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Abstract

In this paper, we establish the non-asymptotic
validity of the multiplier bootstrap proce-
dure for constructing the confidence sets us-
ing the Stochastic Gradient Descent (SGD)
algorithm. Under appropriate regularity con-
ditions, our approach avoids the need to ap-
proximate the limiting covariance of Polyak-
Ruppert SGD iterates, which allows us to
derive approximation rates in convex distance
of order up to 1/4/n. Notably, this rate can be
faster than the one that can be proven in the
Polyak-Juditsky central limit theorem. To our
knowledge, this provides the first fully non-
asymptotic bound on the accuracy of boot-
strap approximations in SGD algorithms. Our
analysis builds on the Gaussian approxima-
tion results for nonlinear statistics of indepen-
dent random variables.

1 INTRODUCTION

Stochastic Gradient Descent (SGD) is a widely used
first-order optimization method well suited for large
datasets and online learning. The algorithm has at-
tracted significant attention; see, e.g. (Polyak and
Juditsky, 1992; Nemirovski et al., 2009; Moulines and
Bach, 2011). SGD aims to solve the optimization prob-
lem:

) :
f(6) — min,

Vf(0) = Eep [F(60,6)], (1)

where £ is a random variable defined on a measurable
space (Z, Z). Instead of the exact gradient V f(), the
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algorithm accesses only unbiased stochastic estimates
F(0,¢).

Throughout this work, we focus on strongly convex
objective functions and denote by #* the unique min-
imizer of (1). The iterates 0, k € N, generated by
SGD follow the recursive update:

Opt1 = Ok — a1 F(Oh, &), Oo €RT, (2)

where {ay }ren is a sequence of step sizes (or learning
rates), which may be either diminishing or constant,
and {&}ren is an iid. sequence sampled from Pe.
Theoretical properties of SGD, particularly in the con-
vex and strongly convex settings, have been extensively
studied; see, e.g., (Nesterov, 2004; Moulines and Bach,
2011; Bubeck et al., 2015; Lan, 2020). Many optimiza-
tion algorithms build on the recurrence (2) to accelerate
the convergence of the sequence 6 to 8*. Notable ex-
amples include momentum acceleration (Qian, 1999),
variance reduction techniques (Defazio et al., 2014;
Schmidt et al., 2017), and averaging methods. In this
work, we focus on Polyak-Ruppert averaging, originally
proposed in (Ruppert, 1988) and (Polyak and Judit-
sky, 1992), which improves convergence by averaging
the SGD iterates in (2). Specifically, the estimator is
defined as

0= %370, neEN. (3)

It has been established (see (Polyak and Juditsky, 1992,
Theorem 3)) that, under appropriate conditions on the
objective function f, the noisy gradient estimates F,
and the step sizes oy, the sequence of averaged iterates
{0, }nen is asymptotically normal:

V0, — 6%) 5 N(0,50) (4)

where % denotes convergence in distribution, and
N(0,%) is a zero-mean Gaussian distribution with co-
variance matrix Y, defined later in Section 2.2. This
result raises two key questions:

(i) What is the rate of convergence in (4)?
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(ii) How can (4) be leveraged to construct confidence
sets for 6*, given that ., is unknown in practice?

In our paper, we aim to answer both questions. To
quantify convergence rates in (4), we use convex dis-
tance, defined for random vectors X,Y € R? as

de(X,Y)= sup |P(X € B)-P(Y c€B)
BeC(R%)

(9

where C(R?) denotes the collection of convex subsets of
R<. The supremum in (5) can be taken over different
classes of sets, leading to various probability metrics.
In particular, more restrictive classes such as rectangles
give rise to metrics with logarithmic dependence on
the dimension d (see, e.g., (Kojevnikov and Song, 2022;
Chernozhukov et al., 2013)). The choice of the class of
sets is often driven by the needs of a particular appli-
cation and may affect the dependence of the resulting
bounds on the dimension d. In particular, even for
normal approximation of linear statistics, the dimen-
sional dependence may vary depending on the chosen
class. Results for convex distance can be found in (Ben-
tkus, 2003), while results for rectangles are available
in (Kojevnikov and Song, 2022; Chernozhukov et al.,
2013).

Shao and Zhang (2022) derive Berry-Esseen-type
bounds for dc(v/n (0, — 0*),N(0,%,)), where %, is
the covariance matrix of the linearized counterpart of
(2); see the precise definition below in (14). We com-
plement this result with the rates of convergence in (4).
We also establish a lower bound on the convex distance
dc(v/n(0,, —0*),N(0,%,)). This result shows that, for
certain step-size sequences oy, in (2), the Gaussian ap-
proximation with covariance ¥, is less accurate than
an approximation based on another covariance, in par-
ticular ¥,,. A similar phenomenon has been reported
in the bootstrap literature for i.i.d. data outside the
context of gradient methods; see (Shao and Tu, 1995,
Theorem 3.11).

One popular approach for solving (ii) is based on the
plug-in methods (Chen et al., 2020, 2021), which aim to
construct an estimator 3, of Yoo directly. Theoretical
guarantees for these methods typically focus on non-
asymptotic bounds for how close ﬁ)n is to Y, often
in terms of E[|S, — Xo||]. At the same time, the
analysis of these methods bypasses item (i) and the
issues related to the rate of convergence in (4). In
our paper, we present, to our knowledge, the first fully
non-asymptotic analysis of a procedure for constructing
confidence intervals based on the bootstrap approach
(Efron, 1992; Fang et al., 2018), which avoids direct
approximation of ¥,,. Moreover, theoretical analysis
of the underlying procedure, together with results on
normal approximation with N(0,X.,) from (i), shows
that the same approximation rate cannot be achieved

by plug-in methods, at least for a certain range of step
sizes oy, in (2). Our key contributions are as follows:

e We establish the non-asymptotic validity of the
multiplier bootstrap procedure introduced in
(Fang et al., 2018). Under suitable regularity con-
ditions, our bounds show that the distribution of
Vn(0,, — 6*) can be approximated, up to logarith-
mic factors, at rate 1/nY~1/2 for step sizes of the
form ay = co/(k + ko)¥ with v € (1/2,1). To our
knowledge, this is the first bound on the accuracy
of bootstrap approximations in SGD. Notably, this
rate can be faster than the one obtained in (4).
Our results improve upon recent works (Samsonov
et al., 2024; Wu et al., 2024), which addressed the
convergence rate in similar procedures for the LSA
algorithm and TD learning, respectively.

e Our analysis of the multiplier bootstrap procedure
reveals an important distinction: unlike plug-in
estimators, the validity of the bootstrap method
does not depend on approximating v/n(f, —6*) by
N(0,X). Instead, it requires approximation by
N(0,%,,) with the matrix 3,, being the covariance
matrix of the linearized counterpart of (2). The
structure of ¥, is central to our analysis, both
for the rate in (4) and for the non-asymptotic
bootstrap validity. Precise definitions are provided
in Section 2.2.

e We analyze the Polyak—Ruppert averaged SGD
iterates (3) for strongly convex minimization prob-
lems and establish Gaussian approximation rates
in (4) with respect to the convex distance. Specif-
ically, we show that dc(v/n (0, — 6%), N'(0,3s)) is
of order n=1/4 for step sizes ay, = co/(k + ko)3/*
with appropriately chosen ¢y and kg. Our proof
relies on the techniques of (Shao and Zhang, 2022)
and (Wu et al., 2024). We further provide a
lower bound showing that this rate of normal ap-
proximation with A/(0,Y) is tight in the regime
a = co/(k + ko)? with v > 3/4.

Notations. Throughout this paper, we use the fol-
lowing notations. For a matrix A € R%*? and a vector
r € R%, we denote by || A|| and ||z their spectral norm
and Euclidean norm, respectively. We also write ||A| g
for the Frobenius norm of matrix A. Given a function
f:R? = R, we write Vf() and V2f() for its gra-
dient and Hessian at a point . We use the standard
abbreviations "i.i.d." for "independent and identically
distributed" and "w.r.t." for "with respect to".

Literature review. The asymptotic behavior of
SGD, including the asymptotic normality of the estima-
tor @,, and its almost sure convergence, has been studied
for smooth and strongly convex minimization problems
(Polyak and Juditsky, 1992; Kushner and Yin, 2003;
Benveniste et al., 2012). Optimal mean-squared error
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(MSE) bounds for 6,, —6* and 6,, — 0* were first derived
in (Nemirovski et al., 2009) for smooth and strongly
convex objectives, and later refined in (Moulines and
Bach, 2011). The constant step size regime for strongly
convex problems has been analyzed in (Dieuleveut et al.,
2020; Li et al., 2025). High-probability bounds for SGD
iterates were established in (Rakhlin et al., 2012) and
later extended in (Harvey et al., 2019), both addressing
non-smooth and strongly convex minimization.

It is important to note that the results discussed above
do not directly yield convergence rates for /n(6,, — 0*)
to N (0, X ) in terms of convex or Wasserstein distance.
Among the relevant contributions in this direction, we
highlight recent works (Srikant, 2025; Samsonov et al.,
2024; Wu et al., 2024), which provide quantitative
bounds on the convergence rate in (4) for iterates of
temporal difference (TD) learning and general linear
stochastic approximation (LSA) schemes. These al-
gorithms, however, do not necessarily reduce to SGD
with a quadratic objective f, since the system matrix
in LSA is not required to be symmetric. Convergence
rates of order up to 1/4/n were established in (Anasta-
siou et al., 2019) for a class of smooth test functions.
The recent work (Agrawalla et al., 2023) establishes
Berry-Esseen bounds of order up to n='/4 for the last
iterate of SGD in the linear regression setting.

Bootstrap methods for i.i.d. observations were first in-
troduced in (Efron, 1992). In the context of SGD, Fang
et al. (2018) proposed the multiplier bootstrap proce-
dure for constructing confidence intervals for 6* and
established its asymptotic validity. The same method
was later analyzed in (Samsonov et al., 2024) for the
LSA algorithm, where a rate of n=/* was obtained
for the accuracy of approximating the distribution of

V/n(6, — 6*) by the distribution of its bootstrap-world
counterpart in terms of convex distance.

A naive approach for constructing confidence intervals
is to perform multiple independent runs of the algo-
rithm to empirically acquire distributional information
and then construct a confidence interval, as discussed
in (Zhu et al., 2024). A popular class of methods for
constructing confidence sets for * relies on estimating
the asymptotic covariance matrix Y,,. Plug-in and
batch-mean estimators of Y., have attracted a lot of
attention (Chen et al., 2020, 2021; Chang et al., 2026),
especially in the setting when the stochastic estimates
of Hessian are available. Estimators of Y., based on
the batch-mean method and its online variant were
studied in (Chen et al., 2020) and (Zhu et al., 2023).
Li et al. (2022b) studied the asymptotic validity of the
plug-in estimator for ¥, in the local SGD framework.
The analysis in (Zhong et al., 2023) refined guarantees
for both the multiplier bootstrap and batch-mean esti-
mators of Y, in nonconvex problems. However, these

contributions typically establish recovery rates for ¥,
but only prove the asymptotic validity of the resulting
confidence intervals. A notable exception is the recent
work (Wu et al., 2024), which studied the temporal-
difference (TD) learning algorithm. There, the authors
provided a fully non-asymptotic analysis, obtaining
the approximation rate n~'/3 for the distribution of
Vn(6,, — 6%) in terms of convex distance.

2 MAIN RESULTS

This section establishes the non-asymptotic validity
of the multiplier bootstrap method proposed in (Fang
et al., 2018). We restrict attention to smooth and
strongly convex minimization problems, following the
frameworks of (Moulines and Bach, 2011), (Anasta-
siou et al., 2019), and (Shao and Zhang, 2022). The
procedure is based on perturbing the trajectory (2).
Let W' = {w;}1<¢<n—1 be i.i.d. random variables
with distribution P,,, each satisfying E[w;] = 1 and
Var[w;] = 1. We assume that W"~1 is independent of
Er71 = {&}1<i<n—1. We then use W™~ to construct
randomly perturbed trajectories of the SGD dynamics

(2):
Op = 0F 1 — crwnF (1. &)
SR s IS
en_n z:k:oel€7 nzl

When generating different weights wy, we obtain sam-
ples from the conditional distribution of 2 given the
data ="~ !. We further denote

05 =6y € R?
(6)

PO = B(| =), EP=E(|=").

The core principle behind the bootstrap procedure (6)
is that the "bootstrap world" probabilities P (y/n (65 —
6,) € B) are close to P(y/n(f, — 6*) € B) for B €
C(RY). Formally, we say that the procedure (6) is

asymptotically valid if

sup
BEC(RY)

PP (ViP5 — 0) € B) ~P(Vi(f, — %) € B)|

converges to 0 in P-probability as n — oo. This result
was obtained in (Fang et al., 2018) under assumptions
close to the original paper (Polyak and Juditsky, 1992).
While an analytical expression for P°(y/n(6% —6,,) € B)
is unavailable, it can be approximated via Monte Carlo
simulations by generating M perturbed trajectories
according to (6). Standard arguments (see, e.g., (Shao,
2003, Section 5.1)) suggest that the accuracy of this
Monte Carlo approximation scales as O(M~1/2) when
generating M parallel perturbed trajectories in (6).

Assumptions. We impose the following regularity
conditions on the objective function f:
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A 1. The function f is twice continuously differentiable
and Ly-smooth on R?; that is, there exists a constant
Ly > 0 such that for any 6,0’ € RY,

IV£(0) = VO < Lafl6 6" -

Moreover, f is assumed to be p-strongly convex on R?;
that is, there exists a constant p > 0 such that for any
0,0 € R?,

(1/2)10 = 0'|* < £(0) = f(0) = (VF(0'),0 —0") .

A1 implies the following bound on the Hessian of f:
pwlg 2 V2f(0) = Lg,

for all § € RY. We next state the assumptions on
F(0,¢). Specifically, we write

FOr-1,&) = Vf(Ok—1)+C s Ci=C(0k—1,&)

so that {Cx }ren is a sequence of d-dimensional random
vectors whose distribution may depend on 6;_;. The
SGD recursion (2) then takes the form

0 =011 — oy, (Vf(@kfl) + Ck) , b€ R% . (7)

We impose the following assumption on the noise se-
quence (i:

A 2. For each k > 1, (x admits the decomposition
G =n(&k) + 9(Ok—1, &), where

(i) {&}7Z1 is a sequence of i.i.d. random variables on
(Z, Z) with distribution Pe. The function n:Z —
R? satisfies E[n(&1)] = 0 and E[n(&1)n(&1) "] = B¢,
with )\min(E§> > 0.

(i3) The function g : RYxZ — R? satisfies E[g(0,&1)] =
0 for all 8 € R?. Moreover, there exists Ly > 0
such that for any 0,0’ € RY and 2 < p < logn,

E'?[llg(9,€) — g(0",OIIP] < L2ll0 — ¢'[| . (8)

and g(6*,2z) =0 for all z € Z.

(iii) There exists C¢ > 0 such that for any 0 € RY, the
random vector g(0,&) + (&) is sub-Gaussian with
variance proxy C2; that is, for any v € R?,

Elexp{(g(0,€) +n(§),v)}] < exp{|[v|*C¢/2} .

