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Abstract

Attention-based neural network sequence models such as transformers have the
capacity to act as supervised learning algorithms: They can take as input a sequence
of labeled examples and output predictions for unlabeled test examples. Indeed,
recent work by Garg et al. has shown that when training GPT2 architectures
over random instances of linear regression problems, these models’ predictions
mimic those of ordinary least squares. Towards understanding the mechanisms
underlying this phenomenon, we investigate the dynamics of in-context learning of
linear predictors for a transformer with a single linear self-attention layer trained
by gradient flow. We show that despite the non-convexity of the underlying
optimization problem, gradient flow with a random initialization finds a global
minimum of the objective function. Moreover, when given a prompt of labeled
examples from a new linear prediction task, the trained transformer achieves small
prediction error on unlabeled test examples. We further characterize the behavior
of the trained transformer under distribution shifts.

1 Introduction

Transformer-based neural networks have quickly become the default machine learning model for
problems in natural language processing, forming the basis of ChatGPT [OpenAl| 2023]], and are
increasingly popular in computer vision [[Dosovitskiy et al.,[2021]]. When trained on sufficiently large
and diverse datasets, these models are often able to perform in-context learning (ICL): when given a
short sequence of input-output pairs (called a prompt) from a particular task as input, the model can
formulate predictions on test examples without having to make any updates to the parameters.

Recently, |Garg et al.|[2022]], von Oswald et al.|[2022], Akyiirek et al.|[2022] initiated the investigation
of ICL from the perspective of learning particular function classes. At a high-level, this refers to when
the model has access to instances of prompts of the form (z1, h(x1), ..., 2n, h(N), Tquery) Where
24, Tquery are sampled i.i.d. from a distribution D, and h is sampled independently from a distribution
over functions in a function class H. The transformer succeeds at in-context learning if when given a
new prompt (7, h'(21), ..., 2y, B’ (), Tguery) corresponding to an independently sampled 7' it is
able to formulate a prediction for x,,,, that is close to b’ (g, ) given a sufficiently large number of
examples V. However, this leaves open the question of how it is that gradient-based optimization
algorithms over transformer architectures produce models which are capable of in-context learning.

In this work, we investigate the learning dynamics of gradient flow in a simplified transformer
architecture when the training prompts consists of random instances of linear regression datasets. We
establish that for a class of transformers with a single layer and with a linear self-attention module
(LSAs), gradient flow on the population loss with a suitable random initialization converges to a global
minimum of the population objective, despite the non-convexity of the underlying objective function.
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Next, we characterize the learning algorithm that is encoded by the transformer at convergence,
as well as the prediction error achieved when the model is given a test prompt corresponding to
a new (and possibly nonlinear) prediction task. Then, we use this to conclude that transformers
trained by gradient flow indeed in-context learn the class of linear models. Moreover, we characterize
the robustness of the trained transformer to a variety of distribution shifts. We show that although
a number of shifts can be tolerated, shifts in the covariate distribution of the features x; can not.
Motivated by this failure under covariate shift, we consider a generalized setting of in-context learning
where the covariate distribution can vary across prompts. We provide global convergence guarantees
for LSAs trained by gradient flow in this setting and show that even when trained on a variety of
covariate distributions, LSAs still fail under covariate shift. We then empirically investigate the
behavior of large, nonlinear transformers when trained on linear regression prompts. We find that
these more complex models are able to generalize better under covariate shift, especially when trained
on prompts with varying covariate distributions.

2 Preliminaries

In-context learning We begin by describing a framework for in-context learning of function classes,
as initiated by Garg et al.[[2022]. In-context learning refers to the behavior of models that operate on
sequences, called prompts, of input-output pairs (z1,y1, ..., 2N, YN, Tquery), Where y; = h(z;) for
some (unknown) function h and examples x; and query query. The goal for an in-context learner is
to use the prompt to form a prediction J(zquery) for the query such that (zquery) = h(Zquery)-

From this high-level description, one can see that at a surface level, the behavior of in-context learning
is no different than that of a standard learning algorithm: the learner takes as input a training dataset
and returns predictions on test examples. For instance, one can view ordinary least squares as an
‘in-context learner’ for linear models. However, the rather unique feature of in-context learners is
that these learning algorithms can be the solutions to stochastic optimization problems defined over a
distribution of prompts. We formalize this notion in the following definition.

Definition 2.1 (Trained on in-context examples). Let D, be a distribution over an input space X,
H C V¥ aset of functions X — ), and Dy a distribution over functions in H. Let £ : Y x Y — R
be a loss function. Let S = Upen{(21,91,...,Zn,Yn) : ©; € X,y; € YV} be the set of finite-
length sequences of (z,y) pairs and let Fo = {fp : S x X — Y, 6 € O} be a class of functions
parameterized by 0 in some set ©. For N > 0, we say that a model f : § x X — Y is trained on
in-context examples of functions in H under loss £ w.r.t. (D, D.) if f = fo+ where 0* € © satisfies

0" € a’rgmineeeEP:(a?l;h(il)a--wIN;h($N)7Iquery) [6 (fG(P)» h(xquery))] ) (D

where x;, Tquery bd- D, and h ~ Dy are independent. We call N the length of the prompts seen
during training.

As mentioned above, this definition naturally leads to a method for learning a learning algorithm
from data: Sample independent prompts by sampling a random function h ~ D4 and feature vectors

T, Tquery ry D,., and then minimize the objective function appearing in (I) using stochastic gradient
descent or other stochastic optimization algorithms. This procedure returns a model that is learned
from in-context examples and can form predictions for test (query) examples given a sequence of
training data. This leads to the following natural definition that quantifies how well such a model
performs on in-context examples corresponding to a particular hypothesis class.

Definition 2.2 (In-context learning of a hypothesis class). Let D, be a distribution over an input
space X, H C V¥ a class of functions X — Y, and Dy a distribution over functions in ‘H. Let
0:)Y x Y — Rbealoss function. Let S = Upen{(Z1,Y1,.--+Tn,Yn) : Ti € X,y; € Y} be the set
of finite-length sequences of (z,y) pairs. We say that a model f : S x X — Y defined on prompts of
the form P = (z1, h(x1), ..., 2z, h(2 ), Tquery) in-context learns a hypothesis class 4 under loss
¢ with respect to (D, Dy,) if there exists a function Mp,, p_(¢) : (0,1) — N such that for every
e € (0,1), and for every prompt P of length M > Mp,, p,(¢),

EP:(‘/EI7h(x1)7"'1zﬂfah(1:]\/f)’xquery) [6 (f(P)7 h (xquery))] <eg, 2)

.o . ii.d.
where the expectation is over the randomness in T;, Tquery ~ Dy and h ~ Dy.
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Note that in order for a model to in-context learn a hypothesis class, it must be expressive enough
to achieve arbitrarily small error when sampling a random prompt whose labels are governed by
some hypothesis h. With these two definitions in hand, we can formulate the following questions:
suppose a function class Fg is given and Dy corresponds to random instances of hypotheses in a
hypothesis class H. Can a model from Fg that is trained on in-context examples of functions in
H w.rt. (D, D,) in-context learn the hypothesis class H w.r.t. (Dy, D;)? How large must the
training prompts be in order for this to occur? Do standard gradient-based optimization algorithms
suffice for training the model from in-context examples? How many in-context examples Mp,, b, ()
are needed to achieve error €? In the remaining sections, we shall answer these questions for the
case of one-layer transformers with linear self-attention modules when the hypothesis class is linear
models, the loss of interest is the squared loss, and the marginals are (possibly anisotropic) Gaussian
marginals.

Linear self-attention networks In this work, we consider a simplified version of the single-layer
self-attention module [[Vaswani et all 2017]. Let z; € R? and y; € R denote the feature vector
and its label, and E € RFTDXIVFL) e an embedding matrix that is formed using a prompt
(®1,Y1,-- -, TN, YN, Tquery) Of length N. The specific expression of token matrix and the linear
self-attention(LSA) layer are defined as
e ETWERE
E = (f,} o x"(“fW) - ReaB0) = E+WE =)

Here, we have § = (WXQ WPV, where WX is the merged key-query matrix and W*V the
merged projection-value matrix. p is the normalizer which is the width of token matrix £ minus
one. Under the above token embedding, we take p = IN. The prediction for the token xqyery is the
bottom-right entry of the output matrix, namely, Yquery = Yquery (E;0) = [fLsa(E; 0)](d41),(N+1)-

Training procedure We assume training prompts are sampled as follows. Let A be a posi-
tive definite covariance matrix. Each training prompt, indexed by 7 € N, takes the form of
P. = (z:1,hr(Tr,), ., Tr N, B (T, N), 1 query), Where task weights w, L N(0, I), inputs
Triy L7 query bl N(0, A), and labels h.(x) = (w,, x). Each prompt corresponds to an embedding
matrix £, formed using the transformation (3). We denote the prediction of the LSA model on the
query label in the task 7 as ¥ query. In this paper, we consider the gradient flow over the population
loss, which captures the behavior of gradient descent with infinitesimal step size and has dynamics

given by the following differential equation:

d 1

ae = 7VL(0)7 L(G) = E]Ewr,xﬁl,m »Tr, N >Tr query [(:Z/\T,query(E; 9) - <w‘rax‘r,query>)2} . (4)

For the initialization, we assume

.
WEV(0) = o (Vxd 1) ypre) =, (99 Oa) )
0 1 0] 0

where ¢ > 0 is a parameter, and let © € R*? be any matrix satisfying [|[©0 7|z = 1 and
OA # 0g4xq- This initialization is satisfied for a particular class of random initialization schemes: if
M has i.i.d. entries from a continuous distribution, then by setting @0 " = MM " /| MM " ||, the
assumption is satisfied almost surely. At a high-level, this initializations allow for the layers to be
‘balanced’ throughout the gradient flow trajectory. Random initializations that induce this balanced-
ness condition have been utilized in a number of theoretical works on deep linear networks [Du et al.|
2018}, |Arora et al.| 2018, 2019, |Azulay et al., 2021]]. We leave the question of convergence under
alternative random initialization schemes for future work.

3 Main results

3.1 Global convergence and prediction error for new tasks

In this section, we prove that under suitable initialization, gradient flow will converge to a global
optimum. Due to the space limit, we leave the rigorous proof in the appendix.



126
127
128
129

130

131
132

133
134
135
136

137
138
139

140
141
142
143
144

145
146

147
148
149

150
151

152

154
155
156
157
158
159
160

161

162
163
164
165
166

Theorem 3.1 (Convergence and limits). Consider gradient flow of the linear self-attention network
fLsa over the population loss @). Suppose in (3) the initialization scale o > 0 satisfies o2 ||T||opVd <
2. Then, the gradient flow converges to a global minimum of the population loss in @). Moreover,
WPV and WK converge to WFV and wke respectively, where

r-t o Odxa O
WEQ — o1 Dowrv oo (P %) p s iy DAt a6
0, 0 0, 1 N N

where ¢ = [tr (Ffz)] 1/4 is a constant.

We note that if we restrict our setting to A = I, then the limiting solution described found by
gradient flow is quite similar to the construction of [von Oswald et al.|[2022].

Next, we would like to characterize the prediction error of the trained network described above
when the network is given a new prompt. In fact, we can generalize to test prompts which could
take a significantly different form than the training prompts. Consider prompts that are of the form
(1,Y1,- -+, TM, YM, Tquery) Where, for some joint distribution D over (z,y) pairs with marginal

distribution D,, ~ N(0, A), we have (x;, y;) H D and Zquery ~ N(0, A) independently. Note that
this allows for a label y; to be a nonlinear function of the input x;. The prediction of the trained
transformer for this prompt is then

M

~ (1 _ .

Yquery = x;eryf ! <M Z%%) ~ x;eryA 1]E[yx] = xc—qruery (argmlnE[(y - <w7x>)2]> - (D
i=1

weRd

Here, when N and M are large, the approximation comes from I'"! ~ A~! and strong law of large
numbers. The expectation above is over (z,y) ~ D. This result suggests that trained transformers
in-context learn the best linear predictor over a distribution when the test prompt consists of i.i.d.
samples from a joint distribution over feature-response pairs. In the following theorem, we formalize
the above and characterize the prediction error when prompts take this form.

Theorem 3.2 (Generalization error). Let D be a distribution over (x,y) € R? x R, whose

marginal distribution on x is D, = N(0,A). Assume the test prompt is of the form P =
iid.

(T1,Y1s- -y TAL, YM, Tquery)s Where (2i,Y:), (Tquerys Yquery) = D. Let f{'sp be the LSA model

with parameters WPV and WK in @), and Yquery is the prediction for xquery given the prompt.

Assume Eply|, Ep|zy], Ep[y?zx ] exist and are finite. Then, we have

-~ 2 . 2 1 1
E (yquery - yquery) = “r)rgéld E (<w7 xquery) - yquery) + O (M + m y (8)

where the expectation is over (Z;,Y;), (Tquerys Yquery) D and O(:) hides problem-dependent
quantities such as d and A.

