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ABSTRACT

Although exsisting continuous-time dynamic graph representation learning meth-
ods have achieved great success by constructing extra features based on temporal
motifs, they fail to fully leverage the spatial and temporal structures of tempo-
ral motifs to model the high-order correlations among nodes. An intuitive and
innovative approach is to incorporate temporal motifs into message passing net-
works, which encounters the following challenges: (1) diverse semantics exhibit in
a temporal motif; (2) complex high-order correlations exist among the constituent
edges of temporal motifs. To this end, we propose a Temporal Motif Message
Passing network (TMMP) for dynamic graph representation learning. Specifi-
cally, a temporal motif extension module is proposed to obtain extended temporal
motifs based on different time window lengths. Then, an attentive temporal mo-
tif encoder is proposed to capture the diverse semantics of temporal motifs. In
addition, a dual hypergraph temporal motif message passing mechanism is pro-
posed to comprehensively model the complex relationships among the constituent
edges. Extensive experiments on four real-world datasets demonstrate that TMMP
achieves the state-of-the-art performance, surpassing the best baseline methods in
both AP and AUC metrics on almost all datasets.

1 INTRODUCTION

Dynamic graphs employ nodes and timestamped egdes to model complex dynamic systems in the
real world, e.g., social networks (Song et al., 2019), e-commerce systems (Kumar et al.,|2019)), and
news event networks (Chen & Chenl |[2024). The fundamental objective of dynamic graph represen-
tation learning is to embed the target nodes into a low-dimensional vector space and simultaneously
preserve both spatial and temporal characteristics of nodes for downstream tasks.

Dynamic graph representation learning methods have attracted growing research interest in recent
years, which can be categoried as discrete-time dynamic graph (DTDG) representation learning
methods (Pareja et al.|[2020; Sankar et al.| |2020) and continuous-time dynamic graph (CTDG) rep-
resentation learning methods (Kumar et al., 2019} Xu et al.| [2020; Rossi et al., 2020). DTDG repre-
sentation learning methods process dynamic graphs as snapshots sequences and separately process
the spatial and temporal information, while CTDG representation learning methods leverage times-
tamped edge sequences to represent dynamic graphs and jointly model both spatial and temporal
dimensions.

Despite the advancements of CTDG representation learning methods, most of them neglect the com-
plex spatial and temporal structures in dynamic graphs. To address this limitation, some CTDG rep-
resentation learning methods have turned to temporal motifs, which are complex subgraph structures
effectively revealing interaction patterns in dynamic graphs. Specifically, through occurrence count-
ing of nodes or edges in the instances of temporal motifs, these methods construct extra features
based on temporal motifs to better capture the complex spatial and temporal structures in dynamic
graphs (Chen et al., [2021} |Wang et al.| 2021b).

Nevertheless, the aforementioned CTDG representation learning methods fail to fully leverage the
spatial and temporal structures of temporal motifs to model the high-order correlations, i.e., si-
multaneous correlations among three or more nodes. An intuitive and innovative approach is to
incorporate temporal motifs into message passing networks. By definition, temporal motifs consist
of three or more nodes, leading them intrinsically suited for modeling the high-order correlations.
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Moreover, the spatial and temporal structures of temporal motifs can naturally guide the direction
of message propagation in the message passing networks. However, this is a non-trivial task and
encounters the following challenges. Firstly, diverse semantics exhibit in a temporal motif. A given
motif may carry distinct semantics under different time window lengths. For example, in financial
networks, a cyclic motif like “AB-BC-CA” with a short time window could indicate suspicious ac-
tivities, e.g., money laundering operations, whereas the same motif with a long time window could
reflect legitimate capital recycling. Secondly, complex high-order correlations exist among the con-
stituent edges of temporal motifs. These edges maintain both explicit high-order correlations, e.g.,
co-occurrence in the same motif, and implicit high-order correlations.

To overcome the aforementioned challenges, we propose a Temporal Motif Message Passing net-
work (TMMP) for dynamic graph representation learning. To the best of our knowledge, TMMP is
the first work that incorporates temporal motifs into message passing networks, which can model
the high-order correlations among nodes. Our main contributions can be summerized as follows:

* We propose a temporal motif extension module to obtain extended temporal motifs based
on different time window lengths. In addition, an attentive temporal motif encoder is in-
troduced to encode and attentively aggregate extended temporal motifs guided by the re-
lationships between nodes and extended temporal motifs, which can capture the diverse
semantics of temporal motifs.

* We propose a dual hypergraph temporal motif message passing mechanism that employs
a heuristic method for explicit hypergraph construction and hypergraph learning for im-
plicit hypergraph construction, which can comprehensively model the complex high-order
correlations among the constituent edges of temporal motifs.

e We validate TMMP on four real-world datasets. Experimental results demonstrate that
TMMP achieves the state-of-the-art performance, surpassing the best baseline methods in
both AP and AUC metrics on almost all datasets.