Discussion. As an example of a sequence (j satisfying
conditions (i) and (ii) in A2, consider the case where
the stochastic estimates F'(6, ) satisfy:

1. E[F(0,€)] = V£(6) for all 6 € RY
2. EVP[|F(6,6) — F(0',9)[P] < L|j6 —¢'].

In this case, (i) and (ii) in A2 hold with n(§) = F(6*,¢)
and g(0,&) = F(0,&) — F(6*,£) — V f(#). Condition (ii)

in A2 is often imposed when studying averaged iterates;

see (Moulines and Bach, 2011, Assumption H2) and
(Dieuleveut et al., 2020; Sheshukova et al., 2025). Tt
is also possible to adapt our arguments to the weaker
assumption

EV?[llg(0,€) — (0", )] < L2l - ¢"]|7

for some 1/2 < 8 < 1, at the cost of a slower approxi-
mation rate. The boundary case 8 = 1/2, which arises
for example in quantile regression, is not covered by
our analysis and requires different techniques. We re-
fer to (Chen et al., 2023, 2025; Cai et al., 2025) for
non-asymptotic results in this setting. Furthermore,
our proof strategy remains applicable if only a fixed
number of moments p > 4 (rather than p = logn) is
available, at the cost of a slower rate with respect to
n in the final estimates. Similarly, one can allow Lo
in (8) to depend polynomially on p. In this case, our
proof approach remains valid, but yields additional
polynomial dependence on logn in the final rate of
Theorem 1.

The assumption A2-(iii) is crucial to establish high-
order moment bounds:

EY7[|0 — 0% and EYP[j02 0] . (9)
see Lemma 14 in the Appendix. Our proof generalizes
the argument of (Harvey et al., 2019, Theorem 4.1),
which requires the noise variables i, in (7) to be almost
surely bounded. This argument was later generalized
in (Madden et al., 2024) to the setting where (j, is con-
ditionally sub-Gaussian given Fj_1 = o(6;,i < k — 1),
with variance proxy uniformly (in 6) bounded by a
constant factor. This is exactly the setting considered
in A2-(iii). Such an assumption is widely used in the
literature; see (Nemirovski et al., 2009; Hazan and Kale,
2014) and the remarks in (Harvey et al., 2019). We
believe that this assumption can be generalized for
sub-Weibull noise setting (see (Madden et al., 2024,
Definition 5)), at the expense of additional technical-
ities (see (Madden et al., 2024, Theorem 9)). Some
of the authors considering bounds of type (9), such as
Rakhlin et al. (2012), imposed the stronger assumption
that supgega [|F(0,€)| is almost surely bounded. A
less restrictive approach might be to consider updates
involving gradient clipping; see, e.g., (Sadiev et al.,
2023), or a version of SGD algorithm with projections
as in (Rakhlin et al., 2012). However, both approaches
change the limiting covariance matrix ¥, and the lead-
ing term in Gaussian approximation for /n(62 — 6,,).
Both approaches would introduce an additional level
of technical difficulties, so we leave a detailed study of
these schemes for the future work.

We further impose the following condition on the Hes-
sian matrix V2f(6) at 6*:
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A 3. There exist constants Lz, 8 > 0 such that for all
0 with ||0 — 0*] < 3, we have

IV2£(0) = V2F(O7)II < Lslo — 0*]| -

A3 ensures that the Hessian of f is Lipschitz continu-
ous in a neighborhood of 6*. Similar assumptions have
been considered in (Shao and Zhang, 2022; Anastasiou
et al., 2019), as well as in other works on first-order op-
timization methods; see, e.g., (Li et al., 2022a). Several
studies on the non-asymptotic analysis of SGD im-
pose stronger smoothness conditions, such as bounded
derivatives of f up to order 4, as in (Dieuleveut et al.,
2020). We also impose the following assumption on the
bootstrap weights w; used in the algorithm:

A 4. There exist constants 0 < Wiin < Whax < +00
such that Wiin < wyp < Wihax @.S.

The original work (Fang et al., 2018) also required pos-
itive bootstrap weights w;. We impose boundedness
of w; in order to derive the high-probability bound in
Lemma 14. An explicit example of a distribution satis-
fying A4 and the constraints E[w;] = 1 and Var[w;] =1
is given in Appendix A.3. Finally, we impose the fol-
lowing condition on the step sizes o and sample size
n:

A 5. Let ap = co(ko + k)77, where v € (1/2,1) and
co, ko satisfy 2coW32, L2 <1,

max

1/(1—=v) 1/~
ko = max{ (u'cl)%;nlin) ’ (/J'V[}n)in) } ’

A 6. The number of observations n is assumed to be
sufficiently large. Precise expressions for n are provided

in Appendiz A (see A’ 6).

The particular bound on ky in A5 arises from the high-
order moment bounds (see Lemma 14 in the Appendix).
We further discuss the lower bound on the number of
observations imposed in A6 in the proof of Theorem 1.

Discussion of assumptions Most of the theoret-
ical assumptions used in our analysis (namely, A1,
A2(i,ii), A3) are standard in the stochastic approxi-
mation literature and are of the same nature as the
conditions appearing in the classical Polyak—Juditsky
CLT (Polyak and Juditsky, 1992). Similar assumptions
are also routinely used in several recent works on non-
asymptotic analysis of stochastic approximation (Li
et al., 2022a; Shao and Zhang, 2022; Sheshukova et al.,
2025). The additional assumptions A2(iii), A4, and A5
are required to obtain high-probability guarantees for
the last SGD iterate, while A6 ensures that Ay, (X2)
is separated from zero with high probability.

2.1 Non-asymptotic multiplier bootstrap
validity

Theorem 1. Assume A1-AG. Then, with P-probability
at least 1 — 2/n, we have

sup [P (Via(Bh~0,) € B)~P(V(8,~0") € B)|
BeC(R%)
< Cyvlogn  Cologn — Cs(logn)3/?
— nl/2 + nY—1/2 n/2 ’

where Cyp,Cq,C3 are given in Appendiz A.1, equa-
tion (25).

Remark 1. The constants Cy,Cy, Cs in Theorem 1
depend on the problem dimension d, as well as on
6o — 6*||. To make the dependence on d explicit, we
assume the natural scaling ||6o — 6*|| < Vd. These
dimension dependence aligns with the one assumed in
(Shao and Zhang, 2022). We also assume that Ce from
A2-(iii) is dimension-free. Then Theorem 2 yields

sup  |P°(Vn(85—6,) € B)—P(v/n(6,—0") € B)’
BeC(R%)
< (d? + d*/?log(2d))/Togn ~ d*/?logn
~ nl/2 n—1/2
d3/2(logn)3/2
n’Y/Q

Here, the notation < indicates that the inequality holds
up to constants independent of n and d.

Remark 2.  The result of Theorem 1 can also be
established for the step size ay = co/(k + ko). The re-
quired Gaussian approzimation with covariance matric
3, was proved in (Shao and Zhang, 2022). The only
differences compared to Theorem 1 are the additional
logn factors in the bound and modified conditions on
co and kg in AD.

Remark 3. In Appendiz H we provide numerical
results on logistic and linear regressions, illustrating
the coverage probabilities achieved by the multiplier
bootstrap approach and the batch-mean approach (Roy
and Balasubramanian, 2023).

Proof sketch of Theorem 1. The proof of non-
asymptotic bootstrap validity is based on the Gaussian
approximation performed both in the "real" world and
bootstrap world together with an appropriate Gaussian
comparison inequality: Here, ¥ and £ are covariance
matrices to be specified later. To understand the
origin of the Gaussian approximation, we linearize the
statistics \/n(0,, — 0*) and v/n(6% — 0,,). We detail the
derivation for \/n(6,, — 6*), while analogous arguments

for \/n(A2 — 0,,) are provided in Section 2.3.
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Gaussian approximation

Real world: /n (6, — 6%)

Th. 2

N(0,%)

Gaussian approximation I

Gaussian comparison
Barsov and Ulyanov (1986),
Devroye et al. (2018)

Th. 3

Bootstrap world: /n (02 —0,) +———>—— AN(0,%)

Figure 1: Gaussian approximations in the real and bootstrap worlds, and their comparison.

Let G = V2f(0*). We expand /n(f,, — 6*) into a
weighted sum of independent random vectors plus lower-
order terms. By the Newton—Leibniz formula,

Vf(0) =G0 —6%)+ H(0), (10)

where
H(9) = /1(V2f(0* +t(0—0) - G)(0—0*)dt .
0

Note that H(#) is of order || — 6*||? (see Lemma 18).
The recursion for the SGD error (7) writes as

gk —0* = (Id - akG)(Hk,l - 9*)

— o (&) + 9(Ok-1, &) + H(0p—1)) . (11)
For i € {0,...,n — 1}, define
Qi = Z;’l;il i:i—&-l(ld - a;G) , (12)

with the convention that empty producjcs equal I;. Aver-
aging (11) and rearranging yields /n(6, —6*) = W+D
with

W= —2= 30 Qun(&), D = /n(0,—6*)-W . (13)

Here, W is a weighted sum of i.i.d. mean-zero random
vectors with covariance

S =0t 00 Qe (14)

and D is the remainder term, defined in Appendix B,
equation (28). Moreover, in Appendix D.1 we show that
Qi can be approximated by G~ and X,, approximates

Yoo = G_lng_T .

We expect D not to affect the asymptotic distribution
of the linear statistic W, which should be Gaussian by
the central limit theorem. A key issue is the choice of
the approximating Gaussian distribution A/(0,Y), with
¥ =3, or ¥, and its bootstrap analogue . This
choice does not alter the bootstrap recursion (6), but
only influences the rates of bootstrap approximation.

Fang et al. (2018) selected N (0, X ) for their asymp-
totic analysis, and a similar approach was used in
(Samsonov et al., 2024, Theorem 3) for the LSA setting.
However, as shown in Theorem 4, this choice implies
that the rate of normal approximation in bootstrap
world is not faster than n~='/4. In contrast, Theorem 2
and Theorem 3 demonstrate that rates up to n=/2 are
attainable by taking ¥ = ¥,, in diagram 1 and using
the corresponding bootstrap analogue. To conclude the
proof, we apply the Gaussian comparison inequality;
see Appendix A.1. A full proof of Theorem 1 is given
in Appendix A. O

Discussion. In (Samsonov et al., 2024), a counter-
part of Theorem 1 was established for the LSA algo-
rithm with an approximation rate of order n=/4, up to
logarithmic factors. This rate is suboptimal, since the
authors employed N(0, %) as the Gaussian approxi-
mation when proving bootstrap validity. A more recent
work (Wu et al., 2024) improved the rate to n~/3 for
the temporal-difference (TD) learning procedure with
linear function approximation. Their approach relies on
a direct estimate of X and yields a rate of order n=1/3
when approximating the distribution of /n(6,, — 6*)
by N(0, f)n) with a suitably constructed estimator f]n;
see (Wu et al., 2024, Theorems 3.4 and 3.5). Chen
et al. (2020) proposed a plug-in estimator %, of Yoo
and showed that

E[”in - EOOH] S Cn_7/2, aS (1/27 1);

under weaker assumptions than those adopted in the
present section. However, this bound is insufficient to
establish an analogue of the Gaussian comparison result
Lemma 1 for N'(0,3,,) and N'(0, ) on a set of large
P-probability. Achieving such a result would require
high-probability bounds on |2, — Y ||, which are more
delicate and may necessitate additional assumptions
beyond those in (Chen et al., 2020).

Furthermore, controlling the error between the dis-
tribution of /n(f, — 6*) and N(0,%,) requires a
Berry—Esseen type bound on the distance between
V0, —0%) and N'(0,%.,). As shown in Theorem 4,
the approximation rate in this problem deteriorates
as v — 1, creating an additional trade-off in the anal-
ysis of plug-in procedures based on estimating ..
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This phenomenon highlights the fundamental differ-
ence between the multiplier bootstrap approach and
the plug-in method of (Chen et al., 2020).

2.2 Gaussian approximation in the real world

In this section, we relax the assumptions A2 and A5.
We introduce a family of assumptions, denoted A7(p)
with p > 2, on the noise sequence (i, and A8 on the
step sizes ay:

AT (p). Conditions (i) and (ii) in A2 hold. In addition,
there exists a, > 0 such that EY/P[||n(&)||P] < ap.

A 8. ap = co/(ko + k)7, where v € (1/2,1), ko > 1,
and ¢y satisfies 2coL1 < 1.

Clearly, A5 implies A8, and A2 implies A7(p) for all
p > 2 with o, < C¢(Vd + /p). We also note that, for
the results in this section, it suffices to assume that A
2(ii) holds only for any p < 4.

The main result of this section establishes a Gaussian
approximation for \/n(,, — 6*) with A'(0,%,). This
refines the bounds of (Shao and Zhang, 2022, Theo-
rem 3.4) and serves as a key step toward analyzing

normal approximation with N (0,X.,) in Section 2.4.

Theorem 2. Assume A1, A3, A7(4), and A8. Then,
forY ~ N(0,1y),

~ C C C

—1/2 ok 4 5 6
dC(\/ﬁZn (en 0 )v Y) < \/ﬁ + ny—1/2 + nv/2"’
(15)

where Cy4,Cs,Cq are defined in Appendix B, equa-
tion (29). Moreover, since 3, is non-degenerate and
the image of a convex set under a non-degenerate linear
transformation is convex,

de (VRS V20, — 67), V)
—dc (ﬁ(én — 9, 2}/21/) .

Remark 4. The constants Cy4, Cs, Cg in Theorem 2 de-
pend on the problem dimension d and on the parameters
specified in A1-A7(4)-A3-A8. Moreover, Cs depends
on ||0p — 6*||. To make the dependence on d explicit,
we assume the natural scaling oo, o4, |60 — 6% < Vd.
Under this assumption, Theorem 2 implies

_ d2 d3/2 d3/2

—-1/2 _p* < 2 % “wo
de (VAT 20— 07), V) 5 Tn e
Here, the notation < indicates that the inequality holds
up to constants independent of n and d.

Remark 5. When v — 1, the correction terms in
(15) scale as O(1/y/n), yielding an overall approzima-
tion rate approaching 1/y/n. For v € (0,1), we have

1/n7/2 < 1/n7=12 s0 the term Cs /n7~/2 dominates.
We retain both terms in (15), as they correspond to the
moments of the statistics

1 n—-1 1 n—1
ﬁ;QiH(oi—l) and %;Qi!](@i—lafi),

respectively. The first of these has nonzero mean, since
H(0;_1) is quadratic in ||0;—1 — 0*||?. In the case of
constant step-size SGD, this term can be corrected using
the Richardson—Romberg technique (Dieuleveut et al.,
2020; Sheshukova et al., 2025). However, it is unclear
if this technique can be extended to the diminishing
step-size regime.

