasserstein distance based on Wasserstein information matrix to characterize the local behavioral
structure of policies. [Pacchiano et al.|(2020) tackled behavior-guided policy optimization with smooth
Wasserstein regularization by solving an approximate dual reformulation defined on reproducing
kernel Hilbert spaces. Aside from such approximation, some of these work also limits the policy
representation to a particular parametric distribution class, As indicated in Tessler et al.|(2019), since
parametric distributions are not convex in the distribution space, optimizing over such distributions
results in local movements in the action space and thus leads to convergence to a sub-optimal solution.
Henceforth, the theoretical performance of policy optimization under the Wasserstein metric remains
elusive in light of these approximation errors.

In this paper, we study policy optimization with trust regions based on Wasserstein distance and
Sinkhorn divergence. The latter is a smooth variant of Waserstein distance by imposing an entropic
regularization to the optimal transport problem (Cuturi, 2013). We call them, Wasserstein Policy
Optimization (WPO) and Sinkhorn Policy Optimization (SPO), respectively. Instead of confining the
distribution of policy to a particular distribution class, we work on the space of policy distribution
directly, and consider all admissible policies that are within the trust regions with the goal of avoiding
approximation errors. Unlike existing work, we focus on exact characterization of the policy updates.
We highlight our contributions as follows:

1. Algorithms: We develop close-form expressions of the policy updates for both WPO
and SPO based on the corresponding optimal Lagrangian multipliers of the trust region
constraints. In particular, the optimal Lagrangian multiplier of SPO admits a simple form
and can be computed efficiently. A practical on-policy actor-critic algorithm is proposed
based on the derived expressions of policy updates and advantage value function estimation.

2. Theory: We theoretically show that WPO guarantees a monotonic performance improvement
through the iterations, even with non-optimal Lagrangian multipliers, yielding better and
more robust guarantee compared to that using KL divergence. Moreover, we prove that SPO
converges to WPO as the entropic regularizer diminishes.

3. Experiments: A comprehensive evaluation with several types of testing environments
including tabular domains and robotic locomotion tasks demonstrates the efficiency and
effectiveness of WPO and SPO. Compared to state-of-art policy gradients approaches using
KL divergence such as TRPO and PPO, our methods achieve better sample efficiency,
faster convergence, and improved final performance. Our numerical study indicates that by
properly choosing the weight of the entropic regularizer, SPO achieves a better trade-off
between convergence and final performance than WPO.

Related work: Wasserstiein-like metrics have been explored in a number of works in the context
reinforcement learning. [Ferns et al.|(2004) first introduced bisimulation metrics based on Wasserstein
distance to quantify behavioral similarity between states for the purpose of state aggregation. Such
bisimulation metrics were recently utilized for representation learning of RL; see e.g., Castro| (2020);
Agarwal et al.[(2020). The most related work to ours are Richemond & Maginnis| (2017); Zhang et al.
(2018); Moskovitz et al.|(2020); [Pacchiano et al.|(2020). These work directly use Wasserstein-like
distance to measure proximity of policies instead of states. Unlike ours, these work apply Wasserstein
distance as an explicit penalty function instead of trust-region constraints. Moreover, they use
different strategies to approximate the Wasserstein distance. The only work that exploited Sinkhorn
divergence in RL, to our best knowledge, is|Pacchiano et al.|(2020). In addition, few recent work has
also exploited Wasserstein distance for imitation learning; see e.g.,|Xiao et al.[(2019); |Dadashi et al.
(2021).

Wasserstsein-like metrics are also pervasively studied in distributionally robust optimization (DRO);
see e.g., the survey by Kuhn et al.| (2019) and references therein. Despite the similarity shared in
the duality formulations, the DRO problems are fundamentally different from constrained policy
optimization. We also point out that a recent concurrent work by [Wang et al.|(2021a)) studied DRO
using the Sinkhorn distance.
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2 BACKGROUND AND NOTATIONS

Markov Decision Process (MDP): We consider an infinite-horizon discounted MDP, defined by the
tuple (S, A, P, 1, po,y), where S is the state space, A is the action space, P : S x A x § — Ris the
transition probability, 7 : S x A — R is the reward function, pg : S — R is the distribution of the
initial state s, and < is the discount factor. We define the return of timestep ¢ as the accumulated
discounted reward from ¢, R, = >~ ¥*r(s¢1x, a1 ), and the performance of a stochastic policy
mas J(m) = Egy ag.s1.. [ reo V7 (e, ar)] where a; ~ m(ag|sy), se41 ~ P(S¢41|5¢t, ar). As shown
in |[Kakade & Langford| (2002)), the expected return of a new policy 7’ can be expressed in terms
of the advantage over the old policy 7: J(7') = J(7) + E,_ =, /[A"(s,a)], where A" (s,a) =
E[R:|s: = s,a: = a;7| — E[R¢|s: = s;7] represents the advantage function and p7 represents
the unnormalized discounted visitation frequencies with initial state distribution v, i.e., p7(s) =
Esono[3i20 7 P(st = sls0)]-

Trust Region Policy Optimization (TRPO): In TRPO (Schulman et al., |2015), the policy 7 is
parameterized as 7y with parameter vector 6. For notation brevity, we use 6 to represent the policy
mg. Then, the new policy 6’ is found in each iteration to maximize the expected improvement
J(n") — J(m), or equivalently, the expected value of the advantage function:

)

Inea/X ESsz’ath/ [AQ(S,CL)
st. By [drer(0,0)] <6,

(D

where d, represents the KL divergence and § is the threshold of the distance between the new
and the old policies. Note that here the expected value of the advantage function is an estimation

as the visitation frequency p? is used rather than pg/, which means the changes in state visitation
frequencies caused by the changes in policy are ignored.

Wasserstein Distance: Given two probability distributions of policies m and 7’ on the discrete

action space A = {aj,as,...,ay}, the Wasserstein distance between the policies is defined as:
dw(n',m) = inf , M), 2)
W)= inf (Q.M) (

where (-, -) denotes the Frobenius inner product. The infimum is taken over all joint distributions @
with marginals 7" and 7, and M is the cost matrix with elements M;; = d(a;, a;), where d(a;, a;) is
defined as the distance between actions a; and a;.

Sinkhorn Divergence: Sinkhorn divergence (Cuturi, 2013) provides a smooth approximation of
the Wasserstein distance by adding an entropic regularizer. The Sinkhorn divergence is defined as
follows:

1
ds(m',m|A\) = inf M) — —h 3
ST = it {(Q.M) - $h@)) G
where h(Q) = — SN Zjvzl Qi;log Q;; represents the entropy term, and A > 0 is a regularization

parameter. Similarly, we use QQ° to denote the joint distribution of 7r(+|s) and 7’ (+|s) with Zfil 5=
m(a;|s) and Zjv=1 Q;; = 7'(a;|s). The intuition of adding the entropic regularization is: since most
elements of the optimal joint distribution () will be 0 with a high probability, by trading the sparsity
with entropy, a smoother and denser coupling between distributions can be achieved (Courty et al.,
2014; 2016)). Therefore, when the weight of the entropic regularization decreases (i.e., A increases),
the sparsity of the divergence increases, and the Sinkhorn divergence converges to the Wasserstein
metric, i.e., limy_ o dg(n’,7|A) = dw (7', 7). More critically, Sinkhorn divergence is useful
to mitigate the computational burden of computing Wasserstein distance. In fact, the efficiency
improvement that Sinkhorn divergence and the related algorithms brought paves the way to utilize
Wassersterin-like metrics in many machine learning domains, including online learning (Cesa-Bianchi
& Lugosi, [2006), model selection (Juditsky et al., 2008} Rigollet & Tsybakov, 2011)), generative
modeling (Genevay et al.,[2018} [Petzka et al., 2017 [Patrini et al.,|2019), dimensionality reduction
(Huang et al.} 2021} Lin et al., 2020; Wang et al., [2021b).
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3 WASSERSTEIN POLICY OPTIMIZATION

Motivated by TRPO, here we consider a trust region based on the Wasserstein metric. Moreover, we
lift the restrictive assumption that a policy has to follow a parametric distribution class by allowing
all admissible policies. Then, the new policy 7’ is found in each iteration to maximize the estimated
expected value of the advantage function. Therefore, the Wasserstein Policy Optimization (WPO)
framework is shown as follows:

max ]ESNp ,arvT! [AW(S CL)]
' eD (4)
where D = {n’ IEs~pg [dw (7'(-|s), 7 (+|s))] < 0},

where the Wasserstein distance dyy (-, -) is defined in (2).