2 RELATED WORK

Dynamic Graph Representation Learning Method. Existing dynamic graph representation learn-
ing methods primarily fall into two main classes: DTDG and CTDG representation learning meth-
ods. DTDG representation learning methods discretize dynamic graphs into sequences of snap-
shots at predefined time intervals (Zhu et al.l [2016; |[Zhang et al.| 2018} |Singer et al., 2019; |Pareja
et al., 2020; |Sankar et al} [2020). These methods typically apply static graph representation learn-
ing methods on each snapshot and then capture temporal patterns from snapshot sequences. CTDG
representation learning methods represent dynamic graphs as timestamped edge sequences (Nguyen
et al.| 2018} | Kumar et al., [2019; [Trivedi et al.; 2019} [Xu et al., 2020} [Rossi et al., 20205 Wang et al.,
2021b; Souza et al.l 2022; [Zou et al.l 2024). These methods enable direct learning of node rep-
resentations from edges with more temporal information. Recently, CTDG representation learning
methods have turned to extra features. [Yu et al.| (2023)) propose neighbor co-occurrence encodings
to capture the correlations between the historical neighbors of target nodes. [Cheng et al.|(2024)) gen-
erate GPU-accelerated long-term and short-term structural encodings to capture temporal patterns.
Moreover, some of them introduce temporal motifs to capture the complex spatial and temporal
structures. [Wang et al.| (2021b) utilize temporal random walks to search instances of temporal mo-
tifs and constructs relative node identities for nodes in walks. [Chen et al.| (2021)) develop temporal
motif-enhanced edge features combined with a bicomponent neighbor aggregation method to extract
historical and current neighbor information. Nevertheless, they fail to fully leverage the spatial and
temporal structures of temporal motifs to model the high-order correlations. Therefore, we propose
TMMP for dynamic graph representation learning, which is the first work that incorporates temporal
motifs into message passing networks to model the high-order correlations among nodes.

Hypergraph Neural Network. Hypergraph neural networks are generalized graph neural networks,
specialized in modeling the high-order correlations in many fields, e.g., knowledge graph reasoning
(Tang et al.,|2024)), time series analysis (Shang & Chen, 2024;[Shang et al.,2024)), and social network
analysis (Yang et al., 2020). For example, Tang et al.| (2024) introduce two hypergraphs including
entity hypergraph and relation hypergraph to model the high-order correlations among entities and
relations in temporal knowledge graphs. Shang & Chen| (2024) build intra-scale, inter-scale and
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mixed-scale hypergraphs to model the high-order interactions among temporal patterns in multi-
scale time series data. Considering the outstanding capability of hypergraph neural networks in
modeling the high-order correlations, we introduce this framework to model the complex high-
order correlations among the constituent edges of temporal motifs. Specifically, a dual hypergraph
temporal motif message passing mechanism is proposed to comprehensively model the complex
relationships among the constituent edges.

3 PRELIMINARIES

Definition 1 (CTDG). A CTDG can be represented as a chronological timestamped edge sequence
G™ = {e1,ea,...,e,}, where n denotes the number of edges in the CTDG until timestamp 7. Each
edge e; = (u;,v;, t;) indicates there is an interaction between node w; and v; at timestamp ¢;, where
1<i<nandt; <t <.--<t, <.

Definition 2 (Dynamic Graph Representation Learning). Dynamic graph representation learn-
ing aims to learn a mapping function g to project nodes into a low-dimensional vector space R?,
which can model the spatial structures and temporal evolution of dynamic graphs. Given an edge
e = (u,v,t) and a dynamic graph G”, the mapping function g projects node u and v into low-
dimensional representations h! € R? and h! € R?.

Definition 3 (Temporal Motif). A temporal motif can be represented as a chronological times-
tamped edge sequence where edges occur within a specified time window. Formally, A temporal
motif with a time window of length § is defined as m = {ey, ea,- -+ , enr, }, where A,,, denotes the
number of edges in the temporal motif and ¢; < to < --- < tnr, ta,, —t1 < 0.

Definition 4 (Temporal Motif Instance). Given a temporal motif m = {ej,ea,...,exr, } with a
time window of length &, a dynamic subgraph m = {e}, e5,..., €}, } C G7 is an instance of m if
it satisfies the following conditions: (1) m and 7 share the same spatial and temporal structure; (2)
all the edges of m occur within the time window of length 6.

4 METHODOLOGY

4.1 OVERVIEW

The framework of our TMMP is shown in Figure|l| Given an edge (u,v,t), a subgraph encoding
module extracts N historical edges of u and v before timestamp ¢ to construct subgraph G, and G%,.
Next, a temporal motif extension module extends original temporal motifs into extended temporal
motifs based on different time window lengths. An attentive temporal motif encoder is introduced to
encode and attentively aggregate extended temporal motifs. Then, a dual hypergraph temporal motif
message passing mechanism is introduced to perform message passing on the explicit hypergraph
and implicit hypergraph, which are constructed by a heuristic method and hypergraph learning,
respectively. Finally, a Transfomer encoder is used to derive the final representations of u and v at
timestamp ¢, which are aware of high-order correlations among nodes in subgraphs. Link prediction
is performed based on the final representations.

4.2 SUBGRAPH ENCODING MODULE

Subgraph Construction. Subgraphs can reveal the spatial and temporal characteristics of target
nodes. By modeling the high-order correlations among nodes in subgraphs, we can obtain more ex-
pressive representations of target nodes. For clarity in following subsections, given an edge (u, v, t),
we describe the operations only for target node u, with analogous procedures applied to target node
v. Subgraph G', is constructed based on N historical edges of u before timestamp ¢.

Node/Edge Feature. Nodes and edges in G?, possess meaningful features to help model the high-

order correlations, which are denoted by X, € RV~ and X! , € RVs*4= respectively.