Proof sketch of Theorem 2. The starting point is the
decomposition (13), which expresses /n(6, — 6*) =
W + D as the sum of a linear term W and a nonlinear
remainder D. Establishing a Gaussian approximation
for this statistic therefore reduces to analyzing the
interplay between the leading linear part and the error
term. Our analysis follows the framework of (Shao and
Zhang, 2022). Consider independent random variables
Xi,..., X, taking values in a measurable space X,
and a d-dimensional statistic T'= T'(X1, ..., X,) that
admits the decomposition

W= Z?:l Z,

with Z, = r¢(X,) for measurable maps r, : X — R
The component W captures the linear structure, while
D accounts for the nonlinear correction which is treated
as an error term, assumed to be “small” relative to W
in an appropriate sense.

Suppose E[Z,] =0 and >, E[Z:Z] =14. Let Y, =
> v—1 E[l1Z||?]. Then, for Y ~ N(0,1;), we have

D=T-W,

de(T,Y) < 25942, + 2E[||W|[|| D]

n
+2) E[|Z||D - D), (16)
(=1

where DY) = D(Xy,..., X1, X}, X¢41,...,X,) and
X is an independent copy of X,. This result follows
from (Shao and Zhang, 2022, Theorem 2.1). The bound
(16) extends to the case >, E[Z,Z/] = ¥ = 0,
as shown in (Shao and Zhang, 2022, Corollary 2.3).
To apply this result, we take X; = &, Z, = h(Xy),
and let & be an i.i.d. copy of §. The key step is to
bound E/2[[D(&1,. .., &,-1)|] and EV2[|D — D]
Detailed proof is given in Appendix B. O

2.3 Gaussian approximation in the bootstrap
world

In the main result of this section, we study the Gaussian
approximation for \/n(62 — 0,,) w.r.t. PP, where the
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target distribution is an appropriately chosen normal
law. Although this result is similar in its nature to
Theorem 2, it requires to address additional challenges
that arise in the "bootstrap world". Our first steps are
the same as in (11) and (6):

Op — O = (1— a,G)(0p_y — Ox—1)
— Qg (H(GZ—I) + 901, &)
— H(Or—1) — 9(0k—1,&))
— ag(wy, — 1)(G(R_y — 07) + (&)
+9(07_1, &) + H(OP_1)) -
Taking average of the above identity and rearranging
the terms, we obtain a counterpart of (13):

V(0 —6,) =W">+ Db

n

W S n-nQaE). (7
D° = \/n(° —6,) — W" .

Here WP is a weighted sum of i.i.d. random variables
=71 such that EP[WP] = 0, EP[WP{WP}T] = ¥b
where

n—1
2h =0t Q&) Q) (18)
=1

and DP is a non-linear statistic of Z*~!. The main diffi-
culty arises when analyzing the conditional distribution
of v/n(62 — 6,,) given the data Z"~. The approach of
(Shao and Zhang, 2022) requires controlling the sec-
ond moments of D® and D® — {DP}(®) with respect to
the bootstrap measure PP, on a high-probability event
under the original measure P. At the same time, the
martingale structure of the summands in DP® is lost
unless we condition on an extended filtration.

Fi=o(wy,.. . wi,&,...6),1<i<n—1. (19)

Therefore, it is not clear whether the approach of (Shao
and Zhang, 2022), discussed in Section 2.2, can be
applied directly. Instead, we rely on a linearization
method that exploits high-order moment bounds for the
remainder term DP; see Proposition 1 in Appendix A.
This necessity motivates the strong bounded-noise as-
sumption in A2. We now state the main result of this
section:

Theorem 3. Assume A1 - A6. Then with P - proba-
bility at least 1 — 2/n, it holds

sup [PP(vn{b}~%(05—0,) € B)—P*(Y® € B)]
BeC(R4)

M3,

= pl/2

where Y® ~ N(0,1) under P® and { M2 ;}3_, are defined
in Appendiz C, equation (37).

M§73 log®? n
n’)’/2

M;Q logn
n’y—l/Q

)

Proof sketch of Theorem 3. We apply the bound

1
sup [PP({XB}72(WP 4 DP) € B) —P*(Y® € B)|
BeC(R4)

1
< suppecray [PP({Zh} " 2WP° € B) —P*(Y® € B)|

20y (EP[{S) IO T . (20)

where ¢4 < 4d'/* is the isoperimetric constant of the
class of convex sets, see e.g. (Bentkus, 2003). The proof
of (20) is provided in Proposition 1 in Appendix C.
We first control E[|| D?||P] using Burkholder’s inequal-
ity, where E denotes expectation with respect to the
product measure IP’?" ® P8". Applying Markov’s in-
equality then yields P-high-probability bounds for the
behavior of EP[||D?||?]. This step requires bounds on
EY/?[||0 — 6*||P] and El/p[||9,3 — 9*||p], ke{l,...,n—
1}, where p = clogn for some absolute constant ¢, with
polynomial dependence on p.

To control the second term on the right-hand side of
(20), we note that 3 concentrates around ¥,, by the
matrix Bernstein inequality (see Lemma 2). Hence,
there exists a set 1 with P(Q;) > 1 — 1/n such that
Amin(E2) > 0 on ©;. On this event, one can apply
Berry—Esseen type bounds for non-i.i.d. sums of random
vectors. The full proof is presented in Appendix C. [

Remark 6. The constants M§’17M§,2,M§)3 in Theo-
rem 3 depend on the problem dimension d, as well as
160 — 0*||. To make the dependence on d explicit, we
assume the natural scaling |0y — 0*|| < Vd. We also
assume that C¢ from A2-(ii) is dimension-free. Under
this assumption, Theorem 3 implies

PY(v/n{x0} "2 (65 —0,) € B)—P°(Y® € B)

sup
BeC(R%)

Az @34
S L ogn
NG nY—1/2

Here, the notation < indicates that the inequality holds
up to constants independent of n and d.

d3/4(logn)3/2
n’7/2 ’

2.4 Rate of convergence in the
Polyak—Juditsky central limit theorem

We finally address the change from 3, to Y., and
derive convergence rates in the Polyak—Juditsky result
(4). Our argument builds on Theorem 2 together with
the following lemma.

Lemma 1. Assume A1 and A8. Let Y ~ N(0,1,).
Then the convex distance between the distributions of
271/21/ and Z}xézY satisfies

dc(ZY2Y, 21/2Y) < Coon? ™t
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where the constant Cwo is defined in (49).

Combining Theorem 2 with Lemma 1 and applying the
triangle inequality yields the following result on the
closeness of v/n(6, — 0*) to N(0,Xs)-

Theorem 4. Assume A1, A3, A7(4), A8. Then, with
Y ~ N(0,14) it holds that

de(v/n(0n —07),

where Cy, Cs and Cg are given in Theorem 2.

E}X/PY) Cs+Cq | C

vﬁ’4_ Y —1/2 ni—7 (21)

Discussion. Theorem 2 shows that the normal ap-
proximation with A/(0,3,,) improves as the step sizes
ay, become less aggressive, i.e., as v — 1. At the same
time, Theorem 4 highlights a trade-off: the rate at
which 3,, converges to X, also influences the overall
approximation quality. Optimizing the bound in (21)
with respect to v yields the optimal choice v = 3/4,
which leads to the approximation rate

dc(\/ﬁ(én — 9, 21/2Y)
C Cy N N
< 17/4‘5‘7(”90—9 I+ 1160 — 0*11%) ,
where C] and C} are instance-dependent constants
(independent of ||§y — 6*||) that can be derived from
Theorem 4. This result enables a non-asymptotic assess-
ment of methods for constructing confidence intervals

based on direct estimation of ¥, such as those studied
n (Chen et al., 2020; Zhu et al., 2023).

Lower bounds We provide a lower bound showing
that the bound in Theorem 4 is tight in certain regimes
of step size decay power v € (1/2,1). To this end, we
consider the minimization problem (1) with f(0) =
6?/2 and 6y = 0. In this case, 6* = 0. We use an
additive noise model, where the stochastic gradient
oracles F'(6, &) are given by F(6,€) = 0+¢&, & ~ N(0,1).
Unrolling (2), we get

Vil = —n"V2 30T Qs¢; (22)

with Q; = o Ek_] HZ_JH( — ay), showing that
Vi, — 0%) ~ N (0,07, ) with o, =n~" Q2

5.
Lemma 1 (see also (48) in the Appendix), we have
G=1,% =1, and JTQW — 1 as n — oo . Moreover,

the following lower bound holds:

Theorem 5. Consider the sequence {0k }ren defined
by the recurrence (22) with a; = co/(1+ j)7. Then
it holds, for the number of observations n sufficiently
large, that

02, — 1] > Gilrco) (23)

where the constant C1(7, co) depends only upon cy and
~v. Moreover, for n large enough

de(vn(B, — %), N(0,1)) > C2Qecol — (24)

nl—>

Discussion. Proof of Theorem 5 is provided in Ap-
pendix E, along with simple numerical simulations
indicating the tightness of the lower bound (23). Note
that the bound (24) shows that the distribution of
Vn(0,, — 6*) cannot be approximated by N(0, ) at
a rate faster than 1/n'~7. Moreover, it shows that the
rate of normal approximation in Theorem 4 cannot be
improved when v € [3/4,1). This fact is extremely
important when considering the bootstrap validity re-
sult in Theorem 1 and the normal approximation in
Theorem 2. Indeed, both results suggest that nor-
mal approximation rates of order up to 1/y/n can be
achieved as v — 1, but they require using a different
covariance matrix 3, corresponding to the linearized
recurrence in (14). At the same time, in the regime
~ — 1, the approximation by A (0, ¥4,) can be too slow.
It is an interesting and, to the best of our knowledge,
open question to provide lower bounds analogous to
Theorem 5 which show the tightness of other summands
in Theorem 4 in the regime 1/2 < v < 3/4.

3 CONCLUSION

In our paper, we performed the fully non-asymptotic
analysis of the multiplier bootstrap procedure for SGD
applied to strongly convex minimization problems. We
showed that the algorithm can achieve approximation
rates in convex distances of order up to 1/y/n. We
highlight the fact that the validity of the multiplier
bootstrap procedure does not require one to consider
Berry-Esseen bounds with the asymptotic covariance
matrix Y., which is in sharp contrast to the methods
that require direct estimation of ¥
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statements of the main theorems. Proofs are
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(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
Answer: Yes. The paper is devoted to the
analysis of SGD algorithm and rates of nor-
mal approximation for the SGD algorithm.
All theoretical results are mathematically jus-
tified. At the same time, the paper does not
provide a new algorithm.

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. Answer: Yes. Code to re-
produce experiments will be presented at the
anonymous github.
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2. For any theoretical claim, check if you include:

(a)

(©)

Statements of the full set of assumptions of
all theoretical results. Answer: Yes. All theo-
retical results are stated with explicit pointers
to the underlying assumptions (see Section 2
and Section 2.2)

Complete proofs of all theoretical results. An-
swer: Yes. Detailed proof of each theorem
stated in the main text is provided in the ap-
pendix with clear references to the relevant
sections.

Clear explanations of any assumptions. An-
swer: Yes. A detailed discussion of each of
the assumptions is provided in Section 2.

3. For all figures and tables that present empirical
results, check if you include:

(a)

The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
Answer: Yes. All code is open source, link to
an anonymous GitHub repository is included.
All the training details (e.g., data splits, hy-
perparameters, how they were chosen). An-
swer: Yes. Numerical results are stated with
a complete description of the environments
that are used, as well as the precise sets of
hyperparameters that we used. The code (in
Python) is provided as supplementary with
the paper, making it easy for one to reproduce
our numerical experiments.

A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). Answer: Yes.

A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster,
or cloud provider). Answer: Yes. All neces-
sary information to reproduce experiments is
provided in Appendix.

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a)
(b)
()

(d) Information about

Citations of the creator If your work uses
existing assets. Answer: Not applicable.

The license information of the assets, if appli-
cable. Answer: Not applicable.

New assets either in the supplemental material
or as a URL, if applicable. Answer: Not
applicable.

consent from data
providers/curators. Answer: Not Applicable.

(e)

Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. Answer: Not applicable.

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a)

(b)

The full text of instructions given to partici-
pants and screenshots. Answer: Not applica-
ble.

Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. Answer: Not applica-
ble.

The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. Answer: Not applicable.
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A  Proof of Theorem 1

We begin this section with explicit bound on the number of observations n stated in A6.

2,2
A’ 6. Number of observations n satisfies n > e3 and 1, %)

and Cyx, are defined in (26) and (70), respectively.

> max( , where the constants Cq ¢

—n
log(2dn)

A.1 Proof of Theorem 1

Recall that our proof of non-asymptotic bootstrap validity is based on the Gaussian approximation performed in
both the “real” world and the bootstrap world, combined with the Gaussian comparison inequality, that is:

Real world: \/ﬁ(én . 9*) Gaussian approximation, Th. 2 N(O7 Zn)

Gaussian comparison

) Gaussian approximation, Th. 3 N(

Bootstrap world: /n(6% — 6, 0,%P),

where ¥, and X2 are defined in 14 and 18 respectively. Recall that Y ~ A(0,1) under P and Y ~ A/(0,1) under
Pb.

To formalize the scheme described above, we consider the following decomposition

sup |PP(v/n(6° —0,) € B) —P(v/n(0, —0*) € B)| < Ty + To + T3,
BeC(R4)

where

T, = sup [P(Vn(f, —6") € B)—P(XY%Y € B)|,

BeC(R4)

Ty = sup [P°(vn(62 —4,)c B) —P°({Z5}Y/2Y® ¢ B)|,
BeC(R%)

T3 = sup [PP({ZP}/2Y® e B) —P(ZY/%Y € B)|.
BeC(R%)

Hence, from Theorem 2 (see the proof in B) it follows

Cy Cs Cs
Tlﬁﬁ‘kmﬂ‘ﬁv

where Cy4, C5, Cg are given in equation (29). Note that C4, Cs, Cg depend on the constants oy and o4 from A2.
However, under A7(iii), this condition holds with og,04 < 05\/8.

Recall that o

V(02 —6,) =W+ Db,
where W is a linear statistic of 2"~ with EP[WP{W®}T] = % and DP is a non-linear statistic of Z"~1. To
control the terms 75 and T3, we require high-probability bounds. To this end, we introduce the following sets:

Qo = {{Eb[HDbH”]}l/p < M_Rlel/pplS/an/p—wﬂ + M;le?/ppnl/ﬂl/pﬂ} ,

B b 10Cq ¢+/1og(2dn)
O ={l%; - Zall < I
3v/n




Gaussian Approximation and Multiplier Bootstrap for Stochastic Gradient Descent

where th M;l and Cq ¢ are defined in (43), (44), (26) respectively. The first set ensures that X concentrates
around ¥,,, while the second set guarantees that the remainder term DP is small.

Therefore applying Theorem 3 (see the proof in C) and Corollary 1 we get that on the set Qg N Qy with
P(QO N Ql) > 1-— 2/n, it holds

_ _ M?b M®,logn M?® log3/2n
b b _ b by1/2y b 3,1 3,2 3,3
I [B*(Vn(Bh, — 6.) € B) - PPUZ}2Y® € B) < — + — T o

where {M3$,;}7_, are defined in equation (37).