In most practical cases, the reward r is bounded and correspondingly, the accumulated discounted
reward I?; is bounded. So without loss of generality, we can make the following assumption:

Assumption 1. Assume A™ (s, a) is bounded, i.e., SUp,¢ 4 sc 5 |A™ (5,a)| < A™ for some A™ > 0.

With Wasserstein metric based trust region constraint, we are able to derive the closed-form of the
policy update shown in Theorem [T} The main idea is to form the Lagrangian of the constrained
optimization problem presented above, and the detailed proof can be found in Appendix [A]
Theorem 1. (Closed-form policy update) Let k7 (3,7) = argmax,_, n{A"(s,ar) — BMy;},
where M denotes the cost matrix. If Assumption (I| holds, then an optimal solution to the WPO
problem in ) is given by:

N
©(ails) =Y wlayls) f3 (i, 4), %)
Jj=1
where f(i,7) = 1ifi = kT(B*,j) and f:(i,j) = 0 otherwise, and B* is an optimal Lagrangian
multipler corresponds to the following dual formulation:
N

min F(f) = min 0 50+ Bevpy Zlﬂ(aj\S)[ "(s,anz(8.5)) = BMizgpil ¢ (6
i

Moreover, we have B* < § := maxses kj=1...N.kzi (Myij) (AT (s, a) — A™ (s, a;)).
The exact policy update for WPO in (3)) requires computing the optimal Lagrangian multiplier 5* by
solving the one-dimensional subproblem (6). A closed form of 3* is not easy to obtain in general,

except for special cases of the distance d(z,y) or cost matrix M. In Appendix E we provide the
closed form of 8* for the case when d(z,y) = 0 if © = y and 1 otherwise.

WPO Policy Update: Based on Theorem [I| we introduce the following WPO policy updating rule:
Tig1(ails) = FVPO(x Z mi(az]s) fL(i, 5), (WPO)

where we choose an arbitrary k™ ((3;,j) € argmax,_,
FE(kT (B, 7),4) = 1 and other entries to be 0.

N{A™ (s,ax) — B¢My;} and set

.....

Note that different from (3), we allow j3; to be chosen arbitrarily and time dependently. We show that
such policy update always leads to a monotonic improvement of the performance even when f3; is not
the optimal Lagrangian multiplier. In particular, we propose two efficient strategies to update the
multiplier 3;:

(i) Time-dependent (3;: To improve the computational efficiency, we can simply treat 3; as a
time-dependent control parameter, e.g., we can choose ; to be a diminishing sequence.

(i1) Approximation of optimal /3;: To improve the convergence, we can approximately solve the
optimal Lagrangian multiplier based on Sinkhorn divergence. We will discuss this in more
detail in Section 4]



Under review as a conference paper at ICLR 2022

Next, we provide theoretical justification that WPO policy update is always guaranteed to improve the
true performance J monotonically if we have access to the true advantage function. If the advantage
function can only be evaluated inexactly with limited samples, then an extra estimation error will
incur. The detailed proof can be found in Appendix

Theorem 2. (Performance improvement) For any initial state distribution . and any By > 0, if
[|A™ — A™|| < € for some € > 0, the WPO policy update with the inaccurate advantage function
AT, guarantees the following performance improvement bound,

J(man) = T(m) + BB, rn S miagls) My - @
t+1) = t thsmpn it j=1 [N kSt (Bt,9)7 1—7°

Note that when the estimation error ¢ = 0, we have a monotonic performance improvement
J(mr1) > J(m) for any B; > 0. If the second term in (7)) is non-zero, then we have a strict
monotonic improvement. Compared to the performance bound when using KL-based trust region
J(mpq1) > J (7)) — 12767 (see, e.g.,|Schulman et al.|(2015)); (Cen et al.[(2020)), using the Wasserstein
metric yields a tighter performance improvement bound and is more robust to the choice of ;.

4 SINKHORN PoLICY OPTIMIZATION

In this section, we introduce Sinkhorn policy optimization (SPO) by constructing trust region with
Sinkhorn divergence. In the following theorem, we derive the optimal policy update in each step
when using Sinkhorn divergence based trust region. The proof follows a similar procedure as the
Wasserstein policy optimization framework by forming the Lagrangian of the constrained optimization
problem. Details are provided in Appendix

Theorem 3. If Assumption[I|holds, then the optimal solution to the trust region constrained problem
() with Sinkhorn divergence is:

N exp (%A”(s,ai) — AM;;)

m(ails) = 3

N
j=1 Zk:1 €Xp (F/\;Aﬂ(&ak) - >\Mkj)

m(a;ls), ®)

where M denotes the cost matrix and 33 is an optimal solution to the following dual formulation:
mingzo F(8) = mingzo { 85— Euwpy Y0 wlals)(§ + § n(n(ayls) -

N n N N g exp(3A7(s,a:)=AMij)-m(ajs)
B[y exp (%A (8,ai) = AMy5)]) + Espr D21 2251 § EZV:? exp (3 A7 (s,ar)—AMp;) } ©)

max
Moreover, we have 35 < 2‘45 .

In contrast to the Wasserstein dual formulation @), the objective in the Sinkhorn dual formulation @)
is differentiable in 3 and admits closed-form gradients (shown in Appendix [E). With this gradient
information, we can use gradient-based global optimization algorithms (Wales & Doye, [1998};[Zhan
et al., 20065 [Leary, [2000) to find a global optimal solution /33 to @])

Next, we show that if the entropic regularization parameter A is large enough, then the optimal
solution (35 is a close approximation to the optimal solution 3* to the Wasserstein dual formulation.
The detailed proof is provided in Appendix

Theorem 4. Define Syp = max{ 2A(;W , B} The following holds:

1. F\(B) converges to F(B) uniformly on |0, Bys),

5 lim argmin F)\(3) C arg min F(3)
" AT 0<B< By 0<B<Bus

Although it is difficult to obtain the exact value of the optimal solution 3* to the Wasserstein dual
formulation (@) the above theorem suggests that we can approximate 3* via 33 by setting up a
relative large A. In practice, we can also adopt a smooth homotopy approach by setting an increasing
sequence \; for each iteration and letting Ay — co.



Under review as a conference paper at ICLR 2022

SPO Policy Update: Based on Theorem [3] we introduce the following SPO policy updating rule:

N eXp(&Am(s’ai) — M M;;)
7Tt+1(ai|5) - FSPO(ﬂ_t) = Z Bt J

j=1 lecvﬂ exp (%Aﬂ't(sa ak) — AeMy;)

Here \; > 0 and 3; > 0 are some control parameters. The parameter [3; can be either computed via
solving the one-dimensional subproblem (9) or simply set as a diminishing sequence.

mi(asls), (SPO)

5 A PRACTICAL ALGORITHM

In practice, the advantage value functions are often estimated from sampled trajectories. In this
section, we provide a practical on-policy actor-critic algorithm, described in Algorithm (1} that
combines WPO/SPO with advantage function estimation.

In each iteration of Algorithm[I] the first step
is to collect trajectories, which can be either - - -
complete or partial. The difference is whether Algorithm 1: On-policy WPO/SPO algorithm
the return is considered thoroughly to the end Input: number of iterations K, learning rate o
of a planning horizon. If the trajectory is com- Initialize policy 7y and value network Vi, with
plete, the total return can be directly expressed ~ random parameter v

as the accumulated discounted rewards R; = fork=0,1,2... K do

z:g—l ’YthJrk- If the trajectory is partial, Collect a s.et of traje.ctories Dk. on policy 7
it can be estimated by applying the multi- For each timestep ¢ in each trajectory,
step temporal difference (TD) methods (De compute totaAlwr::turns Gt and estimate
Asis et al.|, [2017): Rt:t+n = ZZ;S Yorirw + advantages A
Y™V (St4+n). Then for the advantage estima- Update value:
tion, we can use Monte Carlo advantage esti- Yr41 < Y — aVy, Z(Gt = Vi (1))
mation, i.e., AT = R, — Vi, (s¢) or General- Update policy: A
ized Advantage Estimation (GAE) (Schulman Ti4+1 < F(mr) via WPO or SPO with A7*

et al.,[2016), which provides a more explicit end
control over the bias-variance trade-off. In the
value update step, we use a neural net to rep-
resent the value function, where ¢ is the parameter that specifies the value net s — V(). Then, we
can update ¥ by using gradient descent, which significantly reduces the computational burden of
computing advantage directly.