This theorem shows that, provided the length of prompts seen during training (/N') and the length of
the test prompt (M) is large enough, a transformer trained by gradient flow from in-context examples
achieves prediction error competitive with the best linear model. Moreover, our bound shows that
the length of prompts seen during training and the length of prompts seen at test-time have different
effects on the expected prediction error: ignoring dimension and covariance-dependent factors, the
prediction error is at most O(1/M + 1/N?), decreasing more rapidly as a function of the training
prompt length N compared to the test prompt length M/. When D corresponds to noiseless linear
models, the error for the best linear predictor vanishes, and a simpler expression for the generalization
risk is given in Appendix [E]

3.2 Behavior of trained transformer under distribution shifts

Using the identity (7), it is straightforward to characterize the behavior of the trained transformer
under a variety of distribution shifts. In this section, we shall examine a number of shifts that were first
explored empirically for transformer architectures by (Garg et al.| [2022]. Although their experiments
were for transformers trained by gradient descent, we find that (in the case of linear models) many of
the behaviors of the trained transformers under distribution shift are identical to those predicted by
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our theoretical characterizations of the performance of transformers with a single linear self-attention
layer trained by gradient flow on the population.

Following [Garg et al.| [2022], for training prompts of the form (z1, h(x1),..., 2N, h(TN), Tquery)
let us assume ;, Zquery BN Dtrain and h ~ DY, while for test prompts let us assume z; i Drest,

Tquery ~ Diery»> and h ~ D3t We will consider the following distinct categories of shifts:

Task shifts: D" # Di™;  Query shifts: D, # Di™;  Covariate shifts: D" # DI,
In the following, we shall fix D" = N(0, A) and vary the other distributions. Recall from (7)) that
the prediction for a test prompt (21, ¥1, ..., TN, YN, Tquery) is given by (for N large), it holds that

1 M 1 M
auery = Tquen, T (M > ym) N Tquery AT (M > yﬁ“) . ®
i=1 i=1

Task shifts. These shifts are tolerated easily by the trained transformer. As Theorem [E.T|shows,
the trained transformer is competitive with the best linear model provided the prompt length during
training and at test time is large enough. In particular, even if the prompt is such that the labels y; are
not given by (w, z;) for some w ~ N(0, I;), the trained transformer will compute a prediction which
has error competitive with the best linear model that fits the test prompt.

For example, consider a prompt corresponding to a noisy linear model, so that the prompt consists of a
sequence of (x;,y;) pairs where y; = (w, ;) + &; for some arbitrary vector w € R and independent
sub-Gaussian noise ¢;. Then from (7), the prediction of the transformer on query examples is

1 M 1 M 1 M

~ T a1 Z I S | Z T T A-1 Z
Yquery ~ mqueryA M Yili | = xqueryA M Z;T; w +mqueryA M EiLy

i=1 i=1 i=1

Since ¢; is mean zero and independent of x;, this is approximately :chueryw when M is large. And

note that this calculation holds for an arbitrary vector w, not just those which are sampled from an
isotropic Gaussian or those with a particular norm. This behavior coincides with that of the trained
transformers observed by |Garg et al.|[2022].

Query shifts. Continuing from (9), it holds that Jquery ~ Zyery A" (ﬁ Z?il xeLT) w since

y; = (w, z;). From this we see that whether query shifts can be tolerated hinges upon the distribution
of the z;’s. Since DY2" = DIt if M is large then

Jaery ~ Tquery A~ AW = Tguer, 0. (10)
Thus, very general shifts in the query distribution can be tolerated. On the other hand, very different
behavior can be expected if M is not large and the query example depends on the training data. For
example, if the query example is orthogonal to the subspace spanned by the x;’s, the prediction will
be zero, as was observed with transformer architectures by (Garg et al.| [2022].

Covariate shifts. In contrast to task and query shifts, covariate shifts cannot be fully tolerated
in the transformer. This can be easily seen due to the identity (O): when DI £ DIt then the

approximation in (I0) does not hold as 1\714 Zf\il x;z; will not cancel ' ~! when M and N are large.
For instance, if we consider test prompts where the covariates are scaled by a constant ¢ # 1, then

M
Uquery x;rueryAfl i Z ] | ~ x;eryAflczAw = czx;—ueryw # x;rueryw.
=1

This failure mode of the trained transformer with linear self-attention was also observed in the trained
transformer architectures by (Garg et al.|[2022]. This suggests that although the predictions of the
transformer may look similar to those of ordinary least squares in some settings, the algorithm
implemented by the transformer is not the same since ordinary least squares is robust to scaling of
the features by a constant.

It may seem surprising that a transformer trained on linear regression tasks fails in settings where
ordinary least squares performs well. However, both the linear self-attention transformer we consider
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and the transformers considered by |Garg et al.|[2022] were trained on instances of linear regression
when the covariate distribution D, over the features was fixed across instances. This leads to the
natural question of what happens if the transformers instead are trained on prompts where the
covariate distribution varies across instances, which we explore in the following section.

3.3 Transformers trained on prompts with random covariate distributions

The linear self-attention transformer we considered was trained on instances of linear regression
when the covariate distribution D, over the features was fixed across instances. This leads to
the natural question of what happens if the transformers instead are trained on prompts where
the covariate distribution varies across instances. Let us assume that the covariate distribution
D, for each task is sampled from a distribution A, and and training prompts for each task are

(1, h(z1),..., 2N, h(TN), Zquery) Where z;, Tquery b D, and h ~ Dy. In this paper, the covariate
distributions are sampled by first sampling a diagonal matrix A, = diag (A, : ¢ € [d]) where A, ;
are independent, strictly positive a.s. and have finite third moments. We then sample x;, Zquery ~
N(0,A;) and w ~ N(0,I;) with y,; = (w,z,;) and form the token embedding matrix and
linear self-attention network (3) as before, and again consider gradient flow on the population loss.

We show that in this Setting, gra- Test on Random Covariance, Scale = 1.0 Test on Random Covariance, Scale = 4.0
dient flow with a suitable ran- o | 4

dom initialization converges to s ‘
a global minimum of the popula-
tion loss. However, at this global
minimum, the transformer does " =\
not in-context learn the hypoth- \__
esis class with varying covari-

o
>
w

squared error

,
L

squared error
o

|

o
°
|
|
)
o

0 20 40 60 80 100 0 20 40 60 80 100
ate distributions even when the in-context examples in-context examples
. ’ .. -=-- LSA Limit fixedcov_N70 = randomcov_N40 randomcov_N100
prompt length in the training and — fixedcou N40  — fixedcov NI00  —— randomcov N70 —— Least Squares

test time go to infinity (See Theo-

rem and the following discus- Figure 1: Normalized prediction error for GPT2 as a function of the number of in-context test
sion). We further examined this examples M when trained on in-context examples of linear models in d = 20 dimensions.
) . . . Colored lines correspond to different training context lengths (N € {40, 70,100}) and
random covariance case €mPpIri-  different training procedures (either a fixed identity covariance matrix or random diagonal
ca]ly on standard GPT?2 architec- covariance matrices with each diagonal element sampled i.i.d. from the standard exponential
: distribution). The gray dashed line shows the prediction error of zero estimator and the black

ture. We found that when trained dashed line that of LSA model when M, N — oo. The GPT2 models achieve smaller error
on fixed covariance data, the  when they are trained on random covariance matrices with larger contexts, but their prediction

GPT2 model will struggle with error spikes when evaluated on contexts larger than those they were trained on.

the random covariance prompt at

test time if the variance is large.

When trained on random covariance data however, the model performs better for test prompts from
higher-variance random covariance matrices, but still fails to match the performance of least squares.
More details about random covariance case and experiments on GPT2 are in Appendix [Fand

4 Conclusion and future work

In this work, we investigated the dynamics of in-context learning of transformers with a single linear
self-attention layer under gradient flow on the population loss, when trained on prompts consisting
of random instances of noiseless linear models over anisotropic Gaussian marginals. Despite non-
convexity, suitable random initialization leads to convergence to a specific global minimum. We
found that the trained transformer is robust to task and some query distribution shifts but brittle to
distribution shifts between training and test covariates, aligning with empirical observations from|Garg
et al.|[2022]. Future directions include exploring whether similar results apply to stochastic gradient
descent with more general initializations and finite step sizes. There’s also interest in understanding
in-context learning dynamics in deep, nonlinear transformers beyond the single linear self-attention
layer studied. Another intriguing direction is to determine how those more complex models like GPT2
provably show robustness against certain types of distribution shifts, especially over linguistic data.
Additionally, while current in-context learning focuses on fixed covariate distributions, understanding
its dynamics when these distributions vary across prompts, especially as larger transformers show
promise but remain sub-optimal, is a compelling research avenue.
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A Notations

In this section, we briefly describe the notation we use in the paper. We write [n] = {1,2,...,n}. We

use ® to denote the Kronecker product, and Vec the vectorization operator in column-wise order.

For example, Vec (:1)) ?1) = (1,3,2,4)". We write the inner product of two matrices A, B € R™*"

as (A, B) = tr(AB"). We use 0,, and 0,, ., to denote the zero vector and zero matrix of size n
and m X n, respectively. For a general matrix A, Ay. and A.; denote the k-th row and k-th column,
respectively. We denote the matrix operator norm and Frobenius norm as ||-[| ,,, and [|-|| . We use Iy
to denote the d-dimensional identity matrix and sometimes we also use I when the dimension is clear

from the context. For a positive semi-definite matrix A, we write ||z := T Az. Unless otherwise
defined, we use lower case letters for scalars and vectors, and use upper case letters for matrices.

B Additional related works

The literature on transformers and non-convex optimization in machine learning is vast. In this
section, we will focus on those works most closely related to theoretical understanding of in-context
learning of function classes.

As mentioned previously, (Garg et al.| [2022] empirically investigated the ability for transformer
architectures to in-context learn a variety of function classes. They showed that when trained on
random instances of linear regression, the models’ predictions are very similar to those of ordinary
least squares. Additionally, they showed that transformers can in-context learn two-layer ReLU
networks and decision trees, showing that by training on differently-structured data, the transformers
learn to implement distinct learning algorithms. A number of works further investigated the types
of algorithms implemented by transformers trained on in-context examples of linear models [|Ahuja
et al.| 2023| |/Ahuja and Lopez-Paz, 2023].

Akyiirek et al.| [2022] and von Oswald et al.| [2022] examined the behavior of transformers when
trained on random instances of linear regression, as we do in this work. They considered the setting
of isotropic Gaussian data with isotropic Gaussian weight vectors, and showed that the trained
transformer’s predictions mimic those of a single step of gradient descent. They also provided a
construction of transformers which implement this single step of gradient descent. By contrast, we
explicitly show that gradient flow provably converges to transformers which learn linear models
in-context. Moreover, our analysis holds when the covariates are anisotropic Gaussians, for which a
single step of vanilla gradient descent is unable to achieve small prediction errorE]

Let us briefly mention a number of other works on understanding in-context learning in transformers
and other sequence-based models. [Han et al.| [[2023]] suggests that Bayesian inference on prompts can
be asymptotically interpreted as kernel regression. |Dai et al.|[2022] interprets ICL as implicit fine-
tuning, viewing large language models as meta-optimizers performing gradient-based optimization.
Xie et al.|[2021]] regards ICL as implicit Bayesian inference, with transformers learning a shared
latent concept between prompts and test data, and they prove the ICL property when the training
distribution is a mixture of HMMs. Similarly, [Wang et al.| [2023]] perceives ICL as a Bayesian
selection process, implicitly inferring information pertinent to the designated tasks. [Li et al.|[2023a]
explores the functional resemblance between a single layer of self-attention and gradient descent on
a softmax regression problem, offering upper bounds on their difference. Min et al.|[2022] notes
that the alteration of label parts in prompts does not drastically impair the ICL ability. They contend
that ICL is invoked when prompts reveal information about the label space, input distribution, and
sequence structure.

Another collection of works have sought to understand transformers from an approximation theoretic
perspective. |Yun et al.|[2019}2020|] established that transformers can universally approximate any
sequence-to-sequence function under some assumptions. Investigations by [Edelman et al.|[2022],
Likhosherstov et al.|[2021]] indicate that a single-layer self-attention can learn sparse functions of
the input sequence, where sample complexity and hidden size are only logarithmic relative to the

'To see this, suppose (x:,%;) are i.id. with  ~ N(0,A) and y = (w,z). A single step of gradient
descent under the squared loss from a zero initialization yields the predictor x — z' (% > yimi) =

xz’ (L, :czxj) w = " Aw. Clearly, this is not close to =" w when A # I.
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sequence length. Further studies by [Pérez et al.[[2019], Dehghani et al.| [2019]], [Bhattamishra et al.
[2020] indicate that the vanilla transformer and its variants exhibit Turing completeness. |Liu et al.
[2023]] showed that transformers can approximate finite-state automata with few layers. |Bai et al.
[2023]] showed that transformers can implement a variety of statistical machine learning algorithms
as well as model selection procedures. |Abernethy et al.|[2023]] showed that a pretrained transformer
can be used to define a transformer that segments a prompt into examples and labels and learns to
solve a sparse retrieval task. Zhang et al. [2023]] interpreted in-context learning via a Bayesian model
averaging process.

A handful of recent works have developed provable guarantees for transformers trained with gradient-
based optimization. Jelassi et al.|[2022] analyzed the dynamics of gradient descent in vision trans-
formers for data with spatial structure. |Li et al.| [2023c]] demonstrated that a single-layer transformer
trained by a gradient method could learn a topic model, treating learning semantic structure as
detecting co-occurrence between words and theoretically analyzing the two-stage dynamics during
the training process.