To complete the proof, we need to bound the convex distance between the two Gaussians. By Lemma 3, we have
||E;1/2|| < Cs. Hence, due to Lemma 2, on the set €y with P(£23) > 1 — 1/n we have

Te{(S, 205,12 — 1)) < d||(£P80 80 V2 — 1)P|P < dCES), - )% < 62

where we have set
~10Cq,¢C%+/dlog(2dn)
N 3v/n

Applying Lemma 20 with probability at least 1 — 1/n we get

]

T, < 50@@0% dlog(?dn)
3= \/ﬁ .

Collecting previous bounds and using triangle inequality we get that on the set Q9N Q; with P(QoNQy) > 1-2/n,
it holds:

5 ~ - N Ci logn Cqlogn C log3/2n
sup |PP(vn(6® — 6,) € B) — P(vn(b, — 6*) € B)| < = T+ ’j_m + = e ,
BeC(R%) n n n

where

Ci = Ca+M{, +5Co¢C2\/dlog(2d), Co=Cs+ME,, Cy=Co+MD,. (25)

A.2 Matrix Bernstein inequality for X2 and Gaussian comparison

Lemma 2. Under assumptions A1, A2, A5, A6, there is a set Q1 € Fn—1, such that P(Q1) > 1—1/n and on

Q1 it holds that
||Eb _y H < IOCQ,‘E\/lOg(an)
o= 3y/n

where the constant Cq ¢ is given by
Ca.e = CH(CT ¢ + Amax(Ze)) 4 (26)
and Ci ¢, Cq are defined in A2 and Lemma 3, respectively.

Proof. Note that
1 n—1
b _ ) . AT T
Y —Yp = n ;:1 Ql(n(&)n(fz) E&)Qi .

For simplicity we denote 4; = Q;(n(&)n(&) " — X¢)Q, . Note that for any i € {1,...n — 1} it holds that

n—1
E[A]=0, |lAill <Cqe. Y EAAT <nC,.
i=1

Then, using matrix Bernstein inequality (Tropp et al., 2015, Chapter 6), we obtain

n—1
1 —t2n?/2
Pl Al >t) <2d .
(TLHZ I= ) - exp{n057€+nCQ7§t/3}

i=1
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Taking t5 = 2. 1;5(211/6) + 2%a.c V\/I%g@d/é), we obtain that with probability at least 1 — 4, it holds

n—1
1
—[1D> - Al < ts -
[
Setting 6 = 1/n and applying A6 completes the proof. O

Corollary 1. Under assumptions A1, A2, A5, A6, on Qq it holds that

1
Amin oy >

Proof. Using eigenvalue stability (Lidski’s) inequality, we obtain
)\min(EEL) Z )\min(zn) - ||En - EEZ” .

Note that on €, we have

10C 1 2d 1
I, — 8 < ‘““’g ")

Vn _2C2’

where in the last inequality we use AG. O

A.3 Example of distribution satisfying A4

To construct examples of distributions satisfying the above assumption, one can use the beta distribution, which
is defined on [O 1], and then shift and scale it. Set W = a + bX where X ~ Beta(a, ) and a,b > 0. We

have E[X] = ;55, Var(X) = % and a < W < a+ b a.s. By solving (for a and b) the equations
E[W] = a+ bE[X] = 1 and Var(W) = b*Var(X) = 1, we derive b = 1/4/Var(X) and a = 1 — E[X]/+/Var(X).

Note that a > 0 provided a + 8+ 1 < §/a.

B Proof of Theorem 2

We first provide details of the expansion (13). Recall that the error of SGD approximation may be rewritten as
follows

O — 0" = (1= arG)(Ok—1 — 0%) — ar(H (Ok—1) + n(&k) + 9(Ok—-1, k) - (27)
Iteratively spinning this expression out we get

k
Hk—é)*:H(I—a] )(6p — 0%) —
j=1

k
H (I—,G)(H(O;—1) +n(&) +9(0;-1,&;)) -

HM»

Taking average of (27) and changing the order of summation, we obtain

ﬁ(én—e*)=ﬁczo<e ZQz 6:1) + (&) + 9(6:1,£)),

where @Q; is defined in (12). Finally, we obtain

Vn(b, —6*) =W + D, (28)

1 . 1 n—1
D= Qo 0(6o — 60%) ZQz i1,6i) — ﬁ;QiH(ei,l) :

1 n—1
W=—-—— i i) -
\/ﬁ;Qn(f)
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Under suitable assumptions on the step size and the Hessian, we can show that the matrices Q;, defined in (12),
are uniformly bounded for all . This fact will be used in the proof of Theorem 2. Moreover, we also establish
that Apmin(Q;) is bounded away from zero, which in turn implies a lower bound on Apin(X5,)-

Lemma 3. Assume A1 and A8. Then for any i € {0,...,n — 1} it holds that

Amax(Q:) < Cq
where the constant Cg is defined in (67) Moreover,
Amin(Qi) = C&™ , and |51 < Cx
where the matriz 3, is defined in (14), and Cgi“,Cg are defined in (69) and (70) respectively.

The version of this lemma with proof and with explicit constants is given in G.1.

Proof of Theorem 2. We normalize the both parts of (13) by 5/% and obtain

[SIE

™

n

_1
\/ﬁzn (0 —0%) = Qm(&) +Dn1+ Dpa+ Dpgs,

M
where we have set
E 1
D, = (6p — 07)

z 1a£z
Also, for any 1 <i < n — 1 we construct
D _ a6 o
D, = 2 gy ).
. yo /2 el
D, - HO,)
2—1/2 n—1

Dﬁli,)SZ f ZQ]Q Jj— 1a§] ))a

where we set

O )&, i
! L,oifj=i.

Define Dy, = Dy 1 + Dyo + Dy, DY = DS+ D)y + DOy W, = S0 wy and Ty, = 37 Ef|lw]|?] (we keep
the same notations as in the unnormalized setting for 51mph(31ty) Let Y ~ N(0, ;). Then, using (Shao and
Zhang, 2022, Theorem 2.1), we have

n—1
de(VaZ, (0, — 0),Y) < 259d"/°T,, + 2E{ W[ D1} +2 3 Eflfwil| | D, — D] -
%,—/ im1

Ry

R
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Applying Holder’s inequality, we get
Ry < EV2[| W, |PIEV2(IIDal]
n—1
Ry < Y EYV2[wil PJEV2(1 D, — DO
i=1
Note that EY/2[||W,||?] = V/d. Applying Lemma 3, we get E'/2||w;||? < ﬁCZCQUQ and

1
—(CxCqo4)?

T, <
<=

To complete the proof, it remains to bound E'/2[||D,,||?] and 32"—'EV/?[||D,, — DY |I?]. The first term can be
bounded using Lemma 4, while the second is controlled via Lemma 5. Combining these results, we obtain the

following bound:

VdM; 4 + M35

n —-1/2 ’n_ * , <

where
M;, = 259(Cs.Cqo4)?
M3 o = QﬁMm + CxCqoalMs 1,
Msz = 2VdM 207
Ms.4 = (2VdM, 5 + My 3CsCqo)os + CsCoMa 2030y .

(Hoo —0*” + ||90 —9*||2 + o2 +0'4) +M3 3n1/2 ¥ +M34TL 7/2

Constants M 1, My 2, My 3 are defined in (31) and M1, Ma 2, M3 3 are defined in (32). We simplify the last

inequality and get the statement of the theorem with

Cy= 0% + (100 — 0*[|* + 02 + 07
Cs = M337
Co = M34

B.1 Bounds for D,

For simplicity of notations we define

1 1
A=) 17

73) = 1 mas (e 1 e ) )

Lemma 4. Assume A1, A3, A7(4) and AS8. Then it holds that
M

Ti(A) =1+

E'?[|Dal’] < — (/160 — 67| + 16 — 0" + 02 + 03) + My poin' /277 + My goan /2,

where

My = CsCo (Tl(’“‘zo)(L2 + L) max(y/Cr1, /C1) + kg/co)

1
M 2 =CxCqoLp+/Cl, 2€07

My 3 = CsCqLa/ 02\/%1/

(29)

where Cy1 and Cyo are defined in Corollary 4, C1 and Cg are defined in Lemma 12 and Ty(-) is defined in

eq. (30).
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Proof. Using Minkowski’s inequality and the definition of D,,, we obtain
EV2[|Dal?] < EV2[ Dy 7] + EY?[|| D2 1] + EV2[| D al]
and consider each of the terms D, 1, Dy, 2, Dy, 3 separately. Applying Lemma 3, we get

CxCoky
Vineo

Now we consider the term D,, o. Applying Minkowski’s inequality, Lemma 3 and Lemma 18, we have

EV2[| Do |?] < 1600 — 07| -

CxC, iy CsCoLyg s
EV2(||Dysl?] < 2222 ST EV2[|H (00| < R ST EV2))6, — 0%

For D, s we note that {g(6;—1, 51‘)}?:_11 is a martingale difference with respect to F;. Hence, using Lemma 3 and
A7, we get

_ 1/2
CsCo [ _ CxC
E2[1Dnall") < =752 (ZEHg(ez«_l,@)ll?]) - QL2< Znez L= 0 )
=1

Hence, it is enough to upper bound E[||§; — 0*||*"] for p=1 and p=2 and i € {0,...,n — 2}. Using Lemma 12
and Lemma 17, we obtain

_— 1/2 1/2
<ZE[||91 —9*||2}> (Z 4 exp{ B0+ ko)t~ 7}“90 — 0*||* + 03] +020'§Oéi>
i=0

— 24 k)Y — (kg — 1)1\ 2
< +/C T1<'uco) 160 — 07| + 03] +\/0202\/%<(n 0)1_7(0 ) > )

1/2

where Ty (+) is defined in (30). Using Corollary 4 and Lemma 17, we get
n—2
S CEMVR()l0; - 0%|*] < Z \/C4lexp{ K0 ;1 7}[”00 —0*|]* + 03] + \/Cu2030;
i=0

c < n—2+ko)' "7 — (kg — 1)'
g@Tl(T)Heo—eWiH Crare ({1200 B0

We finish the proof, using simple inequality (n — 2 + ko)!™" — (ko — 1)177 < n'=? O

B.2 Bounds for D,, — Dg)

Lemma 5. Assume A1, A3, A7(4) and AS8. Then it holds that

n—1 ) M
> EY?(|D, - DP|?] < \}1 (160 — 6*[ + 160 — 6*[|* + 02 + 03) + Ma 203" />~ + Mp zoon'/>~7/2,
i=1

where

My = CsCoTr (B2 )TQ( Heo ) (Lo + Lyg) max( \/2 C1 + c2ky "Ry Ry), 2k '/ Ra1 Rao)

8
c 1
Ma 2 = CsCqLuco/Rai Ra3Ta( 1”_07)m (32)
1
My 3 = L T
23 =V2CsCo 2\/02+R1R360 2(1 ) 2

Constants Ry, Ry, Rs are defined in (34) and constants Ra 1, R42,Ra 3 are defined (35).



M. Sheshukova, S. Samsonov, D. Belomestny, E. Moulines, Q. Shao, Z. Zhang, A. Naumov

Proof. Using Minkowski’s inequality and the definition of D,, and Dﬁf), we obtain

n—1 n—1 n—1
STEY(|D, — DO < STEYA[| Dy — DL + S EY2 (|| Dy s — D)
=1 =1 =1

Define ]-'](i) =F;if j<iand }'(Z) = o(F; Vo(&)) otherwise. Then {g(0;_1,&;) — g( ](Z)pfg) —i Is a martingale

difference with respect to ]—' @ . Hence, we have, using Lemma 3 and the fact that 6;,_; = 9(-_ 1 for j <1, we obtain
that
1/2 n—1

E[|Dys — DY) = ZQJ (95-1.&5) — 9(65 1, €))II?

n

C202 2 n—1 ;
< 155,16 - o010+ 8 Ellgt0y1.6) - 00, I
j=i+1
Using A7 and Lemma 3, we get
; 2C%C3 L3 . C3CHLE "=
E[[|Dns = DI%IP) < ——F2E[0i1 — 0[] + =22 37 E[6;-1 - 6,2,]).

j=i+1
Using Lemma 6 and Lemma 17, we obtain

n—1

i o, _ N o\,
Z E[[|6;-1 — 9](-,)1”2} < RiRy GXP{—MZLO(Z + ko — 1)t 7}04?(”90 —0*|* + a%)Tg(luoﬁy) (i + ko)

j=it1

+ R1R30'2042T2< /l 0’y> (l + ko)’y

Y exp{ <520+ ko = )1 0~ 0+ 03).

< R1R302(30T2 (1 CO,Y>O‘1 + RlecOk T2<1

Combining inequalities above, we get

n—1
i V205CoL ¢ c
S B2, - DI < YR oy 4 okOWRleTQ( o )TI(“O)uw 0 + o)
=1

\fCZcQL2 Heo (n+ ko — 2)1—7/2 — (ko — 1)1—7/2
T .
\/> CQ+R1R300 2(1’y>02< 177/2 )

We now proceed with Z?;ll EY2[|| Dy — D(ZQH ]. Using Minkowski’s inequality together with Lemma 3 and
Lemma 18, we get

CsCoLy 2 ;
EY2[|Dys — DY) < TQ SRR, - 0571
Jj=i+1

Applying Lemma 7 and Lemma 17, we get using that a2(i + ko)? < a2k, that

n—1

Z ]El/2H|9jf 9(1 1” ] < Czk vV Ry Ry, 2T2
j=i+1
C
+ OéiCO\/R471R4,3T2(1'u_0’y)0'i .

co,. _ .
exp{—2 (i + ko — 1)} (160 — *]17 + 03)

Finally, applying Lemma 17, we get

n—1

i CxCqL _ ¢ ¢ N
S EV2(1Dne = DI < = TV RaRaa To(3 ) Ta (0160 — 07 + )
i=1
C’CL ko —2)17 — (ko — 1)177
b3} Q H \/mTQ HCo O’ (TL—|— 0 )1_7(0 ) )

We finish the proof, using that (n — 2 + ko) — (ko — 1)# < 0P for B € (0,1). O
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B.3 Bounds for 9,(;) — 0

Let (&1,...,&,_1) be an independent copy of (&1,...,&,-1). For each 1 <i <mn — 1, we construct the sequence
0,(;), 1<k <n-—1, as follows:

9k , ifk<i
0L = 30— an(VF0L),) + (0 1. €0) + (&), itk =i (33)

0 | — an(VFO )+ 90 6) + (&), ifk>i.

Lemma 6. Assume A1, A3, A7(2) and A8. Then for any k € N and 1 <i <n—1 it holds

k
. Co ,. _ *
Bll6” - 0] < 2 exp{ <2 3y p(Raesp{ =520 4 ko~ 017 f(160 — 07 + o) + Racd),
j=it1
where we have set
20(2)(1/1 —+ L2)2

Ry 4exp{ 51

} , Ry, = L3C), Ry = (1+ CoLy) . (34)
And constant Cy and Cs are defined in Lemma 12.