Time Encoding. Following Xu et al.[(2020), given x in GZ, we encode the time interval At, = t—t,
between u and x as follows:

B(At,) = \/1/dg[cos(wi Aty), sin(wi Aty), . . ., cos(was Aty), sin(wa, At,)] € R¥ (1)
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Figure 1: The framework of TMMP.

where wy,...,wd, € € R% are trainable parameters and dq, is the time encoding dimension. The
time encodings of nodes in G, is denoted by X 4 € RNsxda

Subgraph Co-occurrence Encoding. To take into account the relationships between G, and G,
we follow |Yu et al.[(2023) to encode the occurrence countings in both GY, and G, of nodes. Sup-
posing G!, contains {a,b,a,d} and G!, contains {b, b, a, c}, the occurrence countings c!, = [2,1],
ch =11,2], ¢! =[0,1], and ¢}, = [1, 0]. Therefore, the occurrence countings of G?, and G, are de-
noted by Ct =[[2,1],1,2],[2,1],[1,0]]" and C!, = [[1,2],[1,2],[2,1], [0, 1]], respectively. Given
C! e RNs X2 , we encode the occurrence countings to obtain subgraph co-occurrence encodings as
follows.

X! ¢ = MLP(C}[:,0]) + MLPc(C}[;, 1]) € RNs*de, (2)
where MLP(+) is an MLP encoder for subgraph co-occurrence encodings.

Node Representation Initialization. To initialize the representations of nodes in G, we align
node features, edge features, time encodings, and subgraph co-occurrence encodings to the same
dimension and concatenate them together, which can be formulated as follows:

dinit
4

Z!, = X! W, +b, € RV~

A 5t 7 3)
Z! = Concat(Z! \, Z . Z' 4, Z!, o) € RNs>dinit,

where W, € Ré* it and b, € R4 are trainable parameters. * is a placeholder, which can be
replaced by N, E, ®, and C.

4.3 TEMPORAL MOTIF EXTENSION MODULE

Temporal Motif Extension. The semantics of temporal motifs with different time window lengths
vary significantly. To capture these various semantics, we first extend original temporal motifs based
on different time window lengths. Given an original temporal motif m, we split its time window
d into Nx extended time windows. Correspondingly, time window length of the i-th extended

temporal motif 7; is d; = idx, where dx = & /Nx.

Affinity Matrix. To construct affinity matrices that can describe the relationships between nodes and
extended temporal motifs in G¢,, we should perform extended temporal motif searching to enumerate
the motif occurrence countings of each node, whose time complexity exponentially scales with the
number of constituent egdes of temporal motifs. Fortunately, (Chen et al.[ (2023)) show motifs with
more than three nodes/edges can be replaced by multiple motifs with three nodes/edges. Therefore,
we only adopt temporal motifs with three edges as original temporal motifs. Figure [2] shows all
temporal motifs with three edges in dynamic graphs.
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Figure 2: All temporal motifs with three edges in dynamic graphs.
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Figure 3: An example of motif occurence counting for afinity matrix.

After searching all the instances of extended temporal m, given z in Gf, with timestamp ¢, ffm €
RN is its motif occurrence countings in all the instances of m, where N3, is the number of extended
constituent edges of m and the number in j-th dimension represents its occurrence counting in the

7-th extended constituent edge.

For my in Figure its constituent edges can be formulated by e; = (x1,x2,t1), e = (x1, T2, t2),
and es = (x1,x3,t3). Figure [3| shows an example of motif occurence counting for afinity matrix.
Figure a) exhibits subgraph G?, and G?, where we search all the instances of my. In Figure
B(b), the instance of my in G¢, is M. = {(u,a,1s), (u,a,8s), (u,d,9s)} and the instances in G,
are ml = {(v,b,3s), (v,b,4s), (v,a,5s)} and M2 = {(v,b, 3s), (v,b,4s), (v, ¢, 6s)}. as denotes
node a with timestamp 1s, which only appears in the first edge of /.. Therefore, in Figure c),

b o, = [1,0,0]. Similarly, f, , = [0,1,0]. bss appears in the first edge of 7, and m; and gets
5’% =[2,0,0]. Similarly, f57b4s =10,2,0].

We normalize fjj’x to obtain affinity vector pf, that describes the relationship between z and m in
Gtu, which can be formulated as follows:

t
Plo= =" eRV. (4)
ZyGGfL fu,y

Then, the affinity matrix that describes the relationship between all nodes and m in GY, can be
denoted by P! € RNs >N,

4.4 ATTENTIVE TEMPORAL MOTIF ENCODER

Based on affinity matrices, we capture the diverse semantics of temporal motifs by encoding and
attentively aggregating extended temporal motifs with different time window lengths. We use
rui = P![:,i] € RNS to represent the affinity vector of i-th extended constituent edge of 7.
Through concatenating the affinity vectors of i-th extended constituent edges of m, we can obtain
Rfm € RNs>*Nx and compute the representations of ¢-th extended constituent edges, which can be
formulated as follows: T~

Ol = (R.,)" Z,We RN, )
where Wy is a trainable parameter.

To take into account the preferences of u to the time window lengths of different original tempo-
ral motifs, we use different preference vectors to attentively aggregate the representations of i-th
extended constituent edges as follows:

g, ; = MultiheadAttention(¢,,,, @', ;, O, ;) € R, (6)

u,i

where qf“ is the representation of i-th constituent edge of m and 1, € R%»it is a parameterized
preference vector for m. Multihead Attention(-, -, -) denotes a multi-head attention network, whose
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three parameters are query matrix, key matrix and value matrix, correspondingly. Then, the repre-
sentations of constituent edges of all original temporal motifs can be denoted by Qf, € R~ X dinic,
where N is the number of constituent edges of all original temporal motifs.