Finally, we note a concurrent work by |Ahn et al.|[2023]] on the optimization landscape of single layer
transformers with linear self-attention layers as we do in this work. They show that there exist global
minima of the population objective of the transformer that can achieve small prediction error with
anisotropic Gaussian data, and they characterize some critical points of deep linear self-attention
networks. In this work, we show that despite nonconvexity, gradient flow with a suitable random
initialization converges to a global minimum that achieves small prediction error for anistropic
Gaussian data. We also characterize the prediction error when test prompts come from a new
(possibly nonlinear) task, when there is distribution shift, and when transformers are trained on
prompts with possibly different covariate distributions across prompts.
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C Linear self-attention and training procedure

C.1 Linear self-attention and the prediction

Before describing the particular transformer models we analyze in this work, we first recall the
definition of the softmax-based single-head self-attention module [Vaswani et al.,|2017]]. Let E' €
R? ¥4~ be an embedding matrix that is formed using a prompt (z1,¥1,... JEN, YN, Tquery) Of
length N. The user has the freedom to determine how this embedding matrix is formed from the
prompt. One natural way to form F is to stack (z;, ;)" € R*! as the first N columns of E and
to let the final column be (Zquery, 0) 5 if 7; € R%, y; € R, we would then have d. = d + 1 and
dy = N+ 1. Let WK W@ € R%*de and WY € R% > be the key, query, and value weight
matrices, WF € R X4 the projection matrix, and p > 0 a normalization factor. The softmax
self-attention module takes as input an embedding matrix E of width d and outputs a matrix of the
same size,
KT
faren (E; WE W WY WP = E+WPWVE - softmax (WE)pVVE) ,
where softmax is applied column-wise and, given a vector input of v, the i-th entry of softmax(v) is
given by exp(v;)/ >, exp(vs). The dy % dx matrix appearing inside the softmax is referred to as
the self-attention matrix. Note that fau, can take as its input a sequence of arbitrary length.

In this work, we consider a simplified version of the single-layer self-attention module, which is
more amenable to theoretical analysis and yet is still capable of in-context learning linear models.
In particular, we consider a single-layer linear self-attention (LSA) model, which is a modified
version of faw, Where we remove the softmax nonlinearity, merge the projection and value matrices
into a single matrix WV € R% > and merge the query and key matrices into a single matrix
WHEQ ¢ Rdexde We concatenate these matrices into § = (W@ WFV) and denote
TiwKQ
EWTEE (an
p

We note that recent theoretical works on understanding transformers looked at identical models [[von
Oswald et al., 2022} [Li et al., 2023bl |Ahn et al.,[2023]. It is noteworthy that recent empirical work has
shown that state-of-the-art trained vision transformers with standard softmax-based attention modules
are such that (W) TW® and WXWV are nearly multiples of the identity matrix [Trockman and
Kolter, 2023, which can be represented under the parameterization we consider.

fisa(E;0) =E+WFPVE.

The user has the flexibility to determine the method for constructing the embedding matrix from a
prompt P = (21,Y1,..., TN, YN, Tquery)- In this work, for a prompt of length /N, we shall use the
following embedding, which stacks (z;,4;) " € R4 into the first N columns with (Zquery,0) " €
R+ as the last column:

E = E(P) _ (371 T2 e IN xquery) c R(d—i—l)X(N—‘rl). (12)

yi Y2 - YN 0

We take the normalization factor p to be the width of embedding matrix £ minus one, i.e., p = dy —1,
since each element in E - E'T is a inner product of two vectors of length d . Under the above token
embedding, we take p = IN. We note that there are alternative ways to form the embedding matrix
with this data, e.g. by padding all inputs and labels into vectors of equal length and arranging them
into a matrix [[Akytirek et al.l 2022], or by stacking columns that are linear transformations of the
concatenation (x;,y;) [Garg et al., 2022]], although the dynamics of in-context learning will differ
under alternative parameterizations.

The network’s prediction for the token xquery Will be the bottom-right entry of matrix output by fisa,
namely,

Yquery = yquery(E§ 0) = [fLSA(E; 0)](d+1),(N+1)~
Here and after, we may occasionally suppress dependence on 6 and write Jquery (E; 0) as Jquery- Since

the prediction takes only the right-bottom entry of the token matrix output by the LSA layer, actually
only part of WPV and WX affect the prediction. To see how, let us denote

KQ KQ
WPV — ( WhEY  whY € RUHDX(@+])  prKQ _ Wi Wiy € RUEHDx(@+1)
(wi") T wiy”
(13)
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where WEY € R4 BV wlV e RE: whY € R; and W9 e RT*4: i@ K9 e R wh? e
R. Then, the prediction Jqyery is

. EET wike
Yquery = ((in)T wQPEV) . < N > ((ng)T Tquery, (14)

since only the last row of W'V and the first d columns of W@ affects the prediction, which means
we can simply take all other entries zero in the following sections.

C.2 Training procedure and the initialization

In this work, we will consider the task of in-context learning linear predictors. We will assume
training prompts are sampled as follows. Let A be a positive definite covariance matrix. Each training
prompt, indexed by 7 € N, takes the form of P, = (2,1, h (27 ),..., 27 N, b (7 N), T7 query)
where task weights w. B N(O, I4), inputs ; ;, T+ query P N(0, A), and labels h,(z) = (w,, ).

Each prompt corresponds to an embedding matrix E., formed using the transformation (3):

I Tr1 Tr2 e Tr N L7 quer (d+1)x(N+1)
E; = g ey ) e R :
T <<w‘rvx‘r,1> <’LU7—,33'7-,2> e <wT1xT,N> 0 )

We denote the prediction of the LSA model on the query label in the task 7 as J- query. Which is the
bottom-right element of fisa(E;), where fisa is the linear self-attention model defined in (3). The
empirical risk over B independent prompts is defined as

B 2
- 1 R
L(@) = @ Tz::l (yr,query - <w7—71’7—,query>> . (15)

We shall consider the behavior of gradient flow-trained networks over the population loss induced by
the limit of infinite training tasks/prompts B — oo:

L~ 1 -
L(a) - Bh—r>noo L(e) - ngT,zT,l,m \ T, N T query [(y‘r,query - <w'r; xT,query>)2] (16)

Above, the expectation is taken w.r.t. the covariates {z, ; }¥ ;U {Zquery } in the prompt and the weight

. Lid. . .
vector Wy, 1.6. OVer - ;, Tquery N N(0, A) and w, ~ N(0, I). Gradient flow captures the behavior
of gradient descent with infinitesimal step size and has dynamics given by the following differential
equation:

d
3= "VLO). (17)

We will consider gradient flow with an initialization that satisfies the following.

Assumption C.1 (Initialization). Let ¢ > 0 be a parameter, and let © € R¥*? be any matrix
satisfying |00 7 || r = 1 and OA # 045 4. We assume

0 0 ee’ o
WPV (0) =0 ( gid f) ., WERW) =0 ( o od> . (18)
d

This initialization is satisfied for a particular class of random initialization schemes: if M has i.i.d.
entries from a continuous distribution, then by setting ©0T = MM " /|| MM " || , the assumption
is satisfied almost surely. The reason we use this particular initialization scheme will be made more
clear when we describe the proof, but at a high-level this is due to the fact that the predictions (T4) can
be viewed as the output of a two-layer linear network, and initializations satisfying Assumption [C.1]
allow for the layers to be ‘balanced’ throughout the gradient flow trajectory. Random initializations
that induce this balancedness condition have been utilized in a number of theoretical works on deep
linear networks [Du et al., [2018| |Arora et al.,|2018, 2019} |Azulay et al., 2021]]. We leave the question
of convergence under alternative random initialization schemes for future work.
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D Theorem [3.1 and the proof

We first formally describe the theorem on global convergence and the expression for the limits:
Theorem D.1 (Convergence and limits). Consider gradient flow of the linear self-attention network
fisa defined in (B)) over the population loss (16). Suppose the initialization satisfies Assumption|[C.1|
with initialization scale o > 0 satisfying o%||T||,p\/d < 2 where we have defined

1 1

Di= (14 < ) A+ —tr(A)I; € R4,
( + N) + N I‘( ) d

Then gradient flow converges to a global minimum of the population loss (16). Moreover, WV and

WHEQ converge to WPV and wke respectively, where

wre= e () e (U V)

0; 0 o] 1

D.1 Proof of Theorem [D.1]

In this section, we briefly outline the proof sketch of Theorem|[D.1]

D.1.1 Equivalence to a quadratic optimization problem

We recall each task 7 corresponds to a weight vector w, ~ N(0, I;). The prompt inputs for this
task are z, ; bid- N(0, A), which are also independent of w,. The corresponding labels are y, ; =
(wr, 7 ;). For each task 7, we can form the prompt into a token matrix E, € REFDX(N+1) 59 in

(3), with the right-bottom entry being zero.

The first key step in our proof is to recognize that the prediction Yquery(Er; ) in the linear self-
attention model can be written as the output of a quadratic function « H,u for some matrix H, de-
pending on the token embedding matrix £, and for some vector u depending on § = (WXQ WFV),
This is shown in the following lemma, the proof of which is provided in Appendix [D.2.1]

Lemma D.2. Let E, € RUTDX(NHD) be an embedding matrix corresponding to a prompt of length
N and weight w.. Then the prediction Yquery(E-; 8) for the query covariate can be written as the
output of a quadratic function,

@\query(E-r; 0) = UTHTuv

where the matrix H is defined as,

o lX ® (ETETT> € REFDx(@+1)?  x ( Odxd . Trauery | p(d+1)x(d+1)
T 2 T N bl T (x ) 0
T,query

(20
and

u=Vec(U) € R’ [ = U“T W2 ) o R+ x(d+1)
(U21) U—1

where Uy = WﬁQ € R4 yyp = wlhV € R uy, = nglQ € Ry = wl) e R
correspond to particular components of WFV and WX®, defined in (13).

This implies that we can write the original loss function (I3) as
1 & 2
L=gp Z (" Hru — w! T query) - (21)
T=1

Thus, our problem is reduced to understanding the dynamics of an optimization algorithm defined in
terms of a quadratic function. We also note that this quadratic optimization problem is an instance of

14
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a rank-one matrix factorization problem, a problem well-studied in the deep learning theory literature
[Gunasekar et al.,[2017, |Arora et al., 2019, |Li et al., 2018, |Chi et al., 2019, Belabbas|, 2020, L1 et al.|
2020, Jin et al.| 2023| |Soltanolkotabi et al., [2023].

Note, however, this quadratic function is non-convex. To see this, we will show that H, has
negative eigenvalues. By standard properties of the Kronecker product, the eigenvalues of H, =

1 E,ET . 1 . E,ET .
5 X7 ® | == | are the products of the eigenvalues of 5 X and the eigenvalues of —5=. Since

E,E] is symmetric and positive semi-definite, all of its eigenvalues are nonnegative. Since E, E.|
is nonzero almost surely, it thus has at least one strictly positive eigenvalue. Thus, if X has any
negative eigenvalues, H . does as well. The characteristic polynomial of X is given by,

1 —Zr r
det(ul — X;) = det ( - o y) = 17 (12 = Nz quen ) -

—Zr query H

Therefore, we know almost surely, X has one negative eigenvalue. Thus H. has at least d + 1
negative eigenvalues, and hence the quadratic form « " H,u is non-convex.

D.1.2 Dynamical system of gradient flow

We now describe the dynamical system for the coordinates of u above. We prove the following lemma

in Appendix

Ui ui2

Lemma D.3. Let u = Vec (U) := Vec ( -
(U21) U—1

) as in Lemma Consider gradient flow

over

1 2
L= iE (uTHTu — w:xmuery) (22)
with respect to u starting from an initial value satisfying Assumption|[C.1} Then the dynamics of U

follows

d

EUll(t) = —u? TAU A + u_1A?

i (23)
&U—l(t) = —tr [U_erUllA(Ull)T — A2(U11)T] s

and u12(t) = 04,u21(t) = Oq forall t > 0, whereI' = (1 4+ &) A + & tr(A)I; € R4,

We see that the dynamics are governed by a complex system of d? + 1 coupled differential equations.
Moreover, basic calculus (for details, see Lemma shows that these dynamics are the same as
those of gradient flow on the following objective function:

g: RdXd x R — R7 Z(Uu,u,l) = tr %U%erUllA(Ull)T — U,1A2(U11)T . (24)

Actually, the loss function / is simply the loss function L in (22) plus some constants that do not
depend on the parameter u. Therefore our problem is reduced to studying the dynamics of gradient
flow on the above objective function.

Our next key observation is that the set of global minima for 7 satisfies the condition u_1U; =T~ L

Thus, if we can establish global convergence of gradient flow over the above objective function l
then we have that u_1 (t)U1 (t) = T~y 0o AL

Lemma D.4. For any global minimum of ?, we have
u_1Uyp =TI L (25)
Putting this together with Lemma|D.3| we see that at those global minima of the population objective

satisfying Uy = (cl")*l, u_1 = cand ujs = ug; = 04, the transformer’s predictions for a new
linear regression task prompt are given by

1 M 1 M
o . _ § Tp-—1 T § : T -1 ~ a1
yquery(E7 6) - M Yix; r Lquery = W M Zix; r LTquery ~ W  Tquery-
i=1 =1
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Thus, the only remaining task is to show global convergence when gradient flow has an initialization
satisfying Assumption[C.1]

D.1.3 PL inequality and global convergence

We now show that although the optimization problem is non-convex, a Polyak-Lojasiewicz (PL)

inequality holds, which implies that gradient flow converges to a global minimum. Moreover, we can

exactly calculate the limiting value of U1 and u_1.