6 EXPERIMENTS

In this section, we evaluate the proposed WPO and SPO approaches on tabular domains and robotic
locomotion tasks as presented in Algorithm|T} We compare the performance of our proposed methods
with several benchmarks, including TRPO (Schulman et al.| 2015)), PPO (Schulman et al.| 2017), and
A2C (Mnih et al., 2016ﬂ We compare with A2C because it is similar to our framework in the sense
that both of them are simple on-policy actor-critic methods that utilize the advantage information to
perform policy updates. For environments with a discrete state space (e.g., tabular domains), policy
updates are performed for all states at each iteration. For environments with a continuous state space,
a random subset of states is sampled at each iteration to perform policy updates.

6.1 ABLATION STUDY

In this experiment, we first examine the sensitivity of WPO in terms of different strategies of 3;. We
test four settings of 5 value for WPO policy update: (1) Setting 1: computing optimal 3 value for all
policy update; (2) Setting 2: computing optimal 3 value for first 20% of policy updates and decaying
B for the remaining; (3) Setting 3: computing optimal 3 value for first 20% of policy updates and fix
[ as its last updated value for the remaining; (4) Setting 4: decaying  for all policy updates (e.g.,
By = t%). In particular, Setting 3 is rooted in the observation that 5* does not change significantly

"We use the implementations of TRPO, PPO and A2C from OpenAl Baselines (Dhariwal et al.,|2017) for
MuJuCo tasks and Stable Baselines (Hill et al., | 2018)) for other tasks.



Under review as a conference paper at ICLR 2022

throughout all the policy updates, especially in the later stage in the experiments carried out in the
paper. Small perturbations are added to the approximate values to avoid any stagnation in updating.
Taxi task (Dietterich, |1998) from tabular domain is selected for this experiment.

The performance comparisons and average run times are shown

in Figure [T and Table [T respectively. Figure[T]and Table[T|clearly Table 1: Run time comparison
indicate a tradeoff between computation efficiency and accuracy in for different 3 settings

terms of different choices of 3 value. Setting 2 is the most effective

way to balance the tradeoff between performance and run time. For ~ Runtime  Taxi(s) CartPole (s)
the rest of experiments, we adopt this setting for both WPO and  Setting1 1224 130

SPO. We also compare WPO with SPO under different constant ~_Setting2 648 63

and time varying X values on the Taxi task. As shown in Figure[I] ~_Setting3 630 67

SPO converges faster than WPO. With more weight on the entropic ~_Setting4 522 44
regularization of Sinkhorn divergence (i.e., smaller \), SPO can

speed up its convergence more; while as A increases, the convergence becomes slower but the final
performance of SPO improves and becomes closer to the final performance of WPO, which verifies
the convergence property of Sinkhorn to Wasserstein distance shown in Theorem 4 Therefore, the
choice of A can effectively adjust the trade-off between convergence and final performance. With
a proper A choice, SPO is able to attain a faster convergence speed with an optimum that is only
slightly lower than WPO.

More experiments for ablation study is conducted on the Chain (Dearden et al.,|1998) and CartPole
(Barto et al.| [1983) tasks. Results are provided in Appendix[H}

0 Taxi o Taxi 0 Taxi
——
-100 =100 ——
£ a £ £
—200 _
2 = S0 e
3—300 E‘ E_soo
© —-400 = WPO: Optimal B o o WPO
g WPO: Optimal + decay B 2 _500 WPO — sPO(A=4) g 400 —— SPO (A ~logi)
-500 WPO: Optimal + constant B < SPO(A=2) —— SPO(A=5) < _ — SPO@A-~1)
-600 = WPO: Decay B ~600 — SPO(A=3) —— SPO(A=6) 500 SPO (A ~t?)
700 -60Q
00 05 10 15 20 25 30 00 05 10 15 20 00 05 10 1.5 20
Timesteps ~ x10° Timesteps ~ x10° Timesteps ~ x10°

Figure 1: Episode rewards during the training process for the Taxi task with different 5 and A settings,
averaged across 3 runs with a random initialization. The shaded area depicts the mean = the standard
deviation.

6.2 TABULAR DOMAINS

We evaluate WPO and SPO on a set of tasks including Taxi, Chain

(Dearden et al., [1998)), and Cliff Walking (Sutton & Barto, |2018)), Table 2: Trained agents perfor-
which are intentionally designed to test the exploration ability of the mance on Taxi (averaged over
algorithms. The tabular domain has a special environment structure 1000 episodes)

with a discrete state space and a discrete action space. Thus, we use

an array of size |S| x |.A| to represent the policy 7(a|s). For the WPO  TRPO
value function, we use a neural net to smoothly update the values. _Success (+20) 0753 0
The performance of WPO and SPO are compared to the performance _Fail (-10) 0232 0

of TRPO, PPO and A2C under the same neural net structure. Each ~_Timesteps (-1) 70.891 200
algorithm is evaluated 5 times with a random initialization. Results ~_Avg Return -58.151  -200

are reported in Table [2]and Figure 2] The setting of hyperparamaters
and network sizes of our algorithms and additional results are provided in Appendix

As shown in Figure [2] the performances of WPO, SPO and TRPO are manifestly better than A2C
and PPO. Between the trust region based methods, WPO and SPO outperform TRPO in most tasks,
except in Chain, where the performances of these three methods are not significantly different. In
Taxi and Cliff Walking, SPO converges to the optimum the fastest, while in Taxi, WPO converges to
the best optimum, among all methods. We further analyze the performance of the trained agent for
each algorithm on the Taxi environment. As shown in Table 2] WPO has a higher successful drop-off
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rate and a lower task completion time while the original TRPO reaches the time limit with a drop-off
rate 0. Therefore, the results in Taxi show that WPO finds a better policy than the original TRPO.

0 Taxi . Cliff 4000 Chain
-100
£ -200 g 50 ¢ 3600 W
2 32 _ 2
& _jgg & 1000 & 3000
@ 2 -1500 @
€ 500 wPo g & 2500
o — sPO ¢ -2000 [
I -600 — TRPO 3 z
— e -2500 2000
=700 7, PPO
-800 -3000 1500
00 05 10 15 20 25 0.00 0.05 0.10 0.15 0.20 0.25 030 0.0 0.5 1.0 1.5 20 2.5 3.0 3.5 4.0
Timesteps ~ x10° Timesteps ~ x10° Timesteps ~ x10°

Figure 2: Episode rewards during the training process for the tabular domain tasks, averaged across b
runs with a random initialization. The shaded area depicts the mean = the standard deviation.

We also show that compared with the KL divergence, which is used in traditional TRPO and PPO
approaches, the utilization of Wasserstein metric can cope with the inaccurate advantage function
estimations caused by the lack of samples. We compare WPO with KL (Algorithm [T] framework with
KL based policy update derived in Peng et al.|(2019)) on the Chain task. We evaluate the performance
of these two algorithms under different N4, which denotes the number of samples used to estimate
the advantage function at each iteration. As shown in Figure 3] when N, is 1000, KL performs
slightly better than WPO. However, when N 4 decreases to 100 or 250, WPO outperforms KL. These
results indicate that WPO is more robust than KL under inaccurate advantage values.