Proof. By construction (33), we have

0, ifk<i
o) — 0y, = —ay, (9(0r—1,&1) + (&) —9(Or—1, &) — n(€k)) ) if k=1
9,(;’21 —Or_1 — o (Vf(@,(;ll) —Vf(Or-1)+ g(gj(jllvfk) - g(gkflagk)) , Ak >

Since &/ is independent copy of &;, we obtain

i (a) *
E[)|6\") — 6;[|?] < 4a?(L3E[[|6i—1 — 6*]%] + 03)

(b)
< 4a? (L301 exp{—MZO(i + ko — 1)1—7}(”90 02+ o)+ (14 chz)ag),

where in (a) we used A7, and in (b) we used Lemma 12 and ay_1Ly < 1. For k > ¢, applying A7 and A1, we have
E[65” — 0xl1?1Fi1] < 102, = Oxa* = 200 (6, = 611, VFOL)) = VI (Br))
+ 203 (Ly + L2)?087, — 01| -
Taking expectation from both sides and applying A1l with Lemma 15(a), we obtain
E[6}” — 6cl] < (1 = 20pp1 + 203 (L1 + La)*)E[|6;”, - O l)”
k
20(2)(L1 + L2)2 (i) 5
< eXP{M €xXp _2ﬂj§1 a; cE[[|6;" — 65]|7] -

Combining the above inequalities completes the proof. O

Lemma 7. Assume A1, A3, A7(4) and A8. Then for any k € N and 1 <i <n—1 it holds

k
; 2uco . _ x
Ell0) 0011 < ot Rusesp{—an Y- oy} (Ruzesp=25200+ ko — )P H(100 = 0°)F + o) + Raaor
j=i+1
where we have set
4(L L2)%(1 + 3¢y (L Ly))?
R4,1 = 646Xp{ ( 1t 2) (2,:-_610( 1+ 2)) )} s R472 = L%O4,1 s R4,3 =1 + L§C472 . (35)

And constant Cy 1, Cua2 are defined in Corollary 4.
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Proof. Repeating the proof of the Lemma 6 for k = i, we get
E[6;" — 0,]"] < 640} (L3E[|6:i1 — 0*]") + o)
Hco

< 64a} (L%CM exp{ “ (i + ko — 1)17}(”90 — 0"+ o)+ (1 + L§C472)oi‘) )

For k > i we denote 5(2) ||6’(Z) — 0k||, similar to (60), we obtain

BI{0{" Y4 Fer) < (1= dpon + 403 (Ly + L2)*(1+ 3co (L1 + L2))?) {8y, 1 .

Using Lemma 15(a), we obtain

k
By < ep{ 1L Lo (14 Seo(Ly + L”’2)}exp{—4u > o JElle? - 6.

2y -1 j=i+1

Combining the above inequalities completes the proof. O

C Proof of Theorem 3

Since the matrix X2 concentrates around ¥,, due to Lemma 2 , there is a set ; such that P(€;) > 1 — 1/n and
Amin (X22) > 0 on Q. Moreover, on this set Applying Lemma 1 with

X = {5} 1Awh, Y = {32} 12DP,
we get
sup [PO(/i{S8} V2@ — G,) € B) - P(Y® € B)|
BeC(R4)
< sup [PP({Zp}7VPWP € B) —P*(Y® € B)| + 2ca(B°[|[{=5} /2 D0 ) )
BeC(RY)
y (Shao and Zhang, 2022) (with D = 0) we may estimate
sup  [PP({ZP}~Y2WP € B) — P°(Y® € B)|
BeC(RY)

/2 n o
259d ZEb = PSS 2Qun(&) P -

Applying Lemma 3 and Corollary 1 we get

259d'/2(v/205CoC1 ¢)> Winax

sup  [PP({22}~Y2WP e B) - P*(Y° € B)| < <o

BeC(R%)

From Proposition 2 and Corollary 1 it follows that on the set we Q¢ N2y the following bound is satisfied
(EP[|{xL} 12 Db (P Y/ P+ < /205 (MP e!/Pp3/2p1/P= 7/2+Mb o2/Pppl/24+1/p=7)p/ (p+1)
Since p > 2, M1b71, M2b71 > 1, we obtain

1/2—~

/
(EP[|[{=b} /2 pb||P) Y/ (P +D) < \/502(e1/2M£1p3/2nﬁn_’Y/2n<;+21> + eM;lpnﬁnl/Q—vn* PFT )

Setting p = logn — 1, we get

(EP[{ZR}2DP PV P < Va0 (MR 4 (log n)*/ 2 #7207 /2 4 My (log n)e® >+ 7n1/277)
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Setting

M2, = 259(V2C5CoC4 ¢)* Winax Vd
M, = 232, O ME /247 (37)

M2, = 226, M, 8/247/2 |

and Mfl, M;l are defined in (41) and combining the above inequalities, we complete the proof.

Remark 7. We use (Shao and Zhang, 2022) with D = 0 to prove (36) since we are not aware of Berry-Esseen
results for non i.i.d. random vectors in dimension d with precise constants and dependence on d. The result
Bentkus (2003) may be applied for i.i.d. vectors only.

C.1 From non-linear to linear statistics
In this section we prove (20). We start from the definition of an isoperimetric constant. Define
A ={zeR¥: ps(x)<e} and A°={zxecA:B.(z)C A}

where pa(z) = injf4 |z — yl| is the distance between A C R? and x € R?, and
ye

B:(x) ={y eR?: o —y|| <e}.

For some class A of subsets of R? we define its isoperimetric constant a4(%7) (depending only on d and /) as
follows: for all A € & and € > 0,

P{Y € A°\ A} < age, P{Y € A\ A} < age

where Y follows the standard Gaussian distribution on R?. Ball (1993) has proved that

e 'VInd < sup / p(x)ds < 4dM*, (38)
Act JoA

where p(x) is the standard normal d-dimensional density and ds is the surfac emeasure on the boundary 0A of A.
Using (38) one can show that for the class of convex sets

e 'VInd < ag(C(RY)) < 4d'/* .

We denote cg = aq(C(RY)).
Proposition 1. Let v be a standard Gaussian measure in RE. Then for any random vectors X,Y taking values
in R?, and any p > 1,

sup |[P(X +Y € B)—v(B)|< sup [P(X € B) —v(B)| + 2/ PTVEV Dy |7]
BeC(R4) BeC(R?)

where cq is the isoperimetric constant of class C(R?).

Proof. Let € > 0. Define p(B) =P(X +Y € B) — v(B). Let B be such that p(B) > 0. By Markov’s inequality

p(B) SB(X +Y € BIY| <e)+ SE[IY]?] - u(B)
< sup [P(X € 4) ~ v(A)| + B(Y € B\ B) + S E[IY [P,

Choosing
1

e Y (39)

g =

we obtain

sup [P(X +Y € B) — v(B)| < sup [P(X € B) — v(B)| + 25/ PRV D[y 7] .
B B
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Assume now that p(B) < 0. We distinguish between B~¢ = () or B~¢ # (). In the first case, P(Y € B7¢) = 0 and
—p(B) <~(B)=P(Y € B)—P(Y € B °)=P(Y € B\ B™°) < cqe.

Finally, in the case B¢ # (),
1
—p(B) < sup [P(X € 4) —v(A)| + P(Y € B\ B™) + JE[|[Y]"].
A
Taking ¢ as in (39) we conclude the proof. O

C.2 Bounds for DP

Recall that the term D defined in (17), has a form:

Z _1Qz< (67 1—‘9*)"‘9(9?—17&)4-[{(9?—1))

Z_ < (05_1) + g(0°_4,&) — (oil)—g(eil,gi))

To prove Theorem 3, we need to obtain a high-probability bound for the non-linear statistic DP. To this end, we
first derive a bound on E'/P[|| D?||?], where the expectation is taken with respect to the joint distribution of the
bootstrap weights and the data Z”~!. We then apply Markov’s inequality to convert this moment bound into a
high-probability bound.

Proposition 2. Assume A1- A5. Then it holds for any p > 2 that

]El/p[HDpr] < Mflel/pp:‘ﬂn_“’/z + M;le?/ppnlﬂ—v , (40)
where the constants are given by
max (v Ko, VK )\/cok T"(Whnax + 1)
V2(1-7) ’ (41)

coky” " max(Ka, K1)(Winax + 1)
2(1-1) ’

My, = 4Cqmax(Ly, Ly)

M3, =3CqLy

and Ky, Ky are defined in (62), (66), respectively. Moreover, there is a set Qo € Fp_1 = (&1, ...,&€n—1), such
that P(Q) > 1 —1/n, and on Qq it holds that

{Eb[HDpr]}l/p < Mlb,lel/pp?’/in/p_“’/? + M;le?/ppnl/%l/p—'y ) (42)
Proof. We first show (40). We split
D" =D} + D,
where

n—1

n—1
_% ;(wz - 1)Q; (G(G?A —0") + 9(9?71,51')) - % Z Qi (9(9?71751') - 9(91‘717&‘)) )

i=1
_% z_:(w ~1)Q:H(67-,) — % i: Qi(H(0;_,) — H(0i-1)) -

Applying Minkowski’s inequality together with Lemma 8 and Lemma 9 we get (40).

To proof (42) we consider

Qo = {{Eb[HDpr]}l/p < ]\41b71el/pp3/2n1/pf*//2 + M2b7le2/ppn1/2+1/pﬂ} )
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Note that by Markov’s inequality
P < E[{E"[| D"}
(0)— b 2/pp3/2mn—7/2 b o1 1/2—
n(Ml’le /Pp /2n=/ +M2’1e /Ppn / ’Y)P
_ E[||D][7]
n(Mlt’lel/Pp3/2n_’Y/2 + M2ble2/1’pn1/2—7)

1
< .
n

Lemma 8. Assume A1-A5. Then for any p > 2 it holds
EVPIIDYIP) < M ye/Pp*/2n =2

where

max(v/Kz, VED) y/e0 (Wi + 1)
Va(l—) ’

M? | =4Cgmax(Ly, Ly)

and K1, Ky are defined in (62), (66), respectively.

(43)

Proof. We split D? into four parts, where each part is a sum of martingale differences. Note that {Q;(g(0;_1,&) —
g(0*,&))}", is a martingale difference with respect to F;_1. Then applying Burholder’s inequality (Osekowski,

2012, Theorem 8.6) together with Minkowski’s inequality and Lemma 3, we obtain that

El/p HZQz z 1752 _g(a*agi))”p]

n—1
< p(E? (X 1Qu(9(0-1.6) — (6", €)) %))
=1
n—1
< Cop(EP[(3_ llg(bi-1,&) — 907, €)I17)"*))*
1=1
n—1 1/2
< Cop(D_EYP(l|g(0i-1, &) — 90", &))"
=1
Finally, using A7 and Lemma 14, we obtain
n—1
EV7[| ZQz 01,6 — 9(0%,€)) "] < pCoLa(D EX7[|6:1 —0%[7]) "
=1

< CqLay(en)t/Pp3/2 Y22 Z 1/2
=0

— 1—vy _ _ 1—v
< CQL2(en)1/P 3/2\/;( (kO +n 2)1 - (ko ]_) )1/2 .

Since ko > 1 and (kg +n —2)177 — (kg — 1)} < n'~7 we complete the proof for

El/p || ZQz 7, 1a€l (9*751))||p:| :

The proof for other three terms is analogous, since each of the terms

{Qi9(67-1.&) — 90", €)1 {(wi = DQi(9(67-1, &) — 907, €)1 {(wi — DQiG(62_

are martingale differences with respect to F;_; (see definition in (19)). We finish the proof applying Minkowski’s

inequality.

O
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Lemma 9. Assume Al- A5. Then for any p > 2 it holds
EVP[|DS|IP] < Mg e/Ppnt/277

co max(Ka, K1)(Wiax + 1)
2(1-7) ’

M3, =3CqoLy (44)

and K1, Ko are defined in (62), (66), respectively.

Proof. Using Minkowski’s inequality, we get

1
EVP[||DS|IP] < flEl/p ||ZQ1 0i-1)|"]

1 1/p _ P
+ 2B ||Z 1@(( 1>)|] (45)

El/” IIZQZ O DI7] -

We will now consider each term separately. Using Minkowski’s inequality together with Lemma 18, we obtain

n—2
CoLy
eI Qo] < SRS w100
Sanuor] <S5
n—1
CQLHP )2
< (en) /p (K2/2) o
i >
CoLup, .o (ko +7n—2)""7 — (ko — 1)' ™
< P(Ky/2 .
< S e 10/ —
Since ko > 1 and (ko +n —2)177 — (kg — 1)}=7 < n'~7 we complete the proof for the first term in the r.h.s. of
(45). The proof for other two terms is analogous. O

D Proof of Theorem 4

The result follows immediately from the triangle inequality together with Theorem 2 and Lemma 1. Therefore, it
remains to prove Lemma 1 to complete the proof.

D.1 Proof of Lemma 1

By definition of X,, and ¥, we may write

n—1 n—1
1
S =T ==Y (Q—G TG+ = ZG 1Y@ — G YT +
nt:l t 1
Dy

F oY (@ - GRQi -G -

Do
The following lemma is an analogue of (Wu et al., 2024, pp. 26-30).
Lemma 10. The following identities hold

n—1
Q; — G~ ! =95 -G~ IGZO:B 1> Si = Z (aiiaj)Gz(’i)l:j—l’ (46)

j=it+1
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and
n—1 n—1
SQi-6hH=-c1Y 6, (47)
i=1 j=1

where

J
G =T - aG)

k=i

Proof. To prove (47) we first change the order of summation and then use the properties of the telescopic sums
we get

n—1 n—1 j n—1 7 J
ZQI ZO‘ZZ H I-axG) = ZZO@ H (I - axG)
i=1 =1 k=i+1 Jj=11i=1 k=i+1
n—1 7 n—1 J
= G H H -G =G (1-][I- b))
j=11i=1 k=i+1 =i j=1 k=1

The proof of (46) could be obtained by the following arguments. Note that

0, GQi = Q; — (I- aiG)Qi =

n—1 j—1 n—1
:azI—l—azZ H (I—arG) —aIZHI—akG —azH(I—akG).
Jj=i+1 k=i+1 j=i+1 k=1 k=1
It remains to note that
J j—1 j—1
I[ - @) - J[0- G) = (ai — )G [] 1- ).
k=i+1 k=i k=i+1

The last two equations imply (46). O

Lemma 11. It holds that
(a)
19]| < Cs(i+ko)?™",

where

1 1 1
Cs = 2, exp{/é 0 } (27/(1—7) +(yvasmp )) _
0 HCo fico I—»

(b)

n—1
1
ZHG’LH 1||2 _ _ —~\2
— (1= copn+ko —2)77)

(c)
n—1
EInY
NG| < 2
” P z.n—l” — copt

Proof. For simplicity we define m] = {c:z(k + ko)~ 7. Note that

n—1 — . 5
]+k0+1 ;
15 a0l =5 o () expfom)

j=i1+1 Jj=t
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Following the proof of (Wu et al., 2024, Lemma A.5), we have

i+ ko + 1 v ) 3 N\ /(A=)
(]eroko) — 1< (i+ ko) 1<1+(1—7)m§)