Lemma D.5. Suppose the initialization of gradient flow satisfies Assumption[C1|with initialization
. . 2 2 _ 1 tr(A)

scale satisfying 0= < VAT, forU' = (1 + 5 )A + —*1a. If we define

o2

B VAN (A (A

IAG15 [2 = Vdo? |, | >0, 26)
then gradient flow on  with respect to U11 and u_1 satisfies, for any t > 0,

ol ol
8U11 au_l

2

[viwn@.ua)], =

. Ui €RIXd 41 ER

27)
Moreover, gradient flow converges to the global minimum of ¢, and U1y and u_1 converge to the
following,

lim u_y() = [P 3 and Jim Un(t) = [T7Y| 5 T (28)

t—o00 F

With these observations, proving Theorem [D.T|becomes a direct application of Lemma[D.2}[D:3] [D.4]
and Lemma|[D:3] It then only requires translating U1 and u_; back to the original parameterization
using W'V and WKQ,

D.2 Proof for supporting lemmas

In this section, we prove Lemma[D.2] Lemma[D.3] Lemma|[D.4Jand Lemma[D.5] Theorem %is a
natural corollary of these four lemmas when we translate u_; and U1 back to WPV and WE@,

D.2.1 Proof of Lemma[D.2]

For the reader’s convenience, we restate the lemma below.

Lemma D.2. Let E, € RUHDXNY pe an embedding matrix corresponding to a prompt of length
N and weight w. Then the prediction Yquery(E~; 0) for the query covariate can be written as the
output of a quadratic function,

@\query(ET; 0) = UTH‘ruv
where the matrix H is defined as,

o —-1x (ETETT> € REFD x(@d+1)?  x ( Oaxad . Travery | pd+1)x(d+1)
T,query

(20)
and
d+1)? Un e d+1)x (d+1
u=Vec(U) e R4+ 7 = € RU+DX(d+1)
(u21)’  u—q
where Uy, = WE? € R4 uyy = whY € R uy = wh® € Ry = whY € R
correspond to particular components of WYV and WE®, defined in (13).

Proof. First, we decompose Wpy and Wi in the way above. From the definition, we know gjmue,y
is the right-bottom entry of fi sa(F.), which is

R - E.E] Ui
Yr,query = ((U12) u—l) N ( )T Lr,query -

U21

16
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621 We denote u; € R as the i-th column of ( (UZST> and xiyquery as the i-th entry of =, query for
622 i € [d]. Then, we have

Y7, query

d d
; E.E] E-E]
:Zw‘r,query ((Ulz)T ufl) ( N ) Ui = Ztr |:uz ((U12)T 7—’471) * L7 query (N):|
i=1 =1

Uil - E.ET
=tr | Vec ((UIZ)T u—l) * Lo quer Y =
<(U21)T>] A N
E,E]
1 Un U12 T Ui U12 Od(d+1)xd(d+1) Tr query @ ( N )
=—tr | Vec - Vec - . . B ET
2 (uz1) U_q (u21) U_1 Tr query @ ( o ) O(d4+1)x(d+1)
1 E.ET
:§tr {uuT.XTQb( NT )]
= <HT, uuT> .
623 Here, we use some algebraic facts about matrix vectorization, Kronecker product and trace. For
e24 reference, we refer to [Petersen et al., [ 2008]]. L]

625 D.2.2 Proof of Lemma[D.3

626 For the reader’s convenience, we restate the lemma below.

Uiy U12

627 Lemma D.3. Let u = Vec (U) := Vec (( ) as in Lemma Consider gradient flow

u21)  uU_1
628 over

1
L= SE(u Hyu—w] T query) (22)

620 with respect to w starting from an initial value satisfying Assumption[C.1| Then the dynamics of U
630 follows

d

&Uu(t) = —u? ,TAU A +u_1A?
d
&u,l(t) = —tr [u1PAUA(Un) T — A% (Un) 7],
63t and uia(t) = 0g,u21(t) = 0g forallt > 0, where I = (1 + %) A+ % tr(A) I € RIx4,

(23)

632 Proof. From the definition of L in (Z2)) and the dynamics of gradient flow, we calculate the derivatives
633 of u. Here, we use the chain rule and some facts about matrix derivatives. See Lemma for
634 reference.

du

i —2E ((H,uu" )H;) u + 2E (0] 27 query Hr ) u. (29)

635 Step One: Calculate the Second Term We first calculate the second term. From the definition of
636 H,, we have

d

1 . E. B!

B 7] = 53 [0t ) 0 (wE2EE ).
=1

637 For ease of notation, we denote
N
—~ 1 T
A= N g Ty il ;e (30)
i=1

.
638 Then, from the definition of E’]f =, we know

~ L - ~
E.E] B Ar + 57 query * Tr query Aw,
N TA w,

wy A, w,

17



e39  Since w, ~ N(0, ;) is independent of all prompt inputs and query input, we have

1 [ 7 U)Z_ T,query * :u r 0
§§E _(IT,queryXT) ® <N (x “ eyom e 0)>:|
d _ .
1 7 w:' T,query ° -—,l——u n 0
:5 ZlE _]E {(Ifﬂuery‘x"’) ® (N <x a eyom aueny 0>)] xquUEFY]
d i i
P S i et | RO
=1 L

640 Therefore, we have

) KT KTU)-,—
E [ng;T queryH. ZE l Lr.query ) @ (w; (wIKT wTTKrwr))] .

e41  Since X, only depends on @, query by definition, and x, query is independent of w, and x,;,7 =

ea2 1,2,..., N, we have
B X)oF[w | M A
(mr,query T) ® Wr :K w:KTwT.
Ogxa A; E(wi)A AE(wiw,)
® ) .
Al 0 E(wiw)A E(wiw!Aw,)
Oaxa N @ Oaxa As
A 0 AT o)
643 where A; denotes A.;. Here, the second line comes from the fact that IEKT = A, and that w, is

44 independent of all prompt input and query input. The last line comes from the fact that w, ~ N(0, I).
645 Therefore, simple computation shows that

E [w;rx‘r,queryHT] =

N | =

DN | =

N | =

& s &
i Mg i Mg i Mg
= = =

1/(0 A
E [w:l'ﬂr,queryH'r] u=z ( d(d+1)i<rd(d+1) ) " U, (31)
2 A 0(d+1)x(d+1)
646 where
Vi+ VlT
d
A= Vo + V2T c Rd(dﬂ)x(dﬂ)7 vV = Odxd Zi:l Aij A _ Oaxa AA; € R(A+Dx(d+1)
0 0 0 0
Vg + Vd—r

(32)
Step Two: Calculate the First Term Next, we compute the first term in (29), namely
D :=2E ((H,,uu')H,u).

647 For simplicity, we denote Z, := %ETETT . Using the definition of H in (20) and Lemma , we
648 have

D = 2E ((H-, uuT>H7.u) (definition)

- %E [tr (XT ® Z, Vec (U) Vec (U)T) (X, ® Z,) Vec (U)}
(definition of H, in 20) and u = Vec(U))

- %E [tr (Vec(ZTUXT)Vec(U)T) Vee (Z,UX, )}
(Vec(AXB) = (B" ® A) Vec(X) in Lemma

18



649

650
651
652

653

654

655
656

657
658

659
660

661
662

663

1
= JE [Vec )T - Vec (Z,UX,) - Vec (Z,UX,)

(property of trace operator)

1 d+1
= SE g;l ((ZTUXT)”. Uij) Vec (Z,UX,)

Step Three: u12 and uo; Vanish We first prove that if w12 = uo; = 04, then %Ulg = 04 and

%’L@l = 0g4. If this is true, then these two blocks will be zero all the time since we assume they are
zero at initial time in Assumption@ We denote Aj. and A.; as the k-th row and k-th column of
matrix A, respectively.

Under the assumption that w12 = uo; = 04, we first compute

A T N 1 T
ATwTu—lx-r,query (AT + N Trquery © 'TT,query> Ulle,query

(Z,UX,) = - -
’U.): (A‘r) wru—lx;l—,query ’U.): (AT> Ullxr,query

Written in an entry-wise manner, it will be

(ﬁ‘[—)k: Wt 12t e, k,l e [d]
A+ 227 query - T gy ) Ul1Zrquery k€ [d,l=d+1
(Z:UX0), = (T e S Onrer RE U SNEE)
wy (Ar ) WU 127 Guery led,k=d+1
w] (Ar) Uni s query k=l=d+1

We use D;; to denote the (4, j)-th entry of the (d + 1) x (d + 1) matrix D such that Vec(D) = D.
Now we fix a k € [d], then

d+1

Dyay1 = §E Z ((ZTUXT)ij Uij) (Z:UX7) g asa
=1
1| & 1
=§E ijZZI ((ZTUXT)”- Uij) (Z:UX7)pan | + iE K(ZTUXT)d+1,d+1 “71) (ZTUXT)k,d+1} )

(34)

since U; 441 = Ugy1,; = 0 for any ¢ € [d]. For the first term in the right hand side of last equation,
we fix 4, j € [d] and have

E ((ZTUXT)U Uij) (ZUX,) a1
~ , . 1 .
=E <U2J (A‘r)z w‘ruflxi,query ’ (A‘r + Nx'r,query ) xfﬁquery> N Ullx'r,query> =0,

since w; is independent with all prompt input and query input, namely all z, ; for ¢ € [query], and
w, is mean zero. Similarly, for the second term of (BEI) we have

E ((ZTUXT)d+17d+1 Ufl) (Z:UX7)k g

N N 1
-
=E <u—1w-,— (A7—> U117 query (AT + er,query * L1 query U1%rquery | =0
k:

since [E (w: ) = 0 and w, is independent of all . ; for ¢ € [query]. Therefore, we have Dy, 411 = 0
for k € [d]. Similar calculation shows that Dy, = 0 for k € [d].
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ee4 For k € [d], to calculate the derivative of Uy, 441, it suffices to further calculate the inner product of
665 the d(d+ 1) + k throw of E [w:xmueryHT] and u. From (31)), we know this is

d

1

3 ZAkTAjUdJrl,j =0
j=1

666 given that uio = ug; = 04. Therefore, we conclude that the derivative of Uy, 411 will vanish given
667 U1z = U2y = Oq. Similarly, we conclude the same result for Uy 1 i for k € [d]. Therefore, we know
668 U1z = 04 and usy = 04 for all time ¢ > 0.

669 Step Four: Dynamics of U1; Next, we calculate the derivatives of Uy given u1s = us1 = 04. For
670 a fixed pair of k,[ € [d], we have

Dy = %E i ((ZTUXT)ij Uij) (ZTUXT)kl + %]E K(ZTUXT)d+1,d+1 u_1> (ZTUXT)kl] :

ij=1
671 For fixed ¢, j € [d], we have

]EK(ZTUXT)UUM> (ZTUXT)M} :UijuglEKKTL:waj 2 wT T\T) }

T,query*’ T,query U1 &
— ]2 J l A A
U [ g ) [, (K1)

= Ujjur A jiE {(Kf)i: (KT>;1J :

672 Therefore, we sum over i, j € [d] to get

%E zd: ((ZTUXT)U Uij) (Z,UX,),, | = %u%llE ((KT)k: (T\T)) Un A
ij=1

673 For the last term, we have

%]E (ZeUX D) i1,a1101) (ZUXD) | = %uLE «KT);C: (A,)) oua.

674 So we have
Dy = u2,E ((/A\T)k: (KT)) Un A,

675 Additionally, we have

0d(d+1)xd(d+1) A

-
AT O(d“)x(d“)) ] (1—1)(d+1)+k
(definition)

2 [E (w; @r,query Hr) 1] (=1)(d+1)+k [(

= (O(d+1)><d(d+1) Vi+ V1T> . U
(definition of A in (32))
= Al Aju_y. (definition of V; in (32))

676 Therefore, we have that for k, ! € [d], the dynamics of Uy, is

%Ukl = —u?,E ((KT)k: (KT)) Un A +u_ 1A} Ay,

677 which implies
d N2
&Ull = 7&2_1E ((A.,-) > UllA + U_1A2.

678
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670 From the definition of A, (equation (30)), the independence and Gaussianity of z, ; and Lemma
680 We compute

N 2
E ((KT) 2) _E (;f ; xT,ixL> (definition (30))

N -1 2 1
=5 [E (xrylxj’l)] + NE (xq.yllexﬂlx:,l)
(independence between prompt input)
_N+1,, 1
= TA + 5 tr(A)A. (Lemma[H.2))
681 We define N+1 )
es2  Then, from (29), we know the dynamics of Uy is
d
&Ull = 7u2_1FAU11A+’LL_1A2. (36)

683 Step Five: Dynamics of ©_; Finally, we compute the dynamics of u_;. We have

d
1
Day1,d+1 = §]E Z ((ZTUXT)Z‘J‘ Uij) (ZTUXT)dJrl,dJrl
ij=1
1
+3E [((ZTUXT)d+17d+1u_1) (ZUX0) gira11 | - 37)
684 For the first term above, we have
d
E Z ((Z-,—UX—,—)ij Uij) (ZTUXT)d+1,d+1
ij=1
d ~ ~ .
=U_1 Z UZJE [(AT) -’LUT’LUI . (AT> . Ulle,queryxg—,query} (from @))
i1 i
d ~ ~ .
=u_q Z U;;E [(AT) . (AT) . Una:muery:ci,query] (independence and distribution of w..)
g1 i
d o~ ~
=u_1 Z U;;E [(AT)_ . (AT) . U11A]—] (independence between prompt covariates)
i,j=1 v
d ~ ~ N2
:u_lEtr Z AjUij (A7—> . <A7-) U11 = u_lEtr l:A(Ull)T (AT) U11:|
12
ij=1

—u_; tr [E (KT)Q U11A(U11)T} .
e85 For the second term in (37), we have
E [((ZTUXT)d+1,d+1 u,1> (ZTUXT)d+1,d+1} =u_E [wj (KT) U11m71quefym7—:query(U11)T (Kr) wT}
(from (33))
=u_1Etr [wTwI (KT> Una:nqueryxj,query(Un)T (KT)]

~

—u_ Etr [(KT) UnAU)T (AT)}
E
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686

687

688

689

690

691
692

693
694

695
696

697
698
699

701

702

703

704

705

706
707

Therefore, we know
N2
Dd+1,d+1 =u_qtr |:E (AT) UllA(Ull)T:| .