4.5 DUAL HYPERGRAPH TEMPORAL MESSAGE PASSING MECHANISM

Explicit Hypergraph Construction. Previous works employ heuristic methods to construct hy-
pergraphs. For example, [Feng et al.| (2019) build hypergraphs based on the co-authorship among
authors in citation network. Similar to the co-authorship, we generate hyperedges for the explicit
hypergraph by connecting constituent edges that co-occurr in the same motif. Then, we can obtain
an incidence matrix ’H’;E e RMvxdne for the explicit hypergraph, where Ay is the number of
original temporal motifs. If the j-th constituent edge is part of i-th original temporal motif, the ¢-th
hyperedge should contain the j-th constituent edge, which is denoted by (’HZE)Z ; = 1. Otherwise,
(H")ij = 0.

Implicit Hypergraph Construction. To discover the implicit high-order correlations, we first ini-
tialize the hyperedge state § € RVn*diniv a5 trainable parameters, where N, is a hyperparameter,
denoting the number of implicit hyperedges. Then, we can obtain an incidence matrix ’Hff for the
implicit hypergraph as follows:

HE! = Softmax(ReLU(S(Q!)T)) € Rn*dne )

where ReLU(+) and Softmax(-) are non-linear activation functions to eliminate weak connections
and normalize the value of ’HZ’I, respectively.

Constituent Edge to Hyperedge. To model the complex high-order correlations among constituent
edges of temporal motifs, we first perform message propagation from constituent edges to hyper-
edges. This process aims to extract the common features of constituent edges and derive the com-
prehensive representations of hyperedges, which can be formulated as:

E£.° = H,PQ Wy € R X, ®

where 8ij denotes the representations of explicit hyperedges and W;, € R%nit Xdinit ig a trainable
parameter. Similarly, we can obtain the representations of implicit hyperedges.

Hyperedge to Constituent Edge. We perfrom message propagation from hyperedges to constituent
edges. This process aims to model the effect of common features on constituent edges and update
the representations of constituent edges, which can be formulated as:

é; = Concat(Q?,, Hf;Eﬁf;E, 'H’;’ISZ’I)Wq +Q! e R X dinit 9

where éz denotes the updated representations of constituent edges and W, € R3dinie X dinic jg 5

trainable parameter.

Node Representation Update. To propagate the effect of high-order correlations from constituent
edges to nodes in G, we first use attention mechanism to capture the relationships between nodes

u?

and constituent edges as follows:

t exp((Z4):(Q4)T)
R.)ij = /A 0 ’
(Ra) SN exp((Z24):(Q1)T)

where ’R,ft € R9s*dne  Then, we can obtain the updated representations of nodes in Gtu, which can
be formulated as:

(10)

Z! = GELU(LN(RLQL W, + ZL))W, + Z! € RNs*dinic (11)
where Wy, W5 € RéinitXdinit gre trainable parameters.
4.6 AGGREGATION AND LINK PREDITION

Aggregation. Finally, we follow |Yu et al.| (2023) to use a Transfomer encoder to aggregate the
representations of nodes in G, and G?, to generate the representations of « and v, which is composed
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of multi-head attention networks and feed-forwad networks. As for learning temporal dependencies
between G, and G, we stack the updated representations Z* = Concat(Z%, Z!) € R>Ns*dinit a5
input, which can be formulated as follows:

ot = MultiheaLdAttention(Zt’l_17 A Zt’l_l) 4 Zbi1 g RPNsxdinie

Z" = FENY(LN(O%)) 4 Z8~1 ¢ R2Ns X dinie (12

where the input of first layer is Z° = Z* and the output of L-th layer is denoted by Z*X ¢
R2Nsxdinie . FEN'(.) is a feed-forwad network of I-th layer.

t
v

Then, the final representations of u and v, denoted by h!, and h!, are calculated from Z** by mean

pooling:
h!, = Mean(Z"*[0 : N, :]) Wout + bout € RY,

hl = Mean(Z"*[Ns : 2Ns, :])Wous + bous € RY,

where W, € R%»itX? and b, € R? are trainable parameters.

13)

Link Predition. Based on h!, and h!, the probability of an edge being generated between u and v
at time ¢ is computed as follows:

P, = Sigmoid(MLPy,(Concat(h,, h}))). (14)

Then, we introduce a supervised binary cross-entropy loss as the objective function.

5 EXPERIMENTS

5.1 EXPERIMENTAL SETUP

Datasets and Baselines. We evaluate TMMP on four real-world datasets: UCI, Enron, Wikipedia,
and Reddit, which are collected by [Poursafaei et al.|(2022). Details of the datasets can be found in
Appendix |A] We perform link prediction task on these datasets and chronologically split them with
the ratio of 70%/15%/15% for training/validation/testing set. Moreover, we compare TMMP with
vanilla methods, i.e., JODIE (Kumar et al., 2019), DyRep (Trivedi et al., 2019), TGAT (Xu et al.,
2020), TGN (Rossi et al., 2020), TCL (Wang et al., 2021a), GraphMixer (Cong et al., 2023), and
RepeatMixer (Zou et al.| [2024)), and extra feature based methods, i.e., CAWN (Wang et al.|, 2021b),
DyGFormer (Yu et al.}[2023)), and CNEN (Cheng et al.,2024). Details of the baselines can be found

in Appendix

Experimental Settings. We follow [Yu et al.| (2023) to evaluate with two settings: transductive
and inductive settings. The main objective of the transductive link prediction task is to predict
possible edges between nodes that have already appeared in the training set, while the objective of
the inductive link prediction task is to predict possible edges between nodes that have not appeared
in the training set. Average Precision (AP) and Area Under the Receiver Operating Characteristic
Curve (AUC-ROC) are employed as the evaluation metrics. The experiments are repeated five times
using random seeds ranging from O to 4. The reported results are the average values and standard
deviations of these five runs. Implementation details can be found in Appendix [C| The source code
of TMMP is available at https://anonymous.4open.science/r/TMMP.