Hence, we obtain

n—2 1 N\ /A=) )
19:]l < coli+ ko)™t ]Z:Z Grhotly (1 +(1— ’Y)mf) exp{—pcomy, }
< coli + ko)™ g e <1 +(1- v)mj)y/(l_w exp{puco (ko + )7} exp{—pcom? }
- = U+ ko) ' '

n-2 ) N /(A=) )
< coop(52Y i+ ko) L lmd ) (14 0=yl ) exp{-pucom)

Lco +oo v/(1=7)
< 2eoexp( G} + ko) [ (1 +(1- v)m) exp{—pucom}dm
0 0

1 1 1
é 200 exp{%}(z + k())’y_l (27/(1_7) + ()1/(1_7)1—‘()) .
0

HCo " pco 1—v
Note that
n—1 n—1ln—1 n—1ln—1
e ED Y | (RIS DY | EETIRIE
i=1 i=1 k=i i=1 k=i
_ (kotn—20 "Zl(ﬁ(l ) ’ﬁl a )> _ kg
< - — Qi) — — QM > )
copt i=1 Nk=i k=i—1 Heo
where in the last inequality we use that (ko +n — 2)7 < (kgn)?. Bound for 2?1—11 ||G§f:1)71|\2 is obtained similarly
n—1
to | i Gl O

To finish the proof of Lemma 1 we need to bound Dy, Dy. By (47) we obtain

n—1 n—1
1 _ - | a -
12D 2(Qi = GZC T = |-G Y GimG |
i=1 Jj=1

n—1

n—1
= I S0 3 G < Sl 1Y G
j=1 j=1
It remains to apply Lemma 3 which gives
n—1

1 _ _
= D (Qi=GTHECTT| <[] Cq

i=1

Yoy y—1
kgn

Co

Hence,

Y y—1
kgn

[D1]l < 2[|E |l Cq
€o
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To bound D5 we use (46) which gives

n—1
nt Z(Qf, —GHT(@i -G

n—1
—12 (Si—G™! H (- @) Se(Si — G [T ar))
=1 k=1 k=i
n—1
125255 +n” 1ZG H (I- @G T [[A- )T
k=1 k=i
D2, Dos
n—1 n—1
*1ZG H (I—axG) - ZeS —n' Y 956 T [[0- )T
k=1 =1 k=1
Doa3 Day

To bound Dy; we use Lemma 11, and obtain

n—1 n—1
D1 = lln™" D>~ SiZeST [ <™t D 151517

i=1 i=1
n—1
<M Zel|CF Y (i + ko)
i=1
_ +ho— 1) g2t
<n-ln 5 (n 0
< n 53 -
n2(771)
< ||Ze||CE
<IEelC3
The bound for Dy follows from Lemma 11
n—1ln—1
[Dasl = [n " Y [ (1= axG)G'EeGT H I— Q)| < n7[Su| Z G |1
i=1 k=1 k=1 =1
- ISl ot

< B llEd
2cop(n+ko —2)~7 — Ep2(n+ko —2)=2v — Zocllo c

Since D3 = Dg,, we concentrate on || Day||. Lemma 11 immediately imply

n—1
Dol <n7H[BeG Z ISAIT] M= @)
1=1 k=1
1 n—1
<n Y B -C (i + ko)t 1-—p——
<n | 5H/¢ SZZ 0) H k+k0))
1 n—1 n—1 c
<n7HEe)=C i+ ko)1 + ko) ™Y l—p—0o
< % L Cs St k) ik T (=)
1= =i+1
2(y—1)
< |ZellCsk
< [|Z¢l| Csky o
Combining all inequalities above, we obtain
[1Z5 — ool < CLn?™H, (48)
where
kg kg 1 kg !

! =0 19 +1) 2 2 0 Sell .
Cho = (o 200 S + D[Pl + (Ch g + Cs =) I
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To finish the proof it remains to apply Lemma 20, since

3/2|27 128 272 — I||f < Coon™ ', where Cy = 3/2VdCEC!, . (49)

E Lower bounds

In the following computations we provide a lower bound on the quantity |% Z;:_ll Q? — 1|, provided that the
number of observations n is large enough. For simplicity in this bound we consider ky = 1. We first note that

n-1 n—1 L T T
%ZQ?_IZ%Z(Qj_l)(Qj+l)——:i+ﬁ7
j=1

- n n n
j=1
where
n—1 n—1
Ti=)(Q-17 Th=-2> (Q—-1)—1,
j=1 j=1

and treat the terms T and Ts separately. Using the identity (47), we get, since G = 1, that

1 n—1

S | ()

j=14=1

n

<
Il
—

<.

Hence, with Lemma 17,

‘i(@i -1 < % .

0

Hence, we can conclude that
2C
T2| < (Q +1) :
Co

and proceed with T;. Here we notice that, applying (46),

n—1 n—1 j—1
Qi-1=8—J[0-a), Si= > (ai—a;) [] 1-e0).
i=i j=i+1 t=it+1

Thus, the term T} can be represented as

2524251'[1*0@ +Y ] —an?. (50)

Jj=1  {=j Jj=1t=j

Due to item (a) from Lemma 11, it holds that |S;| < Cs/(j + 1)'~7. Hence, similarly to the proof of Lemma 1

we can show that
n—1

f|ZSQ|<02 20D /(2y — 1),

j=1
and
1 n—1 n—1
- S S T - )l < Csn*07Y /gy
j=1  =j

Now, we proceed with the last term in (50), and provide a lower bound on the last remaining component of 77 in
(50), that is,
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Since a; = (lfrioj)m we get, using an elementary inequality 1 — x > exp{—2a}, valid for 0 < 2 < 1/2, we get that
n—1ln—1 n—1 n—1 de
2 0
> Ia-a> Yewf-3 70
Jj=1t=j Jj= £=j

n—1
>§:@®{_f% Wh”—jkw}

Now we get that

n—1 n—1

4 4
E exp{CO jl_'y} Z/ exp{ © yl_'y}dy
, L=~ 0 L=y

=(n-1) /01 exp{ 14507((n - 1)2)1_7} dz .

Now we proceed with Laplace approximation (see e.g. (Fedoryuk, 1977) or (Olver, 1997)) for the inner integral:

/01 exp{ﬂ((n - 1)2)17} dz = exp{ 14f07 (n— 1)1w}(“_1)71 [1 + O(nv—l)}

460

Since n'~7 — (n— 1)77 <1 and % > 1/2 for n > 2, we get

n—1ln—1
! 1 8¢y 1 -
1 o> & _ O(n2-1)
n;g( = 4co eXp{ 1—7}(71—1)1—'7 +O(n )

Hence, we conclude that for n large enough,

Cl <7a CO)

2
loz ., — 1| > -

Y ’

and the statement follows. To prove the second part, it remains to apply the lower bound on the total variation
distance between Gaussian random vectors given in (Devroye et al., 2018, Theorem 1.1).

E.1 Numerical demonstration

In order to illustrate numerically the tightness of bounds provided in Theorem 5, we consider the following simple
experiment. We consider the statistics

o2 -0, ne{219...,2%}.

ny

We illustrate numerically the tightness of our bound in the Figure 2 below by calculating
nli’y : |Jr27.,'y - 1‘

for different values of v € {0.5,...,0.9} and n. Here we fix the values of parameter kg = 1 and ¢y = 1. Code to
reproduce the plot is provided in https://anonymous.4open.science/r/gaussian_approximation_sgd-DBDD/.

F Results for the last iterate

F.1 Last iterate bound

To prove Theorem 2, we need a bound on the 2p-th moment for p > 1 of the last iterate. Our approach is based
on induction: first, we establish the result for p = 2, and then we show how to proceed from 2(p — 1) to 2p.
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loZ , — 1] -n'~Yvs number of observations n for y € {0.5,0.6,0.7,0.8, 0.9}
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T ax107!
~
c
N —— y=0.5
Nz 3x107! — Y 0.6
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103 104 105 106 107 108 10°

n (log scale)

Figure 2: Numerical verification of the lower bound given in Theorem 5
Lemma 12. Assume A1, A3, A7(2), and A8. Then for any k € N it holds that
C _
E[||6 — 0*]|*] < C4 exp{—ullo(k + ko)t 'y} (1160 — 0*||1> + Ug] + Cyo3ay ,

where 03 is defined in A7(2), and the constants Cy and Cy are given by

3uco 1 5 6c3L3 2¢3
= ko~ 1+ L
@ eXp{4(1—7) 0 (14 L57) exp -1 1)

214~
Cy =
I

Proof. From (2) and A7 it follows that
10k = 0*[1* = 10k —1 — 071> = 20O —1 — 6",V F(Or—1) + C) + IV F (Or—1) + GlI>-
Using Al and A7(2), we obtain
20, E[(O—1 — 0%,V f(0—1) + Ci)| Fr—1] = 204 (0k—1 — 0",V f(Or—1) — Vf(07)).
Using A7(2) and A1, we get

E[|Vf(0-1) + Cull*| Frer] = IV f(O-1) = VO +Elln(€r) + 9(0r—1, ) || Fr-1]

< Li(Vf(Or—1) = V0%, 1 — 0*) + 2030k —1 — 0*[]* + 205 .

Combining the above inequalities, we obtain
E[|6x — 0*[I°] < (1 — pa(2 — arLy) + 203 L3))E[[|05—1 — 0*||*] + 2003,
By applying the recurrence (51), we obtain that

E[[|6x — 0*[|°] < A1 kll6o — 6*]|* + 205 Aa r

(51)
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where we have set

k
A =[]0 = B/2)aup +20713)
i=1
P (52)
Ao =" I (0= B/2)ap+203L3)a;
i=1 j=i+1
Using the elementary bound 1 + ¢ < e! for any ¢t € R, we get
k
Ay < exp{ (3/2)u Z }exp{QL% Za?} .
i=1 i=1
Using Lemma 15, we obtain
3pico 1—
A < ———(k+k v
1,k_61€XP{ 4(1_7)( + ko) )
where we have set 22
2c5L3 3ucy  1—
= ko 7%
c1 exp{Q’y 1 + A1 =) 0 (53)

Now we estimate As ;. Let k1 be the largest index k such that 4a%L§ > agp. Then, for i > k1, we have that
1—(3/2)aip+2a2L5 <1 — .

Thus, using the definition of A3y in (52), we obtain that

k
A2k<ZOL H 170@# +Z { H 1+20£?L2)}{ H (10@#)}
i=1 =i+l j=itl J=kitl

Note that

1 1 k
Za H (1+2a2L3) = LZZ(H 1+2a3L3) — H (1+2a§.L§)>

i=1 =i+l j=i+1

k1
1
272 2 2
< 2L2 || 1+2a L3) < 72L2 exp{Qszg_laj}.

Note, that for k < k1, oy, > p/(4L2), hence, we have

[T 1= zeofw o foofsS-a ) seof-u o foo{usoer).

j=ki1+1 = =1 i=1
Moreover, for any m € {1,...,k}, we obtain
k k m ok
> [ - =3 10—+ ¥ T a-aumo
=1 Jj=i+1 i=1 j=i+1 1= m+lj i+1
k
S5 | IETT) LR ol 1 (R
j=m-+1 i=m+1 j=i+1
k m o k k k
gexp{—u Z aj}Zoz?—b- m Z <H (1—a,p) — Hl—oq,u)
j=m+1 i=1 Pl \j=it1 j=i
k m a k
<exp{—u Z aj}Za?—&-m(l— H (1—0@-@))
j=m+1 i=1 K j=m+1
k m a
§exp{—,u aj}Za?—&—;.

-
Il
_
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Thus, setting m = |k/2], and using the definition of Ay in (52), we obtain that
C% Co

27 —1 " ulko+ k/2])7

+e exp{Q({w_Ow(k + ko)lv} )

Ao < oxp{ G20 = (1h/2) + k) ) )

where we have set

1 6c3L3 Heo -
= — k v . 4
co 2L§eXp{27—1+2(1—fy) 0 (54)

Using that |k/2]| < k/2 together with the elementary inequality

2 (2/2)° . ]

r
B B 27

which is valid for 8 € (0, 1], and eI R < M(lfjr?o)m we obtain that

2 27
A“Sexp{_ﬁfo(mko)l”}exp{ = ’fé‘v} T

2(1—7) 2y —1 " p(k + ko)
+ e exp{m(lﬁ + ko)l_"’} .

Combining the bounds for A; j and A j, we obtain that

C
Bl — 6°17] < cxexp{ — 20 b+ 507 1oy — 07

e 1) 2c¢o3 puco 1 217 ¢q03
OO (k4 )t [l L
*e"p{ gkt ko) }27—1‘“" 20— [T uk ko)

—HMCo 1—
2¢0032 ——(k+ k v
- 2aofom{ 5504

=G eXp{_uZO(k + ko)lw} (160 — %[> + 03] + Cocur
where we have set constants C; and Cy using the definitions of ¢; and ¢; from (53) and (54). O

The first term in the bound from Lemma 12 decays exponentially with &, which implies that E'/2[||6, — 0" %] < ax.
Below, we state this result with an explicit constant, as this specific form of the bound for the last iteration is
needed for the induction step.

Corollary 2. Under the assumptions of Lemma 12, it holds that
E[||0x — 0*]1*) < D1([|0 — 0*||* + 03) e ,

where

4y v/ (=)
Dy = Ci(1/co + C) <(1—’Y),UCO€> :

Proof. Define C5 = ((1_3%)7/(1*7) > 1, then exp{—puco(k + ko)*~7/4} < C3(k + ko) ™7, and the statement

follows. O

Now we provide bound for p-moment of last iterate.
Proposition 3. Assume A1, A3, A7(2p), and AS. Then for any k € N it holds that

C
E{[|0x — 0*I°%] < Cpa exp{—p‘jﬂk + ko)l‘”}(lleo — 0%+ 03) + Cap ozl .
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where
Cap,1 = 2771 (Do 1) Chcgy + L)ea
C N L
2p,2 = 2(p—1)4 o

constants Dy(,_1y are defined in (61), and

CP = (4ct/?27/% 4 27 4 dey)P

4p? (L Ly)?
4 = (exp{exp{5pco(L1 + Lg)}p(lw} + 1) exp{ f/ico ki

2y -1 vy

1
0 }’y(erl)l

Proof. We prove the statement by induction in p. We first assume that 6§y = 6* and then provide a result for
arbitrary initial condition. The result for p = 1 is provided in Corollary 2 . Assume that for any ¢ < p — 1 and all

k € N we proved that
E[|[0x — 0*]|*] < D203, ,

(55)

and the sequence of constants {Ds;} is non-decreasing in ¢. Inequality (55) implies that, since o9 < o9, for

t S p—= 17
E[||6x — 0*[*'] < Daeospoy -

For any k € N we denote 5, = ||, — 0*||. Using (2), we get

5 = (671 — 20k (01 — 0",V (6r—1) + Gi) + 7|V F (1) + G l1?)”
=> il m‘s (=20 (O—1 = 6",V (Or—1) + C) Y i [V f (Br—1) + Gil*"-

i+j+l= P,
1,5,l€{0,...p}

Now we bound each term in the sum above.