Additionally, we have

0 A
2 [E (w:xr,queryHT) u] (@41)? = K d(d+1)id(d+1) ) u]
A 0(d+1)x(d+1) (d+1)2
(from @)
= (Vl +Vi L Ve v 0(d+1)X(d+1))d+1; '
(definition of A in (32))
d
= > A AU =t (AUn)TA)
ij=1
Then, from (29), we have the dynamics of u_; is
d
—u_y = —tr [um PAULAUL) T — A*(Unn) '] 9

dt

D.2.3 Proof of Lemma[D.4]

Lemma gives the form of global minima of an equivalent loss function. First, we prove that
gradient flow on L defined in (T6) from the initial values satisfying Assumption [C.I]is equivalent to

gradient flow on another loss function ¢ defined below. Then, we derive an expression for the global
minima of this loss function.

First, from the dynamics of gradient flow, we can actually recover the loss function up to a constant.
We have the following lemma.

Lemma D.6 (Loss Function). Consider gradient flow over L in 22) with respect to u starting from
an initial value satisfying Assumption|[C.1| This is equivalent to doing gradient flow with respect to
U11 and u_q on the loss function

. 1
E(Ull, u_l) =tr |:2’UJ2_1FAU11A(U11)T — ’UJ_1A2((]11)—r . (39)

Proof. The proof is simply by taking gradient of the loss function in (39). For techniques in matrix
derivatives, see Lemma We take the gradient of £ on Uy to obtain

‘1 1
ot —u?  ATTTUNAT 4 2w TAURA —u A% = w®  TAU A —u_q A2,
oUu;; 2 2
since I" and A are commutable. We take derivatives w.r.t. u_1 to get
ol _ T _ A2 T
a =tr [UferUllA(Ull) A (Ull) ] .
U—1
Combining this with Lemma[D.3] we have
d ol d ol
—Upi(t) = — —u_1(t) = — .
di 11( ) 8U117 dtu 1( ) 8’(1,71

We remark that actually this is the loss function L up to some constant. This loss function { can be
negative. But we can still compute its global minima as follows.
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708

709

710

71
712

713

714

715

716

717

718
719

720

721
722
723
724
725

726
727

Corollary D.7 (Minimum of Loss Function). The loss function Cin Lemma @ satisfies

~ 1
i 7 (Un,u_1) = —= tr [A2D!
U11€R£I>}g,lu—1€R ( 1 1) 2 r[ ]

and

- 2
K(Uu,u_l)— min E(Un,u 1 HF2 (u 1A U11A2 — AT~ )H .
U1 €R4¥d u_1 €R F

Proof. First, we claim that
~ 1 1 1 _1 1 1 S\ T 1 21—1
{(Un,umy) = 5t |0 (uABURAS — AT ) (um ABURAS —ATTH) | = Cer[AT ]

To calculate this, we just need to expand the terms in the brackets and notice that I" and A are
commutable:

r [r- (uaabonat = ar~1) (wgabunad - Al“l)q —tr [A’T]

lA U11A Ull) A1/2 - u,lAF_lA%UllA% - u,lA%UllA%F_l)}

= tr [
= tr [FAEUHA(UH) A%} —ugtr {FAF*IA%UUA% - FA%UHA%rﬂ

(@) u® | tr [FAUHA(UH)T] —2u_itr [AQUHA%}

= 2Z(U11,'LL,1) .

Equations (z) and (¢7) use that T" and A commute.

1 1 T
Since I' > 0 and (u,lAEUuA% - Ar—l) (u,lA%UHAa - Ar—l) = 0, we know from
Lemma [H.4] that
]. 1 1 1 1 T
itr |:].—‘ . <U71A§U11A§ - Al"_l) (11,,11\5(]11/\§ - AF_I) :| Z 0,
which implies
~ 1
E(Ull,u_l) Z 75 tr [A2F71} .
Equality holds when
U =T"" wu=1,
so the minimum of ¢ must be — 2 tr [A’T~!] . The expression for 0(Urr,u_y) —minf (Uyy,u_y)
comes from the fact that tr(AT A) = ||A||2F for any matrix A. O

Lemma[D.4]is an immediate consequence of Corollary[D.7] since the loss will keep the same when
we replace (U1, u_1) by (cUy1, ¢~ tu_1) for any non-zero constant c.

D.2.4 Proof of Lemma[D.3

In this section, we prove that the dynamical system in Lemma [D.3]satisfies a PL inequality. Then, the
PL inequality naturally leads to the global convergence of this dynamical system. First, we prove
a simple lemma, which says the parameters in the LSA model will keep ’balanced’ in the whole
trajectory. From the proof of this lemma, we can understand why we assume a balanced parameter at
the initial time.

Lemma D.8 (Balanced Parameters). Consider gradient flow over L in (22)) with respect to u starting
from an initial value satisfying Assumption[C.1} For any t > 0, it holds that

u2_1 = tr [Ull(Ull)T] . (40)

23
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728

729

730

731

732

733

734

735
736
737

738
739

740

741
742

743
744
745

746

747

748

749

Proof. From Lemma we multiply the first equation in (23) by (U11) " from the right to get

d
(dtUn(t)> (U (t))" = —u?  TAULA(UL) T +u_ 1A% (Un) 7.
Also we multiply the second equation in Lemma[D.3]by u_; to obtain
d
<dtu_1(t)> u_l(t) = tr [—UQ_IFAUHA(UH)T + u_lAQ(UH)T] .

Therefore, we have

tr K;tUu(t)> (Uu(t))q = (iuﬂt)) u_1(t).

Taking the transpose of the equation above and adding to itself gives
i tr [Ull (t) (U11 (t))T] = g (’LL 1 (t)2)
dt de ¥ '
Notice that from Assumption[C.I] we know that at ¢ = 0,
u,1(0)2 = 02 = 02 tr [@@T@@T] =tr [UH(O)(UH(O))T] .

So for any time ¢ > 0, the equation holds. O

In order to prove the PL inequality, we first prove an important property which says the trajectories of
u_1(t) stay away from saddle point at origin. First, we prove that u_; (¢) will stay positive along the
whole trajectory.

Lemma D.9. Consider gradient flow over L in 22)) with respect to u starting from an initial value
satisfying Assumption[C1| If the initial scale satisfies

2
0<0<, |—=—, (41)
Va|lry,,

u_q1 > 0.

then, for any t > 0, it holds that

Proof. From Lemma we are actually doing gradient flow on the loss {. The loss function is
non-increasing, because

dig _ dU11 8[7 + du_1 8[7 _ dU11
¢\ dt oUp dt "ou_y /[ dt
We notice that when u_; = 0, the loss function £ = 0. Therefore, as long as £(U11(0),u_1(0)) < 0,
t

then for any time, w_; will be non-zero. Further, since w_1(0) > 0 and the trajectory of w_1 (¢) must
be continuous, we know u_1(¢) > 0 for any ¢ > 0.

Then, it suffices to prove when 0 < o < /ﬁ, it holds that £(U;1(0),u_1(0)) < 0. From
op

Assumption[C.1] we can calculate the loss function at the initial time:

2
du_1

<0.
dt

F

2 ‘

F

(U11(0),u_1(0)) = %4 tr [[AOOTAOO | — o tr [A’00].
From the property of trace, we know
tr [A?00"] = tr [AGOAT] = ||AO|}.
From Von-Neumann’s trace inequality (Lemrna and the fact that ||6)@T H » = 1, we know

tr [AOOTAOOT] < Vd|A0OTAGOT| [Tl,, < Vd|AO|% [|€0 7|, T, = Vd A F LI, -

op —
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766
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768

770

771

772

773
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Therefore, we have

(U (0),u(0) < Y2

0'2 2 2
= Z- I8l [Vdo? T, — 2]

IN

1A% [T, — o* [ A©] 7

From Assumption we know [|[A©| # 0. From (35), we know [T, > 0. Therefore, when

2
0<o<,|——,
\ Vdiril,

Z(Ull(O),u,l(O)) < 0.

we have

From the lemma above, we can actually further prove that the u_1(¢) can be lower bounded by a
positive constant for any ¢ > 0. This will be a critical property to prove the PL inequality. We have
the following lemma.

Lemma D.10. Consider gradient flow over L in (22)) with respect to u starting from an initial value
satisfying Assumption with initial scale 0 < 0 < /ﬁ. For any t > 0, it holds that
op

0'2 2
u_y > | —=———5 ||AO|% |2 — Vdo2 ||T,, | > 0. (42)
' \/ 2V A2, d 3

Proof. We prove by contradiction. Suppose the claim does not hold. From Lemma[D.8] we know
uty = tr [Un(Un)'] = \|U11||§;. From Lemma we know u_; = ||U11]|p . Recall the

definition of loss function:
~ 1
f(Ulhu,l) =tr |:2’U,21FAU11A(U11)T - ’U,1A2(U11)T:| .

Since I' = 0,A > 0, and they commute, we know from Lemma [H.4] that ’'A > 0. Again, since

n
UnA(Un) " = (U11A%> (U11A%> =0, fromLemmawehave tr [%u%lfAUllA(UH)T] >

0. So ~
E(Ull,u_l) Z —tr [U_lAQ(Ull)T} .

From Von-Neumann'’s trace inequality, we know for any ¢ > 0,
—tr [uy A2(Un) ] 2 —Vduy [|A2]|, U]l p = —Vadu?, [A]2, -

Therefore, under our assumption that the claim does not hold, we have

2
~ o ~
(Un,ua) 2 —Vai A2, > =2 A6 [2= Vo [T, | > U14(0), u_1(0).

Here, the last inequality comes from the proof of Lemma[D.9] This contradicts the non-increasing
property of the loss function in gradient flow. O

Finally, let’s prove the PL inequality and further, the global convergence of gradent flow on the loss

function £. We recall the stated lemma from the main text.

Lemma D.5. Suppose the initialization of gradient flow satisfies Assumption[C_1|with initialization
. e 2 2 _ 1 tr(A)

scale satisfying o° < VAL, forU' = (1 + % )A + = 1a. If we define

o2

R

_ T s
T VAR, (T A (A1) |A8]} [2 = Vda? |T,,| >0, (26)
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then gradient flow on  with respect to U171 and u_q satisfies, for any t > 0,

2

> (@(Uu(t),ul(t)) — min Z(U117u1)> .

Uy €RIXdA 44 €R

ol
3u_1

ol

HVKZ(Uu(t)a“*l(t))Hz = o,

F
27)

Moreover, gradient flow converges to the global minimum of 0, and Uy, and u_, converge to the
following,

lim u_y(t) = |[T7Y|Z and lim Uy (t) = ||[07Y| 7 T (28)

t—o00 t—o0

Proof. From the definition and Lemma[D.T0} we have

or
oUn

2
. = ||u2_1FAU11A - u_1A2||;

IV )| > H

9 1 1 1 1\ 4 22
— 2, HFA2 (u_1A2U11A2 _ AT >A2 .

2

A8 [2 — Vdo? ||r||op] HFA% (u_lA%UHA% - AF*I) A

> 072
2Vd ||All;,
(43)

To see why the second line is true, recall that u_; € R and I" and A commute. The last line comes
from the lower bound of u_; in Lemma[D.10] From Corollary [D.7} we know

1 T
l— min E(Ull,u_l) = —tr |:F (u_lA%UHA% - AF’I) (U_lA%UllA% - AF71> :|
Uy €RIXA 41 €R 2
1 A2 1 1 N
=—||I'2 (U_1A2U11A2 — AT )H .
2 F
Therefore, we know that
. 1 1 1 1 1) A 1)? 1P la—2]?
(= min (U < 5 [rad (uaabonat - ar)ad | eebact | flac
Uy €RI%d 1 €R 2 F F F
1 2
= 3 |rat (uoaatonat —ar) ad| e (rotAT) e (A7)

(44)
We compare ([@3) and (@4) to obtain that in order to make the PL condition hold, one needs to let

0.2

P VAR, (A (A1)

1A813 [2 = Va2 |Ir,] > 0.

Once we set this p, we get the PL inequality. The p is positive due to the assumption for o in the
lemma.