4000 Chain 4000 Chain 4000 Chain
3500 3500 3500 [/‘/"\M
£ £ £
% 3000 % 3000 /\""“\/\‘W % 3000
['4 ['4 ['4
© 2500 frkar TN T © 2500 © 2500
o o o
© © ©
[ 2000 [ 2000 [ 2000
< 1500 WFO < 1500 WFO < 1500 WFO
— KL — KL — KL
1000 1000 1000
0.00.10.20.304050.60.7 0809 0.00.10.20.304050.60.7 0809 0.00.10.20.304050.60.7 0809
Timesteps ~ x10° Timesteps ~ x10° Timesteps ~ x10°
(a) Ny =100 (b) N4 = 250 (¢) Na = 1000

Figure 3: Episode rewards during the training process for the Chain task, averaged across 3 runs with
a random initialization. The shaded area depicts the mean + the standard deviation.
6.3 ROBOTIC LOCOMOTION TASKS

We then integrate deep neural network architecture into MPO and SPO and evaluate their performance
on several discrete locomotion tasks, including CartPole (Barto et al.,[1983) and Acrobot (Geramifard
et al.l 2015)). We use two separate neural nets to represent the policy and the value. The policy neural
net receives state s as an input and outputs the categorical distribution of 7(a|s). The performance of
WPO and SPO are compared to that of TRPO, PPO and A2C under the same neural net structure. We
run each algorithm 5 times with a random initialization.

Final Performance: Figure[d]shows the episode rewards during training process for WPO, SPO
and baseline algorithms. As seen in Figure[d WPO and SPO outperform TRPO, PPO and A2C in
most tasks in terms of final performance, except in Acrobot where PPO performs the best. In most
cases, SPO converges faster but WPO has a better final performance.

Training Time: To train 10° timesteps in the discrete locomotion tasks, the training wall-clock time
is around 63s for WPO, 65s for SPO, 59s for TRPO and 70s for PPO. Therefore, WPO has a similar
computational efficiency as TRPO and PPO.

The performances of WPO and KL are also compared for the discrete locomotion tasks under
different N 4. As shown in Figure@ when N 4 is 500, KL performs better than WPO. However, when
N4 decreases to 100, WPO significantly outperforms KL. These results indicate that for discrete
locomotion tasks, WPO is more robust than KL when advantage values are inaccurate.
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Figure 4: Episode rewards during the training process for the locomotion tasks, averaged across 5
runs with a random initialization. The shaded area depicts the mean = the standard deviation.
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Figure 5: Episode rewards during the training process for the locomotion tasks, averaged across 3
runs with a random initialization. The shaded area depicts the mean =+ the standard deviation.

6.4 CONTINUOUS ACTION SPACE:

We further extend the evaluation of WPO and SPO to environments with a continuous action space
by discretizing the action space following |Tang & Agrawal| (2020). For comparison, we additionally
consider Behavior Guided Policy Gradient (BGPG) algorithm from [Pacchiano et al.|(2020). Similar
results are observed in Figure[6as the discrete action tasks: WPO and SPO outperform the benchmark
algorithms in terms of final performance.
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WO — A2C 4000 Wweo
3500 — sp0  — TRPO 3500 — SPO
£ £ 3000 — BePG PPO c — BGPG _/\..A"
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Figure 6: Episode rewards during the training process for continuous action space tasks, averaged
across 3 runs with a random initialization. The shaded area depicts the mean =+ the standard deviation.

7 CONCLUSION

In this paper, we present two policy optimization frameworks, WPO and SPO, which can exactly
characterize the policy updates instead of confining their distributions to particular distribution
class or requiring any approximation. Our methods outperform TRPO and PPO with better sample
efficiency, faster convergence, and improved final performance. Our numerical results show that the
Wasserstein metric is more robust to the ambiguity of advantage functions, compared with the KL
divergence. Our strategy for adjusting 3 value for WPO can reduce the computational time and boost
the convergence without noticeable performance degradation. SPO improves the convergence speed
of WPO by properly choosing the weight of the entropic regularizer. For future work, it remains
interesting to extend the idea to PPO and natural policy gradients, which penalize the policy update
instead of imposing trust region constraint, and extend it to off-policy frameworks.
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A PROOF OF THEOREMI]

Theorem 1. (Closed-form policy update) Let k7 (53,7) = argmax,_, n{A"(s,ar) — BMy;},
where M denotes the cost matrix. If Assumption [I] holds, then an optimal solution to the WPO
problem in [ ) is given by:

N
m(ails) =Y m(a;ls) f: (i, 5), (5)
j=1

where f*(i,7) = 1ifi = kT(B8*,7) and f*(i,j) = 0 otherwise, and B* is an optimal Lagrangian
multipler corresponds to the following dual formulation:

min F(f) = min 3 55+ By ; (a;18)[A™ (s, arz(8.5)) = BMz gl - (©)

Moreover, we have B* < 3 = Maxses kjm1.. N.kzj (Mij) " (AT (s, ar) — A™ (s, a;)).

Proof of Theorem[I} First, we denote Q° as the joint distribution of 7(-|s) and 7'(:|s) with
Zf-vzl i = m(aj]s) and Zj\;l Q5; = 7'(ails). Also, let fs(i,j) represent the c}gnditional
distribution of 7'(a;|s) under 7(a;|s). Then QF; = m(az[s)fs(i, 7). 7'(asls) = 2252, QF; =
Sy m(ajls) (i, 5)- In addition:

dw (' (-|5), 7(+|s) —mmzz = mzln)ZZM,Jﬂ' a;|s)fs(i,7), and

“i131 o ( 11]1

EaNﬂ’('\S)[Aﬂ(s’a)] = ZAﬂ(svai al| ZZA s al aj| )fS(Z J)
i=1

=1 j=1
Thus, the WPO problem in @) can be reformulated as:

max Esnpr ZZA s,a;)m(ajls) fs(3, 5) (10a)

fs(i,5)=0

=1 j=1
N N
Eavpr > Mijm(as|s) foli, §) < 6, (10b)
i=1 j=1
N
> faling) =1, VseS,j=1...N. (10c)

Note here that (10b) is equivalent to Ew,z ming, () S, Z;yleijw(aﬂs)fs(i,j) <
d because if we have a feasible f.(i,j) to make (10b) hold, we must have

. N N >
Bionpy ming, ;) 35z 22521 Mijm(ajls) fs(i, j) < 0.

Since both the objective function and the constraint are linear in f(4, 5), (10) is a convex optimization
problem. Also, Slater’s condition holds for (I0) as the feasible region has an interior point, which is
fs(i,7) = 1Vi,and fq(i,7) = 0Vi # j. Meanwhile, since A™ (s, a) is bounded based on Assumption
[T] the objective is bounded above. Therefore, strong duality holds for (I0). At this point we can
derive the dual problem of (I0) as its equivalent reformulation:

N
min 6—1—/ Jds
B>0,(5 b S ; %

(11
st. A"(s,a;)m(a;|s) — BMm(ajls) — pC(s) <0, Vs€S,i,j=1...N.
We observe that with a fixed 3, the optimal (; will be achieved at:
G (8) = max o (s)m(asls) (A" (5, a5) — BMyy). (12)
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Denote 3* as an optimal solution to and fZ(i, ) as an optimal solution to (I0). Due to the
complimentary slackness, the following equations hold:

G (8)
p5(s)
In this case, ff(i,7) can have non-zero values only when A™(s,a;)m(a;|s) — B*M;jm(aj|s) —
G 0, which means (5*(8*) = pj(s)m(a;|s)(A™(s,a;) — 3*M;;). Given the expression

o5 (s)
of the optimal (;* in , f(3,j) can have non-zero values only when i € IC;T(B*,j), where

KZ(B,5) = argmax,_; NA™(s,ar) — BMy;. Since Zivl f¥(i,7) = 1 as indicated in , we

can choose an arbitrary optimizer k7 (5*, j) € KT(8*, ) to derive an optimal solution f7(¢ ]

(A™(s,a;)7(aj|s) — B*M;jm(aj|s) — )fi(i,5) =0, Vs, i, j.

£ ) = 1L ifi = k(6% J)
s\ = otherwise,
And then the corresponding optimal solution is, 7*(a;|s) = Zjv L m(ajls) fi(i, ).

Last, by substituting (5*(3) = pf(s)m(a;|s)(A™ (s, arr(s.5)) — BMpr(s,5;) into the dual problem
(TT), we can reformulate (TT) into:

N
glzlg{ﬁa + /SGS ; Cj*(ﬁ)ds} = glzlg{/g(s + Eswp,’g ;W(aﬂs) (5 Ak (8,5) ) BMk”(,B 7)J ]}

(13)
The optimal 3 can then be obtained by solving (13).

We will further show that 8* < 3 := maxXses kj=1...Nkzj (Mij) (AT (s, a) — A™ (s, a;)).