1. First, for ¢ = p,j = 0,1 = 0, the corresponding term in the sum equals 6,3’11

2. Second, for i =p —1,j = 1,1 = 0, we obtain, applying A1, that

2parE[(k—1 — 0%,V f(Or—1) + )01 V| Fi1] = 2pc (Bh—1 — 0%,V f(65—1) — VS (67)) 6,0V

> 2puak5k71 .

3. Third, for I > 1 or j > 2 (that is, 21 + j > 2), we use Cauchy-Schwartz inequality

[(Or—1 — 0%,V f(Or—1) + C))?| < [16k—1 — O* PV F(Or—1) + Gl

moreover, applying Al and A7(2p) together with the Lyapunov inequality, we get

E[|Vf(0k-1) + Gl Fuer] = B[V f(Ok-1) + 9(Or—1, &) +0(Ex) |+ | Fre—1]

< 22l+] 1((L —|—L )21+]52l+j +

Combining inequalities above, we get

E[6;7|Fj—1] < (1 — 2ppoy + Z R ad 292421 (1, +L2)2z+g>52p )

i+j+l= p,
i,5,1€{0,...p}:
j+21>2

2l+j) )

Pl i jra 20425—1 2145
+§ "l‘5 a2 o3 " -
Z+J+l—p,
i,5,1€{0,...p}:

j+21>2
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Consider the first term above, and note that

1 ) ,
Zi'p'l‘ai+2l22l+2]_l([’1 + L2)21+J (56)
i
i,5,l€{0,...p}:
j+21>2
! . ! -~
< 207 (L1 + Lo)? (Zilplu(ﬁlak(h + Lo)) (4aj (L1 + L))~ + Z%(%‘k(ljl +La))y’ 2)
iRj+H=p! i+j+l=p!
i,4,1€{0,...p}: 4,4,1€{0,...p};
1>1 1=0;52>2

< 2p%aj (L1 + L2)*(1 4 5ay(Ly + La)) .
Hence,
E[5;7) < (1= 2ppay, + 2p°af (L + La)* (1 + 5ag (L + L2))P) 637, + T
where we have defined

! L )
- p: 204771 j+2l620+25—1 21+
T = 7Z_Ij'l'E[5k_l}ak 2 o3 " -
i+jHl=pi
i,5,l€{0,...p};
J+20>2;
i+j=p

For the last term we apply Holder’s inequality together with induction assumption (55) and (k + ko —1)77 <
27(k + ko) 7 and obtain

D I o Ut D S A s T
itjHi=p!
4,5,0€{0,...p};
j+21>2
401/227/2 + 27 +4e¢g)P
< Dy(p-1) e o) chosb(k + ko) YT

2
Hence, combining the above bounds, we obtain that
E[6;7] < (1 — 2ppove + 1603 (L1 + L2)*3P)E[6;7 ] + Dogp1)Chchosbk ™Y@+ | (57)

where we have defined
Cch = (405/227/2 + 27 +4c)P .

Note that
1 — 2ppag, + 2p2ai (L1 + Lo)*(1 + 5ag(Ly + Lo))P > 1 — 2ppay + aipp® > 0.

Unrolling the recurrence (57), we get
E[6."] < A3 x Da(p—1)Clchoay
where we have set
ko k
b= > [T (0= 2pu0s +20°03 (L + L) (1t 5 (L + L2))P) (0 + ko) 7PHY. (58)
t=1i=t+1

For simplicity, we define Cs = 2p*(L; + La)?. Let ky is the largest k such that a2Cs(1 + 5a; (L1 + L2))P > pucy.
Then, for i > ki, we have
1 — 2ppcy; + Csa2 (1 + 50 (Ly + La))P < 1 — pucy .

Hence, using the definition of A5, in (58), we get
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k k
k= Z H eXP{—pM%}(t+ko)7(p+l)

t=ky+1i=t+1

k k1 k1
+ H exp{—puat}z H exp{Cg,a?(l + 5a; (L4 +L2))p}(t—|—k0)_7(p+1)

t=k1+1 t=1i=t+1
kok
S L IR
t=1i=t+1
k ki ki ki
+ H exp{—p,uat} H exp{pua;} H exp{Cg)a?(l + 5a; (L1 + Lg))p} Z(t + ko) TYPHD
t=1 t=1 i=1 t=1
ko ok
e
t=1i=t+1
k1
+ Hexp{205a (14 50;(L1 + Lo)) } Hexp{ puat} Z(t + k;o)—’v(p—H)
i=1 t=1

For any m € {1,...k} we have

k k

Z H {puai}(t+k0)v(p+1)

t=1i=t+1

:i ﬁ { pual}(tJrko) V(o1 4 Z H exp{ pual} (t + ko) Y@+D

t=m+1i=t+1

= H exp{—ppas} Y _(t+ ko)WY + Z H eXP{ Pual} m + ko) P (t + ko) ™7
i=m+1 t=1 t=m+1i=t+1
k k k
< H exp{—puai} Z (t+ ko) -+l + (m + ko) '”’Z H ex { puai}(t—kko)_“’

i=m-+1 t=1 t=1 i=t+1
Applying Lemma 15(b), we have

ko k k —ppe

ST expq —puci pt77 < expd O (k4 ko) 7 — (t+ ko) ) bt + ko)

, 2(1 —7)
t=11i=t+1 t=1
PHCQ 1—v
— 2 [C=2D) (k‘HCO) 2
< exp{puco(kJrko)l”} /21 edu < .
2(1=19) phco Jo plico
Applying Lemma 15(a), we get
k
1
i+ ko) YD < ,
;( ) (p+1)y-1
and
k ) +oo ) 205
Z 205ai (1 + 50&1([41 —+ LQ))p S 205(1 + 5CO(L1 + Lg))p Zak S exp 5pCO(L1 + Lg) 27 1
i=1 i=1

Substituting m = |k/2] and applying ((b)), we get

! __Pkco 1—v T—ny 1 2(1k/2] + ko)™
Az SeXp{ 31— ) (B RS (k2 ) )}’Y(P+1)1 A

bl

+ ¢3 exp{—M(k + ko)l—”},
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where we have set

2C5 ppco o 1— 1
= L1+ L ko7
c3 exp{eXp{5pCo( 1+ 2)}27 1" 20— [Aap+1) -

Using that |k/2| < k/2 together with the elementary inequality

2 (x/2)° N ]

T
B B 2”7

2l+vp
e (/2R S pealbrho)

which is valid for 8 € (0, 1], and we obtain that

1
A < _ bpco k4 k 17} { PpCo kl—’y}
b S om{ -2+ o) e R o

21+7p plCo }
b b cgexpd — s (k 4 ko)1
N Xp{ 21— ) "R

<cy exp{—plico (k+ ko)lv} +c5(k + ko) 7P,

where we have set

4p*(Ly + Lo)? PHCY | 1— 1
Ca (exp{eXp{ pco(L1 + 2)} 2y 1 tljexpez 7O falp+1) -1

9l+p

Cy =

Hpco
Finally, we get
BI5) < Chy exp{ P04 )7 o+ o
where
Csp1 = Dap-1yCichea
Csp2 = Dagp1)Clcs.

To provide the result for arbitrary start point #y = 6 we consider the synchronous coupling construction defined
by the recursions

O = 01 — e (Vf(Or—1) + 9(O0r—1,8) +1(&)),  Oo=10 (59)
w = 01— a(V(0,_1) + 901, &) +1(&k)), Oy = 0"

For any k € N we denote ¢}, = ||0x — 65.||. Using (59) together with Al and A7(2p), we get
0kP = (1 = 2001 = Oy, VI (Os1) = VI (B1) + 9(On1, k) = 9(0)—1, &) + 0f (Ln + L2)*62 1)
= Zz'j'l'éaz 2ak<0k*1 - 92}717 vf(ek*]-) - vf( ;Cfl) + g(ek}fhfk) (Hk: 17€k)>) (Oék(L]_ + LQ)(SJC 1)21

i4j+l=p;
,5,1€{0,...p}

Now we bound each term in the sum above.
1. First, for ¢ = p,57 = 0,1 = 0, the corresponding term in the sum equals 5;&’1
2. Second, for i =p—1,5 = 1,1 = 0, we obtain, applying A1, that

200 E[(B—1 — 0}, 1,V (Op—1) — V(O 1) + 9(0r—1,1) — 901, &))0 5D Fii]
=2pag(Op—1 — 04,1,V (Or—1) — Vf(0,_1))0 ;3(11 V> 2k d?



Gaussian Approximation and Multiplier Bootstrap for Stochastic Gradient Descent

3. Third, for I > 1 or j > 2 (that is, 21 + j > 2), we use Cauchy-Schwartz inequality together with A7 and A1

[(Or—1 — 01, VF(Or—1) — VF(O_1) + g(Ok—1,&) — 9051, &)Y | < [|0k—1 — 0517 (L1 + L2)7 ,

Combining inequalities above, we obtain

o .
E[672°|Fp_1] < (1 — 2ppoy, + Z%Qﬂa?j%(ld Lo )5, (60)
itjHl=p! "
i,j,lé{o,..?p};
12052

Similar to (56), we have

1 ,
N2 ad Ly + La) )67, < 0fp*(Ln + Lo)*(1+ Bk (Ly + Lo))?

1,5,0€{0,...p};
j+21>2

Enrolling recurrence (60), we get

k k
E[éfp] < exp{—Qp,uZ ai} exp{p2(L1 + Lo)? Z aZ(1+ 3a;(Ly + Lg))p}||90 —0*%?
i=1 i=1

< ce exp{— f“c‘) (k + k0)1‘7}||90 — 04|,
-7

where we have set

p*(L1 + L2)?)  puco kl—'y}
o .

co =eXp{eXp{3p00(L1+L2)} 5 1 -

It remains to note that

B[]0k — 0*[7] < 27 E[[16;, — 0%[|*] + 2* 7 E[||6x — 0;]|**]

c _
< Cgpa exp{—Mj1 % (k + ko)* 7}(||90 = 0%|" + a3y) + Cap 050

O
For validity of induction in Proposition 3, we need the following corollary.
Corollary 3. Under the assumptions of Proposition 3, it holds that
E[[|6x — 6*11*] < Dap(l160 — 0" 1% + 3")e
where
CP vy vp/(1=7)
Day = Capa(1/6t + Copa) (=) | 61
2p = C2p1(1/cf + Copy2) =) upeoe (61)
Proof. Define C5 = ((1774)%)"“3/(1_7) > 1, then exp{—pupco(k + ko) =7 /4} < C5(k + ko) ~P7, and the statement
follows. O

Corollary 4. Assume A1, A3, A7(4) and AS. Then for any k € N it holds that
2peo 1 N
Bl — 6°11] < Cusexp{ - 24201 L1y — 0°11 + o) + Caaota
with

3 4,}/ 'Y/(l—’)’) 1/2 /2 9 5
4,1 = 1 Co o)\ 77/~ Co Co) Cy C2.4
C 23 C1(1/co + Co) T (4" 2772 + 27 + 4co) e + 1
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and

4y v/ (1=7) 12 9
0472 = 2301(1/00 + CQ) (M)/L%e) (400 27/2 + 2"{ + 400) C2.5.

Here C7 and Cy are defined in Lemma 12 and

16(Ly + L2)? 2puco 41— !
o4 = <eXp{exp{1000(L1 + LQ)}27_1 e ko ’ -1’

21+2’Y
C25 = 241c0 .
Proof. The proof follows directly from Proposition 3 and Corollary 2. U

F.2 High probability bounds on the last iterate

In this section, we establish a high-probability bound for the last iterate, which is instrumental in controlling
the non-linear statistic D°. Our analysis adapts the approach of (Madden et al., 2024, Theorem 9), which relies
on the assumption that the noise variables (j are sub-Gaussian. This result, in turn, generalizes the previous
results of (Harvey et al., 2019), where the authors assumed that both the additive noise component n(¢) and
state-dependent component g(6, &) are uniformly bounded.

Lemma 13. Assume A1, A2,A4, A5. Then for any § € (0,1), it holds with probability at least 1 — § that for
any k € {1,...n},

||92 — (9*||2 < oL K; log(e> ,

0
where
K kg 0o — 62 LW in O 2d +1) 62
V= - 0 = (2 (62)

Proof. Unrolling the recurrence (6), we have

16 = 0711* = 1071 — 0"1I” — 200wi (F (67 _1, k), 051 — 07) + aqwi | F (6,1, &)1
< ||012—1 - 9*”2 - 204kwk<vf(912—1)7 912—1 —0%) — 2akwk<g(9i_1,§k) + n(&k), 92—1 —0%)
+ Wi IV F(0h_1) + 9(07_1, &) +n(&) I -
Using A1, A2, and A4, we obtain
167, — 0" < (1 — 20 uWinin + 208 LIW 2, )00y — 0]
— 20w (g (01, &) + n(Ex), 05—y — %) + 20 wi|lg(67_1, &) + n(&)|
< (1 = 203 Winin + 202 L3W2, )05, — 67|

— 20001, (9 (071, &) + 0(€x), 01 — 0%) + 202 Wih o l9(07 1 &) + (&)1
Using A5, we have
168 = 6711* < (1 — ponWanin) 101 — 071> — 200wi{g (0} 1, &) + 1(Er), 031 — 07)
+ 20E W9 Ok -1, 6) + (&) * - (63)
Now we introduce the quantities
X = o |0F — 0717, Yier = —2wi{g(0F_1, &) + (&), 0h—y — 0%) ,  Zi—r = 200 Wi llg (07 _1. €k) + n(&w) I -

Using (63), we obtain
X <o tagp—1(1 — pWina) Xg—1 + Vi1 + Zg—1 . (64)
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Note that

A

ko + k K _ MWminCO
ko+k—1 (ko‘Fk*l)’Y
co(v/co) 1WininCo

<1 -
St k=1 ot k—17

(7/co)
=1—ap_1 (MWmin - (k:o—i—k—ol)w> '

1 (1 - :quinak:) = (
(€77

1/(1—7)
Since ko > <cmj/7/msn> , recurrence (64) and the above identities yield

X < (1= pWiinag—1/2) X1 +Ye1 + Zp1
Using A2 and A4, we have for any A € R
Elexp{\Yi—1}|Fx—1] = Elexp{—2Xwi (6} — 6%, 9(07 _1, &) + n(&x)) HFr1] < exp{\*B7_1 Xj-1/2}

where we set 37, = 4W? C’Qak_l. Using A2 and Lemma 19, we get for any \ € [0,7",;_11]

max

Elexp{\Zy_1}|Fr—1] = Elexp{2X W2, [l9(05_1. &) + n(&x) |2} Fr-1] < exp{Ary_1},

where r,_ = 8da W2 C2 and Fj_; is defined in (19). Then, applying (Madden et al., 2024, Theorem 9), for

max

any k > 0 it holds with probability at least 1 — § for § € (0, 1) that

Xi < Py log<§>,

where {P;}scn is any sequence of positive real numbers, satisfying

;)P +2r;)Pip1 + BEP; Py>Xo . (65)

,UJWmin
P¢2+1 > ((1- 9

Note in particular, that the sequence {Py}sen given by the recurrence

Woni 2
Pi=(1- K meai)PZ- +7;, where ; = 2r; + uiV?fma , and Py = Xo ,
— e ;
satisfies (65). Hence, unraveling the recursion, we have
k MW
Pk+1 _ H( mm PO + Z H mm j)Ti )
=0 1=0 j=i+1
Using Lemma 16 and «;4+1 < «;, we have
kJ 2y 32dWiaXC’2 8Wr€1ax02
Py < — |00 — 0"|I7 + + Wninc
Co HWmin (1 L TR O),U/Vlen

To complete the proof, it remains to apply the bound on kg given by A5. O
Corollary 5. Under the assumptions of Lemma 13 for any k € {1,...n} and any p > 2 it holds
E*/P[1|6} — 67 ||) < pan(e)*/PK1/2

where Ky is defined in (62).
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Proof. Note that from Lemma 13 for Vk € {1,...n} and for any ¢ > 0 it holds
Plllox — 0*1* > 1] < f(1) ,

where

£(t) = eexp{—Kfak} .