From the dynamics of gradient flow and the PL condition, we know

2 2

i g_ min Z(U u ) o dU11 85 + du_1 8!7 _ dU11 _ du_1
dt Ui €RIXA 4 €ER Bl o dt 78(.—]11 de¢ ’871_1 o de F dt
< —pll- i (Ui, u_q) ).
B ‘u< UllGRg}g,lufleR e 1)>
Therefore, we have when ¢t — oo,
0< (- i (U, u_y) < —ut) [£(U11(0),u_1(0)) — i Uiy, u_y)| =0,
o U11€R£g}u71€R ( 1 1) _eXP( a ) |: ( 11( ) " 1( )) U11€RdHXudI,1U71€R ( 1 1):|
which implies
lim |¢— i (Uy1,u_q)| =0.
tiglo[ UlleRgg}u—leR ( o 1):|
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From Corollary [D.7] we know this is
1 1 1 1 2
0t (u-anbonat —ar)| o,
F
Since I" and A are non-singular and positive definite, and they commute, we know

HF% <u_1A%U11A% f Arfl)Hi HA*% 0.

-1 2 1, 1 2
JumUn =17 < oAt i

2
F

This implies u_1U;; — ™! — 0gyxq entry-wise. Since u_; = |U11]] p » we know
w2y = luaUnllp — HF_IHF'

Therefore, we know

1 _1
Jim u_y(t) = [[T7H|% and lim Uy () = [[T7H] .2 T
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7s E  Theorem [3.2]and the proof

794 E.1 Formal statement and discussion
795  First, we formally state the Theorem 3.2 and provide some discussion about the convergence rate of

796  generalization risk.

797 Theorem E.1. Let D be a distribution over (z,y) € R% x R, whose marginal distribution on x is
798 D, = N(0,A). Assume Eply], Ep[zy], Ep[y?za ] exist and are finite. Assume the test prompt is of

ii.d.
799 the form P = (z1,Y1,...,ZM,YM, Tquery), Where (z;,y;), (Tquery, Yquery) ~ D. Let fi'sp be the

800 LSA model with parameters W'V and WEe in (I9), and Yquery is the prediction for T query given the
go1  prompt. If we define

_ T
a:=A 1]E(z)y)~p [zy] , Y :=Eqgy)~p {(xy —E(xy) ) (xy —E(ay) ) } , (45)
g2 then, forT' = A + %A + % tr(A)14. we have,

~ 2 . 2
E (yquery - yquery) = ziréllde E (<w7 xquery> - yquery)

Error of best linear predictor

1 _ 1 2 2 2
+ 2t [ET2A] + 5 [lalP-2s +245(A) lallF-2ps + tr(A)? flalF 24 ]
(46)

o Lid.
803 where the expectation is over (i, Y;), (Zquery, Yquery) ~ D.

go4 Now we make a few remarks on the above theorem before considering particular instances of D
sos where we may provide more explicit bounds on the prediction error.

gos First, this theorem shows that, provided the length of prompts seen during training (/V) and the
go7 length of the test prompt (M) is large enough, a transformer trained by gradient flow from in-context
gos examples achieves prediction error competitive with the best linear model. Next, our bound shows
gog that the length of prompts seen during training and the length of prompts seen at test-time have
sto different effects on the expected prediction error: ignoring dimension and covariance-dependent
s11  factors, the prediction error is at most O(1/M + 1/N?), decreasing more rapidly as a function of the
g12 training prompt length N compared to the test prompt length M.

813 Let us now consider when D corresponds to noiseless linear models, so that for some w € R4,

s14 we have (z,y) = (z,(w,z)), in which case the prediction of the trained transformer is given
815 by (7). Moreover, a simple calculation shows_that the ¥ from Theorem takes the form
st ¥ = ||w|3A + AwwTA. Hence Theorem implies the prediction error for the prompt
817 P = (x1,(w,z1),...,T0M, (W, Tar), Tquery) 18

~ 2
EI17-~-:11\4anuery (yquery - <w’ xquery))

1 _ 1

= o7 {llolfepo + 60202 )} } + 5 {0l -sns + 2 l0llfoes tr(A) + ]2y tr(4)? ]
d+1 1

< S ol + 575 [l + 2wl () + el er(8)?]

sis  The inequality above uses that T" - A. Finally, if we assume that w ~ N(0, I;) and denote & as the
s19 condition number of A, then by taking expectations over w we get the following:

(d+1)tr(A) 1

Eoy,..cont tquso (Gauery = (0, Tauery))” < + 553 [tr(A) +2d tr(A) + tr(A™1) tr(A)?]

M N?
< (d+1)tr(A) n (14 2d + d?k) tr(A)
— M N2 b

s20 From the upper bound above, we can see the rate w.r.t M/ and N are still at most O(1/M) and
82t O(1/N?) respectively. Moreover, the generalization risk also scales with dimension d, tr(A) and
g22 the condition number x. This suggests that for in-context examples involving covariates of greater
823 variance, or a more ill-conditioned covariance matrix, the generalization risk will be higher for
g24 the same lengths of training and testing prompts. Putting the above together with Theorem [E.1|
g25  Definition 2.1 and Definition we get the following corollary.
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Corollary E.2. A transformer with a single linear self-attention layer trained on in-context ex-
amples of functions in {x — (w,z)} wrt. w ~ N(0,1;) and D, = N(0,A) with gradient flow
on the population loss (10) for initializations satisfying Assumption [C.1| converges to the model
fisa(-; W*KQ, WEV). This model takes a prompt P = (x1,Y1, ..., YM, Tquery) and returns a
prediction Yquery fOT Tquery given by

m [fLsa(P; WEQ WEVY) T4 <A+ 1/\+“(A)I>1 < ! EM:yx>
query = [JLSA ) * ) * d+1,M+1 = query 7 d - ilg | -
N N M p

Moreover, the model fisa(-; W WLV in-context learns the class of linear models {x — (w, z)}
with respect to w ~ N(0, 1) and D, = N(0, A), provided M > 2(d + 1) tr(A)e ' and the prompts
seem during training were of length at least N > /2(1 + 2d + d2k) tr(A)e~Y/2, where & is the
condition number of A.

E.2 Proof of Theorem [E.1]
Proof. Unless otherwise specified, we denote [E as the expectation over (2, ¥;), (Zquery, Yquery) bd-
D. Since when (z,y) ~ D, we assume E[z], E[y], E[xy], E[zz "], E[y?zx "] exist, we know that
E ((w, Zquery) — Yquery)” exists for each w € R%. We denote
a = argminE ((w, Tquery) — yquery)2
weRd

as the weight of the best linear approximator. Actually, if we denote the function inside the minimum
above as R(w), we can write it as

R(w) = w' Aw — 2F (yquery . a:;ruery) w + Eyiuery.

Since the Hessian matrix %%ﬁR(w) is A, which is positive definitive, we know that this function

is strictly convex and hence, the global minimum can be achieved at the unique first-order stationary
point. This is

a = Ail]E (yquery : xquery) . (47)
We also define a similar vector for ease of computation:
b= Fil]E (yquery ' xquery) . (48)

Therefore, we can decompose the risk as

~ 2 2 ~ 2
E (yquery - yquery) =E <<a, :L'query> - yquery) +E (yquery - <b, xquery>)

I 1l
+ E ({b, xquery> — (a, xquery>)2 + 2E (Yguery — (b, xquery>) ((a, xquery> - yquery)
I v
+ 2E (Yquery — (b Zquery)) ((b; Tquery) — (@ Tquery))
v
+ 2E ({b, xquery> —{a, xquery>) ((a, xquery) - yquery)
\i
The term I is the first term on the right hand side of {#6). So it suffices to calculate II to VI.

zquery>:|

xwm)«h%%w—%mwwm»]=Q

First, from the tower property of conditional expectation, we have

vth%mw%mww%M@%m»

=2E |:E <§query - <b, xquery)

since

1 '
$query) = (EM Zyir_lxi - b) Lquery = 0.
i=1

E (?/J\query - <b7 xquery>

29



850

851 Similarly, for IV, we have
IV =2E (/y\query - <b» l‘query>) (<a7 -rquery> - yquery)

=2E |:E <(:/y\query - <b7 :L'query>) (<a7 xquery> - yquery)

Lquery yquery> :|

Lquerys yquery> (<CL, Iquery> - yquery):|

=2E |:]E <@\query — <b, ffquery>

=0.

852
853 For VI, we have
VI =2Etr [(b —a) ({a, Zquery) — Yquery) :zquuery]
= 2tr [(b - a)aTA] — 21tr [(b —a)E (yqueryx;ery)] =0,

gs4 where the last line comes from the definition of a. Therefore, all cross terms vanish and it suffices to
855 consider IT and II1.

856

857 For II, from the definition we have

II

M T M
1 § : -1 T -1 1 §
=K <M Yilq — E (yquery : xquery)) r xqueryzqueryr <M Yili — E (yquery ! xquery))
i=1 i=1

| M | M T
=Etr (M Z YiZi — E (yquery : xquery)) (M Z YiZli — E (yQUery . mquery)) F_QA
=1 i=1

(property of trace and the fact that I" and A commute)
1 X S
:W Z Etr {(yzxz —-E (yquery : l'query)) (ijj —E (yquery . xquery)) r A}
ij=1
1 _
:MEH‘ {(ylxl -E (yquery : xquery)) (yll’l —E (yquery . xquery))T r QA}
(all cross terms vanish due to the independence of x;)
1
=57t [XI2A].
858 The last line comes from the definition of 3.
859
se0 For III, we have
nr=E(®b - a)quueryx;ery(b —a)=a ACP—AHAT ! —A"Y)Aa
= tr {(I — FA*1)2 F*2A3aa—r] (property of trace and the fact that I" and A commute)

= % tr [(Id + tr(A)A_1)2 F_2A3aaT}

1
=Nz [tr(F_QA?’aaT) +2tr(A) tr(T72A%aa ") + tr(A)? tr(F_QAaaT)} .

sst  Combining all terms above, we conclude. O
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F Transformers trained on prompts with random covariate distributions

F.1 Main theorem for the random covariance case

In this section, we will consider a variant of training on in-context examples (in the sense of
Definition [2.T)) where the distibution D, is itself sampled randomly from a distribution, and training

prompts are of the form (z1, A(z1),..., 2N, h(ZN), Tquery) Where ;, Zquery b D, and h ~ Dy.
More formally, we can generalize Definition [2.1]as follows.

Definition F.1 (Trained on in-context examples with random covariate distributions). Let A be
a distribution over distributions D, defined on an input space X, H C Y a set of functions
X — Y, and Dy a distribution over functions in H. Let £ : Y x Y — R be a loss function. Let
S = Upen{(z1,Y1, .-, Tn,Yn) : i € X,y; € V} be the set of finite-length sequences of (x,y)
pairs and let

Fo={fo:SxX =Y, 00}

be a class of functions parameterized by some set ©. We say that a model f : S x X — ) is trained
on in-context examples of functions in # under loss ¢ w.r.t. Dy and distribution over covariate
distributions A if f = fg+ where 6* € © satisfies

A argmineeeEP:(xl,h(wl),..A,xN,h(wN),zque,y) [6 (fé)(P)y h(xquery))] , (49)
where Dy ~ A, x;, Tquery - D, and h ~ Dy.

We recover the previous definition of training on in-context examples by taking A to be concentrated
on a singleton, supp(A) = {D, }. The natural question is then, if a model f is trained on in-context
examples from a function class H w.r.t. Dy and a distribution A over covariate distributions, and if
one then samples some covariate distribution D, ~ A, does f in-context learn X w.r.t. (D, D, ) for
that D, (cf. Definition[2.2)? Since D, is random, we can hope that this may hold in expectation or
with high probability over the sampling of the covariate distribution. In the remainder of this section,
we will explore this question for transformers with a linear self-attention layer trained by gradient
flow on the population loss.

We shall again consider the case where the covariates have Gaussian marginals, z; ~ N(0, A), but
we shall now assume that within each prompt we first sample a random covariance matrix A. For
simplicity, we will restrict our attention to the case where A is diagonal. More formally, we shall
assume training prompts are sampled as follows. For each independent task indexed by 7 € [B],
we first sample w,; ~ N(O, I;). Then, for each task 7 and coordinate i € [d], we sample A, ;
independently such that the distribution of each A, ; is fixed and has finite third moments and is
strictly positive almost surely. We then form a diagonal matrix

A =diag(Ar1,- . Ara).