In the general case, i.e., 3 > 0, (I0a) is non-negative because:

Egnpr ZZA s,a;)m(as|s) fi (i, j) (14a)

=1 j=1
N N
= Bapy »_mlayls) Y A™(s,a:) f5 (i, ) (14b)
j—l i=1
=Equpr Z (a;]8)A™ (s, arz(5+.5)) (14c)
N
> By Z (a;|s){A™ (s, a;) + B* Mz 5+ )5} (14d)
j=1
N
=Eapy O m(a;|8)B* My s+ 5y, (14e)
j=1
>0, (14f)
where |D holds since A’T(s, akg(ﬁ*’j)) — B*Mk”(ﬁ* )i > AW(S, aj) — ﬂ*ij = A”(s7aj).
When 3* > maxges j=1.. 5,k { 2240}, we have that for all 5 € S, KT (8*,5) = j.

Thus, fi(i,i) = 1, Vi and fX(i,5) = 0, Vi 7é j. The objective value (10a) will be 0 because
N N T N T
Esnpy 2 imn 2051 AT (8, a)m(a;]5) (i, ) = Esmpy 32521 A7 (s, a5)m(ais) = 0. The left hand
side of (10b) equals to ]ESNp Zl 12; 1 Mijm(agls) fi(i,j) = Esmpr ZZ L Mym(as)s) = 0.
Thus, for any § > 0, (I0D) is always satisfied.

Since the objective of the primal Wasserstein trust-region constrained problem in (6) constantly
evaluates to 0 when 5* > maxse‘g,k,jzl___Mk#j{%,W}, and is non-negative when 3* <
J
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AT (s,ar)—AT(s,a; AT (s,ar)—A"(s,a;
HlaXses,k,j:1...N7k¢j{%}, we can use maXsES,k,j:l...N,k#j{%} as
an upper bound for the optimal dual variable 5*. O

pp p

B PROOF OF THEOREM

Theorem 2. (Performance improvement) For any initial state distribution i and any By > 0, if
[|A™ — A™|| < € for some € > 0, the WPO policy update with the inaccurate advantage function
AT, guarantees the following performance improvement bound,

T(misn) 2 () 4 BB, e 3 mlagls) Mg s, 55— 1o ™)
= Y
Proof of Theorem|2}
J(?Tt+1) — J(?Tt) = ]Eswp:wrl EGN‘ITt+1 [Am‘ (8, Cl)] (153)
N
=E, ,mer Y mi(ails)A™ (s, ;) (15b)
z;l N
=E, ey > mlagls) L0, )A™ (s, @) (15¢)
2;1 j=1 N
=E, e Y mlagls) Y Fi6, ) AT (s,a:) (15d)
];,1 1=1
= ESNp::t+1 Zﬂt(aj‘S)Aﬂt(S,a};;ft(ﬁt’j)) (15¢e)
j=1

N
Z Esz:t+1 Z Wt(aj‘s)[Aﬂ-t (S, G/J) + BthC:t (Be,9)j — 26] (15f)
j=1

N
2¢
= BB, e D mi(ag]s) Mz s, )5 — 11— (15g)
j=1

where (I5a) holds due to the performance difference lemma in [Kakade & Langford (2002);
(15f) follows from the definition of k7*(f;,j) and the fact that ||A™ — A™ ||, < e, therefore

[Aﬂt(s,ak;t(5t7j)) + 6] - ﬂthc:t(ﬁt,j)j > Am(sﬂak;"(ﬁt,j)) — 6th€:t(ﬂt,j)j > Aﬂt(s,aj) _
BiM;; = A™(s,a;) > A™(s,a;) — € (15g) holds since Eqr[A™(5,a)] = 0. O

C PROOF OF THEOREM 3]
Theorem 3. If Assumption[I|holds, then the optimal solution to the trust region constrained problem
(@) with Sinkhorn divergence is:

N exp (B—)‘;A’T(s, a;) — AM;;)

m3(ails) =)

N
j=1 Zk:1 €xXp (F/\;Aw(&ak) - )\Mkj)

where M denotes the cost matrix and B33 is an optimal solution to the following dual formulation:

m(ajls), (®)

ming>o Fx(8) = ming>o {55 — Bopr 25y mlagls) (5 + 5 In(w(ayls)) —

N - N N exp (5 A7 (s,a:)—AMi;)-w(az|s)
SI[37L, exp (5A7(s,a5) — AMij)]) + Eampr >oity 50y & o oxp (3 A7 (5,ar)—AMxy) } ®)

max
Moreover, we have 35 < 2‘45 .
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Proof of Theorem[3] Invoking the definition of Sinkhorn divergence in (3), the trust region con-
strained problem with Sinkhorn divergence can be reformulated as:

N N
max Esnpr [Zi:1A (57‘%‘)2].:1@@'] (162)
N N S 1 S S
Esnpr [ZZ 12 ,:lMijQij + XQ” log Qz]] <9é (16b)
Z Q5 =mlasls), Vi=1.. NseS. (16¢)

Let 3 and w represent the dual variables of constraints (I6b) and respectively, then the La-
grangian duality of (T6) can be derived as:

N N
OB :
i i, 1AQ ) =g i By ) A1) 2, 03]

i=1

N N N N 1
+ /eszw;@@fjw(aﬂs))dswa By [ Y Mi@% + 1@ g @3)
s j=1

i=1 i=1 j=1

(17a)

2

wi
=(5) Q305 (s)ds

EM )

N N
= mgxﬂm%)nwEsz ; (s,a; z:: +/ ; 1

.
Il

m.

N N
/GSZwﬂa] $)ds + 5 — By ZZMUQZﬁ SQlogQy])  (17b)

i=1j=1

N
in 8§ — *m(ajls)d
max Brg(l)r’lwﬁ /SES Z:ij(aj |s)ds

wg S ﬂ S
+ Eopp [Zj; (s,00) = BMy; + —55)Qi; = 5Q% los Q) (17¢)
= mln maxﬁé / waa]\
€s
N N WS 3
J s s s

where holds since the Lagrangian function L(Q, 5, w) is concave in @) and linear in 8 and w,
and we can exchange the max and the min following the Minimax theorem (Sion| |1958).

Note that the inner max problem of (I7d) is an unconstrained concave problem, and we can obtain
the optimal () by taking the derivatives and setting them to 0. That is,

OL _ pn(s ar) — g, + 2 ﬁ(long Y1)=0, Vi,j=1,---,N,s€S. (18)
anj PU(S) A
Therefore, we have the optimal Qf;‘ as:
o —exp()\A“(s,ai) — AM;;) exp ( A -1, Vi,j= ,N,seS. (19)
B B (s)
In addition, since 27 1 Qif = m(aj|s), we have the following hold:
Aw?
P (ﬁp:: Ol >N e (3 1; (|s )az) Ny) 20

17
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By substituting the left hand side of into (19), we can further reformulate the optimal Q7 as

A
exp (5A7(s,a;) — AM;;
zs]*: N (ﬁ )\( ) j) ’/T(aj|s)7 V’i,jil,'~',N,S€S. (21)
S exp (3 A7 (s, ax) — \Myy)

To obtain the optimal dual variables, based on (20), we have the optimal w* as:

o _ miangB B Tr ‘
wit = pv(s){X + Xl n(m(a;|s)) Zexp A (s,a;) —AM;;)]}, Vji=1,--- ,N,seS
(22)
By substituting (21)) and (22) into (T7d), we can obtain the optimal 5* via:
S 8.8
min 05— B Jle(ajls){X + D in(r(ayls) Zexp 2 A (s,0) — MM}

ZZ ﬁexp (s,a;) — AM;j;) - m(aj|s)
g pvz 1j=1 Zk leXp( Aﬂ-(saak)_AMkj)

The proof for the upper bound of sinkhorn optimal 3 can be found in Appendix [D] O

D UPPER BOUND OF SINKHORN OPTIMAL BETA

In this section, we will derive the upper bound of Sinkhorn optimal 3. First, for a given 3, the optimal
Q;7 (B) to the Lagrangian dual L(Q, 3, w) can be expressed in . With this, we will present the
following two lemmas:

Lemma 1. The objective function (164 (@ with respect to Q;; *(B) decreases as the dual variable (3
increases.