5.2 PERFORMANCE COMPARISONS

We report the AP of all methods for transductive and inductive link prediction tasks in Table [I]
Notably, TMMP consistently achieves the best performance, surpassing the state-of-the-art base-
line methods in AP on all the datasets. It affirms the efficacy of incorporating temporal motifs into
message passing for modeling the high-order correlations among nodes. Compared to the tempo-
ral motif-based method, i.e., CAWN, TMMP achieves superior performance. The reason may be
that the dual hypergraph message passing mechanism can model the complex high-order correla-
tions among the constituent edges of temporal motifs. In addition, it is obvious that extra feature
based methods, i.e., CAWN, DyGFormer, CNEN, and TMMP, generally outperform vanilla meth-
ods except RepeatMixer. This is because the former methods leverage extra features to capture
richer spatial and temporal information while the latter only rely on node/edge features and time en-
codings. RepeatMixer gets better performance than other vanilla methods through its repeat-aware
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Table 1: AP of all methods for transductive and inductive link prediction tasks. The best and the
second-best results are highlighted by bold and underlined formatting. For ease of presentation, the
AP and AUC-ROC metrics in all subsequent experiments are multiplied by 100.

Method Transductive Inductive

UcCI Enron Wikipedia Reddit ucI Enron Wikipedia Reddit
JODIE (2019) 86.70 £2.17 83.97 £0.42 96.45 +0.23 98.34 +0.03 76.61 £2.79 80.15+2.29 94.82 +0.22 96.49 +0.26
DyRep (2019) 74.23 £4.63 83.06 +2.69 94.59 +0.43 98.20 + 0.09 65.25+3.48 76.60 +4.54 91.94 +0.62 95.95 +0.07
TGAT (2020) 85.74 +0.81 66.40 + 1.94 94.97 £0.22 96.65 +0.03 83.30 +£0.57 65.21 + 1.51 94.66 +0.23 93.99 +£0.18
TGN (2020) 93.39+£0.79 87.47+127 98.46 + 0.08 98.60 +0.03 89.67 + 1.30 8144 +2.11 97.89 +0.04 97.34 +0.06
TCL (2021) 92.19£0.42 86.12+0.34 97.84 +0.08 97.89 +0.01 90.11 £0.33 84.06 + 0.67 97.59 +0.06 96.43 +0.07

GraphMixer (2023) 94.73 £ 0.33 81.94+0.23 96.89 + 0.03 97.00 £ 0.03 92.37+0.15 74.92 + 0.63 96.40 + 0.07 94.85 £ 0.05
RepeatMixer (2024) 96.70 +0.15 92.27 +0.06 99.10 +0.02 99.12 +0.02 95.02+0.18 88.59+0.34 98.72 + 0.02 98.69 + 0.03

CAWN (2021) 94.91 +£0.05 89.52+0.13 98.77 £ 0.01 99.11 £ 0.01 92.39 + 0.06 86.48 +0.30 98.24 £ 0.01 98.63 +0.02
DyGFormer (2023) 95.83 +0.05 92.25+0.30 99.03 +0.02 99.21+£0.01 94.57 +0.09 89.57+0.74 98.60 + 0.02 98.82 + 0.03
CNEN (2024) 96.01 +0.04 91.11 £0.04 98.58 + 0.05 99.22 +0.01 94.15+0.07 88.53+0.12 98.00 + 0.08 98.73 £ 0.02
TMMP (Ours) 96.86 + 0.02 92.48 +0.16 99.22 + 0.01 99.29 + 0.01 95.54 + 0.08 89.64 + 0.16 98.79 + 0.04 98.94 + 0.02

neighbor sampling strategy. All methods exhibit relatively strong performance on Wikipedia and
Reddit, owing to the informative edge features of the two datasets. The AUC-ROC of all methods
for transductive and inductive link prediction tasks can be found in Appendix [D] demonstrating re-
sults similar to those observed in AP. In conclusion, TMMP achieves the superior performance in
both AP and AUC-ROC.

5.3 ABLATION STUDY

To assess the effectiveness of the proposed modules in TMMP, we conduct an ablation study on
UCI. Table2]reports the AP and AUC-ROC of TMMP and its variants for transductive and inductive
link prediction tasks, where TMMP-w/o-EXT removes the temporal motif extension, TMMP-w/o-
TME removes the attentive temporal motif encoder, TMMP-w/o-EXP removes the explicit hyper-
graph construction, TMMP-w/o-IMP removes the implicit hypergraph construction, and TMMP-
w/0-DHG removes the dual hypergraph temporal motif message passing mechanism. We can obtain
the following observations:

(1) The performance degradation of TMMP-w/0-EXT and TMMP-w/o-TME relative to TMMP un-
derscores the importance of the corporation of the temporal motif extension module and temporal
motif encoder. The temporal motif extension module can generate extended temporal motifs based
on different time window lengths. Then, the temporal motif encoder can encode and attentively
aggregate extended temporal motifs to capture the diverse semantics of temporal motfis.