Thus the diagonal entries of A, are independent but could have different distributions, and A is

identically distributed for 7 = 1,..., B. Then, conditional on A, we sample independent and
identically distributed x;1,...,Z+ N, Tr query ~ N(0,A;). A training prompt is then given by
Pr= (271, (Wr,Zr1), -, TN, (Wr, Tr N), Trquery) Notice that here, 2+ ;, T+ query are condition-

ally independent given the covariance matrix A, but not independent in general. We consider the
same token embedding matrix as (3)) and linear self-attention network, which forms the prediction
Uquery,~ as in (I4). The empirical risk is the same as before (see (I3)), and as in (T6), we then take
B — o0 and consider the gradient flow on the population loss. The population loss now includes an
expectation over the distribution of the covariance matrices in addition to the task weight w, and
covariate distributions, and is given by

1 ~
L(0) = §EwmAT,wT,1,--~ J T, N T query [(yﬂquery - <wrvxr,query>)2] . (50)

In the main result for this section, we show that gradient flow with a suitable initialization converges to
a global minimum, and we characterize the limiting solution. The proof will be deferred to Appendix

31



906
907
908
909

910
911

912
913

914

916

917
918
919

920

921
922
923

924
925

926
927

928
929
930

931

932
933

Theorem F.2 (Global convergence in random covariance case). Consider gradient flow of the linear
self-attention network fisa defined in @B) over the population loss (30), where A, are diagonal with
independent diagonal entries which are strictly positive a.s. and have finite third moments. Suppose
the initialization satisfies Assumption|C.1| |[EA,©|| . # 0, with initialization scale o > 0 satisfying

2
o 2IEAGIR
Va [E T, 18-113]

Then gradient flow converges to a global minimum of the population loss (50). Moreover, W'V and
WHER converge to WV and wke respectively, where

=y <[EFTA3]_1 [EA] 0d> |

(S

Wk - ||[Er,42] 7 E [A2]

’

0} 0
‘ (52)
WPV — H [Er,A2] ' E [A2] ‘% [ Vaxa Oa
* T T F 0;— 1 )
where I', = %AT + % tr(A;)Ig € R4 and the expectations above are over the distribution of

A

From this result, we can see why the trained transformer fails in the random covariance case.
Suppose we have a new prompt corresponding to a weight matrix w € R? and covariance matrix
Anew, sampled from the same distribution as the covariance matrices for training prompts, so that

condmonally on Anew We have z;, Tquery b N(0, Apew). The ground-truth labels are given by
yi = (w,;),7 € [M] and Yquery = (W, Tquery). At convergence, the prediction by the trained
transformer on the new task will be
Yauery (53)
LM ] + L ey, LS My [ET AQ}_l [EAZ] 0 x
_ (O;IF 1) M i=1Li queryLquery T Zj/[l iYi TV T d query
M Zi—l zlyi ﬁ D1 y? O; 0 0
2 2711
(802 ] 23 o
—x query [EAQ] []EFTAf] ! - Apeww  almost surely when M — oo. 54)

The last line comes from the strong law of large numbers. Thus, in order for the prediction on the

query example to be close to the ground-truth Zqueryw» We need [EAZ] [ELAZ] "1 Apew to be
close to the identity. When A, = A, is deterministic, this indeed is the case as we know from
Theorem [E.T] However, this clearly does not hold in general when A, is random.

To make things concrete, let us assume for simplicity that M, N — oo so that ', — A, and the
identity (54) holds (conditionally on Aney ). Then, taking expectation over Ay, in (54), we obtain

E [ﬂquery| Lquerys w} - $query [EAZ] [EAf—] - : [EAT] w

i.i.d.

If we consider the case \; ; Exponential(1), so that E[A,] = I, E[A2] = 21,, and E[A3] = 61,

we get
N 1
IEyquery — §<w> xquery>-

This shows that for transformers with a single linear self-attention layer, training on in-context
examples with random covariate distributions does not allow for in-context learning of a hypothesis
class with varying covariate distributions.

F.2 Proof of Theorem [F2l

The proof of Theorem[F2]is very similar to that of Theorem[D.T] The first step is to explicitly write
out the dynamical system. In order to do so, we notice that the Lemma does not depend on
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the training data and data-generaing distribution and hence, it still holds in the case of a random
covariance matrix. Therefore, we know when we input the embedding matrix E to the linear
self-attention layer with parameter § = (WX®@ WV the prediction will be

~ T

yquery(E'r; 0) =u H;u,

where the matrix H, is defined as,

H - }XT 2 (ETETT> € REHD*x(@+)?  x ( Odxd . Trauery | pd+1)x(d+1)
2 N ’ i (z ) 0
T,query

and

2 U wie
u=Vec(U) e RUTV" U = . e R+ x(d+1)
(u21) U—1
where Uy = WﬁQ S RdXd,ulg = wiv S RdX1,U21 = ’lUQKlQ S RdX1,U_1 = wé}v e R
correspond to particular components of WV and WXQ, defined in (T3).

F.2.1 Dynamical system

The next lemma gives the dynamical system when the covariance matrices in the prompts are i.i.d.
sampled from some distribution. Notice that in the lemma below, we do not assume A are almost
surely diagonal. The case when the covariance matrices are diagonal can be viewed as a special case
of the following lemma.

Lemma F.3. Consider gradient flow on (50) with respect to u starting from an initial value that
satisfies Assumption We assume the covariance matrices A, are sampled from some distribution
with finite third moment and A, are positive definite almost surely. We denote u = Vec (U) =

U
Vec <( 1 u12> and define

U21)T U-1

1 1
T, =(1+—= A+ < tr(A) I € R
T <+N> T+Ntr( T)de
Then the dynamics of U follows
d
d—Un(t) = —u’ E [T AU Ar] + u_ E [AZ]
! (55)

&u_l(t) = —U_1 tr & [FTATUllAT(Ull)T] + tr (]E [Af_] (Ull)T) s

and u12(t) = 0g,u21(t) = 04 forall t > 0.

Proof. This lemma is a natural corollary of Lemma[D.3] Notice that Lemma [D.3]holds for any fixed
positive definite A.. So when A is random, if we condition on A, the dynamical system will be

d
—Un1(t) = —u?y Do AU As] 4 u_y [AZ]
dt
; (56)
&U,l(t) = —u_qtr [FTA.,—UHAT(UH)T] + tr ([A?.] (Ull)T) N
and u12(t) = 04, u21(t) = 04 for all ¢ > 0. Then, we conclude by simply taking expectation over
A, O

The lemma above gives the dynamical system with general random covariance matrix. When A, are
diagonal almost surely, we can actually simplify the dynamical system above. In this case, we have
the following corollary.
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Corollary F.4. Under the assumptions of LemmalF.3] we further assume the covariance matrix A to
be diagonal almost surely. We denote u;;(t) € R as the (i, j)-th entry of U11(t), and further denote

N+1

v =E N/\iz Z)\J )

&:Ehz] (57)
(N1

Cij:E + )\2$)\,j+ ’TZ T] ZA‘rk

fori,j € [d], where the expectation is over the distribution of A. Then, the dynamical system (33) is
equivalent to

d .
auii( ) = —YU 1uu + 61“ 1 Vi € [d]a
d ..
&UU( ) C’L] —1Uij Vi # J € [d]7 (58)
d d
Eu‘l(t) == [wuoaud] =) Guoul + Z [€iwii] -
i=1 i#£j i=1

Proof. This is directly obtained by rewriting the equation for each entry of U;; and recalling the
assumption that A, (and hence I';) is diagonal almost surely. O

F.2.2 Loss function and global minima

As in the proof of Theorem [D.I] we can actually recover the loss function in the random covariance
case, up to a constant.

Lemma F.5. The differential equations in (38)) are equivalent to gradient flow on the loss function

1
K,dm(Uu,u,l) =Etr |:2U21FTATU11AT(U11)T — ulAz(Uu)T:|
d (59)

1
[yiu? yuf] + 5 ZQ‘juzﬂfj - Z [Ciuiiu—1]

1 i#] i=1

with respect to u;;Vi, j € [d] and u_1, from an initial value that satisfies Assumption

Mg

1
2

7

Proof. This can be verified by simply taking gradient of ¢4, to show that

d agrdm . d agrdm . . d 8‘grdm
— Uiy = — VEd, — Ui = — V! Gd, —U_1 = — .
dtu 8’&“‘ ! [ ] dtu J 8uij ! ;é J [ ] dtu ! 8u_1
L]
Next, we solve for the minimum of /.4, and give the expression for all global minima.
Lemma F.6. Let {,qm be the loss function in (39). We denote
i gr m = i gr m U s W—1)-
HHHH Brd U11€R‘Iir>}1dr}u—1€R d ( 1 1)
Then, we have
1.2
inlgm = —= Y - 60
min £,q 2 Z i (60)
=1

and

Cram(Ut1,u—1) — min fygm = = Z%(umul ) Zcm u;. (61)

i=1 1;6]
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Moreover, denoting w;; as the (i, j)-entry of Ui1, all global minima of {rqm satisfy

)&

u—1 - u; = I(i = j) v (62)

Proof. From the definition of ¢4, we have

1 &), 1 I8 1
brim = 5 )% (“z‘iU1 - 2) +5 2 Gt -5y 2= o)
2 — f}/l 2 17&] 2 i—1 ’Yz 2 i—1 ’Y’L‘

The equation holds when u;; = 0 for i # j € [d] and u_ju;; = 5— for each ¢ € [d]. This can be
achieved by simply letting u_1 = 1 and u;; = f/— for ¢ € [d]. Of course, when we replace (u_1, u;;)
with (cu_1, ¢ tu;;) for any constant ¢ # 0, we can also achieve this global minimum. [

F.2.3 PL Inequality and global convergence

Finally, to end the proof, we prove a Polyak-Lojasiewicz Inequality on the loss function ¢,q,,, and
then prove global convergence. Before that, let’s first prove the balanced condition of parameters will
hold during the whole trajectory.

Lemma F.7 (Balanced condition). Under the assumptions of Lemmal[F.3| for any t > 0, it holds that
u%l = tr [Ull(Ull)T] . (63)

Proof. The proof is similar to the proof of Lemma From Lemma we multiply the first
equation in (53) by (U11) " from the right to get

dt

Also we multiply the second equation in Lemma[55|by u_; to obtain

[dUll(t)} (Un)" = = E [T,A Ui A (Un) "] +u B [A2(U) 7]

((iul(t)) u,l(t) = —U%l trE [FTATUllAT(Ull)T] +u_1 tr (E [Ag] (Ull)T) 5

Therefore, we have

tr KiUll(t)> (Ull(t))q = (iu_l(t)> u_1(t).

Taking the transpose of the equation above and adding to itself gives
d T d 9
Tt U (t)(Un ()] = o (u—1(2)%).

Notice that from Assumption|C.T] we know that
u_1(0)2 = 0'2 = 0’2 tr [@@T@@T] =tr [UH(O)(UH(O))T] .
So for any time ¢ > 0, the equation holds. O

Next, similar to the proof of Theorem [D.I] we prove that, as long as the initial scale is small enough,
u_1 will be positive along the whole trajectory and can be lower bounded by a positive constant,
which implies that the trajectories will be away from the saddle point at the origin.

Lemma F.8. We do gradient flow on l,qm with respect to u; j (Yi,j € [d]) and u_,. Suppose the
initialization satisfies Assumption[C_I|with initial scale

2|[EA. O
VA BT+, 1A
then for any t > 0, it holds that
u_1(t) > 0. (65)
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Proof. From the dynamics of gradient flow, we know the loss function ¢4y, is non-increasing:

dgrdm Z agrdm duzg aErdm du— |:a€rdm:| |:a€rdm:|2
_ + . =— Z <0.

8u” ou_ 1 (’)uij 6u,1

1,j=1 1,j=1

Since we assume Uy, (0) = ©0 ", we know the loss function at ¢ = 0 is
4
Cram(U11(0),u_1(0)) = Etr [UQPTAT@@TAT@@T — azAfGGT} .
From the property of trace, we know
Etr [0?A200"] = ¢? |[EA, 0|7
From Von-Neumann’s trace inequality and the assumption that ||@G)T H » = 1, we know

4
fEllF lop [4-007 2,667 |

4
E tr JQFTAT@QTAT@GT} <
4 T
<4U \/&H@@ HF [ o*Vd

2 2
From the assumptions on © and A; we know EA;© # 0qxq and E [[T7 ||, [[A~ 13, > 0. Therefore,
comparing the two displays above, we know when (64) holds, we must have ;4 (0) < 0. So from
the non-increasing property of the loss function, we know £,4m (¢) < O for any time ¢ > 0. Notice that
when u_; = 0, the loss function is also zero, which suggests that u_1 (¢) # 0 for any time ¢ > 0.

Since u_1(0) > 0 and the trajectory of w_; must be continuous, we know that it stays positive at all
times. O

2 2
E Tl 1A 13] = 5 [EIT Il A1

Lemma F.9. We do gradient flow on {,qm with respect to u; j (Yi, j € [d]) and u_,. Suppose the
initialization satisfies Assumption|[C_1|and the initial scale satisfies (64). Then, for any t > 0, it holds
that

u () > [21EA 01} — Vo2 [E .|, A 7] 0. ©6)

672
2Vd |[EAZ],,

Proof. From the dynamics of gradient flow, we know £,4y, is non-increasing (see the proof of Lemma
[E:8). Recall the definition of the loss function:

1
Leam(Ur1,u_q1) = Etr LUZ_J‘TATUMAT(UM)T — U—lAi(Un)T] .

Since A, commutes with I and they are both positive definite almost surely, we know that ', A >
04xq almost surely from Lemma Again, since U1 A, (Up;) " = 0gxq almost surely, from
Lemmawe have tr [$u? T7A;Ui1 A, (U11) '] > 0 almost surely. Therefore, we have

érdm(UH,u_l) Z —Etr [U_lAz(Uu)T] = —tr [u_l (EA?_) (UH)T] .

From Von Neumann’s trace inequality (Lemma [H.3)) and the fact that u_;(¢) > 0 forany ¢ > 0
(Lemma , we know Lrgm (U1 (1), u_1(t)) > —vdu_; HEA%HDP |U11]| > - From Lemma

we know u?; = tr(Uy(Up1)") = |\U11||%. Since u_1(t) > 0 for any time, we know actually
u—1(t) = ||U11(t)|| p- So we have

lram (Ui (8), w1 () > —Vdu 1 (1)* [[EAZ||

From the proof of Lemmal[F.8] we know

Cram (Ur1(t), u—1(t)) < lram(U11(0),u—1(0)) <

Combine the two preceding displays above, we have

u_1(t) >

o*Vd
= [EIT g, 1A 11| = o2 [EA, O

o2 ) ;
—————— |2|[EA O} — Vdo? |E T, |A, -0
\/2\/&||EA3||Op[ I e = Vdo { 1T lop I IIFH

The last inequality comes from Lemma[F.g] O
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Finally, we prove the PL Inequality, which naturally leads to the global convergence.