Lemma 2. If Assumptionholds, then for every 6 > 0, Q¥ ( 2,45"”) is feasible to for any A.

We provide proofs for Lemma [T and Lemma [2]in Appendix [D.T] and Appendix [D.2] respectively.
Given the above two lemmas, we are able to prove the following proposition on the upper bound of
Sinkhorn optimal /:

Proposition 1. If 3 is the optimal dual solution to the Sinkhorn dual formulation @ then B3 <
QA;M for any A

Proof of Propositionm We will prove it by contradiction. According to Lemma f]*(QA; ax) is
feasible to | Since 33 is the optimal dual solution, ;7 (533) is optimal to . Amax

If 85 > ,
according to Lemma the objective value in ( i with respect to 24 ™ is smaller than the objectlve
value in (16a)) with respect to 3%, which contradicts the fact that Q77 (3} ) is the optimal solution to

O

D.1 PROOF oF LEMMA[I]

Lemma 1. The objective function (@ with respect to QS*(ﬂ) decreases as the dual variable [
increases.

Proof of Lemmall] Let G (8) represent the objective function (16a). By substituting the optimal
57 in @ into , we have:
AM;;5)

N N exp(%A’T(s,ai) -
GA(B) = Eswpr[ Y AT(s,ai) m(a;ls)] (23a)
’ ) Al ;zﬁ_lexp@m(s,amwkj) )

exp (%A’T(s, a;) — AM;;)
UL exp (3A7 (s, ak) — AMy;)

). (23b)

N
Esnpr g m(a;|s) E A" (s, a;)
j=1 i=1

18
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For any 82 > 81 > 0, we have:
GA(Br) — GA(ﬂz)
., Z (a9 i\’: (5. an){ Nexp(ﬁfiw(&ai) — A\M;;5)
- prt 21 €xP (5 A7 (s, ap) — AMy;)
_ eXP( A™(s,a;) — /\sz)
S exp (2 A7(s,a8) — AMy)

N N
Bampy Y m(agls) > A™(s, a){
j=1 i=1

B eXp(ﬁAﬂ(Saa[i]) — AM;35)
Zg_l exp(AA”(s agy) — AMip;5) ,
where [i] denotes sorted indices that satisfy A™ (s, apy)) > A™(s,apg) > - > A" (s, apn). Let
exp(EA (s,ap)) — AMy;5) exp( AT (s, ap)) — AMj;)

} (24a)

exp (AATF(S a[»]) - )\M['] )
Zszl eXp( A’T(s apy) — AMiy;)

(24b)

fs(i) = — (25a)
Sohm exp (2 A7 (s, ap) — AMipg;)  Sopy oxp (4 AT (s, apry) — AM ;)
B exp ((E — E)A”(s af))) exp (éA”(&am) — AM;5)
iy exp (2 — 2)A™(s, ap)) exp (2 A7 (s, ap) — AMy;)
A
exp (5-A" (s, ay; AM(;;
oo AN an) “AMw) (25b)
1 exp (g, A" (s, ag) — AMx;)
For notation brevity, we let ms(i) = exp ((ﬁ — %)A’T(s, ap)) > 0, ws(i) =
A e N\ 1 1
exp (g A" (s, ap) — AM[;);) > 0 and gs(i) = S o e SN e Then we have
@250 = Nms(l)wS(Z) _ Nws(l) (262)
D1 Ms(R)ws(k) D25 ws(k)
1 1
= ms (1) ws(7)( — . ) (26b)
Skl ma(kyws(k) 3oLy me(Dws(k)
= s (1)ws (1)gs (7). (26¢)
Since [% - ﬁ > 0, ms(i) decreases as i increases. Thus, ¢4(¢) decreases as i increases. Since
ms(1) > mg(k) and mé(N) < mg(k) forall k =1,..., N, we have ¢5(1) = m -
L (k)ws

1 1 1
lecv=1 7”51(1)'ws(k) - Ek 1Ms (k:)ws(k) Zi\,:l 7”sl(k)w5(k) O and qS(N) EN 1 Ms (k)ws(k)

< = > <
S e S S e S @ O Sinee 4,(1) 2 0, 65(N) < 0 and
qs(7) decreases as ¢ increases, there exists an index 1 < ks < N such that ¢5(¢) > 0 for i < k;
andqg( ) < 0fori > k. Slncemg() s(i) > 0, we have fs(i) > 0fori < ks and f,(2) < O

for i« > k,. In addition, we have Zi:l fs(i) = 0 directly follows from the definition. Thus,

Zil\;1 f@(l) = Z§i1 |f€(l)| - Zf\ik +1 |f9(z)| = 0. Therefore,

GA(B1) — GA(B2) = Eanpr Z (ajls) sta )f<(0) (27a)

Z (aj]s {ZA”sa )Ifs() Z (s, ap)| fs ()]}
j=1 =ks+

(27b)
N ks

or O m(al){> " AT (s, ap, )| f(0) Z (5, ap, +1)|fs(0) [}
=1 =1 =ks+
! 7¢)
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N
*ESNp Z a’]| HA™ (s, Ak Z|fs )= AT (s » Ak +1) Z | fs(4)[}
i=ks+1
(274d)
N ks
=Eop; > m(aj|s){A (s, ap, Z|fs (i) = A™ (s, a,41) D |F(D)]}
i=1 =1
’ 27e)
N ks
= Bopy > m(a;]8) (A (5, ap,)) — A™(5,ap,11))) Y | £ (D)) 276)
= i=1
> 0. 272)

where (27¢) and (27g) hold since A™ (s, aj;)) is non-increasing as i increases. Furthermore, at least

one inequality of (27c) and (27g) will not hold at equality since Zivzl m(a;|$)A™(s,a;) = 0,Vs € S,
and for non-trivial cases, Pr{A™(s,a) = 0,Vs € §,Va € A} < 1, which means Pr{3s;,ss €
S,a1,a9 € A, sit. A™(s1,a1) # A (s2,a2)} > 0. Therefore, we have G (1) — GA(f2) > 0. O

D.2 PROOF OF LEMMA

Lemma 2. If Assumption|l|holds, then for every 6 > 0, Q%* 2A™ s feasible to (16b) for any .
p ry ig\" 5 Yy

Proof of Lemmal[2] By substituting the optimal Q37 in @) into @), we can reformulate the left
hand side of as follows:

Espr Z Z Mi;Q3 log Q3] (28a)

=1 j=1

Al 1 A (a;|s)

= Espr { M;;Qi5 + ~ Qi [5A™ (s,a;) — AM;; + log I 1}
;; TOATYB Yoisy exp (347 (s, ax) — AMy;)

(28b)
7(a;ls)

=Espr{ —QiTA™(s,a:) + Q log Z b (28¢)
;; p Sopiy oxp (3A™ (s, ax) — AMy;)

Now we prove that when § = 2Amdx, s~pz§{zz 123 1 ﬁ ( YA™(s,a;)} < g and

Eonpr {3 Q;7 (8) log T (;E:g'(z)ak)ﬂ\Mk‘)} < ¢ hold. For the ﬁrst part, we have:

QNPW{ZZ BQS*A“ s,a;)} (29a)

=1 j=1
M«{Z ZQS* JA™ (s, a:)} (29b)

=1 j=1

= SNPW{ZW (a;|s)A™ (s, a;)} (29¢)
< ﬁ M«{Zw (ai)|A7 (s, )|} (29d)

Amaw 5
< ) (29¢)

For the second part, the followings hold:
m(a]s)
Esprd ~Qij log } (30a)
S o
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m(agls)
= Bonpr { ) log ’ } (30b)
’ Z ; Zszl exp (%AW(S, ag) — AMy;)
1 m(a;|s)
= ~Esepr{) m(aj|s)log ! } (30c)
A ; ZkN:1 exp (%A”(&ak) — AMy;)
1 al m(a;|s)
< SEonpr {) m(ajls)log —L—+——1} (30d)
AP ; ’ exp (%A’T(s,aj))
1 al 1
< SEsvpr{) m(ajls)log ————} (30e)
B 12 (0 exp<gm<s,aj>>
Lo (3 w2470 (300
Jj=1
1 N
< Eamr (3 w(afs)| 47 (5, (30g)
j=1
Ama/l‘ 5
< -2
=75 > (30h)
Therefore, (2A6 ) is feasible to (16b) for any \. O