(2) The inferior results of TMMP-  Taple 2: Performance of TMMP and its variants for trans-
w/0-EXP and TMMP-w/o-IMP high-  gyctive and inductive link prediction tasks on UCI. The best

lights the effectiveness of the explicit  results are highlighted by bold formatting.
hypergraph construction and implicit

: Transducti Inducti
hypergraph construction. ~TMMP- Method ap L ROC ap M e ROC
w/0-DHG shows a performance drop,

__ - TMMP-w/o-EXT ~ 96.60£0.06 95642008  9533£0.11  93.90%0.14
emphasizing the effectiveness of the TMMP-w/o-TME ~ 96.74+0.07  9578+0.12  9548+0.11  94.180.10
- TMMP-w/o-EXP  9676£0.07 9586009  9542£0.10  94.02%0.12

dual hypergraph temporal motif mes- TMMP-wio-IMP  96.79%0.09  9592+0.10  9545+0.14  94.15+0.18
Sage passing mechanism to Compre_ TMMP-w/o-DHG 96.72 + 0.06 95.89 +0.08 9541 +£0.10 94.10+0.18
TMMP 96.86+0.02 9601002 9554+0.08 94.25+0.13

hensively model the complex high-
order correlations.

5.4 HYPERPARAMETER SENSITIVITY ANALYSIS

96.8 96.8! //\ 96.8 ./‘\‘\<

2 2
96.6 96.6| 96.6

AP
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Figure 4: AP of TMMP with different hyperparameters for transductive link prediction task on UCL.
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Table 3: Performance of extra feature based methods for transductive link prediction task on UCI
across different numbers of common neighbors. #NC denotes the number of common neighbors.
The percentage values in parentheses indicate the proportion of the corresponding number of com-
mon neighbors in the testing set. Other notations follow Table 2]

Method #NC=0 (52.40%) #NC=1 (8.50%) #NC=2 (32.47%) #NC>2 (6.63%)
etho AP AUC-ROC AP AUC-ROC AP AUC-ROC AP AUC-ROC
CAWN 4048054  7734:021 80542034  8271£021  99.71£002  89.97+034  99.67+002 90572034
DyGFormer ~ 43.63+0.66  78.74+024 8225067 8374070  99.82+001  9536+034  99.75+003  9325%0.72
CNEN 4577+047  7687+022  819220.17  8400£012  99.83£002  9568+0.16  99.79+0.02  94.90  0.40
TMMP 5456095 8327021 8540+£011  87.40£0.18  99.87£0.01  9595+0.10  99.71£008  91.98%0.90

We study the hyperparameter sensitivity of TMMP, including the number of historical edges (Ns),
the number of extended temporal motifs (Nx), and the number of implicit hyperedges (NVy,). The
impact of these hyperparameters is shown in Figure 4 We can observe that: (1) The optimal num-
ber of historical edges is 32 in Figure [d(a). The reasion is that the smaller number cannot provide
sufficient spatial and temporal information and the larger number may introduce outdated informa-
tion. (2) The optimal number of extended temporal motifs is 12 in Figure f{b). The reasion is
that the smaller number cannot thoroughly capture the diverse semantics of temporal motifs and the
larger number may raise the risk of overfitting. (3) The optimal number of implicit hyperedges is 4
in Figure [fc). The reasion is that the smaller number cannot comprehensively model the implicit
high-order correlations and the larger number may introduce noise.

5.5 INFLUENCE OF DIFFERENT NUMBERS OF COMMON NEIGHBORS

The presence of common neighbors between two target nodes often indicates a high likelihood of a
future edge being generated between them. To explore the influence of different numbers of common
neighbors on extra feature based methods, we partition the testing set according to the number
of common neighbors. Table [3] shows the AP and AUC-ROC of these methods for transductive
link prediction task on UCI. We can obtain the following observations: (1) all methods achieve
strong performance when common neighbors are present, highlighting the importance of common
neighbors in link prediction tasks. (2) TMMP perform slightly worse than DyGFormer and CNEN
when there are more than 2 common neighbors, because the two methods can effectively utilize
more common neighbors. (3) TMMP outperforms other methods when there are fewer common
neighbors. This advantage stems from its ability to capture the diverse semantics of temporal motifs
from subgraphs of target nodes, which are more dependent on subgraph structures than on common
neighbors, thereby compensating for the lack of common neighbors.

5.6 COMPUTATIONAL COST

We compare TMMP with extra feature based methods, i.e., CAWN, DyGFormer, and CNEN,
on UCI with 32 historical edges. To accelerate the training of TMMP, we first prepro-
cess the data to perform temporal motif searching. Table [] reports the training time of
these methods per epoch, inference time in validation set, and the number of parameters.
Considering the performance improvement in

the absence of common neighbors, which is fre- Table 4: Computational cost on UCL

quently encountered in the real world, and the Method CAWN  DyGFormer  CNEN TMMP

reasonable training and inference time, TMMP Training Time 34.24s 11.05s 2.27s 16.16s
1 1011 _ Inference Time 6.91s 1.78s 0.28s 2.32s

demonStrates 1ts S.U.perlorlt}.’ over Other meth #Parameters 15.35MB 4.15MB 0.76MB 10.28MB

ods. The complexity analysis of TMMP can be

found in Appendix [E]

6 CONCLUSIONS

In this paper, we propose TMMP to incorporate temporal motifs into message passing networks,
which can model the high-order correlations among nodes. Empowered by the temporal motif ex-
tension module and attentive temporal motif encoder, TMMP can capture the diverse semantics of
temporal motfis. With the dual hypergraph temporal motif message passing mechanism, TMMP can
comprehensively model the complex high-order correlations. Experiments are conducted on four
real-world datasets, which demonstrate the superior performance of TMMP.
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8 REPRODUCIBILITY STATEMENT

The source code of TMMP is available at https://anonymous.4open.science/r/TMMP.
Hyperparameters and protocol details are described in the paper and the appendix to facilitate end-
to-end reproduction.
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Table 5: Statics of the datasets.