Then, we have

b * +oo b * +oo uz/p
B[l 017 = [ Bll6k - > wdu < [ eexp{— . }du
0 0 10

=e(p/2) <K1ak)p/2 /O o R i e((p/2)K1ak>

p/2

where in the last inequality we use that I'(p/2) < (p/2)?/2~! (see (Anderson and Qiu, 1997, Theorem 1.5)).

O

Lemma 14. Assume A1, A2, A5. Then for any 6 € (0,1) with probability at least 1 —§ for any k € {1,...n} it

holds
16, — 672 < aszlog(e;> ,
where )
kY 16C
Ky =260 — 0%)% + —=(2d + 1)
Co o

Moreover, it holds for any k € {1,...n} and any p > 2 that

E*/P[|6x — 6*|[7] < pau(e)*/PK2/2 .

Proof. The proof is similar to the proof of Lemma 13 and Corollary 5.

G Technical bounds

We begin this section with useful technical bounds on sums of coefficients

where the step sizes «; have a form

€o

— 0 1/2<y<1, ko>1.
oty /257 0=

Q; =

We also bound other related quantities, which are instrumental to our further analysis.

Lemma 15. Assume AS. Then

(a) for any p > 2, it holds that

(b) for any m € {0, ..., k}, it holds that

(66)
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Proof. To prove (a), observe that

To prove (b), note that for any ¢ > 1 and ko > 1, we have 2(i + ko)~ > (i + ko — 1)~7. Hence,

k k—1 k+k
1 Co 0 dz Co 1— 1—
>y o> — =50 ((k+ko) 7 —(m+ko) 7).
z':;u 2 1;71 miko 27 2(1=1)

O

Lemma 16. Lemma 24 in (Durmus et al., 2021) Let b > 0 and {ax}r>0 be a non-increasing sequence such
that ag < 1/b. Then

k k 1 k
S [T - ab) = b{lH(lalb)}

Jj=0  I=j+1 =0
Proof. Proof of this statement is given in (Durmus et al., 2021). O

Lemma 17. Forany A>0, any 0 <i<n-—1, and any v € (1/2,1) it holds

1 +exp{ﬁ}mf(ﬁ) 5 Z'fA’L.l_PY < % and i > 1 ;

n—1 —
Zexp{—A(jl‘” - il‘”)} <1+ ki if A > T and i > 1
g=i L+ g () ifi=0.

Proof. Note that

n—1 400
Z exp{—A(jl_'V — il_’y)} <1+ exp{Ail_”’} / exp{—A:vl_'y}dsc
. 3

1 Foo 1
_ <1—y —u, ==—1
=1+ exp{Az }Al/(l—‘v)(l ) /Aik7 e "uT7 ldu

Applying (Gabcke, 2015, Theorem 4.4.3), we get

- 1 e 1
/ T e lqu < ) AT < 15
Ail—v - ﬁ exp{—Ai'=7} A/ A=7)7 | otherwise.

Combining inequities above, for ¢ > 1 we obtain

)

14 ——si? otherwise.

n—1 1 1 1 a1
Zexp{_zél(jlﬂY — il_v)} = {1 N exp{ 177}141/(1_”(1*7)1—‘(1*“7) ;AT < -
Jj=i A(l—7v)?

and for i = 0, we have

n—1
1 1
exp —Ajlﬁf} <1+ F( ) .
j;o { AV (1 =) \1 -~
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G.1 Proof of Lemma 3

Version of Lemma 3 with explicit constants. Assume A1 and A8. Then for any i € {0,...,n— 1} it holds
that
/\max(Qi) S OQ )

where the constant Cq is given by

ool ) i

Amin(Qi) > CZ™ , and [|,'?| < Oy, (68)
where the matriz 3, is defined in (14), and

Moreover,

cin = L (1 (1 - auLy)m (69)
L
V2L,

CE = pneo L :
(1 - exp{_z(k0+1)}) )\min(zg)

Proof. Note that using Lemma 15(b), for ¢ > 0, it holds that

A @) < 0.5 TT (1 o) <azzexp{ > o)

Jj=1 k=i+1 k=i+1
n—1-+ko c

<ai Y. exp{—'uo(jl_7 — (i + ko)l—v)} .
i=itko 201 =)

Using Lemma 17, we complete the first part with the constant Cg defined in (67). In order to prove (68), we
note that

n—1
. 1 »
Amin(Qi) > a; ;(1 — ;L) L1 —1-01-aL)"") .
Then for ¢ < n/2, we have
Aenin(Q1) > —(1 = (1= asL1)™2) > = (1 — exp{—pasLan/2}) > ——(1 — exp{—FLLL 1)
min(&i) 2 7—(1 = (1 =y 27— —expy—pa; 2 —l—-—expr—g7—
I ! L P1mH% L PU 9 + 1)

con
ko+n — 1+ko

where the last inequality holds, since a;n > a,n > . Combining previous inequalities, we get

A (Ze) neoL
>\min Y > mm > T mln £ 1— _ 01 2
( n)_ ;Qz fQ 2L% ( exp{ 2(1{70+1)}) ,
and (68) follows. O
Lemma 18. Assume A1 and A3. Then
|H ()| < Lull6— 6%,
where Ly = max(Ls,2L1/0).
Proof. Using A3 and the definition of H(#) in (10), we get
IHO)|[1(l0 — 6* < B) < Ls||6 — 0*||.
Since pul < V2£(0) < L11, we also obtain

* * * 2L *
[HO)IL(I6 — %]l > B) < 2L 1(J|0 — 67| > B)||6 — 67| < 71||9 0*)1%.

This concludes the proof. O
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G.2 Properties of sub-Gaussian random vectors

In this section we derive some auxiliary results on sub-Gaussian random vectors. Following (Vershynin, 2018) and
(Jin et al., 2019), we rely on the following definition.

Definition 1. A random vector X € R? with E[X] = 0 is called sub-Gaussian with variance prozy o > 0, if for
any vector v € R?,

Elexp{(v, X)}] < exp{|lv[|*s?/2} .
In this case, we write X € SG(o?).
Lemma 19. Let X € SG(0?) be a d-dimensional sub-Gaussian vector. Then for any A € [0,1/Cx],

Efexp{\| X|*}] < exp{ACx} (71)

where Cx = 4do?.

Proof. Let Y ~ N(0,1;) be a random vector independent of X. Then for fixed 2 € R?, we have
exp{All[|*} = Elexp{(z, V2AY)}] .
Hence, we have for A € [0,1/(20?)):
Elexp{AIX|I*}] = Elexp{(X,vV2)Y)}] < Efexp{Ac®[[Y[*}] < (1 - 2)0%) "2
Note that
—1/2log(1 —a) < aforac|0,1/2].

Then, we have for X € [0,1/(402)]:
Elexp{\[X[*}] < exp{2dAc?} .

Hence, (71) holds with Cx = 4do?. O

G.3 Gaussian comparison lemma

There are quite a few works devoted to the comparison of Gaussian measures with different covariance matrices
and means. Among others, we note (Barsov and Ulyanov, 1986), (Gotze et al., 2019), and (Devroye et al., 2018).
We use the result from (Devroye et al., 2018, Theorem 1.1), which provides a comparison in terms of the total
variation distance. Recall that the total variation distance between probability measures p and v on a measurable
space (X, X) is defined as

drv(a,v) = sup [u(B) — v(B)|
Bex
With a slight abuse of notation, when X and Y are random vectors with distributions p and v, respectively, we
write drv(X,Y") instead of dry(u,v). The following lemma holds:

Lemma 20. Let ¥1 and o be positive definite covariance matrices in R4, Let X ~ N(0,%1) and
Y ~ N(0,%5). Then

3 _
drv(X,Y) < 212282~ Tlle

Recall that our primary aim in this paper is to obtain convergence bounds in the convex distance

dc(X,Y)= sup |P(XeB)-P(YeB),
BEC(R4)

where C(R?) is a collection of convex sets on R?. We can immediately obtain the result for convex distance from
Lemma 20, since
de(X,Y) <drv(X,Y).
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H Numerical Experiments

To evaluate the behavior of the multiplier bootstrap procedure for constructing confidence sets, we conducted a
series of numerical experiments on synthetic linear and logistic regression problems. The overall experimental
procedure is identical for both models, and we highlight only the model-specific differences below. Our experimental
pipeline follows the main steps outlined in (Fang et al., 2018). Our experiments were conducted on a single
Intel Xeon Gold 6248R CPU (48 cores, 3.0-4.0 GHz), 768 GB RAM, and 240 GB SSD storage, without
GPU accelerators. Code to reproduce the experiments is provided in https://github.com/marina-shesha/
Gaussian-Approximation-and-Multiplier-Bootstrap-for-Stochastic-Gradient-Descent.

H.1 Experimental Setup

For each of 1024 trajectories, we generate a dataset (X,y) with sample sizes N €
{10000, 20000, 30000, 40000, 50000} and d = 5 features. For both models, the true parameter vector is
fixed as

Brue = [1.0,1.0, 0.1, —0.1, —0.1].

For each trajectory we run the SGD algorithm with step sizes

o = 200
" (20000 + n)0-85 7

and compute the Polyak-Ruppert averaged estimator 6,,.

To assess coverage probabilities, we employ a multiplier bootstrap procedure. For each trajectory, we generate
Npoot = 256 bootstrap trajectories. In each bootstrap run, the step sizes a,, are multiplicatively perturbed by
independent random variables drawn from a Beta distribution:

n - E n
w[w]) ,  where w, ~ Beta(0.5,2) .

For each trajectory length N, we construct confidence intervals for the one-dimensional functional given by
a random projection of the parameter target vector. Specifically, for each trajectory we draw a unit vector
u € S%1 (fixed with all trajectories and its bootstrap replicates) and form confidence intervals for the scalar
target parameter. The coverage probabilities for this scalar target parameter are then estimated using three
approaches:

1. Empirical Quantiles: We compute the empirical quantiles of the N0t bootstrap replicates and check
whether the target parameter belongs to the determined interval.

2. Standard Deviation—Based Confidence Intervals: We construct confidence intervals based on the
sample standard deviation of the bootstrap replicates and verify whether target parameter belongs to the
determined interval.

3. Overlapping Batch Mean (OBM) Estimator (Meketon and Schmeiser, 1984; Flegal and Jones,
2010): For the trajectory with N = 50000, we estimate the asymptotic variance as follows:

b n—by, 9 1 t+b,—1
~2 _ n 0 _gn T 1) = — 0.
70 = gy 2 (G =0T =g 30 0

Using this estimated asymptotic variance, we construct confidence intervals and check whether the target
parameter lies within them. The procedure is repeated for several values of the batch size b,,, and we select
the one that provides the best coverage performance for the 0.95 confidence interval.

The coverage probabilities are obtained by averaging the indicator of interval inclusion over all 1024 trajectories.


https://github.com/marina-shesha/Gaussian-Approximation-and-Multiplier-Bootstrap-for-Stochastic-Gradient-Descent
https://github.com/marina-shesha/Gaussian-Approximation-and-Multiplier-Bootstrap-for-Stochastic-Gradient-Descent

Gaussian Approximation and Multiplier Bootstrap for Stochastic Gradient Descent

H.2 Linear Regression

The feature vectors X; € R? are sampled uniformly from [—1,1], and the response is generated according to
Y; = X, Oirue + €, € ~ N(0,0.02%).

Then the target parameter is equal to 6i;ye. The results are summarized in Table 1.

Table 1: Comparison of Different Estimation Methods for Linear Regression Problem

(a) Empirical Quantiles

Trajectory length 0.95 0.90 0.80
10000 0.964844  0.936523 0.855469
20000 0.958008 0.919922 0.852539
30000 0.961914 0.927734 0.839844
40000 0.963867 0.924805 0.834961
50000 0.957031 0.920898 0.829102

(b) Standard Deviation-Based Confidence Intervals

Trajectory length 0.95 0.90 0.80
10000 0.967773 0.943359 0.859375
20000 0.963867 0.927734 0.852539
30000 0.964844 0.932617 0.844727
40000 0.967773 0.934570 0.837891
50000 0.959961  0.924805 0.825195

(c) Overlapping Batch Mean Estimator

Batch size (by,), Trajectory length 0.95 0.90 0.80
1700, 50000 0.890625 0.818359 0.712891

H.3 Logistic Regression
Here, X; € RP are sampled uniformly from [—1, 3], and responses follow the distribution
P(Yi=1) = 0(X; Orue) , PYi=-1)=1-P(Y;=1).

where o(-) denotes the sigmoid function. We minimize the Lo-regularized logistic loss with regularization parameter

A =104 .
Ostar = ind E|—1 2|62
o =gl o )| 0}

Since there is no closed-form solution, we estimate the target parameter g¢,, by running one long SGD trajectory
of length 10% and computing Polyak-Ruppert averaged estimator along this trajectory. The results are summarized
in Table 2.

H.4 Discussion

Both empirical quantiles and confidence intervals based on standard deviation are variants of the bootstrap
procedure, and in our experiments they provide coverage very close to nominal levels across the entire trajectory
length. In contrast, the Overlapping Batch Mean estimator systematically underestimates the coverage even
when the trajectory length is rather large (N = 50000.). Moreover, the procedure itself is very sensitive to the
choice of batch size b,, which moderate heuristics for this problem available (Flegal and Jones, 2010).
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Table 2: Comparison of Different Estimation Methods for Logistic Regression Problem

(a) Empirical Quantiles

Trajectory length 0.95 0.90 0.80
10000 0.947266 0.901367 0.806641
20000 0.940430 0.909180 0.800781
30000 0.943359 0.903320 0.798828
40000 0.943359 0.894531 0.814453
50000 0.945312 0.888672 0.785156

(b) Standard Deviation-Based Confidence Intervals

Trajectory length 0.95 0.90 0.80
10000 0.961914 0.915039 0.833984
20000 0.955078  0.921875 0.826172
30000 0.958984 0.916016 0.822266
40000 0.952148 0.906250 0.825195
50000 0.955078 0.913086 0.815430

(c) Overlapping Batch Mean Estimator

Batch size (by,), Trajectory length 0.95 0.90 0.80
2500, 50000 0.920898 0.856445 0.743164
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