E GRADIENT OF THE OBJECTIVE IN THE SINKHORN DUAL FORMULATION

The closed-form gradient of the objective in the Sinkhorn dual formulation (9) is as follows:

0 — ESNP m(aj|s {)\ m(aj|s) E exp ( (s,a:) — AM;j;)]
5 1 ZN A
_ = Apr N\ . _ ™ Na—2
A XL exp (FA7(s,ai) — AMij) g i:l[exp(/jA (3000) = MM 2 =AL (50008 }}

B, ﬁ:i {W(aﬂs) eXP(%AW(S»ai) — AMij)
s~pT
i=1 j—=1 A chvzl exp (%A”(& ar) — AMg;)
Br(ajls) exP(5AT(s,a:) — AMi;) x —AA™(s,a:)B7% x 331, exp (5A7 (s, ar) — AMy;)

A (Chsy exp (5 A7 (s, ar) — AMy;))?
_ Br(asls) P (5A7(s, @) = AMij) x Sohsi lexp (347 (s, ar) — AMy;) x —AA”(S,%)B_Q}}
A (Ory exp (A7 (s, ar) — AMi;))? '

F PROOF OF THEOREM [4]

Given the upper bound of Wassertein optimal 3 in Theorem [I] and the upper bound of Sinkhorn
optimal 3 in Proposition[I} we are able to derive the following theorem:

Theorem 4. Define Syp = max{ 2A5 " BY. The following holds:

1. F\(B) converges to F(B) uniformly on [0, Bys),

5 lim argmin F(8) C argmin F'(3)
" ATI00<B< By 0<B<Bus

Proof of Theoremd] To show that F)\(3) converges to F(/3) uniformly on [0, Byg], it is equivalent
to show that limy— oo SUPg< < g ’FA(ﬂ) — F(ﬂ)’ = 0. Let €7(f8,4,j) = A”(s,ak:(g,j)) -
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BMyr(s.5); — [AT(s,a:) — BM;;] where kT (8, j) € KT (8, ) = argmax,_; nA™(s,ax) — BMy;
is an arbitrary optimizer, and €7 (3, 4, j) > 0. First, we have

|Fa(8) — F(8)
= ’56 —Eonpr Zﬁ(aj|s){§ + éln( (ajls)) fln Zexp (s,a;) — AM;)]}

=1
LR i B ex (AAW(S a;) — AM;;) - w(ajls) s
SN YL exp (3A7(s, ak) — AMyy)

N
i=1j
N
Jj=1

- ESNPIS W(aj|5)[AW(57ak;'(ﬂ,j)) - ﬂMk;“(ﬁ,j)j] (31a)
8 o B
< |5 Eanpr 3 m(as19)| + | By Z (a,19) In(r(ay 5))|
Jj=1
I o) Sl duc vk <s’ai>—AMij>-7r<aj|s>’
o i=1 j=1 A Zg,lexp(iA”(s ai) — AMjy;)
N
+ ]Eswp;’g Z G,J| Zexp ATr S az) )\Mlj)]
j=1
N
—Banpy Y (a8)[A7 (5, akz(8.)) — BMiz(.);] (31b)
j=1
B 8 al
< Q‘XES% Zﬂ(aﬂs)‘ + ‘XESN% Zw(ajp) In(r(als)
N
Z m(ajls) Zexp (s,a;) — AM;;)]
=
N
Z m(aj|s)[A™ (s, arz(s.4)) — ﬂng<ﬂ,j>j]‘~ (3lc)
In addition,
Egnpr Z m(ajls) Zexp ATr (s,a;) — AM;;)]
N
Z m(az]s)[A™ (s, akz (8,5)) — BMiz(8,5)5] (32a)
N A N \
Z (als) exp(ﬁA (S’ka,j))—AMkzw,j)j)ZeXp(—Be’;(ﬁ,i,j))]
N
— Espr ZW(GH AT (s, arz (8.5)) _Bng(ﬁ,j)j]‘ (32b)
j=1
N A N \
Z m(a]s) {ln eXp(ﬁA (s, axx(8,5)) — AMz(5,5);)] +1H[Zexp(*56§(ﬂ,i7j))]}
Jj=1 i=1
Esnpr Z (ajls) (s » QKT (B,5) )_6Mk;'(ﬂ,j)j]‘ (32¢)
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N /8 N A
=B Do masls)§ (Y exp (=518, )] (32d)
j=1 i=1
Therefore,
lim  sup FA(B)—F(ﬁ)’ (33a)
A—00 0<B< fup
N N
. 2Bus BUB
< Jim, 2 [Bense 3wl B D m(es19) (e 1)
: ]:
N A
1 S~ pT 1 -5 71' ’ .7 j ’
lim s S|E pvg m(ayls) nZexp 55 (B,.9)] (33b)
a A
= lim sup ~—|Ezu,r m(a;|s)In[» exp(—=¢€1 (8,1, ‘ 33c)
i SN pvz (aj]s) Z p(=3 (B,4,5))] (

<.
Il
—

In addition, V3 € [0, Sug] and VA, €7 (3,1, j) is bounded since

€ (Byi, ) ‘ = ‘A” s,axr(,5)) — BMur(s.5); — [AT(s,a;) — BM;j] (34)
= | (A7 (5, 0z 37) — A7(5, @)~ (BMig (5.5 — BM)|
< ‘A (s, arz(p,5)) — A" (s,a5) | + ‘5Mk:(5,j)j — M,
< 2max A" (s, a) + Sy max M;;
s,a i,J
< 2A™ + Bup max Mij < Q. 35)
0,j
Then, ‘ESNPg Zjvzl m(ajls) ln[zi]\il exp (—%eg (8, z,]))}‘ is bounded.
Therefore in (33c), the optimal [ can be achieved. Let p* =
arg MaxXg< < gy, § Espm Zjvzl m(a;|s) ln[ZN 1 €Xp (77 ™(8,i,7))]|, and then we have:
N
lim su aj|s)In[) ex —*6 , 1, ’ 36a
A—>ooo</a<% A z:: ils) Z p(—Z€X(B,i,4))] (36a)
N
= lim — Z’IT (a;|s)In] Zexp ﬂ)‘ er( 727]‘))]‘. (36b)
j=1

Define 0,(j) = ming<pg<py, Ming—1...nigxr(8.5) €4 (8,1, 7). Then since €7 (8,i,7) > 0 fori ¢
K7 (8, 7) based on its definition, we have o4(j) > 0. On one hand, we have

Jlim 1nZexp 6* ex(8,i,4))] (372)

N N
. A T A . )\ T A
Shmil Y ewHAEaN+ Y ew(-RaEL) G
i=1[igK7 (Bx.d) i=1[i€KT (Bx,J)
N

A
< lim [ ) exp(———o.(j) + > exp(0)] (37¢)
Ao , Bus o ,
i=1[i1¢ KT (Bx,J) 1=1[i€KT (Bx,5)
al A
= lim In[ Y exp(—=—0.(j) + KT (Br.5)]] (37d)
A—ro0 —y ) BUB
i=1igKz (Bx.])
= lim In[[CT(6x, 5)I]- (37e)
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On the other hand, we have

hm In| Zexp 5)‘ €T (B4, 9))] (382)
N N
T N Ao A A
“dml Y ew(md it > ew (-3 i) G
i=1[i¢KT (Bx.7) i=1[i€KT (Bx.7)
al A
S T IREANE TP
7}\11_1}(1)0111[ Z exp ( /BAES (8%,14,4))] (38¢)
i=1[ieK7 (Bx,7)
N
= 1.
Jm In| Z exp (0)] (38d)
i=111€KT(Bx,7)
= lim {7 (B, )] (380)
Therefore, hm>\_>00’1n ZNlexp( ﬁke (B i, ‘711m>\_>00 n[|KT(Bx, j)|]- Based on that,
we have
A N
)\li_r>noo Z m(ajls) anexp /BA € ( Hj))]’ (39a)
B IS 1S A r i
< 1m P A L .
< lm 2 \;In[;exp( e8] (39b)
P& N \
< 2 A aiar ‘
< lim 5 j;\ln[;exm R0 (39%)
ik
= lim 21 In[|KCT (B, )] (39d)
< lim 2B NN =0 (39%)
T A= A ’
which means limy— . SUPg<5<p,, ’FA(B) — F(B)‘ < 0. Furthermore, since

lim)— oo SUPo< < gy 1FA(B) — F(B)| > 0 holds naturally, we have lim)— o SUPy< < gy, [FA(B) —
F(B)] = 0. Therefore, F\(/3) converges to F'(f) uniformly on [0, Syg], which also indicates
F\(5) epi-converges to F'(3) on [0, Bug| (Royset, 2018 Rockafellar & Wets| |1998). By properties

of epi-convergence, we have that \10_ gi%inﬁli B(B) < ?i%inﬁli F(B) (Rockafellar & Wets,

1998). 0

G OPTIMAL BETA FOR A SPECIAL DISTANCE

Proposition 2. (1). If the initial point 5y is in [max, ;{A™ (s, ar,) — A™(s,a;)}, +00), the local
optimal B solution is max, ;{A™ (s, ar,) — A™(s,a;)}.