Datasets Nodes Edges Node/Edge Feature Unique Pairs Unique Timestamps Duration
UcCI 1,899 59,835 -/- 20,296 58,911 196 days
Enron 184 125,235 -/- 3,125 22,632 3 years
Wikipedia 9,227 157,474 /172 18,257 152,757 1 month
Reddit 10,984 672,447 -/172 78,516 669,065 1 month

A DESCRIPTION OF DATASETS

We evaluate the performance of various dynamic graph representation learning methods on four
real-world datasets collected and publicly released by [Poursafaei et al.| (2022). Among them, UCI
and Enron are homogeneous graphs representing user-user interactions, while Wikipedia and Reddit
are bipartite graphs capturing user-item interactions. Below are the dataset specifics:

* UCI (also known as CollegeMsg) is an online communication network among students at the
University of California, Irvine, spanning 196 days with timestamps precise to the second. This
dataset does not have node or edge features and consists of 1,899 student nodes, 59,835 edges
(records), and 58,911 distinct timestamps. Each record represents the behavior of a student send-
ing a message to another student at a specific time. Without considering timestamps, there are
20,296 distinct node pairs in this dataset.

* Enron is an email network among employees of the Enron Corporation, spanning three years with
timestamps precise to the second. This dataset does not have node or edge features and consists
of 184 employee nodes, 125,235 edges (records), and 22,632 distinct timestamps. Each record
represents the behavior of an employee sending an email to another employee at a specific time.
Without considering timestamps, there are 3,125 distinct node pairs in this dataset.

» Wikipedia is a user-edit interaction network for Wikipedia articles, spanning one month with
timestamps precise to the second. This dataset does not have node features, but each record is
associated with a 172-dimensional Linguistic Inquiry and Word Count (LIWC) feature. It consists
of 8,277 user nodes, 1,000 article nodes, 157,474 edges (records), and 152,757 distinct times-
tamps. Each record represents the behavior of a user editing a Wikipedia article at a specific time.
Without considering timestamps, there are 18,257 distinct node pairs in this dataset.

* Reddit is a user-subreddit interaction network from the Reddit online community, spanning one
month with timestamps precise to the second. This dataset does not have node features, but each
record is associated with a 172-dimensional LIWC feature. It consists of 9,984 user nodes, 1,000
subreddit nodes, 672,447 edges (records), and 669,065 distinct timestamps. Each record repre-
sents the behavior of a user posting in a subreddit at a specific time. Without considering times-
tamps, there are 78,516 distinct node pairs in this dataset.

The statistical characteristics of each dataset are shown in Table[3

B DESCRIPTION OF BASELINES

The following 10 baselines are selected, which are categoried into vanilla methods and extra feature
based methods. Details of vanilla methods are as follows:

* JODIE (Kumar et al 2019) employs dual recurrent neural networks to update user and item
representations, while using a temporal projection function to model the evolution of node repre-
sentations over time.

* DyRep (Trivedi et al2019) adopts recurrent neural networks to update node states on each inter-
action and applys a temporal-attentive aggregation module to model the temporal dynamics.

* TGAT (Xu et al.l 2020) utilizes a time encoding function to model temporal patterns, aggregates
temporal neighbor information via an attention network, and captures higher-order neighborhood
information through stacked layers.

* TGN (Rossi et al. [2020) introduces a recurrent neural network to update node memories in
chronological order, samples a fixed number of temporal neighbors to reduce computational over-
head, and employs an attention mechanism to aggregate their information.

12
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* TCL (Wang et al., 2021a) retrieves node interaction sequences via breadth-first search in a tem-
poral dependency interaction graph, extends the original Transformer encoder to handle spatial
and temporal structures in sequences, and models dependencies between interacting nodes via
cross-attention.

» GraphMixer (Cong et al.,[2023)) replaces parameterized time encoding with a parameter-free time
encoding and leverages MLP-Mixer to capture spatial and temporal information from temporal
neighbors.

» RepeatMixer (Zou et al., 2024) introduces a repeat-aware neighbor sampling strategy to utilize
the recent neighbors that occurr before the neighbors historically interating with the target nodes.

Details of extra feature based methods are as follows:

* CAWN (Wang et al.| 2021b) introduces causal anonymous walks to extract instances of temporal
motif. Then, it uses recurrent neural networks to encode each walk and aggregate them to generate
node representations.

* DyGFormer (Yu et al.| 2023) introduces neighbor co-occurrence encodings to capture the rela-
tionship between the first-order temporal neighbor sequences of two target nodes. Leveraging a
Transformer encoder and patch techniques, it efficiently extracts spatial and temporal structural
information from longer interaction histories.

* CNEN (Cheng et al.l [2024) adopts hashtable-based memories and GPU acceleration to compute
co-neighbor encodings, which can count common neighbors with high efficiency. Moreover, it
generates long-term and short-term co-neighbor encodings to capture the temporal patterns.