Lemma F.10. We do gradient flow on £,4m with respect to w; ; (Vi, j € [d]) and u_1. Suppose the
initialization satisfies Assumption|[C.1|and the initial scale satisfies (64). If we denote

n=min{y;,i € [d]; §i;,i # j € [d]}

and
2
n-o 2 2 2

vi=—— " |2||EA,O|% — Vdo? |E||T,|| . ||A, >0, 67

AR [2EA 0] (BT Ly 1417 (67)
then for any t > 0, it holds that

d 2 2
oL ol .
||V£rdm(U11a U—1)||§ = Z a;dm + ’aurdnl'n >v (grdm - InlnErdm) . (68)
ij=11""" N

Additionally, {,4qm converges to the global minimal value, u;; and u_, converge to the following
limits,

I

t—o00 ;
i1 Vi

d_ g2 i & d &
lim w;;(t) =1(i = j) - [ 121 . —Z Vi € [d], tlgglo u_1(t) [Z 11 . (69)

Translating back to the original parameterization, we have this is equivalent to

1
_1 -5 _1
lim WXQ(t) = |[Er a2 E[A2]]| 7 [ELAZ] T E[AZ) 0 |
t—oo 0;_ 0
0 0
lim WPV = [ » )
25 0; [[Er-aziTE[A2|

where I'; = M+ L tr(A,)I; € R4 and E is over A

Proof. First, we prove the PL Inequality. From Lemmal[F.6] we know

d 2
1 i 1
érdm(U117u—1) —minlygm = 5 Z%‘ (uiiu—l - i:) + 5 ZQ]‘UQ_W?J',
i=1 i#j
where &;, (i, v; are defined in (]31[) Meanwhile, we calculate the square norm of the gradient of ¢,qp,:

d
IV lrdm (U117, U—l)“; = Z

ij=1

d ¢ 2
2 2 i 2.4 2
= E Vi U (uiiul - > + E GjuZqug;
i=1

7 . .
i#]

2 d

5>

ij=1

agrdm ?

(’)uij

agrdm
(’)uij

2 + agrdm
8u,1

Comparing the two displays above, we know in order to achieve ||V{qm ||§ > v (brdm — minlrgm) ,
it suffices to make

viu1(t)? >

Cijufl(t)z >

Vi € [d],
Vi # € [d].

We define 7 := min {;, (;;,7 # j € [d]}, then it is sufficient to make

V
ICIINE VTN

nu_1(t)* >
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From Lemma[F9] we know that we can actually lower bound u_; from below by a positive constant.
Then, the inequality holds if we take

__ no?
2Vd[|EAZ|,,

Therefore, as long as we take v as above, a PL inequality holds for ¢4, .

[2IEA,]1}. — Vo [E T+, [A-]3]] >0

With an abuse of notation, let us write £,qm(t) = Crdm(U11(t), u—1(t)). Then, from the dynamics of
gradient flow and the PL Inequality ((68)), we know

44
dt

which by Gronwall’s inequality implies

Cegm (1) — min Lgm] = — [ Veam(8)]13 < =1 (b () — min £ygpn) ,

0 < Lgm(t) — min bygm < exp(—vt) [ram(0) — min £ygm] — 0

when ¢t — co. From Lemma[E.6] we know

2
Yi (un‘U1 - 6Z) + Zgjuglu?j — 0 when t — oco.
’ i#j
This implies
&

uu_1 — = Vi€ [(ﬂ,
Vs (70)
UsjU— 1 —0 VZ#]E[d]
We take square of u;;(t)u—1(¢) and w;;(t)u—1(¢), then sum over all i,5 € [d]. Then, we
2
get u 12” LUz = PO 1% From Lemma we know for any ¢t > 0, u_1(t)? =

tr (Ull(Ull) ):ZZZ] 1u . So we have

iy, 1Zu %Zf

i,j=1 i=1 ’YZ

which implies

52
0-[£4]

when ¢ — oco. Combining (70) and (71)), we conclude

d_ g2
uij(t) >0 Vi#jeld], Uii@)_)[z:ig] & Vi € [d)].

38



1058

1059
1060
1061
1062
1063

1064
1065
1066
1067

1068
1069
1070
1071
1072
1073
1074
1075
1076

1077

1078
1079
1080
1081
1082
1083

G Experiments with large, nonlinear transformers

We have shown that even when trained on prompts with random covariance matrices, transformers
with a single linear self-attention layer fail to in-context learn linear models with random covariance
matrices. We now investigate the behavior of more complex transformer architectures that are
trained on in-context examples of linear models, both in the fixed-covariance case and in the random-
covariance case.

We examine the performance of transformers with a GPT2 architecture [Radford et al.,|2019] that are
trained on linear regression tasks with mean-zero Gaussian features with either a fixed covariance
matrix or random covariance matrices. For the fixed covariance case, the covariance matrix is fixed
to the identity matrix across prompts. For the random covariance case, covariates are drawn from

2 ~ N(0, cA) where A is diagonal with \; L Exponential(1) and ¢ > 0 is a scaling factor. We
set ¢ = 1 during training and vary this value at test time. The transformer is trained using the
procedure of (Garg et al.[[2022] (see Appendix G| for more details). We consider linear models in
d = 20 dimensions and we train on prompt lengths of N = 40, 70, 100 with either fixed or random
covariance matrices. The performance of these trained models, when tested on new data with fixed
covariance or random covariance matrices (¢ = 1,4,9), is represented in six curves in Figure @
Using the calculation (54)), we can compare the prediction error for the linear self-attention networks
in the M — oo, N — oo limit (the black dash line) to those of GPT2 architectures. We additionally
compare these models to the ordinary least-squares solution which is optimal for this task.

Test on Fixed Covariance Test on Random Covariance, Scale = 1.0
1.0 {
\
0.8
[9) @ 0.6 \
E ki \ \ AANMAAANAN
<] © 0.4 \
g 2 \
@ @
0.2
[ _ | ---- Zero Estimator
0.0 ---- LSA Limit
—— fixedcov_N40
0 20 40 60 | 80 100 0 20 40 60 | 80 100 fixedcov_N70
in-context examples in-context examples fixedcov_N100
Test on Random Covariance, Scale = 4.0 Test on Random Covariance, Scale = 9.0 —— randomcov_N40
B randomcov_N70
{ | randomcov_N100
\ 8 \ Least Squares

\

\

o

red error
~
H
H
H
squared error
IS

1 \ 2
0 0
0 20 40 60 80 100 0 20 40 60 80 100
in-context examples in-context examples

Figure 2: Normalized prediction error for transformers with GPT2 architectures as a function of the number of in-context test examples M
when trained on in-context examples of linear models in d = 20 dimensions. Colored lines correspond to different training context lengths
(N € {40,70,100}) and different training procedures (either a fixed identity covariance matrix or random diagonal covariance matrices
with each diagonal element sampled i.i.d. from the standard exponential distribution). The four figures correspond to evaluating on either fixed
covariance or random covariance matrices of different scales. The gray dashed line shows the prediction error of zero estimator and the black
dashed line the prediction error of LSA model when M, N — oo. The GPT2 models achieve smaller error when they are trained on random
covariance matrices with larger contexts, but their prediction error spikes when evaluated on contexts larger than those they were trained on.

G.1 Experiment details

Here we provide more details for the experiment in Figure 2] Our experimental setup is based on
the codebase provided by |Garg et al.|[2022]], with a modification that allows for the possibility that
the covariate distribution changes across prompts. We use the standard GPT2 architecture with 256
embedding size, 12 layers and 8 heads [Radford et al.l 2018]] as implemented by HuggingFace [Wolf]
et al.}2020]. For the GPT2 models, we use the embedding method proposed by |Garg et al.|[2022],
where instead of concatenating x and y into a single token, they are treated as separate tokens. It
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is also worth noting that the training objective function for the GPT2 model is different than those
we consider for the linear self-attention network: for the GPT2 model, the objective function is the
average over the full length of the context sequence (predictions for each x; using (zx, Y )k<:), while
in our setting the objective function is only for the final query point. However, in the figure, for both
GPT2 and the linear self-attention model the error plotted corresponds to the error for predicting the
final query point.

In all experiments, covariates are sampled from a mean-zero Gaussian in d = 20 dimensions with
either fixed or random covariance matrix. For the fixed covariance case, we fix the covariance matrix
to be identity; for the random case, the covariance matrices are restricted to be diagonal and all
diagonal entries are i.i.d. sampled from the standard exponential distribution. The linear weights
in all tasks are i.i.d. sampled from standard Gaussian distribution and also independently from all
covariates. We trained the model for 500000 steps using Adam [Kingma and Ba, |2014] with a batch
size of 64 and learning rate of 0.0001. We use the same curriculum strategy of |Garg et al.|[2022] for
acceleration.

For testing the trained model, we used ordinary least squares as a baseline which is optimal for
noiseless linear regression tasks. For prompts at test time, covariates are sampled i.i.d. from a mean-
zero Gaussian distribution. For the fixed-covariance evaluation, the covariance is the identity matrix.
In the random-covariance evaluation, the covariance is a random diagonal matrix with diagonal entries
sampled from the standard exponential distribution, multiplied by a scaling coefficient ¢ € {1,4, 9},
i.e. for each task 7, the covariance matrix in the random case is

AT =cC- dlag ()\.,-,1, ceey AT,d)

where A, ; R Exponential(1) for any 7 and ¢ € [d]. The plots in Figureshow the error averaged
over 642 prompts, where we sample 64 covariance matrices for each curve and 64 prompts for each
covariance matrix. We compute 90% confidence interval over 1000 bootstrap trials for each teat.

From the figure, we can see that the GPT2 model trained on fixed covariance succeeds in the random
covariance setting if the variance is not too large, which shows that the larger nonlinear model is
able to generalize better than the model with a single linear self-attention layer. However, when the
variance is large (¢ = 4, 9 for the bottom two figures), the GPT2 model trained with fixed covariance
is unsuccessful. When trained on random covariance, the model performs better for test prompts from
higher-variance random covariance matrices, but still fails to match least squares when the scaling is
largest (c = 9).

Furthermore, we notice some surprising behaviors when the test prompt length exceeds the training
prompt length (i.e., M > N): there is an evident spike in prediction error, regardless of whether
training and testing were performed on fixed or random covariance, and the spike appears to decrease
when evaluated on prompts with higher variance. Although we are unsure of why the spike should
decrease with higher-variance prompts, the failure of large language models to generalize to larger
contexts than they were trained on is a well-known problem [Dai et al., 2019, |Anil et al.,|[2022]. In
our setting, we conjecture that this spike in error comes from the absolute positional encodings in the
GPT?2 architecture. The positional encodings are randomly-initialized and are learnable parameters
but the encoding for position ¢ is only updated if the transformer encounters a prompt which has a
context of length ¢. Thus, when evaluating on prompts of length A/ > N, the model is relying upon
random positional encodings for M — N samples. We note that a concurrent work has explored
the performance of transformers with GPT2 architectures for in-context learning of linear models
and found that removing positional encoders improves performance when evaluating on larger
contexts [Ahuja et al., [2023]]. We leave further investigation of this behavior for future work.
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H Technical lemmas

Lemma H.1 (Matrix Derivatives, Kronecker Product and Vectorization, [Petersen et al., [ 2008]]). We
denote A, B, X as matrices and x as vectors. Then, we have

. 6x2;53x _ (13 + I;'r) x

* Vec(AXB) = (BT ® A) Vec(X).
o tr (ATB) = Vec(A)T Vec(B).

+ 2 tr (XBXT) = XB” + XB.
« S tr(AXT) =A.

« & tr(AXBX'C)=ATC'XB' + CAXB.

Lemma H.2. If X is Gaussian random vector of d dimension, mean zero and covariance matrix A,
and A € R s a fixed matrix. Then

E[XXTAXXT] =A(A+AT) A+ tr(AN)A.
Proof. We denote X = (X1, ..., X4)". Then,

XXTAXXT = X(XTAX)X T = Z A X X; | xxT.

4,j=1

So we know (XX TAXX ")y, = (Z‘.i

ije1 Aij Xin) X}, X;. From Isserlis’ Theorem in probability

theory (Theorem 1.1 in Michalowicz et al.| [2009]], originally proposed in|Wick|[[1950]), we know for
any 1, j, k,l € [d], it holds that

E[X; X; Xp Xi] = AjjAp + NieAji + Ay Ay
Then, we have for any fixed &, € [d],
d
E(XXTAXX ")y, = Z AijNijAp + Aij AN + Aij Ay Ay
ij=1
=tr(AN) Ay + AL (A+ AT)A,.
Therefore, we know
E(XXTAXXT)=A(A+AT)A+tr(AN)A.

Lemma H.3 (Von-Neumann’s Trace Inequality). Let U,V € R¥"™ with d < n. We have

Zaz oi(V) < [[U]fop x ZUz ) < V- 1Ullop IV (| 7

where 01(X) > 09(X) > - -+ > 04(X) are the ordered singular values of X € R¥*™,

Lemma H.4 ([Meenakshi and Rajian, [1999])). For any two positive semi-definitive matrices A, B €
R4 we have

* tr[AB] > 0.
* AB > Oifand only if A and B commute.
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