(2). If the initial point fy is in [0, ming jzp {A™(s,ax,) — A7(s,a;)}]: if 6 — [,csp™(s)(1 —
m(ak,|s))ds < 0, the local optimal (3 is ming j 1, {A™ (s, ar,) — A" (s, a;)}, otherwise, the local
optimal (3 solution is 0.

(3). If the initial point By is in (ming j2x, {A™(s,ar,) — A7(s,a;)}, max, j;{A™(s,ar,) —
A™(s,a;)}), we construct sets I} and I? as:

fors € S,j € {1,2...N} : if By > A"(s,ay,) — A™(s,a;) then Add j to I} else Add j to I2.
Then, if 6 —Esp= > ;2 m(aj|s) <0, the local optimal 3 is minges jerz{A" (s, ar,) — A™ (s, aj)}'
otherwise, the local optimal 3 is max,cs jeni {A™ (s, ar,) — A™(s,a;)}.
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Proof of Proposition[2] (1). When f € [max,;{A™(s,ar,) — A™(s,a;)},+00), we have
A™(s,aj) > A™(s,ar,) — Bforalls € S, j=1...N. Since A™(s,ax,) — 8 > A™(s,ax) — 5 for
allk =1. NwehaveA“(s aj)>A(s ay) —Bforalls€ S, j=1...N,k=1...N. Thus,
jeKT (ﬁ* j),foralls €S, j =1...N. Therefore, (6) can be reformulated as:

N

min{ 60 + Eopy D w(asls) A7 (s, a5)}-

Jj=1
Since 0 > 0, we have the local optimal § = max, ;{A™(s,ax,) — A™ (s, a;)}.

(2). When 8 € [0 ming g, {A™(s,ar,) — A™(s,a;)}], we have A“(s aJ) < A™(s,ay,) — B for
allse€S,j=1...N,j # k. Thus ks € KT(B*,j) foralls € S, j = 1...N. The inner part of
(6] then is:

B0 + Esnpr{ Z m(a;ls)(A™ (s, ar,) = B) + m(ax,|s) A" (s, ax,) }

j=1,j#ks
N N
=B —Eonpy D masls)) +Eonpy > m(asls)A™ (s, ax,)
=17k, j=1
N
— (6 - / P81 = wlag |5)ds) + Evvg 3 m(agl)A7(s.a,).
sE j=1

£ — [ .5 P5(s)(1 —7(ax,|s))ds < 0, we have the local optimal 3 = min jzr, {A™ (s, ax,) —
A™(s,a5)}. 166 — [ g p7(s)(1 —7(ag,|s))ds > 0, we have the local optimal 3 = 0.

(3). For an initial point B¢ in (min, j2i, {A™ (s, ar, ) —A"(s,a;)}, max, ;{A7 (s, ar, ) —A"(s,a;)}),
we construct partitions I} and I2 of the set {1,2... N} in the way described in Proposition 2] for all
s € 8. Consider 3 in the neightborhood of o, i.e., 3 > A™(s,ax,) — A™(s,a;) fors € S,j € I}
and B < A™(s,ay,) — A™(s,a;) for s € S, j € I2. Then the inner part of (@) can be reformulated
as:

B0+ Bampr{ > m(a;]5)A™(s,a;) + Y w(a;|s)(A™(s, ax,) — B)}

JeI} JeI?
= B(0 = Eanpy Y m(aj]8) + Banpr { D m(aj|s)A™(5,0;) + > m(a;|s)A™ (s, ar,)}-
JEI2 jerIt jEI?
If § — Egupr Zjelg m(ajls) < 0, we have the local optimal 8 = minges jer2{A" (s, ar,) —
A" (s,a5)}. I 5 — Eeopr Zjelg. m(a;ls) > 0, we have the local optimal § =
maXges jert {A™(s,ar,) — A™(s,a;)}. O

H IMPLEMENTATION DETAILS

Visitation Frequencies Estimation: The unnormalized discounted visitation frequencies are needed
to compute the global optimal 3*. At the k-th iteration, the visitation frequencies pj, are estimated
using samples of the trajectory set Dy,. Specifically, we first initialize p7 (s) = 0, Vs € S. Then for
each timestep ¢ in each trajectory from Dy, we update p7 as p7(s¢) < pr(st) +7'/|Dxl-

Policy Representation: The general approach depicted in Algorithm [I] allows various policy
representations including arrays and neural networks. Let S, C S represent a subset of states to
perform the policy update at the k-th iteration. When an array is used, the policy update step is simply
Tr+1(-]8) = F(m)(-|s), Vs € Sk. When a neural network is employed, the policy update step can

2
be achieved by obtaining the gradient descent, i.e., v Z (E(me) (ls) = mi(-]5))",
sESk

Policy Updating Strategy:

 State space: For environments with a discrete state space (e.g., tabular domains), the
WPO/SPO policy update is performed for all states at each iteration. For the environments
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with a continuous state space, a random subset of states is sampled at each iteration to
perform the policy update.

* Action space: For environments with a continuous action space, we first discretize the action
space following [Tang & Agrawal|(2020) and then WPO/SPO policy update is performed on
the discretized action space.

Hyperparamaters and Additional Results:

Our main experimental results are reported in Section [§] In addition, we provide the setting of
hyperparamaters and network sizes of our WPO/SPO algorithms in Table 3] And we present the
numerical results of the final performance comparison among our algorithms and the baseline methods
(i.e., TRPO, PPO, A2C) in Table[d}

Table 3: Hyperparamaters and network sizes

Taxi-v3, NChain-v0  CartPole-vl  Acrobot-v1
CliffWalking-vO

v 0.9 0.95 0.95
Iry \ 102 5x 1073
I7value 102 102 5x 1073
|Dy | 60 (Taxi); 1 (Chain); 2 3

3 (CliffWalking)
 size 2D array 64, 64 64, 64
Q/vsize [10,7,5] 64, 64 64, 64
A 5,50, 10 10 10

Table 4: Averaged rewards over last 10% episodes during the training process

Environment WPO SPO TRPO PPO A2C

Taxi-v3 —45+ 27 —87+11 —202+3 —381+34 —338 £30
NChain-v0 3549 +£ 197 34324+ 131 35224+258 3506 + 237 1606 + 10
CliffWalking-v0 —35+15 —25+1 —159+94 —3290 £2106 —5587 £ 1942
CartPole-v1 388 £+ 54 370 £ 30 297 £ 65 193 + 45 267 £ 61
Acrobot-v1 —162+8 —185+15 —248+£33 —103+£5 —379+39

Additional Experiments on Ablation Study:

500 CartPole-v1 Chain
= WPQO: Optimal B 3500
400 WPQO: Optimal + decay B mm———r———
g WPOQ: Optimal + constant 8 g 3000
- = WPO: Decay @
o 300 & 2500
o 3
© 200 $ 2000
g é WPO SPO (A = 50)
< 400 1500 — SPOR=2) — sPO@~ 1 =
—— SPO(A=20) —— SPO(A -~ logt)
0 1000
0 25 50 75 100 125 150 175 200 00 01 02 03 04 05
Episode Timesteps x103%

Figure 7: Episode rewards during the training process for different 5 and X settings, averaged across
3 runs with a random initialization. The shaded area depicts the mean = the standard deviation.
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