C IMPLEMENTATION DETAILS

TMMP is implemented based on the PyTorch 1.12.0 framework and Python 3.10. All experiments
are conducted on an NVIDIA RTX 3080 GPU. The Adam optimizer is adopted with an initial learn-
ing rate of 0.0001. During training, the batch size and dropout rate are set to 200 and 0.1. The
best-performing model on the validation set is selected for testing. Due to high computational com-
plexity, we accelerate the training by setting the maximum number of training epochs to 50 and
employing an early stopping strategy with a patience of 10. To be consistent, we rerun all the base-
lines following their official hyperparameter configurations.

For the hyperparameters of TMMP, we set time encoding dimension (dg) to 100, subgraph co-
occurrence encoding dimension (d¢) to 50, initialized representation dimension (djy,;¢) to 200, final
representation dimension (d) to 172, number of attention heads to 2, time window length of original
temporal motifs (&) to 12 days, number of extended temporal motifs (Nx) to 12, and Transformer
layer (L) to 2. We set TMMP layer to 2 for Reddit and 1 for other datasets. For number of historical
edges (Ng), we perform a grid search with search space {8,16,32,64} and find the final settings
of 32, 64, 64, and 64 for UCI, Enron, Wikipedia, and Reddit, respectively. For number of implicit
hyperedges (\V},), we perform a grid search with search space {3, 4, 5,6} and find the final settings
of 4, 3, 6, and 4 for UCI, Enron, Wikipedia, and Reddit, respectively.

D PERFORMANCE COMPARISONS IN AUC-ROC

We report the AUC-ROC of all methods for transductive and inductive link prediction tasks in Table
[6l It is obvious that TMMP achieves the superior performance, outperforming the state-of-the-art
baseline methods in AUC-ROC on three of the four datasets. These results confirm the effectiveness
of incorporating temporal motifs into message passing for modeling the high-order correlations
among nodes. TMMP fails to achieve the best performance on Enron, which is characterized by a
larger number of common neighbors between two target nodes. Under this condition, the advantage
of TMMP is relatively limited (more details can be found in Section[5.3)).

E COMPLEXITY ANALYSIS

For the subgraph encoding module, the time complexity of encoding subgraph co-occurrence is
O(nNSQ), where n is the number of edges in datasets, and Ng is the number of historical edges.
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Table 6: AUC-ROC of all methods for transductive and inductive link prediction tasks. The notations
follow Table[Il

Method Transductive Inductive

UCI Enron Wikipedia Reddit ucI Enron Wikipedia Reddit
JODIE (2019) 89.18 £ 1.03 87.25+0.21 96.27 £0.16 98.30 + 0.02 77.14 £1.43 81.23+1.94 94.28 +£0.25 96.48 +£0.16
DyRep (2019) 76.79 £4.76 83.88+£2.13 94.12 £0.49 98.16 + 0.08 65.52 £4.26 78.11 £3.85 90.97 +£0.77 95.93 £0.05
TGAT (2020) 85.30+0.74 64.20 £2.17 94.04 £ 0.25 96.43 £0.03 82.01 +0.60 61.96 + 1.21 93.72£0.25 93.61 £0.17
TGN (2020) 93.20 + 0.80 89.18 £ 1.10 98.37 £ 0.08 98.56 + 0.04 88.47 + 1.50 83.98 +2.78 97.78 £ 0.05 97.23 £0.08
TCL (2021) 91.35+0.48 84.08 +£0.35 97.42+0.10 97.65 +0.02 88.53 £0.45 8224 +0.85 97.17 £0.09 95.95 +0.09

GraphMixer (2023) 93.85+0.45 84.33+0.17 96.55 +0.04 96.88 + 0.02 91.06 +0.17 75.86 £0.91 96.04 + 0.07 94.61 £ 0.05
RepeatMixer (2024) 95.38+0.18 93.25+0.11 99.00 + 0.02 99.02 +0.02 93.58 +0.25 89.35+0.33 98.61 + 0.02 98.50 + 0.04

CAWN (2021) 93.84 +0.05 90.36 +0.27 98.55 +0.02 99.02 +0.01 90.25 + 0.04 87.09 +0.48 98.04 + 0.03 98.43 +0.03
DyGFormer (2023) 94.45 +0.05 93.04 +0.25 98.91 +0.01 99.13 +0.01 92.67 +0.14 90.44 + 0.51 98.50 + 0.02 98.68 + 0.03
CNEN (2024) 94.71 £ 0.08 91.86 +0.07 98.34 + 0.05 99.16 + 0.01 91.85+0.11 88.16 +0.14 97.71 £0.10 98.60 + 0.01
TMMP (Ours) 96.01 + 0.02 92.98 +0.16 99.17 £ 0.01 99.24 + 0.01 94.25 +0.13 90.16 + 0.26 98.74 + 0.03 98.83 + 0.02

For the temporal motif extension module, the time complexity of temporal motif searching is
O(n/\/év ™), where N, is the number of edges of temporal motifs. For the attentive temporal motif
encoder, the time complexity is O(n/Nx), where Nx is the number of extended time windows. For
the dual hypergraph temporal message passing mechanism, the time complexity is O(n(Ny+AMNy)),
where NV is the number of temporal motifs and Ny, is the number of implicit hyperedges.

F THE USE OF LARGE LANGUAGE MODELS

We used a large language model (ChatGPT) only to aid writing, including grammar correction and
minor phrasing edits. All suggestions were reviewed and edited by the authors, who take full re-
sponsibility for the content.
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